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1 Introduction

Borel’s theorem gives us a condition on the convergence of a power series for being a rational function,
whose coefficients are integers.

Theorem 1.1 (Borel). Let fpXq “
ř8

i“0 aiX
i P ZrrXss. Suppose that f is meromorphic in a disc of

radius R ą 1. Then, f is a rational function.

In this bachelor thesis, we will present improvements of this result based on p-adic analysis. We will
first introduce p-adic numbers and Qp and prove a first improvement of Borel’s theorem, that is the
Borel-Dwork’s theorem. Then, this can still be improved by constructing Cp and the analytic elements,
that are the p-adic equivalents of C and the holomorphic functions. On our way, we will also show main
results about p-adic numbers.
The construction of the Qp and Cp are mainly based on Gouvêa’s introduction to p-adic numbers [Gou20],
and Robert’s book [Rob00]. The theorems of Borel-Dwork and Polya-Bertrandias are well presented by
Amice in [Ami75].
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2 The p-adic field Qp

2.1 Absolute Values
In order to construct the p-adic numbers, we need an introduction to absolute values, and more precisely
to non-archimedean absolute values. Let us begin with a definition.

Definition 2.1. Let k be a field. An absolute value on k is a function | ¨ | : k ÝÑ R` that satisfies the
following conditions:

1. |x| “ 0 if and only if x “ 0.

2. |xy| “ |x||y| for all x, y P k.

3. |x ` y| ď |x| ` |y| for all x, y P k.

An absolute value is said non-archimedean if it satisfies: |x ` y| ď maxp|x|, |y|q for all x, y P k;
otherwise, the absolute value is archimedean.

We recall that for any prime number p, we can extend the p-adic valuation on Q, by vppx
y q “ vppxq´vppyq;

which depends only on rational x
y .

Definition 2.2. For any non-zero rational x, we define the p-adic absolute value of x by:

|x|p “ p´vppxq

We also define |0|p “ 0.

Proposition 2.3. The p-adic absolute value on Q is indeed an absolute value, which is non-archimedean.

2.2 Elementary Properties
We will now examine elementary properties on a non-archimedean absolute value and the topology it
induce.
Let k be a field with an absolute value | ¨ |.

Definition 2.4. The metric induced by the absolute value on k is:

dpx, yq “ |x ´ y|,@x, y P k.

The following proposition is important and will be used twice in this bachelor thesis, but we will skip the
proof since it is not a central point of our subject. A proof can be found in the Gouvêa’s book [Gou20]
(correction of the 72-th exercice, p.305).

Proposition 2.5. Let | ¨ |1 and | ¨ |2 be two absolute values on the field k. The following statements are
equivalents.

• The metrics induced by the two absolute value define the same topology.

• There exists a positive real number α, such that:

@x P k, |x|2 “ |x|α1 .

We now assume that | ¨ | is non-archimedean.

Proposition 2.6. If x, y P k with |x| ‰ |y|:

|x ` y| “ maxp|x|, |y|q.

The essential fact about the ultrametric space is the following corrolary.
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Corollary 2.7. All triangles are isosceles in an ultrametric space.

Proposition 2.8. Let a be in k and r be a non-zero positive real number.

• Every point in the open ball Bpa, rq is a center of the ball; that is, @b P Bpa, rq, Bpb, rq “ Bpa, rq.

• Every point in the closed ball Bpa, rq is a center of the ball.

• Bpa, rq and Bpa, rq are open and closed.

Proof. Let b be in Bpa, rq. For all x in Bpa, rq, we have:

dpx, bq ď maxpdpx, aq, dpa, bqq ă r.

Then, Bpa, rq Ď Bpb, rq, and the symmetry between a and b gives us Bpa, rq “ Bpb, rq.
The second point is similar to the first.
For the third point, let us take c in k such that dpc, aq ě r.
Assuming we have x P Bpa, rq X Bpc, rq, we have:

dpa, cq ď maxpdpa, xq, dpx, cqq ă r.

It’s impossible, so Bpa, rq X Bpc, rq “ H, and Bpa, rq is closed.

We can deduce from the previous results the following result.

Proposition 2.9. The field k is a totally disconnected space.

Important Remark. On a field with a non-archimedean absolute value, we have all tools to define the
derivative of a function and all what we can pretend to need to do analysis. However, this approach misses
the point. Indeed, this fails since k is a totally disconnected space. For a function, being differentiable is
not a strong enough property to have an interest.
Let us take for example the indicator function of a ball (closed or open). For every x P k, the function is
constant on a neighborhood of x, so it is differentiable and its derivative is constant, equal to 0.
This simple example is probably sufficient to show that our classical results of real or complex analysis
are no longer true with a non-archimedean absolute value. This is why we will later use power series and
analytic elements, avoiding the notion of derivative.

Proposition 2.10. The subset:
O “ Bp0, 1q

is subring of k and is called the valuation ring of | ¨ |.
p “ Bp0, 1q is the only maximal ideal of O and is called the valuation ideal of | ¨ |.
κ “ Ω{Π is called the residue field of | ¨ |.

2.3 Construction of Qp

The Ostrowski’s theorem gives a first justification of the study of p-adic absolute values. It will not be
proven here.

Theorem 2.11 (Ostrowski). Two absolute values are said equivalent if the metrics their induce give the
same topology.
A non-trivial absolute value | ¨ | on Q (|x| ‰ ⊮x‰0) is either equivalent to the usual archimedean absolute
value, or equivalent to | ¨ |p for p a prime number.

We now fix p, a prime number.

Definition 2.12. We denote Qp the completion of Q for the metric induced by | ¨ |p on Q.
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Remark. We already have a metric on Qp, and we easily deduce an extension of | ¨ |p to Qp. If pxnq P QN

and x “ limnÑ8 xn P Qp, we define :

|x|p “ dQpp0, xq “ limnÑ8|xn|p.

