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Abstract

In this report we study concentration inequalities for distributions with values in
Banach spaces. We will study two different cases: the Gaussian distribution on finite-
dimensional Banach spaces, and the uniform distribution on an hypercube. In the first
case, we will use the invariance of the Gaussian distribution under rotation in order to
prove a Sobolev-like inequality, from which our concentration inequality will follow.

However, we will not be able to extend this methods to the case of the hypercube,
since we will no longer have the rotational invariance, a key ingredient in the first
proof. Showing a concentration inequality on the hypercube will therefore require the
use of a different method, mainly based on the idea of disturbing the symmetry of the
distribution.

1 Introduction

Let E be a Banach space. E has Radermacher type p ∈ [1, 2] if there is a constant c such
that:

∀n∀x1, · · · , xn : E(||
n∑

j=1

ϵjxj ||p) ≤ c
n∑

j=1

||xj ||p

Enflo introduced a more general notion. We say that E is of Enflo type p if for every
function f : {−1, 1}n → E we have

E(||f(ϵ)− f(−ϵ)

2
||p) ≤ c

n∑
j=1

E||Djf(ϵ)||p

where Dj is the discrete partial differentiation. These properties are of interest because
they stay invariant under isometries, so they give a tool to prove that two spaces aren’t
isomorph. Clearly Radermacher type is the special case of Enflo type with a linear function.
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However the main problem is to show that these two are equivalent. In order to prove the
implication it’s enough to show the following inequality:

E(||f(ϵ)− E(f(ϵ))||p) ≤ cE||
n∑

j=1

δjDjf(ϵ)||p

If this inequality is true then assuming Radermacher type and applying the definition
to the RHS we get the definition of Enflo. We will prove the gaussian case which was treated
by Pisier. It’s not possible to fully extend the proof to the hypercube as the constant will
depend on the dimension. However in the last part we will prove a similar inequality for
the general case.

2 Concentration inequalities for random Gaussian vectors

In this section, we will focus on the Gaussian case. We will first recall the definition of
a Gaussian random vector, before showing a concentration inequality for such vectors.
Although the results we will show are true for general Banach spaces, we will only study
the finite-dimension case. Nevertheless, we will make sure to formulate the main definitions
and theorems in a way that does not rely on the finite dimension of our Banach space,
and can therefore be easily generalized.

In this section, let E and F be two Banach spaces of finite dimension n.

2.1 Gaussian vectors: definition and useful properties

When extending the notion of a Gaussian variable to vectors in Rn, it is natural to ask
for each coordinate of the vector to follow a normal distribution. However, this condition
alone is insufficient to ensure, for example, that an affine transformation of a Gaussian
vector remains a Gaussian vector. We shall thus take the following definition

Definition 2.1 (Gaussian random vector in Rn). Let X be a random vector with
values in Rn. X is a random Gaussian vector if and only if, for every vector t in Rn, the
scalar product ⟨t , X⟩ follows a Gaussian distribution.

In order to extend this definition to Banach spaces, we shall note that, through the
canonical isomorphism between Rn and Rn∗, the above condition is equivalent to the fact
that for any linear form ξ in Rn∗, ξ(X) is a Gaussian variable. This definition is more
general and can thus be extended to vectors in Banach spaces as follows:

Definition 2.2 (Gaussian random vector in a Banach space). Let X be a random
vector with values in a Banach space B. X is a random Gaussian vector if and only if, for
any linear form ξ in B∗, ξ(X) follows a Gaussian distribution.

To a random vector X we associate the covariance matrix Cov(X), which is a gener-
alization of the variance of a real-valued random variable, defined as follows:

Definition 2.3 (covariance matrix). Let X be a random vector in Rn. Then Cov(X)
is the symmetric matrix in Mn(R) with the following coefficients

Cov(X)i,j = Cov(XiXj).

Remark 2.4. Note that, if we assume X to be a column vector, its covariance matrix is
Cov(X) = E(XXT )− E(X)E(X)T .
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Definition 1.2 gives a simple way to characterize Gaussian random vectors, however it
lacks an explicit description of how a general Gaussian vector ”looks like”, and therefore is
not very well suited for computation. We shall thus give an alternative description of Gaus-
sian random vectors in the special case of finite dimensional Banach spaces, assimilated
to Rn, which will be useful later on.

