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I. The motiom of a PROP 

t. Cateqoy 

Dezimihom 

class o obj ets Ob (e) :A,8, C, ... 
Son each pain o objects A,B a set of mnphisms 

Hom, (A,6) = A, 8 ) 

4a speaal kumd o 
symvnetwc monoidal catecar 

A cateqouy & cosists og: 

a : - B Composi ham ule : i :A B and g:BC 
hem bhen e is a compos: hom 9o 

with two axioms 

Ex arnples : 

1. Set 

idem bi ty menphism on e0ey obfect A 

Assou atiuiby : h o (q"8) 

2. Gp 

idh : A’A 

Ldentiby lass idgo o ida 

: A - C 

obyects : sets monphisms : lum chom s 

objects qaups monphisms 2 qhoup hom omo. 
B. Vet objets = Uecton paes auen a 

mnphis ms Pimea maps 

- phismS 



4. Surj 

5. Pat 

obects 

mon phi Sm s 

Remash: 

objects 

o pos:bue 

6. R- Hodl 

monphisms 

A; m. 

proj : 

matun ae smteqens N 

LA ponhhom A o m imko m pants 

Suxjech uns nom [mJ to Lm ]. 

matural imtegens N 

Suri (m, n) is Ehe set o 

objects 

panti homs o m imto m pants. 

in te gens A42 

Pant (mm ,m) is bhe seb o 

F 

Sunj (m, m) Part (m, m) 

monphisms 

mon phism 

R - nodu les 

Delimihom : de t e and 
e to s a mapim 

Bon R a commutahue 

be 

Sequen ce 
> Am Such th at 

a de neasimng ndn 

two com d h ms hofd : 

each obj ect X m e to am obiect F(X) im , 
each 

F(idy)z id(«) 

mnphis mns oR- modw Pes 

: X -» Y im e 

cate qoies. A Bumcton om 
that assocates 

F8): F(x) ’ FY) Ám such that the gollowimg 

- F (3") = F (9) " F(3) 

to a mnphiSm 



Examples: 
1. Hom (A, - ) Bon e a categouy amd A an ob,ect 

Hom (A, - ): e - &et 

2. Im topofog . Ehe gumdamemta? qroup degi mes a gum cben 

d : e 

trom the categuy og poimted topologcal spaces 

R-Hod 
-R- Hod 

3. det e be the categoy of imite qenenated hee R- moclu tes 

Grp 

" S: R-Hod 

Hom (A,B) 

) Hom (A, B) HomA, 

G ’ (Tm (G)). 

:e R. od 

(T^ (G))Sn 

ay 

Fonget tuP Jumcton 

Ly adimits am acham o& Sm buy penmuh mg the Jacrow 

m th ten Son pnodct fumcton 

n th 

Coimuani anrs o Tm by the achon o Sm: 

8ymmetic powen 

divi dedl powen 

yimuani omts o& T by the achon oQ Sm 



4. Fon k= 2 

n th ex terin pow en 

a mitely gemenated hee qaups 
ab mitety gemenated abe liam qoups 
ab abeli amisahom umcton 

G G/ c.G] 

all the 
whene [G,G1 is Uhe sma lest sub qnaup comtarmimq noup comutato elements 

gh. 



2. Summe tic momoida cabeqon 
ca monoido categoyus a cate gny equi ppeel uwith a to " ternson 

obje cts amd morphi Smns 
conbine 

Deg:mihon: A mamoidae cate qoy has 
ternson prdwct gumcton : ex e -e 

a umit ob{ect I idenhby on leso 
matu al sm onphiS m S : 

- Assoato : 

A,6,c 
- dett omd ight 

s 

: I A A 

AUni tonS: 

(AeB)ac A (8oc) 

way 

Pa : A I y A 



These mmust satis y cohenen ce condihons 

Tamgie equah om 

(X I) Y 

Px8 Ly 

Pemta qon equati om. 

odx,L, 

Del:mi h¡n : A Symmetncc 

(wex) ( ye ) ’w (Ys t )) 

a monoi dal cate gy e 

b,y 
Such that by =b 

w,*ov,2 

wo((x8Y) 2) 

monoi dal Cate qoy Comsi sts o: 

a matunal isommonphism called the bnaidima 
:X& Y Y X 

wch thal the hexaqom. equatioms hold 



b 

(Ye ) o X 

bxav,t 

o2,x,Y 

Examnples : 

