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Abstract

This paper investigates the dynamics and threshold behaviour of bootstrap percolation
in the lattice Zd, with particular emphasis on the strong bootstrap percolation model.

We rigorously prove that for all positive initial densities, the origin becomes occupied
with probability one, and the convergence occurs exponentially fast. The core of the
argument relies on combinatorial constructions and dimensional induction.

We also explore the model under finite-volume constraints, quantify convergence be-
haviour and metastability in two-dimensional settings. Central to the analysis is the use of
an auxiliary function to estimate the spanning probabilities and derive the bounds above
and below. Finally, we show that the probability of complete occupation in finite boxes
becomes approximately constant over a broad parameter range, providing theoretical jus-
tification for the observed simulation results.
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1 Introduction
In this paper, we will analyse an important model called bootstrap percolation, which has a
wide application in math, physics and population evolution. In order to describe this model,
we first give some definitions.

Definition 1. We will use η to be a map from Zd to t0, 1u. In the following, we will call it a
configuration and we will always use η as a configuration. For any two configurations η1, η2,
we call η1 ď η2 if η1pxq ď η2pxq for any x P Zd.

For any configuration η, we will call the elements in Zd “sites” and if η takes the value 1 for
some site, then we will call this site “occupied”.
Let S be a subset of P pZdzt0uq, P pZdzt0uq is the set of all subsets of the set Zdzt0u; here we
think of Zdzt0u as a set of vectors, but not points.

Definition 2. We will use pη, Sq as a model and define the evolution tηtu, η8 as follows: Let
η0 “ η, and for t ě 1 let

ηtpxq “

#

1 if ηt´1px ` Aq “ 1 for some A P S or ηt´1pxq “ 1
0 otherwise

η8pxq “

#

1 if ηtpxq “ 1 for some t ě 0,
0 otherwise.

Definition 3. For any model pη, Sq and a subset Γ Ď Zd. We define a sub-evolution tηΓ
t u, ηΓ
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of η as follows.

ηΓ
0 pxq “

#

ηpxq if x P Γ,
0 otherwise.

For t ě 1 if x R Γ,
ηΓ

t pxq “ 0.

If x P Γ,

ηΓ
t pxq “

#

1 if ηΓ
t´1px ` Aq “ 1 for some A P S or ηΓ

t´1pxq “ 1,
0 otherwise.

ηΓ
8pxq “

#

1 if ηΓ
t pxq “ 1 for some t ě 0,

0 otherwise.

Here we denote by x ` A the set tx ` a | a P Au, and ηtpx ` Aq “ 1 means ηtpx ` aq “ 1 for
any a P A.
In the following, when we talk about two or more models, we will specify the set S (e. g. we
will use ηS,t, instead of ηt) and we will omit it if there is no ambiguity.
Let Ωpdq be the set of all configurations, the σpdq-algebra on Ωpdq is generated by all sets CX,f

which X Ď Zd, f is a map from X to t0, 1u.

CX,f “ tη P Ωpdq | @x P X : ηpxq “ fpxqu

Fix p P r0, 1s, endow the measure of CX,f as p|f´1p1q| ¨ p1 ´ pq|f´1p0q|, then we get a probability
measure space pΩpdq, σpdq, pq.
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Example 4. For an integer l P r0, 2ds, let U be the set of all unit vectors in Zd, define

Sbp “ tA | A Ď U, |A| ě lu

Then we name the model pη, Sbpq “bootstrap percolation”.

Example 5. Let x0
i , x1

i be the two unit vectors of the i-th direction i “ 1, 2, . . . , d, define

Ssbp “ tA | A Ď U, x0
i P A or x1

i P Au

Then we name the model pη, Ssbpq “strong bootstrap percolation”.

Definition 6. For any model S and p P r0, 1s we define

ρppq “ the measure of the set tη P Ωpdq | η8p0q “ 1u

γdppq “ suptγd ě 0 | DC : @t ě 0 : Ppptη P Ωpdq : ηtp0q “ 1uq ď Ce´γdt
u

For a subset X of Ωpdq, let PppXq denote the measure of the set in measure space pΩpdq, σpdq, pq

Definition 7. For any model pη, Sq, we now define two constants, the asymptotic density PS

and the phase point πd,S, by

PS “ inftp P r0, 1s | ρppq “ 1u,

πd,S “ inftp P r0, 1s | γdppq ą 0u.

Obviously, πd,S ě PS for any S.

2 Main result for the bootstrap percolation

2.1 Introduction
In this section, we will analyse the bootstrap percolation and the strong bootstrap percola-

tion. Following [Sch92], we will show that the value of the asymptotic density pc and the phase
point πc are zero for the strong bootstrap percolation.

Theorem 8. For strong bootstrap percolation, PSsbp
“ πSsbp

“ 0.

