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Abstract. The purpose of this paper is to study, for discrete countable groups,
the links between the reduced C∗-algebra, the Furstenberg boundary, and the

amenable radical. First, following a recent proof by Uffe Haagerup, we show

that such a group has the unique trace property, that is, its reduced C∗
λ(G)

has a unique trace state if and only if its amenable radical is trivial. Then,

we characterize C∗-simplicity in terms of topological actions on boundaries,

and especially the Furstenberg boundary. To prove this result, we draw on a
paper by Emmanuel Breuillard, Mehrdad Kalantar, Matthew Kennedy, and

Narutaka Ozawa. Finally, we use this criterion to show that the free group on
two generators is C∗-simple.

1. Introduction

Amenability is well known to be a fundamental notion in the study of a count-
able discrete group G because it has various characterizations that make it useful
in many fields related to group theory. On the one hand, because it involves, in
particular, the Hermitian structure of l2(G), one may naturally wonder about the
links between amenability and unitary representations of G. In order to study
those, the associated C∗-algebras and especially the reduced C∗-algebra are power-
ful tools. On the other hand, amenability is closely related to topological G-spaces
(through their measure spaces), which brings into play G-boundaries and notably
the Furstenberg boundary.

More precisely, we define the reduced C∗-algebra C∗
λ(G) of G as the norm closure

of the operator algebra in l2(G) generated by the left regular representation. If
C∗
λ(G) is simple, G is said to be C∗-simple, and if C∗

λ(G) has a unique trace (given
by a 7→ ⟨aδe, δe⟩), G is said to have the unique trace property.

Powers [Pow75] proved in 1975 that the free group on two generators is both C∗-
simple and has the unique trace property, which we will see in the fifth part (Section
5) as a consequence of general theorems. Since then, a lot of work has been done
to characterize the groups with those properties and to determine whether they are
equivalent. Studies in this direction have shown two important facts.

First, the unique trace property is completely characterized in terms of amenabil-
ity, and more precisely, the amenable radical of a group G entirely determines
whether G has the unique trace property or not.

Theorem A. Let G be a discrete countable group. Then G has the unique trace
property if and only if Rad(G) = {e}.

This theorem is the main topic of the third part of this paper (Section 3), and was
originally established by Kalantar and Kennedy [KK17]. However, we will prove it
with more basic ideas, following Haagerup’s paper [Haa17], which uses Furman’s
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characterization of the amenable radical of a group as consisting of those elements
that act trivially under any boundary action.

Then, if X is a compact space, the simplicity of the reduced crossed product
C(X)⋊λ G depends on the topological dynamics of the action of G on X. In fact,
considering the Furstenberg boundary ∂FG, one may find a space that completely
determines whether C∗

λ(G) is simple.

Theorem B. Let G be a discrete group. The following are equivalent:

(1) G is C∗-simple;
(2) G acts freely on its Furstenberg boundary ∂FG, i.e., for any g ∈ G \ {e}

and x ∈ ∂FG, one has gx ̸= x;
(3) There exists a topologically free G-boundary X, i.e., for any g ∈ G \ {e},

Fix(g) := {x ∈ X | gx = x} has empty interior in X.

We will prove this theorem in the fourth part (Section 4), by refining some
methods and ideas used to show Theorem A. We will closely follow the original
proof of Breuillard, Kalantar, Kennedy, and Ozawa [BKKO17].

Noticing that if C∗
λ(G) is simple, then the amenable radical of G must be trivial

(which is a consequence of Proposition 2.27 and Lemma 4.5), one may observe that
this last theorem proves C∗-simplicity implies the unique trace property. Let us
mention for cultural purposes that the study of the link between these two properties
was finally completed recently by Le Boudec, who gave examples of groups that
have the unique trace property but are not C∗-simple.

2. Preliminaries

We begin by introducing some notions of measure theory on groups, unitary
representations, and C∗-algebras. All the groups that we consider will be countable
and discrete.

2.1 Amenable groups

Definition 2.1. Let X be a set. A mean on X is a function m : P(X) → [0, 1]
satisfying m(X) = 1 and m(A ⊔B) = m(A) +m(B) for all disjoint subsets A and
B. The set of means on X is denoted by M(X).

Observe that if a group G acts by homeomorphisms on a space X, there is a
natural action on [0, 1]P(X) (given by g · f = f ◦ g−1 for all f ∈ [0, 1]X) for which
M(X) is G-invariant. In particular, one can consider X = G and the action of
g ∈ G by left-translation: (g, h) → g · h.

Definition 2.2. A group G is amenable if it admits a left-invariant mean.

This is the original definition of amenability by von Neumann, but there are many
other characterizations (see [Tes25], sections 1.1 , 1.6-1.9). Weak containment will
be presented in the fifth part of this paper.

Proposition 2.3. Let G be a group. The following are equivalent

(1) G is amenable
(2) (Følner’s criterion) For all ε > 0 and all finite subset Q ⊂ G there exists

F ⊂ G finite such that |Fg∆F |
|F | ≤ ε.

(3) (Reiter’s property) For all ε > 0 and all finite Q ⊂ G, there exists f ∈ l1(G)
such that ||f ||1 = 1 and ||g · f − f || ≤ ε, for all g ∈ Q.
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(4) For all ε > 0 and all finite subsets Q ⊂ G, there exist f ∈ l2(G) such that
||f ||2 = 1 and ||f(·g−1 − f)||2 ≤ ε, for all g ∈ Q.

Notice that if G is countable, all these properties can be easily formulated in
sequential terms. Although (2) is geometric and can be seen on the Cayley graph
of G, (3) makes the link with (4) which will be very useful to us as it shows the
link with the Hilbertian structure of C∗-algebra.
But do amenable groups really exist? The answer is yes and, in fact, every
abelian group is amenable (it can be proved using the fixed-point characteriza-
tion of amenability, see [Tes25], Section 1.9). For Z, ”Følner sets” are given by
sufficiently large integer intervals, and an invariant mean is the density.
Using the different characterizations, one can prove the following stability result,
which is very strong.

Proposition 2.4. Amenability is stable under sums, directed unions, subgroups,
and quotients.

