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1 Contexte du stage

A Tissu de mon Master 1, je suis arrivé a la conclusion que le domaine des ma-
thématiques qui m’intéressait le plus et ol je me sentais le plus a l'aise était
celui des probabilités. J’ai donc contacté au début du mois de décembre 2020
mon professeur de processus stochastique, Giambattista Giacomin, pour qu’il
me donne les coordonnées de chercheurs francais travaillant hors de la région
parisienne, préts a me prendre en stage pour quatre mois. Je lui avais en par-
ticulier indiqué mon intérét pour une présentation du chercheur Hubert Lacoin
au thé du DMA, ou ce dernier parlait de limites d’échelle continues et détermi-
nistes pour une dynamique aléatoire et discréte. Giambasttista m’a finalement
transmis les coordonnées de plusieurs mathématiciens, dont celles de Cédric
Bernardin, professeur & I’Univesité de Nice.

C’est donc ce dernier que j’ai contacté par mail mi-janvier pour lui demander
de m’accorder un stage a partir de début mars. Il m’a aussitét répondu qu’il
m’accueillerait trés volontier pour un stage encadré par lui et par un collégue
spécialisé en physique mathématique, Raphaél Chetrite. Aprés un mois de repos
a l’issue des mes examens de M1, j’ai donc pris le train de six heures pour Nice,
profitant du trajet pour commencer a étudier le sujet de mon stage.

Les conditions dans lesquelles s’est déroulé mon stage étaient pour ainsi dire
trés confortables. Le choix définitif de ma destination fut, en partie, influencé
par la présence & Nice d'un appartement avec vue sur le vieux port acheté par
mes parents quelques mois auparavant. J’ai donc passé mes quatre mois de stage
seul dans un environnement domestique trés calme et agréable. A I’Université
de Nice, j’ai eu la chance de me voir attribuer un bureau, que je partageais avec
deux thésards trés sympatiques, a quelques pas de celui de mes maitres de stage.
Mon bureau était plus précisément situé au cinquiéme étage du batiment Fizeau
du campus Valrose, heureusement desservi par un ascenseur. Le campus Valrose
en lui-méme est absolument magnifique tant la végétation y est omniprésente.
Je m’y rendais systématiquement en tram, le trajet de mon logement a mon
bureau durant en tout et pour tout une trentaine de minutes. Quant a la ville
de Nice, elle est toute a fait plaisante & vivre, les commerces en tout genre étant
nombreux et il fut trés facile d’accéder & des endroits bucoliques & pied depuis
mon appartement, en particulier au parc du Mont Boron.

Vis-a-vis de mon organisation personnelle, je me rendais physiquement au labo-
ratoire deux ou trois jours par semaine. J’arrivais en général vers 10h30-11h00
et partait vers 17h30-18h00 (je sais, dure journée). Cependant mes heures de
travail réelles étaient assez aléatoires, et je pouvais trés bien passer une journée
entiére au laboratoire sans rien produire avant de travailler sans discontinuité de
21h00 & 02h00 une fois rentré chez moi, travaillant plus quand 'inspiration ve-
nait qu’a des horaires fixes. J’ai ainsi obtenu plusieurs idées importantes en me
promenant dans la forét ou en marchant sur la plage. J’ai eu la grande chance
d’avoir deux maitres de stages & I’écoute et disponibles : je les voyais entre une



et deux fois par semaine dans des rendez-vous pouvant durer 20 minutes comme
3 heures et obtenus & ma demande souvent du jour pour le lendemain. Au cours
de ces discussions, je présentais en général mes nouvelles idées, les calculs que
j’avais menés et posais des questions sur les objets avec lesquels je n’étais pas
familier.

Enfin, a propos de la bibliographie lue pendant le stage, je dois reconnaitre
qu’elle est quasiment inexistante. L’objectif du stage fut de montrer un premier
théoréme, puis un deuxiéme, et je n’ai jamais eu besoin de chercher un résultat
dans un livre ou un article mathématique : les preuves finales de mes résul-
tats sont techniques mais complétement élémentaires. J’ai donc lu en tout et
pour tout un cours d’introduction aux équations différentielles stochastiques de
Bernard Ycart, des morceaux d’un cours plus conséquent sur le méme sujet de
Lawrence Evans, quelques chapitre de Multiscale Methods - Averaging and Ho-
mogenization de Grigorios Pavlotis et Andrew Stuart, et, évidemment, I’article
de mes encadrants cité plus bas.

2 Déroulement du stage

Tous le travail que j’ai effectué durant mon stage visait & généraliser des résul-
tats que mes encadrants avaient obtenus dans un article écrit conjointement avec
des collégues de Toulouse : "Emergence of jumps in quantum trajectories via
homogeneization". Il s’agit essentiellement de théorémes d’homogénéisation : on
prend une suite de processus stochastiques indexée par un parameétre ~y réel po-
sitif, et on essaye d’exprimer la dynamique du systéme quand v tend vers +oo.
Plus précisément, les principaux résultats obtenus au cours du stage sont essen-
tiellement des reformulations dans des cadres particuliers du "méta-théoréme"
sur un espace d’état général F :

Theorem 1. Soit £ et L) deux opérateurs, on note L, = LO 4~ p
le projecteur sur ker L) parallelement o Im LY et Lo = PLOP. Nous avons
alors pour toutt >0 :
etbr — Petlep,
Yy—+o00
ot t — et est le semi-groupe du processus stochastique (Xt)t>0 de générateur
L, i.e. e f(x) =E,(f(X¢)) pour toute fonction test f et tout x € E.

Ce théoréme n’a de sens que si £(9 et £(Y) ont une forme particuliére et nous ar-
rivons ainsi & la premicre situation étudiée par mes encadrants : si on prend £
et L) deux éléements de M, (R) de valeur propre 1 et positifs en dehors de la
diagonale, on peut associer & chacun d’entre eux une chaine de Markov & temps
continu qu’on appelle respectivement processus sous-dominant et processus do-
minant, les matrices (em) >0 s’'identifiant alors au semi-groupe du processus
associé & £. Dans ce cadre, mes maitres de stage ont montré que le théoréme 1
était vrai. D’un point de vue probabiliste, ce théoréme signifie que quand  tend
vers l'infini, la variable aléatoire X, "converge en loi" vers X; oul le processus



stochastique (X;); est une chaine de Markov d’espace d’états R, I’ensemble
des classes récurrentes positives de la chaine de Markov associée a £(1). Ainsi,
notre processus complexe s’homogénéise en un processus plus simple quand -y
tend vers infini.

La question que se posaient mes maitres de stage était de savoir si le résultat res-
tait vrai si on considérait une chaine de Markov a espace d’états dénombrable,
et ce probléme a été présenté comme le premier objectif du stage. On observe
d’abord que si la convergence énoncée dans le théoréme 1 est selon n’importe
quelle norme quand on considére des matrices de taille finie, il est important
de determiner pour quelle topologie le théoréme est vrai en dimension infinie.
La convergence faible est le candidat naturel quand on étudie des semi-groupes,
mais encore faut-il trouver quel est le bon espace de fonctions test.

Avant de s’attaquer au théoréme pour n’importe quelles matrices de taille dé-
nombrable £ et £, j’ai d’abord considéré le cas oi £ est nul, le théoréme
1 devenant alors le théoréme ergodique classique, mais avec potentiellement plu-
sieurs classes récurrentes (positives ou nulles) et des états transients. En notant
P.(T = T¢) la probabilité que la premiére classe récurrente atteinte par un pro-
cessus de générateur £(1) démarrant en 2 € E soit C' et jue la mesure invariante
associée a la classe récurrente positive C, on a :

Theorem 2. Soit LV = (E(l)(sc,y))x yer Un opérateur linéaire et f une fonc-
tion test sur l’espace d’état E. Alors pour tout x € E on a :

67‘“)]‘(35) N Z P.(T =Tc) uc, f).

VI (R,

J’ai alors observé que pour une chaine de Markov quelconque, le théoréme ne
pouvait pas étre vrai si 'on supposait que l'espace des fonctions test était £>°(E),
mais qu’il était en revanche vrai si 'espace des fonctions tests était £1(E). Ce
constat était en réalité un piége qui m’a couté deux semaines de travail & cher-
cher un théoréme de convergence qui fonctionnerait pour n’importe quels £
et £ (en supposant juste qu’ils étaient bornés), théoréme qui n’existe en fait
pas comme je le découvrirai plus tard. En trouvant des contre exemples & ce
théoréme général s’il existait une classe récurrente nulle, j’ai compris qu’il fal-
lait absolument mettre des hypothéses sur la forme de notre chaine de Markov
dominante. La bonne hypotheése est en faite que pour tout x € F on a

zEE

ou encore que notre processus dominant converge presque siirement vers une
classe récurrente positive en temps fini, ce qui implique en particulier ’absence
de classe récurrente nulle. Sous ces hypothése, on a en particulier que le théo-
réme 2 est vrai pour toute fonction test dans ¢>°(F). In fine, sous (1) et avec
beaucoup de calculs (qui étaient d’ailleurs trés différents de ceux réalisés par



mes maitres de stage dans le cas fini, qui eux reposaient sur de la réduction
de Jordan), j’ai prouvé le théoéme 1, trouvant en passant un espace d’état F,
des opérateurs £ et £ bornés ainsi qu’une fonction f € £>(FE) a support
fini tels que e**7 f(x) ne convergeait pas pour un certain x, brisant 1a tout es-
poir d’obtenir le moindre théoréme de convergence en affaiblissant (1). Apreés
un mois et demi de stage j’avais donc une preuve du théoréme 1 pour les chaines
de Markov & temps continu sous des hypothéses optimales.

C’est 1a que s’achéve la premiére partie du stage. A lissue de cette derniére,
mes encadrants m’ont indiqué que dans leur article (dont je n’avais lu que les
quelques pages sur le cas des chaines de Markov a espace d’état fini), ils démon-
traient aussi le théoréme 1 pour des opérateurs différentiels particuliers aux-
quels on associait des processus de diffusion sur des simplexes. Les hypothéses
sur les générateurs étaient justifiées par le probléme physique qui avait motivé
le probléme mathématique, mais il n’était pas du tout certain qu’elles étaient
nécessaires dans un cadre purement abstrait. Mon travail était de trouver les
hypothéses les plus générales possibles sur les opérateurs différentiels £(1) et
£ sous-lesquelles le théoréme 1 était encore vrai.

