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Introduction

Let F' be a nonarchimedean local field, that is to say F' is either a finite extension of @, or a finite
extension of Fp(()). The local class field theory gives us an isomorphism Artp : F* — Wb,
Here Wg is the Weil group of F' and Wf}b is its abelianization. The Artin map in the local class
field theory will induce a one-to-one correspondence between characters of Wr and characters of
F*. The Langlands correspondence is a higher generalization of class field theory. More precisely
in local case, let G, (F') be the set of equivalent classes of n-dimensional semisimple Weil-Deligne
representations of W over C, and A, (F') be the set of isomorphism classes of irreducible smooth
representations of GL,(F) over C. Then the local Langlands correspondence gives a bijection
between G, (F) and A, (F). This bijection is characterized by L-factors and e-factors:

Theorem 0.1. There is a unique collection of bijections
On t Ap(F) — Gn(F)

satisfying:
(1) When n =1, o1 is given by local class field theory.
(2) For any m € Ay, (F) and w2 € Ap,(F), we have

L(m; X m9,8) = L(o(m ® o(m2)), s), e(m X ma, 8,9) = e(o(m ® o(m2)), s, )

(3) For any m € A,(F), o(m)Y = o(m)".
(4) If m € An(F) with central quasicharacter wy, then det o(mw) = o(wx).
(5) For any m € A, (F) and x € Ai(F), o(m® (xodet)) = o(m ® x).

This conclusion has been proved by Harris-Taylor and Henniart using global methods.

In this memoire, we study the local Langlands correspondence of G Ly mainly following | |-
The construction of the correspondence is via theta corrspondence. This proof is purely local, in
contrast to Harris-Taylor’s and Henniart’s proofs of general cases of GL,,.

The organization of this memoire is as follows. In Chapter 1, we give the definitions of Weil-
Deligne representations and their L-factors. We also prove the existence of local e-factors d’aprés
Deligne. In Chapter 2, we study the irreducible smooth representations of GLa(F'), and we define
Jacquet-Langlands L-factors. Finally in Chapter 3, we state the local Langlands correspondence of
G L4 precisely, and give the constructions of the correspondence for most of cases, namely so-called
the tame Langlands correspondence.



Chapter 1

The Galois Side

Throughout this chapter, F' is a nonarchimedean local field of characteristic zero with residue field
kr=Fy, q= p?. That is to say, F is a finite extension of Qp. 7F is a prime element in Of, p" be
the ideal 7pOF, and U = 14 730F .

1.1 The Weil group of Nonarchimedean Local Fields

We first recall the structure of Gp = Gal(F/F) and indicate how to construct the Weil group
of F. Recall that G is defined to be lim Gal(K/F) where the inverse limit is taken over all
finite extension K/F, and the topology on G is the subspace topology of the product topology
on [[ Gal(K/F). An algebraic extension E/F is called unramified if 7OF is a prime ideal in Op.
Every unramified extension E/F will give an algebraic extension of residue fields kg/kp. It is a
fundamental result in local field theory that the set of unramified extensions E/F is bijective to
the set of algebraic extensions over F,. Then we take the maximal unramified extension F*"/F
corresponding to the F,/F, on the residue field. Recall that Gal(F,/F,) = Z and let the inertia
group I = Gal(F/F""). Then we have the following short exact sequence:

1—Ip—Gr —7—1

We consider an element ¢ € Gy, defined by ¢(x) = 29. ¢ is called the Frobenius element of kp
. Let ® € Gg be a preimage of ¢. Now we define the Weil group of F' by Wg := UpezIp®"™, and we
define the topology on W as follows. As a set W = I'p xZ, we equip Ir with the subspace topology
of Gr, and Z with the discrete topology. And then we equip Wg with the product topology. We
can deduce the following short exact sequence immediately:

1—Ip—Wpr —7Z—1
We use pp : Wr — GF to denote the natural inclusion map, and vg to denote the map Wrp — Z.

We define norm |- | on Wg by |g| = ¢ ¥ and the character yp : Wp — C* defined by

xr(g) = lgl.
We look at the inertia group Ir in more detail. We define E,, = F*"( y/mr) for any p t n,, and

the maximal tamely ramified extension of F' by F!@me — Uppn B Then we have an isomorphism
t: Gal(Ftame /Fur) = [1¢zp Ze given by

g(v/mF) = 9 y/mr



where (, is a primitive n-th root of unity.
We denote the wild inertia group Gal(F/F!™¢) by Pr. So we have the following short exact
sequence:
1—>PF—>IF—>HZ4—>1
t#p
Lemma 1.1. For any x € Ip, and g € Wg, we have

t(grg™') = llgllt(z)

The structure of Pg is more complicated. It is a profinite p-group. We do not involve the higher
ramification theory here.
Now we recall the local class field theory in terms of Weil groups:

Theorem 1.1 (Local Class Field Theory). There exists a canonical (topological) group homomor-
phim
ATtF P — ng
satisfying:
(1) Artg induces an isomorphism between F* and Wab.
(2) Let wp be the prime element in Op, then we can choose Frobenieus element ® such that
Artp(mp) = ®%, where ®% is the image of ® in W, and Artp(O}) = I.
(3) Suppose E/F is a finite extension, then we have the compatibility

Art
EX 22 ng

.

Art
X% e ng
where the first verticle arrow is the norm map and the second verticle arrow is the natural inclusion
map.

(4) If T € Gal(Q,/Qp), then Art i (rtx) = TArtg(z)T L

Now suppose G is a group and H is a subgroup of finite index in G. Let G = Uj<p<pHgy. For
any g € G, we set ¢(g) = g; if g € Hg;.

Definition 1.1. We define the transfer map V : G — H® by
Vig)= [[ 99e(gig)™"  mod H
1<i<n
We can check that this map is well-defined and a group homomorphism.

Proposition 1.1. Let E/F is a finite extension of nonarchimedean local field, then we have the

following commutative diagram:

Art
EX 22 ng

]

FX —=wg

where the first verticle arrow upwards is the natural inclusion map and the second verticle arrow
upwards is the transfer map V : Wjﬁb — W]%b.



1.2 Weil-Deligne Representation

We want to study the representations of Weil groups.

Definition 1.2. A representation V' of a locally profinite group G is called smooth representation
if for any v € V| v is fixred by a compact open subgroup K in G.

Remark 1.1. The definition of smooth representation is independent of the topology of the base
field of V.

Proposition 1.2. Suppose (p, V') is an irreducible smooth representation of Wg, then

(1) There exists d € NT and \ € C such that p(®?) = X\Id. Hence, there exists s € C such that the
image of p ® x5%(Wr) is finite.

(2) The image of p(WF) is finite if and only if p factors through W 5 Grp 2 GL(V) where p is
a smooth Galois representation.

Proof. (1) Since p is a smooth representation, there exists an open subgroup I of finite index in
Ir such that p|j, is trivial. Then we just take H = Wg/Iy and F = Ip/ly. H = F x Z and F is
normal in H. Then we take a group isomorphism ¢; : F' — F by ¢;(z) = ®'z® . Since F is a
finite group, there exists d € N such that ¢4y = Idr. Then 3% is in the center of F. By the Schur’s
lemma for locally profinite groups, p(®") = Mdy for some A € C. Then we take s = log \/dlog q.
Hence the image of p ® X} is generated by p ® x%(Ir) and p ® x5 (P) of order d hence finite.

(2) "If" part is clear since G is a profinite group. We prove the "only if" part. Given such a
representation of Wg, then there exists d € N such that p(®?) = 1. Now for = a®* € G where
a€lpanduel= [1,Z¢, we take p(z) = p(a)p(®™) where @ is the image of the quotient map
7 — Z/ dZ. Tt’s easy to verify that p is a group homomorphism extending p. O

Now we consider the complex representations.

Lemma 1.2. Suppose p is a finite dimensional complex representation of Wg, then p is smooth if
and only if p is continuous (under the usual topology of complex plane).

Proof. The "only if" part is clear, we now prove the "if" part. This is a standard "no small
subgroups" argument. For GL, (C), we can choose a enough small neighborhood N of the identity
of GL,(C) such that N does not contain any subgroup expect {1}. Then we consider p~1(N) which
is an open neighborhood of the identity in Wr. p~!(N) contains an open subgroup Iy of I, and
p(Ip) is a subgroup contained in N. Thus, p(ly) can only equals 1 and hence p is smooth. O

Now we consider continuous f-adic representations of Wr. We give examples to show that, in
contrast to the complex case, continuous ¢-adic representations are not neccessarily smooth.

Example 1.1. We consider E an elliptic curve over F', and £ a prime not equal to p. For any k € N,
let E[k] = {x € E(F)|kx = 0}. When { # p, E[{"] = Z/{"Z. Then we define T;(E) = mnE[E”]
and Ty(E) = Z2. We consider the Galois action on the Tate module T;(E), and we will get a 2-
dimensional continuous {-adic representations pg e over the space Ty(E) ®g, Q. Now suppose E has
potential multiplicative reduction over F. This means that there exists a finite extension F'/F, such
that the reduction E to the residue field F'/Op has a node. Then we have the following famous
conclusion due to Tate.



Theorem 1.2. (1) For any ¢ € F* with |q| < 1, there is an elliptic curve E, over F', such that
there exists a topological group isomorphism ¢ : F* /¢ — E(K) and ¢ is compatible with the
action of Gp.

(2) When E has split multiplicative reduction type over F, then there exists a unique q € F* with
lg| <1, such that E is isomorphic to Eq over K.

Then we can in fact get
Proposition 1.3. When E has potential multiplicative reduction over F', pg ¢ is always not smooth.