The absolute value on Qp is non-archimedean The image of Qzt0u by the application | ¨ |p is tpk, k P Zu,
which is discrete. So, we have eventually that |xn|p “ |x|p. Then, Q and Qp have the same image by | ¨ |p.

We now want to have a better understanding of the structure of Qp. We will first study the p-adic integers,
which are defined in the following definition, and then give a simple representation for the elements of
Qp. In our way, we will see how the algebraic and topological aspects of p-adic numbers are linked.

Definition 2.13. The valuation ring of Qp is denoted by Zp and its elements are called p-adic integers.

Since:
Zp “ tx P Qp, |x|p ď 1u,

we have that:
Q X Zp “ t

a

b
P Q, p ∤ bu,

and:
Z Ă Zp.

Proposition 2.14. The valuation ideal of Qp is pZp.
Furthermore, the ideals of Qp are the pnZp “ tx P Qp, |x|p ď p´nu “ Bp0, p´nq, with n ě 0.

We now want to give a more understandable expression for p-adic numbers. We start by showing that
p-adic integers are limits of sequences of elements of Z with nice properties.

Theorem 2.15. Let us fix a p-adic integer x. There exists a sequence of integers pxnq P ZN such that:

• xn ” x pmod pnq;

• 0 ď xn ď pn ´ 1.

Corollary 2.16. For n ě 1, we have:

Zp{pnZp – Z{pnZ.

In particular, the residue field is:
κ “ Zp{pZp – Fp.

Remark. A point to clarify is that :
a ” b pmod pnq

in Zp means:
a ” b pmod Iq,

with I the ideal generated by pn in Zp, i.e. pnZp.
The important point is that this is equivalent to |a ´ b| ď p´n.

Remark. The Theorem 2.15 gives us a sequence pxnqnPN, such that: xn ÝÑ x.
So, Z is dense in the ring of p-adic integers.

Proof of the Theorem 2.15. Q is dense in Qp, so, for a fixed n P N, there exists a
b P Q such that |ab ´x| ď

p´n. Then, |ab | ď maxp|x|, |ab ´ x|q ď 1. So we can assume that p ∤ b. Then, we have k P Z such that
pn|a ´ kb, that is |ab ´ k| ď p´n.
We have yet : |k ´ x| ď p´n.
We have xn such that 0 ď xn ď pn ´ 1 and xn ” k pmod pnq. Then xn satisfies the two points of the
theorem.
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Remark. A such sequence is unique, with respect to x. We notice that for all n P N, xn ” xn`1

pmod pnq.

We can rewrite the sequence :

x1 “ b0

x2 “ b0 ` pb1

x3 “ b0 ` pb1 ` p2b2

x4 “ b0 ` pb1 ` p2b2 ` p3b3

...

with all bi integers inferior to p, and unique.
We will then write : x “ b0 ` pb1 ` p2b2 ` p3b3 ` p4b4 . . .
This makes perfect sense since pk ÝÝÝÑ

kÑ8
0.

For every y P Qp, there exists k P Z such that: |pky|p ď 1, that is pky P Zp. We deduce the following
proposition.

Proposition 2.17. Every y P Qp can be rewritten as:

y “ p´kb´k ` . . . ` b0 ` pb1 ` p2b2 ` p3b3 ` . . .

with k P N and bi P t0, ..., p ´ 1u, which are unique.

Example. Let us compute the expansion of ´ 1
2 in Q3. In this situation, we compute coefficient by

coefficient to find the bi. Then, we will probably have a sequence of coefficient that repeat after a certain
rank.
We have:

´
1

2
” 1 pmod 3q, (1)

and:
´
1

2
“ 1 ` 3 ¨ p´

1

2
q. (2)

From the equation 1, we have that ´ 1
2 “ 1 ` b1 ¨ 3 ` b2 ¨ 32 ` ¨ ¨ ¨

But the equation 2 the recursive way of computing the bi. So:

´
1

2
“ 1 ` 3 ` 32 ` 33 ` ¨ ¨ ¨

We can also compute with the expansions, for example, ´ 1
2 is solution of 2x ` 1 “ 0. Indeed:

2 ¨ p1 ` 3 ` 32 ` ¨ ¨ ¨ q ` 1 “ p2 ` 2 ¨ 3 ` 2 ¨ 32 ` ¨ ¨ ¨ q ` 1

“ 3 ` 2 ¨ 3 ` 2 ¨ 32 ` ¨ ¨ ¨

“ 32 ` 2 ¨ 32 ` ¨ ¨ ¨

“ 0

Important Remark. This whole chapter shows the precise and deep relations between topological and
arithmetical aspects of the p-adic numbers. This come from the arithmetical definition of the absolute
value. It gives hopeful prospects to have algebraic results from analytic hypothesis.
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2.4 Hensel’s lemma
We follow construction in [Neu99] One of our chief concerns will be to study the finite extensions L{Qp.
This means that we have to turn to the question of factoring algebraic equations:

fpxq “ anx
n ` an´1x

n´1 ` ¨ ¨ ¨ ` a0 “ 0.

We call a polynomial fpxq “ a0 ` a1x ` ¨ ¨ ¨ ` anx
n P Orxs “ Zprxs primitive if fpxq ı 0 mod p, i.e., if:

|f | “ maxt|a0|, . . . , |an|u “ 1.

Theorem 2.18 (Hensel). Let us assume that a primitive polynomial fpxq P Orxs admits modulo p a
factorization:

fpxq ” gpxqhpxq pmod pq

into relatively prime polynomials g, h P κrxs “ Fprxs.
Then fpxq admits a factorization:

fpxq “ gpxqhpxq

into polynomials g, h P Orxs such that degpgq “ degpgq and:

gpxq ” gpxq pmod pq and hpxq ” hpxq pmod pq.

Proof. Let d “ degpfq, m “ degpgq, hence d ´ m ě degphq. Let g0, h0 P Orxs be polynomials such that

g0 ” g mod p, h0 ” h mod p,

and degpg0q “ m, degph0q ď d ´ m. Since pg, hq “ 1, there exist polynomials apxq, bpxq P Orxs satisfying

ag0 ` bh0 ” 1 mod p.