Lemma 2.5 (alternative characterization of Gaussian random vectors in Rn).
Let X be a random vector in Rn. The following properties are equivalent:

1. X is a Gaussian random vector: for every vector t in Rn, the scalar product ⟨t , X⟩
follows a Gaussian distribution,

2. the characteristic function of X is of the form

ϕX(t) = exp(i⟨t , m⟩ − 1

2
⟨Kt , t⟩) , with m ∈ Rn and K ∈ Mn(R),

3. X is equal in distribution to AZ + m where A ∈ Mn(R) , m ∈ Rn, and Z is a
Gaussian random vector with mean-value zero and Cov(Z) = In, in other terms
Z = (z1, ..., zn) where the zi are independent standard Gaussian random variables.

Proof. • 1. =⇒ 2. : Let t ∈ Rn. We have

ϕX(t) = ϕ⟨t , X⟩(1).

We suppose 1. Then ⟨t , X⟩ follows a Gaussian distribution. We now compute its
mean value and variance:

E⟨t , X⟩ = ⟨t , EX⟩ = ⟨t , m⟩

with m = EX. To compute the variance we can center X, that is we rename X −m
to X, and we recall that in that case the covariance matrix of X which we shall call
Cov(X) = K is

K = E(XXT ).

In consequence

V ar(⟨t , X⟩) = E(⟨t , X⟩2) = E(tTXXT t) = tTE(XXT )t = tTKt = ⟨t , Kt⟩ = ⟨Kt , t⟩

since the covariance matrix K is symmetric. From the formula for the characteristic
function of a real-valued Gaussian variable, we deduce that

ϕX(t) = exp(i⟨t , m⟩ − 1

2
⟨Kt , t⟩)

which gives 2.

• 2. =⇒ 1. : Let λ ∈ Rn.

ϕ⟨t , X⟩(λ) = ϕX(λt) = exp(iλ⟨t , m⟩ − λ2 1

2
⟨Kt , t⟩)

We recognize the characteristic function of a Gaussian distribution, hence 1.

• 3. =⇒ 1. : We suppose that X = AZ +m in distribution. Then for every t ∈ Rn,
⟨t , X⟩ = ⟨t , AZ + m⟩ = ⟨AT t , Z⟩ + ⟨t , m⟩. Moreover ⟨AT t , Z⟩ follows a
Gaussian distribution as a linear combination of independent Gaussian variables,
hence 1.
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• 1. =⇒ 3. : Let A ∈ Mn(R) such that K = AAT , where K = Cov(X). To see
that such a matrix exists we can for example use the fact that K is symmetric and
diagonalize it in an orthonormal basis:

K = ODOT .

with D a diagonal matrix and O ∈ On(R). Moreover, for all y ∈ Rn

yTKy = E(yTXXT y) = E(XT y)2 ≥ 0

so K is a positive definite matrix, and therefor D can be written D =
√
D

2
. We

can then take A = O
√
DOT . We define m = EX as before. We now compute the

characteristic function

ϕAZ+m(t) = ei⟨t,m⟩E(ei⟨t,AZ⟩)

= ei⟨t,m⟩E(ei⟨A
T t,Z⟩)

= ei⟨t,m⟩ϕZ(A
T t)

= ei⟨t,m⟩e−
1
2
⟨AT t,AT t⟩

= ei⟨t,m⟩e−
1
2
⟨AAT t,t⟩

= ei⟨t,m⟩− 1
2
⟨Kt,t⟩ = ϕX(t)

via 2. Thus X and AX + m have the same characteristic function so they are equal
in distribution, hence 1.

The definition of the covariance matrix clearly uses the finite-dimension aspect of our
Banach space which we identify with Rn, however the ”weak moment” can be defined
more generally for any random vector with values in a Banach space B:

Definition 2.6 (weak moment). Let X be a random vector with values in a Banach
space B with mean value 0. Its weak moment is the real number

σ(X) = sup{(E(ξ(X)2))1/2|ξ ∈ B∗, ||ξ|| ≤ 1}.