For simplicity. we only give a proof when E has split multiplicative reduction type. In fact, we
choose a basis of Ty(E) as follows. We take

€0 = (CE17CZ27C€37'” 7Cf"7”')

where (i are primitive £'-th roots of unity satisfying Cfiﬂ = (yi, and

61:(Q1aQ2,"' 7Qn7"‘)

satisfying ¢ = q and qu_l = @y where E = E, over K. Now since |q| < 1, g, ¢ K" and
qn ¢ K" (qn—1) for any n € Z. Hence K" (¢s) = U, K" (¢;) is an infinite field extension over
K" and easy to observe that Gal(K" (¢o0)/K"") acts faithfully on ey. Thus, the image of the
Galois representation is infinite.

Now we want to study and classify all the continuous representation of Wy over Q,. Recall
that there is a surjective morphism ¢ : Ip — [],. £p Z,. We denote the natural projeciton map
Dy Hﬁép Z, — Zy, and the composition ty = p; o t.

Theorem 1.3 (Grothendieck’s ¢-adic monodromy). Let (p, V') be a finite dimensional continuous
representation of Wg over Q, for £ # p. Then there exists an open subgroup Iy of Ir and a unique
nilpotent element N, € Endg (V), such that for any x € Io

p(r) = exp(t(z)N,)

Proof. The uniqueness of N, is obvious. We prove the existence part. We consider the open
subgroup K, = 1+ (™M, (Z;) of GL,(Qy). Then K,,/Kmi1 = My (Zy)/¢M,(Zg) when m > 1,
hence K,, is a profinite /-group when m > 1. Let J,, = p~'(K,,) C Wp. Since Pp is a profinite
p-group and ¢ # p, kerty/Pr = Hr#&p Ly, J}, = Jm Nkerty = {1}. Thus, tg(J,,) is a subgroup
isomorphic to J,,, and there exists a continuous homomorphism ¢ : Z, — GL,(Q,) such that
p(z) = @(te(x)) for any = € J,, (Every homomorphism on a subgroup of Z; can be extended to
Zy). Now we we prove that p(z) is unipotent for z € J,,,. Recall that t,(gzg~') = ||g||te(x) for any
g € Wg and = € Ip. Then
(28711 = p(z) @€ Jm

This indicates that the set of eigenvalues of p(z) is invariant under A — A%. Hence the eigenvalues
of p(z) are roots of unities. Now we take m = 2. Suppose « is an eigenvalue of p(h), then (a—1)/¢?
is an eigenvalue of (p(h) — 1)/¢?. Then (o — 1)/¢? € Zy. We need the following lemma

Lemma 1.3. If « € Qy and (o — 1)/¢* € Zy, then a = 1.



We choose some 0 # hg € t¢(Jy). Since p(hg) is unipotent, we can take A = logy(hg) and
consider the homorphism Zhg — G L, (Q,) by xhg — exp(xA). Since Zhg is dense in Zshg, we get
p(z) = exp(xzA) for any x € Zgho. Now we take L,, = tZl(Zzho), and we will get p(z) = exp(te(z)A)
for all z € L,,. O

Remark 1.2. Such an N, is unique, and p is smooth if and only if N, = 0.

For any p finite dimensional continuous representation of W, since to(grg~') = ||g||t¢(z) for
any g € Wr and x € I, we fix g and take a new representation of Wr by pg(x) = p(gzg™'). Then

pg(x) = p(gzg™") = exp(to(grg")N,) = exp(te(z)||g||N,)
and

pg(x) = plg) exp(te(x)N,)p(g) ™" = exp(te(x)p(g)Npp(g) ™)

in an open subgroup of Ir. By the uniqueness of N, , we have

p(9)N,op(9) ™" = llgl|IN, (1.1)

for any g € Wp. Now we can define pg(®%x) = p(®®z) exp(—ti(z)N,) where x € Iy and a € Z.
This is a group homomorphism because of the equation 1.1 above. And from the /-adic monodromy
theorem pg is smooth.

This motivates the following definition:

Definition 1.3. A Weil-Deligne representaiton of W is a pair (p, N) where p is a finite-dimensional
smooth representation of Wg,and N € End(V') is nilpotent satisfying for any © € Wg

p(x)Np(a) ™ = ||z||N
Theorem 1.4. We have an equivalence of categories

Repg,(Wrp) — D — Repg, (W)
P — (/0<I>7 Np)

where Rep@z(WF) is the category of finite dimensional continuous representations of Wr over Qy,

and D — Rep@Z(WF) is the category of Weil-Deligne representation over Q, Furthermore, the iso-
morphism class of (pa, N,) is independent of the choice of ® and t.

Remark 1.3. Since the definition of Weil-Deligne representation does not involve the topology of

base field of V, if we fix a field isomorphsm 7 : Q, = C, then we will further get an equivalence of
category between Repg, (Wr) and D — Repg, (Wr).

Definition 1.4. A Weil-Deligne representation p' = (p, N) is called semisimple if p is semisimple.
We use G, (F') to denote the set of equivalent classes of n-dimensional semisimple Weil-Deligne
representation of Wg over C.

Proposition 1.4. A Weil-Deligne representation p' = (p, N) is semisimple if and only if p(®) €
Autc (V) is semisimple.



1.3 Tate’s Thesis

In this section, we recall the main conclusions in Tate’s thesis and some complementary properties of
L-functions and e-factors of Hecke characters. We denote F by a number field. S(F) is the set of all
places of F, and S (F) is the set of all archimedean places, S¢(F) is the set of all nonarchimedean
places. We first define Adeles and Ideles.

Definition 1.5. Let {X;}ier be a sequence of topological spaces and Y; C X; be subspaces. Then the
restricted product [[;c; Xi of {X;}ier with respect to {Y;}icr is a topological space defined as follows.
H;el Xi = {(zi)ier| zi € Y; for all but finitely many i}. The topology on H;el X; is generated by
the base {][;cg, Ui % [L;¢s, Yi} where So ranges over all finite subsets of I and U; ranges over all
open subsets of X;.

!/

Now we define Ap = HLGS(F) F, with respect to Op,, and Ay = [Toes) £ with respect to
OIX%'
Remark 1.4. The topology on A} is not the same with the subspace topology of Ap.

There are natural morphisms F < Ag and F* — Ag.

Definition 1.6. A Hecke character is a continuous unitary group homomorphism x : F*\AL —
C*,where unitary means |x(z)| =1 for any x € F*\A7.

For any v € S, there is a natural embedding F} < F*\Ag. Hence we denote the local character
Xo : F — C*. We write x =[], xv- If v is a nonarchimedean place, we call the local character
Xov is unramified if x,(O;) = 1. We call x, is of conductor n or level n if n is the smallest number
satisfying x| yrtt = 1. Then if x, is unramified, then the level of x, is 0. We have

Lemma 1.4. Let x be a Hecke character, then there is a finite set S of places of F containing all
the archimedean places, such that for any v ¢ S, x, is unramified.

Now we would like to interpret the Hecke character when F = Q.

Lemma 1.5. When F = Q,
(1) x has a unique decomposition x(x) = x1(x)|z|® where x1 is an unitary character of finite order.

(2) There is a one-to-one correspondence between the set of Hecke characters of finite order x :
@X\Aé — C* and the set of Dirichlet characters.

We need the following lemma:

Lemma 1.6. Let Sy C S¢(F) be a finite set of nonarchimedean places of F, and vy € S§(F) be a
nonarchimedean place of F such that vy # Sy. For each v € Sy, we choose an integer n, > 0. Then
there exists a finite order Hecke character x of F*\Ap, satisfying

(1) Xv, is unramified.

(2) For every nonarchimedean v € S such that v # vg, the level I, of x, satisfies L, > ny.

For a Hecke character x, we can define its L-function by the Euler product L(x, s) = [[,cg L(xv 5),
where the local factors L(xy, s) is defined as follows. When v € S¢(F) is nonarchimedean, we have

I ) W when Yy, is unramified
Xv, 8) = .
v 1 when Y, is ramified



When v € S is real, we can write the quasicharacter x, in the form x,(z) = (z/|z|,)¢ for e € {0,1},
then we define

L(xv,s) =7 F20((s 4 €)/2)
x )k

Vielo

When v € S is complex, we can write the quasicharacter X, in the form y,(z) = xax = |2|(

for some A € C and k € Z, then we define

k
L) = 202750 (s + a4 )
When F = Q, then L(x, s) is just the complete Dirichlet L-function. As is the case of Dirichlet

L-functions, we wish to prove the following theorem:

Theorem 1.5. Let x be a Hecke character x : F*\Ap — C*, then

(1) L(x, s) is absolutely convergent when Re(s) is sufficiently large, and L(x, s) admits a meromor-
phic continuation to the whole complex plane. Furthermore, it is entire unless x = |z|* for some
A € C purely imaginary, in which case L(x, s) has two poles at s = —X and s =1 — X\ when F is a
number field.

(2) We have the functional equation

L(x,s) = e(x,8)L(x ", 1 —s)
where £(x, 8) is an entire function on the complex plane.

We call €(x, s) the e-factor of x. In 1950s, Tate reproved this theorem in his thesis (which we
now call Tate’s thesis) using the techniques in harmonic analysis. We now recall his arguments here.

We first normalize the Haar measures. We choose the additiveAHaar measure dz, on F, to be the
self-dual Haar measure. This means it is normalized in the way f(z) = f(—z). When v € S;(F) is
nonarchimedean , fOF ldz, = ql/ 2 where [ is the level of 1. When v € S (F) is archimedean , dx,
is just the usual Lebesgue measure. Now we normalize the multiplicative Haar measure dx,; on F
by dz) = mv‘dx% where m, = 1 if v is archimedean and m, = (1 — 1/¢,)~! if v is nonarchimedean
. We take dz =[], dz, and d*z = [], d*z, to be the Haar measure on Ap and A} respectively.