Among the coefficients of the two polynomials f ´ g0h0 and ag0 ` bh0 ´ 1 P prxs “ pZprxs we pick one
with minimum value and call it π.
Let us look for the polynomials g and h in the following form:

g “ g0 ` p1π ` p2π
2 ` ¨ ¨ ¨ , h “ h0 ` q1π ` q2π

2 ` ¨ ¨ ¨ ,

where pi, qi P Orxs are polynomials of degree ă m, resp. ď d ´ m. We then determine successively the
polynomials

gn “ g0 ` p1π ` ¨ ¨ ¨ ` pnπ
n, hn “ h0 ` q1π ` ¨ ¨ ¨ ` qnπ

n,

in such a way that one has
f ” gnhn mod πn`1.

Passing to the limit as n Ñ 8, we will finally obtain the identity f “ gh. For n “ 1 the congruence is
satisfied in view of our choice of π. Let us assume that it is already established for some n ě 1. Then, in
view of the relation

gn “ gn´1 ` pnπ
n, hn “ hn´1 ` qnπ

n,

the condition on gn, hn reduces to

f ´ gn´1hn´1 ” pgn ´ qn ` hn´1 ´ pnqπn mod πn`1.

Dividing by πn, this means

gn ´ qn ` hn´1 ´ pn ” g0qn ` h0pn “ fn mod π,

where fn “ π´npf ´ gn´1hn´1q P Orxs. Since g0a ` h0b ” 1 mod π, one has

g0afn ` h0bfn “ fn mod π.
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At this point we would like to put qn “ afn and pn “ bfn, but the degrees might be too big. For this
reason, we write

bpxqfnpxq “ qpxqg0pxq ` πpnpxq,

where degppnq ă degpg0q “ m. Since g0 ” ḡ mod π and degpg0q “ degpḡq, the highest coefficient of g0 is
a unit; hence qpxq P Orxs and we obtain the congruence

g0pafn ` h0qq ` h0pn “ fn mod π.

Omitting now from the polynomial afn ` h0q all coefficients divisible by π, we get a polynomial qn
such that g0qn ` h0pn “ fn mod π and which, in view of degpfnq ď d, degpg0q “ m and degph0pnq ă

pd ´ mq ` m “ d, has degree ď d ´ m as required.

Example: The polynomial xp´1 ´ 1 P Zprxs splits over the residue class field Zp{pZp “ Fp into distinct
linear factors. Applying (repeatedly) Hensel’s lemma, we see that it also splits into linear factors over
Zp. We thus obtain the result that the field Qp of p-adic numbers contains the pp ´ 1q-th roots of unity.
These, together with 0, even form a system of representatives for the residue class field, which is closed
under multiplication.

3 Cp, the p-adic equivalent of the complex field

3.1 Algebraic extensions of Qp

Our goal is now to construct a p-adic equivalent of C, that is an algebraically closed and complete field.
We begin by extending the p-adic absolute value to algebraic extensions of Qp, and to its algebraic closure.
The following proposition states that if an extension of the absolute value exists, it is unique.

Proposition 3.1. Let K be a field with an absolute value | ¨ |, and let L a finite extension of K. Then,
there is at most one absolute value on L that extends | ¨ |.

Proof. Let us assume there is two absolute values | ¨ |1 and | ¨ |2 on L that both extend | ¨ |. The two
absolute values are also norms on the K-vector space L. Furthermore, L{K is a finite extension, so all
norms are equivalent on L. That means that | ¨ |1 and | ¨ |2 define the same topology. By the Proposition
2.5, there exists a positive real number α, such that:

| ¨ |α1 “ | ¨ |2.

But the two absolute values are equal on K, so:

| ¨ |1 “ | ¨ |2.

Definition 3.2. Let K{F be a finite field extension. If x lies in K, the multiplication by x is a
linear automorphism of K, seen as a F -vector space. We define NK{F pxq as the determinant of this
automorphism. The application:

NK{F : K ÝÑ F

is called the norm from F to K (even if it is not a norm in the sense of linear algebra).

Proposition 3.3. Let us assume K{Qp is a finite field extension, and n “ rK : Qps. The application:

x P K ÝÑ n

b

|NK{Qp
pxq|p P R`

is a non-archimedean absolute value that extends the p-adic absolute value from Qp to K, and it is the
unique extension.
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Before proving this, let us take a look at one important fact: the absolute value of an element x of a
finite extension of Qp does not depend on the extension chosen, as the next proposition states.

Proposition 3.4. Let Qp Ď L Ď K be a tower of finite extensions. Let m “ rL : Qps and n “ rK : Qps.
If x P L, then:

m

b

|NL{Qp
pxq|p “ n

b

|NK{Qp
pxq|p.

Proof. We denote k “ n{m.
Let pa1, . . . , akq be a L-basis of K.
Since x lies in L, the multiplication by x (a linear application on K) stabilizes all the one-dimensional
vector spaces Lai. So its determinant is the product of all determinants of its restrictions to the one-
dimensional vector spaces, and then:

NK{Qp
pxq “ pNL{Qp

pxqqk.

We deduce the proposition from this formula.

Proof of the Proposition 3.3. The uniqueness directly follows the Proposition 3.1.
The determinant NK{Qp

pxq is zero, if and only if the multiplication by x is not invertible as a linear
function, that is, x “ 0.
Furthermore, our new application is multiplicative, since the determinant is multiplicative.
It also extend the p-adic absolute value, because if x P Qp:

NK{Qp
pxq “ xrK:Qps

We will now prove the non-archimedean property.
Let us denote |x| “ m

b

|NL{Qp
pxq|p.

