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1 Introduction

Borel’s theorem gives us a condition on the convergence of a power series for being a rational function,
whose coeflicients are integers.

Theorem 1.1 (Borel). Let f(X) = 37 a; X" € Z[X]. Suppose that f is meromorphic in a disc of
radius R > 1. Then, f is a rational function.

In this bachelor thesis, we will present improvements of this result based on p-adic analysis. We will
first introduce p-adic numbers and Q, and prove a first improvement of Borel’s theorem, that is the
Borel-Dwork’s theorem. Then, this can still be improved by constructing C, and the analytic elements,
that are the p-adic equivalents of C and the holomorphic functions. On our way, we will also show main
results about p-adic numbers.

The construction of the Q, and C, are mainly based on Gouvéa’s introduction to p-adic numbers [Gou20],
and Robert’s book [Rob00]. The theorems of Borel-Dwork and Polya-Bertrandias are well presented by
Amice in [Ami75].



2 The p-adic field Q,

2.1 Absolute Values

In order to construct the p-adic numbers, we need an introduction to absolute values, and more precisely
to non-archimedean absolute values. Let us begin with a definition.

Definition 2.1. Let k be a field. An absolute value on k is a function |- | : k — R, that satisfies the
following conditions:

1. |z| = 0 if and only if = 0.
2. |zy| = |z||y| for all z,y € k.
3. |z +y| < |z|+|y| for all z,y € k.

An absolute value is said non-archimedean if it satisfies: |z + y| < max(|z|,|y|) for all z,y € k;
otherwise, the absolute value is archimedean.

We recall that for any prime number p, we can extend the p-adic valuation on Q, by vp(%) = vp(x) —vp(y);
which depends only on rational %

Definition 2.2. For any non-zero rational x, we define the p-adic absolute value of x by:
2|, = p~ )
We also define |0], = 0.

Proposition 2.3. The p-adic absolute value on Q is indeed an absolute value, which is non-archimedean.

2.2 Elementary Properties

We will now examine elementary properties on a non-archimedean absolute value and the topology it
induce.
Let k be a field with an absolute value | - |.

Definition 2.4. The metric induced by the absolute value on k is:

The following proposition is important and will be used twice in this bachelor thesis, but we will skip the
proof since it is not a central point of our subject. A proof can be found in the Gouvéa’s book [Gou20]
(correction of the 72-th exercice, p.305).

Proposition 2.5. Let |- |1 and |- |2 be two absolute values on the field k. The following statements are
equivalents.

e The metrics induced by the two absolute value define the same topology.

e There exists a positive real number o, such that:
Ve ek, |z|s = |z|T.
We now assume that | - | is non-archimedean.
Proposition 2.6. If x,y € k with |z| # |y|:
|z + y| = max(|z, [y]).

The essential fact about the ultrametric space is the following corrolary.



Corollary 2.7. All triangles are isosceles in an ultrametric space.
Proposition 2.8. Let a be in k and r be a non-zero positive real number.
e FEvery point in the open ball B(a,r) is a center of the ball; that is, Yb € B(a,r), B(b,r) = B(a,r).
e Every point in the closed ball B(a,r) is a center of the ball.
e B(a,r) and B(a,r) are open and closed.
Proof. Let b be in B(a,r). For all z in B(a,r), we have:
d(z,b) < max(d(x,a),d(a,b)) <.

Then, B(a,r) < B(b,r), and the symmetry between a and b gives us B(a,r) = B(b,r).
The second point is similar to the first.

For the third point, let us take ¢ in k such that d(c,a) = r.

Assuming we have x € B(a,r) n B(c,r), we have:

d(a,c) < max(d(a,x),d(z,c)) <.

It’s impossible, so B(a,r) n B(c,r) = &, and B(a,r) is closed.

We can deduce from the previous results the following result.
Proposition 2.9. The field k is a totally disconnected space.

Important Remark. On a field with a non-archimedean absolute value, we have all tools to define the
derivative of a function and all what we can pretend to need to do analysis. However, this approach misses
the point. Indeed, this fails since k is a totally disconnected space. For a function, being differentiable is
not a strong enough property to have an interest.

Let us take for example the indicator function of a ball (closed or open). For every z € k, the function is
constant on a neighborhood of x, so it is differentiable and its derivative is constant, equal to 0.

This simple example is probably sufficient to show that our classical results of real or complex analysis
are no longer true with a non-archimedean absolute value. This is why we will later use power series and
analytic elements, avoiding the notion of derivative.

Proposition 2.10. The subset: -
O =B(0,1)

is subring of k and is called the valuation ring of | - |.
p = B(0,1) is the only mazimal ideal of O and is called the valuation ideal of | - |.
k = Q/II is called the residue field of | - |.

2.3 Construction of Q,

The Ostrowski’s theorem gives a first justification of the study of p-adic absolute values. It will not be
proven here.

Theorem 2.11 (Ostrowski). Two absolute values are said equivalent if the metrics their induce give the
same topology.

A non-trivial absolute value | -| on Q (x| # Woz0) is either equivalent to the usual archimedean absolute
value, or equivalent to |- |, for p a prime number.

