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Abstract We base our work off of the article [1] by John Imbrie of the University of Virginia who is a
main specialist in the field. Imbrie’s paper aims to show the localization of energy in a one-dimensional
spin chain with random magnetic field, given an assumption that energy levels be far apart enough. For
this he uses a multi-scale method to diagonalize the hamiltonian. We add some simplifying assumptions
to his work and try to rewrite some of his proofs more explicitly than in the original article.
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1 Introduction

We use a simple model involving a one-dimensional disordered spin chain with next-neighbor inter-
actions (ie. a spin chain subject to a random magnetic field). A small perturbation in the hamiltonian
will allow energy to diffuse throughout the chain, this perturbation will be a spin flip. The hamiltonian
for our spin chain is as follows.

K’ K’ K’
H=Y mSi+ Y 1S+ Y LSS, (1)
-K i=—K i=—K—1
where the h; and J; are iid variables, with a probability distribution of finite support.
This hamiltonian operates only on a finite set of spins on the lattice A := [— K, K'| N Z, where we

have frozen all the spin variables outside of A. This is so that we don’t have to deal with any limit
effects.

As we’ve mentioned, the non-perturbative part of the above hamiltonian is diagonal, so the non-
perturbed eigenvectors are simply the vectors associated with each site. We will denote by |X > the
basis vector |...010... > where the 1 is at site X. The result which we will aim to prove is known as
many-body localisation (MBL), namely the localisation of energy for small, but nonzero, perturbations
(ie. ~y sufficiently small). In order to prove this result we first need to make an assumption, known as
the level-spacing assumption.

Assumption 1. (Level-spacing assumption) Let us take a hamiltonian H which is defined on a lattice
A with |A| =: n. Let us call P the probability distribution of the (h;); and (J;);. The level-spacing
assumption specifies that there exist v, C' such that the disrtibution of the eigenvalues of H satisfies the
following inequality :

P (m;g |Eo — Eg| < 5) <6re" (2)
for all 6 > 0.

Assumption 1 specifies that energy levels are far apart with high probability, so as to avoid resonances
between two levels.

We want to prove the localisation of energy for small perturbations. This is embodied by the following
inequality :

Definition 1. (Many-body localisation)

Take X and Y two sites on the lattice. We call | X > and |Y > the delta functions associated with
these respective sites. We say that the system of hamiltonian H s localised if it satisfies the following
inequality.

E| Y [<X|E><E|Y >|| <Ceap(—|X -Y]|/¢ (3)
E eigenvalues
where |E > is the eigenvector of H of eigenvalue E.

More concretely, equation (3) specifies that when we turn on our perturbation, the eigenvectors
change by a small amount. Equation (3) also tells us that the spatial scope of the perturbation is



limited, with exponential decay : it does not easily couple two sites that are far from each other. Such
is the reason why we say the energy is localised in this case.

In order to prove this result we will use a perturbation scheme. We diagonalise the hamiltonian
perturbatively, and each step of this diagonalisation generates new resonant and non-resonant regions
out of the previous resonant and non-resonant regions (we will define exactly what resonant and non-
resonant mean in this next section). We will be able to prove our bound on the non-resonant regions,
and then the key will be to ascertain that the resonant regions do not percolate in the limit, so that
the MBL bound ”spreads” to the whole lattice.

We have made a few simplifications with respect to Imbrie’s article so as to better conceptualize the
full scheme, which we will detail below.

1.1 Simplifications

To begin with, once a region becomes resonant, we will neglect anything happening inside it. This
means that we will not diagonalise our hamiltonian in resonant regions after they become resonant.
Because of this we will only solve part of the problem (namely, controlling the number of resonant
regions that are generated out of the non-resonant regions), but doing this already poses significant
challenges that we wanted to tackle.

Secondly, we will not take into account the renormalization of energy. This is a component which
plays a role in deciding which regions become resonant.

With all of this in mind, let us now sketch our perturbation scheme. To get an idea of it, we will
start from the first step (where we will diagonalise the hamiltonian at first order).

2 First step

2.1 Diagonalisation of the hamiltonian to the first order

We use a standard perturbative method to diagonalise our hamiltonian to the first order. For rea-
dability purposes, we write H := Hy + J where Hj is the diagonal part of the hamiltonian and J is the
(small) perturbation. We denote by (|o° >)40 the basis of eigenvectors of the unperturbed hamiltonian
(which here is nothing but the canonical basis, but we want to keep a general notation). We write
(E2),0 for the associated eigenvalues. We also denote by (|o! >),1 the new basis of eigenvectors after
the first step in our perturbative process. The eigenvalues associated with these eigenvectors are the
same as those of the unperturbed eigenvectors, given that we have neglected the renormalization of
energy (and even if we had not, in any case, the lowest-order of energy renormalization is the second
order for hamiltonians for which the unperturbed part is diagonal).

With all of these notations in place, we have :

<7 Hlo' > =<7 |Hplo" >+ < 7°J|o" > (4)
—_——
=EL <7001 >+0(||7|1%)
E! <ot > = E° < %ot > + < 7O J|ot > +O(||J|]*) (5)
<79 J|ot >
<o > = <TVZZ o ()

EL — EO



with equations (5) and (6) being taken up to the first order in the perturbation J. So the new basis is
denoted by

0! >= 3 Al > (™)
7—0
where
0 1
(1) o <T |J|0‘ >
ATO’O_1 = o (8)

Let us note here that our J is simply a spin flip, so it can only couple two spin chains that are one
spin flip apart. Let us note o the spin chain o where the i*" spin has been flipped.
We can then rewrite equation (7) as equations (9) and (10) :

o0

AW =3 A0 () (9)
<o\J|a(')> e (i)

AV(i), s = d Ba B HT =0 (10)
0 otherwise

We can now observe that A® satisfies the equation :

[AV Hy| = —J (11)

Here we have determined that the basis change needed to diagonalise H up to the first order is given
by the matrix 1 + A. This, however, poses one problem : 1 + A is not a unitary matrix, and we want
the set of new eigenvalues to remain an orthonormal basis. To fix this, instead of a basis change with
matrix 14 A, we will use the matrix e4 = o A, , which is equal to 1+ A at first order and which has
the notable advantage of being a unitary matrix.

With this new basis change, the hamiltonian becomes :

HY = ¢ Z “dA (12)
0
> A nH A"
Z (ad 0 (ad ') J (13)
n:
1
= (ad A V] (ad A)"J
:H0+J—J+(adA)J+Z—( TZ! +( n!) (14)
> ad A) J

;:J(l)

(here we have neglected the (1) exponents so as to lighten the notations).



H® is therefore the sum of Hy (which, as a reminder, is diagonal) and a new perturbation J()
we find ourselves with a new hamiltonian to apply our perturbation scheme to, iteratively. Our proof
of the MBL result will essentially consist in iterating this scheme and making sure we have the proper
bounds for it to converge.

Here we notice that all of the terms in the above sum are of the form [A, ..., [A, J]]. We can now
remark that all of these terms are local :

Proposition 1. (Locality of step-1 commutators) For any k and any iy...ix, we have

[A(ir), - [A(ik-1), J ()] = 0 (16)
if and only if there exists | such that d(iy, {ij11, ..., 35 }) > 1

Proof of locality of the commutators Let us take an example with just one commutator, [A, J].

NN J (i) . ()
AG) T, = 7l @) = ) 5o > )
<1 J(@)|e) > < TNJ (@) |o > (18)
-~ E,—E,uw E @) — Ey

The first term of equation (18) is nonzero if and only if 7 = o). Likewise, the second term is
nonzero if and only is 7¢) = ¢® which is equivalent to 7 = ¢(®*). This has nothing to do with locality
yet, but we can rewrite equations (17) and (18) as :

< @I J(@D)|o) > < oD J(i)|o >
E i — Egw) E,o — E;

o g

[A@@), J ()] g o007 =

and, in the event that |/ —i| > 1 (ie. the successive spin flips are not nearest neighbors), we have
the equality E_ . — E ) = E,o — E,. Indeed, when we look at the explicit form of H,, we notice
that it only couples spins that are nearest neighbors, so spin flips on ¢ will not influence the energy
difference generated by a spin flip on ¢’ if the two are not nearest neighbors.