To do analysis on F,,, we need to choose some additive character 1 on F'. For additive character
1, we can also define the level of 1) to be the least number n satisfying ¢|,» = 1. We have the
following duality for additive characeters:

Proposition 1.5. Suppose 1 is an additive character on F', then any additive character of F' has
the form v,(x) = ¥(az) where a € F). If a # 0, then the level of 1, equals the level of 1 minus
vp(a).

From now on, we fix an additive character ¢» = [[, ¥, of Ap. For any ¢, € S(F,), we define its
Fourier transform (with respect to 1) to be

Ha) = /F b () () dy

and local zeta functions

Zs.00) = [ ol y

9



If ¢ =[], ¢s € S(Ap), then we write the global Fourier tranform b(z) = fAF o(y)Y(zy)dy, and

the global zeta function Z(s, ¢, x) = [, Z(s, dv, xv) = [4x ¢W)x(y)|yl*d*y. It’s easy to get the
F
following lemma:

Lemma 1.7. Suppose v € Sy(F) is an nonarchimedean place such that x. is unramified and
oy = 1o, then Z(s, ¢y, Xv) = L(xv, $). Therefore, for a Hecke character x, Z(S, ¢y, Xv) = L(Xv, S)
for almost all v € S¢(F).

Proposition 1.6 (Local functional equation). (1) The function Z(s,py, Xv) @S convergent when
Re(s) > 0, and Z(s, ¢y, Xv) admits a meromorphic continuation to the whole complex plane.
(2) There exists a meromprphic function (s, xv,¥y) independent of the choice of ¢, such that

Z(l -, évyxgl) - 7(87)(117 %)Z(S, Gu,s XU)

(3) Suppose v is nonarchimedean. Then Z(s, ¢y, Xxv) € Clg®,q°]. Let I, = {Z(s, v, Xv) | ¢v €
C>(F,)}. I, is a principal ideal in C[g®, q~%] and there exists py(z) € Clz] such that py(q~%)~! is

the generator of I,. If we normalize py such that py(0) = 1. Then L(s,x) = py(q~%)~1.

Proposition 1.7 (Global functional equation). (1) The function Z(s, ¢, x) is absolutely convergent
when Re(s) > 1, and Z(s,¢,x) admits a meromorphic continuation to the whole complex plane.
Furthermore, it is entire unless x = |x|* for some X\ € C purely imaginary, in which case Z(s, ¢, x)
has two poles at s = A and s =1 — X when F is a number field.

(2) We have the functional equation

Z(S7¢7 X) = Z(l - Saéf;,X_l)
Now we compare Z(s, ¢, x) and L(x,s). We define the local e-factors

Y(Xw: 8, o) L(xw, 5)
L(X1\)/7 1-— S)

Remark 1.5. The local £(xy, S, %) depends on the choices of both the additive character v and the
additive Haar measure dx, on F,.

€(X1}a S, wv) =

We can get immediately from Lemma 1.7 and Proposition 1.7 that
Lemma 1.8. £(xy, s, %) =1 for almost all v € S¢(F).
We need the following conclusion:

Proposition 1.8. For any v € S(F), we have

(1) For any sop € C, we can choose ¢, € S(Fy,) such that Z(s, ¢y, Xv) has neither pole nor zero at
50.

(2) For any ¢, € S(Fy), Z(S, dv, Xv)/L(xv, S) is an entire function.

Thus, we can get the following property of (x, s, ¥):
Proposition 1.9. (x ® X3, s,9) = e(x, s + S0, ¢).

Proof. This is immediately from the definition of zeta functions and L-factors. O

10



Proposition 1.10. (x, s,) is an entire function for any v € S(F).

s
Proof. By definition &(xy, s,1,) = Z(Ll(;‘:;’?q’f:)) . Z(LS(EZQU) For any sog € C, % and
Z(s,0v,x0)

Lhos) are entire from the above proposition, and by Lemma 1.7 we can choose ¢, so that

Z (S8, ¢y, Xv) has no zero at sg. Thus, % is holomorphic at sy and therefore e(xy, s,1y) is

holomorphic at sg. Now since €(xy, S, 1) is independent of ¢,, it is holomorphic at any sg € C. 0O

Proposition 1.11. Suppose v is nonarchimedean. Then £(x, s,¢) = aqg—" %) for some a € C
and n(x, ) € Z.

Proof. We can choose some ¢ € C°°(F') such that Z(s, ¢, x) = L(s, 7). Thene(n,s,¢) = % €
Clq®, ¢~%] by Proposition 1.6. We claim that e(x, s,%)e(x 1,1 —s,1) = x(—1). With this claim we
see that (x, s, ) is invertible in C[¢®,¢~*]. Thus, (x,s,®) has the form of a¢g™*® for m € Z.

Z(1—s,p,x "1 L(x,s _
Araneo) 7 Fgy and (1 = s0) =

L(x 1 1-s Zs,x, 5,9, $,9(—x),
R R Thereore, el e 1= 0) = 252 = SN <y O

Now we prove our claim. We have ¢(x,s,9) =

Proof of Theorem 1.5. (1) Z(S, v, Xv)/L(xv,s) is an entire function for any v and equals 1 for
almost all v. Hence Z(s, ¢, x)/L(x, s) is an entire function. So meromorphic continuation and the
pole of L(x, s) comes from the properties of Z(s, ¢, x).

(2) We take e(x, 5) = [[,es(r) €(x, ¥, s). This is a finite product of entire functions (Lemma 1.8 and

Z(1*57¢A’7X_1) . L(X,S)
L(xY,1=s)  Z(s,9.X)"

Z(s,¢,x) = Z(1 — s,$,x ") by Proposition 1.7. Thus we have the functional equation in (2), and
hence (Y, s) is independent of ). O

Proposition 1.10), hence £(y, s) is entire. By taking products we get £(x, s) =

In the end of this section, we want to do some calculation on the local e-factors on local field F'.
We first calculate the relation between different e-factors when choosing different additive characters.

Proposition 1.12. For any a € F*, we have

£(x. 5, Ya) = X(a) " |a""2e(x, 5, )

Proof. We use QAﬁa to denote the Fourier transform of ¢ under the additive character ¢». We only
need to calculate the zeta function Z(1 — s .0, X). We have

Z(1= 5,dax) = / / o) (azy)x(@) |z~ dyd*z

= @ el [ ot apae

= x(@)Mal'Z(1 - s,0,x)

Now we calculate e-factors explicitly for some additive character.

Proposition 1.13. When x is unramified, and the level of 1 has level one. Then
el 5,9) = ¢ Px(mp) !

11



Proof. We choose ¢ = 1p, to be the characteristic function of Op. Then from Lemma 1.7,
Z(s,¢,x) = L(x, s), Now we calculate

d(z) = /F (v (ay)dy = ¢ 2p(r5 ')

and hence
26567 = ' [ otmitapn(a) apda
_ 1_ _
= et [ el el ae
_ 1_ _
= X '(mr)a? L(x 7, s)
Thus,
Z(1_57¢U7X;1) s—1 —1
e(x; s, 9) = - =q¢"2x(mF)
L(X’U 13 1- S)
O]
Now suppose x has level n > 1, we define the Gauss sum of x with respect to
oY) = Y X (ex)y(cx)
2€UF /URT!
where ¢ € F* is any element satisfying vp(c) = —n. It’s easy to observe that 7(x, 1) is independent

of the choice of c.

Proposition 1.14. Suppose x has level n > 0 and x is ramified, additive character 1 has level one.
Then

Cns—1
e(6s,9) = " 2T (x )
for any ¢ € F* such that vp(c) = —n.

Proof. We choose ¢ = 1;;n+1 to be the characteristic function of UI’;H. The Fourier transform
F

)= [ oty = {Zf G

Thus, we have

Z(s, 0. x7) = q‘”‘é/ . V)X W)lylPdy
v (y)>—

12



When k > —n,

/ Prpyx T (TR d Yy = Y Y(rpmr)x " (wpmr)d*r

= X[ vlmbmutabmt - ) by

When k = —

/ b mdy =) B(rErm)p(rrm(r — 1))x " (x5t mr)dr

mEO;/U;+1

Also Z(s,,X) = [ d(y)x?|yl*d*y = vol* (Up™™). Thus,

Z(1— v 1
) = 20N e et
meOp/Up

We can get the following conclusion immediately:

Corollary 1.1. Suppose x has level n > 0 and x is ramified, the additive character i has level one,
then n(x, ) equals the conductor of x.

Proposition 1.15. Suppose x has level n > 1, and the additive character ¥ has level one. Let
c € F satisfy
W(1+3) = lez) e pl/AH

Then
T(x, 1) = ¢t/ > X ey (ey)
yeul /2 gt/
Proof. From the definition we can get vp(c) = —n. We write
(1Y) = > Yo X Hepx M1+ (2 = 1)d(ey)vley(z — 1))
yeUp /UR/AT! Zeyln/2H yntt
= > x‘l(cy)w(cy) > wlely-1(z-1)
yeUp U/t zeyl/AT
= ¥ x-1<cy>w<cy> S wlely - D
yeUp /U [n/2]4 TEOF/p7L7["/2]
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Let vp(y —1) = k. When k < [(n+1)/2], 3_,copjpn-m2 ¥(cly — D)7 [n/2}+1r) = 0. When k£ <
[(n+1)/2], w(cy—1)m ) =1, hence 3o, e, jpn-tna ¥le(y—1) a2 1) = gl +1/2. Therefore,

we can get 7(x, V) q[("ﬂ)/ ) 2yl e/ X Hey)v(ey).
O

We need the following conclusion later:

Theorem 1.6 (Stability Theorem). Let 6 and x be characters of F* of level Il > 0 and n > 1
respectively, and 21 < n. 1 is an additive character of F with ¥ # 1, and ¢ € F satisfy x(1 + x) =

Y(cx) for all x € 7'('1[1?/2}—’_101:‘. Then

Proof. From Proposition 1.12 we only need to calculate the case when v has level one. 0y has level