(xY) 

28 (xoY) e(2ax)Y 

Ys (to x) 

xe (Y ) 

Sets with cantes iam pnaclwct 

Remank: We speak, about stict Symmetnc 
Catequ wheen assocahui ty amd unitos ane idenh hes imstead o somonphiSms 

Bnar di ma 

b,y 

Temso.: Can tesi am po owct A x B 
nit .: {*3 

2. Vect with Eenson pnodw ct 

bx,a 1y 

: matun al iso 

(Y )2 

(xe) Y 

Bnadun qi Siwap map (a, b) x (b,a ) 

momoida e 

Ten son: tenson prodw ct o vecton spaces V& w nit IK 

6 

y 



3. Rel 

4. H:lb 

objects 
monphisms : bimay nelakom s 
tem son : cantesiam pnodwct a sets 

simgletom set {} 
Sym mebneg swap of compomern ts : 

objects imite din H:lbent spaces 
mon phs ms = limean maps 

bem san : Hilbent space ternsan procwct 

symmetn 
S. Go with dinect prodwct 

Ternson Dizect prodwet o qroups G* H 
nit : che tniuial qup e? 

H 

Bnaidumg: the swap map (9.h) (hg) H 

L Ghp with the ee pnodwct o qnoups G+ H ms 
a monoi da? cate sou which is mot Symmenic 

my The goal o this kak is to stu dy symmeBni c momoi dae 
cateqoy with objects the m atu nae mumbens 
((:ke im Susi and Pant ) and w hose smnetnic 
momoidae stuctu Ne O is givem by the sum o im egens 
om objets = PRoP 



3. PROp 

s Stands on PROdNcts and Pesm utahanns 
anose Am the wonk Tac ame 

Delimion: A PROP s a 
wiEh obiecs Ehe matunae 
monoidae skw cture 

m obiects. 

Remnak: Im Ehis Eatk, we 
that Qne 

naded wecton 

Sym meBnic momoi dal ca teçoy 
nu n bens w hose 8mmetnc 

guen by the sum og imkes is 

com si den 
PRoPs e Such that 

space duen 

Exam ple : 

Equiuafentey a PRop is a collectio 
o qnaded vecton Spaces equipped wiEh 

e(m.e ) e ( m, m ) 

Va vec ton space 

qiuen by Ehe categanical 

naded Iimear PROPs 
e( m,m ) is 

and a ight Sm achon koqe then with kwo o com pos: komns. the heni 2omtal o pos: ham 

Emdmonphism PROp 

ield IK . 

e( m,, m,) (m2,m) ’C (mt Amduced by Ehe n onoidal proddw ct 
Ehe ventical Composihm 

Emdy (m, m)= Hom (y@m 

em,m)mm E 
left Em- achon 

’ C (m,e) 

n pos: hon 

Emdy 

Vm 

types 

Hou 2omtal conpos: h om : ken san poduct o limean m aps 
y entical conpos:homn 



I. A PRoP stwctuxe on suxjectioms 

Theonem : LUespa 'I6 J 
Thene is a qaded imear pnop E such that 

Actiom o the Symmetic qoups Bm amd m 
Fon T,,E Sm the tnamsposi hon o k amd e 

Hou2ontal com posi hon 

z [Suy (m, m )] 

Fo Tk.e E Sm the tnans pos: hon of k and e 

Uenti ca ompos: hom 

It is ¢m dweed by the disio mt mian of sets 

othenuwise 

k=1 

det e Sui (m, m) an d 9 E Sunj ( m, e) s o the Jom 9 = So T:, whene 



Remank : The prop feey qenenated by slom. 
Fon euey pmop e, the ollectiam em, 1)eonns 
an openad m qUect This Peads to a gon getu! IK a 
gumcto Snom Ehe cateqony o props to the n o pena ds. 

me 

Comuen sefy, to amy sedwced openad 9 one Can 
asso ate the prop n9 heey gen ena te d by 9 

Theonem: : [E.,Humber, diu enet, Uespa , oakhaneuich,24] Thene exists amothen Syorem o qen enatns hawrmg the adu amta e that the let am d sght actioms o the sy netic qroups an Com pos: hom agnees with the set conposi hom o 

by si qns and the 

Sujech om s. 