We end this part by introducing another object whose existence follows from
stability results, especially under group extension, that is, if G and H are amenable
and there is an exact short sequence of groups

0 −→ G −→ Q −→ H −→ 0

then Q is amenable.

Proposition 2.5. Let G be a group. There exists a unique maximal normal
amenable subgroup of G called its amenable radical, denoted by Rad(G).

2.2 Topological boundaries Let G be a group. A G-space X is a compact
separable metrizable space together with an action of G by homeomorphisms. We
denote by Prob(X) the set of Radon probability measures on X.

Definition 2.6. A G- space X is said to be

(i) minimal if it has no non-empty G-invariant closed strict subset;
(ii) strongly proximal if for all µ in Prob(X), there exists x ∈ X such that

δx ∈ G · µ;
(iii) a G-boundary if it is both minimal and strongly proximal.

Notice that if X is a G-boundary, by minimality every orbit contains all Dirac
masses in its closure. We will now focus on a special boundary called the Fursten-
berg boundary.

Definition 2.7. A G-space X is called a Furstenberg boundary if for all G-
boundary Y there exists a unique continuous surjective G-equivariant map π : X →
Y

The existence of such a boundary is proved in [Tes25] (see 3.3 and 3.4).

Proposition 2.8. Every group G admits a Furstenberg boundary, which is unique
up to a G-equivariant homeomorphism. It is denoted by ∂FG.

The following lemma will be useful. Its first point is, in fact, an equivalence, but
we do not need the reciprocity in the proofs.

Lemma 2.9. Let X be a G-boundary. Then:

(1) X is the only minimal G-subspace of Prob(X)
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(2) If Y is a G-space, then for every G-equivariant map f : Y → Prob(X),
f(Y ) contains X, which means all the dirac masses. If Y is minimal, this
map is unique.

Proof. (1) If W is another minimal G-subspace of Prob(X), then by strong
proximality X ⊂W and X =W

(2) We can assume that Y is minimal (if not we can take a minimal G-subspace
of Y that exists by compacity). Then f(Y ) is minimal, closed, and invari-
ant. By the previous point f(Y ) = X. If g is another such map, (f + g)/2
is also and its image is X if and only if f = g.

□

A fact that will be important for our topic is the existence of boundary maps,
that we define in the following proposition:

Proposition 2.10. For every G-space X, there exists a G-equivariant map ∂FG→
Prob(X). Such maps are called boundary maps.

It is a consequence of the following theorem, which directly implies the previous
proposition.

Theorem 2.11. Let K be a convex G-space. Then Ext(K) is a G-boundary.

For a proof, see Proposition 3.27 in [Tes25]. We end this subsection by stating
the following theorem, which will be crucial in the proofs of theorems A and B
below.

Theorem 2.12 (Furman’s theorem [Fur03]). The kernel of the Furstenberg bound-
ary action ρ : G ↷ ∂FG is the amenable radical of G, that is, Ker(ρ) := {g ∈ G |
gx = x for any x ∈ ∂FG} satisfies Ker(ρ) = Rad(G).

Proof. We consider the set of means M(G) on G as defined in Section 2.1, and

let K be a minimal compact subset of M(G). By Theorem 2.11, X := Ext(K)
is a G-boundary. Let m ∈ X. Each g ∈ Stab(m) stabilizes the mean m. If
we write G =

⊔
giStab(m), then we can pose the mean on Stab(m) defined by

m′ : A 7→ m(
⊔
giA). It is Stab(m)-invariant so Stab(m) is amenable. By the

universal property of ∂FG, we have a surjective G-equivariant map π : ∂FG → X.
Then for y ∈ ∂FG, Stab(x) ⊂ Stab(π(x)) and the stabilizer is amenable. Hence,
Ker(ρ) ⊂ Rad(G).

For the other inclusion, let x ∈ ∂FG and f : Rad(G) → ∂FG, g 7→ g · x. It is
Rad(G)-equivariant, Since Rad(G) is amenable, it admits an invariant meanm, and
the image of m by f is then Rad(G)-invariant. Thus, the set I of Rad(G)-invariant
means on ∂FG is not empty and is Rad(G)-invariant. But if g ∈ G and m ∈ I then
for n ∈ Rad(G) we have

n · (g ·m) = g · (n′ ·m) = g ·m
where n′ ∈ Rad(G) because the amenable radical is normal. Hence, I is a non-
empty closed G-invariant subset of Prob(∂FG); according to Lemma 2.9, it must
contain all dirac masses, so Rad(G) acts trivially on ∂FG. □

2.3 C∗-algebras

Definition 2.13. A C∗-algebra is a complex Banach algebra A together with an
involution ∗ : A→ A such that



C∗-SIMPLICITY AND THE UNIQUE TRACE PROPERTY 5

(1) ∀x, y ∈ A, (x+ y)∗ = x∗ + y∗,
(2) ∀λ ∈ C, ∀x ∈ A, (λx)∗ = λ̄x∗,
(3) ∀x, y ∈ A, (xy)∗ = y∗x∗,
(4) ∀x ∈ A, ∥x∥ = ∥x∗∥,
(5) ∀x ∈ A, ∥x∗x∥ = ∥x∥2.

Here, all algebras are unital. We recall a few definitions or results about C∗-
algebras.

Definition 2.14. Let A be a C∗-algebra and a ∈ A. Then a is said to be positive
if a = a∗ and Sp(a) := {λ ∈ C | a − λ is not invertible} ⊂ R+ or, equivalently, if
there exist x ∈ A such that a = xx∗.

Definition 2.15. Let A,B be two C∗-algebras and ϕ : A→ B be a bounded linear
map. We say that ϕ is

(1) positive if for all a ∈ A positive, ϕ(a) is positive.
(2) a state if it is positive, B = C, and ϕ(1) = 1.
(3) completely positive if for all n ∈ N, ϕn : Mn(A) → Mn(B) (that is,

id⊗ϕ :Mn(C)⊗A→Mn(C)⊗B) is positive.
(4) a UCP map if it is unital, i.e., ϕ(1) = 1, and completely positive.