[(n+1)/2]

n and 6(z) =1 for any y € Up . By Proposition 1.14 and Proposition 1.15, we have

e(Ox,s,0) = ¢ "™ 2r(0x, 1)
_ ek gl 3 0~ (e)x (cy)v(cy)

yGUI[;("_H)/Q]/UE?/Q]-H

07 ()2 (x, )
071 ()e(x, 5, )
1

Corollary 1.2 (Converse Theorem for GL(1)). Let ¥ be a nontrivial additive character of F'.
Suppose x1, X2 are ramified characters of F*, satisfying for any character x of F*, e(xx1,%,s) =

5(XX2’1/}75)' Then X1 = X2-

1.4 Artin L-functions

In this section, we define and study basic properties of Artin L-functions of Galois represnetations.
We recall that F' is an nonarchimedean local field. Now suppose p is a smooth representation of
W, then we define

Lip,s) = det(1—q* - p(®)|y1)""

where V! = {v € V|p(x)v = vfor all z € Ir}. Since I is a normal subgroup in W, it’s obvious
that V7 is closed under p(®).
Now for Weil-Deligne representation p’ = (p, N) of Wg, we define

L(p',s) = L(plvy )

where Viy = ker N, and from the definition p(z)Np(z)~! = ||z||N, Vi is a subrepresentation of
p. We also define Artin L-factors for archimedean local fields. When F' = C we define Wrp = C*,
or : Wgp — GF to be the trivial map, and Artg to be the identity. Hence the representations of
W are just the quasicharacters of C* and it can be written in the form y, = xx as in Section
1.3. Thus, we just define L(x),s) the same as the local Hecke L-factors. When F' = R we define

14



Wr = C* x {1,5} where j2 =1 and jcj~! = ¢ for ¢ € C*. And we define ¢ : Wr — G to be the
projection map to {1,j}. The Artin map Artp : F* — Wp is defined to be Artp(z) = /x when
x>0, Artp(x) = —j/—x when < 0 and Artp(0) = 0.

Lemma 1.9. Let p be an irreducible representation of Wg, then p is either of dimension 1 or
dimension 2. When dim p = 2, we have p = Indc/grxxx for some X and k.

Thus, we define the local L-factor L(p, s) by L(x.) when dim p = 1 and L(x , s) when dim p =
Indc/rxak-

Theorem 1.7. Suppose F is a local field, and then the local Artin L-factors satisfy:
(1) Let p and T be smooth representations of Wg, then

L(p DT, 5) = L(pv S)L(Ta 3)
(2) Let (p, V') a smooth representation of Wg where E/F is a finite field extension, then

L(IndE/Fpu S) - L(p7 8)
We need the following lemma in representation theory.

Lemma 1.10. Suppose G is a finite group, and H is a subgroup of G, I is a normal subgroup of
G. Let J =1NH, then for any complex representation V of H, we have an isomorphism

G/1
(Ind§V)! = Indgy) v

as a representation of G/I.

Proof of Theorem 1.7. (1) comes immediately from the definition. Now we prove (2). When F is
archimedean, then this just comes from the definition. So we assume F' is nonarchimedean. Then
by the lemma above we have (IndVVgZV)]F = IndZ,V'E where n = f(E/F). Notice that we also
have ®p = &% and gg = ¢ So what remains to prove is det(1 — A"A4) = det(1 — A IndZ,A)
where A : W — W is a linear endomorphism on W and Ind%2,A : W% — W given by
Ind2,A(w®e;) = w® ey for 1 <i<n-—1and Ind2,A(w®e,) = A(w) ® e1. This is an exercise
in linear algebra. O

Now we define global Artin L-functions. Let F be a number field, and S be the set of places of
F. Then for each v € S, there is an inclusion i, : Gy, — GF. Suppose p is a representation of G,
then it will induce representations on local Weil groups Wr by p, := poig, o ¢pp,, and we define
the Artin L-function to be
L(p,s) = H L(pv, )

vESE

Consider the one dimensional Galois representation x : Gg — C*. Recall that global class field
theory gives the Artin map B
Artp : FX\AJ — Gal(F/F)*

satisfying the local-global compatibility:

F*\Ap — % Gal (F /)b

| |

Ar —
Fx P Gal(F, ) Fy)
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Then y o Artg is a Hecke character of F.
We recall the following theorem in the theory of finite group representations:

Theorem 1.8 (Brauer’s Induction). Let G is a finite group, and (p,V') is a finite dimensional
complex representation. Then there exists finitely many subgroups {Gi}le of G, and chracters x;
of G;, such that [p] — n[lg] = Zle nilndgi([xi] — 1¢,) in the Grothendieck group K(G) for some
integers n; € 7.

Corollary 1.3. Let F be a global field, then
(1) When x is a character of Gal(F/F), we have

L(x,s) = L(x o Artp, s)

where the L-funciton in the RHS is a Hecke L-function.
(2) Suppose p is a finite dimensional representation of Gal(F/F), then L(p, s) admits a meromorphic
continuation to the whole complex plane, and it satisfies the functional equation

L(p,s) = e(p, S)L(pv, 1-s)

where €(p, s) is an entire function. It is called the e-factor of p.
(3) Suppose T is a finite dimensional representation of Gal(E/E) where E/F is a finite extension,
the global e-factors satisfy

e(Indgpt,s) = (7, 5)

Proof. (1) We only need to prove that for any character x, : F,, — C* we have L(xy,$) = L(xv ©
Artg,,s). Then by the local-global compatibility we will get the global conclusion. When v is
nonarchimedean, if , is unramified then V/* = 1 and hence L(x, 0 Artg,,s) = (1—q¢ *x(7p))~! =
L(Xv, 8). If x is ramified then V! = 0 and L(xy,s) = L(xv 0 Artp,,s) = 1. When v is archimedean,
this just comes from the definition for L(y,, s).

(2) Since p is a smooth representation , then there exists a finite extension E/F such that p is trivial
on Gal(E/E). Then we apply Brauer’s induction theorem to Gal(F/F)/G’ and we can write

k

L(p,s) = [ L(Indk, jpxi, o)™
=1

where E D K; D F and x; are characters on Gal(K;/K;). Then L(Indk, ¥xi,s) = L(x:,s) and
L(xi, s) are meromorphic, hence L(p, s) is meromorphic, and the functional equation comes from
the function equation of Hecke characters.

(3) Since L(Indg/pT,s) = L(7,s) and L(Indg/p7",1 - s) = L(1Y,1 — s), e(Indg/pT,s) = (1, s)
comes from the function equation in (2). O

1.5 The Existence of Local e-Factors d’aprés Deligne

Theorem 1.9. Suppose ¢ is an additive character of F', and for any E/F finite extension, ¥g =
YoTrg p be an additive character of E. Then there is a unique class of function e(-,v g, s) for any
finite extension E/F

{Smooth semisimple representations of Wg} — Clq¢®,q™?|
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satisfying

(1) For any character x of E*, we have e(x o Artg, Vg, s) = e(x, Vg, s).

(2) For any two smooth semisimple representations of Wg, €(p @ 7,vg,s) = e(p,¥g, s)e(T, Vg, S).
(8) Suppose E D K D F, and dim p = n, then

e(Indg/kp,¥x,s)  e(Indg/klp, YK, s)"
S(P,T/JEaS) 5(1E7¢E78)n

Now for general semisimple Weil-Deligne representation p' = (p, N) of Wg, we define

L(p”,1—3s) L(pn,s)
L(p,s)  L(pxv,s)

By the induction we discussed in the last section, the local e-factor e(m, v, s) is unique and
we can write it as a product of powers of local e-factors of characters. But the problem is « can
be written in different ways in sums of inductions of characters, and we don’t know whether the
expressions of e(7, v, s) via different ways are coincide. But as is seen in the last section, the global
e-factors are well-defined via Artin L-functions. So Deligne’s way to construct local e-factors is to
use global arguments.

We begin with the following lemmas:

6(p,’¢Ea S) = 5([), wEa S) :

Lemma 1.11. Suppose E/F is a finite Galois extension of nonarchimedean local fields, then there
exists finite Galois extension of global fields E/F such that

(1) There exists a place vg of F' and a place ug of E over F such that FF = F,, and E = E,,.

(2) The embedding Gal(E/F) — Gal(E/F) is an isomorphism. For any H < Gal(E/F), let
H =Gu(E/K) and H = Gal(E/K). Then K = K,,, where wg is a place over vg.

(3) F has no real embedding in R.

Lemma 1.12. Suppose E/F is a finite Galois extension of nonarchimedean local fields. There
exists an integer ng/p > 1, such that for any character a of F* with level n > ng/p, for any
E > K D F, and any character x of K* satisfying X|NmE/K(E><) = 1 with level I, the level ug of
ao Ng/p satisfies ux > 2.

Proof. Suppose E D> K D F is an immediate field. Then Nmp, g (E£>) is an open subgroup of

K*. Thus, we can find m(K) € N such that U;(n(K) C Nmp(E*). If X|Nmg,emx) = 1, the

level of x is no more than m(K). Now we consider the open subgroup Nmp; F(U?{m(K)H) and it
contains U?/(K) for m/(K) € Z. We take ng,p = maxgm’(K). Then ng,/p satisfies the conditions
we want. g

We go back to the proof of Theorem 1.9. We first prove the following theorem:

Theorem 1.10. Suppose E/F is a finite Galois representation. Then for any immediate field
E D K D F and finite dimensional smooth representations p of Gal(K/F'), there exist e-factors
e(p, YK, s) satisfying the conditions in Theorem 1.9.