Another way of seeing this locality property is by writing [A, Hy] = —J and computing :

(19)

[A(2), J(k)]lo >= (—A(i) [A(k), Ho| + [A(k), Ho] A(i)) o >
= (—A@AR)V + AV A(k) + A(k)VA(i) = VA(K)A(7)) |0 >
— AW AR)E,|o > +AG)AR)E,w|o > +AR)A()E,
= A())A(k) (Ep00 — Eg) — A(R)A(D) (Egwn — Ey0)

g

N}
—_

(k)A(1) Ey ki)

(20)
(21)
o> (22)
(23)

which cancels out in the event that |i — k| > 1. This reasoning generalizes to all of the commutators
in the expansion of H) (one can understand this more easily with the second method).

Graphical interpretation of the expansion We choose to view our problem under a more graphical
angle, which will help in deducing certain bounds in the later stages where expansions become more
complicated.



The graphical expansion is as follows : as we previously mentioned, each term in the expan-
sion of H) will be of the form [A,...[A4,J]]. In turn, each of these terms can be decomposed into
[A(i1), ... [A(in—1), J(in)]], where there are no gaps between the iy, ...i,. Each of these terms will be
associated with a graph ¢ that goes through i1, ..,4,. To distinguish the A terms from the J terms, we
put an arch over every A site (ie. every site which contributes a denominator to the final commutator).
This is illustrated in figure 1.

FIGURE 1 — An example of a graph, each denominator is represented by an arch over all of the sites
that it encompasses.

Let us denote by g the graph with endpoints 74, ...,%, and arches over 74, ...,%7,_1. To lighten nota-
tions and make things more intuitive, we will denote by JM(g) the term in [A(i1), ... [A(in_1), J(in)]]-
Therefore we have

=3 1) (24)
gZO'—>’T

At this point, one approximation that we wanted to make was to disregard all of the higher-order
terms in the expansion in equation (15), and to keep only the term of order 1. This, however, did not
work, because some of the higher-order terms generate terms of relatively low order in the next steps.
Keeping only the lowest-order term causes the order of the perturbation to grow as 2" (where n is the
number of iterations of our perturbation scheme, or 'step’), and we found that we could not control
the probability of resonant regions for a scheme which converges as fast as that. Therefore, we must a

priori take into account all of the terms in the expansion.

2.2 Resonance condition

We will now define what we mean by resonant and non resonant regions. As previously explained,
the non-resonant regions will have controlled behavior, and we will be able to prove our MBL bound in
these regions. The resonant regions, on the other hand, will cause energy to be displaced, so the goal is
to limit how many resonant regions there are (and, ultimately, to check that they do not percolate).

Defining what constitutes a resonant region is a little tricky : we want the bound to be strict enough
that there are not too many resonant regions (otherwise they would percolate), but we also want it to
be lax enough that there are not too many non-resonant regions (otherwise we would have very little
information about the non-resonant regions, and, in particular, we would not be able to show that these
regions satisfy the MBL bound).

For this first step, the resonance condition is given by the simple inequality (25).

|AW] > 7 /e (25)



and a step-1 resonant region is defined as any site satisfying equation (25), ie. [A()(7)| > /e
Assumption 1 yields the almost sure bound |A(g)| < 7/e which ensures that almost no regions are
resonant in the first step.

Bounds on J) We see from the expansion in (15) that

(1) v(y/e)!
[T (g)| < o =DT (26)

3 Starting point of step n

Here we will anticipate a little to try and write out the starting point for the next steps. Problems
begin to arise in step 2, so it will be useful to try to introduce them now in a heuristic way before
moving on to the computational details.

Every time we iterate our scheme, we will use the perturbation from our new hamiltonian
H™ = Hy+ J™1 We will construct operators A™ and J™ at each step. The expansion will therefore
be exactly the one from equation (15), only with different superscripts. From here, we can understand
that each new perturbation J"*1 will consist in a sum of commutators of the operators from the scale
just below : [A™) .. [A®) J0=D]].

At this point, we introduce a length scale Ly := (1+ ), with 8 < 1. At step k, we will only consider
graphs of length |g| € [Ly, Ly 1[ (we have not yet defined the length of a graph g, which we will denote
lg|, but we will define it shortly). The reason why we do this is because, if our scheme converges too
quickly, we will not be able to control the probability of resonant regions. A posteriori, we find that this
probability can only be controlled if the length of the graphs evolves within that range.

More explicitly, we decompose as we did in the first step :

A=Y Aty (27)

gn—1 step n — 1 graphs

Jh=1 —. Z J D (g,_1) (28)

gn—1 step n — 1 graphs

and A™ will be defined as the only operator satisfying equation (29).

= Jn (29)

Al H,
© L <lgl <L,
We also denote by I(g) the smallest interval covering all the sites which have been flipped at least
once.
Resonant regions at scale n are defined as the connected components of the set

{z € Z | 3g resonant graph st x € I(g)} (30)

Namely, resonant regions are the connected sets of points through which there passes at least one
resonant graph. Note that we have not yet defined what a scale n — 1 resonant graph is. This will also
be defined shortly.



The definition of A™ given in (29) is essentially the same as in (11), with one difference : the
restriction to |g| < L,. This allows us to generate nonzero A™ for graphs of the desired lengths only.

Let us come back to our remark that J™ is a sum of commutators of the form [A("), [A(”), J(”*l)]] .
By decomposing the latter according to the graphical expansion for graphs of step n — 1, we get
(AT (ga1), - [AT (gn=1), T D(gn_1)]]-

We note that [A™(g), J® Y(h)] = 0 if the graphs g and h are such that d(I(g),I(h)) > 1. We
will refer to this as the locality property of our commutators. This is analogous to the expression of
locality for step-1 operators that we gave in proposition 1. It can be seen inductively, as each operator
decomposes into operators of the previous scale.

It follows that all graphs of step n with nonzero contributions to J™ are concatenations of (poten-
tially many) graphs of step n — 1, like so :

gn = 9711—1 V..V 92—1 (31>

where g1 |, ..., g¥ | are such that the successive commutators in the definition of J™(g) are nonzero.
This is given by the following condition.

d(I<931—1)7{I(gzztll)""a[(gZ—l)}) S 1 (32)
Now we will attempt to explain the outline of our proof of resonance bounds at step n. Again we
are anticipating a little on further problems, but we want to give an intuition for what the resonance
condition is and how we will prove our bounds.
The scheme is the following : at step n, we construct our set of A graphs which are concatenations
of step n — 1 graphs that stay in the right length range [L,, L, 1].

3.1 Long and short graphs

We now split our graphs into two categories :

1. Long graphs (or, visually, graphs that "loop a lot”). These are defined as the set of graphs that
satisfy the inequality |g| > 87" |I(g)|.

2. Short graphs (or graphs that ”do not loop very much”). This is the set that satisfies |g| < 87! |I(g)].

Since long graphs loop a lot, the associated A operator will decay faster as a function of the number
of sites visited (since the length |g| grows fast with the number of sites visited). Heuristically, this faster
decay means that we will better be able to control this A operator. Computationally, this is embodied
by a change of norm, like so :

‘g;” = |I(gn)| V BLy (33>

We will be able to bound the A operator inductively using this new norm. An important thing to
note here is that, in order to obtain this bound, we will not need to consider the sub-graph structure. So,
heuristically, all long graphs of scale n that cover the same interval /(g) and have the same beginning
and end points are equivalent for the inductive procedure. This will allow us to resum all such long
graphs. One (more formal) way of seeing this is to set an equivalency relation = defined by g = h iif.
g and h are long scale n graphs, I(g) = I(h) and g and h have the same start and end points. We call
lq] js & Jump transition, and an operator over a jump transition is defined as the sum of the operators
associated with all of the long graphs in that jump transition, for example :



A9 (lg),,) = X2 AP (34)

helgl;,
This way of thinking will make computations simpler.