We take x P K, and by the Poposition 3.4, we can take K “ Qppxq. It is sufficient to prove that:

|x| ď 1 ñ |x ´ 1| ď 1

i.e.:
|NK{Qp

pxq|p ď 1 ñ |NK{Qp
px ´ 1q|p ď 1

i.e.:
|NK{Qp

pxq|p P Zp ñ |NK{Qp
px ´ 1q|p P Zp

Let P pxq “ xn ` an´1x
n´1 ` ¨ ¨ ¨ ` a1x ` a0 be the minimal polynomial for x.

By expressing the determinant of the multiplication by x in the base p1, x, x2, . . . , xn´1q, we have that:

NK{Qp
pxq “ p´1qna0

Since the minimal polynomial of x ´ 1 is:

P px ` 1q “ xn ` ¨ ¨ ¨ ` p1 ` an´1 ` ¨ ¨ ¨ ` a0q,

we need:
a0 P Zp ñ p1 ` an´1 ` ¨ ¨ ¨ ` a0q P Zp.

In fact, we can prove that all ai belong to Zp (which is an even better result).
Let assume that there exists ai R Zp. We then define Qpxq “ pkP pxq “ pkxn ` bn´1x

n´1 ` ¨ ¨ ¨ ` b0, where
k is the smaller integer, such that all bi belong to Zp. Then, we take l the smaller integer, such that bl
is not divisible by p, and we have:

Qpxq ” ppkxk´l ` ¨ ¨ ¨ ` blqx
l pmod pq

The Hensel’s Lemma (2.18), we have that Qpxq is reducible, and therefore P pxq is also reducible. That
is a contradiction.
So, all ai belong to Zp, and the non-archimedean property is proven.
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The Proposition 3.4 allows us to extend the p-adic absolute value to the algebraic closure of Qp, since the
extended absolute value of an element does not depend on the field in which we consider this element.

Proposition 3.5. The p-adic absolute value extends to Qp, the algebraic closure of Qp. And this
extension is unique.

Maybe, one can think we are done with our goal of finding an equivalent of C. But we really need
completeness in order to do analysis, and unfortunately we do not have that yet.

Proposition 3.6. Qp is not complete.

Proof. We will use the Baire theorem. If we can prove that Qp is not a Baire space, then it cannot be
complete.
We denote Zn “ tx P Qp, rQppxq : Qps ď nu, for n ě 1.
We have: Qp “

Ť

ně1 Zn.

First, the Zn are closed. Let pxiq P ZN
n . For every i P N, we have Pi P Qprxs, with degPi ď n and

Pipxiq “ 0. Multiplying if necessary the Pi, we can assume that their coefficients are bounded (they all
lie in Zp, for example). Extracting if necessary, we can now assume Pi ÝÑ P P Qprxs.
We denote Pipxq “

ř

kďn a
k
i x

k and P pxq “
ř

kďn a
kxk. Then:

P pxiq “ P pxiq ´ Pipxiq

ď max
kďn

pak ´ aki qxk
i

ÝÝÝÑ
iÑ8

0,

since aki ÝÑ ak and xk
i is bounded.

Furthermore: P pxiq ÝÑ P pxq, by continuity.
So we have: P pxq “ 0, and then x P Zn.

Second, Zn have no interior point. Indeed, for every ball B Ă Qp, we have Qp.B “ Qp. So, if there exists
a ball B Ď Zn, we have Qp “ Qp.B Ď Qp.Zn “ Zn. That is impossible.

Qp is not a Baire space, and then it is not complete.

3.2 Cp

We finally achieve our goal of constructing an algebraically closed and complete extension of Qp by going
through the completion again.

Definition 3.7. The result of the completion of Qp is denoted Cp, considering that it is the p-adic
equivalent of C.

Proposition 3.8. Cp is algebraically closed.

Proof. We do not have a specific object that we need for this proof. Indeed, we will need an extension of
the absolute value on the algebraic closure of Cp (we do not know yet that it is Cp itself). We will just
admit that we can extend our absolute value. Robert gives a precise proof by constructing a universal
p-adic field in [Rob00] (pages 137-142).

Let P pxq “
ř

nďd anx
n P Cprxs an irreducible polynomial. We assume d ě 2 and that the zeros of P pxq,

denoted pa1, . . . , adq, are not in Cp. We also fix b P Qp such that:

@i P rr2; dss, |b ´ a1| ă |b ´ ai|.

9



We have at least one morphism σ : Cppa1q ÝÑ Cp, such that σpa1q ‰ a1 (a1 is sent on one of its
conjugates). But now, |σp¨q| is an absolute value. By uniqueness of the extension of the absolute value
(Proposition 3.1), we have that:

|b ´ σpa1q| “ |σpbq ´ σpa1q| “ |σpb ´ a1q| “ |b ´ a|.

That is impossible by our choice of b. So P pxq cannot have a degree greater than one, and Cp is
algebraically closed.

Proposition 3.9. We can extend the p-adic absolute value to Cp, and |Cp|p “ tpα, α P Qu Y t0u.

Proof. Since | ¨ |p is non-archimedean on Qp, if pxiq is a Cauchy sequence in Qp, we have that |xi|p is
stationary. We then define: | limxi|p “ lim |xi|p.

Clearly, the image of Cp by | ¨ |p is the same as the image of Qp.
Then, the proposition comes from the definition of the p-adic absolute value on Qp.

4 The Borel-Dwork theorem

4.1 Power series
We can now define power series on Qp and on Cp.

Remark. A power series fpXq “
ř8

i“0 aiX
i P Qprrxss converges on z if and only if |aiz

i|p ÝÑ 0, because
| ¨ |p is non-archimedean.

The criterion is simpler than in real and complex fields. It follows that the regions of convergence are
also simpler.

Proposition 4.1. Consider a power series fpxq “
ř8

i“0 aix
i. The radius of convergence of fpxq is:

ρ “
1

lim supiÑ8
i
a

|ai|

More precisly:

• if |ai|pρ
i ÝÑ 0 (i.e., fpρq converges), then fpzq converges if and only if |z| ď ρ.

• if p|ai|pρ
iqiPN does not tend to 0, then fpzq converges if and only if |z| ă ρ.