Proof. We take the Galois extension of global fields E/F as in Lemma 1.11. From Gal(E/F) =
Gal(E/F), we know that for any v € S¢(E), there is a unique u € S¢(E) over v. We take Sy to be
the set of places of F which is ramified in E. For any v € Sy, we take n, = ng, /g, as in Lemma
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1.12. Then we can make use of Lemma 1.6 in Section 1.3. to get a finite order Hecke character
a of F satisfying ay,, is unramified and the level of «, is no less than n, for any v € Sy. We also
choose a nontrivial additive character ¥ of Ag/F such that ¥,, = 1. Now we fix an immediate
field £ D K D F and let Ky, = K. We write ak = a o Nmgp and Vg = Vo Trg p. Now we
define some ¢ € Agp. When v is archimedean , we just take ¢, = 1. When v is nonarchimedean , we
take ¢, € Fy, such that a,(1 + z) = ¥, (c,x) for all z € le”/?]“.

Let x be a character of Gal(E/K), then it gives rise to x a character Gal(E/K). We use x and
X to denote the character induced on F'* and FX\Aﬁ respectively. The local-global compatibility
will give xuw, = x. Then

-1 Cy OK s S, w w w
E(XCYK,UMS (\IIK) ): {:(U;( (S 3;[5) K, w (:\Ijjs ) 7£ 0

where ¢, € F, is defined as above. When w is archimedean , since K has no real embedding, all
items in complex case in trivial. When w # wg is nonarchimedean and w is over u € Sy, then
this comes from stability Theorem. When w = wp this comes from the condition oy, = 1 and
the local-global compatibility. When w # wy is nonarchimedean and w is over u ¢ Sy, then x,, is
always unramified and hence also satisfies the condition of Stability theorem. Therefore

e(xak, s) = e(x, Vi, $)x ' (c)a(K)

where

oK) = [] eloxw s, (Ve)w)

wF#Wo

is independent of x. Thus, for any finite dimensional representation p of Gal(K/F), we can write

e(pak, s) det p(c)
a(K)dimp

6(/)’ 1/)[(, 5) =

Now we check the conditions in Theorem 1.9. (1) and (2) are obvious, we only need to prove (3).
We recall the following lemmas in representation theory:

Lemma 1.13. Suppose G is a finite group and H < G. Let p be a finite dimensional represen-
tation of H and T be a finite dimensional representation of G. Then there is an isomorphism of
representations of G:

IndSp @12 IndS(p ® 7| 5)

Lemma 1.14. Let G be a group and H be a subgroup of finite index in G. V : G — H™ be the
transfert map. Let p be an n-dimensional representation of H and x € G, we have

det(Ind$ (o] — n[Lu]))(z) = det([p] - n1a])(V())

Proof. Refer to Proposition 1.2 in | |. O

det(Indg /K (p))(c)

Thus, (Indg/k(p))or = Indg/k (pak), hence e((Indg/k (p)or), s = e(pak, s). And ot o(0)
det(Indg/k(1))"(c) from Lemma 1.14. a(K)4m? verifies the equation in (3). Hence (3) is verified.
O
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Proof of Theorem 1.9. Since we know from Brauer’s induction theorem that the e-factors are unique
once they exist. Thus, we know that the e-factors for Galois representations of finite field ex-
tensions constructed in Theorem 1.10 are compatible. So we have finished the proof for Galois
representations. Recall that in Proposition 1.2, for any smooth representation p of Wg, there is
d € NT such that p(®%) = Md. Now the natural inclusion map ig/p * Wg — Wrp will send
ip/p(PE) = f(E/F)®F. Hence we can find some so € C such that pg = p® x? is a representation
of Wg factoring through Gg. Now we define

E(pa ’l/}E7 S) = 5(/)07 ¢E7 s+ SO)
Now we check the equation in Theorem 1.9. We need the following lemma:

Lemma 1.15. Let E/F be a finite extension of nonarchimedean field. Define Ag/p(s,v) = %

Then A\g/p(s,v) is independent of s.

(1) comes from Proposition 1.9. (2) is obvious. We now check (3).

eIndg/r(po @ xp ™) r,s)  e(Indgyp(po) @ X5, YF, )
e(po ® Xp,VE, s) B e(po ® X7, VE, s)
e(Indg/plg,Yr,s — so)"
e(1p,vE,s — so)"
e(Indg/plp,r,s)"
(g, YE,s)"

Hence the proof is finished. O
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Chapter 2

The Automorphic Side

2.1 Representation of Totally disconnected Groups

Definition 2.1. A topological group G is called a totally disconnected group (td group in short) if
every neighborhood of the identity contains a compact open subgroup.

Lemma 2.1. Let K1 C K be compact open subgroups in G, then K/Kj is finite. When G is
separable, that is to say there is a countable dense subset in G, then G/K is countable.

Example 2.1. Let F' be a nonarchimedean local field,
1. The Weil group Wr of F is a td-group.
2. F* is a td-group. More generally, for any reductive group G over F, G(F) is a td-group.

Definition 2.2. A function on G f : G — C is called smooth if it is locally constant. We use
C*®(G) to denote the set of all smooth functions on G and C°(G) to denote the set of all smooth
functions with compact support on G.

Suppose (7, V) is a representation of G.

Definition 2.3. (w, V) is called smooth if for any v € V, there exists a compact open subgroup K
in G such that v is fized by K.

For any representation (m, V'), we can define (mgm, Vsm) to be Vip, = U g VE,

Definition 2.4. (7, V) is called admissible if it is smooth and for any compact open subgroup K in
G, VE .={v e Vir(g)v =v for all g € K} is finite dimensional.

Now suppose (7, V) is a smooth representation, we define the vector space V* to be the space

of linear functionals of V', and the representation (7*,V*) is given by g - A(v) = A(g~ ).

Definition 2.5. For a smooth representation (mw, V), its contragredient representation (7", V") is
defined to be ((7*)sm, (V) sm,)-

Definition 2.6. A function f € C°(G) is called a matriz coefficient of (w, V') if there exist v € V
and vV € V'V such that

flg) = (n(g)v,v")
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Lemma 2.2 (Schur’s Lemma for Separable td-group). For a seperable td-group G, and an irreducible
smooth representation (7, V'), we have EndgV = C.

Proof. Refer to Section 2.6 in | |. O

Let Z be the center of G. Then for any x € Z, w(x) € Endg(V). Since 7 is irreducible, by
Schur’s Lemma 7(x) = A(z)Idy for some \(z) € C.

Definition 2.7. The central quasicharacter wy of an irreducible smooth representation (w,V') is the
quasicharacter on Z defined by wx(z) = A(z).

2.2 Nonarchimedean Representation Theory of GL(2)

In this section, we let G = GLo(F'), we define the following algebraic subgroups of G:

B {(“ b) € GLy(F)}

Cc

to be the standard Borel subgroup of G,

r—((" ) ecrrn

to be the standard split maximal torus,

N= {(1 I;) € GLy(F)}

to be the unipotent radical of B, and also

7= {(“ a) € GLy(F)}

to be the center of G.
For the standard Borel group B, we have Levi decomposition B = T X N, and the modular
quasicharacter dp of B is defined by

(") () =l

Proposition 2.1. (1) Iwasawa decomposition: G = BK where K = GL2(OpF) is the standard
maximal compact subgroup.

(2) Bruhat decomposition: G = BU BwN where w = <_1 1> .

We recall that we have

a
(3) For G = GLa(F), we have Cartan decomposition G =, ez o<p K <7TF 7rb> K
= F
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In this section, we study the representation theory of G = GLa(F'). We recall the parabolic
induction. Suppose x = x1 ® X2 is a (smooth) character of T'(F'). Then we define the parabolic
induced representation I(x) = Ind%y by

Ind$x = {f : G(F) — V| f is smooth , f(tng) = 6(t)"/2x(t)f(g) for all t € T, n € N}

and
(h-F)g) = flgh)  forany heG

Since any f € I(x) is a smooth function, I(x) is a smooth representation.
Lemma 2.3. Ind%x is unitarizable if x is unitary.

Now for any smooth representation (m, V') of G, we define V(N) := (v —m(n)v | v € V, n € N),
and Viy = V/V(N). N is normal in B, hence V() is closed under B, and N acts trivially on the

i
quotient representation V. Thus, we get an action of T'= B/N on V. (nn := 7|7 ® 63, VN) is
called the Jacquet module of (7,V'), and the functor

Rep(G) — Rep(T)
(7T, V) — (WN,VN)

is called Jacquet functor.
Lemma 2.4. The Jacquet functor is additive and exact.

Proposition 2.2 (Frobenius Reciprocity Law). For any smooth represnetation (w, V) of G, and
any character x of T', we have

Homg(m,I(x)) = Homp (7N, X)
Definition 2.8. An irreducible smooth representation (7w, V') of G is called supercuspidal if Vy = 0.

Theorem 2.1. Let (m,V) be an irreducible smooth representation of G, then it is either a super-
cuspidal representation itself, or a subrepresentation of I(x) where x is a character of T(F).

Proof. When V is a subrepresentation of I(x). let 7 : V < I(x) be the interwining map. By
Frobenius Reciprocity Law Homg(w, I(x)) = Homy(nn, x) hence Homp(mn, x) # 0 and mn # 0.
Therefore, 7 is not a supercuspidal representation .

Conversely, when 7 is not supercuspidal, we have to show that Homp(my,x) # 0 for some
character xy of T'. That is to say Vy has a maximal proper subrepresentation and hence has a
nonzero irreducible quotient. We first show that V is a finitely generated module over B. In fact
since 7 is irreducible, we choose a nonzero v € V', V is a finite linear combination of m(g)v. 7 is
smooth , so suppose v is fixed by Ky C K. Lemma 2.1 tells us that K/Ky is finite. Therefore,
m(K)v = (v1,v2,---vg). And by Iwasawa decomposition G = BK so vy, vs,- - v, generates V
under B. V is finitely generated over B and Vi is also finitely generated over T. The argument
following is standard: let wi, ug,--- ,u; be a minimal set generating Viy. By Zorn’s lemma there is
a subrepresentation U which is maximal in the property of u; ¢ U. U is proper since the generating
set is minimal. (uy,ug, - ,u—1) C U C (uj,ug, -+ ,u;) = V. Thus, U is a maximal proper
subrepresentation of V.