In other words, we will prove that if the initial density p is positive, the site 0 in Zd will become
occupied with probability 1. In addition, for any initial density p ą 0, we will have two positive
constants γ and C such that

Ppptη P Ωpdq | ηtp0q “ 1uq ď Ce´γt.

Following from Theorem 8, we get the following corollary.

Corollary 9. For any l ď d, the bootstrap percolation will have PSbp
“ πSbp

“ 0.

Proof. For any configuration η P Ωpdq, we have ηSbp,t ě ηSsbp,t, ηSbp,8 ě ηSsbp,8, and therefore
PSbp

ď PSsbp
, πSbp

ď πSsbp
. The claim follows from Theorem 8. l

In the following subsections, we will restrict ourselves to the strong bootstrap percolation model.
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Figure 1: The yellow set is a 1-face and the green set is a 0-face

2.2 Proof of Theorem 8
In this subsection, we will give some important definitions that we will use later in the proof.

Definition 10. For any k ě 0, define a subset of Zd, called the k-block of Zd, by

Bk “ tx P Zd
| @i P t1, . . . , du : |xi| ď ku.

Definition 11. For any k ě 0, r P t0, 1, . . . , d ´ 1u, 1 ď i1 ă i2 ă ¨ ¨ ¨ ă id´r ď d and
ai P t`1, ´1u with 1 ď i ď d ´ r, we define a subset of a k-block called r-face by

F d
piq,paqpkq “

␣

x P Zd
| xis “ ask for s “ 1, 2, . . . , d ´ r and |xis | ă k for s R ti1, i2, . . . , id´ru

(

Zpiq,paq “
␣

x P Zd | xis “ as ˚ k for s “ 1, 2, . . . , d ´ ru

here (i) is the assay (i1, i2, . . . , id´r) and (a) is the assay (a1, a2, . . . , ad´r)
Then Zpiq,paq – Zr

In the following paragraph, we will denote by Frpkq the set of r-faces and

F pkq “

d´1
ď

r“0
Frpkq.

Following the above definitions, it follows that

Bk “ Bk´1 Y
`
Ť

IPF F d
I pkq

˘

Definition 12. For any Γ Ď Zd and η P Ωpdq, we will say that Γ is internally spanned by η if
ηΓ

8pxq “ 1 for any x P Γ. Define

Rd
pN, pq “ Ppptη P Ωpdq | Bk is internally spanned by ηuq
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Definition 13. For any I P Frpkq, η P Ωpdq, we restrict η in Zpiq,paq, we get a new configuration
called ηI , we call F d

I pkq in dimension r internally spanned by η if η
F d

I pkq

I,8 pxq “ 1 for x P F d
I pkq

Lemma 14. For any k ě 1 If Bk´1 is completed occupied in configuration η P Ωpdq and for
each r P t1, 2, . . . , d ´ 1u and I P Frpkq, F d

I pkq in dimension r is internally spanned by η then
Bk internally spanned by η.

Proof. We will prove the lemma by induction to the dimension d, for any I, |I| “ d´1, because
Bk´1 is completed occupied in the configuration η P Ωpdq so for any I P Fd´1, η

F d
I pkq

I,t ď ηBk
t and

then by the definition η
F d

I pkq

I,8 ď ηBk
8 , therefore F d

I pkq is completed occupied in ηFd
8 .

Now we would restrict the above proof to the Zd´1 occupied by F d
I pkq therefore we can finish

the proof by induction of the dimension d. l

Lemma 15. For the strong bootstrap percolation model, γdppq ď γd´1ppq, πSpdq ě πSpd ´ 1q.

Proof. For p P r0, 1s, consider a map F from pΩpdq, σpdq, pq to pΩpd ´ 1q, σpd ´ 1q, pq.

F pη P Ωpdqq “ η on t0u ˆ Zd´1

Then we have Pp,d´1pAq “ Pp,dpF ´1pAqq, for any A P σpd ´ 1q. Obviously, ηtp0q ď F pηqtp0q, so
we have γdppq ď γd´1ppq and therefore πSpdq ě πSpd ´ 1q. l

Lemma 16. For the strong bootstrap percolation model,

1 ´ RdpN, pq ď C ¨ e´γdppq¨N{4d where C depends on p and the dimension d.