4.2 The Theorem
This is a first improvement of Borel’s theorem. It is a distinctive feature of the p-adic approach: we use
analytic properties to prove an algebraic result.
We follow the proof of Cassels in [Cas86].

Theorem 4.2 (Borel-Dwork). Let

fpXq “ f0 ` f1X ` ¨ ¨ ¨ ` fnX
n ` ¨ ¨ ¨ (3)

be a formal power series, where fn P Q. Suppose that there is a finite set S of prime numbers such that:

(i) |fn|p ď 1 for all p R S and all n.

(ii) f defines a function meromorphic on a disk Bp0, Rq in C.

10



(iii) For each p P S there is a polynomial

gppXq “ 1 ` g1,pX ` ¨ ¨ ¨ ` gm,pX
m P QprXs

such that the series gppXqfpXq, considered as a series with coefficients in kp, has radius of convergence
Rp in Qp.

R ¨
ź

pPS

Rp ą 1.

Then fpXq is the expansion of an element of kpXq.

We will need some lemmas in order to prove the theorem. We begin by proving the classic lemma 4.5

Lemma 4.3. Let A be the determinant of the matrix
¨

˚

˚

˚

˝

a00 a01 ¨ ¨ ¨ a0s
a10 a11 ¨ ¨ ¨ a1s
...

...
. . .

...
as0 as1 ¨ ¨ ¨ ass

˛

‹

‹

‹

‚

,

let Aij be the elements of the adjoint matrix (Aij is the cofactor of aji), and let a be the determinant of
the ps ´ 1q ˆ ps ´ 1q matrix obtained by deleting the first and last row and column. Then

A00Ass ´ A0sAs0 “ Aa.

Remark. This is a special case of “Jacobi’s Theorem on the minors of the adjugate”.

Proof. Follows by taking determinants in the matrix identity
¨

˚

˚

˚

˚

˚

˝

A00 A01 ¨ ¨ ¨ A0,s´1 A0s

0 1 ¨ ¨ ¨ 0 0
...

...
. . .

...
0 0 ¨ ¨ ¨ 1 0

As0 As1 ¨ ¨ ¨ As,s´1 Ass

˛

‹

‹

‹

‹

‹

‚

¨

˚

˚

˚

˚

˚

˝

a00 a01 ¨ ¨ ¨ a0,s´1 a0s
a10 a11 ¨ ¨ ¨ a1,s´1 a1s
...

...
. . .

...
...

as´1,0 as´1,1 ¨ ¨ ¨ as´1,s´1 as´1,s

as0 as1 ¨ ¨ ¨ as,s´1 ass

˛

‹

‹

‹

‹

‹

‚

“

¨

˚

˚

˚

˚

˚

˝

A 0 ¨ ¨ ¨ 0 0
a10 a11 ¨ ¨ ¨ a1,s´1 a1s
...

...
. . .

...
...

as´1,0 as´1,1 ¨ ¨ ¨ as´1,s´1 as´1,s

0 0 ¨ ¨ ¨ 0 A

˛

‹

‹

‹

‹

‹

‚

Here the first matrix has 1 on the diagonal, 0 elsewhere, except in the first and last rows.

We shall be concerned with the Hankel determinant:

F pn, sq “ detpaijq

for which

aij “ fn`i`j p0 ď i ď s, 0 ď j ď sq

and the fn are the coefficients in the equation 3.

Corollary 4.4. For every n ě 0 and s ě 1:

F pn, s ´ 1qF pn ` 2, s ´ 1q ´ pF pn ` 1, s ´ 1qq2 “ F pn, sqF pn ` 2, s ´ 2q. (4)
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Lemma 4.5. Suppose that there is an s such that F pn, sq “ 0 for all sufficiently large n. Then fpXq is
the expansion of a rational function.

Proof. Without loss of generality, s is minimal. There is thus some n0 such that

F pn, sq “ 0 (all n ě n0q (5)

F pn0 ` 1, s ´ 1q ‰ 0. (6)

By the equation 5 the right-hand side of the equation 4 is 0 for all n ě n0. It now follows from the
equation 6 by induction on n that

F pn, s ´ 1q ‰ 0 (all n ě n0 ` 1q. (7)

By the equations 5 and 7, for any n ě n0 ` 1 there are unique cr “ crpnq such that

fl`s ` c1fl`s´1 ` ¨ ¨ ¨ ` csfl “ 0 pn ď l ď n ` sq. (8)

On comparing the equation 8 for n and n`1 and using the equation 7, we readily deduce that crpn`1q “

crpnq; that is, the cr are independent of n. Hence

p1 ` c1X ` ¨ ¨ ¨ ` csX
sqfpXq

is a polynomial in X, as required.

Lemma 4.6. (i) Let A be the determinant of the matrix paijq0ďi,jďs, where aij P Q, and let

αi “ max
0ďjďs

|aij | p0 ď i ď sq.

Then:

|A|p ď
ź

0ďiďs

αi

where Mpp, sq depends only on p and s.

(ii) With the usual absolute value on Q, let

αi “ max
0ďjďs

|aij |p p0 ď i ď sq.

Then:
|A| ď ps ` 1q!

ź

0ďiďs

αi

Proof. The result is due to this expression of the determinant:

A “
ÿ

j

σpjqa0,jp0qa1,jp1q ¨ ¨ ¨ as,jpsq

where j runs through the permutations of t0, . . . , su, and σpjq is its signature.
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Proof of the Theorem 4.2. By the hypothesis of the theorem,we can choose T such that TR ą 1 and for
p P S, we can choose Tp such that

TpRp ą 1 and T ¨
ź

pPS

Tp ă 1.