We now fix p, a prime number.

Definition 2.12. We denote Q, the completion of Q for the metric induced by | - |, on Q.



Remark. We already have a metric on Q,, and we easily deduce an extension of ||, to Q. If (z,,) € QY
and z = lim, o , € Qp, we define :

|z, = do, (0,2) = limy |2y,

The absolute value on Q,, is non-archimedean The image of Q\{0} by the application | - |, is {p*, k € Z},
which is discrete. So, we have eventually that |x,,|, = |z|,. Then, Q and @, have the same image by |- |-

We now want to have a better understanding of the structure of Q,. We will first study the p-adic integers,
which are defined in the following definition, and then give a simple representation for the elements of
Qp- In our way, we will see how the algebraic and topological aspects of p-adic numbers are linked.

Definition 2.13. The valuation ring of Q, is denoted by Z, and its elements are called p-adic integers.

Since:
ZP = {.%' € va ‘mlp < 1}7

we have that: a
szp = {gGQ,pr},

and:
L C L.

Proposition 2.14. The valuation ideal of Q, is pZ,.
Furthermore, the ideals of Q, are the p"Z, = {x € Qy, ||, <p~"} = B(0,p™™), with n = 0.

We now want to give a more understandable expression for p-adic numbers. We start by showing that
p-adic integers are limits of sequences of elements of Z with nice properties.

Theorem 2.15. Let us fiz a p-adic integer x. There exists a sequence of integers (x,,) € ZN such that:
e z, =2z (mod p");
e 0z, <p"—1.
Corollary 2.16. For n > 1, we have:
Zy/p"ZL, = Z/p" L.

In particular, the residue field is:
Kk =2Z,/pZL, = Fp.

Remark. A point to clarify is that :
a=b (modp")

in Z, means:
a=b (mod I),

with I the ideal generated by p™ in Z,, i.e. p"Z,.
The important point is that this is equivalent to |a — b| < p~™.

Remark. The Theorem 2.15 gives us a sequence (Z,)nen, such that: z, — .
So, Z is dense in the ring of p-adic integers.

Proof of the Theorem 2.15. Q is dense in Qy, so, for a fixed n € N, there exists ¢ € Q such that |¢ —z| <
p~". Then, |%| < max(|z|,|§ —x|) < 1. So we can assume that p { b. Then, we have k € Z such that
p"|a — kb, that is [§ — k| <p™".

We have yet : |k —z| < p~™.

We have x,, such that 0 < x,, < p” — 1 and x,, = k (mod p™). Then z,, satisfies the two points of the
theorem.

O



Remark. A such sequence is unique, with respect to z. We notice that for all n € N, =, = x,41
(mod p™).

We can rewrite the sequence :

r1 = by

Ty = by + pb

x3 = bo + pb1 + p’by

x4 = bo + pby + p°by + p’by

with all b; integers inferior to p, and unique.
We will then write : & = by + pby + p?by + p3bs + p*by . ..
This makes perfect sense since p* 7 0.
—00
For every y € Q,, there exists k € Z such that: |pFy|, < 1, that is p*y € Z,. We deduce the following
proposition.

Proposition 2.17. Every y € Q, can be rewritten as:
y=p Fb_p+ ...+ by + pby + p*by + p3bs + ...

with k € N and b; € {0, ...,p — 1}, which are unique.

Example. Let us compute the expansion of —% in Q3. In this situation, we compute coefficient by

coefficient to find the b;. Then, we will probably have a sequence of coefficient that repeat after a certain
rank.

We have:

—% =1 (mod 3), (1)
and: 1 1

—5:1—#3-(—5). (2)

From the equation 1, we have that —% =1+4+b;-3+by-32+4---
But the equation 2 the recursive way of computing the b;. So:

1
—5:1+3+32+33+~--

We can also compute with the expansions, for example, f% is solution of 2z + 1 = 0. Indeed:

2-(14+3+32+--)+1=(2+2-3+2-3%2+---)+1
=3+2-3+2-3% 4.
=32492.324...
=0

Important Remark. This whole chapter shows the precise and deep relations between topological and
arithmetical aspects of the p-adic numbers. This come from the arithmetical definition of the absolute
value. It gives hopeful prospects to have algebraic results from analytic hypothesis.



2.4 Hensel’s lemma

We follow construction in [Neu99] One of our chief concerns will be to study the finite extensions L/Q,,.
This means that we have to turn to the question of factoring algebraic equations:

f(2) =anz™ +ap_12" '+ +ag=0.
We call a polynomial f(x) = ap + a1z + - - + apa™ € Olz] = Zp[x] primitive if f(x) £ 0 mod p, i.e., if:
|fI = max{[ao|,...,[an|} = 1.

Theorem 2.18 (Hensel). Let us assume that a primitive polynomial f(x) € Olx] admits modulo p a
factorization:

f(z) =g(x)h(z) (mod p)
into relatively prime polynomials g, h € k[x] = Fy[x].
Then f(x) admits a factorization:

f(x) = g(@)h(z)
into polynomials g, h € O[x] such that deg(g) = deg(g) and:

g() =5(x) (modp) and h(z)=h(z) (mod p).
Proof. Let d = deg(f), m = deg(g), hence d — m > deg(h). Let go, ho € O[z] be polynomials such that

go=9g modp, ho=h modp,

and deg(go) = m, deg(ho) < d — m. Since (g, h) = 1, there exist polynomials a(x),b(z) € O[x] satisfying
ago +bhg =1 mod p.