For short graphs, since the decay as a function of spatial distance is slower, this inductive bound
will not suffice. The easy case is when a graph g does not loop at all, because this creates a form of
independence (which we will detail later). In this case, we can bound our A operator directly, using a
Markov bound.

The tricky part, then, is when some sections of the graph loop, but not enough to make a long graph.
To treat these particular graphs, we find that we will have to bound the looping sections inductively
and then apply the Markov bound to the remaining sections. This explanation is, of course, completely
heuristic : to make this more precise we will need to define what a looping section is and how these bounds
come together. Again, for now, we just want to give a general idea of the proof, and computational
details will be given later.

We take a moment here to define |g| properly.

A step-n graph g, is defined as a concatenation of graphs g: , V...V g* | on scale n — 1, and is
associated with an operator J™(g,) = A™ (gl |)..J"= V(g )...AM(gk ). We define the length |g,|
of g, inductively, as

gn| = grlzufl + .t ‘9;0—1| + ..t gﬁil (35)

(the graphs associated with A operators contribute their modified norm to the sum on the right-hand
side, instead of their original norm).

Note that a concatenation of two graphs on scale n — 1 is necessarily a graph of scale n, because it
has length |g,| = |g711_1‘ + ‘ggl_l{ > Lyp1+ BLy—1 > Ly. This makes the lower bound of the restriction

in equation (29) superfluous.

3.2 Resonance bound

Before tackling the computational aspects of the problem, we first need to define the resonance
bound that we want to prove at each step. We have already done this for the first step, in section 2.2,
but now we want to extend this to step n.

Concretely, for all step-n graphs g, we want to set a certain €, such that the probability that
A™(g) > 19"l /¢, is sufficiently small to control the non-percolation of resonant regions. Let us call this
probability d,. This writes as

P (JA™(g)| > ay) <6, (36)

where 0, must be such that the resonant regions do not percolate. This non percolation condition
will impose an upper bound on ¢4, which will translate to a lower bound on the resonance condition.
As mentioned previously, we also need an upper bound on the resonance condition to ensure that we
retain enough information on non-resonant regions to be able to prove our MBL result.

The resonance condition that will fulfill both of these requirements is given by



//|

|g .f . . t .
AW (g)] > {v if g is a jump step; (37)

(v/€)19"1/(g1)*® if g is a short graph.
where ¢! is defined recursively, as follows.

Definition 2. (Factorial of a graph) Let g, be a scale n graph made up of scale n — 1 subgraphs

gt 1 ....,g% . Suppose we have defined g for all graphs of scales n — 1 and under. Then we define g,,!
as

1 if gn 1S a Jump step;

gl = { fg Jump step (38)

klgt V..gF ' if g, is a short graph.

We will show that this resonance condition may lead to choosing 4, as follows, and that this choice
of §, does indeed guarantee the non-percolation of resonant regions.

(gh?/9

- eslal (C(s))l9! if g is a short graph; (39)

where s € [0, 1] is a constant, and C(s) is also a constant.

Three elements have to be proven in order to check the above statement. These are given by theorem
1 below.

Theorem 1. We have the following three assertions.
1. The above resonance condition leads to the non-percolation of resonant regions.
2. Equation (36) is satified by the above choice of €, and §,.

3. The above resonance condition allows us to prove MBL in the non-resonant regions.

We will start by proving point 1., and point 2. will be proven in the next section. Point 3. will
conclude our paper.

Proof of non-percolation of resonant regions The non-percolation condition writes as

P (lim sup(0 € Res(n))) =0 (40)
n

where Res(n) denotes all resonant regions up to step n.

Now, this is the part where our first simplification, which stated that we would neglect anything
happening in regions that became resonant at steps n — 1 and before, becomes a little bothersome.
Indeed, we have no way of knowing what happens to a region after it becomes resonant, as we just set
the perturbation in that region to zero. We therefore lose information on the resonant regions and we
cannot be sure that they do not percolate. We will leave this problem aside here, but of course this
makes our reasoning sketchy.

In order to obtain equation (40), we compute ) P(0 € Res(n)).

Z P(0 € Res(n)) < Z dg (41)

g st 0€Im(g)



So the bulk of the problem lies in counting the number of graphs in the right-hand sum and showing
that this right-hand sum can be made arbitrarily small so that we can apply Borel-Cantelli lemma 1.
We will dedicate subsection 3.2.1 to this.

3.2.1 Combinatorial bound

We will now try to bound the number of terms in the right-hand sum of (41). More specifically we
will use the following lemma.

Lemma 1. Let ¢(g) be a so-called combinatorial factor such that Y7 c(g)~" < 1. Then we can bound
any graphical sum o (9) b

<sup|f( )| e(g) (42)

Proof The lemma is relatively intuitive, and its proof quite simple.

S 1f(g \<er |—§<sup\f Zl/c> (43)
< s |f(9)] elo) (44)

To give an intuition of the above lemma, let us think of the case where the sum is over a finite set
G, and ¢(g) := |G|. This choice does fulfill the condition )3 ., c(g)”" <1, and the right-hand side of

equation (42) writes as (sup,eq |f(9)]) |G|, which is a natural bound of a sum over all the elements in
the set.
So, the notion of a combinatoric bound can be seen as a generalization of the bound

> f(g)

geG

< (ilelglf(g)o G| (45)

when such a bound cannot easily be obtained.

Now we move on to the choice of ¢(g).

We recall that a step n graph g, is a concatenation of graphs at step n — 1 that satisfy the locality
condition (ie. there are no "gaps” between the scale n — 1 graphs).

Let us define an equivalency relation : g ~¢ h iif. g and h are two scale n graphs that have the same
set of subgraphs at all scales 1,2,...,n — 1. We will choose to define ¢(g) as an upper bound on the
number of graphs in [g],. This quantity will be computed by induction, and we will then prove that our
choice satisfies the condition c(g)™!' <1 of lemma 1.

Naive bound We will start by establishing a first bound on |[g]| which will not be precise enough,

—1
but which will help us get an idea of what we are doing. Let us then define ¢;, := Hle LiL i and suppose

that c(g) = ‘g‘g' is an upper bound on [[g],| for all graphs g on scale k < n — 1. We will prove by
induction that this is the case also for graphs on scale n.



Let g, be a scale n graph made up of subgraphs g._, V...V ¢g¥ . Then we must choose

k
c¢(gn) > maximum number of rearrangements of the graphs g} ,..gF | x H c(gh ) (46)

(.

™ i=1

::N(g}l_l,...,gﬁ_l)
So all that is left is to compute N (gl _,,...,¢* ;) (which we will denote N to lighten notations).

Suppose we have already arranged graphs gl ;,...,g. ;. We need to arrange graph gl in such a
way that the commutators are nonzero.
Because of locality, this means that we need d (I(g57™),{I(g:_,), ..., I(g}_1)}) < 1.
Since |{I(g}_1),-. I(gh_1)}| < 30_, |gi_1| < ILny, there are at most (I + 1)L, spins where the
rightmost point of graph ¢g'™ may be.

Therefore, N < []1_ (I + 1)L,y < LF_ kL.

Now all that is left is to compute

k
(| == KILE_, H c(g_1) (47)
=1
5 o]
In—1 7
= k'L'Z—l ch—l gn—I! (48)
=1
k
< (k! Hgflﬂ) clgn| (49)
=1
< gald?"l = c(gy) (50)

where (49) is obtained by remarking that k& < |g,| /Ln—1.