O
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Lemma 2.5. Suppose o is an admissible representation of T'(F'), then I(o) is also admissible.
Proof. Refer to Proposition 8.2.1 in | . O]

Since x is smooth character, then I(x) is admissible. Now we give the following propositions
without proofs.

Theorem 2.2. (m,V) is supercuspidal if and only if every matriz coefficient of (w,V') is compactly
supported modulo Z(QG).

Theorem 2.3. Every supercuspidal representation of G is admissible.
Corollary 2.1. Any irreducible smooth representation of G is admissible.

Now we wish to classify the noncuspidal representations of G = GLa(F).

1
Example 2.2 (Special representation). We consider the representation I(65%). Then let C be the
_1 _1
subspace of constant functions in 1(05*), and this is a subrepresentation of 1(d5*). The quotient

_1
I(65°)/C is called the Steinberg representation Stg. More generally, for any character xo of F*,
we have a short exact sequence

0— xo — I(é;éx) — (xpodet) ® Stg — 0
where x = xo ® xo0. We usually write xo - Stg in short for the twisted Steinberg representation.
We have
Proposition 2.3. xq - Stg is irreducible for any character xo of F*.
Proposition 2.4. When x1x5 " # |z|*1, 1(x) is irreducible.

When I(x) is irreducible, we call it the principal series representation and we often denote it as

B(x1, x2)-
Thus, we can get our classification theorem:

Theorem 2.4 (Classification of representations of GLa(F')). The following is a complete list of the
isomorphism classes of irreducible smooth representations of G = GLy(F):

(1) the supercuspidal representations.

(2) xo o det, where xo ranges all characters of F*.

(3) the special representation xq - Sta, where xo ranges all characters of F*.

(4) the principal series representation B(x1, x2), where x1 and x2 range all characters of F* satis-

fying xaxa ' # |z L.

Proposition 2.5. Suppose (m,V') is an infinite dimensional irreducible smooth representation of
G = GLy(F), then dim Viy = 2 if w is in the principal series, dim Vy = 1 if 7 is a special represen-
tation, and dim Vy = 0 if 7 is supercuspidal.
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2.3 Jacquet-Langlands L-function of Representations of GL(2)

Similar to the L-functions of local characters, we define local L-factors for irreducible admissible
representation m of GLy(F'). Let x be a character of F*, we define a(x) = x(7p) if x is unramified,
and a(x) = 0 if x is ramified. Then we define

1 when 7 is supercuspidal
L(m,s) = ¢ (1 —alx1)g )11 — a(x2)g )t when 7 = B(x1, x2) is in the principal series
(1-— a(Xo)q_S_%)*l when 7 = xq - Stg is special

More generally, for any character x of F'*, one can just define L(x x 7, s) to be L((x odet) ® 7, s).
To introduce local e-factors, we need to introduce Whittaker models and Kirillov models. We
fix a nontrivial additive character ¢ on F. This will induce a character ¥y on N defined by

on(* )= v

Definition 2.9. Let (w,V) be a irreducible admissible representation of G La(F'), with central char-
acter w. A Whittaker functional A : m — C is a functional satisfying

A(w((l l{))v) - wN(<1 ll)))v Jorallver, beF

Given a nonzero Whittaker functional of 7, one can associate v € m to W,, € C°(G) by
Wy(g) = Mm(g)v) g € GLa(F)

It’s easy to observe that W (), (h) = W, (hg). Hence if we take the space W (7) = {W,, € C°(G)|v €
7}, then W(n) is invariant under the action of G' by right translation. Hence the representation
W (m) under right translation is naturally isomorphic to 7w, and we call this W(r) the Whittaker
model of m. For G = GLa(F), we have the following important conclusion:

Theorem 2.5. When dim« is infinite, then there exists a nonzero Whittaker functional and it is
unique up to scalar.

Proof. Refer to Section 4.3 and 4.4 in | |. O

Now we introduce the Kirillov model of w. For v € 7, we define ¢,(a) = W, ( “

1)), bv €

C*®(F*). We introduce the Kirillov model K(7) = {¢, € C®(F*) | v € m}. We check that the
space K (7) is isomorphic to 7. In fact,

Proposition 2.6. Let (m,V) be a irreducible admissible representation of GLa(F) with Whittaker
functional A. Then for any 0 # v € V, there exists a € F* such that

A" )00

Proof. Refer to Proposition 4.4.7 in | |- O
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Sometimes we use g to emphasize the action of G on K(m). It’s easy to observe that

Here w; is the central quasicharacter of m. So the action of B on the Kirrilov model is deter-
mined. Recall that in Proposition 2.1, we have Bruhat decomposition G = B U BwB. Hence the

. . . . 1
representation 7 is uniquely determined by 7 (w) on K () where w = (_ 1 )

Now we determine the space K ().

Theorem 2.6. Suppose m is an infinite dimensional irreducible smooth representation, then K (m)(N) =
CX(F™).

1
when b € p* for some k& € NT. Then this means ¢(y) = ¢ (zy)¢(y) when = € p*. We can choose
t such that (t) # 0, then ¢(y) = 0 for any y € tp~*. Hence ¢ € C°(F). On the other hand,
K(m)(N) is generated by functions of the form (¢ (zy) — 1)¢(y). 1 (xy) = 1 when y € p¥ for some
k' € N*t. Therefore, (v(zy) — 1)é(y) € C(F>).

Then we prove C2°(F*) is irreducible under B. Since K(m)(N) is a nonzero subspace of
C°(F*), this will induce the conclusion. We only need to check for any ¢ € C°(F*), and

a € F*, we have 1yn., € mx(B)¢ for n sufficiently large. Since WK((l ll)>)¢($) = Y (bx)p(x), we

Proof. We first prove that K(m)(N) C C(F*). In fact, since 7 is smooth, v is fixed by <1 b>

can assume a = 1 and ¢(1) # 0 without loss of generality. Let f € C°(F), we consider

o) = [ soma(t })owa
= [ fouemota
Fw)e(

Y)

. : - : 1 b .
f is a finite sum of characteristic functions and 7TK(< 1) )¢ is locally constant, hence ¢’ €

7i(N)$. Now we take f(y) = 1yn(y)/¢(y) when n is sufficiently large, and f(y) = f(—y) Hence

Jr f(b)mx( (1 l1)> )é(y)db = 1y (y) and the theorem is proved. O

Then we can get immediately:

Corollary 2.2. Suppose (m,V) is an infinite dimensional irreducible smooth representation, the
space V(N) is irreducible over B.
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Corollary 2.3. When 7 is a supercuspidal representation, then K (m) = C°(F*).
We give following conclusions without proofs:

Proposition 2.7. Let (m,V) = m(x1, x2) be an irreducible principal series representation . Then
(1) When x1 # x2, K(m) consists of the functions ¢ € C°(F*) satisfying ¢(t) vanishes when |t| is
large and when [t| is small ¢(t) = C1|t|Y?x1(t) + Calt|Y?x2(t) for some constants Cy and Co.

(2) When x1 = x2, K(m) consists of the functions ¢ € C°(F*) satisfying ¢(t) vanishes when |t| is
large and when |t| is small ¢(t) = C1[t|"/?x1(t) + Covp(t)|t|"/?xa(t) for some constants Cy and Cs.

Proposition 2.8. Let (m,V) = xo - Stg be a special representation. Then K(m) consists of the
functions ¢ € C®(F*) satisfying ¢(t) vanishes when |t| is large and when |t| is small ¢(t) =
Cltlxo(t) for some constant C.

We can define zeta functions similar to Tate’s thesis:

Definition 2.10. For any ¢ € K(r), we define Z(s,¢,x) = [px gb(y)x(y)]y\s_%dxy, where d*y is
a multiplicative Haar measure on F*.

Proposition 2.9. (1) Z(s,,x) is convergent if Re(s) is sufficiently large, and it admits a mero-
morphic continuation to the whole complex plane.

(2) Z(s,¢,x) € C(¢°). Let I, = {Z(s,0,Xx) | oo € K(m)}. Iry is a fractional principal ideal
in Clq®,q~°] and there exists pr(x) € Clz] such that pr,(q~%)"" is the generator of I ,. If we
normalize pr such that pr,(0) = 1. Then L(s,x X 7) = pxy(¢7%) 7"

Proof. (1) Since we know from the proof of Theorem 2.6, ¢ € C°(F). Then Z(s, ¢, x) is exactly
the same with the zeta functions in Tate’s thesis, hence the proofs coincide. (2) comes from the
description of O

Theorem 2.7 (Local functional equation). In the context above, there exists a meromorphic func-
tion y(x X m,$,v) only depend on x, ™ and ¢, such that for any ¢ € K(m), we have

Z(1 = s, m(w),wr ' x ) = v(x X 7, 8,9)Z(s, 9, X)
We need the following lemma in the proof.