Ome cam constuct Uuous cateqves Ut o the PROP E de Rimed as subcate goves oß its Kanou bi enue fope 



M. Om Subcate aoi es of the Kanoubi emue lope o a PROP 

Kanoubi emuelope ny 
to 

A monphi sm 
monphiSn 

au m to add objects 
a categoy so Ehat 

that is Uey ea:A A 
spYi ts : thene exists B 

is Ehe cate goy Kan (e) de: med by 

The iden hy 

Delimih om: The Kanoubi emuelope o a giuen ca teçy e 

we hawe a 

The obj ects ane the the pans (A, ea) whene -A is an object im e 

TE maps 
idem po temt 

e : A ’A is am idem potent 

also called iden go lenr conpehan 
psew da - abeli am hull 

Jl: A -B S:B A Uch that son :e. 

" The conposi hom is the one 

in 

: 

(onstwchon: det e be 

and monphi'smms 
euey i denpoent 

(A,eA 

(A, ea) - (B, e, ) is eA 
¬ Hom (A.8) sUch Ehat B) 

eBoo e 

a mop 

eAo eA eA 

monphismm o IK- afacbn as 
IK [Sm] - en, m) 
amy idenpo tem b 

e(n, m) 

and 

a 

e im K LSnJ to am 



Hene ane id en pot ents o (K LSm] 

1 

m! 

whose objects 

E (o)o 

category en 

Fo 

we demote by ^e Uhe tull subcate goy o Kan (c) 

o e(m, m) by the nefati om 

Poposi h om: The categoy At Ae is equiuafemt o the 
whene e,(m, m)is the quohen t 

1 

g0en by (m, e(amyn all meN 

[8]¬ e, (m, m ) 

m! 
TE Sm 

Lhat o e 

Rer ank :. Kan (e) i henits a pnop stwctue nom 

stu ctune at the leuel o 

How eu en, it does mot imdw ce a prop 

a qiuen subate py 



K, A naded limean prop spamned by pankhons 

The¡ erm. : [E.H.,dv.,t. 24] 
Fon alI m, m e N, thene is am isomphism 

E, (m,m ) 

Thene is a panti cuPan monoidae prodwct 
tun im to 

det us dis tim guish the yollowimg 

IK L Pant (m,m )) 

a proP 

P m,m 

Pen,m1, ..,1 e Pant (m, m) 

P 

@ whi ch 

panbi homs 

othenwise 

Pm,am-2,4,", 4} ¬ Pant (m, m-1) 

3 

Pant (m,m) 
Fo ¬ Pant (mn, m) amd Be Pant (m', m) 



. Re Pati n with um cton homology omn fee gawps 

det (e,iK) be Lhe cate goy o umctans e ’K-Mod 
Delimih on: Fon F,G ¬ T(e, K) we dde i me: 

whene P. is a 

Ext' 

F(e,K) 

F(e,K) 

(G,F) = H, (Hom 

Giuen K, H E F (e, K ), we com si den the Yoneda 

amd the Extenmal 

(F,G) Ext 

wi th 

Theonem: Cvespa 18) 

projechue 

Ext (F,G) Ext 

(e,k) 

categn 
pn op E. 

prodlwct 

F(e, K ) 

(m, m ) = Ext' 

quns 

Consi d en the cate gruy E and uwhose monphismns ane 

Jtesowhon o G 

(G.H) 

3 (c,K) P., F) 

(H,K ) ’Exhni 

To ge th en with the extema) 
Coposihm q'uem by the Yome da 

whose objects 

ye,k) 

Prodwt 
op wich is 

prodwct 

(r, H) 

(T^o oa, Tm o a 

(FeH, 

4 

GOk) 

ne N 

oa 

plwct 
thi s 

exa chly the 



Theor.em: LE, H-, L., V., 2. 24] 
Coms: den the ca te qoy 
whose monphisms 

En w hose objets ane N 

with 

an 

E, (m, m) = Ext 
GK) 

an d 

Ao a. Nm o a 

om posih om qiuen oy the Yneda product 
Thcs catey is Ehe cale çoy ^E amd imheirs mop stnw ctu ne. Ehe 
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