This concludes our proof that |[g],| < 9l ¢! for all graphs g of scale n. What’s more, we observe that

the sequence (c¢,), increases with n and converges with n — oo, and we write ¢, — c.

This allows us to simplify the above definition of ¢(g) to c(g) := cl9g!

Unfortunately, this combinatorial factor will not suffice for short graphs, and we will only be able to
use it in the case of long graphs. To understand why, recall the non-percolation condition (41) as well
as equation (39). Sums over long graphs in the right-hand side of (41) write

slgl
S 4 Y ) (51)
g long graph st 06Im(g) g long graph g:
slgl
< supe(g) = (C(s)" (52)
g long graph g
< sup et (C(s))" (53)
L>0

where we have used lemma 1 to get the third line. Therefore, given that we can select e arbitrarily
small, we can make the right-hand side arbitrarily small, and therefore ensure that resonant regions will
not percolate in the limit.



Since long graphs are resummed to produce jump steps, we can make use of this naive bound to yield
bounds over jump steps. This resummation will allow us to obtain an exponential bound on quantities
related to jump steps (the contribution from ¢! will be ”sucked into” the sum), so that equation (39)
may become :

(g")?/9

slgl . .
<2 -(C(s))l9l if ¢ is a short graph;
5, = (C(s)) g grap (54)
(C(s))l9! if g is a jump step.
We will go into detail about this in subsection 4.2.

For sums over short graphs, using the bound from equation (39) yields

s 9!

Z P(0 € Res(n)) < s1;p cdleslsl(O(s))l9! (g2 (55)
which is a bound that we cannot control. In order to be able to control the sum graphs, we would

therefore like to have c(g) := cl9/(g!)?/* as a combinatorial bound : let us try to establish this.

Precise bound for short graphs Here we define a second equivalence relation that is slightly
different from the first : g ~5 h iif. g and h are both short graphs of scale n that have the same subgraph
structure from scale 1 up to scale n — 1. As in the case of the naive bound, we want to show that
c(g) == cl(g")¥? is a good bound on |[g],].

In the case of short graphs, the condition |g| < % |1(g)| imposes that graphs do not loop much. Let’s
begin the same inductive reasoning as with the naive bound, but this time we’ll take this information
into account.

Take g, a short scale n graph made up of subgraphs g}, V...V ¢*¥ |. Let us compute a new bound
for the number of rearrangements of subgraphs gl ,...g* | into a step n graph.

We denote by floating graphs the set of graphs ¢g¥ | such that I(g* ) C I(g} ,)U...UI(gF71), and
we denote by pinned graphs the set of graphs that are not floating graphs.

We will denote by [, the total length of the pinned graphs, by [; the total length of the floating
graphs, by n, the number of pinned graphs, and by n; the number of floating graphs.

The short graphs condition imposes that [y < %lp. Moreover, each graph g’ ; has length | gil,l‘ €
(L1, L[, with L, = 2L,y > 2L, 1. So ny <lp/Lyy < 2ly/L, < 2= < In,,.

This means that at least 7/9 of the scale n — 1 subgraphs of g, are pinned.

Suppose that graphs g _,...¢, | have already been arranged, and we want to arrange graph gff_ll SO
as to satisfy the locality condition. If is a floating graph, then there are at most nlL, _; spins where we
can place the rightmost point of gifl. If, however, gifl is a pinned graph, there are only two places
where its rightmost point can be.

In total, we find a bound on the number of rearrangements of the order of O(27%/ 9Lik_/f n?/%) =
O(LE_,)(n1)2/.

We reiterate the computation of |[g,]| that we did in equations (47) through (50) to yield :



k .
lgala] = (k)22 TT ekl (i yny2re (56)

=1

. 2/9
< (k;! Hgflll) clonl (57)
i=1

< (gal)?/ 0! (58)
< (g)0clom) = ¢(g) (59)

This new combinatorial factor allows the probability that resonant regions percolate to be bounded
by :

D P(0 € Res(n)) <) e (C(s))" (60)

which can be made arbitrarily small to ensure that resonant regions do not percolate.
Finally, to check that c(g) is an admissible combinatorial factor, let us check that 3 c(g)~! < 1.

Conclusion of proof All that is left to show is

Selo) <1 (61)
g
The left-hand side of the above equation can be expanded into

g =D ) el (62)
g AeG/~ geA

= > A4 (63)

AeG/~

where G is the set of all graphs, and where we have grouped the graphs by equivalency classes, and
defined ¢(A) as the value of the combinatoric factor over the equivalency class A. The equivalency
relation ~ is a new equivalency relation defined by

. g and h are short graphs of the same scale with identical subgraph structure
g ~ hiif. (64)

g and h are long graphs of the same scale with identical subgraph structure

Since ¢(g) is defined as being a bound on the number of graphs per equivalency class, we can bound
each term in the right-hand side of (63) by 1. Actually, we can even do better than that : by enlarging

the constant ¢ in c¢(g) = c9(¢g!)** (ie. by taking ¢ > [, Lé’“l), we can obtain an expression that
decays exponentially in |g| for each term in the right-hand sum.

Now all that remains is to compute the number of terms in the sum, ie. the number of equivalency
classes for the equivalency relation ~. More specifically, it will suffice to prove that |G/ ~| has expo-
nential growth at most. Indeed, if we can establish this, we can again tweak the constant ¢ to make sum
(63) converge to a number smaller than 1.



To give an intuition for the bound over the number of equivalency classes, we will adopt a slightly
different point of view : since a graph at scale k is nothing but a concatenation of graphs at scale k —1,
which themselves are a concatenation of graphs on scale k — 2,... we can think of a graph ¢ as a tree
with one vertex at the top, as represented in figure 2. Each vertex of the tree represents a subgraph of
g, with subgraphs of scale k being at height k& on the tree (the vertex at the top represents the whole

graph g).

FIGURE 2 — Tree representation of graph g.

This representation does not specify how the subgraphs are arranged together to create graph g.
Hence, each tree defines a graph g up to rearrangement of the subgraphs, so each equivalency class of
G/ ~ can be represented by (at least) one such tree.

The converse is not true, however : not all the trees described above represent an equivalency class
of G/ ~. This is mainly because we have length constraints on the graphs : recall that a graph of scale
k must have length |g| € [Ly, Lxs1[. So, for instance, if ¢ is a graph of scale n (ie. |g| € [Ly, Lyny1]), then
the number of vertices at height n — 1 on the tree is bounded by |g| /L, _1. In the same way, the number
of vertices at height n — 2 is also bounded, by |g| /L,_2 ... at height n — k, we therefore have a bound
of |g| /L,—x on the number of vertices of the tree.

Let us call T the set of trees with this condition. Then we have | 7| > |G/ ~|. All that is left is then
to bound |T.

Here we are going to tweak the definition of 7 a bit : we set L a natural integer, and we impose
that trees in T represent at least one graph of length L. The reason why we do this is because want to
control the number of trees as a function of the length |g| of the graph.

Let us call 7, the set of trees in T' € T of height n. Let us also call 7:LT’< the set of trees T € 7,, that
are "frozen” beyond height k£ in such a way that if we truncate T" to keep only the points at heights
greater that k, the truncated tree will be Tj.

Our conjecture is that, for all n, k and T ;...T} n, there exists a constant C' such that

77| < (ﬁ C) (65)

This looks like a complicated formula, but it will lead to the bound that we are interested in. Indeed,



NI
equation (65) with k = 0 yields |T,/"| < (H;:Ol Cri 1) . Since T, is a tree with height zero, it is nothing
but a single vertex, so 7,» = T,,, and therefore (65) leads to

T < (ﬁ CLN) (66)

i=0
where the product on the right-hand side converges to []:°, ok 1, and we have the exponential
dependence in |g| that we were looking for.
Now, let us prove equation (65) by induction on k. Take n a natural integer. Suppose we have, for a

N\L
given k < n and for all T, € T, 4, |’7:LT’“| < <Hf:_01 O'L; 1) We want to show that, if Ty 1 € T,,_r_1 (ie.

i\ L
) < (T e
The idea is the following : take a set of points Vj, which will be our vertices at height k. Take
another set of points Vi1, these will be our vertices at height k + 1. Let us call N := |Vj,|. We want
to compute the number of ways in which we can "group” the points in Vj, into groups Vi1, ..., Vi n s0
that all of the vertices in group V; ; will stem from vertex j of Vi . This is illustrated in figure 3 below.

we "unfreeze” the k' level), then

FIGURE 3 — One example of a possible grouping of vertices at height k.