De fagon plus précise on considére un compact K de R™ a priori quelconque
et deux opérateurs différentiels £() (dominant) et £(®) (sous-dominant) sur
C>(K) de la forme :

LO = (b,V,) + 3000V, Vo) @)
£h = %(UJTVm,V )

oo : K — MyR)etdb: K — R sont des fonctions a priori quelconques.
On peut associer au générateur £, = £ 4+ L1 un processus de diffusion
(X))o €t la premiére hypothese que I'on fait sur ces opérateurs est que X'
reste presque stirement dans K pour des temps ¢ arbitraires. Cette assomption
se reformule explicitement en une condition simple sur les valeurs de b, o, 0 sur
les bords de K, la fonction o etant en particulier nécessairement nulle sur les
sommets de K.

Mes encadrants de stage avaient en fait démontré le théoréme 1 dans le cas ou
K était un simplexe convexe (a n+ 1 sommets dans R™ donc), o b était affine,
00,0 étaient quadratiques et out le nombre de zéros de o était exactement égal
a n + 1. L’interprétation du théoréme est alors assez extraordinire : la variable
aléatoire X, sur le simplexe convexe K, "converge en loi" quand 7 tend vers
Pinfini vers X; o (Yt)tZO est une chaine de Markov dont l'espace d’état est
I’ensemble des sommets du simplexe. J’ai in fine démontré le théoréme 1 en
supposant toujours que K était un simplexe convexe et que le cardinal de K
était n + 1, mais en exigeant seulement de o,0¢ et b d’étre lipschitziens (cette
hypotheése est essentielle car sans elle on ne sait méme pas si le processus est
bien défini).



J’ai commencé par me familiariser pendant quelques semaines avec la théorie
des diffusions que j’ai découverte avec de mon stage. On observait rapidement
un grand nombre de similitudes entre ’étude du probléme pour les chaines de
Markov et pour les diffusions, notamment vis-a-vis du théoréme 2 qui se formu-
lait exactement de la méme maniére dans les deux cas : pour les EDS, 'ensemble
des classes récurrentes positives est exactement I’ensemble K des zéros de o,
et les mesures invariantes associées sont les §, pour z € Ky. Néanmoins on ne
pouvait pas simplement adapter la preuve pour les chaines de Markov aux diffu-
sions pour une raison simple : dans le cas des chaines de Markov, ’espace d’état
est non compact, mais les opérateurs £(9 et £(1) sont bornés, alors que pour
les diffusions, ’espace d’état est compact mais les opérateurs sont non-bornés.

Je ne pouvais pas vraiment lire aisément le papier de mes maitres de stage qui
utilisait un formalisme physique avec lequel je n’étais pas familier, mais ces der-
niers m’avaient indiqué qu’une des étapes cruciales de la preuve du théoréme 2
était d’approximer la fonction test f par une fonction affine g ayant les mémes
valeurs sur les sommets du simplexe, c’est & dire sur K. L’existence d’une telle
fonction g est garantie par le fait que K est composé de n+ 1 points affinement
indépendants dans un espace de dimension n. Cette approximation est justifiée
car X} est, avec grande probabilité, dans n’importe quel voisinage de Ky quand
v tend vers 4+o0o (résultat que l'on appelle dans article le corollaire 1) : on
a donc finalement f(X}) = g(X}) avec une probabilité proche de 1 quand ~y
est suffisamment grand. La preuve du corollaire 1 repose sur le fait que, sur
des temps trés courts (pour s entre t — h et t), X7 se comporte comme le pro-
cessus dominant de condition initiale X, , entre 0 et vh. Comme le processus
dominant converge presque srement (et uniformément dans notre cas) vers les
sommets de K, on arrive & la conclusion que X, est avec une grande probabilité
proche des sommets, quelle que soit la valeur de X, ,, pour ~ suffisamment
grand et h suffisamment petit.

Pour des fonctions test affines et un drift affine, le théoréme 1 est complétement
trivial & montrer et toute la difficulté réside dans la preuve du corollaire 1. Ce-
pendant, comme je supposais seulement que le drift était lipschitzien, je devais
trouver un moyen de me ramener a un drift affine. J’ai donc considéré un pro-
cessus fictif (Y}"),s, de bruits o et o¢ mais de drift affine b, la fonction b étant
égal a b sur les sommets de K (nous utilisons encore une fois qu'il n’y a que
n + 1 sommets). J’ai enfin montré que les deux processus X” et Y7 avaient des
lois quasiment identiques quand ~y était suffisamment grand, ce qui terminait la
preuve du théoréme 1 pour les diffusions.

J’étais donc parvenu a une preuve compléte quand le bruit s’annulait en exac-
tement n + 1 points affinement indépendants. Mais, si j'utilisais abondamment
cette hypotheése, je ne pouvais pas encore prouver qu’elle était nécessaire. Aprés
plusieurs jours de travail, j’ai fini par trouver un contre-exemple au théoréme
avec un processus de diffusion dans le plan ou ¢ s’annulait en quatre points : le
compact K était un triangle convexe et les quatre éléments de K était les trois



sommets du triangle et un point intérieur.

On était arrivé a quelques jours de la fin du stage, et mes encadrants m’ont alors
dit qu’avec la preuve du théoréme 1 pour les diffusions et le contre-exemple, il
était possible de publier un article dans une revue. Ils m’ont juste conseillé de
recopier en adaptant les notations une partie de leur article qui montrait que la
"convergence en loi" de X; vers X; pour tout ¢ impliquait la convergence du
processus X7 vers X pour une certaine topologie, dite de Meyer-Zheng. C’est
alors qu’a commencé le travail de correction de la forme de 'article avant de
I’envoyer & un journal, travail qui n’est pas encore complétement fini aujourd’hui.
Je joins donc a ce rapport I'article dans sa forme presque finale, le texte jusqu’a
la fin de la preuve du théoréme 1 ayant été bien corrigé.

3 Conclusion

Je suis extrémement satisfait de mon stage ot j’ai pu découvrir ce qu’était la
recherche mathématique sur deux problémes que j’ai trouvés réellement inté-
ressants, et que j’ai eu la chance de résoudre tous les deux exactement dans
les temps. J’ai décidé pour plusieurs raisons de prendre une année de césure en
2021-2022, et mes maitres de stage m’ont indiqué qu’ils seraient trés heureux
de tavailler avec moi et avec leurs collégues de Toulouse sur un autre article
que nous écririons tous ensemble. Car, si j’ai pu répondre & plusieurs questions
lors de mon stage, de nouvelles sont apparues lors de mes recherches. Le "méta-
théoréme" a déja été énoncé par d’autres pour certains types de diffusions ou
de chaines de Markov, mais personne ne s’est encore attaqué au théoréme dans
sa forme la plus générale. Aussi bien dans le cas des chaines de Markov que
des diffusions, j’ai pu trouver des contre-exemples au théoréme si on ne faisait
pas d’hypothéses supplémentaires, ce qui prouve qu'un théoréme complétement
général aurait nécessairement une condition forte. Par ailleurs, si la condition
que j’ai obtenue pour les chaines de Markov me satisfait, je ne suis pas encore
persuadé que celle que j’ai trouvée pour les diffusions soit optimale : tous mes
contre-exemple sont dans des situations ot le (n+ 2)™¢ élément de Ky est dans
I’enveloppe convexe des autres, ce qui ne serait pas le cas si on considérait, par
exemple, un carré dans R2. Si I'on veut montrer le théoréme général, il faudra
donc trouver un moyen de relier le probléme sur les chaines de Markov a celui sur
les processus de diffusion. A priori la tache semble hardue, car les deux preuves
que j’ai trouvées ont des structures radicalement différentes. Cependant, s’il est
impossible d’adapter la preuve pour les chaine de Markov & celle pour les diffu-
sions, il n’est pas impossible que la méthode utilisée pour les EDS se généralise
a d’autres situations. J’ai récemment isolé dans ma preuve pour les diffusions
cinq étapes clés et quatre d’entre elles me semblent facilement réplicables dans
le cadre de processus de sauts. La cinquiéme est de loin la plus technique et celle
qui me semble la moins facile & adapter : la généraliser sera siirement difficile
mais c’est une piste qu’il faudra essayer de développer.
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1 Introduction

We consider a set of general markovian processes (Xg ) 4>0 On & space FE whose
generators can be written £, = L£O) 4+ ~4£M " Furthermore, for a given z € E
and v > 0, we write (X, (z)):>0 the stochastic process of generator £, starting
from z. What we are looking for is an averaging result when ~ tends to infinity,
that is to say we want to understand the asymptotic behavior of our process.
More precisely, we want to know, for f a test function, x € E and ¢t > 0, if the
semigroup of our process

e f(x) = E(f(X] (2)))

converges when ~ tends to infinity, and in this case to what it converges.

We may actually guess the answer. A general theorem would indeed necessarily
be of the form:
et f(z) — PetF=Pf(x) (1)

y——+4o00

where P is the projector onto the kernel of £(), parallel to the image of £
and Lo, = PLOP. When this quantity is well defined, one has :

1 [t
P= lim > | <.
t—+oot 0
Let us give a formal proof of (1).

We consider f a test function, and f; = e*“7 f. One has that

0
= (L9 4L £ @)
We look for a solution of this problem of the form
1 1
7=f"+ 10 +0(%). ®)

By injecting (3) in (2) and equating coefficients in powers of % we find that for
any t > 0:

LW =0 )
0
O = 5 17 -0 (5)

Equation (4) gives us that ft(o) is in the kernel of da aL™), so eventually
0 0
=P (©)

by the definition of P.



We have also PL®") = 0 by the definition of P, so applying P on the left on (5),
we get, using (6) and P? = P, that:

0 0
0=PLO D =P fi —PLOSY = S P — (PLOPIPLY.