Proof. We prove the lemma by induction to the dimension. The lemma is easily verified for
d “ 1. We now suppose that it holds in dimension 1, 2, . . . , d ´ 1 and will show that it holds in
dimension d. If γdppq “ 0, there is nothing to prove, so we also suppose that γdppq ą 0. From
Lemma 14, then

γ1ppq ě γ2ppq ě ¨ ¨ ¨ ě γdppq ą 0

Set M “ rN{4s and let FN be the event that for every k ą M , r “ 1, 2, . . . , d´1 and I P Frpkq,
F d

I pkq in dimension r is internally spanned by η. Let FI be the event that F d
I pkq in dimension

r is internally spanned by η. Because tFIuIPF are independent, by induction,

P ppFN q
c
q “ 1 ´ P

˜

d´1
č

r“1

N
č

k“M`1

č

IPFr

tFIu

¸

ď 1 ´

d´1
ÿ

r“1

N
ÿ

k“M`1

ÿ

IPFr

pRr
pk, pqq

ď 1 ´

d´1
ÿ

r“1

N
ÿ

k“M`1

ÿ

IPFr

p1 ´ expp´γrppq ¨ k{4r
q

ď

d´1
ÿ

r“1

N
ÿ

k“M`1

ÿ

IPFr

Crppq expp´γrppq ¨ k{4r
q
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Let GN be the event that ηBN
8 pxq “ 1 for any x P BM . Now we use the fact that the interaction

is among nearest neighbours. So if we define

rpxq “ mintn | x P Bnu

Then if ηBN
8 pxq “ 0 we get ηN´rpxqpxq “ 0 for any x P BM , therefore

P ppGN q
c
q ď Pp

˜

ď

xPBM

tηBN
8 pxq “ 0u

¸

ď Pp

˜

ď

xPBM

tηN´rpxqpxq “ 0u

¸

ď Pp

˜

ď

xPBM

tηN´M pxq “ 0u

¸

ď |BM | ¨ PpptηN´rpxqpxq “ 0uq

ď |BM | ¨ Cεppq ¨ expp´pγdppq ´ εq ¨ pN ´ Mqq

here ε P p0, γppq{2q

Now, from Lemma 14 and the induction, it follows that

1 ´ Rd
pN, pq ď P ppFN q

c
q ` P ppGN q

c
q

ď C ¨ exppγdppq ¨ N{4d
q l

Lemma 17. For strong bootstrap percolation, if πd´1,sbp “ 0 then for any p ą 0,

lim
NÑ8

Rd
pN, pq “ 1

Proof. From the last lemma, we only need to prove that

lim
NÑ8

P ppFN q
c
q “ lim

NÑ8
P ppGN q

c
q “ 0.

By the estimate in the last lemma for P ppFN qcq,

P ppFN q
c
q ď

d´1
ÿ

r“1

N
ÿ

k“M`1

ÿ

IPFr

Crppqexpp´γrppq ¨ k{4r
q

Because πd´1,sbp ą 0, so γ1ppq ě γ2ppq ě ¨ ¨ ¨ ě γdppq ą 0, so

lim
NÑ8

P ppFN q
c
q “ 0

Define event G be the event tη P Ω | ηp0q “ 1, F d
I pkq in dimension r is internally spanned by η

for k “ 1, 2, . . . , r “ 1, 2, . . . , d ´ 1 and I P Fru, then

P pGq “ p
8
ź

k“1

d´1
ź

r“1
Rr

pk, pq
|Fr|
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By the proof of last lemma, P pGq ą 0. For any x P Zd, define θ´xpηqpyq “ ηpy ` xq for any
η P Ω is a function from Ω to Ω. Define event Gθ as event tη P Ω | exists x P Zd such that
θ´xpηq P G, because Gθ is invariant by translations, from ergodicity of translations, P pGθq “ 1
so

lim
NÑ8

P pGN q “ 1

This completes the proof. l

Lemma 18. πd,sbp ą 1 ´ 1{2d

Proof. For p, 2d ¨ p1 ´ pq ă 1, define

Ct,ηp0q “ tx P Zd | there are 0=x0, x1, . . . , xn “ x such that |xi ´ xi`1| “ 1, i “ 0, 1, . . . , n ´ 1
and ηtpxjq “ 0 for j “ 1, 2, . . . , nu

Rt,ηp0q “ supxPCt,ηp0q |x|, sup∅ “ ´1

It is easy to see that Rt`1p0q ď Rtp0q ´ 1, so

Ppptη P Ω | ηtp0q “ 0uq “ Ppptη P Ω | Rt,ηp0q ě 0uq

ď Ppptη P Ω | R0,ηp0q ě tuq

“ Pp

˜

8
ď

l“t

Y|path|“ttη P Ω | ηpxq “ 1, x in the pathu

¸

ď

8
ÿ

l“t

p1 ´ pq
l`1

p2dq
l

“
1 ´ p

1 ´ 2d ¨ p1 ´ pq
¨ e´lnp 1

2d¨p1´pq
q.

So πd,sbp ą 1 ´ 1{2d. l

Lemma 19. Define ζdppq “ inftN | RdpN, pq ą 1 ´ 1{p4dqu, then

γdppq ě C{ζdppq,

where C depends only on the dimension d.