Suppose we have [ vertices at height k (so that |V;| = ). Then the number ways in which we can
form N groups with these [ vertices is (N +ll_1 ), as illustrated in figure 4.

..‘.‘ ____________________ ‘...‘.
2 Ve % A VA

FiGURE 4 — Combinatorics for the number of ways to arrange a set of N elements into [ groups : we
imagine each group as being separated from the neighboring groups by a "wall”, and we have to choose
the position of each "wall” among all the elements.

Therefore, we have

k-1 L
‘{T € 7?’““ | T has [ vertices at height k}} - (N e 1) . (H CLil) 0

[
i=0



Of course, we need to get rid of the condition on the number of vertices of our tree at height k. So
we write

L/Ly k—1 L
T < (N e 1) ( OL;1> (68)
=N =0
L/Lk , k—1 L
L -1 .
=0 =0

< Liewp (i—Lan) (H CLil> (70)
< (H C) (71)

where we have recalled that the number of vertices at height k is bounded by L/Lj. The last
inequality holds if C' > sup, exp(2LIn2in(L/L;)) (the supremum is finite because L/L; —;_ 0).

So, we have proven our bound (65), and therefore equation (66) holds. We therefore have an expo-
nential bound over the number of equivalency classes on our set of graphs for the equivalency relation
~. Coming back to equation (63), this writes as

Seots ¥ L (6)" e (72)

; AE{g) /e k20
00 k—1 » L N
2 (Hm ) [T () 73
L=0 \i=0 k=0

where the sum in equation (73) is over all the possible graphical lengths.
i\ L —1\ L
The quantity (Hi:ol CL: 1) | (Lé’c > ¢l can be taken to be arbitrarily small by enlarging the
constant ¢, as we alluded to earlier. This concludes our proof of point 1. of theorem 1 : that the resonance
condition given by equations (37) and (39) does indeed lead to the non-percolation of resonant regions.

]

4 General step

Our next point of interest will be proving assertion 2. of theorem 1, ie. checking that the resonance
conditions (37) and (39) satisfy equation (36), which we recall claims that P (|A™(g)| > o) < d,. To
do this, we will need to run our diagonalisation scheme. Let us start by recalling the starting point of
step n.



4.1

Starting point : review

We will assume that our hamiltonian H has already been transformed into a new hamiltonian
H®™ =: Hy+J™ which has a perturbative component J™ of order n, and we will apply our perturbation
scheme to this new hamiltonian to create a hamiltonian H ™+ which will have a perturbative component
of order n + 1.

Let us first set the inductive assumptions from which we start.

1.

Operators A™ and J™ have been defined. Operator J™ is a sum of commutators of the form
[A(”), [A(”), J ("_1)” , and we expand J™ according to the graphical expansion, in the following
manner :

T =" J"(g,) (74)

Gn:0—T

Graphs g,, are multi-scale graphs made up of graphs g,,_; from scale n — 1. Let us take g, a graph
on scale n such that g, :=g: , V...V g* |. Then we have

J (gn) =AM (9711—1)"'(](”_1)(920—1)'--/1(”) (92—1) (75)

The above expansion goes to show that each J graph is constituted of (potentially many) A
graphs from the scale just underneath, and only one J graph. This could already be seen from
the commutators in the expansion of the new hamiltonian, but once again a graphical approach
is a lot more practical.

If g, is a graph on scale n, then we have defined a (modified) norm |g/| inductively, using step
n — 1 as follows :

gl = 11(gn)| Vv BL,, (76)
If goi1:= gL V...V g¥ is a graph of scale n + 1 with iy being the position of the J(n) graph in the
expansion up to scale n, then the norm |g,1| is given by |gni1] == [g} | + ... + g2 + ... + |gF”

Graphs are split between long graphs and short graphs, with long graphs satisfying the inequality
lg] < B|1(g)|, and short graphs satisfying |g] > 8 |I(g)|

We resum all of the quantities associated with all of the long graphs that cover the same intervals
I(g), and we call these long graphs jump transitions.

. Any point x € Z through which there passes a resonant graph of scale n or below is part of a

resonant region.

Non-resonant regions satisfy equation (77)

‘A(n) (gn71> ‘ <

(7/€)l911 ) (gue s, if ooy is mot a jump step:
7|95*1 , if g,_1 is a jump step.

The probability of a region being resonant satisfies equation (36) which we recall below :

P(|A™(9)| > o) < 4, (78)



where oy and ¢, are defined in equations (37) and (39), by

o, - {fﬂg"' ) ?f g ?s a jump step; (79)
(v/)19"1 /(1?2 if g is a short graph.
_ {659/(g!)2/9(0(5))9 if g is a short graph; (30)
! (C(s))9 if g is a jump step.

Point 6. of this assumption is our point 2. of theorem 1, which we will need to prove at step n + 1
in order to check the consistency of the scheme.

Take g,+1 a scale n 4+ 1 graph, then. We will start with the simpler case : suppose g,.1 is a long
graph.

4.2 Bound on long graphs

Over long graphs, we will prove the following bounds :

{u<n><g>\ (1)
AT <5 ()"

Let us first prove that we can deduce bound (79) from this. We will have to use our naive combina-
torial bound to resum long graphs. Let us compute this for the A operator (for J, the computation is
analoguous).

Let us take g a scale n long graph. Then, per our naive combinatorial bound,

1
= ¢ (81)
<7

4(g),)| < sup e(h)

js (v/e" < sup " (82)
hE[g]jS

he[g}js
where 7 := £v. For convenience, we will simply write 7 = v, as there is simply a multiplicative factor
between the two, which does not matter given that we can make ~ arbitrarily small.

Since the supremum is taken over graphs of scale n only, we know that |h| € [L,, L,y1], and thus

hE[g]js
This means that, for all g € [g],,
fylzﬂ > 4Pl qup ,ylhl (84)
hE[g]js
Therefore,
(n) 9]~ BLn
[A([g],,)| < Ay (85)

For long graphs, recall that |g| > 87" |I(g)|. Therefore, |¢"| < 8g|V 8L, < B|g|. Finally, this yields



n —1 1" n
‘A( gl )| <77 'WﬂL (86)
< A9 1 (=B L Bl (88)
< AN Iy B < 41971 since (“YL")H is a decreasing sequence. (89)
O

Let us prove bounds (81) then, as we have said, inductively. Suppose the bound holds for graphs up
to scale n. As usual, we set g, a long graph at scale n + 1, made by concatenating graphs g., ..., g at
scale n.

