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Abstract

We study the classical Cauchy problem for the incompressible 3d Navier-Stokes equa-
tions with (—1)-homogeneous initial data and show that it has a global scale-invariant
solution which is smooth for positive times.

We are grateful to our supervisor Julien Guillod, who proposed and motivated us
to work on this problem which lead us to study the theory of PDE and especially the
Navier-Stokes equation.

1 Introduction

We consider the classical Cauchy problem for the incompressible Navier-Stokes equation in
R3 x (0, 00)

u+u-Vu+Vp—Au=0
{ diva—po R3 x (0, 00), (1.1)
uli—g = ug in R3, (1.2)

We recall that the problem is invariant under the scaling

w(z,t) = ur(x,t) = Mu(dz, \2t),
pla,t) = palx,t) = Np(ha, A1), (1.3)
uo(x) = upr(x) = Aug(Ax),

where A > 0. We say that a solution w is scale-invariant if uy = uw and py = p for all A > 0.
Similarly, we say that an initial condition wg is scale-invariant, if ugy = ug for all A > 0. This
is of course the same as requiring that ug be (—1)-homogeneous.

The report will discuss the following result.

Theorem 1.1. Assume that ug is scale-invariant and smooth in R3 \ {0} with divuy = 0.
Then the Cauchy problem (1.1)), (1.2]) has at least one scale-invariant Leray solution u which
is smooth in R3 x (0, 00).

This theorem was first proved by Jia and Sverdk in [4]. Their method is finding the
solution in the form w(z,t) = %U <%> in order to satisfy the scaling invariance. The
Navier-Stokes equation for u gives a Stokes equation for U in R?

1 1
with the asymptotics
1
\U(z) — up(z)] :o(m> , T — 00 (1.5)
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The problem , is remisniscent of the Leray’s problem of finding steady-states solu-
tion of the Navier-Stokes equation in a bounded domain with given conditions of U. Jia and
Sverék showed this problem by using Leray-Schauder Theorem for a good functional space
and establish a-priori estimates, and we will sketch their proof in the last part of section 3.

Our report is organized as follows. In section 2 we discuss some results and proof of
[4]. The first part of this section is mostly about criteria for solutions of to be Holder
continous in some domain of R?® x (0,00). The second one is about estimates of Leray-
solutions to the Navier-Stokes equation near initial time. The last part of section 2 discusses
about estimates of self-similar solutions. In the section 3, we then give an alternative proof
of Theorem by following the techniques in [3] but with a weaker conclusion.

The strategy of our proof is the following one: we first use the same idea as Jia and Sversk

by trying to find a solution u of the form u(z,t) = %U (%) We seek the solution U in the

form

U(z) = Up(z) + V (z) where Up= e ug and V € H} ,(R?)

then show that u satisfies almost the conditions of a Leray solution, except the locally square-
integrable at t = 0. To do this, we try to find a weak solution V € H&U(Q) of a Stokes system
when € is a bounded domain of R3 using the Leray-Schauder theorem, then extend the result
to R? in the first subsection. Then in the second subsection, we show that u satisfies almost
the conditions of Leray solutions. We note that our proof differs from the original one in
that it requires a weaker decay V € H&U(R?’), compared to the decay condition that Jia and
Sverédk gave in [4].

Notation We use the same notation as [4]. For instance, Br(xo) denotes a ball centered
at xo with radius R in R?, Bg := Bg(0); for 2o = (w0,t0), Q(R, 20) := Br(w0) x (to — R?,t0),
Qr = Q(R,(0,0)); for any f in O, f, f := ﬁfo f. We also use the following standard
notations in the literature: for vectors a and v, a ®v is a matrix with (a®v);; = a;v;; for two
matrices a, b, (a : b) = a;;b;; where we assume the usual Einstein summation convention; for
a matrix valued function f = (f;;), div f is a vector with (div f); = >_; 0;fi;. We use C' to
denote an absolute and often large positive number, ¢ a positive small absolute number, € the
positive small numbers, C(ca, 3,...) when the number depends on the parameters «, 3, .. ..
C% . (O) denotes the Holder space with respect to the parabolic distance when O is a space-

par
time domain.

2 Main Results from Jia and Sverdk on Navier-Stokes Local
Estimates

2.1 e-regularity criteria

Our goal in this subsection is to explain an e-regularity criteria for a generalized Navier-Stokes
equation. It shows that if a scaled local L3-norm of a suitable weak solution is sufficiently
small around the origin, it is regular in the parabolic Holder sense.

First, we recall the definition of a suitable weak solution of Navier Stokes equation.

Definition 2.1. Let O be an open subset of R3 xR, a € L (O) with m > 5 (not necessarily
an integer), diva = 0. We call a pair of functions (u,p) suitable weak solution to

{atu—Au+a-Vu+div(a®u)+u-Vu—|—Vp:0 (.)€ O, (2.1)

divu=0



if u e LPL2 N LEHN(O') for any open subset O' C O C O, p € L?O/f((?), such that (u,p)
satisfies equations (2.1) in the sense of distributions in O, and

fu? — Juf? Jul?

O | Vulf+ V- ((u + a)> +u - div(a ® u) + div(up) <0, (2.2)

2 2 2

in the sense of distributions. Recall that a distribution v in O is called nonnegative if (v, ¢) >
0 for any ¢ € C°(O) with ¢ > 0; u - div(a @ u) is a distribution with

(u-div(ie ®u), p) = —/ a;ujOju;p(z,t) drdt = / a;uju;0;¢(x,t) ddt.
@] (@

The terms in (2.2) make sense due to the regularity assumptions and u € Lll(?c/?’((?) by the
Sobolev emdeddings.