Remark 2.7. Note that when B = R this definition coincides with the definition of the
standard deviation for real valued vectors. More generally, forX a Gaussian random vector
in Rn, σ(X) corresponds to the largest eigenvalue of Cov(X).

Proof. For ξ ∈ (Rn)∗ we will identify the linear form with the vector it is represented by,
that is we write ξ(x) = ⟨ξ , x⟩ for x ∈ Rn. Then

E(ξ(X)2) = E(ξTXξTX) = E(ξTX(ξTX)T ) = ξTE(XXT )ξ.

But for X with expected value 0 E(XXT ) is exactly the covariance matrix Cov(X) = K,
which gives us

σ(X) = sup{ξTKξ , ∥ξ∥ ≤ 1}

which corresponds exactly to the largest eigenvalue of the covariance matrix K.

Lemma 2.8 (Laplace’s transform of the canonical Gaussian distribution on Rn). Let X
be a standard Gaussian vector on Rn. The Laplace’s transform of X is given by

E(e⟨λ , X⟩) = e
∥λ∥2

2

for λ in Rn.
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Proof. Noticing that ⟨λ , x⟩ − 1
2⟨x , x⟩ = −1

2⟨x− λ , x− λ⟩+ 1
2 ∥λ∥

2, we can compute

E(e⟨λ , X⟩) =

∫
e⟨λ , x⟩− 1

2
⟨x , x⟩dx1...dxn√

2π
n

= e−
∥λ∥2

2

∫
e⟨x−λ , x−λ⟩dx1...dxn√

2π
n

= e−
∥λ∥2

2

since
∫
e⟨x−λ , x−λ⟩ dx1...dxn√

2π
n =

∫
e⟨x , x⟩ dx1...dxn√

2π
n = 1.

2.2 Concentration of Gaussian vectors

The aim of this subsection is to prove the following concentration inequality for Gaussian
random vectors:

Theorem 2.9. Let X be a Gaussian random vector with values in the Banach space E
and expected value 0. Then for all t > 0

P(| ∥X∥ − E ∥X∥ | > t} ≤ 2 exp(−2π−2t2σ(X)−2).

This theorem shows that Gaussian vectors tend to concentrate around their mean
value, with the probability decreasing exponentially as the distance from the mean value
increases. Note as well that the rate of convergence is governed by the weak moment σ(X)
of the Gaussian vector, that is the largest eigenvalue of its covariance matrix. This is an
interesting fact, given that, contrarily to the one-dimensional case, the weak moment is
not enough to fully characterize the distribution of a Gaussian vector in higher dimension.
Moreover, the weak moment of a Gaussian random vector X tends to be much smaller
than its ”strong moment”

√
E(∥X∥2), as we can see in the following example:

Example 2.10. Let E = (Rn, ∥ .∥2) and Z = (z1, ..., zn) a standard Gaussian variable on
Rn. The square of the weak moment of Z is

σ(Z)2 = sup{E(ξ(Z))2 |ξ ∈ E∗, ∥ξ∥ ≤ 1}.

Here E∗ = E = (Rn, ∥ .∥2), and for all ξ ∈ Rn, ⟨ξ , Z⟩ follows a Gaussian distribution
with mean value 0 and variance ∥ξ∥2, therefore E(ξ(Z)2) = E(|⟨ξ , Z⟩|2) = ∥ξ∥2, which
gives us σ(Z) = 1.

On the other hand the square of the strong moment of Z is given by

E(∥Z∥2) = E(Σn
i=1|zi|2) = Σn

i=1E(|zi|2) = n

We therefore have
√

E(∥X∥2) =
√
nσ(Z).

This example shows that, calculated with the Euclidean norm, the ”strong moment”
of a standard Gaussian vector on Rn grows like the square root of the dimension, whereas
the weak moment stays constant to one. In particular, we can see that the concentration
inequality from Theorem 2.9 would be much weaker if it had relied on the ”strong mo-
ment” rather than on the weak moment of the random vector.