Proof. We can assume ζdppq ă 8, for N ą 0, k P Zd. Define

BN,k “ tx P Zd
| x ´ p2N ` 1q ¨ k P BN u

For any η P pΩ, σ, pq, define θpηqpkq “ 1 if and only if BN,k is internally spanned by η, then θ
is a map from η P pΩ, σ, pq to η P pΩ, σ, RdpN, pqq and keep the measure. In addition, for any
τ ě 0, let t “ p2N ` 1qd ` p2dN ` 1qτ then if θpηqtpkq “ 1, ητ pxq “ 1 for any x P BN,k. Take
N “ ζdppq

Following the above argument and using the last lemma, we have

Pppη P Ω | ηtp0q “ 0q

ď PRdpN,pqpη P Ω | θpηqτ p0q “ 0q

ď
1 ´ RdpN, pq

1 ´ 2d ¨ p1 ´ RdpN, pqq
¨ exp

ˆ

´ ln
ˆ

1
2d ¨ p1 ´ RdpN, pqq

˙

¨ τ

˙

ď
1 ´ RdpN, pq

1 ´ 2d ¨ p1 ´ RdpN, pqq
¨ exp

ˆ

´ ln
ˆ

1
2d ¨ p1 ´ RdpN, pqq

˙

¨

ˆ

t ´ p2N ` 1qd

p2dN ` 1q

˙˙

.
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Therefore,
γdppq ě ln

ˆ

1
2d ¨ p1 ´ RdpN, pqq

˙

{p2dN ` 1q ě
ln 2{4
ζdppq

.

This completes the proof. l

Corollary 20. Proof of Theorem 8.

Proof. By induction, if πd´1,sbp “ 0, by Lemma 17, for any p ą 0,
lim

NÑ8
Rd

pN, pq “ 1.

So ζdppq ă 8 and γdppq ą 0 for any p ą 0, therefore πd,sbp “ 0. l

3 Simulating bootstrap percolation

3.1 Introduction
Following [AL88], considering only the case of d “ 2 dimensions, we now want to analyse the
behaviour of the bootstrap bercolation on a finite square. As proved in the last section, we
have πc “ pc “ 0, that is, for all positive density p, the plane is filled exponentially fast with
probability 1. However, this result is not supported by practical simulations on a finite n ˆ n
square at first sight: The square is only filled if n is “large enough compared to p”.
In order to simplify the calculations, we will let 1 ´ e´p be the probability of a site being
occupied.
Observation. The percolation dynamics of the bootstrap restricted to ΛL will eventually end.
More precisely, a configuration is stable if and only if the filled sites form pairwise disjoint
rectangles with a (Manhattan) distance of at least 2.

We consider the quadratic region Λn “ p´n
2 , n

2 q
2, so Λn is a square of side length n ´ 2 if n is

even and a square of side length n ´ 1 if n is odd. In particular, Rp2m ´ 1, pq “ Rp2m, pq for
all m, so without loss of generality, it suffices to consider only even n.

Figure 2: Λ5 “ Λ6

As in [AL88], we will quantify the above introductory ideas by the following main result:
Theorem 21. For small p, Rpeλ{p, pq is essentially a step function in λ. More explicitly, there
exists a constant λc bounded by two constants, c1 ď λc ď c2 which are independent of p, such
that

Rpeλ{p, pq “ e´pλc´λ`op1qq{p for op1q ă λ ă λc

and
Rpeλ{p, pq ě 1 ´ expp´c ¨ eλ{p

q for λ ą λc.
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3.2 The plan
Our first big goal is Lemma 38: It states essentially that for fixed p, our spanning probability
Rpn, pq is approximately constant for medium values of n, providing a concrete bound on its
value and deviation. For this sake, we will need to attain four smaller goals:

• Bound Rpn,pq

Rpk,pq
from above and below, for k ď n. We need to prove that the quotient is

approximately 1 in order for Rpn, pq to be approximately constant.

• Bound Rpn, pq from above and below (for a fixed value of n). As Rpn, pq is approximately
constant, this will yield a bound on Rpn, pq for medium-sized n.

The bounds will consist of combinatorial ideas, combined with some analytic work in order to
obtain an understanding of their orders of magnitude. In the analytic part, we will deal every
time with similar terms; for this sake, we will first define and analyse an auxiliary function g.

3.3 An auxiliary function
Throughout our argumentation, the following function will appear quite naturally. We will first
state and prove some of its basic analytic properties which we will exploit later.
Definition 22. Let g : R` Ñ R be defined by

gpxq “ x ln
ˆ

1
1 ´ e´x

˙

.

x

y

0 1 2 3 4 5
0

1

g

Lemma 23. The function g has the following properties:
(1) gpxq ě 0 for all x ě 0.