Lemma 2.6. Given 7 an irreducible smooth representation of G and quasicharacter x of F*. Let
A5 be the space of linear functionals L satisfying

L))o = x@lalLe)

Then for any fized x, there are at most two s modulo 2mi/logq such that dim A, s > 2.
Proof of Theorem 2.7. We check that Ly = Z(s, ¢, x) and Ly = Z(1—s, 7(w)¢,w; 1 x~!) is contained
in A, where x'(z) = x~!(z)|2z|7Y/2. We first check L1 € A,/ ,. Recall that 7rK(<a 1) Yo(z) =

¢(ax). So
Z(s,9(ax),x) = [px dlax)x(@)|z[*72d*w = [ o(t)x(a™"t)|a™ 1 2d*t = x(a) " |a| 712 Z (s, ¢, ).
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Now we check Ly € Ay 5. Let ¢' = m(w)¢. Then 7(w)m( <a 1) Yo = 7( <a a) )7r((a_1 1>)¢’.
We have

Z<1—sm<w>w<(a 1)) ) = [ @ el e o )

= x(a) Va2 / wr(a)d! (O]] 2w (at)x L (H)d*t
FXx
= (@) Yo Y2Z(1 - s, m(w)éwr Y

Since we have all most all sy € C, dim Ay = 1, then there exists y(x X 7, s9, 1) € C independent

of ¢ satisfying Z(1 — s, m(w)d, w-x"1) = y(x x 7,5,9)Z(s,¢,x). Y(x X 7,5,1) is meromorphic
because both of zeta functions are meromorphic. O

Now we can define the local e-factors as

Y(x x 7,5,¢)L(x X 7,5)
L(xV xmV,1—s)

e(x xm,s,1) =

We have a description for e similar to GL(1) case in Proposition 1.11 and Corollary 1.1:
Proposition 2.10. (1) &(m,s,1) = ag—*"™¥) for some a € C and n(m,v) € Z.

(2) We put K1(N) = {g € GL2(Op) | g = ( mod p™V'}. Suppose the additive character v

x %
0 1
has level one, then n(m, ) equals the least nonnegative integer N such that VEN) £,

Proof. (1) Similar to GL(1) case, we can choose some ¢ € K(m) such that Z(s,¢,x) = L(s, ).
Then e(m,s,v%) = %ffﬁf’?l € Cl¢®,q°] by Proposition 2.9. From functional equation we
have e(w;x tm, 1 — s,1)e(xm, s,9) = —1. Therefore, e(r, s,) is invertible and hence has the
form of aqg™"%.

(2) Refer to | |. O

We also do some explict calculation on local e-factors as we did in GL(1) case. Let x be a
character of F'* and k € Z, we take function &, ;, € CZ°(F*) defined by

o3 ene) =
X 0 otherwise

Theorem 2.8. Let w be a supercuspidal representation of G with central character wy, then

_ 1
Wk(w)(gx,k) = €(X 1777 57 w) gx—lwﬁ,fn(x—lﬂ,w)fk

where n(x, ) € Z is defined as in Proposition 2.10.

Proof. We first prove that if ¢1, ¢y € K(m) satisfies Z(s, ¢1,x) = Z(s, 2, x) for any s € C and
characters x of F*, then ¢; = ¢9. It’s sufficient to show that ¢1(1) = ¢2(1). In fact for any
a € FX, let ¢i(x) = ¢i(ax). Z(s, ¢, x) = x(a) " a| =2 Z(s, ¢, x), hence Z(s, ¢} — ¢}, x) for any
s and x. And ¢;(1) = ¢;(a) so ¢1(a) = ¢2(a).

We recall the following version of Fourier transform:
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Lemma 2.7. Let M be a compact abelian td-group and Haar measure dm on M is normalized such

that vol(M) = 1. f € C*°(M). Then

=3 /Mf(m)x(m)dm

XEM

where M is the group of all characters of M.

Thus, if we put Zyn = [i,_p-n(21(y) = 2())x(W)d"y, then ¢1(1) = é2(1) = 30 5 Zxar-
Therefore, it’s enough to show that Z, ,, = 0 for any x and n. Now we can write Z(s, ¢1 — ¢2, x) =
Y nez Zxn(q™®)™. This is a finite sum since ¢1, ¢ € CZ°(F*). Since this power series vanish for
all g%, we can get all coefficients Z, ,, = 0. Hence, our claim is proved.

In view of this, we only need to check the RHS satisfies the functional equation in Theorem 2.7
for any x and s. In fact

aq k=172 yg = ax~! for some constant a on {vg(z) = k}

0 otherwise

Z(S,&XJC,X(]) = /Fx ka(w))(()(x)‘xf—l/?dxx _ {

and similarly

aq~ (O m)FR(1/2) o = gy~ for some constant a on {vp(z) = k}

Z 1_8, — _ -1 _ ,w_l —1 =
( §X Ywm,—n(x1m)—k ¥ Xo ) {0 XO#Xil

Recall that n(m, 1) is defined by £(m, s,v) = ¢(1/2=8)m¥) (1, %, ) (Prloposition 2.10). So zeta func-
tions satisfy exactly Z(l -5 g(X_lﬂ-a %7 w)gx—lwﬂ-,fn(x—lﬂ',w)fkv WEIXE ) = 6(X07T7 S, 1/1)2(5» éx,ka XO)
for any x and s. The theorem is proved.

O

Since {& k} is a basis for C2°(F*), and 7 is uniquely determined by the central quascharacter
and mg (w) on C°(F*), we can get:

Corollary 2.4. If m; and wo are supercuspidal representations, and for any character x of F*,
E(X X ﬂ—lasvw) = E(X X T2, S,w). Then m = 9.

Proof. We only need to prove the central quasicharacters wy, = wy,. For any 0 # b € F', we have

1 —b\ (b 1\ /1 b 1\ _ (-b 1\ (1 —bt
1 1) \—-1 1) \—-1 N -b) \—-1 1
in GLy(F). Let A denote the matrix in the LHS, and B denote the matrix in the RHS. Claim:
(m)k(A) = (m2)k(A). In fact we write

D) =YY ajnby,

keZ j
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v ( ) () ()

6) = 0w g omel ()  DEOE s iy m-10)

_ 1
= €(X 17n-a§,¢) < > ZCL] n 171.“¢ k-i-UF(b)Xj(b)é)(;lx*lwﬁi,—TL(X717T171/1)—k(y))

1 1

_ _ 1
= €(X T, ia ¢) Z aj,—n(-)—k+vp(b)Xj(b)e(Xijm T, Ea w)gx]-x,k—l—n(-)—n()
J

Also, A(& k) (y) = ¥ (—by) A’ (&) (b?y). Since by the proof of Proposition 2.10,

e(wr xgxms 8, 9) = —e(xg XTI, 1= s, ) 7!

n(-) only depends on e-factors, the claim is proved. Hence we have (m1)k(B) = (m2)k(B). While

o (—B)(m)k ( ) Zaj,kx] k@)

(B = wn (Dl 1)><w<—b—1y>sx,k<y>>

o 1
= Wﬂz Za]kX] 5(X X W,ivw)éxflxj—luh“_n(‘)_k
_ 1
= wm(—by)zaj,ka(—b) e(x 'xg 3 &1t )k
J

The sum over j are independent of central quasicharacters . Hence wy, (—by) = wnr,(—by) when
then sum over j is nonzero. Now since for any € F*, we can choose proper f € C°(F*) such
that (m;)k(B)(x) # 0, we have wq, () = wx, (z) for any x € F*. O

For noncuspidal representations , we also have the following:

Lemma 2.8. If 7 = 7w(x1,Xx2) S in the principal series, then we have e(x X m,s,1) = &(x X
X1, S, ¥)e(x X x2,8,%). If m = xo - St is the special representation, then e(x X 7, s,1) = —e(x X
X0, 8, ).

Proof. Refer to Section 26 in | |. O
Combining these two lemmas, we get immediately:

Theorem 2.9 (Converse theorem for GL(2)). Suppose m and 7’ are irreducible smooth representa-

tions of GLa(F), and

Lixxms) = Llxx.s)
6()( X 7T, 87 11}) = s(X >< Tr,? 87 17Z})

for all characters x of F*. Then m = «’.
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Chapter 3

Local Langlands Correspondence of

GL(2)

3.1 Statement of the Correspondence

Let G,,(F) denote the set of equivalent classes of n-dimensional semisimple Weil-Deligne represen-
tation of Wp over C, and A, (F) denote the the set of isomorphism classes of irreducible smooth
representation of GL,(F') over C.

Theorem 3.1 (Local Langlands Correspondence of GL(2)). Let v be a additive character on F
and 1 #£ 1. There is a unique bijective map

7 Go(F) — Ao(F)
such that

L(Xﬂ(p),s) = L(X@p,s)
E(XW(P)aS,W = €(X®P,8;¢)

for all p € Go(F) and for all characters x of F*. Furthermore, m is independent of the choice of 1.

Notice that the uniqueness of the correspondence comes immediately from the converse theorem.
We will prove the existence part for most of cases in the following sections.

Suppose 7 € Aut(C), then for complex vector space V', it will induce morphism 7y : GL(V) —
GL(V). If 7 : G — GL(V) is a complex representation of a group G, we take "m = 7 o m. Now
we see that 7 acts on both G, (F') and A, (F) by the way we described above. Then we can see that
the Langlands correspondence in Theorem 3.1 is not compatible with the action of 7. In fact we
have the following modification:

Definition 3.1. For p € Go(F'). we define p € Go(F) by
~ 1
plz) = p(z)llzll2,  zeWp
Theorem 3.2. If we define the map
C - QQ(F) — AQ(F)
p +— 7(p)

30



Then it satisfies

Moreover, ¢ is the unique map satisfying

L(xmc(p),s) = L(x®p,s—%)

1
E(X’]T(C(p)v S7w) = E(X ® PSS — §7¢)

Now let Go(F, Q) denote the set of equivalent classes of 2-dimensional semisimple Weil-Deligne
representation of Wr over Qp, and As(F, Q,) denote the the set of isomorphism classes of irreducible
smooth representation of GLy(F') over Q.

Theorem 3.3 (/-adic Local Langlands Correspondence of GL(2)). There is a unique bijection
e Go(F, Qp) — A2(F, Q)

such that

for all p € Go(F) and for all field isomorphisms 7 : C =, Q.

3.2 The Tame Langlands Correspondence

Let GO(F) C G, (F) (resp. GL(F)) be the subset of Weil-Deligne representations (p, N) for which
p is irreducible (resp. reducible). We also let AY(F) C A,(F) (resp. AL(F)) be the subset
of supercuspidal (non-supercuspidal) representations, Then we first give the correspondence from

GA(F) to AL(F):
Theorem 3.4. There exists a bijective correspondence

m GYHF) — AN(F)
satisfying the conditions in Theorem 3.1.