We thus have, using féo) = f, that:
FO =P = Pettx f = Petf=pf. (7)

However, this is only a formal proof, and it is only in some specific situations that
we have a rigorous proof of the theorem. For instance, the averaging problem
has been widely studied for this stochastic differential equation on the torus
T x Td-¢:

AX7 = fX (X0, V) dt+ o (X, Y)) dBy .
4Y, =" (X7 YD) dt+ Ao (X7, Y)Wy

where all the functions involved are smooth and B; and W, are independent
Brownian motions.

We can here easily identify the subdominant process of generator:

£ = (X, 92 + (0¥ (0¥)7V., V)

and the and the dominant one of generator:
1
'YE(I) = 'Y<fY7 Vy) + §7<0Y(0Y)Tvya Vy).

The second equation in (8), when we fix X; = ¢, define an SDE on T¢~¢ of
invariant distribution e (dy) = p>(y, &)dy.

When ~ is big enough, for any ¢ > 0 and a small amount of time d¢, one has that
X/ " q¢ 1s almost equal to X, = &, while the ergodic theorem on the dominant
process gives us that the density of Y, converges to p>°(y,&)dy during dt. For
any t > 0, the density of ;" is therefore close to pu} (y) = p>(y, X;) for v large
enough, and we thus only have to know the density of X; to understand our

system.

Yet we have, under some assumptions, that X; (x) converges for the LP norm
to X¢(x) when v tends to infinity, where X;(z) is solution of initial condition x
of

dXt = F(Xt)dt + A(Xt)dBt,

where

F(€) / FXE )P (4, €)dy
A©)AE)T X (E,9) (0¥ (6,9)T 0™ (. £)dy

Td-!



The generator of this autonomous process is:

1
L= (FV,)+ 5<AATVQC,VQC>,

therefore the density of X is close to p;X = 5L if the process starts from
(z,y). We may notice that the starting point on the y-axis does not matter and

that £ is perfectly defined for functions of domain only T'.

Hence, the averaging of our diffusion process on T4 is, in a certain way, a diffusion
process on T¢. Indeed, by the definition of P mentioned above, one has for any
function f smooth on T¢ that:

Pf(x,y) = f(x,z)poo(z,x)dz7

Td—1

that is independent of y, so eventually, for v big enough:
Ew) (FX7 V) = (Bagye™. )

~ [ [ fabu@n) dads
T¢ JTa-0

_ / wX@ [ fla,b)p™ (b, a)dadb
T Td—¢

= | Pfla)ui (a)da
Tf

= E.(Pf(X)))
= (5,¢F, Pf),

that is independent of y. Using this formula, we get that we only have to study
functions of the form f = Pg, so Pf = f and therefore:

Loof =PLOPS
=pLOf

= PUX, V) + 5 (0 (08 V2, Vi) f
= (PFX V. + 5 (P (0%) V., Vi) f
= (F,Va)f + %(AATVI, V) f
=Lf.

This proves (1) for our particular system.

However, in this case, the invariant measures associated to the dominant process
have a specific form. Indeed the kernel of (L)) is generated by the measures
(p(+, 7))zt of support T¢=, that is to say a continuous set of measures. More



qualitatively, we can easily identify here a slow variable and a fast one (respec-
tively X, and Y,").

Yet, it is sometimes impossible to identify slow and fast variables. When one
considers a diffusion process on a convex polytope K of R™ where the dominant
process is pure noise and is null only on a finite set of points Ky, then (£™1)f
is generated by the diracs associated to the points of K. The effective process
we will get when « approaches infinity cannot thus be a diffusion. In [met-
tre référence de votre article] is proven that for a specific geometry, assuming
the subdominant drift is linear and the dominant and subdominant noises are
quadratic, one has that the diffusion process (X;),-, converges for the Meyer-
Zheng topology to a continuous-time Markov chain on K. The paper justifies
these hypothesis by the fact that they are always fulfilled in the quantum me-
chanics phenomena that motivates the article.

We may however ask ourselves if these hypothesis are really optimal or if there
is room for improvement. In this article we show that under a geometric as-
sumption on Ky, this convergence result still holds if we only assume that the
drift and the noises are lipschitz. We also give a counterexample of the theorem
if this geometrical hypothesis is not verified, and thus prove the optimality of
our conditions.

2 Main result

2.1 Notations
We will use the following notations:

e Let a,b be two vectors of R", we write a - b the standart scalar product of
a and b in R™. The euclidean norm associated to it is written || - ||2.

e For z € R™ and € > 0, we write B(x,¢) the ball of center z and of radius
¢ for the norm || - ||2.

e M, (R) is the set of real-valued n X n-matrix.
e For a given matrix A of M,,(R), the write AT the transpose of A.

e For a probability distribution x on R™ and a bounded function f on R”,
one writes:

(u, f) = /fdu-
e Let f € CY(R™), we write V, f = (9;f)1<i<n the gradient of f.

e Let f € C*(R"), we write Hy = (0}

w’f)1§¢,j§n the hessian of f.

e For a vector b of R™, one write (b,V,) = >_ ;0;.
i=1



e For a matrix A of M, (R), one writes (AV,, V) = > A; ;07 ;

i,j=1

e For a given differential operator £, one writes t — e'* the semigroup
associated to the Markov process of generator L.

e For a given probability measure p, a generator £ and a time ¢ > 0, we
write pet” the law of the process of generator £ at time t.

o Let A= (a;;)1<ij<n bein M,(R), one writes tr(4) = > a .
k=1

e From now on K is a convex polytope of R™.

e For any continuous function f on K, we write || f||cc = sup|f(x)|.
zeK

e D(R4, K) is the space of cadlag functions from R to K.

2.2 Definitions

Let v > 0, we study the solution X, := (X/(2)),s, of the following stochastic
differential equation on K: B

dX) = Ao (X))dW, + b(X])dt + 0o(X])dB;, X](z)=z €K  (9)

where 0,09 : K - M,(R) and b : K — R™ are lipschitz functions on K and
(Wi)i>0 and (By)¢>0 are two independent Wiener processes on R™.

We assume (see Remark 3) that 0,00 and b are such that X; (x) € K for any
t > 0 and any v > 0 and thus this is also true for Xy := (X(x))>0 the solution
of:

dXt = O'(Xt)th7 X()(x) = .

We furthermore assume for the rest of the article that ¢ is null only for a finite
number of points and we denote Ko = {z € K, o(x) = 0}.

The generator of (9) is £, = vLM) + £ where:

LO = (b,V,) + Ioool V., V.)
£ =Lootv,,V,)

(10)

respectively the generator of the subdominant and dominant processes.

Remark 1. Since K is compact and b,o and oy are lipschitz, we have that
these functions are bounded on K.

Remark 2. Fquation (9) is not completely general, since we assumed that the
dominant process is pure moise. This implies in particular that the dominant
process is a martingale.



Remark 3. The fact that for any x € K one has X (z) € K and X(z) € K
for arbitrary times implies several constraints on o,oq and b on the boundary of
K. More precisely the process stays in K whatever the starting point is if and
only if for any point x of a side of the polytope, o(x) and oo(x) are parallel to
this side and b(z) is null or points to the interior of K. We have thus that o and
oo are null on the vertices of K since they are there parallel to two different sides.

Before studying X, we will first consider the dominant process X;. In Theorem
1 is proved that for all x, the process (X;(x));>0 converges almost surely to a
random variable X, := Xoo(z) € Kj as t goes to +00. We may thus consider
for any z € K the function:

H,:ze K— P(Xx(z)=2)€]0,1]. (11)
that gives the probability that (X;(z));>0 converges to z.

Now that all our objects are well defined we may state our ergodic theorem:

Theorem 1. (Uniform Ergodic Theorem)
We assume that for any z € Kg, the function H, is continuous.

Then, for any f lipschitz function on K, we have that:

R . ')

t——+o0

where the convergence is uniform in x and the operator P is defined by:

Pf(z) =Y H.(x)f(2). (12)

zeKo

The proof of this theorem is long and technical, we therefore postpone it to
Appendix. However, the uniformity is fundamental for the derivation of our
main theorem.

Remark 4. (A crucial example)
The continuity hypothesis in Theorem 1 is for example fulfilled in a specific case
that is the one we are interested in in this article.

Let us assume that the set Ky is composed of at most n+ 1 points of R™ that
are affinely independent. Then the functions H, for z € Ky are affine func-
tions. Indeed, since we have at most n + 1 affinely independent points on a
n-dimensional vector space, we get that for any z € Ky, there exists an affine
function f, such that for all y € Kqy:

rw={§ Juzz
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Figure 1: A polytope of R™ has at least n + 1 vertices.

Since (Xt())e>0 is a martingale* living in a bounded space, it converges almost
surely to a random variable X (z) taking its values in Ky (see the proof of the
uniform ergodic theorem in Appendiz for more details). Thus for any x € K:

2 = E(Xo(2)) = E(Xoo(2)) = D Pu(Xoo(z) = 9)y.
y€Ko

Let z € Ky, applying f, to last equation and using that f, is affine we get:

fo(z) = f. Z Pe(Xoo =9)y | = Z Po(Xoo =) f2(y) = Pa(Xoo = 2) = H(x).

yEKo yeKo

Furthermore, if we suppose that Ky contains at most n + 1 affinely independent
points on a n-dimension space, we know actually what the points of K are:
it is exactly the extremal points of our polytope , since the noise is necessarily
null on it (see Remark 3), and a polytope of R™ has at least n+1 extremal points.

2.3 Statements

Now that all the objects of the problem are now well define, we may state our
first main theorem.

Theorem 2. We assume that the cardinal of Kq is inferior or equal to n + 1
and the points of this set are affinely independent.

I More exactly, each coordinate of (X¢(z))¢>o is a real martingale.



Then for any f lipschitz function on K and any probabilty measure p on K,
one has fort > 0:

B (/(X0) = Ex (7 (X2)).

where f is the restriction of f to Ko and (X1)i>0 is the jump Markov process
of finite state space Ky, of generator L and of initial distribution [, with:

L= (bx) VoH,(7)), .cx,>» F2)= /K H.(z)du(z) for z € K.