Then the coefficients of
hppXq “ gppXqfpXq “ h0 ` h1X ` . . . (9)

satisfy
|hn|p ď Tn

p

for all sufficiently large n.
The formal expansion of g´1

p pXq as a power series clearly converges in some neighborhood of the origin.
Hence fpXq, considered as a power series with coefficients in Qp, converges in some neighborhood of the
origin. There is thus some tp ą 0 such that

|fn|p ď tnp

for all sufficiently large n. We now estimate p-adically for p P S the determinants F(n,s). If s > m, which
we suppose, we can use the recurrence relations furnished by the equation 9 to replace the fn`i`j for
i ě m by hn`i`j . That means F pn, sq “ detpbijq, where:

bij “

#

fn`i`j for 0 ď i ă m,

hn`i`j for m ď i ď s.

On using our estimates in the preceding lemma we readily obtain

|F pn, sq|p ď Lp ¨ tnmp ¨ Tnps´mq
p

for all sufficiently large n, where Lp “ Lppsq is independent of n.

Everything was express with a p-adic absolute value but we can apply the same proof to C and the classic
absolute value. We find the same domination: |F pn, sq| ď L ¨ tnm ¨ Tnps´mq.

By the hypothesis of the Theorem and by the preceding lemma, for all p R S and all n and s we have:

|F pn, sq|p ď 1

Then:
ź

all p

|F pn, sq|p ď A ¨ Bnm ¨ Cnps´mq (10)

for all sufficiently large n, where

A “ Apsq “ L ¨
ź

pPS

Lp, B “ t ¨
ź

pPS

tp, C “ T ¨
ź

pPS

Tp ă 1,

by hypothesis on the Tp.

Then, we can choose s so that:

D “ BmCs´m ă 1

and then, by the equation 10,
|F pn, sq| ¨

ź

all p

|F pn, sq|p ď ADn ă 1

for all sufficiently large n.
But for any x P Qzt0u, we have:

|x| ¨
ź

p

|x|p “ 1

So, for all sufficiently large n: F pn, sq “ 0.
The result now follows the Lemma 4.5.
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5 Analytic elements and Polya-Bertrandias Theorem

5.1 Analytic elements
We follow construction in [Rob00] and [Ami75]
Since analytic continuation cannot be achieved by means of Taylor expansions in p-adic analysis, another
procedure has to be devised. It was Krasner’s idea to mimic the Runge theorem of complex analysis: A
holomorphic function f defined in a domain D of the complex plane C can be uniformly approximated
using rational functions .
More precisely, for each compact subset C P D, choose A “ taiuiPI with one point in each connected
component of the complement of C in the Riemann sphere. Then f can be uniformly approximated on
C by rational functions having all their poles in the set A.
We denote
}f}D is the sup norm of f on D
let RpDq denote the ring of rational functions having no pole in D:

RpDq “

!

f “
g

h
: g, h P CprXs, h having no zero in D

)

.

Definition. Let D be a closed subset of Cp. A function f : D Ñ Cp is an analytic element if it is a
uniform limit of a sequence of rational functions fn P RpDq.

The analytic elements on D make up a vector space HpDq, which is a uniform completion of RpDq.
However, note that in general an f P RpDq can be an unbounded function on D, so that RpDq is not a
metric space. Let us start with the important case where it is a metric space (in (4.3) we shall show how
to treat the other case).

Proposition When D Ă Cp is a closed and bounded subset, each f P RpDq is bounded on D, and
HpDq is the closure of RpDq in the Banach algebra CbpDq for the sup norm. [Rob00]
To be able to speak of analytic elements on the complement of a ball (which is unbounded) we now
approach the case of unbounded domains D, and hence RpDq is not a metric space. Let us introduce
the vector subspaces

RbpDq :“ tf P RpDq : f bounded on Du,

consisting of the rational functions f “ g{h, deg g ď deg h, having no pole in D,

R0pDq :“ tf P RpDq : f Ñ 0 as |x| Ñ 8u Ă RbpDq

consisting of the rational functions f “ g{h, deg g ă deg h, having no pole in D.

The Euclidean division algorithm shows more precisely that

RpDq “ R0pDq ‘ Cprxs

“ R0pDq ‘ Cp
loooooomoooooon

“RbpDq

‘xCprxs.

A fundamental system of neighborhoods of an f0 in RpDq is given by

Vεpf0q “

"

f P RpDq : sup
xPD

|fpxq ´ f0pxq| ă ε

*

pε ą 0q.

In particular, if f0 is bounded, then Vεpf0q Ă RbpDq, namely:

Vεpf0q X xCprxs “ t0u.

This proves that the topology induced by uniform convergence on xCprxs is the discrete one:
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RpDq “ RbpDq
loomoon

normed space

‘ xCprxs
loomoon

uniformly discrete

.

By completion we get:
HpDq “ HbpDq

loomoon

Banach space

‘ xCprxs
loomoon

uniformly discrete

.

We can also write
HpDq “ H0pDq ‘ Cp ‘ xCprxs

and group the last two factors
HpDq “ H0pDq ‘ Cprxs,

but the uniform structure on the last factor is not the discrete one.

When D is unbounded, we shall only use bounded analytic elements and thus work in the Banach
algebra HbpDq “ H0pDq ‘ Cp.

We note that H0pDq is a (maximal) ideal in this algebra with quotient

HbpDq{H0pDq – Cp (a field).

5.2 Lescaminate
Let P be a monic, non-constant polynomial of degree q, and let M ą 0. Then the lemniscate defined

by P and M is the set:
B “ BpP,Mq “ tx P K | |P pxq| ď Mu.

It is clear that B is closed and bounded.
Let P be a monic polynomial of degree q ą 1, and let us define the following sets:

B1pP,Mq “ tx P P1pKq | |P pxq| ą Mu,

CpP,Mq “ BpP,Mq X B1pP,Mq.

We finish this paragraph with a remark that will be useful in Chapter 7. Let f “ Q`g, Q be a polynomial
and g P H0pB1q. We define a1pfq as the residue of f at infinity, that is:

lim
xÑ8

xgpxq,

where DpBq designates the diameter of B, so that:

|a1pfq| ď }f}BDpBq

Suppose 0 P B (which we can assume, as a1pfq is clearly translation invariant), then from

|a1pfq| ď }fx}C ď }f}C{diampBq.