The proof of Theorem 2.9 relies on the following statement:

Theorem 2.11. Let X and Y be independent Gaussian random vectors with values in the
Banach space E and expected value 0, and let f be a locally Lipschitz function f : E → F .
Then, for any measurable convex function Φ : E → F we have

EΦ(f(X)− Ef(X)) ≤ EΦ(
π

2
Df(X)(Y )).
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Proof. Let f be a locally Lipschitz function f : E → F and Φ : E → F a measurable
convex function.

Let X(θ) = Xsin(θ) + Y cos(θ) and X ′(θ) = Xcos(θ) − Y sin(θ). Then we have X =
X(π2 ) and Y = X(0). Since X and Y are independent Gaussian vectors X(θ) and X ′(θ)
are also Gaussian vectors. Furthermore, the couple (X(θ), X ′(θ)) has the same distribution
as (X,Y ). To show this statement, we will use the property 3. from Lemma 2.5 in order
to write

X = AZ1 and Y = AZ2

with Z1 and Z2 independent standard Gaussian vectors on Rn. We can then write(
X
Y

)
=

(
A 0
0 A

)(
Z1

Z2

)
.

and therefore (
X(θ)
X ′(θ)

)
=

(
Insinθ Incosθ
Incosθ −Insinθ

)(
A 0
0 A

)(
Z1

Z2

)
.

We check that the matrices

(
A 0
0 A

)
and

(
Insinθ Incosθ
Incosθ −Insinθ

)
commute, for example by

writing (
A 0
0 A

)
= A⊗ In and

(
Insinθ Incosθ
Incosθ −Insinθ

)
= In ⊗

(
sinθ cosθ
cosθ sinθ

)
.

We can therefore write(
X(θ)
X ′(θ)

)
=

(
A 0
0 A

)(
Insinθ Incosθ
Incosθ −Insinθ

)(
Z1

Z2

)
.

From the invariance by rotation of the standard Gaussian distribution on Rn,

(
Insinθ Incosθ
Incosθ −Insinθ

)(
Z1

Z2

)
and

(
Z1

Z2

)
follow the same distribution, which shows that

(
X
Y

)
=

(
X(θ)
X ′(θ)

)
in distribu-

tion.
We now use the fundamental theorem of calculus in order to write

f(X)− f(Y ) = f(X(π/2))− f(X(0))

=

∫ π/2

0

d

dθ
f(X(θ))dθ

=

∫ π/2

0
Df(X(θ))(X ′(θ))dθ

=

∫ π/2

0

π

2
Df(X(θ))(X ′(θ))

dθ

π/2

Since Φ is convex, we can use Jensen’s inequality.

Φ(f(X)− f(Y )) ≤
∫ π/2

0
Φ(

π

2
Df(X(θ))(X ′(θ)))

dθ

π/2

and thus by linearity of the expected value

E(Φ(f(X)− f(Y ))) ≤
∫ π/2

0
E(Φ(

π

2
Df(X(θ))(X ′(θ))))

dθ

π/2
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Moreover, since (X(θ), X ′(θ)) is equal in distribution to (X,Y ),∫ π/2

0
E(Φ(

π

2
Df(X(θ))(X ′(θ))))

dθ

π/2
=

∫ π/2

0
E(Φ(

π

2
Df(X)(Y )))

dθ

π/2
= E(Φ(

π

2
Df(X)(Y )))

and so get

E(Φ(f(X)− f(Y ))) ≤ E(Φ(
π

2
Df(X)(Y ))).

To conclude, we need to show that

E(Φ(f(X)− Ef(X))) ≤ E(Φ(f(X)− f(Y ))).

This follows from the convexity of Φ, and from the fact that X and Y are independent
which enables us to take the expected value first on Y and then on X, using Fubini’s
theorem. First fixingX and taking the expected value on Y we get, from Jensen’s inequality

Φ(E(f(X)− f(Y ))) = Φ(f(X)− Ef(Y )) ≤ E(Φ(f(X)− f(Y ))).