Among the coefficients of the two polynomials f — goho and ago + bho — 1 € p[x] = pZ,[x] we pick one
with minimum value and call it 7.
Let us look for the polynomials g and h in the following form:

g=go+mT+par -, h=ho+qr+@r+--,

where p;, g; € O[x] are polynomials of degree < m, resp. < d —m. We then determine successively the
polynomials
Gn =90+ P17+ -+ pam", hpy=ho+@mt -+ gum",

in such a way that one has
f =gnh, mod x"*!

Passing to the limit as n — oo, we will finally obtain the identity f = gh. For n = 1 the congruence is
satisfied in view of our choice of 7. Let us assume that it is already established for some n > 1. Then, in
view of the relation

9n = Gn—-1 +pn7rn7 hn = hn—l + Qnﬂ-nv

the condition on g,, h,, reduces to
f = 9n-1hn-1=(gn — Gn + hn—1 — pp)7" mod 7"+,
Dividing by 7", this means
In = qn + hn—1 — pn = godn + hopn = fn mod m,
where f,, = 77"(f — gn—1hn—1) € O[z]. Since goa + hob =1 mod 7, one has

goafn + hobfr, = f, mod 7.



At this point we would like to put ¢, = af, and p, = bf,, but the degrees might be too big. For this
reason, we write

b(x) fn(2) = q(x)g0(x) + mpn (@),

where deg(p,) < deg(go) = m. Since go = § mod 7 and deg(gg) = deg(g), the highest coefficient of gq is
a unit; hence ¢(x) € O[z] and we obtain the congruence

go(afn + hoq) + hopn = fn  mod 7.

Omitting now from the polynomial af, + hoq all coefficients divisible by 7, we get a polynomial g,
such that gogn, + hopn = fn mod m and which, in view of deg(f,) < d, deg(go) = m and deg(hop,) <
(d —m) +m = d, has degree < d — m as required.

O

Example: The polynomial zP~! — 1 € Z,[z] splits over the residue class field Z,/pZ, = F, into distinct
linear factors. Applying (repeatedly) Hensel’s lemma, we see that it also splits into linear factors over
Z,. We thus obtain the result that the field Q, of p-adic numbers contains the (p — 1)-th roots of unity.
These, together with 0, even form a system of representatives for the residue class field, which is closed
under multiplication.

3 C,, the p-adic equivalent of the complex field

3.1 Algebraic extensions of Q,

Our goal is now to construct a p-adic equivalent of C, that is an algebraically closed and complete field.
We begin by extending the p-adic absolute value to algebraic extensions of Q,, and to its algebraic closure.
The following proposition states that if an extension of the absolute value exists, it is unique.

Proposition 3.1. Let K be a field with an absolute value | - |, and let L a finite extension of K. Then,
there is at most one absolute value on L that extends | - |.

Proof. Let us assume there is two absolute values | - |; and | - |2 on L that both extend | -|. The two
absolute values are also norms on the K-vector space L. Furthermore, L/K is a finite extension, so all
norms are equivalent on L. That means that |- |; and |- |2 define the same topology. By the Proposition
2.5, there exists a positive real number «, such that:

But the two absolute values are equal on K, so:
[ l=1"12
O

Definition 3.2. Let K/F be a finite field extension. If x lies in K, the multiplication by z is a
linear automorphism of K, seen as a F-vector space. We define Nk, p(7) as the determinant of this

automorphism. The application:
NK/F K — F

is called the norm from F' to K (even if it is not a norm in the sense of linear algebra).

Proposition 3.3. Let us assume K/Q, is a finite field extension, and n = [K : Q,]. The application:
e K — {/INkjqg, (@), € Ry

is a non-archimedean absolute value that extends the p-adic absolute value from Q, to K, and it is the
unique ertension.



Before proving this, let us take a look at one important fact: the absolute value of an element = of a
finite extension of Q, does not depend on the extension chosen, as the next proposition states.

Proposition 3.4. Let Q, € L < K be a tower of finite extensions. Let m = [L: Qp] and n = [K : Q,].
If v € L, then:

/1N, @)l = {/INic g, (@)

Proof. We denote k = n/m.

Let (a1,...,ax) be a L-basis of K.

Since x lies in L, the multiplication by = (a linear application on K) stabilizes all the one-dimensional
vector spaces La;. So its determinant is the product of all determinants of its restrictions to the one-
dimensional vector spaces, and then:

Nk /g, (@) = (Nijg, ()"
We deduce the proposition from this formula. O

Proof of the Proposition 3.3. The uniqueness directly follows the Proposition 3.1.

The determinant Nk g, () is zero, if and only if the multiplication by z is not invertible as a linear
function, that is, x = 0.

Furthermore, our new application is multiplicative, since the determinant is multiplicative.