(2) limxÑ0 gpxq “ limxÑ`8 gpxq “ 0.

(3) g has exactly one local maximum M , is increasing on p0, Mq and decreasing on p0, `8q.

(4) For x ě 1, we have gpxq ď e´x{2.

(5) For t ě 1, we have
ş8

t
gpzq

z
dz ď e

´t
2 .

Proof. The first three properties are straightforward to verify. For the last two properties, note
that

ln
ˆ

1
1 ´ e´x

˙

“ ln
ˆ

1 `
e´x

1 ´ e´x

˙

ď
e´x

1 ´ e´x
“

1
ex ´ 1

for all x ě 1. As ex ´ 1 ě 1
2ex ą x ¨ ex{2, this implies that gpxq ď x

ex´1 ă 1
ex{2 , proving the third

property. Furthermore, it implies that
ż 8

t

gpzq

z
dz ď

ż 8

t

1
ex{2 dz “

„

´
1
2e´x{2

ȷ8

t

“
1
2e´t{2

ă e´t{2.
l
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3.4 Bounding Rpn, pq and Rpn,pq

Rpk,pq
from below

3.4.1 The combinatorial idea: Rings

In order to bound Rpn, pq from below, we provide a sufficient condition for Λn to be internally
spanned. For this, we dissect Λnztp0, 0qu into rings L1, . . . , Ln

2 ´1, where Li is the set of sites on
the border of r´i, is2.

L1 L2

Figure 3: Λ6 dissected into two rings

Now, for Λn to be internally spanned it is sufficient that the following condition holds:

• Each ring Li contains an infected site on each of its four sides (without the corners). For
a fixed ring Li, this happens with probability

`

1 ´ e´p2i´1qp
˘4, as each of the four sides of

Li contains 2i ´ 1 sites.

Indeed, for L1 this implies that the neighbours of the origin are occupied, such that the origin
will be occupied in the second step. The following pictures illustrate the continuing process
filling up the entire region Λn:

This yields the following bound:

Corollary 24. We have

Rpn, pq ě

n
2 ´1
ź

i“1

`

1 ´ e´p2i´1qp
˘4

.

The same idea can be used for comparing Rpn, pq and Rpk, pq; this will be crucial in Lemma 38
to prove that these two values are almost equal under certain conditions. In fact, for Λn to be
internally spanned the following two conditions are sufficient:

• Λk is internally spanned; this happens with probability Rpk, pq.

• Each ring Li with i “ k
2 , . . . , n

2 ´ 1 contains an infected site on each of its four sides.
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This yields the following more general result:
Corollary 25. We have

Rpn, pq ě Rpk, pq ¨

n
2 ´1
ź

i“ k
2

`

1 ´ e´p2i´1qp
˘4

.

3.4.2 Rewriting the bounds in terms of our auxiliary function g

In order to work with the products in Corollary 24 and Corollary 25, we aim to compare them
to an integral. For this sake, we take their logarithms: For any integers a, b ě 1, we have

ln
˜

b
ź

i“a

`

1 ´ e´p2i´1qp
˘4
¸

“ 4
b
ÿ

i“a

ln
`

1 ´ e´p2i´1qp
˘

.

Now let f : R` Ñ R, fpxq “ ln p1 ´ e´xpq, so that the expression above becomes 4
řb

i“a fp2i´1q.
One can verify that f is concave and integrable, which yields by Jensen’s inequality that
2fptq ě

şt`1
t´1 fpxqdx for all t ě 1. Therefore,

4
b
ÿ

i“a

fp2i ´ 1q ě 2
b
ÿ

i“a

ż 2i

2i´2
fpxqdx “

ż 2b

2a´2
fpxqdx.

Here, we will make use of the function g from Definition 22: Note that fpxq “ ´
gppxq

px
, which

implies that
ż 2b

2a´2
fpxqdx “ ´

1
p

¨

ż 2bp

p2a´2qp

gpxq

x
dx.

For simplicity, we remove the upper limit of the integral and obtain, using the positivity of g,
that

´
1
p

ż 2bp

p2a´2qp

gpxq

x
dx ě ´

1
p

ż 8

p2a´2qp

gpxq

x
dx.

Together with Corollary 24, where a “ 1 and b “ n
2 ´ 1, this finally yields the following simpler

bound on Rpn, pq:
Corollary 26. We have

ln Rpn, pq ě ´
1
p

ż 8

0

gpxq

x
dx

Similarly, Corollary 25 with a “ k
2 and b “ n

2 ´ 1 becomes
Corollary 27. We have

ln Rpn, pq ´ ln Rpk, pq ě

ż 8

pk´2qp

gpxq

x
dx.