Remark 5. The geometrical hypothesis on Ko may seem restrictive, but it is
not clear what should be a more general statement. We will give in the last
section a counter example of the theorem where K C R? and |Ky| = 4.

Theorem 2 provides the convergence of the semigroup e+ to the semigroup e‘~,
that is to say the pointwise convergence in law of (X;)i>0 to (X¢)i>0. It does
not say anything about the convergence of (X} );>0 to (X;);>0 at the path level.
One has for every v > 0 that the paths of both processes (X7 )i>0 and (X;):>0
belong to D(R4, K). The natural topology of this space is the Skorokhod one,
but we cannot in fact expect a weak convergence for this topology. Indeed as
underlined in [Billingsey], weak convergence of processes with continuous paths
in the Skorokhod topology yields a limiting process with continuous paths, and
while for v > 0 that (X});>0 has continuous paths almost surely, we have that
(Yt)tgo does have discontinuous paths almost surely if b is non-null on every
vertex. To overcome this difficulty, we use the idea of [votre papier] which is to
replace the Skorokhod topology by the so-called Meyer-Zheng topology.

Let us define the Meyer-Zheng topology:

Definition. Consider a Euclidean space (E, ||-||) and denote by L° = L°(Ry, E)
the space of E-valued Borel functions on Ry. Given a sequence (wy)y>o of
elements of Lo(Ry, E), the following assertions are equivalent and define the
convergence in Meyer-Zheng topology of (w”),>o to w € L°(R, E):

e For all bounded continuous functions f : Ry x E— R:

+oo +oo
lim ft,w))e tdt = / ft,wy)e tde.
0

Y—=+oo Jo

e For \(dt) = e~tdt, we have for all € > 0:

Jim A{s € Ryllwy —wsll = e} =0.

e lim d(w”,w) =0 where d is defined by:

y——+4o00

“+o0
d(w, w') = / (1A [[wy — w]||} e~"dt.

0



The distance d metrizes the Meyer-Zheng topology on L° and (L°,d) is a Polish
space.

We may now formulate our second main theorem:

Theorem 3. Under the geometrical hypothesis of Theorem 2, we have that:

lim X" =X, weakly in (L°(Ry, K),d)

Y—+0o0

where (yt)tzo is the continuous-time jump Markov chain on Ky defined in The-
orem 2.

In other words, for all bounded continuous function F : (L°(R, K),d) — (R, |-]),
one has:

E(F (X)) -2 E(F(X)).

Y—+o0

3 Proof of Theorem 2 and Theorem 3

3.1 Proof of Theorem 2
Let us start with a quick sketch of the proof of Theorem 2.

We will first prove Lemma 1, a technical result that essentially says that for ¢
small and ~y big, our process of generator L, is basically the same as the one of
generator £(1). The keystone of our proof is however Corollary 1, that is proved
using the uniform erdogic theorem combined with Lemma 1. Corollary 1 says
that for a given t strictly positive, X; de facto lives in small balls centered
around the z € Ky when ~ is big enough. Therefore, when ~ is big enough, it
is like (X,'),~ is jumping from a ball to another.

Corollary 1 is true under the geometrical hypothesis of Theorem 2, since it is
based on the ergodic theorem which is only proved true under it (thanks to Re-
mark 4). However if this hypothesis is sufficient, it is not necessary: Corollary
1 would still hold if we only knew that the functions H, defined by (11) are
continuous.

Nevertheless, if we know that there is a jump process on Ky, we a priori do
not know its form. Theorem 2 says that, for a specific geometry, our process
converges "weakly” to a continuous-time jump process with state space Ky and
generator L.

To prove that, we will first simplify our problem by approximating the drift b
by an affine drift b such that bjx, = bjx,. This approximation is justified by
using Corollary 1. For the stochastic process )};’ associated to the linear drift,
the proof of our theorem for an affine test function g but for a arbitrary initial
condition p is straightforward since we have thus that £,g = L£©g is an affine



function and P preserves affine functions. Hence we deduce the theorem for
affine test functions even when the drift is not affine.

Then, using Corollary 1 again, we know that (X,');>¢ de facto lives in a neigh-
borhood of K. Thus, instead of considering a generic test function f, we will
consider an affine approximation g of f such that fx, = g/x,. The function g
exists thanks to our geometrical hypothesis.

Eventually, since the theorem is true for g and that one cannot distinguish
F(X}) from g(X;) when 7 is big enough, it will still holds for f.

Lemma 1. Let f be a smooth function on K and u be a probability measure
on K. There exist C7 and Cs two positive constants independent of v such that
for any t,v,h > 0, we have:

L

hL~ 1 1
("% ) — (e ) < Cr(h+ h2)FeC,

Proof.
It is sufficient to prove that the inequality is fulfilled for pu = 4, for all z € K.

Let « be be an arbitrary point of K and recall that Xt% := X/ (x) be the solution
of

12

X
h

AX[) = b(X])dt + oo(X ] )dW, + \/Za(xﬁ)dBt,

>

with initial condition x.
We now fix 7.

We couple the process (Z');>0 = (Z](z))i>0 solution of:

t t t
Zth:x+ﬁ/ b(ZM)du + E/ ao(zg)dwu+/ o(ZMdB,,
Y Jo Y Jo 0

with the process (Z;)i>0 := (Zi(x))i>0 solution of:

t
Zt::c—i—/ o(Z,)dBu,
0

through the common Brownian motion (B;); is the same in all these processes.
By scaling invariance of the Brownian motion, the generator of (Z');>¢ is

1h, 1, .
7(b(aL‘),Vl) + 27<0000V1.,V$> + 2(00 Vi, Vi),

10



a

that is also the generator of (X By t) . Since they share the same initial
v t>0

distribution, we have for all A > 0 that:

(X’};xt> = (Zth)t207
v t>0

which implies for ¢ = « that:

X o
n L 7h
Xj £z

Thus using It isometry, the fact that b and oy are bounded by a constant M
and that o is k-lipschitz, we have that:

E (12" - Z,]3) <E (n / N(0(21) — o(2,))dB, + ﬂ / " o021 aw, + t ’ b(zmdun%)

<3t (1l [ ozl - otzasig) + e (12 [oczbaulg)

h v
ag (2 [ ozhaw. s
7 Jo

Y h2
<36 ( [ 1otz - a<zu>|§du) +antl
0

h K INTP
+3-E loo(Zy)[[zdu
v 0
gl
< 3k°E (/ |Zh — Zu||§> +3M?(h + h?).
0
From this point, Gréonwall’s inequality gives us that for all A > 0 we have:

E (12 — 2,13) < 3M>(h + 1?)e™™.

Thus, for f a smooth function, that is therefore L-Lipschitz on K, one has:

hi~
e h

@) - = (@) = [EU ) - E(2)]

<E(f(2) - 1(2,)])
< LE(| 28~ 2,

2)
< LE (HZf} —Z,||3)®  Using Cauchy-Schwarz
< VBLM(h+ h?)2e2k

Since the constants are independent of x and +, this proves the theorem for
Cl = \/?;LM and CQ = %kQ O

Combining this result with the uniform ergodic theorem gives us this crucial
result:

11



Corollary 1. For any t > 0, n > 0 and p probability measure on K, we have

that:
X7 1.
< < U > y—-+4o00

z€Kyp

uniformally in .

Proof.
We consider a smooth function f: K — [0, 1] such that:

e f=1on | B(z,3)NK.
z€Ky

o f=0outside of |J B(z,7).
z€Kyp

Then we have:

(e f) <Py (X? e U B(Zﬂ?)) ,
z€Kp

and thus it is sufficient to prove that the term on the left handside of the last
display converges to 1.

For a given positive v and a strictly positive ¢, we consider 3 := 3(v,t),h :=
h(~,t) such that:

1

_ 2 20,8t _
v =C18%e"? and h_Clb’ew?ﬂt'

Thus one has that v = B that 3 — +o0o0 and that h — 0.
h y—+o00 y——+4o00
We recall (11), i.e. that for all z € Ky and ¢ € K, H,(z) = P(Xo(z) = 2),

and therefore > H, = 1. We also recall (12), i.e. that for x € K, we have
z€Kp
Pf(x)= > f(z)H.(x). Eventually, since f is constant equal to 1 on Ky, we
z€Ko
have that:

(wPf) =Y [P

z€Ko

=Y (wH.)

z€Ko

= (u, Y H.)

z€Kp

=(u,1)
=1,

12



(t—=h)L g
h

for any p probability measure on K. Thus one has that (ue ,Pfy=1

for all v so using Markov property:

(t—h)L B
e i

(et f) — 1] = 'm, e ) — P

(t—=h)L g hL g
h ‘R

t—h)L 1
g‘me &R ) — (e )i,eﬁﬁ“ﬁ‘

(t—h)C
&

1) - fmn\

t—h)L
We now denote i, = ue( ) 7 that is a probability measure. Then, using

Lemma 1, we have that there exists C; and Cs strictly positive constants inde-
pendent of v and u such that:

hL (1) 1
(1, "R 1) = {27 )| < ol 2) e

S Cl \/EBCZﬁt + Clh602ﬁt

[ 1 Copt | L _Capt
SCl W62 —|—B€ 2

¢y 1
<[5+
g B
— 0
y—+o00

On the other hand, since the convergence is uniform in x in the uniform ergodic
theorem, we have:

(i € ) = (o P < sup [P fl@) = PF(@)| 0,

€K y—rtoo
uniformally in . So eventually:

<:u7 et£7f> — 17

Y—+o00
and the convergence is uniform in p. This proves the corollary. O

Finally, to prove our theorem on affine functions for an affine drift, we need a
last technical lemma:

Lemma 2. We assume that b: x € R” — Cxz + d € R™ where C € M, (R) and
d € R*. Then for any affine functiong:z € R® —v-x+1 € R withv € R”
and 1 € R, and any t > 0, one has that e*~ f is affine. More precisely:

t
etbrgxis Ty <v . / (e“*d)ds + l) (13)
0

13



Proof.