An example of a positive map that is not completely positive is the transposition
on matrices. In particular, any state is completely positive. If π is a ∗-representation
of a C∗-algebra A in a Hilbert space H, the map ϕπ,v : a 7→ ⟨π(a)v, v⟩ is a positive
linear form. These functions are called functions of positive type. The GNS
construction below shows that every state is of this form.

Theorem 2.16 (GNS construction). Let ϕ be a state in A. There exist a ∗-
representation π and a unit vector v ∈ Hπ such that ϕ = ϕπ,v

In fact, this theorem can be generalized to completely positive maps, but we
only present this version here.

Proof. We will try to define a scalar product on A. We consider the sesquilinear
positive form on A defined by ∀a, b ∈ A, ⟨a, b⟩ := ϕ(b∗a). Then the set I of elements
a ∈ A such that ϕ(a∗a) is a left-ideal because if a, b ∈ I, by Cauchy-Schwarz
inequality

|ϕ((a+ b)∗(a+ b))| ≤ |ϕ(a∗b)|+ |ϕ(b∗a)|
≤ 2|ϕ(a∗a)||ϕ(b∗b)|
= 0

and if a ∈ I, c ∈ A then

|ϕ((ca)∗ca)| = |ϕ(a∗c∗ca)|
≤ |ϕ((a∗c∗c)∗(a∗c∗c))||ϕ(a∗a)|
= 0,

again with Cauchy-Schwarz. Then we can take the quotient of A by I and the in-
duced hermitian product that makes it a pre-Hilbertian space with a ∗-representation
of A by left-multiplication.
Now, for b ∈ A, ∥b∥ ≤ 1, the map f : x 7→ ϕ(b∗xb) is positive. So for x ∈ A unit,
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since 1−x∗x is positive by the spectral radius equality (see [Ska19]), f(1) ≥ f(x∗x).
By Cauchy-Schwarz’s inequality,

|f(x)|2 ≤ |f(x∗x)||f(1)| ≤ ϕ(b∗b)2.

Applying this to a∗a where a ∈ A we obtain ∥π(a)∥ ≤ ∥a∥ and we can extend the
representation to the completion of A/I, and we only have to take v = 1.

□

Let us finish with two important theorems for our topic. Proposition 2.18 will be
used in the proofs of the indirect way of Theorem A and of (2) ⇒ (1) in Theorem
B. Theorem 2.23 will be useful in the proof of (2) ⇒ (1) too.

Definition 2.17. Let ϕ : A → B be a positive map. Its multiplicative domain is
the subspace Dϕ := {a ∈ A : ∀b ∈ A, ϕ(ab) = ϕ(a)ϕ(b) and ϕ(ba) = ϕ(b)ϕ(a)}.
Proposition 2.18. Let ϕ : A → B be a positive map. Then Dϕ := {a ∈
A : ϕ(a∗a) = ϕ(a)∗ϕ(a) and ϕ(aa∗) = ϕ(a)ϕ(a∗)}. In particular, Dϕ is a C∗-
subalgebra.

We show this proposition in the special case where ψ is a state of a unital C∗-
algebra (see [BO08], Section 1.5 for a complete proof).

Proof. Using Theorem 2.16, one may write ψ(a) = ⟨π(a)v, v⟩ where π is a ∗-
representation of A and v a unit vector. For a ∈ A such that ψ(a∗a) = ψ(aa∗) =

ψ(a)ψ(a), let us observe the equality case of the following inequality.

ψ(a)ψ(a∗) = |ψ(a)|2

= |⟨π(a)v, v⟩|2

≤ ∥π(a)v∥22
= |⟨π(a∗a)v, v⟩|2

= ψ(a∗a)

It happens if and only if π(a)v and v are colinear, that is π(a)v = ψ(a)v. Hence,
for all b ∈ A, ψ(ba) = ⟨π(ba)v, v⟩ = ψ(a)⟨π(b)v, v⟩ = ψ(a)ψ(b). Since a∗ satisfies

the same properties as a, we also haveψ(ab) = ψ(b∗a∗) = ψ(a∗)ψ(b∗) = ψ(a)ψ(b).
We conclude that a ∈ Dψ. □

Theorem 2.19 (Arveson’s extension theorem). Let B be a C∗-algebra, A be a C∗-
subalgebra of B, H be a Hilbert space and Φ : A → B(H) be a completely positive
map. Then we can extend Φ to B.

For a proof, see [BO08].
We can now announce another important result. A C∗-algebra is said to be a

G-C∗-algebra if it is equipped with an action of G by automorphisms. Given two
G-C∗-algebras A and B, we denote by UCPG(A,B) the set of G-equivariant UCP
maps from A to B. A proof of the following theorem can be found in [Ham85].

Theorem 2.20. Let G be a discrete countable group. Then

• C(∂FG) is G-injective: for all G-C
∗-algebras A ⊂ B, every UCP map Φ ∈

UCPG(A,C(∂FG)) can be extended to a G-UCP map Φ : B → C(∂FG).
• C(∂FG) is G-essential: for all G-C

∗-algebra A, any Φ ∈ UCPG(C(∂FG), A)
is completely isometric, or equivalently, Φ−1 : Φ(C(∂FG)) → C(∂FG) is
also a UCP map.



C∗-SIMPLICITY AND THE UNIQUE TRACE PROPERTY 7

Since a linear map ϕ is positive if and only ϕ(1) = ∥ϕ∥, the denomination of a
”completely isometric map” takes all its meaning.

2.4 Group C∗-algebras Let G be a discrete countable group. Its algebra C[G]
is naturally equipped with an involution that gives it a C∗-algebra structure:

(
∑
g∈G

agg)
∗ =

∑
g∈G

agg
−1 =

∑
g∈G

ag−1g

If π is a unitary representation of G on a Hilbert space H, we can extend π
by linearity to a ∗-homomorphism π : C[G] → B(H). The closure of its image is
then a C∗-algebra denoted by C∗

π(G), which admits a natural G-action given by
σg(T ) = π(g)Tπ(g)∗. Let us denote by λ the left regular representation of G on
l2(G) that is unitary.

Definition 2.21. The C∗-algebra C∗
λ(G) is called the reduced C∗-algebra of G.