3.5 Bounding Rpn, pq from above
3.5.1 The combinatorial idea: Slabs

In order to bound Rpn, pq from above, we dissect Λn into n
2 columns of width 2. Each of these

must contain at least one particle in the initial configuration. Otherwise, such a column would
never contain an infected site, as every site in the column is adjacent to at most one site in
another column. This yields

Rpn, pq ď
`

1 ´ e´2pn
˘n{2

.

11



3.5.2 Rephrasing the bound in terms of g

Taking the logarithm in the above bound yields

ln Rpn, pq ď
n

2 ln
`

1 ´ e´2pn
˘

“ ´
n

2 ¨ ln 1
1 ´ e´2pn

“ ´
1
4p

¨ gp2pnq.

Therefore, we obtain the following:

Corollary 28. For any n, we have

ln Rpn, pq ď ´
1
4p

¨ gp2pnq.

3.6 Bounding Rpn,pq

Rpk,pq
from above

3.6.1 The combinatorial idea: Internally spanned rectangles of certain dimensions

For an upper bound on Rpn, pq, we need to find a necessary condition for Λn to be internally
spanned. For this, we consider rectangles inside Λn with nonnegative side lengths whose corners
are lattice points and whose sides are parallel to the coordinate axes. Note that we denote by
“side length” of a rectangle the number of sites on its edges (to match the notation in [AL88]).
We will see in this paragraph that such rectangles are “succeedingly spanned” in an increasing
order.

Definition 29. For k ě 0, let Rk be the set of rectangles whose longest side length is in the
interval rk, 2k ` 1s.

Lemma 30. We have |Rk| ď p2k ` 1q2 ¨ n2.

Proof. For any a, b P t1, . . . , nu, there are pn ´ a ` 1q ¨ pn ´ b ` 1q ď n2 rectangles of dimension
a ˆ b. The side lengths of a rectangle in Rk are between 1 and 2k ` 1, which corresponds to at
most the choices of p2k ` 1q2 for its dimension. This yields the claim. l

The crucial observation in this paragraph is the following:

Lemma 31. If Λn is internally spanned, then for all k P t1, . . . , n
2 u there exists an internally

spanned rectangle in Rk.

Proof. The essential idea is the following: If S1 and S2 are two internally spanned rectangles
with a Manhattan distance of at most 2, the smallest rectangle S containing S1 and S2 is also
internally spanned. The largest side length of S is at most double the largest side length of S1 or
S2 plus two (for the Manhattan distance). We will prove in a certain sense that this unification
process reflects the entire dynamics; this will yield the claim as a sequence of integers who
double at most in every step hits every interval rk, 2k ` 1s.
We will proceed by induction, which resembles the evolution of the spanning process. For k “ 1,
the statement is clear, as at least one site needs to be occupied. Suppose that the statement
holds for k “ 1, . . . , K with 1 ď K ď n

2 ´ 1. Let SK´1 Ď
ŤK´1

k“0 Rk be the set of rectangles with
both side lengths at most 2K ´1 which are internally spanned and inclusion-maximal with this
property.
If there is a rectangle in SK´1 with a side length of at least K, this rectangle is in RK , proving
the induction hypothesis. Otherwise, we assume that both sides lengths of all rectangles in
SK´1 are at most K ´ 1.

12



If all pairs of rectangles in SK´1 had a Manhattan distance of at least 3, the configuration
where all rectangles of SK´1 are fully occupied would be stable, so the dynamics would stop
in this configuration, contradicting the fact that Λn is internally spanned. Therefore, there are
two rectangles S1, S2 P SK´1 that have a distance of at most 2. This means that the smallest
rectangle S that contains S1 and S2 is also spanned internally.
As SK´1 consists by definition of rectangles with maximum inclusion of both sides with at most
2K ´ 1, on the one hand S is strictly larger than S1 and S2, and on the other hand one of its
side lengths is at least 2K. However, since both side lengths of S1 and S2 are by our assumption
at most K ´ 1 and the Manhattan distance between S1 and S2 is at most 2, the side lengths of
S are at most pK ´ 1q ` pK ´ 1q ` 2 “ 2K. In conclusion, this yields the result the result that
the longest side length of S is exactly 2K, which yields that S P RK . l

Lemma 30 and Lemma 31 can be rephrased into an upper bound on Rpn, pq if we introduce
the following notation:

Definition 32. For k ď n, let R1pk, pq be the maximum probability of a rectangle in Rk to be
internally spanned, i. e. R1pk, pq “ maxRPRk

PpR is internally spannedq.

(Note that R1pk, pq is independent of n, as long as k ď n.)

Corollary 33. For all k ď n, we have Rpn, pq ď p2k ` 1q2n2 ¨ R1pk, pq.