It also extend the p-adic absolute value, because if x € Q,:

Ni /g, (z) = 2%

We will now prove the non-archimedean property.
Let us denote [z| = 1/|Npq, ()|
We take x € K, and by the Poposition 3.4, we can take K = Qp(x). It is sufficient to prove that:
lz]<1=|z—-1]<1
ie.:
I[Nk /g, (@)lp < 1= [Nk, (z—-1), <1
ie.

I[Nk jo,(@)lp € Zp = [Nijq,(z = Dy € Zp

Let P(z) = 2" + ap_12" "' + -+ 4+ a7 + ag be the minimal polynomial for z.
By expressing the determinant of the multiplication by z in the base (1,z,22,..., 2

NK/Qp (Z‘) = (—1)"&0

Since the minimal polynomial of x — 1 is:

"1y we have that:

Plx+1)=a"+ -+ (1 +ap1+- - +ag),

we need:

ap €Zyp = (14 apn—1+---+ag) € Zp.
In fact, we can prove that all a; belong to Z, (which is an even better result).
Let assume that there exists a; ¢ Z,. We then define Q(x) = p*P(z) = p*a™ + b,_12" 1 +- - - + by, where
k is the smaller integer, such that all b; belong to Z,. Then, we take [ the smaller integer, such that b;
is not divisible by p, and we have:

Q(z) = (pFa* ' + - + b))zt (mod p)

The Hensel’s Lemma (2.18), we have that Q(z) is reducible, and therefore P(x) is also reducible. That
is a contradiction.
So, all a; belong to Z,, and the non-archimedean property is proven. O



The Proposition 3.4 allows us to extend the p-adic absolute value to the algebraic closure of Q,, since the
extended absolute value of an element does not depend on the field in which we consider this element.

Proposition 3.5. The p-adic absolute value extends to @p, the algebraic closure of Qp. And this
extension s unique.

Maybe, one can think we are done with our goal of finding an equivalent of C. But we really need
completeness in order to do analysis, and unfortunately we do not have that yet.

Proposition 3.6. @p is not complete.

Proof. We will use the Baire theorem. If we can prove that @p is not a Baire space, then it cannot be
complete.

We denote Z, = {z € Q,,[Qp(z) : Q)] < n}, forn > 1.

We have: Q, = ;51 Zn-

First, the Z, are closed. Let (z;) € Z). For every i € N, we have P; € Q,[x], with deg P, < n and
P;(xz;) = 0. Multiplying if necessary the P;, we can assume that their coefficients are bounded (they all

lie in Z,,, for example). Extracting if necessary, we can now assume P; — P € Q,[z].
We denote P;(z) = >}, ., aFa® and P(z) = ¥, _,, a*z*. Then:

P(z;) = P(z;) — Pi(wi)
< max(a® — a¥
k<n

at

—0,
1—00

since a¥ — a* and z¥ is bounded.
Furthermore: P(z;) — P(z), by continuity.
So we have: P(x) =0, and then x € Z,,.

Second, Z,, have no interior point. Indeed, for every ball B — @p, we have Q,.B = @p. So, if there exists
a ball B € Z,,, we have @p =Qp.B < Qp,.Z, = Z,. That is impossible.

@p is not a Baire space, and then it is not complete.

3.2 C,

We finally achieve our goal of constructing an algebraically closed and complete extension of Q, by going
through the completion again.

Definition 3.7. The result of the completion of @p is denoted C,,, considering that it is the p-adic
equivalent of C.

Proposition 3.8. C, is algebraically closed.

Proof. We do not have a specific object that we need for this proof. Indeed, we will need an extension of
the absolute value on the algebraic closure of C, (we do not know yet that it is C, itself). We will just
admit that we can extend our absolute value. Robert gives a precise proof by constructing a universal
p-adic field in [Rob00] (pages 137-142).

Let P(z) = 3., <4 an2" € Cplz] an irreducible polynomial. We assume d > 2 and that the zeros of P(z),
denoted (a1, ...,aq), are not in C,. We also fix b e @p such that:

Vi e [[2;d]], b — a1] < |b— a4



We have at least one morphism o : Cp(a;) —> C,, such that o(a;) # a1 (a1 is sent on one of its
conjugates). But now, |o(-)| is an absolute value. By uniqueness of the extension of the absolute value
(Proposition 3.1), we have that:

b—o(a1)| = |o(b) —o(ar)] = |o(b - ar)| = [b—al.

That is impossible by our choice of b. So P(x) cannot have a degree greater than one, and C, is
algebraically closed. O

Proposition 3.9. We can extend the p-adic absolute value to C,, and |Cp|, = {p®, o € Q} u {0}.
Proof. Since | - |, is non-archimedean on Q,, if (;) is a Cauchy sequence in Q,, we have that |z;|, is

stationary. We then define: |lim x;|, = lim |z;],.

Clearly, the image of C,, by |- |, is the same as the image of Q,,.
Then, the proposition comes from the definition of the p-adic absolute value on @p. O

4 The Borel-Dwork theorem

4.1 Power series
We can now define power series on Q, and on C,.

Remark. A power series f(X) = Y70 a; X* € Q,[[z]] converges on z if and only if |a;2*|, —> 0, because
| - |p is non-archimedean.