The main theorem in this section can be stated as the following;:
Theorem 2.2. (e-regularity criterion) Let (u,p) be a suitable weak solution to (2.1) in Q1

with a € L™(Q1), m > 5, diva = 0. Then there exists eg = eg(m) > 0 with the following
property: if

1/3 2/3 1/m
<][ |uy3da:dt> +<][ |p|3/2dxdt) +(][ ya|mdxdt) < €,
Q1 Q1 Q1

then u is Hélder continuous in Q1o with exponent a = a(m) >0 and

lullcg

par

(Q1/2) < C(m’ 60)'

By setting: a(z,t) = RLOb(x;%Oﬂfo’ %) where 0 < Ry < 3 is a small positive number and

20 = (@o,t0) € Q1/2, then we can show by applying the preceding theorem that we can get
rid of the smallness condition for a:

Theorem 2.3. (Improved e-reqularity criteria) Let (u,p) be a suitable weak solution to ([2.1))
in Q1, with a € L™ (Q1), diva =0, |lal[mg,) < M, for some M >0 and m > 5. Then there
exists €1 = e1(m, M) > 0 with the following properties: if

1/3 2/3
<][ |u|3dxdt) +<][ \p|3/2dxdt> < e,
1 Q1

then u is Hélder continuous in Qo with exponent o = a(m) > 0 and

lulles, (@, )n) < C(m, €1, M).

a

These two theorems are useful when we want to show that we can gain some regularity
on the solution just by proving some estimates.

2.2 Local in space near intial time smoothness of Leray solution

In this subsection, we explain how Jia and Sverdk used the ‘e-regularity’ theorem given in
the last subsection to study the local in space near initial time smoothness of the so-called
Leray solutions. We recall the definition of Leray solutions. The setting is as follows.

Let up € LY (R?) with divug = 0 and sup,,cps fBl(mo) |ug|?dz < oo. Suppose first that
u € C®(R3 x (0,00)) NL7HL(R3 x (0,00)) is a solution to (L.I)). Then it is also a solution in
the sense of distribution, it verifies some local energy inequality by taking the dot product in
and multiplying by a positive, compactly supported smooth function ¢. So a stronger
condition for a solution in the sense of distribution is the following one:



Definition 2.4. (Leray solution) A vector fieldu € L3 (R*x [0, 00)) is called a Leray solution
to Navier-Stokes equations with initial data ug if it satisfies:

(i) Decay condition

R2
u
esssup sup / u(ac t) dr + sup / / |Vu|? dadt < oo,
0<t<R2 20cR3 J Br(zo) 2 20€R3 Br(zo)

. R2
hm|$0|—>oo fo fBR(:B()) |U’2(.T,t) dxdt =0

(ii) For some distribution p in R x (0,00), the pair (u,p) verifies the Navier-Stokes equa-
tions

{8tu—Au+u-Vu+Vp—O (NSE)

dive =0
in the sense of distributions, and for any compact set K C R3,

hm lu(-,t) — u0||L2(K):O.
t—0

(#ii) w is suitable in the sense of Caffarelli-Kohn-Nirenberg, more precisely, the following
local energy inequality holds:

00 0 9 )
/0 /]R3 \Vul?¢(z, t)dzdt < /0 /R3 (|u2|(8f¢ + A¢) + ]u2|u V¢ + pu- V¢) dadt

for any smooth ¢ > 0 with ¢ € C§° (R3 x (0, oo))
The set of all Leray solutions starting from ug will be denoted as N (ug).

Remark 2.5. Note that we impose a decay condition on w in (i). This condition allows
us to calculate p in the following way: For all (x,t) € B.(x) x (0,t.) € R3 x (0,00), take
a smooth cutoff function ¢ with @|p,, (z,) = 1, then there exists a function p(t) depending
only on xg,r,t,¢ (we suppress the dependence on xo,r,¢ in our notation) such that for

(x,t) € Br(z0) x (0,ts)
p(z,t) = —A~ divdiv(u @ ug)

(3.3)
= [ (kta =) = blao = ) w e uly. 01 = 6(6) dy+ (1)
where k(x) is the kernel of A~!divdiv.
The right-hand side is well defined since u satisfies the estimates in (i) and
1
k(x —y) — k(zo — =0|+—— as |y| — oo. 3.4
ke =)~ koo =) =0 () asl (.9

For Leray solution v € N(ug), we have the following a priori estimates, first proved in
[9]. These estimates have played an important role in the proof of Theoremfor a priori
estimate for forward self similar solutions, which will be explained in the next section.

Lemma 2.6. (A priori estimate for Leray solutions) Let o = sup,, cgs fBR(xo) %(m) dr <
oo for some R > 0, and let u be a Leray solution with initial data ug. Then there exists some
small absolute number ¢ > 0 such that for X satisfying 0 < A < cmin{a"2R? 1}, we have

2 AR?
esssup sup / M(x,t) dx 4+ sup / / \Vul?(z,t) dz dt < Ca. (3.5)
0<I<AR? 20€R? J Bp(zo) 2 zock3 Jo Br(zo
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Remark 2.7. Note that from the formula (3.3) and the a priori estimate of u, we get the
following estimate for p which will be useful:

AR?
sup / / Ip— p(t)[*? dadt < Ca®2RY?. (3.6)
0 Br(zo)

zo€ER3

Now we can could explain the proof of first important result. It shows that modulo the
usual (and quite mild) non-local influences of the pressure, local regularity of the initial data
propagates for at least a short time.

Theorem 2.8. Let ug € L} (R?) with sup,, cgs fBl(xo) lup|?(7) dr < a < oo and divug = 0.
Suppose g is in L™(Ba) with |[uollzm(py0)y) < M < oo and m > 3. Let us decompose
up = ud + ud with divud = 0, ué|34/3 = g, suppug C B2(0) and HU[I)”Lm(R3) < C(M,m).

Let a be the locally in time defined mild solution to Navier—Stokes equations with initial
data u(l). Then there exists a positive T = T(a,m,M) > 0, such that any Leray solution
u € N(up) satisfies:

u—a & Cp (B x[0,T]), and |u—alcy,. (B, ,xpm) < CM,m, ),

for some v = ~(m) € (0,1).

Proof. First, we admit the existence local-in-time of the mild solution with the initial data
in L? for ¢ > 3, see more details in chapter 5 of [6].

Now, let us decompose ug = u(l) + ug with div u(l) = 0, u(l)]34/3 = g, Supp u(l) C Bs and
||U(1]”Lm(R3) < C(M,m). Indeed, let x be the cut-off function such that x|p,, = 1 and
supp(x) € Ba.