Since X and Y follow the same distribution, we have EX = EY , an so

Φ(f(X)− Ef(X)) ≤ E(Φ(f(X)− f(Y ))).

Now we take the expected value over X, which gives us

E(Φ(f(X)− Ef(X))) ≤ E(Φ(f(X)− f(Y )))

and concludes the proof.

The following corollary will be useful to prove Theorem 1.2:

Corollary 2.12. Suppose E = Rn, X a standard Gaussian random vector on Rn and let
f : E → F be a Lipschitz function. We then have

∀t > 0,P(|f(X)− Ef(X)| > t) ≤ 2 exp(−2π−2t2/ ∥f∥2lip).

Proof. Let Y be an independent copy of X. We fix t > 0, and we define the following
family of convex functions:

Φλ : x → expλx λ > 0

We have

P(f(X)− Ef(X) > t) = P(Φλ(f(X)− Ef(X)) > eλt) ≤ EΦλ(f(X)− Ef(X))

eλt

by Chebyshev’s inequality. Applying 2.11 with the convex function Φλ gives

EΦλ(f(X)− Ef(X)) ≤ EΦλ(
π

2
Df(X)(Y )) = E(eλ

π
2
⟨∇f(X) , Y ⟩)

Since the random vectors X and Y are independent, by Fubini’s theorem we can compute
the expected value first on Y and then on X. For X fixed in Rn this expected value is
just the Laplace’s transform of a standard Gaussian random vector, which we computed
in 2.8, evaluated in π

2λ∇f(X). We therefore get

E(eλ
π
2
⟨∇f(X) , Y ⟩) = E(e

1
2∥λπ

2
∇f(X)∥2

)

Now we majorize ∥∇f(X)∥ by ∥f∥lip, which gives

EΦλ(f(X)− Ef(X)) ≤ e
1
2
(λπ

2
)2∥f∥2lip
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and we finally get

P(f(X)− Ef(X) > t) ≤ e−λt+ 1
2
(λπ

2
)2∥f∥2lip

for all λ > 0. Choosing λ = 4t
π2∥f∥2lip

we get

P(f(X)− Ef(X) > t) ≤ exp(−2π−2t2/ ∥f∥2lip).

We conclude by applying this result to f and to −f , remarking that

P(|f(X)− Ef(X)| > t) ≤ P(f(X)− Ef(X) > t) + P(−f(X)− E(−f(X)) > t).

We can now prove Theorem 2.9.

Proof. Let X be a Gaussian random vector with expected value 0. We will use Corollary
2.12, and to do so we need to write ∥X∥ in the form f(Z) with f a Lipschitz function
and Z a standard Gaussian vector on Rn. We will thus use the characterization 3. from
Lemma 2.5 to write X = AZ + m in distribution, with A ∈ Mn(R) and m ∈ Rn. Note
that if X has values in a Banach space E, A is in fact an operator from Rn to E, and m
is a vector from E.

We can now define
f : z ∈ Rn → ∥Az∥E ∈ R,

and we have ∥X∥E = f(Z) in distribution. In order to apply Corollary 2.12 we now need
to compute ∥f∥lip.

Let z1, z2 ∈ Rn, z1 ̸= z2. Using the triangular inequality

|f(z1)− f(z2)|
∥z1 − z2∥

≤ ∥A(z1 − z2)∥E
∥z1 − z2∥

≤ ∥A∥op

by definition of the operator norm. Thus we have ∥f∥lip ≤ ∥A∥op, and setting z2 to zero
shows that this is an equality, so ∥f∥lip = ∥A∥op. We will now show that ∥A∥op = σ(X)
which will conclude the proof.

We need to show that σ(X) = ∥A∥op, that is σ(X)2 = sup{E(ξ(X)2)|ξ ∈ B∗, ||ξ|| ≤
1} = ∥A∥2op = sup{∥Ax∥2E | ∥x∥ ≤ 1}. Remarking that sup{∥Ax∥E | ∥x∥ ≤ 1} = sup{ξ(Ax)| ∥x∥ ≤
1, ∥ξ∥ ≤ 1}, it is sufficient to show E(ξ(X)2) = sup{ξ(Ax)2 ∥x∥ ≤ 1} for all ξ ∈ E∗.