Each unitary representation of G induces a norm on C[G] given by ∥a∥π :=
∥π(a)∥. We can then consider the supremum of all these norms and consider

∥a∥u := sup{∥a∥π | π is a unitary representation of G},
which is well defined because this supremum is finite (for the reason of unitary
representations). We then obtain the following algebra:

Definition 2.22. The completion of C[G] for ∥ · ∥u is called the full C∗-algebra of
G and is denoted by C∗(G).

This C∗-algebra satisfies the following universal property:

Proposition 2.23. For every unitary representation π of G, there exists a unique
∗-homomorphism Φ : C∗(G) → C∗

π(G) with Φ(πu(g)) = π(g).

Proof. The representation π extends by linearity to a ∗-representation of C[G],
which is contractive by the definition of ∥ · ∥u and then we can extend it to C∗(G).

□

The following theorem is a well-known characterization of amenability from the
approach of C∗-algebra. We will prove it after introducing weak containment tool
in subsection 2.5.

Theorem 2.24. Let G be a discrete group. Then G is amenable if and only if the
canonical quotient map from C∗(G) to C∗

λ(G) is an isomorphism.

Now, given a C∗-algebra A, a homomorphism α : G → Aut(A) : g 7→ αg and a
faithful ∗-representation ρ of A on H1 we want to consider a C∗-algebra containing
the information of both C∗

λ(G) and A. We will hence construct their reduced crossed
product.

Firstly, we consider the twisted group ring Aα[G] whose elements are formal
linear combinations of elements of G with coefficients in A. And the product is
given by

∀g ∈ G, ∀a ∈ A, ga = αg(a)g ,

exactly as in the case of the crossed-product of two groups.
Then we can consider the Hilbert space H1 ⊗ l2(G) and the representations

π : A→ B(H) given by

π(a)(w ⊗ δg) = ρ(αg−1(a))(w)⊗ δg ,
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and λ̃ := id⊗ λ of G in H.
One can easily verify that

(2.1) ∀a ∈ A, ∀g ∈ G, λ̃(g)π(a)λ̃(g)∗ = π(αg(a))

Then, we can construct a ∗-representation of Aα[G] in H extending both pi and

λ̃. The closure of its image in B(H) is called the reduced crossed-product of A
and G and is denoted by A⋊r G.

In particular, we can apply this construction to A := C(X), whereX is a G-space
with αg(f) = f(g−1·) and ρ : C(X) → B(L2(X)) with ρ(f)u = fu for f ∈ C(X)
and u ∈ L2(X).

2.5 Weak containment In this last part, we prove several results on weak con-
tainment, which will be useful later in the proofs.

If A is a group C∗-algebra, we only need to consider the representation of the
group. We will need it to recall the following definition of weak containment.

Definition 2.25. Let π and σ be two unitary representations of a discrete group
G in two Hilbert spaces Hπ and Hσ. We say that π is weakly contained in σ
and we note that π ≺ σ if every function of positive type associated with π can
be approximated with finite sums of functions of positive type associated with σ.
More explicitly, for all v ∈ Hπ, ε > 0, and Q ⊂ G finite, there exist n ≥ 1 and
w1, ..., wn ∈ Hσ such that

∀g ∈ Q, |⟨π(g)v, v⟩ −
n∑
i=1

⟨σ(g)wi, wi⟩| < ε

Some remarks will be useful, especially on weak containment of the trivial rep-
resentation.

Remark 2.26. We have the following propositions regarding weak containment:

(1) Weak containment passes to direct sum and tensor product of representa-
tions.

(2) The relation ≺ is reflexive and transitive.
(3) π ≺ σ if and only if every function of positive type of π associated with a

unit vector v can be approximated by convex combinations of functions of
positive type of π associated with unit vectors.

Proof. The “if” part follows from the definitions. For the “only if” part,
let us take a unit vector v ∈ Hπ, 1 > ε > 0 and Q ⊂ G finite. We can
assume that e ∈ Q. We take w1, ..., wn given by the definition. Then

|1 −
∑n
i=1 ∥wi∥2| < ε by evaluating in e and we can pose pi =

∥wi∥∑n
i=1 ∥wi∥2
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and w′
i =

wi

∥wi∥ . Then for g ∈ Q,

|1−
n∑
i=1

pi⟨π(g)w′
i, w

′
i⟩|

≤ |1−
n∑
i=1

⟨π(g)wi, wi⟩|+ |
n∑
i=1

pi⟨π(g)w′
i, w

′
i⟩ −

n∑
i=1

⟨π(g)wi, wi⟩|

<ε+ |1− 1∑n
i=1 ∥wi∥2

| · |
n∑
i=1

⟨π(g)wi, wi⟩|

<ε+
ε

1− ε
(1 + ε),

which is as small as we want. □

(4) We have 1G ≺ π if and only if π admits almost invariant vectors, that is
∀ε > 0, ∀Q ⊂ G finite , ∃ξ ∈ Hπ, ∀g ∈ Q, ∥π(g)ξ − ξ∥ < ε.

Proof. This comes from the fact that if ξ is a unit vector,

∥π(g)ξ − ξ∥2 = 2(1−ℜ(⟨π(g)ξ, ξ⟩) ≤ 2|1− ⟨π(g)ξ, ξ⟩|

and

|1− ⟨π(g)ξ, ξ⟩| ≤ ∥π(g)ξ∥ · ∥π(g)ξ − ξ∥ ≤ ∥π(g)ξ − ξ∥
by Cauchy-Schwarz inequality. The second inequality proves the indirect
way. If |1 −

∑n
i=1⟨π(g)wi, wi⟩| < ε,

⊕n
i=1 wi is (Q, ε′)-invariant where

ε′ = ε∑n
i=1 ∥wi∥2 can be taken as small as we want if e ∈ Q. Then π⊕∞ has

(Q, ε)-invariants vectors for all ε and so has π, and we conclude by the first
inequality.