We write

uy = u(l)’l + u(l)’Q, where u(l)’2 = XUp.
Since
TS N T S | 1,2y . s (11
0 = div(up) = div(uy +uy”) = Vx - up + x divug + div(uy™),
we obtain the equation

div(u(l)’l) = —Vx - up.

Solve this equation; we obtain u(l)’l, then we have ué and our decomposition.
Now, by assumption a solves the Cauchy problem for Navier—Stokes equations with initial
data u} in R? x [0, Ty], where T} = Ty (M, m), namely:
Ooia—Aa+a-Va+Vp=0
diva=0  inR3 x (0,T}), (3.7)
a(-,0) = up.
Since u} € L™ with m > 3, we have the existence of the mild solution.
We can follow the arguments in the Appendix of 1], and obtain the regularity of the mild
solution .
sm o3 .
a€ L3 (R°x(0,71)) with HaHL%(RSX(O?Tl)) < CM.
Note that 577” > 5 since m > 3. Moreover, by the estimates on a and by choosing 77 small

enough such that the nonlinear term is small, we can recover a local energy estimate for a:

|af®

T
esssup/ a—(m,t) dx +/ / |Val|?(z,t) dzdt < C(M,m),
0<t<Ty Bl(xo) 2 0 Bl(mo)

5



for any zg € R3.
Write u = a + v, we can verify that v satisfies:

{Otv—Av—l—v-Vv+a-Vv+diV(a®v)—I—Vq:0 (3.9)

dive=0"

in the sense of distributions in R3 x (0, T}), here ¢ = p—p with p being the associated pressure
for u; and the local energy inequality

° o]

2
lol® _ A|U + |Vo|? 4 div <2(v + a)) + v -div(e ® v) 4+ div(vg) <0,

Oy — AT

in the sense of distributions in R? x (0, T1);

tlirgl+ Hv(.,t) — u%HLQ(BI(xO)) =0, forany zo e R3.

Note also that u?|p, ;5 = 0. Since (u,p) satisfies the a priori estimates in Lemma
(and the remarks below it), (a,p) is regular, we obtain the following estimates for (v,q) in
BQ(O) X [O>T2]> Ty = TQ(aa Ma m):

1 2
ess sup / lv|?(x,t) dz +/ / \Vol?(z,s) dzds < C(a, m, M).
0<t<Ty Bo 0 Ba

From the local energy inequality for v, and lim;_,g+ ||v(:, t)||L2(B4/3) = 0, we obtain

;/34/3 v[*(2,t)p(x) dg;+/0t /84/3 Vol (e, )6(x) da ds

t |U‘2 t |U|2
§/ / A(;Sdﬂ:der/ / —(v+a) - Vodrds
0 JBy; 2 0 JBy; 2

t
—l—/ / [a®@v: (Vvp+v® Vo) + qu-Vodrds,
0 JBys

where ¢ € C2(By/s), él, = 1, ¢ > 0.
By the Sobolev embedding, we know

T 3/10
</ / |v|10/3dzxdt> < C(a,m, M).
0 JB,

From Aq = —divdiv(v®v+a®v+v®a), we can see ¢ € L

Schwartz inequality,
t 2/3
</ / g2 da:ds) < C(a,m, M)t/12.
0 JB

The importance of these estimates lies in the fact that they provide crucial “quantitative”
information on the decay in time as t — 0%. Now for t( fixed, whose precise value is to be
determined later, extend v,q to By x (—1 + to,to] by setting v = 0, ¢ = 0 for (x,t) €
B x (—1+tp,0]. Extend a to By x (—1+tp,to] by setting a(t,z) = 0 for t < 0. The extended

5/3
loc *

Thus, by Cauchy-



function (v, q) is a suitable weak solution to the generalized Navier-Stokes equations with
the extended a in By x [—1 + tg, t9]. Note here that

im0, 0)]z2(5,) = 0

2
plays a crucial role: it guarantees that % will not cause any problem across ¢ = 0. Then
clearly if we choose ty = to(a, m, M) sufficiently small, we can apply Theorem and
conclude v is Holder continuous in B/ x [0, o], with

||U||cgar(31/2x[0,to]) < C(a,m, M),

for some v = y(m). The theorem is proved. O

2.3 Estimates of forward self-similar solutions

In this subsection, we begin by studying self-similar solutions to the Navier-Stokes equations
and explain a result about a priori estimate for forward self-similar solutions u € N (ug)
when the intial data wug is scale-invariant and it restricted in 9B; is smooth. The setting is
as follows.

Let u be a Leray solution with initial data ug. Suppose Aug(Ax) = ug(x), Mu(Az, \*t) =
u(z,t) for any A > 0. We also assume ug|pp, (o) € C°°(0B1). Then the self-similar condition
and the smoothness on 0B; imply that ug is smooth on R?\ {0}. We also get estimates on

the derivative:
C(a,ug)

o
< 7 7
’V UO(IL')| — |$’1+|a| ’

Vol > 0.
Indeed: we take \ = ﬁ for x # 0, then we have ﬁuo <ﬁ) = ug(z). Since ug <|§—‘) IS

C*°(0By), we have the above inequality for a = 0. Similarly, for all |a] > 0 and A > 0, we
have Vug(z) = A1Fll(Voug)(Az), by taking A = ﬁ for # # 0, we thus have

o C(a,ug)
< 7 7
V&g ()] < | Tl

V]a| > 0.

The main result in this subsection is the following theorem, which gives a priori estimate
of the forward self-similar solution v € N (ug) by comparing it with the solution profile of the
heat equation at time ¢t = 1.

Theorem 2.9. (A-priori estimate for forward self-similar solutions) Let ug be a scale-
invariant divergence-free initial data, uw € N (ug) be scale-invariant. Then U(-) := u(-, 1), the
solution profile at time t = 1, belongs to C*®°(R3) and

C(a,up)

0°(U(2) — eSup(a)] < Tt [z)PHan

V]a| > 0.