Proof. By Lemma 31, Rpn, pq is less than or equal to the probability for at least one rectangle
in Rk to be internally spanned. By the union bound and Lemma 30, this probability is at most
p2k ` 1q2n2 ¨ R1pk, pq. l

3.6.2 Comparing R1pk, pq and Rpk, pq

As explained in the initial plan, it will later be crucial in Lemma 38 to compare Rpn, pq and
Rpk, pq for k ď n. We have already established a lower bound on Rpn,pq

Rpk,pq
in Corollary 25 and

Corollary 27. In this section, we will deduce from Corollary 33 an upper bound on Rpn,pq

Rpk,pq
.

Lemma 34. We have Rp2k ` 1, pq ě R1pk, pq ¨
`

1 ´ e´pk
˘2k`1.

Proof. For Rp2k ` 1, pq to be internally spanned, it is sufficient that a rectangle in Rk with
maximum spanning probability is internally spanned, and each of the surrounding “rings”
contains at least an infected site on each edge. This yields the inequality as in Corollary 24.l

This yields our desired bound:

Corollary 35. For all k ď n, we have

Rpn, pq ď Rpk, pq ¨
k2n2

p1 ´ e´ppk´1q{2q
2k .

Again, we will resort to our auxiliary function g in order to simplify this bound. Taking the
logarithms on both sides of Corollary 35, we get the following result:

Corollary 36. We have

ln Rpn, pq ´ ln Rpk, pq ď 2 lnpknq `
2
p

¨ g

ˆ

pk

2

˙

13



3.7 Rpn, pq is approximately constant in a certain range
We will now combine and rephrase Corollary 27 and Corollary 36. For the sake of readability,
we introduce a new notation to work with the logarithm of Rpn, pq.

Definition 37. Let σpn, pq “ ´p ln Rpn, pq.

Lemma 38. There exist positive constants A0 " 1 " B0 such that for every p, every A ą

max
´

A0, 3 ln 1
p

¯

and every B ă B0, the following holds: The value of σpk, pq is approximately
constant throughout the regime

A

p
ď k ď exp

ˆ

B

p

˙

.

Concretely, for these values of n we have

|σpk, pq ´ σ̂| ď 4B ` 4 exp
ˆ

´
A

3

˙

,

where σ̂ is a constant bounded by

C1 :“ sup
xě0

gpxq ď σ̂ ď 2
ż 8

0

gpxq

x
dx “: C2.

Proof. We will pick A0 and B0 throughout the proof. The strategy will be to set n “ exp
´

B
p

¯

to
the maximum value of the considered regime and σ̂ “ σpn, pq in order to bound |σpk, pq ´ σ̂| “

|σpk, pq ´ σpn, pq| by Corollary 27 and Corollary 36.
By Corollary 27, for any n ě k we have

σpn, pq ´ σpk, pq ď p

ż

pk´2qp

gpxq

x
dx.

As g is positive, this implies for pk ´ 2qp ě A (which is equivalent to k ě A
p

` 2) that

σpn, pq ´ σpk, pq ď p

ż 8

A

gpxq

x
.

By Lemma 23, we can pick A0 sufficiently large such that for any A ą A0 we have
ż 8

A

gpxq

x
ď e´A{2.

On the other hand, Corollary 36 yields

σpn, pq ´ σpk, pq ě ´2p lnpknq ´ 2g

ˆ

pk

2

˙

.

As k ď n, we have lnpknq ď ln pn2q “ 2 ln n. Moreover, if we choose A0 larger than the only
local maximum of g, this implies by monotonicity of g that for kp ě A ą A0 we have

g

ˆ

pk

2

˙

ď g

ˆ

A

2

˙

ď e´A{3,

where we used a claim from Lemma 23 in the last inequality.
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In conclusion, we have

|σpn, pq ´ σpk, pq| ď min
`

pe´A{2, 4p ln n ` 2e´A{3˘ .

If we put B “ p ln n and σ̂ “ σpn, pq, this yields that for A
p

` 2 ď k ď n “ eBp we have

|σpk, pq ´ σ̂| ď min
`

pe´A{2, 4B ` 2e´A{3˘ ,

proving that σpk, pq is approximately constant. Finally, the bounds on σ̂ follow from Corol-
lary 28 and Corollary 24. l

3.8 Analysing the behaviour of Rpn, pq for n “ exppλ
p q

We now continue with our final goal: We want to prove that the percolation process on an
infinite grid can only be observed with an “exponential size” simulation. More concretely, if we
consider n “ eλ{p in terms of a parameter λ, we prove essentially that Rpn, pq « 0 if and only
if λ is higher than some threshold λc.
For this, we will first compare Rpeλ{p, pq to Rp 1

p3 , pq in order to be able to apply Lemma 38.
This will enable us to see that Rpeλ{p, pq behaves like an exponential function of the form
expp´p´1 ¨ pλcppq ´ λ ` op1qqq, which is approximately a step function for small p.