□

Now we can tackle the proof of an important proposition:

Proposition 2.27. Let π, σ be two unitary representations of a discrete group G.
The following conditions are equivalent:

(i) π ≺ σ,
(ii) ∥ · ∥π ≤ ∥ · ∥σ,
(iii) C∗Ker(σ) ⊂ C∗Ker(π),

where the representations are seen through the full C∗-algebra. We will use Ker
instead of C∗Ker (the kernel by factorization).

We denote by Sπ(G) the closure of the convex hull of the set of states on C∗(G)
of the form ϕπ,v, and S(G) = S(C∗(G)). Every state on a representation group C∗-
algebra can be seen as a state on the full group C∗-algebra. We have the following
lemma:

Lemma 2.28. For every unitary representation π, Sπ(G) = S(C∗
π(G)).

Proof. The inclusion Sπ(G) ⊂ S(C∗
π(G)) is true by definition.

Let a ∈ C∗(G). Then π(a) is positive if and only if ∀v ∈ Hπ, ϕπ,v(a) ≥ 0.
This remains true for any element of C∗

π(G). Suppose by contradiction that there
is φ ∈ S(C∗

π(G)) \ Sπ(G). Then, by geometric Hahn-Banach applied to the dual
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equipped with weak-∗ topology, there exists a linear form, which identifies to an
element x ∈ C∗

π(G) such that φ(x) < 0 and ∀ψ ∈ Sπ(G), ψ(x) ≥ 0, which is
contradictory by the above fact.

□

Proof of Proposition 2.27. From Remark 2.26, we deduce that π ≺ σ if and only if
Sσ(G) ⊃ Sπ(G).

(i) ⇒ (iii): Assume that (i) holds and take x ∈ Ker(σ). For all ϕ ∈ Sσ(G),
ϕ(x) = 0. So, it stays true for ϕ in Sπ(G), which means that π(x) = 0.

(ii) ⇐⇒ (iii): Since (ii) clearly implies (iii), we prove the other way. (iii) means
that π factorizes by σ through a ∗-morphism C∗

σ(G) → C∗
π(G). We can conclude

because ∗-morphisms are contractive (see [Ska19]).
(ii) ⇒ (i): A state on C∗(G) can pass to C∗

π(G) if and only if it factorizes
through the projection, that is, if and only if it is continuous for ∥ · ∥π. By (ii),
S(C∗

π(G)) ⊂ S(C∗
σ(G)) and we conclude with the lemma.

□

These general properties allow us to state two important results.

Theorem 2.29. A discrete group G is C∗-simple, that is, C∗
λ(G) is simple, if and

only if every unitary representation of G that is weakly contained in the regular
representation of G is weakly equivalent to it.

Proof. First, assume that C∗
λ(G) is simple and let π be a unitary representation

weakly contained into λ. From the previous lemma we deduce Ker(λ) ⊂ Ker(π).
Thus, π induces a morphism C∗

λ(G) → C∗
π(G), which, by simplicity, must be in-

jective. Hence, Kerλ = Kerπ and, therefore, using again the lemma, λ is weakly
contained in π.

For the opposite direction, let us assume that any unitary representation weakly
contained in λ is weakly equivalent to it. Then, we consider a ∗-representation
C∗
λ(G) → B(H), that is, a unitary representation π of G which factors through

C∗
λ(G). That means Kerλ ⊂ Kerπ or equivalently that π is weakly contained in λ.

Therefore, the hypothesis implies that λ is weakly equivalent to π and thusKerλ =
Kerπ. We deduce that the initial representation was faithful and finally that C∗

λ(G)
is simple.

□

Theorem 2.30. Let G be a discrete amenable group. Then λG induces an isomor-
phism C∗(G) → C∗

λ(G)

Proof. From Proposition 2.3, we deduce that a group is amenable if and only if
1G ≺ λG. Since 1G ≺ λG, for every unitary representation π of G, 1G⊗π ≺ λG⊗π.
But λG ⊗ π is a multiple of λG. Indeed, we can see it by writing everything in H-
blocks. More precisely, we introduce T : l2(G)⊗H → l2(G)⊗H, δx⊗v 7→ δx⊗π(x)v.
We can calculate T ∗(λG ⊗ π)(g)T = λG ⊗ id. Then π ≺ λ⊕nG , so π ≺ λG and
∥ · ∥π ≤ ∥ · ∥λG

. So C∗(G) and C∗
λ(G) are isometric and therefore isomorphic with

λG. □

3. The unique trace property

In this section, we tackle the first theorem of this paper, Theorem A.



C∗-SIMPLICITY AND THE UNIQUE TRACE PROPERTY 11

3.1 Traces. Given a group G a C∗-algebra A and an action σ : G ↷ A, we
naturally have an G-action on the set of states of A given by ∀φ ∈ S(A), gφ =
φ ◦ σg−1 .

Definition 3.1. A trace on a C∗-algebra A is a state on A such that

∀a, b ∈ A, φ(ab) = φ(ba).

A group G is said to have the unique trace property if the only trace on C∗
λ(G)

is u 7→ ⟨u(δe), δe⟩ (the coefficient of the neutral element in the decomposition of an
element of the group ring).

We now have everything we need to establish Theorem A.

Proof of Theorem A. We start by proving the if direction. Assume thatN :=Rad(G)
is trivial and let τ be a trace on C∗

λ(G). We just need to show that if g ̸= e then
τ(g) = 0. Let g be non-trivial. By Hahn-Banach extension theorem, we can extend
τ to a state φ on C(∂FG)⋊r G.

By assumption g /∈ Rad(G), and by Furman’s theorem (Theorem 2.12), there
exists x ∈ ∂FG such that g · x ̸= x. The restriction of φ to C(∂FG) is a positive
continuous linear form, so by Riesz’s theorem it can be assimilated to a probability
measure on ∂FG since ∂FG is compact. Hence, by the definition of ∂FG (we here
use more than just strong proximality), there is a sequence (gi) of elements of G
such that the restriction of gi · ϕ on C(∂FG) weakly converges to δx. But (gi ·φ) is
bounded, so by Banach-Alaoglu-Bourbaki’s theorem we can extract a subsequence
converging to a state ψ on the reduced crossed-product. Because τ is a trace, ψ
still remains equal to τ on C∗

λ(G).
Moreover, since ψ coincides with δx on C(∂FG) by Proposition 2.18, it ensures

that C(∂FG) is included in the multiplicative domain of ψ (ψ(ff) = (ff)(x) =
f(x)f(x) for all f), and then by Proposition 2.18 that for all f ∈ C(∂FG),

ψ(λ̃(g))f(x) = ψ(λ̃(g)f) = ψ(f(g−1·)λ̃(g)) = f(g−1x)ψ(λ̃(g)).