Proof. By applying Lemma with R =1 and setting M := |luolc(aB,) = SuPzep, |uo(z)],
this gives us:

1 i
sup / lu(z,t)? dx +/ / \Vu(z, t)>dedt < C(M), T,=T(M). (4.2)
o<t<Ty 2 JBy(0) 0o JB0)



Since u(z,t) = %u (%,1) = %U <%), we have for a fixed t, < 1) which is to be
determined later

1 b
C(M) = / |U($,t*)|2dfb’+/ / |Vu(x,t)|? d dt
Bl(O) ty Bl

> \/F/ w(z, 1) dz + \/E | [ut P (4.3)
B 1 (0)
f *F | [TV (4.4)

\/T

On the other hand, for all z, ]a:()] = 8, since ug € C°°(By(x9)) and since the Holder continuity

is weaker than the continuous derivative, we can apply Theorem and some bootstrapping

arguments the same as how Jia and Sverak worked in Theorem 3.2 in [4] to show the following:

for any u € N (ug), there exists To = To(M) > 0 such that for all «,
100wl oo (B, g o) x 0.1y < €, )

In particular u is a smooth function.
Since for all A > 0, Au(\z, A%t) is also a Leray solution with initial data ug, we obtain by
integrating in time and using the preceding inequality:

IA1OH |9 u(Awg, A%t) — 0%ug(0)| < O, uo)t,

for any A > 0, |oz] >0, t < Ta(up).

Taking A = \[, we obtain
1 |ar]41 2
() e () e

Setting y = %, and using the homogeneity of 0%u, we get

< Cla,ugp)t.

o o Clo,u 8
U - uolw)| < S vl > (4.5)

Now choosing t, sufficiently small, ¢, = t.(M), we see from inequality (4.3):
| WP+ 19U R dy < o).
16
VT2
Since u(z,t) satisfies Navier-Stokes equations, it is easy to verify U satisfies

in R3, (4.6)

AU—f VU — —|—U~VU+VP:0
divU =0

Thus by estimates for solution of elliptic equations (see section 6.3 of |2]) combined with
general Sobolev inequalities (see section 5.6.3 of [2]) we get:

1Ullcr_g ) < C(k, M).

VT2
These estimates, combined with the properties of the heat equation finish the proof (see
[2] section 2.3.3 for estimates of derivatives of solution to the heat equation). O]



3 A New Proof to the existence of forward self-similar solu-
tion for large initial data

In this section we give a new proof for the existence of the forward self-similar solutions as
stated in Theorem with weaker conclusion compared with Theorem [I.I} Let us briefly
describe the general stratergy and compare it with Jia and Sverdk’s result in [4]. We are
trying to find a solution u of the form u(z,t) = %U (%) = %Ug (%) \/V <\[) where
Ve H&U(R:i), then proving that u satisfies almost the conditions of a Leray solution, except
the locally square-integrable at t = 0. To do this, we try to find a weak solution V' & Holﬁ(Q)
of a Stokes system when 2 is a bounded domain of R? using the Leray-Schauder theorem,
then extend the result to R? in the first subsection. In the second subsection, we show that
u sastisfies some regular conditions the same as Leray solutions. Comparing with us, in [4],
Jia and Sverdk proved this theorem by findind the above V with a better decay such that the
condition |U(z) — Up(x)| = o( ‘il) is verified, by using a decay for the linear singularly forced
Stokes systems, we will discuss more in the final subsection.
First, we state the theorem, and then follow the above strategy to prove it.

Theorem 3.1. Let ug € C(R3\ {0}) satisfy Mug(Ax) = ug(x) for all X > 0, divuy = 0.
Then there exists u € H} (R3 x (0,00)) with Au(Az, \*t) = u(z,t) for all X\ > 0 such that u
satisfies:

(i) Decay condition

2 R?
ess sup sup / Jul® ——(z,t) dx 4+ sup / / |Vul? dadt < oo,
Br(zo) 2 Br(=o)

0<t<R? goEeR3 ToER3

. R2
1im| 500 fo fBR(xo) |u|?(x,t) dzdt =0

(ii) For some distribution p in R x (0,00), the pair (u,p) verifies the Navier-Stokes equa-
tions
{ Ou—Au+u-Vu+Vp=0

divu=0 (NSE)

in the sense of distributions, and for any compact set K C R3,

Jim Ju,£) = uoll () = 0.

(iii) w is suitable in the sense of Caffarelli-Kohn-Nirenberg, more precisely, the following
local energy inequality holds:

//vu\¢xtdxdt</ / <|“|28¢+A¢)+’ w-Veo+ pu- V(;S)dxdt
R3 R3

for any smooth ¢ > 0 with ¢ € C§° (R3 x (0, oo))

Remark 3.2. The solutz’on u given tn Theorem is not a Leray solution in the sense of
since u ¢ L} (R? x [0,00)), more specifically, it is not locally square-integrable at t = 0.
Then we can not apply Theorem to obtain the smoothness of u, since in the proof of
Theorem they use the regularity of u at t = 0.



Proof. First we set Uy = e“ug. Due to the scaling invariance of u(z,t), we are essentially
1 T

seeking the profile function U(z) = u(z,1): since u(z,t) = WU(W’ 1).
Our goal is to obtain U(x) satisfying

—AU+U~VU—%—§-VU+VP:0,

n R3, (5.5)
divU =0,
in the sense of distributions, and U — Uy € H&U(R?’).
A weak solution to (5.5)) is defined as:
U =z

for all p € CS?U(R?’).
We will seek U in the form

U=Uy+V, whereV € Hj,(R?).

Thus we have reduced the problem to finding V' € H&U (R?) sastifying

1%
(VV, V) + (V- VV + Uy VV +V -V - - — g-VV,tp) = (~Uy-VUp, @)  (5.7)
for all ¢ € CF5, (R3). We rewrite the above as:
1%
(V. Vo) — (5 g-VV,go) —(-V-VV —Uy-VV -V -VUy — Uy - VU, )  (58)

for all p € Cng(R3).

To find V' € H&G(R?’) satisfies we will use Lemma [3.7|in the below subsection, which
work with the linear problem of the Stokes system. Then, we finish the proof by using Lemma
3.8 in order to check the regular conditions of the solution w. O

The following two subsections are parts of the proof of

3.1 Linear problem of the Stokes system

In this subsection, we try to find a weak solution V' € Hé,o (R3) of . We will treat this
problem first in a bounded smooth domain €2 by using Leray-Schauder Theorem, then extend
the result to R3. First, we will recall Leray-Schauder Theorem without the proof. See chapter
9 of [2] for a proof.