The criterion is simpler than in real and complex fields. It follows that the regions of convergence are
also simpler.

Proposition 4.1. Consider a power series f(x) = >, a;z’. The radius of convergence of f(z) is:

1

pP= T ,
limsup; ., v/|ai

More precisly:
e if |ai|,p* — 0 (i.e., f(p) converges), then f(z) converges if and only if |z| < p.

o if (lai|pp")ien does not tend to 0, then f(z) converges if and only if |z| < p.

4.2 The Theorem

This is a first improvement of Borel’s theorem. It is a distinctive feature of the p-adic approach: we use
analytic properties to prove an algebraic result.
We follow the proof of Cassels in [Cas86].

Theorem 4.2 (Borel-Dwork). Let
FX)=fot X 44 fu X"+ (3)
be a formal power series, where f, € Q. Suppose that there is a finite set S of prime numbers such that:

(i) |fulp <1 forallp¢ S and all n.
(ii) f defines a function meromorphic on a disk B(0, R) in C.

10



(iii) For each p € S there is a polynomial
Gp(X) =1+ g1pX + 4+ gmpX™ € Q,[X]

such that the series gp(X) f(X), considered as a series with coefficients in k,, has radius of convergence
R, in Q.

R-T[R,>1
peS

Then f(X) is the expansion of an element of k(X).

We will need some lemmas in order to prove the theorem. We begin by proving the classic lemma 4.5

Lemma 4.3. Let A be the determinant of the matriz

app apr -+ QAps
aipo aix -+ Q1s

)
aso QAs1 e Ass

let A;j be the elements of the adjoint matriz (A;; is the cofactor of a;;), and let a be the determinant of
the (s — 1) x (s — 1) matriz obtained by deleting the first and last row and column. Then

AOOAss - AOSASO = Aa.
Remark. This is a special case of “Jacobi’s Theorem on the minors of the adjugate”.

Proof. Follows by taking determinants in the matrix identity

Ao Aor -+ Aos—1 Aos aoo apr  ccr Q0s—1 aos
0 1 ce 0 0 a1g a11 cee ai,s—1 a1s
0 o - 1 0 as—1,0 Qs—1,1 "' Gs 151 GOs 15
ASO Asl e As,s—l Ass as0 as1 e As s—1 Qss
A 0 e 0 0
a1 aiy o Q11 a1s
as—1,0 QAs—1,1 ' As—1,5—1 QAs—1,s
0 0 e 0 A
Here the first matrix has 1 on the diagonal, 0 elsewhere, except in the first and last rows.
O
We shall be concerned with the Hankel determinant:
F(n,s) = det(ai;)
for which
aij = fativ; (0<i<s, 0<j<s)
and the f,, are the coefficients in the equation 3.
Corollary 4.4. For everyn >0 and s > 1:
F(n,s—1)F(n+2,s—1)— (F(n+1,5s—1))* = F(n,s)F(n + 2,5 — 2). (4)

11



Lemma 4.5. Suppose that there is an s such that F(n,s) = 0 for all sufficiently large n. Then f(X) is
the expansion of a rational function.

Proof. Without loss of generality, s is minimal. There is thus some ng such that

F(n,s)=0 (all n=mnyp) (5)

F(no+1,s—1)#0. (6)

By the equation 5 the right-hand side of the equation 4 is 0 for all n > ng. It now follows from the
equation 6 by induction on n that

F(n,s—1)#0 (alln>=ng+1). (7)
By the equations 5 and 7, for any n = ng + 1 there are unique ¢, = ¢,.(n) such that

fl+s+clfl+sfl+"'+05fl=o (n<l<n+s)- (8)

On comparing the equation 8 for n and n+ 1 and using the equation 7, we readily deduce that ¢.(n+1) =
¢r(n); that is, the ¢, are independent of n. Hence

I+aX+- -+ X%)f(X)

is a polynomial in X, as required.

Lemma 4.6. (i) Let A be the determinant of the matric (a;;)o<ij<s, where a;; € Q, and let

@i = fmax |aij] (0<i<s).

Then:
|A|p H Qg
0<i<s
where M (p, s) depends only on p and s.

(i) With the usual absolute value on Q, let

o = max lagl,  (0<i<s).

Then:
Al <(s+1)! [] o

0<i<s

Proof. The result is due to this expression of the determinant:

A= Z aoj (0)01,5(1) """ Gs,j5(s)

where j runs through the permutations of {0,..., s}, and o(j) is its signature.
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Proof of the Theorem 4.2. By the hypothesis of the theorem,we can choose T" such that TR > 1 and for
p € S, we can choose T}, such that

T,R,>1 and T-[]T,<1.

peS
Then the coefficients of
hp(X) = gp(X)f(X)=ho+ X+ ... (9)
satisfy
|y < Ty

for all sufficiently large n.