J graphs at scale n + 1 are concatenations of (potentially many) scale (n + 1) A graphs, and one
scale n J graph. This yields the bound

[T (gagr) | < [ACD (go)| o [T (gi2)] - [ATTD (g)] (90)
() 7@ ) o
N g

which proves the first bound.
For the second bound, we recall that A n+2 (gn+1) =J éﬁ,l)(gnﬂ) / (Ey — E,), where we have denoted
by o and ¢’ the starting and ending pomts of Init, respectlvely

gn+1) Jelon+il g g,

This yields the equality on the norms ‘A((:a ‘ =

Now, let us recall that our graph g, is a long graph. As such, the condition |g, 1] > 87! [I(gns1)]
is satisfied. Combined with the definition of the new norm ‘ gnii| = |1(9)ns1] V BLypy1, this yields
90 1] < Blgns1] V BLng1 < Blgns1]- So, we deduce that almost surely,

1 lgnsal—1 /1 19m 1]
A4 (g,)] < 1 (2) (_) (93)
In+1 € €
1 Y lgn+11=1 1
S <_2> € oy
Gn+1: € €
1 1 Iny1|/B
< — (—3) ()" e 2 <1 (95)
On+1' \ € € €
1 l (2) ’ggﬂ‘(ﬁ—l—l) (’_Y) ‘gn-*-l‘ (96)
gnJrl' €’ € €
1 Y |97/ 11 ]
< ' <E) for v small enough. (97)
Jn+1

where the last inequality holds because 5~! — 1 > 0, and therefore (E)|g”+1 can be made arbitrarily
small.



This concludes our proof of equation (81).

Now we move on to the short graphs case.

4.3 Bound on short graphs

For short graphs, this inductive reasoning cannot be applied. As is shown above, applying a naive
inductive reasoning yields a denominator of the form (e2)9»+1l instead of the desired el9n+1l,

So, for short graphs, we will need to use Markov bounds.

Let’s start with a very simple case : the loop-free graphs. Loop-free graphs are defined as graphs
that do not cross over themselves. More formally, we can choose to expand graphs up to scale 0 and
view them as a function of a time variable (or "step variable”) ¢, which counts the number of scale
0 operators. Loop-free graphs can then be redefined as injective functions g : N — Z. Operators on
these graphs can be bounded very easily, because each new "step” in the graph creates new independent
variables.

4.3.1 Markov bound on loop-free graphs

Take a loop-free graph g of scale n. As we said, we can expand g up to elementary steps and view
it as a function of time. Let’s write g(0) =iy , g(1) =41 , ... g(IV) = iy (where N is the total number
of elementary steps in g).

We use the following Markov bound on A

P (\A(n)(g)} < %)jgl) < (5)39 (g!Zs/gE “A(")(g)f] (98)

eslgl 1

~( !)2/9E (1) (k1) A (1) (k2) (1) (kn) |?
g }AEl CAEMAED  AEY  AED. AEL

where we have used s = 2/7, and where AEi(j ) denotes the 7 denominator of scale 7 associated with g.
Note that, because of the way that our graphs are defined, the number of denominators in the product
is exactly the number of elementary steps N taken by the graph.

Once again, we recall that we want to prove the smallness of the resonance probability

€)lg”l esldl
P (yAW(g)\ < (Zg/!)l/g ) < e (CeN” (100)

So all that is left is to compute the product of denominators in (99). To lighten notations, we will
only do this in the case of a graph with two steps, and then give an idea for the general case.

In the case of a graph with two steps ¢; and i, we already know that ¢; and iy are next neighbors.
So, we can set 7; = 1 and i, = 2 without loss of generality.

If N =2, then, equation (99) writes

(n) (fy/e)lg”\ eslgl 1
? (W01 < G ) < et [ o




where we can explicitly write out AF; and AFE,

AE; = 2(hyo1 + Joooor + J10102) (102)

AEy = 2(hyoy 4 2heoy + Joooo1 + J20203)

and therefore
c 1 B (103)
NN N
1 1

dJodJ dJydJ3dhydh 5 s 104
/ 00J1UJ2GJ30A11 22|h1+<]00'0+=]102| 2|h10'1+2h202+J00001+J20203| ( )

. . 1 1 1 1 1 1

where the integral is a shorthand for f_l dJy f—1 dJy f_l dJ, f_l dJs f—1 dhy f_l dhs.

Now, we notice that the only terms involving J5, J3 and hsy are in the second denominator, so we
can use them to integrate the second denominator first. This is where having a loop-free graph becomes
important : it is crucial for this proof to keep the variables independent.

We set
C/(s) ) / dhd.yd.J ! (105)
s) = max
beR,01,026{—1,1} ! 22 |h + J10'1 + JQO’Q + b|
which is well-defined given the boundedness of all of the quantities.
Then, (103) gives
o p— (106)
|AELAE,|?
1 1
= [ dJydJdh = | dJodJsdh . 107
/ om 12|h1+J000+J102| 278 22|h101+2h202+<]00001+J20203| (107)
1
< [ dJodJ dh ~C 108
- / 0% 12|h1+J00’0+J10‘2| (8) ( )
< C(s)? (109)

In cases where N > 2, we proceed analogously, integrating each denominator using the free variables
that we have. Each denominator has a free variable because of the structure of our graphs, with each
graph being constructed out of a concatenation of one J graph and a certain number of A graphs on
the scale below. We call this a nested structure, and we recall that this is visually represented on figure
1.

Since there are N denominators in the product in equation (99), we obtain a bound C(s)™ on our
probability. It is important to note that, in general, N # |g|, given that we modify the norm of g at
each step in our procedure. However, for loop-free graphs, |g| = N holds : we never effectively modify
the norm of a loop-free graph, because |I(g)| = |g| in this particular case.

We then obtain

) (y/€)ld"! €819l 2l
P (jan) < 909 < et (110)

which is exactly the bound that we wanted to prove.



4.4 General short graphs case

Obviously, in the general short graphs case, the above reasoning fails. Our goal is still to find an
independent integration variable for each denominator, or, equivalently, to attribute a different site to
each denominator AF and use the integration variables associated with AE to integrate AFE. Two
separate problems arise in looking for independent variables when we consider the possible overlapping
of subgraphs :

1. If two subgraphs g} and g7 overlap, then some spin flips are potentially cancelled out (we will call
these "mute spin flips”). The question, then, is how to make sure that we have a free spin flip to
integrate on.

2. Any overlap potentially creates denominators with no new variables, so that we have no guarantee
that we can use a different spin flip to integrate every denominator.

We will start by formulating a procedure to treat problem 1. in the simplified case of graphs where
problem 2. does not arise. We will then explain how to generalize this scheme to all graphs.

4.4.1 Simplified case

The first key element we must notice here is that we do not actually need to have an independent
integration variable for each denominator : we can weaken this condition. For the purposes of our proof,
verifying theorem 2 will suffice.

Theorem 2. Let g be a graph of scale n. Let h be a subgraph of g on scale k < n that contributes an
AFD operator to the scale k expansion of g. We write
B J®) ()

AR (p) = NG (111)
h

We call xp, the site whose associated variables we use to integrate the denominator AE), and we
define n, = |{h subgraph of g|x, = x}| for any x € Z.
We claim that for all x, n, < 4.

The above theorem does not quite claim that we can find a free variable to integrate each denomi-
nator, but it does claim that no more than 4 denominators will be integrated by the same variable, and
this is sufficient. Indeed, using the same reasoning as in (106) yields

1 1
- [ H AEh] B H) - [h st zp=x AEh

h subgraph of g z€l(g

(112)

where, per theorem 2, the products in the expectation on the right-hand side have no more than 4
factors. Therefore we deduce

4
1 1
el I ] <TI0, max , [avdndn]] (113)
[h subgraph of g AEh z€l(g) Ubijgiﬁ?félfg i=1 2 |h + J10'1 + JQUZ + bz’
< [ ) < (sl < C(s)* (114)

z€l(g)



So, provided theorem 2 is correct, we would only have to modify the constant C(s) to C'(s)* in order
to make our scheme function all the same.
Let us now move on to the proof.

Proof of theorem 2 We first set the terms of our simplified case with three assumptions :

1. If hy and hy are subgraphs of ¢ (at any scale), then they have at most one site of overlap.

FIGURE 5 — Denominators have at most one site of overlap.

This is our main assumption here, as we want to first neglect the problem of large loops that
generate denominators without free variables.