Theorem 3.3. (Leray Schauder Theorem) Suppose A : X — X is a continuous and compact
mapping. Assume further that the set {u € X | u= XA(u) for some 0 < X\ < 1} is bounded.
Then A has a fixed point.

Now, we recall the definition of a weak solution of a Stokes equation.

Definition 3.4. Let Q) be a smooth domain. We consider the Stokes system

—AV+VP—%-VV—%:]“

divV =0, Vl]ga=0

(SSE)

10



where f € (H&7U(Q))/.
A wector field V € H&U(Q) is called a weak solution of the equation if V' satisfies
x |4
(VV.9e) (5 + L) = (o) (59)
for all ¢ € C§%, ().

These integrations are well defined, since V' € H&U(Q) and ¢ € CF%,(22). By the density
of C§% () in H&U(Q), we can obtain (|5.9)) for all ¢ € H&J(Q). Moreover, by integration by
parts, ([5.9) becomes

/QVV:V¢+<;-V90>-V+V~90=J£(<P) (5.10)

for all p € H&U(Q).
We have a lemma for the existence and unicity of weak solutions for a general Stokes
systems in a bounded smooth domain.

Lemma 3.5. Forall f € (H&o(ﬂ))’, where Q C R? is a bounded smooth domain, the Stokes
system (SSE]) has a unique weak solution T(f) € Hj (). Moreover: T : (Hj,) () —
Hy (), is a linear bounded operator and: 1Ty ) < Al )y

Proof. We will prove the lemma by using Lax-Milgram theorem.
Consider the bilinear form

a:Hy,(Q) x Hy ,(Q) - R, a(Vi,Vz) = / VVi:VVa+ (g : vvg) Vi+ V- Vo
Q
We first need to need to prove that a is a well-defined, continuous, bilinear form:

X
L9V st (5 902) Y+ Vi Val < OVl oy Vel o

where we used here the fact that €2 is bounded to bound the term 3, so C(f2) is a constant

depending on the bounded domain 2. It is clear that « is a bilinear form, and then we proved
that is continous bilinear form.

To apply Lax-Milgram theorem we also need to show that this form is coercive. By
definition:

x x
a(V,V) :/vi : vv+(§-vv)-vv+v-vz HV||i2(Q)+HVV||§2(m+/Q <§-vv)-vv
Now we need to compute the last term. By integration by parts, we get:
T 3 T
/9(2-vv)-vv_—Q/Qv-V—/Q(Q-vv)-v
this imply that: [, (£-VV) -VV = _%”VHL2(Q). So we finally get:

1 1
a(V,V) = ZHV”%Q(Q) +IVVIZ2gq) > ZHVHz&U(Q)
Thus, a is a continuous and coercive bilinear form on the Hilbert space H&U(Q). Then by

Lax-Milgram theorem, there is a unique weak solution to the system (SSE|). We prove now
the second statement of the lemma. The linearity of T' comes from the bilinearity of a and
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the uniqueness of the solution. Now we prove that T is bounded: by using the inequality we
get when proving a is coercive we have:

IT()IZ (o < 4T, T() = AT < U ap Ty o

so: ”T(f)HHO{G(Q) < 4HfH(H§’U(Q))" The lemma is proved. O

Now, we state and prove the existence of the weak solution V' of the equation ([5.8) by
using Leray-Schauder theorem.

Lemma 3.6. Let Q be a smooth bounded domain. Let ug € C®(Q N R3\ {0}) satisfy
Mug(Ax) = ug(x) for all X > 0, divug = 0 and Uy = e®ug. Then the equation (5.8)) has a
weak solution V € Hg () with the boundary condition V|aq = 0.

Proof. For V € H&U(Q), consider
Ny (V) = =Uy-VV =V -VUy =V -VV = Uy - VU

If we fix V € Hj (), we can see Ny, (V) : Hy ,(2) = R, @ = [, Ny (V) - ¢ as a continuous
linear form, since for all ¢ € H&U(Q):

[ @0 ) ¢ < 100l IV g ol

by Holder inequality and using the fact Uy is bounded on € since it is a bounded domain.
We can do the same for the term V - VUy and Uy - VUy. We also have:

L wv)eg = | [ 900 V] < IV Voo < VI ol o

So we define: Ny, : H&U(Q) — (H&,U(Q))’, which is a nonlinear function.
Then: we can rewrite the system as

V = T(Ng, (V) = K(V).

we can forget the index Uy since it is fixed for the rest of our problem.

We refomulated the equation to be the solution of a fixed point problem, we now want to
apply the Leray-Schauder theorem. To apply Leray-Schauder theorem to conclude that there
is a weak solution of when €2 is bounded, we will show that K verifies the condition
of the theorem: K is a continuous and compact operator, and the set of solutions of the
equation V' = AK (V) for some A € [0, 1] is uniformly bounded in H&U(Q).

First, since T : (H&U)’(Q) — H&U(Q) is a bounded operator by Lemma ﬁ, we want to
have some estimates of || Ny, (V1) — NUO(‘/Q)”(H(% _(@)y to get the estimates of K.

We first have, ’

NUO(Vi) - NUO(VQ) = (*UO -V =V1-VUy = V1 -VV] = Up - VU())
— (U -VVa = Vo -VUy — Vo - VVy — Uy - V)
=—(Uo+ V1) - VW =W -V(Uy + Va)

where W = V; — V5.
By integration by parts, we finally get,

[ N0 V) = NV - = [ [+ Vi) - W+ W - (U +12) - Vi
Q Q

12



Thus we have:
INvy (Vi) = Noo(Va)ll g )y < U0 + V1) - W+ W - (Uo + V)l L2 (0
< (0o + Vil[za + IUo + Vallz4) Vi = V|l Laqy)-

Now, by using the fact that 7" is a bounded linear operator, we thus have an estimate of
K:

(V1) = KE(V2)llg (o) <4 (100 + VillLagay + 100 + Vallpa) Vi = Vall Lagey-
By the same argument as above with Sobolev embedding: H'(Q) C L*(Q2) so we get:

1K) = KVa)lly oy < ¢ (100 + Villgg oy + 100 + Vellgy o) Vi = Valla (o

for some constant c¢. This shows the continuity of K.