The formal expansion of g, 1(X) as a power series clearly converges in some neighborhood of the origin.
Hence f(X), considered as a power series with coefficients in Q,,, converges in some neighborhood of the
origin. There is thus some ¢, > 0 such that

[falp <t

for all sufficiently large n. We now estimate p-adically for p € S the determinants F(n,s). If s > m, which
we suppose, we can use the recurrence relations furnished by the equation 9 to replace the f,4;4; for
i = m by hpyit;. That means F(n,s) = det(b;;), where:

)

b — frtit; for0<i<m
] — .
hntiv; form <i<s.

On using our estimates in the preceding lemma we readily obtain
|F(n,s)|p < L - tpm - Tt

for all sufficiently large n, where L, = L,(s) is independent of n.

Everything was express with a p-adic absolute value but we can apply the same proof to C and the classic
absolute value. We find the same domination: |F(n,s)| < L - t™™ . T™s=m),

By the hypothesis of the Theorem and by the preceding lemma, for all p ¢ S and all n and s we have:
[F(n,s)|, <1

Then:
[]1F®,s), <A -BY™.Cctmm) (10)
all p
for all sufficiently large n, where
A=A(s)=L-][Lp, B=t-]]t,, C=T-]]T,<1,
peS peS peS
by hypothesis on the Tj,.

Then, we can choose s so that:

D=B"C"""<1
and then, by the equation 10,
|F'(n,s)] - H |F(n,s)|, < AD"™ <1
all p

for all sufficiently large n.
But for any z € Q\{0}, we have:

jof -] Tzl =1
p

So, for all sufficiently large n: F(n,s) = 0.
The result now follows the Lemma 4.5.
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5 Analytic elements and Polya-Bertrandias Theorem

5.1 Analytic elements

We follow construction in [Rob00] and [Ami75]

Since analytic continuation cannot be achieved by means of Taylor expansions in p-adic analysis, another
procedure has to be devised. It was Krasner’s idea to mimic the Runge theorem of complex analysis: A
holomorphic function f defined in a domain D of the complex plane C can be uniformly approximated
using rational functions .

More precisely, for each compact subset C' € D, choose A = {a;};,e; with one point in each connected
component of the complement of C' in the Riemann sphere. Then f can be uniformly approximated on
C' by rational functions having all their poles in the set A.

We denote

| fllp is the sup norm of f on D

let R(D) denote the ring of rational functions having no pole in D:

R(D) = {f = % : g,h € Cp[X], h having no zero in D}.

Definition. Let D be a closed subset of C,. A function f : D — C, is an analytic element if it is a
uniform limit of a sequence of rational functions f,, € R(D).

The analytic elements on D make up a vector space H (D), which is a uniform completion of R(D).
However, note that in general an f € R(D) can be an unbounded function on D, so that R(D) is not a
metric space. Let us start with the important case where it is a metric space (in (4.3) we shall show how
to treat the other case).

Proposition When D c C, is a closed and bounded subset, each f € R(D) is bounded on D, and
H(D) is the closure of R(D) in the Banach algebra Cy,(D) for the sup norm. [Rob00]

To be able to speak of analytic elements on the complement of a ball (which is unbounded) we now
approach the case of unbounded domains D, and hence R(D) is not a metric space. Let us introduce
the vector subspaces

Ry(D) :={f € R(D) : f bounded on D},
consisting of the rational functions f = g/h, deg g < deg h, having no pole in D,

Ro(D):={feR(D): f—0as|z| >} c Ry(D)
consisting of the rational functions f = g/h, deg g < deg h, having no pole in D.

The Euclidean division algorithm shows more precisely that
R(D) = Ro(D) ® Cp|z]
= Ro(D)®C, ®zC,[z].

%/_/

=Ry(D)

A fundamental system of neighborhoods of an fj in R(D) is given by

Ve(fo) = {f e R(D): sug |f(x) — fo(z)] < s} (e > 0).
In particular, if fy is bounded, then V.(fy) < Rp(D), namely:

V(fo) n aCypla] = {0}.

This proves that the topology induced by uniform convergence on zCp[xz] is the discrete one:
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R(D)= Ry(D) @ aCpylx]
— ——

normed space  uniformly discrete

By completion we get:
H(D)= HyD) @ aC,[a]
—— —

Banach space  uniformly discrete

We can also write

H(D) = Ho(D) ®C, ®2Cy[x]

and group the last two factors
H(D) = Ho(D) ® Cplz],

but the uniform structure on the last factor is not the discrete one.

When D is unbounded, we shall only use bounded analytic elements and thus work in the Banach
algebra H,(D) = Hy(D) @ C,.

We note that Ho(D) is a (maximal) ideal in this algebra with quotient

Hy(D)/Ho(D) = C, (a field).

5.2 Lescaminate

Let P be a monic, non-constant polynomial of degree ¢, and let M > 0. Then the lemniscate defined
by P and M is the set:
B=B(P,M)={zxe K ||P(x)] < M}.

It is clear that B is closed and bounded.
Let P be a monic polynomial of degree ¢ > 1, and let us define the following sets:

B'(P,M) = {z e Py(K) | |[P(2)] > M},

C(P,M) = B(P,M) n B'(P, M).