Since ∂FG is Hausdorff compact and in particular normal, and x ̸= g−1x, we can
take 0 ≤ f ≤ 1 with f(x) = 1 and f(g−1 · x) = 0. This implies that ψ(λ̃(g)) = 0
and so τ(λ(g)) = 0.

For the other direction, we introduce the notion of “conditional expectation”
E : C[G] → C[N ] defined as the linear map that is the identity on N and vanishes
on G \ N . Equivalently, using the left regular representation of C[G] on l2(G),
∀a ∈ C[G], E(a) = PaP where P : l2(G) → l2(N) is the orthogonal projection.
Therefore, E naturally extends to a map from C∗

λ(G) to C∗
λ(N) (its range is con-

tained in the closure of C[N ]) which is the identity while restricted on C∗
λ(N) since

it is the identity on C[N ].
Now, let us assume that N is non-trivial. As it is amenable, using Proposition

2.23 and the universal property of C∗(N) ≃ C∗
λ(N), we can extend the trivial

representation of G to a C∗-homomorphism ψ : C∗
λ(N) → C. Then ϕ := ψ ◦ E is

a trace. Indeed, clearly it is a state (E is positive) and for all g, k ∈ G, ϕ(k) =
⊮N (k) = ϕ(gkg−1) since N is a normal subgroup. We conclude by observing that
because N is non-trivial, ϕ is different from the canonical trace.

□

4. Two characterizations of C∗-simplicity

Let us introduce the definition of C∗-simplicity.
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Definition 4.1. Let A be a C∗-algebra. A quotient of A is a C∗-algebra B that
admits a surjective ∗-homomorphism from A to B. A is said to be simple if its
only (two-sided closed) ideals are {0} and A, or equivalently, if any of its quotient
maps is an isomorphism. A group G is called C∗-simple if its reduced C∗-algebra
is simple.

In this section, we focus on Theorem B, which is the following:

Theorem. Let G be a discrete group. The following are equivalent:

(1) G is C∗-simple;
(2) G acts freely on its Furstenberg boundary ∂FG, i.e., for any g ∈ G \ {e}

and x ∈ ∂FG, one has gx ̸= x;
(3) There exists a topologically free G-boundary X, i.e., for any g ∈ G \ {e},

Fix(g) := {x ∈ X | gx = x} has empty interior in X.

4.1 Proof of (2) ⇐⇒ (3). Since (2) ⇒ (3) occurs by definition, we only
need to show the inverse. Recall that a topological space is said to be extremally
disconnected if the closure of any open set is open. Firstly, we need to show the
following lemma:

Lemma 4.2. The Furstenberg boundary ∂FG is extremely disconnected.

Proof. To do so, we need the following facts about G-boundaries:
Let U be an open subset of ∂FG. We want to show that U is open. Let x ∈ ∂FG.

We consider Y := ({0} ×U c)∪ ({1} ×U), we call π the projection onto the second
variable and we introduce the function Ψ : G→ Y defined by

Ψ(g) =

{
(1, g · x) if g · x ∈ U
(0, g · x) otherwise

Then Ψ is G-equivariant and extends to a continuous map βG→ Y by definition of
the Stone-Cech compactification βG of G, that is still equivariant. By Proposition
2.10, there is a G-equivariant map f : ∂FG → Prob(βG). Let x ∈ ∂FG, and
µx = ϕ · f(x). Then x 7→ π · µx is a G-equivariant map from X to Prob(X). By
Lemma 2.9, π · µx = δx so µx = (1 − tx)δ(0,x) + txδ(1,x) for tx ∈ [0, 1]. The map

g : x 7→ µx({0}×U c) is lower semi-continuous, and so is x 7→ µx({1}×U). So these
maps are continuous. But if x ∈ U , then g(x) = 0, so g(U) = {0}. Furthermore,

g(U
c
) = {1}. So, by continuity, U is open.

□

Now we return to the proof of (3) ⇒ (2) and first prove that G acts topologically
freely on the Furstenberg boundary. By contradiction, let us suppose that there
exists g ∈ G\{e} that has fixed points in ∂FG and assume that G acts topologically
freely on a G-boundary X. By the universal property of the Furstenberg boundary,
there is a continuous surjective G-equivariant map π : ∂FG → X. If Fix∂FG(g)
has non-empty interior, by compactness and minimality, ∂FG is covered by finitely
many translates of FixX(g), so by the properties of π, X is covered by finitely many
translates of π(Fix∂FG(g)) ⊂ FixX(g). But this is impossible since FixX(g) has an
empty interior. Hence G acts topologically freely on the Furstenberg boundary.

We can then conclude with the following fact and Lemma 4.2 that Fix∂FG(g) = ∅.

Lemma 4.3. Let X be a compact extremally disconnected space, and h : X → X
be an homeomorphism. Then Fix(h) is open.



C∗-SIMPLICITY AND THE UNIQUE TRACE PROPERTY 13

Proof. We follow a proof by [Pit12]. Let S be the partially ordered set of open
h-simple subsets W of X, that is, h(W ) ∩ W = ∅. We endow the set of chains
of S a structure of inductive set with the relation of inclusion. By Zorn’s lemma,
it admits a maximal C element which is a maximal chain of elements of S. The
union C of the elements of C is a maximal h-simple, open set and its closure is also
h-simple and closed-open by Lemma 4.2. So, by maximality, C is closed.

Then, let us pose A = C ∪ h(C) ∪ h−1(C). Hence, A ∩ Fix(h) = ∅ and A are
closed. We will show that Ac = Fix(h). If not, there is x ∈ Ac such that h(x) ̸= x.
We now take a closed-open neighborhood V of x such that h(V ) ∩ V = ∅ and
V ∩ A = ∅. This point means that C ∪ V is still h-simple, which is contradictory
due to the maximality of C. Then Fix(h) = Ac is open.