We next show that K is compact. Let (V;,) be a bounded sequence in H&U(Q), since the
embedding H'(Q) — L*(Q2) is compact by the Rellich-Kondrachov theorem, we can extract
a subsequence (also called V;,) such that V,, — V strongly in L*(Q2), and then

1K (Vy) — K(V)HH&’U(Q) — 0 as n — oo.

This shows the compactness of K.

Finally, in order to apply the Leray-Schauder theorem, we prove that the set of solutions
V = AK(V), with A € [0,1] is uniformly bounded in Hg ,(€2).

The equation becomes:

|4
(VV,V@)—(§+§-VV,@):)\(—V~VV—U0-VV—V~VU0—U0~VU0,<,0)

for all o € Hj ,(Q).
Choosing ¢ = V', we have

1
IVVI[720) + Z”VH%Q(Q) = —/\/(VUO Uo) -V
Q
< M[Uo- VUl 2@ IVllz2@) < ClV g o)
Then, ||V]| (@) < C’. By Leray-Schauder Theorem, we have a weak solution V €
H&}U(Q) of (5.8)) by choosing A = 1. The lemma is proved. O

Now, we extend the result to R? in the below lemma.

Lemma 3.7. Let ug € C(R3\ {0}) satisfy Mug(Ax) = uo(z) for all X > 0, divug = 0 and
Uy = e®ug. Then the equation (5.8) has a weak solution V € H&}O(]Rg’).

Proof. We consider ), = B,,. By the lemma [3.6], we know there exists a weak solution
V, € HY(Q,) of (5.8) in Q,,. Since Vs, = 0, we can extend V,, to R? by setting V,, = 0 on
R3\ Q,. From the lemma we have:

1
IVl + 3 1Valla,y == | (o VU0 -V,

n

We will bound V,, by a constant C' depending on only Uy. To do that, we will show
that Uy € L*(R3) and VU, € L?(R3), then use the Hélder inequality to have the above
boundedness.

13



Indeed, for a convex function 8 of class C? such that these integrations below are well
defined, we have:

gt/ Ié; (etAug(x)) dx = / B’ (emuo(a:)) A (emuo(aﬁ)) dx

R3 R3
= [ 8P un(e) 9 Buno) P < 0
R3

Then
[ 8wy < [ 6
R3 R3

By the scaling invariance of ug, we have ug(z) = O|x|_>oo(ﬁ), then uy € L*(R3). Then
Uy = e®up € L*(R?). Similarly, since we have Ve!®ug = et (Vug), and Vug = Omﬁoo(#),
Vug € L2(R3) then VU € L*(R3). Thus we have the boundedness of V;, in H&yU(R:)’):

1 1
IVl + 3IValBagesy = 19 VallEa,y + Vel == | (o 00 Vi

Qn

<ol s @) VUl 2@y IV I L4 @20) < ClIUol| @) IV Uoll 223y - 1V |11 (e

by the Sobolev embedding H&U(R?’) C L*(R3). This shows that (V},), is bounded in H&U(R?’).
Then, up to a subsequence, V,, — V in H&U(RP’) weakly. This subsequence exists since
the closed unit ball of H&’U (R?) is compact for the weak topology by Kakutani’s theorem for
reflexive space.
By the definition of weak convergence, for all ¢ € C’gf’g(R?)):

lim (VVy, V) = (VV, V), lim (Vo) = (V. )

n—o0

We will prove that V is a weak solution of (5.8) on R3. Fix ¢ € Cgf’U(RB); there exists
m € N such that supp ¢ C ,,. Then for all n > m, we have

(VV,, V) + (VP — g YV, — % 0) = (=Uy-VV, =V, - VUy — Uy - VUy — Viy. V'V, )

and it only remains to show the equation is valid in the limit n — oo.
Since supp ¢ C ,, for all n > m, we have

[(Uy-VV+V, -VUy+ V,, - VV, = Uy - VV = Uy - VUy — Vy, - Vi, 0) |

<@+ V) -V(Va = V), o)l + (Ve = V) - V(Uo + Vo), 9)]|

=[((Uo+V) -V, Vo = V)| + (Ve = V) - Voo, Up + Vo)

< (0o + Vs - IVellrz@n + IVellrz@n - 100+ Vall @) - Ve = Viizag,)
Since (V;,) is bounded in Hg,(Qy,) and the embedding H' () < L4(Qy) is compact,

there exists a subsequence (also denoted by V,,) that converges strongly to V in L*(Q,).
Then:

lim (Uy - V'V, + Vi - VU + Vi - YV, 0) = (Uy - VV + Uy - VUy + V - VV, )

n—oo

Thus V € H&U (R?) is a weak solution of (5.8) in R3. The lemma is proved. O
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3.2 Verification of the Leray conditions

In this subsection, we will finish the proof in the theoremby checking u(z,t) = %U (%) =

1 z 1 z : iy .
WU()(W) + %V (W) satisfies almost the conditions of Leray solutions, except the locally
square-integrable in spacetime condition, where V' is given in Lemma[3.7]in the below Lemma.