3.8.1 Three almost equivalent events

In order to compare Rpeλ{p, pq to Rp 1
p3 , pq, we will consider an event that is “almost equivalent”

to Λn being internally spanned.
Let G denote the event that each linear segment of length 1

2p3 , parallel to a principal axis, has
at least one occupied neighbouring site. Furthermore, we introduce the following events:

A1 : Λn is internally spanned,

A2 : Λn contains a translate of Λ1{p3 which is internally spanned,

A3 : Λn contains an internally spanned translate of Λ1{p3 centred at a point in 1
2p3Zd.

Lemma 39. We have PpGcq ď 4n2 expp´ 1
p2 q.

Proof. In a fixed row, there are n ¨ 2p3 ď 2n horizontal segments of length 1
2p3 ; so over the

total of n rows, there are at most 2n2 horizontal such segments. The same number of vertical
segments is added, yielding at most 4n2 segments of length 1

2p3 in Λn.
As such a segment has more than 2 ¨ 1

2p3 “ 1
p3 neighbours, the probability that none of its

neighbours are infected is at most pe´pq1{p3
“ e´1{p2 . The claim follows by the union bound. l

Lemma 40. Given G, the events A1, A2 and A3 are equivalent.

Proof. It is clear that A3 implies A2.
One can see that A2 implies A1 by the same argument as in Corollary 25: By G, every “ring”
around a translate of Λ1{p3 contains at least one occupied site on each of its edges.
It remains to prove that A1 implies A3. For this, observe that by Lemma 31, there exists
an internally spanned rectangle R whose longest side length is in the interval r 1

4p3 ´ 1, 1
2p3 s.

Therefore, R is contained in a translate of Λ1{p3 with its midpoint in 1
2p3Zd, and we can conclude

as before: By G, each rectangular “ring” around R contains at least an infected site on each of
its edges. l
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By these two lemmas, we can bound the symmetric differences Ai∆Aj :“ pAizAjq Y pAjzAiq:

Corollary 41. For all i, j P t1, 2, 3u, we have PpAi∆Ajq ď expp´ C
p2 q, where C ă 8 is a

constant independent from p.

Proof. We have

PpAi∆Ajq “ PpAi∆Aj | Gq
looooooomooooooon

“0

`PpAi∆Aj | Gc
q

looooooomooooooon

ďPpGcq

ď PpGc
q ď 8n2 exp

ˆ

´
2
p2

˙

,

from which the claim follows. l

3.8.2 Concluding via a comparison of Rpeλ{p, pq to Rp 1
p2 , pq

By Corollary 41, it suffices to bound PpA3q in order to obtain a bound on PpA1q. As the number
of considered translates of Λ1{p3 in A3 is p2p3nq2, we have for n “ eλ{p that

Rpeλ{p, pq « PpA3q ď p2p3eλ{p
q

2
¨ R

ˆ

1
p3 , p

˙

“ eln 4`6 ln p`λ{p´σpn,pq{p.

(Recall that Rpn, pq “ e´σpn,pq{p.) As for sufficiently small p, we have A
p

ă 1
p3 ă exppB

p
q, we

obtain by Lemma 38 that σpn, pq “ σ̂ ` op1q, so that we have

Rpeλ{p, pq ď epλ´σ̂`op1qq{p.

This implies that for λ ă σ̂, Rpeλ{p, pq converges rapidly to 0. Note that the exact value of σ̂
may depend on p; however, Lemma 38 yields bounds C1 ď σ̂ ď C2 that are independent of p.
This implies the first part of Theorem 21.
For the second part, observe that

PpA3q ě 1 ´

ˆ

1 ´ R

ˆ

1
p3 , p

˙˙p2p3 exppλ{pqq2

,

as the right-hand side is the probability that none of p2p3 exppλ{pqq2 independent translates of
Λ1{p3 are internally spanned. Using 1 ´ x ď e´x, it follows that

PpA3q ě 1 ´ exp
ˆ

R

ˆ

1
p3 , p

˙

¨ p2p3eλ{p
q

2
˙

« 1 ´ exp
`

4σ̂ ¨ pp3eλ{p
q

2˘ .

This proves the second part of Theorem 21.

4 Conclusion
Bootstrap percolation is an important model to describe processes in physics. However, prac-
tical observations differ strongly from mathematical theory: While the probability that the
origin becomes infected in an infinite grid is 1, this can only be observed in simulations of
“exponential” size. We proved both observations by similar ideas, exploiting necessary and
sufficient conditions for the dynamics to span squares or the plane.
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