We finish this paragraph with a remark that will be useful in Chapter 7. Let f = Q+g, @ be a polynomial
and g € Hy(B'). We define a1(f) as the residue of f at infinity, that is:

Jim zg(z),

where D(B) designates the diameter of B, so that:
lar ()l < | fzD(B)

Suppose 0 € B (which we can assume, as a1 (f) is clearly translation invariant), then from

(NI < [fzle < | flo/diam(B).

Estimate on residue[Ami75] Let f € Ho(B’). Then there exists a constant M (f) such that, for any
polynomial Q:
la (fQ)] < M(f)|@Qlc-

15



5.3 Lemniscates in the Complex Plane

Let P € C[X] be a monic polynomial of degree ¢ > 1, and let M > 0. We define:
B(P,M) = {2 C | |P()| < M},
BY(P,M) = {zeC||P(z)] < M},
B'(P,M) ={zeC||P(z)| = M},
and
C(P,M) = B(P,M) n B'(P,M).

When no confusion arises, we will denote these sets by B, B, B, C.

Corollary [Ami75] — Let f be an analytic function on B’ vanishing at infinity. Then there exists a
constant M (f) such that, for every polynomial @,

a1 (QF)] < M(f) @l c-

5.4 Transfinite Diameter

Let E be a metric space, B € E, and for n > 2, we define:

D, (B) = sup {nd(xi,xj) x=(21,...,Tpn) € B”}

i

and

dn(B) = (Dn(B))"/™" Y

Then, lim,,_,o d,(B) exists. We denote this limit as d(B), and we call it the transfinite diameter of
B.

Note that if B is not bounded, then D, (B) = +0, and we agree that in such cases d(B) = oo, but from
now on we will only be concerned with bounded subsets of E.

If B is bounded, let D(B) denote its diameter:

D(B) = sup{d(z,y) | (z,y) € B*},
then Dy(B) = (D(B))?, and it is immediate that for n > 2,
d.(B) < D(B)* = d(B) < D(B).
We also note that if the distance d is replaced by a proportional distance
d(z,y) =r-d(z,y), r>0,

then all quantities scale accordingly. Let d, (B) be the quantity corresponding to a scaled distance
d'(z,y) = rd(x,y), then d,, (B) = rd,(B). Hence, we may assume without loss of generality that D(B) <
1.

Define

gn(T1,. .. xp) = Hd(:ﬁi,xj) =gn(x), x=(x1,...,2,)€ B",
i£]
then
In1(T1, s Tng1)" = ha by,
where
hj = gn(z?), o7 = (z1,...,25,...,0041) € B™.
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Therefore,
(Dns1(B)" < Du(B)", = dpy1(B) < (da(B)1/" < do(B)(D(B))/"™.

If D(B) < 1, then the sequence d,,(B) is decreasing and bounded below, hence convergent.

We can verify that if B is a disk in C or a valued non-archimedean field with infinite residue field, then
d(B) is the radius of B.

Some Immediate Properties:

(i) If A< B, then d(A) < d(B);

(ii) If A< B and A is dense in B, then d(A4) = d(B);

(iii) If B is a finite set, then d(B) = 0;

(iv) If B is finite and A is bounded, then d(A u B) = d(A).

In the case where the metric space E is a valued field K, the transfinite diameter admits a definition
equivalent to the previous, which we shall now use.

Lemma Let B be a bounded subset of the valued field K. Let P, be the set of monic polynomials of
degree n with coefficients in K, and define:

5n(B) = i“f{iﬁglpw ' Pe 7’} 5u(B) = (Su(B)"".
Then
sn(B) — d(B), asn — .

Moreover, if f is a function defined on B with values in K (or in R), we write | f| g = sup{|f(z)| | = € B}.
Then
Sn(B) = inf{|P|p | P € Ppn}.

Choose
y=(Y1,-..,yn) € B",
and let
Py(x) = (@ —y)(z—y2) - (& = yn),
then

gn(z1,.. . 2n) = Py(x1) - Py(zn) = gn(y1,- - Yn)-

Given € > 0, we can choose y such that g, (y) > D, (B)(1 — ¢). Then for any such choice of y, we have:
Dn(B)(1~¢€) < [P < Dnsa(B).
For each € > 0, we can associate P, € P, satisfying this inequality, hence:
Sn(B) < (Dyy1(B)/Dn(B))"2.
Now, as n — 0, (Dy41(B)/Dy(B))Y" — d(B)?. Therefore,
lim sup s, (B) < d(B).

Moreover, note that:
g’n(mla s ,.’En> = ‘V(l’l, s amn)|25

where V(z1,...,x,) is the Vandermonde determinant associated to z1,...,z,, and

V = [vi], vij=x“1, 1<i<n, 1<j<n.



Let P € P,—1. Then V(x1,...,x,) is also the determinant obtained by replacing, in the last column of
V, 271 by P(z;). Expanding this last column in terms of its entries, we get:

V(wy,. .. an) = Y ViP(x;),

where V; is the Vandermonde determinant of (z1,...,%,...,Zy).
Choose s = (x1,...,2y) such that
gn(s) = Dn(B)(1 —¢),

and set
D, (B)(1—¢) <||P|s|V(x1,...,2n)|], VP E€Pnp_q.