Lemma 3.8. Let ug € C(R3\ {0}) satisfy Mug(Ax) = uo(z) for all A > 0, divug = 0
and Uy = ePug. Let V € H&U(R?’) be a weak solution of (5.8) given in Lemma E Then

u-(a;,t) = %U (%) = %U@(%) + %V (%) satisfies condition (i), (ii), (¢it) in the sense of
2. 4)

Proof. We will check the conditions given in [2.4
(i) First, we will prove that R > 0; we have

Juf? i )
esssup sup ~——dx + sup |Vu|* dx dt < oo.
0<t<R2 20€R3 J Bp(zo) 2 z0eR3J0  JBg(zo)

and

R2
lim / lu? dz dt = 0.
|$0|*>OO 0 BR(xo)

Indeed, since Uy = e~ ug and uyg is scale-invariant then by the formula of heat equation,
we have %Uo(%) = e?ug < up < & Then we have

A

~ |z]
2 1 2
/ |u|dx§/ \eAtuolzdac—i—/ ‘V (:c) dx
Br(zo) 2 Br(wo) Briwo) t 1 \ V1
1
<C —sdz+ Vit V][]
Br(wo) ‘$|2 L&)

Remark that by change of variables in spherical coordinate, we have | Br ﬁc& < o0

1

and 1/2? is smooth on R?\ {0}, so sup,,cgs fBR(a:o) pEde =a < oo. So we have

2
u
esssup sup / Jul® dedt < o+ RHV||2L2(R3) < 00
0<t<R? zoeR3 J Br(zo)

Similarly, since VUy € L*(R3) and V € H&U(R:g), then we have

R2 ) R3/2 ) ,
< 9Q—
sup/o /BR(JO)W drdt < 372 (HVUolle(RS)JrHVV|]L2(R3)) < o0

zo€R3

This shows that

|ul? e 2
esssup sup —dxz + sup |Vu|* dx dt < oo.
0<t<R? 20€R? J Bp(zo) 2 z0eR?Jo  JBg(xo)

To show that lim|;|_q f0R2 fBR(mo) |u|? dx dt = 0, we have the below estimates:

For xg large such that 0 ¢ Br(zo), and use the change of variables, we have

1 T
lu|? dz < 2/ leAug () |? dz + 2/ - ‘V <>
/BR(ocg) Br(zo) Br(zo) t Vit
< 2/ leAug () |? dz + 2/ VHV ()| d.
Br(zo)

BR<It)

2
dx

SE
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Since V € L*(R?), we have limy; |00 fB ( ) V|V (z)|?dz = 0 for all ¢ > 0.

zo
=
Then
RQ
lim V|V (x)|? dz dt = 0.

lzol—=00 /o Br(zo)

At 1

< <
B0~ 0 S ]

For x € Br(xo), we have |z| > |zo| — R and by the scaling invariance, e
= [Xu0(@)P S g S rap
Then

1

At 2
e“tug(x)|*dr < / ——dx
Sy ISP 5 [
1

~ (Jwo| — R)?

- Vol(Bgr(zo)) — 0 when |zo| — oo.

This shows that 2
lim / lu|? dz dt = 0.
Br(zo

lzo|—o0 Jo

(u,p) verifies the Navier-Stokes equations (NSE]) in the sense of distributions, as we
explain at the beginning of the proof of Theorem

We will show that for any compact set K C R3, limy_,q+ [|u(t,-) — uo()ll2(r) = 0. It
suffits to prove it only for balls By with R > 0. Fix R > 0, we have

Jut:) = wo(e) ey = [ futant) = uola) P
Br(0)

S G G-,

We will prove that U — ug € L?(R3), then |lu(t,-) — up(x )HL2 Br) < < VU = uoll 2w,
so we have limy_,o+ |lu(t,-) — uollz2(p,) = 0. To do that,

U= ol = [ 0@~ w@)Pde+ [ 0) - uple)Ps

Bgr Rg\BR
< AU + Aol +2 [ (V@R + leunte) - woe)?)de
R

We have: |ug(x)] = |ug (ﬁ)] . ﬁ < = by definition of being scale-invariant and the

le

fact that ug is bounded on the sphere S2. So we get:

1
HU’OH%Q(BR) S CHHH%Q(BR) = C/ Wd.ﬁ(} < C/

by the change of variables in spherical coordinates. Since V' & H&U(R?)) C L3(R3), we
only need to prove that ||e®ug — uOH%Q(RS\BR) < 0.

To do that, we use the formula of the solution of the heat equation and the Taylor
expansion for ug. Indeed, let K;(z) = K(t,x) be the heat kernel:

2

1 _l=l®
K(t,z) = nt)sz€ i, fort>0

0 fort <0
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(iii)

By the formula of the solution of heat equation, we have:
eAug(x) — ug(z / Ki(z —y) [uo(y) — uo(x)] dy
By Taylor expansion, for large |z| and fixed y:

uo(y) — uo(x) = Vuo(z) - (y — ) + %DQUO(@(?J —a,y— )+ O(ly — z[*)
Then

eAug () oz / Ky () (Vuo()-(y—))dy -+~ [ Ki(y)D?up(a)(y—z, y—a)dy

2 R3
We have Vi, j € {1,2,3}, [ps K1(2)zjdz = 0, [ps K1(2)zizjdz = 20;;. By the above
estimates and the scaling invariance of ug, we have

1

jf?

ePuo — ug < Aug <

A
Then ||eZug — UOHLz(n@\BR))g |w\3 L2(R3\Bg)

Thus, we have: lim;_,+ [|u(t,-) — uol[z2(B,) = 0. This shows that for any compact set
K CR?, limy o+ [Ju(t,) = uo(:)l|p2(x) = 0.
We will prove the local energy inequality:
00 |u|2 ’ 2
|Vul*¢(z, t)dedt < (Orp + Ad) + Ea Vo +pu-Vo|dudt
0o Jrs R3
(5.11)
for any ¢ > 0, ¢ € C°(R? x (0,00)). Indeed, since (u,p) satisfies in the sense of
distribution, we have Vi € C§%(R? x (0, 00))

(Oru, ) + (u- Vu, ) = —=(Vu, Vo) — (Vp, ¢)

Fix ¢ € Cgf’g(R?’ x(0,00)), ¢ > 0. Let 2 be the support of ¢. Since u € H (R3x (0, 00)),
we have u¢ € H'(Q).

By the density of C§%(€2) in HL(Q), we can choose the test function ¢ = u¢ then (5.11)
becomes

(Opu, up) + (u - Vu, up) = —=(Vu, V(ug)) — (Vp, ug)
Since u, ¢ are divergence free and ¢ > 0, using integration by parts, we have

Juf?