□

4.2 Proof of (2) ⇒ (1). Every separable unital C∗-algebra, in particular, any
quotient of C∗

λ(G), admits a faithful representation in a Hilbert space because it
admits states, and we can apply the GNS construction 2.16. Hence, let π : C∗

λ(G) →
B(H) be a non-trivial ∗-representation. We need to show that π is injective. The
∗-homomorphism π is completely positive, so by Arveson’s extension theorem we
can extend it to a map Φ from the reduced crossed-product C(∂FG) ⋊r G. By
Proposition 2.18, C∗

λ(G) is contained in the multiplicative domain of Φ, which
implies that Φ is G-equivariant by the definition of the crossed-product, where the
G-action on B(H) is given by Ad(π(λg)) (g ∈ G).

Then, by G-essentiality the restriction Φ|C(∂FG) is completely isometric, so it is
an isomorphism onto its image. After applying G-injectivity to extend to the whole
Im(Φ) the inverse of the restriction of Φ|C(∂FG) to its image, we get a G-equivariant
completely positive map Ψ from Im(Φ) to C(∂FG), and Ψ ◦ Φ : C(∂FG) ⋊r G →
C(∂FG) is a G-equivariant completely positive map.
Let g ∈ G\{e}. We want to show that Ψ(Φ(λg)) = 0. Let x ∈ ∂FG. By assumption,
G acts freely on ∂FG. So g ·x ̸= x and there exists f ∈ C(∂FG) such that f(x) = 0
and f(g−1 · x) ̸= 0. The map Ψ ◦ Φ is the identity on C(∂FG), and Proposition
2.18 ensures that

Ψ(Φ(λgf))(x) = Ψ(Φ(λg))f(x) = 0.

But on the other side, by the definition of the crossed-product

Ψ(Φ(λgf))(x) = Ψ(Φ((g · f)λg) = f(g−1 · x)Ψ(Φ(λg))

So Ψ(Φ(λg)) = 0 and we fully know Ψ ◦ Φ which is the canonical expectation
E :

∑
h∈G

fgλg 7→ fe which is faithful in the sense that:

∀a ∈ C(∂FG)⋊r G, E(a∗a) = 0 ⇒ a = 0,

Then Φ is also faithful, and so is π. Recall that π is a representation and therefore
if x belongs to the kernel of π, π(x∗x) = π(x)∗π(x) = 0 and so that x∗x = 0 and
x = 0. Hence, π is injective.

4.3 Proof of (1) ⇒ (3). We recall the following theorem, whose proof has been
done in the preliminaries:

Theorem 4.4. A group is C∗-simple if and only if any unitary representation
weakly contained in λ is actually equivalent to λ.
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Let X be a G-boundary and s ∈ G such that the interior U of the set {x ∈
X|sx = x} of fixed points is non-empty. We will show that for any x ∈ X, the left
regular representation λG is not weakly contained in the quasi-regular representa-
tion λG/Gx

: G→ B(l2(G/Gx)). We will then conclude by combining the following
result and Theorem 2.27.

Theorem 4.5. Assume that H is an amenable subgroup of a group G. Then λG/H
is weakly contained in λ := λG.

Proof. Let f ∈ l2(G/H) be a finitely supported unit vector. Since H is amenable,
there exist (vn)n∈N ∈ (l2(H))N such that ∀n ∈ N, ∥vn∥ = 1 and ∥λ(h)vn− vn∥ → 0,
that is, ⟨λ(h)vn, vn⟩ → 1, for all h ∈ H. Let X ⊂ G be a subset such that

G =
⊔
x∈X xH. We then define f̃n ∈ l2(G) by f̃n(xh) = f(xH)vn(h) for x ∈ X

and h ∈ H. Finally, for any g0 ∈ G and x ∈ X, we denote hg0,x ∈ H the unique

element such that g−1
0 xhg0,x ∈ X. Therefore,

⟨λ(g0)f̃n, f̃n⟩ =
∑

f(xH) ̸=0

∑
h∈H

f̃n(g
−1
0 xh)f̃n(xh)

=
∑

f(xH) ̸=0

∑
h∈H

f(g−1
0 xH)vn(h

−1
g0,xh)f(xH)vn(h)

=
∑

f(xH) ̸=0

f(g−1
0 xH)f(xH)⟨λ(hg0,x)vn, vn⟩.

Note that the sum is finite and converges to∑
f(xH )̸=0

f(g−1
0 xH)f(xH) = ⟨λG/H(g0)f, f⟩.

Thus, we have pointwise convergence of g 7→ ⟨λ(g)f̃n, f̃n⟩ to g 7→ ⟨λG/H(g)f, f⟩,
which implies in particular that the approximation condition required in the defini-
tion of weak containment is fulfilled for the matrix coefficient associated to f . We
conclude by density of finitely supported functions in l2(G/H). □

By the proof of Theorem 2.12, we know that Gx < G is an amenable subgroup.
Hence λG/Gx

is weakly contained in λ by Theorem 4.5. Fixing ϵ = 1
3 and ξ = δe the

Dirac mass at the unit of G. For any finite subset F ⊂ U , there exist unit vectors
ξ1, ..., ξm ∈ l2(G/Gx) and weights p1, ..., pn ∈ [0, 1] such that p1 + ...+ pn = 1 and,
for all g ∈ F ,

(∗) |⟨λG(g)ξ, ξ⟩ −
m∑
j=1

pj⟨λG/Gx
(g)ξj , ξj⟩| < ϵ.

Meanwhile, the following holds.

Lemma 4.6. Let G be a non-trivial discrete group and let X be a G-boundary. For
every non-empty open subset U ⊂ X and ϵ > 0, there is a finite subset E ⊂ G \ {e}
such that for every probability measure µ on X, there is t ∈ E satisfying µ(tU) >
1− ϵ.