Estimate on residue[Ami75] Let f P H0pB1q. Then there exists a constant Mpfq such that, for any
polynomial Q:

|a1pfQq| ď Mpfq}Q}C .
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5.3 Lemniscates in the Complex Plane
Let P P CrXs be a monic polynomial of degree q ě 1, and let M ą 0. We define:

BpP,Mq “ tz P C | |P pzq| ď Mu,

B0pP,Mq “ tz P C | |P pzq| ă Mu,

B1pP,Mq “ tz P C | |P pzq| ě Mu,

and

CpP,Mq “ BpP,Mq X B1pP,Mq.

When no confusion arises, we will denote these sets by B,B0, B1, C.

Corollary [Ami75] — Let f be an analytic function on B1 vanishing at infinity. Then there exists a
constant Mpfq such that, for every polynomial Q,

|a1pQfq| ď Mpfq }Q}C .

5.4 Transfinite Diameter
Let E be a metric space, B Ď E, and for n ě 2, we define:

DnpBq “ sup

#

ź

i‰j

dpxi, xjq

ˇ

ˇ

ˇ

ˇ

ˇ

x “ px1, . . . , xnq P Bn

+

and

dnpBq “ pDnpBqq
1{npn´1q

.

Then, limnÑ8 dnpBq exists. We denote this limit as dpBq, and we call it the transfinite diameter of
B.
Note that if B is not bounded, then DnpBq “ `8, and we agree that in such cases dpBq “ 8, but from
now on we will only be concerned with bounded subsets of E.
If B is bounded, let DpBq denote its diameter:

DpBq “ sup
␣

dpx, yq | px, yq P B2
(

,

then D2pBq “ pDpBqq2, and it is immediate that for n ě 2,

dnpBq ď DpBq2n ñ dpBq ď DpBq.

We also note that if the distance d is replaced by a proportional distance

d1px, yq “ r ¨ dpx, yq, r ą 0,

then all quantities scale accordingly. Let d1
npBq be the quantity corresponding to a scaled distance

d1px, yq “ rdpx, yq, then d1
npBq “ rdnpBq. Hence, we may assume without loss of generality that DpBq ď

1.
Define

gnpx1, . . . , xnq “
ź

i‰j

dpxi, xjq “ gnpxq, x “ px1, . . . , xnq P Bn,

then
gn`1px1, . . . , xn`1qn “ h1 ¨ ¨ ¨hn`1,

where
hj “ gnpxjq, xj “ px1, . . . , x̂j , . . . , xn`1q P Bn.
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Therefore,

pDn`1pBqqn ď DnpBqn`1, ñ dn`1pBq ď pdnpBqq1`1{n ď dnpBqpDpBqq1{n.

If DpBq ă 1, then the sequence dnpBq is decreasing and bounded below, hence convergent.
We can verify that if B is a disk in C or a valued non-archimedean field with infinite residue field, then
dpBq is the radius of B.
Some Immediate Properties:

(i) If A Ď B, then dpAq ď dpBq;

(ii) If A Ď B and A is dense in B, then dpAq “ dpBq;

(iii) If B is a finite set, then dpBq “ 0;

(iv) If B is finite and A is bounded, then dpA Y Bq “ dpAq.

In the case where the metric space E is a valued field K, the transfinite diameter admits a definition
equivalent to the previous, which we shall now use.

Lemma Let B be a bounded subset of the valued field K. Let Pn be the set of monic polynomials of
degree n with coefficients in K, and define:

SnpBq “ inf

"

sup
xPB

|P pxq|

ˇ

ˇ

ˇ

ˇ

P P Pn

*

, snpBq “ pSnpBqq1{n2

.

Then
snpBq Ñ dpBq, as n Ñ 8.

Moreover, if f is a function defined on B with values in K (or in R), we write }f}B “ supt|fpxq| | x P Bu.
Then

SnpBq “ inft}P }B | P P Pnu.

Choose
y “ py1, . . . , ynq P Bn,

and let
Pypxq “ px ´ y1qpx ´ y2q ¨ ¨ ¨ px ´ ynq,

then
gnpx1, . . . , xnq “ Pypx1q ¨ ¨ ¨Pypxnq “ gnpy1, . . . , ynq.

Given ε ą 0, we can choose y such that gnpyq ą DnpBqp1 ´ εq. Then for any such choice of y, we have:

DnpBqp1 ´ εq ď }Py}2B ď Dn`1pBq.

For each ε ą 0, we can associate Py P Pn satisfying this inequality, hence:

SnpBq ď pDn`1pBq{DnpBqq1{2.

Now, as n Ñ 8, pDn`1pBq{DnpBqq1{n Ñ dpBq2. Therefore,

lim sup snpBq ď dpBq.

Moreover, note that:
gnpx1, . . . , xnq “ |V px1, . . . , xnq|2,

where V px1, . . . , xnq is the Vandermonde determinant associated to x1, . . . , xn, and

V “ rvijs, vij “ xi´1
j , 1 ď i ď n, 1 ď j ď n.
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Let P P Pn´1. Then V px1, . . . , xnq is also the determinant obtained by replacing, in the last column of
V , xi´1

n by P pxiq. Expanding this last column in terms of its entries, we get:

V px1, . . . , xnq “
ÿ

ViP pxiq,

where Vi is the Vandermonde determinant of px1, . . . , x̂i, . . . , xnq.
Choose s “ px1, . . . , xnq such that

gnpsq ě DnpBqp1 ´ εq,

and set
DnpBqp1 ´ εq ď }P }B |V px1, . . . , xnq|, @P P Pn´1.

Hence, we conclude (taking supremum and infimum):

Sn´1pBq ě
DnpBq

Dn´1pBq
,

and thus:
lim inf snpBq ě dpBq,

which completes the proof.
Corollary — Let B be a bounded subset of K, dpBq its transfinite diameter, ε ą 0, and r ą 1; there
exists an integer n and a polynomial P P Pn such that:

B Ď tx P K | |P pxq| ď pdpBq ` εqn ¨ ru.