/\Vu|2gb(az,t)dxdt§/ [| ’2(8¢>—|—A¢) u u-VqS—i—pu-ng] dxdt
Q 9 2

Since 2 is the support compact of ¢, then we obtain the local energy inequality:
°° 2 °° |uf® Jul?
|Vul*¢(z, t)dzdt < — (0 p+ Ad)+ —u-Vo+pu-Vo| dxdt
o Jre o Jrsl 2 2
O
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3.3 Comparing with the results of Jia and Sverak

In this subsection, we sketch the proof by Jia and Sversk for Theorem which is a stronger
conclusion for forward self-similar solutions. An improvement of this result, compared with

ours, is that they find a better decay: V(z) = o <ﬁ) when  — oo, which we will not have

for general function in H&a (R?). This decay allows us to show that the solution v is locally
square-integrable at ¢ = 0, so by Theorem u is smooth and has a good estimate. For
convenience, we first restate the theorem and then sketch the proof.

Theorem 3.9. Let ug € C°(R3\{0}) satisfy Aug(\z) = ug(z) for all X > 0, divug = 0. Then
there exists u € C*°(R3 x (0,00)), with Au(Az, A\*t) = u(z,t) for all A > 0, and u € N (up),
that is, u satisfies

{ Oy —Au+u-Vu+Vp=0

diva — 0 in R”x(0,00) for some distribution p.

Moreover, let U(x) = u(x,1), then

2)| < ~Slto)

‘806 (U —6 UO W

Y o) > 0.

Proof. By Theorem it suffices to show there exists u € A (ug) with the scaling Au(A\z, \?t) =

u(z,t) for all A > 0 since the hypothesis are verified.
Jia and Sverdk defined a good function space

— {v e C'(R?) : divV =0, sup, (L + |z)? IV (2)| + (1 + [z])*|VV (2)]) < oo}

and any V € X, they defined a natural norm

IViix = sup ((1+ [z)*[V(@)] + 1+ ]’ [VV(2)]).
z€R3
Then their strategy is as follows. Set Uy = e®ug. and a parameter p € [0,1], set
Uou = nlUp, in order to use the general Leray-Schauder degree theorem to prove the existence
of u, € N(pug) with

My, (Az, \2t) = uy(z,t)  for all A > 0 and p € [0,1].

Similarly with our proof, their goal was seeking the profile function U,(z) = u,(z,1):

since u(x,t) = ﬁu(%x, 1) and obtaining U, (z) satisfyingand |Up(x) —Ugu(z)| =0 (I%I

as |z| — oco. To do that, they seeked U, in the form U = Uy, + V where V' € X, so they
could reduce the problem to find V' € X satisfies Then V € X satisfies [5.7]if and only if

v(z,t) == %v (%) satisfies the linear singularly forced Stokes system:

o — Av+ Vp = 32 (\2) ,

dive =0,

v(-,0) =0,

where ' = -V -VV - Uy, - VV =V - VU, — Uy, - VUy,. Then they used the below Lemma
to show that has a unique solution V' € X for such F' and denoted the solution profile

at time t = 1 as G(F) € X. We will state the lemma first, then continue to Jia and Sverdk’s
proof.

(5.12)
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Lemma 3.10. (Decay for the linear singularly forced Stokes system) Let f € C(R3), suppose
v e LPLIR3 x (0,T)) for any T < 0o, and some v > 1, suppose v satisfies

xT

atU — Av + VP = t_3/2f (\/IE) n Rg % (0 OO)

divv=0

for some distribution p, and lim,_,o+ ||v(-,t)|| v(ws)y = 0. Then

(i) If © also satisfies the above conditions, then v =0

(ii) If f satisfies M := sup,eps(1 + |z])3|f(z)| < oo, then

o [ (7))

where P is the Helmholtz projection operator.
Let V(z) = v(x, 1), then ||Vl]|creapy) < Cla, R)M  for a € (0,1) and

sup, (1 + 2DV (@) + (1 + [2)[VV(2)]) < CM.

To continue to Jia and Sverdk’s proof, the unicity of the solution V € X of allows
them to consider the following equivalent formulation: find V' € X with

V=G(-V-VV -Uy, -VV =V .-VUy, — Uy, - VUy,). (5.13)
Then they defined an operator K : X x [0,1] — X as
wWeX, pelol], KWV,u):=GWWUou- -VU)+GWUou-VV +V - -VUy,+V-VV).
and solved the problem by applying Leray-Schauder degree theorem.
Ve X, suchthat V+ K(V,u)=0, forsome ue]l0,1] (5.14)

by applying Leray-Schauder degree theorem. Note that the decay properties in Lemma [3.10
helped them to obtain the conditions of Leray-Schauder degree theorem. More specifically,
they obtained that K : X x [0,1] — X is a continous compact operator, is sovable for p
small and the set of solutions of is uniformly bounded in X. You can see more details
calculations in [4]. O

References

[1] Luis Escauriaza, Gregory Seregin, and Vladimir Sverdk. “L3°° solutions of Navier-Stokes
equations and backward uniqueness”. In: Uspekhi Matematicheskikh Nauk 58.2(350)
(2003). Translation in Russian Math. Surveys 58 (2003), no. 2, 211-250, pp. 3-44.

Lawrence C. Evans. Partial Differential Equations. AMS, 2010. 1SBN: 9780821807729.

[3] Julien Guillod. “Steady solutions of the Navier-Stokes equations in the plane”. In: arXiv
preprint arXiv:1511.03938 (2015). URL: https://arxiv.org/abs/1511.03938.

S

[4] Vladimir Sverak Hao Jia. “Local-in-space estimates near initial time for weak solutions
of the Navier-Stokes equations and forward self-similar solutions”. In: Inventiones Math-
ematicae (2012).

[5] Pierre Gilles Lemarié-Rieusset. “Recent developments in the Navier-Stokes problem”.
In: (2002).

[6] Tai-Peng Tsai. Lectures on Navier-Stokes equations. AMS, 2018. 1SBN: 9781470430962.

19


https://arxiv.org/abs/1511.03938

	Introduction
	Main Results from Jia and Šverák on Navier-Stokes Local Estimates
	-regularity criteria
	Local in space near intial time smoothness of Leray solution
	Estimates of forward self-similar solutions

	A New Proof to the existence of forward self-similar solution for large initial data
	Linear problem of the Stokes system
	Verification of the Leray conditions
	Comparing with the results of Jia and Šverák