We have that for all z € K:

e'“rg(x)

E. (9(X¢))
E.(v-X; +1)
v-E (X7 + L.

Applying E, to the integral formulation of (9), we get:
t
E.(X7) =+ [ E(b(X7))ds
0
t
=x +/ E(CX] +d)ds
0
t
=z +dt+ C’/ E.(X])ds.
0

The associated differential equation is:
0
ot

We can easily check that the unique solution to (15) is:

¢
E.(X)) =e%ta Jr/ (eC*d)ds
0

Combining (14) and (16), we eventually get:

t
eCrg(z) =wv- (etcx) +v- / (e“*d)ds +1
0

Remark 6. Let us consider an affine function g, equation (13) gives e

Eo(X)) = CE.(X0) +d, Eu(X])=u.

O

¢S
9=49

for allt > 0. When t approaches infinity, the uniform ergodic theorem implies

therefore that Pg = g, that is to say P preserves linear functions.

We may now prove our main theorem by following the path we mentioned earlier:

Proof. (Theorem 2)

We have that b is lipschitz. Since the cardinal of Kj is by hypothesis at most
n + 1 in a n-dimensional vector space, there exists a matrix C = (¢; 5)1<i,j<n

and a vector d such that the affine maping:

b:z€R"+— Cr+deR",

14



satisfies b(z) = b(z) for all z € K.

We will now consider the system of equations:

¢ t t
X7 :zo+/ b(X])dH/ aO(X;)dBt+ﬁ/ o(X])dW;
0 0 0
t t t
o=z [ 3070+ [ aan+ 7 [ otviaw
0 0 0

where the two independent Brownian motions B; and W; are the same for the
two processes and Z is a random variable of law . By hypothesis, X stays in
K for arbitrary times, so Remark 3 gives us that b(z) points to the interior of
K for all z € Ko. But K is a convex polytope, so each side of it is the convex
envelope of its vertices, and the value of b on a point x of this side is a convex
combinaison of the values of b on its vertices: b(x) therefore also points to the
interior of K. Thus, Remark 3 gives us that Y;” stays in K for arbitrary times.

We will denote the generators of these two processes by £, = L£O +~£M0) and
G, = GO + G0,

Let us now consider an affine function g. For any v > 0 and ¢ > 0 we have,

using Lemma 2, that /97 g is affine since b is affine. Hence G, e'97g = G091 g
and:

0
ﬁetgwg — g’yetgwg _ g(o)etgwg — ’Pg(o)’Pethg
since P preserves linear functions (see Remark 6).

Thus, writing Goo = PGP, we have that:

etg'yg — etgoog — ’Petgoo.g.

15



We denote g; = et9=g for t > 0. We have for z € K, that:

0
&gt(z) =PGOPg,(2)

= > H.(99Pg(y)  Using (12)

= g(O)Pgt(z)
=b(z) - V. Pg:(2)
=0(z)- Vo | D HeWar(y) | (2)

yE€Ko

=3 (i) Vol ) 0e(v)

yEKo

= (b)- Vol () (@) (2)

=Ggi(2).
Eventually we have that g:(z) = etég(z) for all z € Ky, where we remind that
9= 9|Ko-

Finally we have for all probability measure p:

(1, €'9g) = (uP, €9 g) = (1, €'97g)

However, if we look at the definition of £ and G in Theorem 2, we notice that
only the value of the drift on the z € Ko matters, therefore we have actually
that £ = G so: B _

(7, ") = (7, ')

Thus, to prove that, for any affine function g, we have:

</u>6tﬁ’yg> — <ﬁ> 6t£§>a

Y—+o0

we have to show that:
[(p, €7 g) = (p, €7 g)| = ’W’ e'“rg) — (m,e9g)| — 0.

y—+o00

First of all, let us use Dynkin’s formula for g :  +— e;-2. We have thus Vg = ¢;

16



and H, = 0 so, writing X;" = ([X{];),<;<,, and Y;" = ([¥{'];), <, we have:

Eu ((X7]i = [Y/7]i) = Bu (9(X))) — B (9(Y)))

Thus we have:

E, (X7 — [¥7))] < Z i / E,L([X2); — 7))l ds + /
<Z|c”|/ sup |E,([X2]k — [Y2]x)|ds + sup /

E,((b(X7) = b(X7)) - e)

E,.((b(X7) = (X)) - ex)

1<k<n 1<k<n
<Z|Cu|/ sup |E,([XJ]k — Y ]x)|ds + sup / 'E beW er)
5= 1<k<n 1<k<n

We notice that ¢ does not appear in the last expression, thus we have:

sup (£, (570 = D101 < 1T [ sup (020 = D710 ds sup [ [EL(00XD) = B(X7) -]

1<k<n 1<k<n

We notice that for ¢ € [0,T], we have

s [ [Eu(00x7) ~B0x7) -en)| < 0

1<k<n Jo

T
C} = sup /

1<k<n JO

where

E, ((b(X2) = B(X7) - ex ) |. (17)

17



Finally, writing g, : t € Ry — sup
1<k<n

E.(X)y —Yir)| € Ry, we have, for
t € [0,T], that: )
5,0 <Clh [ gr()ds +CF.
so Gronwall’s lemma gives that for ¢ € [0, T:
0 < g,(t) < CRell€lt, (18)

But Corollary 1 gives that for any s > 0, we have that X lives around points of
Ky when + is big enough, and we have defined b in such a way that bjx, = b, -

Eventually we have for all s > 0:

B ((b(X2) = B(X2)) - ex)| —> 0.

Y—+oo

This quantity is bounded by a constant (that is integrable on [0,T]), by defini-
tion of C7. in (17) the dominated convergence theorem gives us eventually:

cy — 0.
Y—+o0

Therefore, by (18) we finally have:

g(t) — 0.

y—+oo

Thus, for g : z € R" — v -2 +1 € R, where v = (v;)1<i<n € R” and e € R, one
has:

(1, €7 g) — (n, " g)| = [EL(9(X]) — En(g(X7))]
= [E(X] =Y/ v

= | > wElx7 - 071

1<i<n
= sup [E((X7] — Y710l x > vyl
tsisn 1<j<n

= gy (®)]lv[lx
— 0 (19)
y—+o00
Furthermore, since the result of Corollary 1 is uniform in p, this convergence
result is uniform in p for g affine and ¢t > 0 given.

Eventually, we have that for any affine function g:

(n,eg) — (m,e'*g)

y—>+oo

=3 N awet(y, 2)a(2).

zeKo yeKo
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We will now use the geometrical hypothesis of the theorem to conclude the
proof for a lipschitz test function f. Since we have at most n + 1 independent
points in a n-dimensional vector space, there exists an affine function g such
that f‘KO = glKO.

We thus have f = g, so in particular we have proved that:

(ne“rg) — (meCg) = (@, eF f).

y—+00

Therefore if we prove that:

|, e f) — (e g)| — 0,

Y—+o0

we will be done with the theorem.

Let € > 0, we consider n > 0 sufficiently small in order that the balls B(z,n)
for z € Ky are disjoint and such that:

sup sup |f(z)—g(x)| <e.
z€EKox€B(2,n)

On the other hand, Corollary 1 gives that for v big enough
P, (Xz ¢ U B(z,m) <e.
z€Kyp

Eventually, we have for v big enough that:

(s €7 f) = (e )| = [EL((f — 9)(X]))]

< ([1flloe + [lglloc)Py <X? ¢ U B(%n))

z€Ky

+ Y Pu(X] €B(z,m) sup |f(x) - g(x)l
2€Ko z€B(z,n)

< (Iflloe + llglloc)e + e
This proves the theorem. O
3.2 Proof of Theorem 3
Now that our Theorem 2 is proven, let us give a sketch of the proof of Theorem 3.
We know that for all v > 0 our trajectory (X} ):>0 are elements of D, so we have
a powerful criterion to show that this family of processes is tight in L°(R, K).

Thus, Prokhorov’s theorem gives us that the set of the laws of theses processes
is a relatively compact subset of the space of probability measures on L°(R, K)

19



for the topology of weak convergence.

To prove Theorem 3, we therefore just have to show that if a subsequence of
((X?)t20)7>0 weakly converges to 3 € LY, then its limit is necessarily (X;)¢>o0-
It is in fact enough to prove that that for any » € N* and for almost any se-
quence 0 < t; < ... < t,. < +00 one has that the laws of (X;,,..., X, ) and
(Btyy .-, Be,) are the same.

Let us start with the following result:

Theorem 4. [mettre référence] Let E be an Euclidean space. If X is an E-
valued stochastic process with natural filtration (Fy,t > 0), then for any 7 € Ry,
its conditional variation on [0,7] is defined as:

k—1
sup ZE(HE(Xti+1 *Xti|‘7:ti)H)

O=to<t1<...<tp=r i—0

Vr(X)

Consider an index set I and a family (X7,~ > 0) of processes living in D(R4, E)
which satisfy:

sup
v>0

for all 7 > 0. Then the family of laws of the X7 is tight for the Meyer-Zheng
topology and all the limiting points are supported in D(R., E).

VA(X7")+E < sup Xg)‘ < +00,

0<t<r

The previous theorem is the main tool for proving:

Lemma 3. The family of processes:
(X?)tZUV >0

is tight in the Polish space (L°(R., K),d) and all limiting points are supported
on cadlag paths.

Proof.

Since for any v > 0 and any ¢ > 0, one has X; € K almost surely where K is
compact, we only have to prove that the conditional variation in Meyer-Zheng’s
Theorem 4 is bounded on segments. For fixed 7 > 0, we have in our case:

k—1
VAX) = s STE(IEXT,, - X1F)) -

O=to<t1<...<tp=r i—0

Equivalently, thanks to [mettre référence] and following paragraph,

V(X") = sup / E ((¢or, dX7))
lell2<Ck JO
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wher the supremum is taken over the simple predictable process taking value

in the ball of center 0 and of radius Ck := sup||z||2. It follows from (9), using
z€K
that the mean of a brownian motion is equal to 0, that:

V) = s [ E(Gn b))
lell<Ck JO

So Cauchy-Schwarz inequality gives us:
V(X7) < Cic [ E(BO) )it
0

Since b is bounded by M, this quantity is trivially bounded by Cx x M x 7 for
all v > 0, and we have our result using Theorem 4. O

Now that we proved that (X7),s¢ is tight, we only have to show that if a sub-
sequence converges, it converges to X to conclude. So from now on we assume
that (X7%),en converges weakly to some j3, where (v,)pen is an unbounded
sequence in ]0, +oo[. Theorem 4 gives us furthermore that the trajectories of 3
are almost surely cadlag.