Proof. Let p' = (p,N) € G3(F). Since p is reducible, p = x1 @ x2. When x1x5 ' (z) # ||=||*!,

(X1, X2) is in the principal series. We claim that in this case, N = 0. In fact, suppose N = <CCL d>'

Then the relation formula of Weil-Deligne representation can be writen as

(le X2(~’E)> (Z Z) <X11($) x;l(w)> B <xf1>?2(w)c XlXle(x)b) = =l (Z Z)

Then we can deduce a = d = 0. And neither x1x5 () nor x; 'x2(x) equals ||z||, b = ¢ = 0. Hence
N = 0. Thus, we define

™ ((x1 ® x2)) = 7(x1: x2)

in this case. L(x7m1(p’),s) = L(x®p', s) by definition and e(x71(p’), s,v) = e(x®p', s,1) by Lemma
2.4.
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When Xlxgl(x) = ||z|| or Hx||_1, WLOG we assume 1 = qS(x)H:EHI/Q and yo = qb(x)HxH_l/Q,

then N = 0 or < from our calculations above. Now we put 7!((p,0)) = ¢ - det and

01
0 0
{01 N . .

7 ((p, 0 0 )) = ¢ o Stg in this case. Then the relation of L-factors come from definitions

and the relation of e-factors come from Lemma 2.4. O

Now we consider the bijection from GY(F) to A%(F). We do not give the full part of the
correspondence here, but give the "tame Langlands correspondence" when n = 2. We begin with
the following conclusion in the Galois side:

Proposition 3.1. Suppose p { n, then for any (p,V) € GO(F), there exists a seperable extenstion
E/F of degree n and a character 6 of E*, such that p = Indg/p0.

Proof. We recall the following elementary conclusion in the representation theory of finite group:
Suppose G is a finite group, and V is an irreducible (complex) representation of G, then dim V'
divides |G|. Since Pp is a profinite p-group, and p is a smooth representation, so there is an
open subgroup Ky C Pp such that p|g, = 1, and Prp/Kj is a finite p-group. we conclude that
plee = Di<i<m D, nixi, where x; are distinct characters of Pp. We denote V; = n;x;.

Since Pp is normal in W, for any g € W, we take pg(z) = p(gzg™t). py is also a representation
of Pr. Now we consider p(g) : V — V:

vy

o(9) J{p(g)
|/ v

Hence p(g) is a morphism of representations between p and p(g). We also write (x;)4(z) = xi(92g™")
as a character on Pp. Then py = @, ni(xi)g. Since x; are distinct characters and (x;)y are also
distinct characters , there is a permutation ¢ on {1,2,---m} such that p(g)V; C V). Since p(g)
is an isomorphism of vector spaces, we have n; = n,(;). Now since V' is irreducible, for any i # j,
there exists g € Wr such that p(g)V; C V,(;). Thus, we have n; = n; for any 7 and j.

Let H={g e Wp | gVh C Vi}. ThenV =1 nd}iIVF V1 follows from the following lemma in
representation theory.

Lemma 3.1. Suppose G is a finite group and H < G is a subgroup. V is an irreducible rep-
resentation of G. Then V = Indi for some subspace W of V if and only if there exists a
decomposition V = @, W, such that for any g € G and 1 < i < r, gW; = Wj for some j, and
H{ge€ G| gWy C Wi}. In this case V = IndGW;.

Now we analyse the representation Vi of H. We denote it by 7. When dim V; = 1 then we
are done. So we assume dim V; > 2 form now on. We need the following lemma in representation
theory:

Lemma 3.2. Suppose G is a finite group and H is a normal subgroup in G, and G/H is abelian.
Suppose there is a representation m of G such that 7|g = xIdy for some character of H. Then x
can be extended to G.
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Since Ir/Pr and Wr/Ip are both abelian, we can extend x; to x} on Wg. (Since x; is smooth
so we only involve essntially finite groups here.) And x| '7 is trivial on Pg. Since (H N Ir)/Pp is
abelian, 7 = @1§j§n1 X; on H N Ip. We claim that x;, # Xj, for any ji # j2. In fact suppose so,
then Vi = @rx; for some r > 2 by the arguments similar to above. Now we take Vi1 = rx1 and
Hi1={g€ H| gVi1 CVi1}. Then also by the arguments similar to above, V; = Indg1 Vi1 But
Hi1/(H N Ifp) is abelian, and dim Hy; > 2. So Vj 1 is reducible on Hj; which contradicts to the
condition that V is irreducible. O

Let GI"(F) be the set of irreducible Weil-Deligne representations which is induced by a single
character, then the "tame Langlands correspondence" just gives the correspondence from GI(F')
to a subset of AY(F). And the above proposition tells us that when p t n, G*(F) = GO(F).
Hence in this case the "tame Langlands correspondence" will give us the full part of Langlands
correspondence.

To give the "tame Langlands correspondence”, it’s enough to construct supercuspidal represen-
tations from a character y : E* — C* where E/F is a field extension of degree n, and then verifying
the conditions in Theorem 3.1. In the next section, we will do this for the case when n = 2 and
p 12 by making use of Weil representation.

3.3 Constructing Supercuspidal Representations from Weil Repre-
sentation

We first recall on the classical Weil representation. Suppose (V,q) is an even dimensional vector

space with quadratic form ¢, and 1 is an additive character on F'. Then the Weil represnetaiton of
SLy(F) x O(V) on C°(V) can be defined as:

conl (" )MI@) = X @l (), ae P,
cwnl (1 V)rw) = vutanse), ver

1 R
ey i =i
o wy(W)f(x) = f(h'z), heO(V)
we should explain the symbols appearing here. the character X(Viq) is defined as
X(V,q) (a“) = ((L, (_1)dim V/Qdet(V))F

where (, )r is the Hilbert symbol, and det(V) € F*/(F*)? is the determinant of the matrix ,y(V, q)
is the Weil index, and the fourier transform is defined by

f(a) = / @) ((a,5))dy
V(F)

We can extend this representation to a larger subgroup in GLo(F) x GO(V). We define G =
{(g.h) € GLa(F) x GO(V) | det(g) = det(h)~1}.

We consider the special case when V = (E, Ng), where E/F' is a seperated quadratic extension
viewed as a 2-dimensional vectore space over F' and Ng is the norm map on E which is a quadratic
form on E. Then E* < GO(F) by multiplication maps. Thus, we get a natural representation of
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the group G = {(g,h) € GLy(F) x E* | det(g) = Ng(h) ™'} on the space C2°(E) by restricting the
Weil representation of G on G. We denote this representation by p,. We first choose generators of
G by w € GLy(F) and E' C E* and

n(b) = ((1 i’),n beF

c(u) = ((“ u),ul) ue F*

®py n( ))f( ) =Y(ONg/r(y)f(v)
® py(c(uw)f(y ) (u )f(y)
)f

We observe that when we restrict py to the subgroup SLo(F) x E' where E' = ker Nmp /P C
E>*, then pw]SLZ(F)XEl = P, (m W x;). Inspired by this, we can "seperate" supercuspidal represen-
tations of GLo(F) from py. Let © be a character of E* such that § = ©|g1 # 1. We call this kind
of © the regular character of E* (with respect to F*).

Lemma 3.3. 0 = O|g1 # 1 if and only if © # 7O where Gal(E/F) = {1,7}.

We construct a representaiton of GLy(F') as follows. We take C°(E, 0) := {f € CX(E) | f(xy) =
0(x)f(y) for any = € E', y € E } be the § component of C°(E) with respect to E'. Since f(z)
is constant when |z| < a for some a € R. Then we take |y| < a and x € E' such that §z #. Then
7(0) = f(zy) = () f(y) = 6()(0). Thus, F(0) = 0 and C*(E, 0) < C2(EX).

Now we take (0, 1) = (071 py, C(E,0)). Then £(0, )|z = 1 and we can regard £(0, ) as a
representation of the group G/E! 2 G,, where G, = {g € G | detg € Nm(E*/F*)}. We can also
consider the function ©~'f. Then O~ f(zy) = f(y) for z € E'. This will induces fy € C°(F))
such that ©71f(y) = fo(y) where Ff = EX/E' = {x € F* | x € Nm(E*/F*)}. And this map

CX(E,0) — CX(F*x)
f — Jfo

is an isomorphism. Now we define 7(0,v) = I ndgkg (©,1). Deriving from the definition of Weil
representation , we can write the representation (0, ) of group G, on C2°(F') explicitely:

s V)= v ver

e (" )10 = <O e r
s ) = ke o) @) ac
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Proposition 3.2. 7(©,) is irreducible and supercuspidal.

Proof. For convenience in our proof, we use V to denote C2°(F)S) and W to denote Indg C°(F)).
Since N < G,, < G, then W(N) = Indj V(N). And B/B,. = G/G,,, so W = W(N) if and only
if V.= V(N). So we check V = V(N) next. We have C2°(F)) is irreducible under B,, (similar to
the proofs in ), and hence £(0, 1) is irreducible. Now for irreducible smooth representation £(©, 1),
V(N) is irreducible under B,, (similar to the proofs in ). Thus, we see V(N) = C°(F,,). O

We compare the local e-factors of 7(0,1) and O :

Theorem 3.5. Suppose 1 is a nontrivial additive chracter of F', and © is a character of E*. Let
p=1Indg/p® and T = 7(O,1). Then we have

e(xm, s,9) = e(xp, 5, ¥)
for any chracter x of F*.

Corollary 3.1. In the context of Theorem 3.5, we can give the correspondence map

G3(F) — A3(F)
p=Indgp > m=m(0,7)

satisfying the conditions of 3.1.
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