Indeed, for sufficiently large n, snpBq ď dpBq ` ε, and SnpBq ď pdpBq ` εqn; by choosing such an n, there
exists P P Pn such that }P }B ď rSnpBq.

Example — Suppose K is non-archimedean and algebraically closed. The lemniscate B “ BpP,Mq is
defined by a monic polynomial P of degree q ě 1 and a constant M , with transfinite diameter dpBq “

M1{q. Indeed, }P k}B “ Mk ñ SnpBq ě Mk, thus dpBq ď M1{q.
On the other hand, if Q is a monic polynomial of degree kq, write:

Q “ Q1P ` ¨ ¨ ¨ ` QkP
k,

where each degQi ă q , then:

}Q}B ď max
`

}Qi}B ¨ }P i}B
˘

ď max p}Qi}Bq ¨ Mk “ Mk,

so SnpBq “ Mk and dpBq “ M1{q.

5.5 The Polya-Bertrandias theorem
Theorem 5.1 (Polya-Bertrandias). Let fpXq “

ř

ně1
an

Xn be a Laurent series with ak P Q. We suppose
there exists a finite set P of prime numbers such that:

• For every prime number p R P and n ě 1, |an|p ď 1;

• f defines in C a function extendable to a connected domain B0, whose supplement is bounded and
has a transfinite diameter d0;

• For every prime number p P P , f defines in Cp a function extendable into an analytic element on a
part Bp of Cp, whose supplement is bounded and has a transfinite diameter dp;

• The product d “ d0 ˆ
ś

pPP dp satisfies d ă 1;

then f is a rational function.
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Remark: The Borel–Dwork theorem is a corollary of this one, for if

fpXq “
ÿ

ně0

anX
n

satisfies the hypotheses of the Borel–Dwork theorem, it is easy to verify that

gpXq “ fp1{Xq ´ a0

satisfies hypotheses 4.1

5.6 Lemma
Let K be a field complete with respect to an absolute value and algebraically closed (for example, K “ C
or K “ Cp) and let

fpXq “
ÿ

ně0

anX
n P K rrXss.

Let P P K rXs, degpP q ą 1, and let B1 “ tx P K | |P pxq| ě ddegpP qu.
If f extends to a function in H0pB1q, then

lim sup
kÑ8

|Dk
1 pfq|2{k2

ď d.

Let Γ “ tx P K | |P pxq| “ ddegpP qu. It is known that there exists a constant Mpfq such that, for any
polynomial Q,

|aℓpfQq| ď Mpfq}Q}Γ.

Let P1, . . . , Pk be monic polynomials, Pk P Pk´1. By definition, Dk
1 “ raijs where aij “ ai`j´1 for

i “ 1, . . . , k, j “ 1, . . . , k. By linear combination of the columns of Dk
1 , we see that if

PjpXq “ Xr´1 ` pj1X
r´2 ` ¨ ¨ ¨ ` pj,r´1,

and
Pjf “

ÿ

kě0

bjkX
k,

then we also have Dk
1 “ rbijs for i “ 1, . . . , k, j “ 1, . . . , k. Performing an analogous combination on the

rows of Dk
1 , we find that Dk

1 pP1f, . . . , Pkfq “ Dk
1 pfq. Let

}Pj}Γ “
ÿ

|pjℓ|,

then there exists a constant Mpfq such that

|aℓpPjfq| ď Mpfq}Pj}Γ.

Let Sk “ maxp}P1}Γ, . . . , }Pk}Γq. If K is non-Archimedean, set Sk “ p|pij | ` ¨ ¨ ¨ `1q “ C “ C. Applying
Hadamard’s inequality, we obtain

|Dk
1 pfq| ď Mpfqkp1 ¨ ¨ ¨ pkS

k
k .

Choose P1, . . . , Pk such that pk ď pd ` εqk for k sufficiently large
Assume first d ă 1, and let L be a constant (not necessarily the same across all inequalities). Then, by
choosing ε small enough so that d ` ε ă 1, we have:

Sk ď kL, p1 ¨ ¨ ¨ pk ď Lpd ` εqkpk´1q{2,

and hence:
2

k2
log |Dk

1 pfq| ď
L

k
` logpd ` εq `

log k

k
` L.
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As k Ñ 8, we deduce that:
lim
kÑ8

|Dk
1 pfq|2{k2

ď d.

If d ă 1, the lemma is proved. Otherwise, let λ P K, and let:

fλpXq “ fpλXq.

Then fλ can be extended to an element of H0

`

1
λB

1
˘

, where 1
λB

1 is the image of B1 under the homothety
centered at 0 with ratio 1{λ.
Clearly:

Dk
1 pfλq “ λ´k2

Dk
1 pfq, and d

ˆ

1

λ
B1

˙

“
1

|λ|
d.

Hence, if the lemma is true for d ă 1, then it is true for all d ą 0.

5.7 Proof of Theorem 8.1
For x P Q, denote

}x} “ |x| ˆ
ź

pPP

|x|p,

the product of all normalized absolute values of x.
Let d be the product of the transfinite diameters appearing in condition (iv). If p R P , then

|Dk
1 pfq|p ď 1.

Let:
N “ 1 ` CardpP q.

Choose ε ą 0 so that dp1 ` εqN ă 1.
Then there exist integers k0 and kp for p P P such that for k ě k0 (resp k ě kpq, we have:

|Dk
1 pfq| ď pdp1 ` εqqk, |Dk

1 pfq|p ď pdpp1 ` εqqk.

Let K be the maximum of k0 and kp. Then for k ě K we have:

}Dk
1 pfq} ă pdp1 ` εqN qk ă 1.

Thus, for such k, we get Dk
1 pfq “ 0, and from Lemma 4.4 , it follows that f is rational.
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