In order to prove that the law of 3 is the law of X, we will in fact show that
almost all their finite-dimensional distributions are the same, that is to say that
for all » € N*, for almost all 0 < ¢; < ... < t,. < 400 and for all f continuous
function on K" one has:

E(f(ﬁh)"' 7ﬂt/r‘)) = E(f(Ytl,...7YtT)) .
Let us start with a linearization trick:

Lemma 4. For all f continuous on K", there exists F' : (R")" — R a r-linear
function such that:

lim |E(f(X77,..., X)) —E(F(X[7, ..., X") | A®"(dty,...,dt,) =0

P00 J[0,4-00[r

where we remind that \(dt) = e~ *dt.

Proof. Let us first introduce the function F. We write zg, ..., 2z, the elements
of Ko and for all i = (i1,...,4,) € [0,n]" we write F} = f(ziy,...,2,.). We
notice that for all (z1,...,2,) € {z;, i € [0,n]}" one has:

flar. o)=Y R, (@)

ic[o,n]” k=1

= Y B[] fe (@)

ie0,n]" k=1
=: F(xla s 7'7;7')7
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where the functions f,, are the one mentioned in Remark 4. Since they are
all linear, the function F is clearly a continuous r-linear map. Now [mettre
référence] applied to f and F says exactly that:

lim |E(f(Xt71”, .. .,X?f)) —E(f(Btyy -5 B ) AO(dty, ..., dE,) =
peEN [07+OO[T
(20)
and:
lim E(F(XT%, .., X)) = E(F(Buys - B, ))A®T (At ..., dty) = 0
pEN [0,+o00["
(21)

We will now invoke an immediate consequence of Corollary 1: for any sequence
0<t; <...<t. <400 and for any € > 0 one has:

P, (X]l e |UBGmn....x7 e B(z,s))

zeKy z€Ky

>P, (Xg e |JBe),....x] ¢ | B(z,s))

z€Ky z€Ko

+P, (X]T e B(z,e)) -1 since P(AN B) > P(4) +P(B) — 1

z€Kp
= (Z P (th € U B(Za5)>> —(r—1) by recurrence
k=1 ze€Ko
— 1.
y—+o00
Thus, since X7 converges weakly to /3, one has that (8,,...,0:.) € K almost

surely, so eventually one has almost surely:

f(/Btl""’ﬁtr) :F(6t17"'7/3t7‘)'

Since this is true almost surely, the expectancy of these two quantities are equal,
and combining (20) and (21) we find:

lim E(F(X)7, .., X)) — E(F(X,7, ..., X7 )2 (dty, . .., dE,) = 0
PEN J10,400[

(22)
Therefore, in the large p limit, every continuous function f in r variables can
be replaces by its r-linearization. O

T
The r-linearization of f is a sum of terms of the form [[ f, , so we will first
k=1
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study these elementary bricks. One has for F'= [] f, that:
k=1

Eﬁ (F(de?' "’Ytr)) = E;T (H fz,-k, (th)>

i=1

= Eﬁ (EM (H fZik (Ytk)|ytr71 = Zi'r'l))
=1

r—1
= E/T(fzr (YtT)|Ytr—1 = Zir—l) X El7 (H fzik (th)>
=1

= EH (fzil (th)) X H EM (ka (Ytk: |Ytk—1 = Zik—l))

k=2
= (@ e" fo,) [[ 6=, =€, ) by Theorem 3
k=2
=2tz [T )
1=0 k=1

where we implicitely assumed that iy = 1.

I
To prove that this is the limit of E < IT f(X? )) for almost any sequence
k=1
0<t; <...<t,., we will prove by induction that:
n

E (f[ sz'k (X;f)> - Zﬁ(zl) ﬁ e(tk—tk71)Zka (Zikfl) )‘®r(dt17 cee adtr)
k=1

i=0 k=1

(23)

For » = 1, this is trivial since the integrand is bounded by 2 that is integrable

on ((R4+)", A®") and it converges to 0 pointwisely using Theorem 2, we conclude
using the dominated convergence theorem.

0= lim
P2+ Jomty <t <...<t,<+oo

We assume that (23) is proven for r € N* given. Let (F;,t > 0) be the natural
filtration. For all 0 < ¢; < ... <t,.41 < 400, the tower property of conditional
expectation an then the Markov property imply:

r+1 r
E (H fe, (X?:)) = (H Jo (X79) X E(f., <X?gl>|ftr>>
k=1

k=1

—E (H fz’ik (X;Ykp) % <6ng,e(tr+l_t7‘)ﬁ’)’l’ fzir+1 >>
k=1
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We have therefore:
r4+1
E <H fzik (X’Yp ) —E <H fzw X’Yp < Z“‘7€(t7‘+17t7‘)£”‘{p fzir+1>> |
k=1
—|E <H fzz-k (X;Lp) « <5X257e(tr+1—n)£wp fzz-T+1>> _E (H fz'ik (XZ:’) « <6Zi7v7e(t7‘+1_t7‘)ﬁ’\/p fzir+1>> |
k=1 k=1
= |E (H fzik (Xt’lp) X (<(5ng , eltri1—tr) Ly, f2i7\+1> — <5Zir , eltri1—tr) Ly, fzir+1 >)> ‘
k=1

<E(

where the penultimate inequality follows the fact that |fs, (X’Y")| < 1. We
want to show that (24) converges to 0. In order to do that, we w1ll consider ap-
proximations of <6X;‘f:77e(tr+1 te) o fz,,,) and (3:, e (”“ —tr)Lp fz,,,) where

vp only appears in the bras.

Foug (X77) % (G et T f ) — (o, et ) D
(24)

The key idea is the one used in the proof of Theorem 2: instead of considering
a complex drift b, we approximate our process of generator £, with a one of
generator G, whose drift b is linear. Since fzir+l is affine and the convergence
in (19) is uniform in y, one has:

t/y‘ —ty‘ ﬁ Y tr _tr
‘<5X?f ’ eltr+1—tr) Loy, fzi7~+1 ) — <5X;Y:7 , eltr1 )gwf ir+1> P—>_>+oo 0,
and
r —lr L | ” —lir
’<521T , e(t +1=tr) Loy, f2i7.+1> - <5zlr s e(t +1=tr)Gnp fZir+1> P—H-)oo 0,

where the first convergence is uniform in w in the sample space.

We can therefore replace £, by G, in (24), but since bis linear, Lemma 2 gives
us:

tr1—tr)LO
eltr+1—tr) fz'i,‘+1>

<§ e(tr+1*tr)ﬁvpf

Zipyq >

Zip? = <5Zir b)

and

(Gxm, el =t f

trp1—tr)LO)
Zir+1> = <(5ng ’ 6( i ) fz'ir+1>
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We eventually integrate (24) and use the last two equalities:
lim sup

r4+1
E Foo (X50)
p—+00 A_tggtlg...gtr+1<+m (!;[1 r e
_E (H lek (Xt’Y:) > <5Zirue(t”1_“)£w le_Hl})
k=1
+o00
< lim sup/ E (
p—+oo JO

e (t +1—t )l% (t 11—t )[:_EE)
ol R (OGRS (R e SR LR o) |)
= ()7

AOT(dty, ..., dt,y)

fzir (X;:p) X (<6X;Y7P 5 e(tr«}»l—tr)ﬁ(()) fzir+1 > — <6zlr 5 e(tT+1—t7‘)[,(0) fzir+1 >) ’) )\(dtr+1)

the last equality being a consequence of f., (8:.) = 1., (B,) for all t,, so
that the product with the other term vanished necessarily. Now invoking the
induction hypothesis with r:

0 =lim sup/
p——+oo 0=to<t1 S-<~§t7‘+1 <400

(H Feop (X20) % (62, <)f>>
n r+1 -
SomC) [ e 5 folzin )
1=0

k=1

AET(dty, ..., dtrg)

Combining the last limits, we prove the claim for r 4 1.

T
Using that F is a sum of terms of the form [] f., , equation (23) implies:
k=1

0= lim E(F(X”,...,X])")
pr+o0 OztoSt1§~-»Str<+oo‘ ( " ')
= > R A [ et L () [ AT () (25)
ieo,n]" i=0 k=1

This last result combined with equations (21) and (22) implies that for \®"-
almost every (so for Lebesgue-almost every) sequence 0 < ¢; < ... <t¢, and for
any function f continuous, we have:

lim E(f(X)”,...,X]"))

p——+oo

= lim E(F(X]",...,X{"))

p—+oo

= E(F(/Btla--~7ﬁt7-))
= lim E(F(X;",...,X]")

p—+oo

= Z FZUZZ Hetk e I)Lka(sz 0

ic[0,n]r =0
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Thus, almost all the finite-dimensional distributions of 8 and X are the same.
Finally, [mettre référence] yields that 8 has the same law as the processus X
where X is the Markov process on K| of generator £ and of initial condition 7.

This proves Theorem 3

4 Discussion on the geometrical hypothesis

The proof of our theorem massively use affine approximations, first of the drift
then of our test functions, and thus falls apart if we do not assume that K is
composed of at most n + 1 affinely independent points.

We may however ask ourselves if it is only a technical hypothesis, or if it is
completely essential, that is to say Theorem 2 is false when it is not fulfilled.
In this section, we actually construct a counterexample of our theorem with a
compact set K of R? and a diffusion process on it where the cardinal of K is
equal to 4 > 2 + 1.