2. There are no jump steps in the expansion of g.

3. There are no graphs with only mute spin flips.

Note that this final simplification is not quite equivalent to neglecting energy renormalization.
Indeed, even if we do neglect energy renormalization, we should still take into account any J
operator without visible (ie. not mute) spin flips, as these can still exist through concatenation of
operators that mute each other’s spin flips.

Let’s call g V...V glN " the scale [ expansion of g. Now, given these assumptions, we will separate our
proof into three steps.

Step 1 : Attribution of muted spin variables In this step, we aim to attribute each muted
spin flip to 2 denominators. We use the following procedure.
For each mute spin flip x of g, we define

ity :=max {l € {0, ...,n}| Ik € {1,..., N} st z is a visible spin flip for g} (115)

Take [ as in the definition of n,, and take ki, ks € {1,..., N;} the indices for which = € glki is a
visible spin for glk We know that there are at most two such indices, because assumption 1. forbids any
overlap longer than one site, and we know there must be at least two such indices because the visible
spin flip becomes mute at the scale above.

We define x to be the integration variable for denominators gl’“1 and gl’@. We write this as T =T

and T &, 1= .
9

Step 2 : Existence of a visible spin flip on the boundary of a hole After step 1, we are
left with a new graph g, where we will not have to consider the arches that we have integrated in step 1
(we say we have "treated” these). This is equivalent to replacing A operators by J operators for every

graph which has been treated in step 1. This changes A™ into a new operator over g, which we call
A (g).



FIGURE 6 — Illustration of the definition of n,, the first scale at which a visible spin flip appears

In step 2, we aim to prove that there exists a visible spin flip on the boundaries of certain specific
regions of g, defined below.

Definition 3. (Hole)
Take hii1 a graph of scale | + 1, made up from scale k subgraphs h} v ...V h¥. We denote

OD(R})...0W (kY

A(l“)(gm) — A,
1+1

(116)

where O = A or J.
Now let us consider our original graph g. At each scale k, we denote by

he= U 1@ (117)
ie{1,....Ny}
O (gh)=J® (3t

the union of all of the intervals covered by J graphs at scale k. We also denote by

I=()I (118)

k>1
the intersection of all such intervals.
We call hole any connected component of 1.

We want to show lemma 2.

Lemma 2. There ezists a hole T € I of § such that 9T U O (T€) contains a visible spin flip of g.

Proof of lemma 2  First of all, if all of the arches of g of scale £ > 1 have been erased in the first
step (except, of course, for the arch covering all of g), we use a spin flip at the boundary of I(g) or
neighboring the boundary (ie. in 9I(g) U d(1(g)¢)). One of these spin flips must be visible so that the
operator A™(g) may have a nonzero commutator with its neighbors.

Now that this special case has been set aside, we define

ki := max {1 <j<n|3Ist OV (g) = A@(gj)} (119)



the largest scale at which we can still see an arch, excluding scale 0.

We begin by proving the following lemma :

Lemma 3. There exists a visible spin flip x such that :

d(z,01(g,)) <1
A st , 12
: {d(x,af@ifl))g 120
x € I(g), 1) (121)

or (122)

O (gh,) = JO(g,) and OW) (gl ) = AR (gl )

k1

Proof of lemma 3 We consider graph g at scales k; + 1 and k1

We take each graph g;’w and expand it to scale ky : g,@lﬂ =g gﬁ“ ! . By definition of £y,
Ji € {17 SEE) Nk1+1}7 dl e {jzv "'7ji+1 - 1} st O(kl)(gllcl) = A(k1)<§§ﬂ) (123)

We have
AR (G ) = O ()0 (gl ) (124)

where we know that at least one of the OisaJ (and, again, per equation (123), at least one of the O
is an A). Therefore, we can choose a site x that is on the boundary between an A operator and a J
operator. This writes as

— {d (z,01(g,)) <1 (125)

dz € [(gllclJrl)’ Ell/ st (.T a[( l-‘rl)) <1

Otk (gh )y = Ak)(gl ) and O®)(gh ) = Jo) (gh+1)
with < or (126)
O (gh,) = J(gf,) and 0% (i 1) = AR (g )
1

We claim the following :

Lemma 4. Among all the sites x satisfying equation (125) above, there exists a visible spin flip for g
(and for g).



Proof of lemma 4 Let us take I’ satisfying equation (125). There are at most 2 values of x that
can satisfy equation (125) with this value of ', and we claim that one of these is the site of a visible
spin flip.

Indeed, there needs to be at least one visible spin flip at the boundary between graphs so that these
can be concatenated with a nonzero commutator (because of locality).

Because of assumption 1., we know that overlaps between arches are of length at most 1. We also

—

know that = € I(gj, ;). We can even make a stronger statement than this : d (z,1(gh,41)°) > 1. This
is because k; > 1, so graphs of scale k; are of length 2 at least, and since these are not jump steps
per assumption 2., they all have spatial length at least 2. The condition written in (125) then makes it
apparent that d (z, (g}, ,)°) > 1.
Therefore, site x is not in an overlap with any graph of scale k > k. Since z is a visible spin flip at
scale kq, it is therefore also a visible spin flip at scale n.
O

Let us now conclude the proof of lemma 2.

We set aside this visible spin flip we’ve found as our first candidate, and we consider either graph f]Zl
or §Zl+1 (whichever of the two graphs bears a J operator... let’s say ggl). If all of the arches of J <k1>(ggl)
at scales 1 < k < k; have been treated in step 1, we stop our procedure here. If not, we reiterate the
same procedure we used to prove lemma 3, but this time we use graph ggl instead of g.

We end up with a new candidate at a new, smaller scale ky. We reiterate this procedure until we
end up with a graph with no arches on scales greater than 1. Let us call m the number of times we have
to run this procedure before achieving the stopping condition.

We claim that the last candidate that this procedure gives us (which we still call x) is the visible
spin flip in lemma 2.

We already know, because of how we defined our procedure, that z is a visible spin flip. All that
remains to be proven is that x is on the boundary of a hole, or next to the boundary of a hole.

We already know that z € 9y, U9 (If ) where o € {1,...,m} is any step in our procedure. This
is explicitly stated in lemma 3, which states that our chosen site is at the boundary of a J graph, or
neighbors the boundary of a J graph.

Next, take a scale j € {kqy1 +1,..., ko — 1}. Let us call g;, the graph that we have obtained after
a steps in our procedure. Per definition, scale k.., is the largest scale at which we observe an arch on
gk, (which is a graph on scale k,). Our candidate z satisfies z € I(gg,) U0 (I(gk,)°), so x is either in a
J graph of scale j, or x neighbors the boundary of a J graph of scale j. Therefore, z € I, U0 (I ]C)

Ultimately, we find that x € I U 9I°.

Moreover, because of the way that our procedure works, x € 01 (gx,,) U0 (I(gx,,)¢). Therefore, finally,
xedluo(l).

O

Step 3 : Conclusion of proof. Let us rename z, the spin flip selected for graph g by lemma 2.

We run the same procedure used to prove lemma 2 on all of the subgraphs gt of g of scale k > 2
that bear an arch (ie. O®) (gh) = A®(g)). This way, we find a spin flip g that we will use to integrate
each arch.

For a given subgraph h of g with scale greater than or equal to 1, we may be in one of two cases :



1. Subgraph h has a subgraph A’ on scale greater than or equal to 1 with an arch. In this case, the
spin flip chosen to integrate h is not in 9I(h) U 9 (I(h)°).

2. Subgraph h does not have any subgraphs on scales greater than or equal to 1 without arches. In
this case, the chosen spin flip is in 91(h) U 0 (1(h)°).

For subgraphs h on scale 0, since the lengths of these is 1, we will take xj to be the only element of
I(h).
Now, to conclude, let us try to bound n, = |{h | x5, = x}| for all 2. We have :

n, = |[{h in case 1. | x5, = z}| + |{h in case 2. | x;, = x}| + [{h on scale 0 | z, = z}| (127)

vV vV vV
term T'1 term T2 term T'3

It is apparent that, if h; and hg are in case 1., then z,, # xp,. Therefore 7} < 1.