Proof. We fix an arbitrary x ∈ U . For each probability measure µ on X, on one
hand, there exists by strong proximality y ∈ G such that δy ∈ G · µ. On the

other hand, by minimality, x ∈ G · y. Hence, there is tµ such that 1 − µ(t−1
µ U) =

(δx − tµµ)(U) < ϵ, and we can assume tµ ∈ G \ {e}. Working with weak topology,
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there is an open neighborhood Vµ of µ such that ν(tµU) > 1 − ϵ for all ν ∈ Vµ
(because if a sequence (µn) weakly converges to µ, liminf µn(tµU) ≥ µ(tµU)).
By compactness, we thus obtain a finite cover Vµ1 , ..., Vµn and E = {tµ1 , ..., tµn}
satisfies the required properties. □

Let us take F = {tst−1 | t ∈ E}. Note that since e /∈ E, ⟨λG(g)ξ, ξ⟩ = 0 for all
g ∈ F .

Now, let us consider the probability measures on X defined by

µj :=
∑
y∈G·x

|ξj(y)|2δy and µ :=

m∑
j=1

pjµj ,

where we identify G · x ⊂ X with G/Gx. By construction, there is t ∈ E such that
µ(t(X \ U)) < ϵ. Therefore,

m∑
j=1

pj
∑

y∈(X\U∩t−1G·x)

|ξj(ty)|2 =

m∑
j=1

pjµj(t(X \ U)) = µ(t(X \ U)) < ϵ.

Hence, denoting vj := λG/Gx
(t−1)ξj and using the fact that U is s-invariant,

⟨λG/Gx
(s)vj , vj⟩ =

∑
y∈G·x

vj(s
−1y)vj(y)

=
∑

y∈U∩G·x
|vj(y)|2 +

∑
y∈(X\U)∩G·x

vj(s
−1y)vj(y).

Finally, we obtain

|1− ⟨λG/Gx
(tst−1)ξj , ξj⟩|

=|1− ⟨λG/Gx
(s)vj , vj⟩|

≤
∑

y∈(X\U)∩G·x

|vj(y)|2 +
∑

y∈(X\U)∩G·x

|vj(s−1y)|2 + |vj(y)|2

2

=2
∑

y∈(X\U)∩G·x

|vj(y)|2

=2µj(t(X \ U)).

Averaging over j, we get

|1−
∑m
j=1 pj⟨λG/Gx

(g)ξj , ξj⟩| ≤ 2µ(t(X \ U)) < 2
3 .

This is in contradiction with the fact that

|
m∑
j=1

pj⟨λG/Gx
(g)ξj , ξj⟩| = |⟨λG(g)ξ, ξ⟩ −

m∑
j=1

pj⟨λG/Gx
(g)ξj , ξj⟩| <

1

3
,

which is obtained by applying (∗) to g = tst−1.

5. Application: C∗
λ(F2) is simple

Theorem B is a powerful tool for showing that a group is C∗-simple. In this
section, we focus on proving that the free group with 2 generators F2 is C∗-simple
by constructing a topologically free action of F2 on a boundary. We denote by a
and b the two generators of F2.
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Recall that a reduced word on an alphabet is a finite sequence of letters such
that a letter never succeeds its inverse. This definition, of course, generalizes to
infinite sequences.

Definition 5.1 (Gromov boundary of Cay(F2)). The Gromov boundary ∂F2 of
the (Cayley graph of the) free group with two generators is the set of infinite reduced
sequences of a, b, a−1 and b−1.

The relation consists in identifying two sequences which coincide at infinity.
Intuitively, it represents the directions of the infinite geodesics of the Cayley graph
of F2.

This is in fact a special case of a more general object, where we consider geodesics
in graphs or trees, but here we can describe them properly with sequences of letters.
For more information on this topic, you can consult [BO08] (Sections 5.2 and 5.3
for the general definitions).

The Gromov boundary is naturally equipped with an action of F2 by left multi-
plication, which is continuous with the topology induced by the product topology
on {a, b, a−1, b−1}N.
Proposition 5.2. The Gromov boundary ∂F2 is a F2-boundary

Proof. We have three points to show.
Compactness: ∂F2 is closed in the compact space {a, b, a−1, b−1}N because we

can control the convergence of pairs of letters.
Minimality: Let u ∈ ∂F2. We want to show that its orbit is dense. Let v ∈ ∂F2.

By symmetry of the problem we can assume that v contains an infinity of a, at
positions i0 < i1 < ... < ik..., and even if it means multiplying by b or b−1, we
suppose that u begins with one of these letters. For all k ≥ 0, we pose gk = v0...vik .
Then gk · u converges to v.

Strong-proximality: Let µ ∈ Prob(∂F2), u ∈ ∂F2. Denote by a+, b+, a−, b− the
constant sequences. Then there exists 0 ≤ c ≤ 1 such that an ·µ→ (1−c)δa+ +cδa−
(c is the probability of {a−}. Indeed, it can be proved by taking an open subset O
of the boundary and intersecting it with the set Am of reduced words which do not
have am as a prefix. When we multiply the measure by an we arrive at An−m and
we can conclude by additivity of µ that

lim inf
n

an · µ(O) ≥ (1− c)δa+(O) + cδa−(O).

We can suppose that c is not 1) and thus bman · µ →
n→∞

(1 − c)δb−ma+ + cδb−ma−

which tends to δb− when m goes to infinity.
□

Corollary 5.3. The group F2 is C∗-simple.

Proof. For a reduced word g = g0...gn ∈ F2 \ {e} and u = (uk)k≥0 ∈ ∂F2 such that
g · u = u, we can take i the smallest integer such that gi+1 ̸= gn−(i+1). Because
the product g ̸= e is reduced, i exists and i < (n + 1)/2. Then we can write
g = hg′h−1 where h = g0...gi and g

′ ̸= e. Two cases can happen: if h is not a prefix
of u, then we can write h−1u = gn−iv as a reduced word and hence for n ≥ 0,
gn · u = hg′ngn−i+1v →

n→∞
hg′+, so u = hg′+. If u = hv, u = gn · u = hg′nv which

tends to hg′+ if and only if v ̸= g′−. Finally, Fix(g) = {hg′+;hg′−} and has an
empty interior. We can therefore conclude with the theorem.

□
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