Let us give a graphic representation of our counterexample :
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Here, our compact K is the solid triangle of vertices A(—1,0), B(1,0), and
C(0,4). Let us construct a partial definition of our dominant noise o. For
(z,y) € [-3,2]x]0,1], we take :

oz,y) = (2*(1 = 2)(1 +2) +y7) (é 8)

If we furthemore take for z € [—1,1] :

o@0) = (@1 -0+ 2)+1) g )

we have defined a smooth function on [—1,1] x {0}U] — 3, 2]x]0,1] that is null
in A, B and O. While it is not very interesting to write it down explicitely, it is
really not hard to find a smooth extension of ¢ that will be null only on A, B,C

and O. We have thus Ky = {4, B,C, O}.
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To understand where the problem is, it may be intersting to consider the func-
tions H, for z € Ky. The key hypothesis of our ergodic theorem was that the
functions H, were continuous on K. Yet, this is false in our example, and so is
our ergodic theorem.

Let us consider Hp: on the one hand, one has obviously that Ho(O) = 1.
On the other hand, let us consider a stochastic process X;, of pure noise o,
starting from (0,y) with y > 0. Then, for w an element of the sample space,
if X;(w) converges to O when t approaches infinity, for any € > 0, one has
X:(w) € B(O,e¢) for all ¢ big enough. But in fact, the red lines of our drawing
are insurmountable obstacles: since the noise on the y-axis in null on it, if X;(w)
is on one of them at a given time ¢, in order to decrease in ordinate it has to get
out of the red box and enter it again. Yet we know that X;(w) € B(O, %) for t
big enough, and thus X;(w) cannot get out of the [—31, 1] x [0, 1] box. Therefore,
we have

X,(w) € {—;ﬂ « {0}

for ¢ big enough, that is to say we reached the bottom line in finite time. But
since we have to quit the box to get to the line, there exists T such that

Xo(w) € ({_1{1 U [;1}) « {0}.

Starting from any point of this set, the probability of converging to O is inferior
to %7 so using Markov strong property (the process in homogeous in time), we
have that the probability of converging to O starting from (0, y) is inferior to %
for any y > 0: our function Hp cannot be continuous.

Remark 7. If the noise is lipschitz, it is in fact impossible to reach the border
in finite time, so we have actually H,(xz,y) = 0 for all y > 0: the state O is
unreachable except if one starts from the bottom line.

We easily see that Theorem 2 cannot hold in this situation, since our objects are
not even well defined: to compute matrix £, one has to consider the quantity:

b(0) - VHo(0),
that is not well defined if b is non null on the y-axis.
Furthermore, even if our process nevertheless converged to a stochastic process,
there are situations where we know that the latter could not be a continuous-

time Markov chain of state space Ky. We consider the noise ¢ defined above
(that is only null on A, B,C and O), and a drift b that checks :

o) = (1) it )€ -4 31X 0.1

beRy (?

b=0 outside the box [—2, 2] x [0, 1]
b is smooth

28



We assume that the stochastic process (X)),>¢ starting from O of generator L,

converges in the weak sense of Theorem 2 to the Markov chain ()N(u)uZO start-
ing from O of state space K and of generator £, and we will find a contradiction.
The idea of the proof is the following : since ()N(u)uzo is a Markov process start-
ing from O, we have X, € O with a probability approaching 1 when ¢t > 0 is
small enough. Let us now consider the process (X),>0 when 7 is big enough.
During [0, ¢] it first enters the box [—3, $]x]0, 1] pushed by the drift in O, then,
since the noise inside is very strong, it quits the red box and, from the exit point,
finally approaches A, B or C with a probability greater than a strictly positive
quantity. Since this one is independent of v and ¢ when ~ is big enough, it will
contradict the fact that it should converges to 0 when  approaches infinity and
t approaches 0.

We consider a smooth function f such that f(O) = 1. We assume furthermore
that 0 < f < 1 and that f is null outside B(O, %) We know that there exists
t > 0 small enough such that :

(60, Cf)y >1-2710,

so for v big enough:
1
P (Xg € B(O, 8)) > (60,e ) >1—277 (26)

Let us now consider the process (X,');>o starting from O of generator £.. We
write 77 the hitting time of the boundary of our red square :

T, inf{t >0,X] € {;} x [0, 1]U{;} x [0,1] {;ﬂ X {1}}.

We may now prove that it is arbitrarily small with a high probability when
~ approaches infinity. Indeed let g. be a smooth function such that g.(4) =
9e(B) = ¢g-(C) = ¢g-(O) = 1 and we furthermore assumer that 0 < g. <1 and
that g. is null outside of the balls of center z € Ky and of radius €. Then for
any s > 0 and for any € one has that

P(X;e U B(z,e>) > (S0,0%1g.) — (B0, eTg) =1 (21)

Y—+o0
z€Kyp

Now let us assume that there exists a sequence (), approaching infinity such
that
P(T,, >s)>a>0.

We notice that for w in the sample space such that T, (w) > s one has using
that o - e, = 0 into the red box that:

XJ(w) ey = ; b(X(w))du e, = s
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and since X7 (w) is on the red box, we have thus:

P (ng ¢ U B(z,;)> > P(T,, > s) > a.

ze€Ky

for all k € N, but it contradicts (27) when k approaches infinity.

In conclusion, for all s > 0, one has for vy large enough that P(T, < s) > %, and
we notice that for w such that T, (w) < s, one has

y Ty (w)
X1 )W) ey = /0 b(X ) (w)) - eydu = Ty(w) < s. (28)

We now consider the two points R_1(—3,0) and R;(3,0). We just proved that
choosing v big enough, we can make sure that (X7),>0 reaches a point on the
border of the red box arbitrarily close to R_; or Ry during [0, ¢] with a proba-
bility at least % We will thus make two approximations: we will first approach
during a short time our complex diffusion starting from the point z, = X%7

with the dominant one starting from the same point (using Lemma 1), and then
approach the dominant process starting from z., with the one starting from R_,
or Ry.

Since both cases are symmetric, from now on we assume that ., € {1} x [0, 1].

We consider (X,,),>0(%) the process of generator LW starting from z € K. We

have with a probability 1 that X, (R1) = B, so there exists f > 0 such
U—>r+00

that: ) 3
_ — > 2
P(Xg(Rl)EB(B, 32)|Xoo B> 27

and therefore:

P (a(r) € BB, 35)) 2 P (X(1) € BB, 35)| X = B) PO () = B)
e
>3 (29)

We know use the dependence on initial conditions: there exists n €]0, £[ such
that for all z € B(R1,7), one has:

u€l[0,]

so by Markov’s inequality, for all x € B(Ry,7):
P (1X5(R1) - Xs(@)lls > — ) < & (30)
sl sz =355 ) =%
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We now use (27): for v large enough, taking s = 7, we have, with a probability
at least %, that 7%, <7 and thus X%w € B(Ry,n) (respectively B(R_1,7)).

We now write v = %, and we take v big enough so that, using Lemma 1, we

have for all x € B(Ry,n):

2 (HX,? (#) = Xp(a >||2) < 12

and therefore:

P (1 (0) - Xl = ) < 5. (31)

Finally we have using (29), (30) and (31):
P (x20) ¢ B, 1))

< (xstm) ¢ BB, ) UXa(R) - X0l > 5} U1 - X @)1= 1)

5 1 1
< 3 + 3 + 3

7
< -.
8
Thus we have:

P (X, o0 € BOA Y UBE VT, < 3 )

>P ({XTﬁh € B(A, %) U B(B, g)}ﬂ{T7 < n}>

1 1

P (Xen € B4 U BB IXr, <0)P(T, <)

1 1

— >< —
-8 2

1
> — 32
> L (32)

We thus have with a probability at least 7z that at a time T, + h < ¢ our
process with be in balls of radius % g of centers A or B, this result being true
for all v big enough. We just have to prove that during [T, + h,t], our process
stays, with a fix strictly positive probability, far from the ball B(O, é) to find a
contradiction with (26). The idea of the proof is to show that if one is close to

B, the probability that it stays close to B forever is strictly positive.

We consider S the stopping defined by:

S(x) = inf{u > 0, Xu(z) ¢ B(B, i)}.
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We notice that the definition S involves the dominant process and not the
general one, and for a good reason: as long as our process lives outside the
box [—3, 5] x [0, 0], the drift is null and our complex process acts exactly like
the dominant one. We have for all z € B(B, 1) that (Xg(z)au(2))uso is a
martingale, so we have that:

=E(Xo(z)) = E(Xs() (2)),

with S(z) being potentially infinite. Since (X, (z)),>0 converges (it is a bounded
martingale), if S(x)(w) = 400 then X (2)(w) = B. We have therefore, rewrit-
ing the last equation, that:

x = P(S(x) = +00) B+ P(S(x) < +00)E(Xg(z)()|S(r) < +00). (33)

Using basic geometry we have that the point W(x) = E(Xg(,)(2)|S(z) < +00),
being the barycenter of points from 0B(B, i) N K, checks

W) - Bl > % (31

Since z € B(B, §), one has using (33) and (34) that:
V2 -1
P(S(x) = +00) > ———
(S(x) ) > 7
Our dominant process starting from =z € B(B, ) does not quit B(B, 1) with a

probability at least 1. Yet, if it never quits B (B 1), it will never reach B (0,%),
so using (32) and (35) we get for v big enough:

P (X? ¢ B(O, ;))

<{Xv ¢ B(O }ﬂ{X Ton€B(A )UB(B, %)}ﬂ{n < ;})

> (35)

1
4

1 1 t
>P <X? ¢ B(O, g)\X%ﬁh € B(A, 9)UB(B,2), T < 2))

P (X200 € BUAL Y UBE T, < 1)

1 1 t
> P (8067, 1) = +IX7, ., € B UB(E .1, < 5 )
¢
2

P (X200 € BlA P UBE T, < 1)
1

v
=

Xi
16

- (36)

v
[\
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Finally (26) gives us P (X; ¢ B(O, %)) < 272 and (36) givesus P (X; ¢ B(0, %)) >
27%: Contradiction.

We get that one cannot write the limit of our stochastic process of generator
L., as vy approaches infinity, as a Markov chain of state space K.