For term T3, assumption 2. (according to which there are no jump steps in our decomposition) makes
it impossible for two graphs on scale 0 to share the same site. So 75 < 1.

We finally claim that 7, < 2. Indeed, suppose that 75 > 3. This would mean that there exist
hi,he,hs € {hin case 2. | x;, = x}, on scales ki, ko and k3 respectively. Without loss of generality,
suppose ky > ko

hs cannot be a subgraph of hq, as then h; would not be in case 2. So h; and hy must not have more
than one site of overlap. The same reasoning can be applied with h; and hg, and with hy and hs. This
is impossible if all three graphs share a site. Therefore T, < 2.

So we finally come to the conclusion that n, < 4, which concludes our proof of theorem 2.

4.4.2 General short graphs case

We will not go into heavy computational detail in this section, as this can get quite heavy notation-
wise. We will simply sketch the general idea of how to deal with graphs that loop over themselves (ie.
that pass several times over the same site).

This involves what we will call an erasure procedure. After we run this erasure procedure, we will
bound erased denominators inductively. We will then use our Markov bound on the rest of the arches.
One then has to modify the algorithm we just ran in section 4.4.1 to account for all of the erased
denominators, which will free us of the problems that arise when we drop the assumptions we used in
the previous section.

This erasure procedure will have to be chosen wisely, because erased denominators will not contribute
any smallness to our estimate, which means that in order to maintain an exponential decay, we cannot
erase too many denominators.

Let us now give an idea of what this erasure procedure is.

Erasure procedure Everywhere the graph loops onto itself, potential problems arise, in that we may
not be able to find visible spins to integrate arches in these regions. The point of the erasure procedure
is to erase these arches for which we may not easily find integration spins.

Definition 4. (Looping segment)
For all x € Z, consider the set



N, = U 1h(0)::c @) U 1x€l(h) (128)

h subgraph of g h subgraph of g
h scale O h long graph

(this can be seen as the number of times that graph g passes through point x, where we have reduced
Jump steps to the interval they cover).
Now consider the set {x € Z | N, > 2}. Its connected components (T,)s are called looping segments.
The length of a looping segment |T,| is defined as

Tol =) (N — 1) (129)

x€Ty

Clearly, arches with both ends inside of looping segments pose problems, because the spins under
these arches may be mute. So we need to erase any arches that have both ends in looping segments.
However, some arches which have only one endpoint in a looping segment can also pose problems, as is
illustrated figure 7. We will now attempt to give a bound on the number of problematic arches.

EAS'C"T’I-

FIGURE 7 — An example of a problem section. In the looping segment, we do not know which spins have
been muted. If all of the spins in the looping segment are mute, we may not be able to find a visible
spin flip to integrate the big arch, so we need to erase some arches to free up spins.

Let [ := 2max, T,.

Take k such that [ € [Ly_1, Li[. We claim that arches on scales k and above do not pose any looping
problems.

Indeed, for any looping segment T, 2 |T,| > >
erTa Ny < L.

Now, endpoints of arches on scales k and above are separated by graphs h on scales k£ or above.
Take h a subgraph of g on scale k or above, we have |h| = erl(h) N, > L, so the endpoints of two
arches on scales k or above cannot be in the same looping segment. The problem presented in figure 7
does not arise.

ser, Ne- Since 2 |T.| <1< L, we deduce

Now, suppose the erasure procedure has been run for all scales greater than or equal to 7 + 1 < k.
We now want to run it on scale . We apply the same reasoning as above to deduce that arches of scale
i only pose problems for looping segments of whose lengths satisfy 2 |T,| > L;. For these, we have to
erase any arches on scale ¢ that have an endpoint in T,.

Ultimately, for any looping segment T, = {z,...,y} with |T,| € [L;, Li+1[, we define an extended
looping segment T,, as the union of 7, and of all of the points at "distance” less than L;; from T}, :



T, :=T,U U {3|u U {2 (130)
z<x z>y
E;CZZ N]'<Li+1 Z;:y Nj<Li+1

The erasure procedure erases any arches with both endpoints in an extended looping segment.

Conclusion of the short graphs case Now all that is left is to bound the portion of arches that
we have erased through this procedure.

Because our graph is short, it cannot have too many loops. Computationally, this is given by the
short graphs condition |g| > 87 |I(g)|. We have

ST =>"Y (N.—-1)=> (N, - 1) (131)

«@ a x€T, T
1
<lgl=1(g)| < 3 |9l (132)

Therefore,

YTl =) N (133)

CL’ETioc
< Y 20T +2) (14 8)|T (134)
L,—/ . o ~ /
looping segment extension

<> 6T (135)
3

< = 1

<21l (136)

This essentially means at least one quarter of the arches remains unerased. This will be enough in
order to obtain our resonance bound (100).

The idea is to bound inductively all of the erased subgraphs (which we will call ggi,...,ggi). Since
the erased graphs are, at most, only a proportion of the total length of the graph, this will leave enough
arches intact to use our Markov bound. We also have to bound subgraphs that are jump steps with our
inductive bound (we call these g;,, ..., gi,,)-

The actual computation is quite heavy notation-wise (we attempt to illustrate it below), but the
idea is quite simple : we bound jump steps and erased subgraphs with an inductive bound, and then
use a Markov bound on the rest.

We have neglected to write the factorials, as this would have made the notations even heavier.



P (ja% @) > (1)) =P (Ja% ) > (1)) (137

b AB (g1)o TED (g ). AW (g4 . (1>|g| 13%)
AE, .
A (g;).. T g, ). AW (g, )
't v im lgl
<P Zgi jump step 9| 0 > <1) 139
N 7 AE, P (139)
®) (g, k=1 (g, k) (g, Y|
AEg €|9|
j Py ‘gi-l-i-zl:l gf/ m _
Sha|oe? J=HT T =17 252193
=P <1> L > (141)
€ Hh subgraph of g AEh €|g|
h#gi; h¢g§§
1 1
=P > 142
o Hh subgraph of g AEwh |9|*Z§-:1 ggg ( )
h#gi; hsﬁggé €
1 1
<P > 143
N Hh subgraph of g AEh €|9|/4 ( )
htgi; . hou]
1
< lol/ag "
- Hh subgraph ofg AEZ ( )
htgi, . htod,
< (630(8)4)“]‘/4 (145)

5 Conclusion of proof

We now conclude by proving point 3. of theorem 1.
We now consider graphs in non-resonant regions only. We use our combinatoric factor again to bound
the change of basis that we had to do to diagonalise our hamiltonian. At scale n, we have

(A2l < swp o elg) |[457(9)] (146)
9(0)=0 , g(N)=r
< kit (650(3)4)L"+1 (147)

Keep in mind that we can make this arbitrarily small by changing e.



We have diagonalized our hamiltonian H perturbatively, so we need to sum over all of these per-
turbative basis changes to ensure that we can still control the total basis change. We therefore need to
compute

clnt (680(8)4) Lni1 (148)
n=0
This converges. Again, we can make the sum arbitrarily small by changing €, so that the total basis
change is arbitrarily small.

Moreover, for any two points x and y on the lattice, the shortest graph ¢ linking the two has length
lg| = d(x,y). If d(z,y) € [Lg, Lgy1], this means that any graph linking = and y is on scale k or above,
which goes to show that there is a spatial decay in correlations (the sum in equation (148) starts at
n = k). We are not going to prove in detail why this decay is expontential in the distance (which would
finish our proof of our MBL result in non-resonant regions), but we just wanted to give an idea of this.

The reasoning that has allowed us to obtain the MBL result is still incomplete, as we have made
simplifying assumptions in order to get it. In particular, we are currently looking to reintroduce the
renormalization of energy into the problem. However, we hope to have addressed some of the problems
posed by the multi-scale method through this work.
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