Let ξ ∈ E∗. We have E(ξ(X)2) = E(ξ(AZ)2) = E(ξ̃(Z)2) where we define ξ̃ by

ξ̃ : z ∈ Rn → ξ(Az) ∈ R.

Being a linear form on Rn, ξ̃ can be represented by a vector u ∈ Rn:

ξ̃ : z ∈ Rn → ⟨u , z⟩ ∈ R.

Then we have
E(ξ(X)2) = E(⟨u , Z⟩2) = ∥u∥2E(⟨ u

∥u∥
, Z⟩2).

By definition of standard Gaussian vectors on Rn, and because u
∥u∥ is unitary, ⟨ u

∥u∥ , Z⟩
follows the standard Gaussian distribution on R, and therefore E(⟨ u

∥u∥ , Z⟩2 = 1, which
finally gives us

E(ξ(X)2) = ∥u∥2.
But this is exactly sup{ξ(Ax)2 ∥x∥ ≤ 1}. Indeed, we can rewrite

sup{ξ(Ax)2, ∥x∥ ≤ 1} = sup{ξ̃(x)2, ∥x∥ ≤ 1} = sup{(⟨u , x⟩)2 , ∥x∥ ≤ 1} = ∥u∥2

.
In consequence ∥f∥lip = ∥A∥op = σ(X) and Theorem 2.9 follows from Corollary 2.12.
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3 Concentration inequality on the hypercube

In this part we shall prove a theorem similar to 2.11 but with allowing the function to
take any value on the hypercube of dimension n. As we are working in a discrete space,
we need to define the discrete differential.

Definition 3.1 (discrete differential). Let f : {−1, 1}n → E be a function and ϵ =
(ϵ1, · · · , ϵn) ∈ {−1, 1}n. We define the discrete partial derivatives as:

Djf(ϵ) =
f(ϵ1, · · · , ϵj , · · · , ϵn)− f(ϵ1, · · · ,−ϵj , · · · , ϵn)

2
.

We also define discrete Laplacian

∆f := −
n∑

j=1

Djf

And the heat semigroup on the cube by

Ptf := (et∆)(f) =
∞∑
i=0

(t∆)i

i!
f.

Throughout the proof we suppose that ϵ is a random vector on the cube which is
uniformly distributed while ζ(t) is another random vector independent of ϵ with following
distribution:

Each coordinate ζi(t) is i.i.d. with:

P(ζi(t) = 1) =
1 + e−t

2
.

We also standardize ζ by defining δ(t) as:

δi(t) =
ζi(t)− E(ζi(t))√

Varζi(t)
=

ζi(t)− e−t

√
1− e−2t

.

Theorem 3.2. For any linear space E, f : {−1, 1}n → E, and convexe function Φ : E →
R we have:

E[Φ(f(ϵ)− E(f(ϵ))] ≤
∫

E[Φ(
π

2

n∑
j=1

δj(t)Djf(ϵ))]µ(dt)

where µ is th density µ(dt) = 2
π

1√
e2t−1

.

Proof. The proof relies on the following lemma which relates f(x) to Ef(xζ) using Kol-
mogorov differential equation on distributions. Before we start the proof, we will give some
explanation about this equation.

3.1 Kolmogorov equation

The original equation takes place in a diffusion process. Assume a stochastic differential
eqation:

dXt = σdWt + b(Xt)dt

with Wt a brownian motion. Then the probability density p of X evolves according to:

d

dt
p = −∇(b(x)p) + σ2∆p.

When there is no drift (b = 0) then the unique solution is given by

p = eσ
2t∆f

where f is the initial distribution.
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Lemma 3.3. We have
Ptf(x) = E[f(xζ(t))] ∀t ≥ 0,

and

DjPtf(x) =
1√

e2t − 1
E[δj(t)f(xζ(t))] ∀t > 0.

Proof. Let’s denote E[f(xζ(t))] as Qtf . By definition we have:

Qtf =
∑

ζ∈{−1,1}n

n∏
i=1

1 + e−tζi
2

f(xζ).