Hence, we conclude (taking supremum and infimum):

and thus:
liminf s, (B) = d(B),

which completes the proof.
Corollary — Let B be a bounded subset of K, d(B) its transfinite diameter, ¢ > 0, and r > 1; there
exists an integer n and a polynomial P € P,, such that:

Bc{zeK||Px) < (d(B)+e)" r}

Indeed, for sufficiently large n, s,(B) < d(B) +¢, and S,,(B) < (d(B) 4+ ¢)™; by choosing such an n, there
exists P € P, such that |P|p < rS,(B).

Example — Suppose K is non-archimedean and algebraically closed. The lemniscate B = B(P, M) is
defined by a monic polynomial P of degree ¢ > 1 and a constant M, with transfinite diameter d(B) =
M4, Indeed, |P*|p = M* = S, (B) > M*, thus d(B) < M.

On the other hand, if () is a monic polynomial of degree kq, write:

Q=Q1P+ -+ QP
where each deg Q; < ¢q , then:
|Qll s < max (|Qil5 - [P'|5) < max(|Qil5) - M* = M*,

s0 S,(B) = M* and d(B) = M/,

5.5 The Polya-Bertrandias theorem

Theorem 5.1 (Polya-Bertrandias). Let f(X) =, ., %% be a Laurent series with ay € Q. We suppose
there exists a finite set P of prime numbers such that:

e For every prime number p¢ P and n > 1, |an|, < 1;

o f defines in C a function extendable to a connected domain By, whose supplement is bounded and
has a transfinite diameter doy;

e For every prime number p € P, f defines in C, a function extendable into an analytic element on a
part B, of C,, whose supplement is bounded and has a transfinite diameter dp;

o The product d = dy x || .p dp satisfies d < 1;

peP

then f is a rational function.
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Remark: The Borel-Dwork theorem is a corollary of this one, for if
FX) =D anX”
n=0

satisfies the hypotheses of the Borel-Dwork theorem, it is easy to verify that
9(X) = f(1/X) —ao

satisfies hypotheses 4.1

5.6 Lemma
Let . be a field complete with respect to an absolute value and algebraically closed (for example, # = C
or # =C,) and let
FX) =) an X" e H[[X]].
n=0
Let P e #[X], deg(P) > 1, and let B = {x € # | |P(2)| = di&(P)}.
If f extends to a function in % (B’), then

limsup | D¥(£)|7** < d.

k—o0

Let T' = {x € J# | |P(x)] = d%°8)}. Tt is known that there exists a constant M(f) such that, for any
polynomial @,
lae(fQ) < M()Qlr-

Let Py,..., P, be monic polynomials, P, € %;_,. By definition, D¥ = [a;j] where a;; = a;4j—1 for
i=1,...,k,j=1,... k. By linear combination of the columns of D¥, we see that if

Pj(X) = X! +Pj1XT72 + e+ D1,

and
Pif = > biX*,
k=0
then we also have D} = [bij] fori=1,...,k, j=1,..., k. Performing an analogous combination on the

rows of D¥, we find that D¥(P,f,..., P.f) = D¥(f). Let

IPile = Ipjel,
then there exists a constant M (f) such that

|ae(P )] < M(f)[ Pjr-

Let Sy = max(|Pi|r, ..., | Pkllr). If £ is non-Archimedean, set Sy = (|p;;|+---+1) = C = C. Applying
Hadamard’s inequality, we obtain

IDY(f) < M(f)*p:1 - prSE.

Choose P, ..., P such that p, < (d + €)* for k sufficiently large
Assume first d < 1, and let L be a constant (not necessarily the same across all inequalities). Then, by
choosing € small enough so that d + & < 1, we have:

Sp < kL, pr--pr < L(d+e)Ft1/2

and hence: loz k
+log(d+s)+%+L.

2

= log IDE(S)| <

|t~
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As k — o0, we deduce that:
lim [DF(PH < d.
—0

If d < 1, the lemma is proved. Otherwise, let A € K, and let:

I(X) = fF(AX).

Then fy can be extended to an element of .74 (%B'), where 1B’ is the image of B’ under the homothety
centered at 0 with ratio 1/A.

Clearly:

DE(fa) = A5 DE(f), and d (iB) = ﬁd.

Hence, if the lemma is true for d < 1, then it is true for all d > 0.

5.7 Proof of Theorem 8.1

For x € Q, denote

| = la| x [ ] |zl

peP

the product of all normalized absolute values of x.
Let d be the product of the transfinite diameters appearing in condition (iv). If p ¢ P, then

IDY(H)lp < 1.

Let:
N =1+ Card(P).

Choose ¢ > 0 so that d(1 +¢)V < 1.
Then there exist integers ko and k, for p € P such that for k > ko (resp k = k,), we have:

IDY(H) < (1 +e)*,  [DF(f)lp < (dp(1 + ).
Let K be the maximum of kg and k,. Then for £ > K we have:
IDY(A) < (d(1+e)¥)* < 1.

Thus, for such k, we get D¥(f) = 0, and from Lemma 4.4 , it follows that f is rational.
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