Remark 8. In this counterexample, we notice that O belongs to the segment
[A, B]. More generally, it is easy to build a counterexample of the theorem when
the (n + 2)*" element of K, belongs to the convex envelope of the other points:
if our extra point is in the interior of K, we just have to squeeze it between
two red boxes like the one of our counterexample to find similar contradictions.
We have however not yet found a counterexample of our theorem when there is
at least n + 2 points but we assumed that the the points of Ko are exactly the
extremal points of K.

Remark 9. One may say that our counterexample is a pathological one since
our point O is unreachable if one does not start from a point of the boundary,
that is say unreachable from almost any starting point. We may indeed imagine
that our limit process could be, from almost any starting point, a Markov chain
on the points { A, B,C}. However, and it is quite surprising, a point that almost
surely does not exist for the dominant process, may in fact exists for the complex
process. Indeed, if one takes on the compact K of our counterexample:

b(A) = (3 8) b(B) = (01 8) b(C) = (8 ?) b(0) = 0.

and the same o as above, then we observe in the limit process an increasing
accumulation of the mass on O, whatever the starting point is. We cannot thus
make as if O did not exist.

Appendix: The proof of the Ergodic Theorem
To prove this we will use several times the following elementary lemma:
Lemma 5. Let A, B,C be three events.
One has that:

P(B) <P(ANBNC)+P(A*n B)+P(C* N B),
that is to say:

P(ANBNC)>P(B)—PA*nB)-P(CtnB),
This is completely trivial if one draws the Venn diagram.

Proof. (Theorem 1)
We will first prove the simple convergence of our process.
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Since £() is just noise, one has for all z and for all i € [1,n] that

Xii(z) = Xe(x) - e
is a martingale that lives in the compact space K and is therefore bounded.
The martingale convergence theorem thus assures us that for any x, we have
X;.i(x) converges almost surely and in L? to [Xoo(z)];. Let us prove that X; ;(x)

converges necessarily to one of the z € K. From now on the x will be implicit.

Using Levy’s theorem, there exists an extension Q of our probability space (2
and a Brownian motion on this space § such that:

where:

t n

<X1>t = / Zgi’j (Xt)2 dt
0 j=1
n t

= Z/ O—'L,j (Xt)2 dt
j=1"0

Thus, since for almost any w € Q one has that Xt,i(w) converges when ¢ tends
to infinity, we have that (X;):(w) converges.

But (X;); is a sum of n integrals from 0 to ¢ of a positive function, that is to
say n functions increasing with ¢ and thus for all ¢, j € [1,n] one has:

ts /O oij (Xi(w))?dt

converges and thus
04,5 (Xt(w)) — 0.

t——+o0

Eventually one has that:

and thus X (w) € K.
Therefore we get that for all z € K, one has:

E(f(Xx)) = Z Pi(Xoo = 2) f(2)

z€Kyp

= Pf(x).
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Finally if f is K-lipschitz:
[Ex (f(X1)) = Pf(z)| < KE

—~

1Xi(2) = Xoo(2)]2)

X (@) = Xoo()113)

)

(NI

IA

KE

[

—
t——+oo

using the theorem of convergence of martinagales in L2.
We thus proved the pointwise convergence but not the uniform one.
We notice that for any ¢ > 0, z,2’ € K, one has:

<V f (@) ~ P)

< KE (|1 X, () — Xi(")}2) + KE (| X () = Xoe (2)]|2)
+ KE (|| Xoo () = Xoo())]]2)

< KE (| Xi(x) — Xo(a)[3)* + KE (|X:(2) — Xoo(a)]3)
+ KE (| Xoo (@) — Xoo(@)]3)*

< KE (| Xe(x) — Xoo(2)[3)* + 2KE (| Xoo(z) — Xoo(a')]]2)?

[N

where we used in the last inequality that || X;(z) — X (2)]|3 is a submartingale,
and thus its expectation is increasing with ¢.

From now on we fix an € €0, [.

Using the last inequation, we have that if there is 7, > 0 such that for all
x' € B(x,n,) one has:

E (| Xoo(2') = Xoo(2)[13) < €%, (37)

then for ¢ > 0 such that

1
2

E (I1Xu(2) — Xoo@D)* <2,
we will have for all 2’ € B(z,,):
£ fla) = P < 3e.

Since K is a compact set, it can be covered by a finite amount of balls of the
form B(z,7,), yet we have for all  that:

E(1X:(2) = Xeo(@)3) , 52 0,

so eventually there exists M > 0 such that for all ¢t > M and for all 2’ € K we
have:

Y () — PR

< 3e.
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We will now prove (37). The idea of the proof is the following: we want to
prove that for 7, small enough, one has for w € Q and 2’ € B(z,n,) that if
Xoo(x)(w) = 2z, then we have X, (2')(w) = 2z with a high probability. However,
these are asymptotic events, and we cannot use results such as dependence on
the initial condition.

We will therefore invoke an event that is close to {Xoo(x) = z}, but that only
depend of the process until time N > 0 with high probability. This event is
”among the balls of center y € Ky and radius a, the first one that X;(x) reaches
is the ball of center z”.

On this event, we may use dependence on initial condition and conclude.

Let us start with some definitions. We write for a > 0

T =inf ¢t > 0, X;(x) € B y7ﬂ
t ygo ( 2)

We first notice that the definition of this random variable involves explicitely x
(and not z'). Tt is a stopping time that is almost surely finite since X; converges
to one of the y almost surely.

Using the fact that the functions x +— P, (T = T}}) are continuous, we can take
a > 0 such that:
inf inf P,(T°=T¢) >1-¢% 38
yeEKoweB(y,a) w( y) - ( )
We may furthermore take a small enough so that the balls of center z and radius
a are separated. From now on we fix a such a and we write T = Tj,.

Since T is almost surely finite there exists M > 0 such that:
P(T > M) < a*c%.

We know use the dependence on initial conditions: there exists 7, > 0 such that
for all 2’ € B(x,7.), one has:

sup E(|X:(x) — Xi(2')]) < a?e?.
te[0,M]

Eventually we have:

E(IXr(z) — Xr(2')]?) < LE(Lrsm) + E (| X7 (2) — X (2")*1r<m)
< (L + 1)a®e?,

where L = sup||z||3.
z€K
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Thus we have using Markov inequality that:
E (|Xr(2) = Xr(2")P)
2
(5)
< 4(L + 1)e% (39)

P(|Xr(z) — Xr(2)] > 5) <

NS

We will now consider four events:
A={Xw(z) =2}, C = {Xoo@) = 2},

and:
B = {Xr(z) € B(z, %)}, B' = {Xr(z) € B(z,a)}.

To conclude we have to prove that:
P(Cl|A) >1—¢? (40)
since we have thus:

E( Xoo () = Xoo(@)[I3) < Y E([ Xoo (@) = Xoo (@) ]3| Xoo () = y)P(Xoo (@) =
y€Ko

< D ACP(Xoo(2') # ylX o () = y)P(Xoo(@) = y)
yEKo

< 412

Let us prove (40). To do that we will first study AN B and C N B.

If we write pu; = (5936“(1) using the homogeneity of our process and the fact that
Xoo 007 = X, we have:

P(ANB) = /B( . Py(Xoo = z)dpur(v)

> / (1 —€*)dur(v) using (38).
B(z,%
> (1-€)P(B). (41)
On the one hand we have that if X7(x) € B(z, §), then

{Xr(') ¢ B(z,a)} C {|Xr(z) — X ()| > g}

So eventually using (39) we have:

P(BNB') = P(B'|B)P(B)
= (1 =P(Xr(2') ¢ B(2,0)))P(B)
> (1-¢*)P(B) (42)
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so in particular
P(B') > (1 -¢?)P(B) (43)

On the other hand, we know that Xr(x) belongs to one of the balls of center z
and radius §, so if X7 (2’) belongs to the ball of center z and radius a we will
have: a a

{I1Xr(@) = X2 (@)ll2 < 5} < {Xr(2) € Bz 3)}

so eventually using (39)

we get:
P(B) =
2

P(BNB')

P(B|B)P(B)

P(IXr () - Xr(@)]l2 < 5)P(B)
> (1-2)P(B))

v

So since we have chosen ¢ < % we have:

%P(B) > 1 P(B) > P(B) (4)

Finally we have using the same reasoning as in the proof of (41) that:
P(B'NC) > (1-*P(B). (45)
So eventually we have using Lemma 5, that:

P(BNC)>P(BNB NO)
> P(B') - (P(B') —P(B'NB)) — (P(B') = P(B'NC))

> P(B') - ?P(B') — £*P(B’) Using (42) and (45)
> (1 —e%)P(B) —2e? x 2P(B)  Using (43) and (44)
> (1 —5e2)P(B). (46)

Finally we have using Lemma 5 again that:

P(ANC)>P(ANBNO)
> P(B) - (P(B) -P(ANB)) - (P(B) -P(BNC))
> P(B) — ’P(B) — 5¢°P(B) Using (41) and (46)
> (1 —6e*)P(B).
> (1 —6?)P(A)P(B|A). (47)

We have almost proved (40) and thus the theorem. We just need to show that
B is a very likely event knowing A.

We consider the random variable

S = érzlgqir;i | Xe(x) — yll2

yEKq
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If w e A, then X;(z)(w) S #r 50 Xi(z)(w) € B(z,a) for t large enough and
using the continuity of t — X;(z)(w), we get that S(w) > 0.

Yet the sequence of events {S < ¢}4>0 is decreasing with ¢ and

{s<gt={s=0}

q>0
But since S is strictly positive for w € A one has:
P(S=0/4)=0
so the theorem of monotone convergence theorem gives us:
P(M A) — 0.
(M < gl4) =0

Therefore, there exists ¢ > 0 such that P(M < ¢|A) < €2 so if we take a < ¢ in
the definition of T'= T,, we get:

P (BC) =P | Xr(z)e (| By.a)| A | <P(M <a) <
yFz
yeKQ
Therefore, we have finally that:
P(BJA) > (1 —¢%).
so we can rewrite (47):

P(ANC) > (1—622)(1 — £2)P(A)

and eventually:
P(C|A) > (1 — 7e%).

This proves the theorem. O
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