Next we want to calculate DjQtf . Indeed

Qtf(x1, · · · ,−xj , · · · , xn) =
∑

ζ∈{−1,1}n

1− e−tζj
1 + e−tζj

n∏
i=1

1 + e−tζi
2

f(xζ).

Notice that

1− 1− e−tζj
1 + e−tζj

=
e−tζj

1 + e−tζj
=

e−t

1− e−2t
(ζj − e−t).

Taking the difference we get

DjQtf =
1√

e2t − 1
E[δj(t)f(xζ(t))].

To show that Qtf is the same Ptf , we show that it is the solution to the Kolmogorov
equation with the same initial condition as f . Then the uniqueness of the solution implies
the equality. It is easy to see that Q0f = f ,

d

dt
Qtf = −

n∑
j=1

∑
ζ∈{−1,1}n

n∏
i=1

1 + e−tζi
2

e−tζj
1 + e−tζj

f(xζ) = ∆Qtf(x).

Now we use the convex conjugate of Φ, Φ∗ : E∗ → (−∞,∞] (we can assume finite
dimension on E as we are only working with the span of the image of the hypercube). We
write

Φ(x) = sup
z∈E∗

{< z, x > −Φ∗(z)}

Then the LHS becomes:

E[Φ(f(ϵ)− Ef(ϵ))] = sup
g:{−1,1}n→E∗

{E[< g(ϵ), f(ϵ)− Ef(ϵ) >]− E[Φ∗(g(ϵ))]}.

Using what we have from our lemma, P0f = f and limt∞ Ptf = Ef(ϵ), we can rewrite

E[f(ϵ)]− f(ϵ) =

∫ ∞

0

d

dt
Ptf(ϵ)dt.

Substituting back,

E[< g(ϵ), f(ϵ)− E[f(ϵ)] >] = −
∫ ∞

0
E[< g(ϵ),∆Ptf(ϵ) >]dt

= −
∫ ∞

0
E

n∑
j=1

[< DjPtg(ϵ), Djf(ϵ) >]dt.
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Here we use the fact that Laplacian is self-adjoint (because it is symmetric) and it com-
mutes with Pt. The last line can be justified by a simple calculation but in non-discrete case
it can be seen as an integration by part. Then we can again use our lemma to substitute
DjPtg(ϵ).

n∑
j=1

E[< DjPtg(ϵ), Djf(ϵ) >] =
1√

e2t − 1

n∑
j=1

E[< δjg(ϵζ(t)), Djf(ϵ) >].

Using the fact that ϵ and ζϵ have the same uniform distribution, we can rewrite the original
equation as

E[< g(ϵ), f(ϵ)− E[f(ϵ)] >]− E[Φ∗(g(ϵ))]

=

∫ ∞

0

E[< g(ϵζ(t)),
π

2

n∑
j=1

δj(t)Djf(ϵ) >]− Φ∗(g(ϵζ(t)))

µ(dt)

≤
∫ ∞

0
E[Φ(

π

2

∑
δj(t)Djf(ϵ))]µ(dt).

The last line comes from the dual definition of Φ.

4 Conclusion

Finally using Φ(x) = ||x||p in the last theorem yields:

E(||f(ϵ)− f(−ϵ)

2
||p) ≤

∫
E(||π

2

n∑
j=1

δj(t)Djf(ϵ)||p)µ(dt).

Using Jensen we can write:

E(||
n∑

j=1

δj(t)Djf(ϵ)||p) ≤ E(||
n∑

j=1

ζj(t)− ζ ′j(t)√
Varζj(t)

Djf(ϵ)||p).

If we assume we are of Radermacher type p then we have

RHS ≤ c
n∑

j=1

E|
ζj(t)− ζ ′j(t)√

Varζj(t)
|pE(||Djf(ϵ)||p).

Using again Jensen we get:

E|
ζj(t)− ζ ′j(t)√

Varζj(t)
|p ≤ 2p/2

which completes the proof. Thus Radermacher type is equivalent to Enflo type.
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