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1. DEBUT DU STAGE ET INTRODUCTION AU PROBLEME.

1.1. Commentaires sur le stage. Le stage s’est déroulé du 1 février au 31 mai 2022,
soit exactement 4 mois a Berkeley sous la direction de Maciej Zworski. Maciej est un

expert de I'analyse semi-classique, domaine que j’ai découvert au premier semestre en
1
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suivant des cours du M2 de Jussieu et que je pense continuer ’année prochaine.
Pendant le premier confinement, il a été contacté pour participer a un projet de
mathématiques appliquées a la physique de la matiere condensée. Les mathématiques
utilisées sont relativement élémentaires et les opérateurs en jeu exhibent un comporte-
ment spectral tres étrange. Il m’a proposé de travailler sur ce projet, voulant essen-
tiellement étre confronté a la recherche pendant ces 4 mois, j’ai accepté.

J’ai énormément apprécié la liberté et 'autonomie que 'on m’a donné. J’ai suivi un
seul cours (de systemes dynamiques) et j’ai utilisé le reste du temps libre pour suivre
les divers séminaires du département de math. La plus grande part de mes journées
consistait a faire de la recherche, ce qui est une bonne situation étant donné le cadre
de vie a Berkeley. J’ai eu 'occasion de rencontrer de bons amis et j'ai pu participer
a de nombreux séminaire dont I'un a Stanford et I'un a UCLA. Je souhaite remercier
particulierement Maciej pour le temps qu’il a pris pour s’occuper de moi ainsi que
pour la confiance qu’il a placé en moi. Ce stage a été un excellent premier contact
avec le monde de la recherche et a, sur beaucoup de points, changé ma perception de
ce dernier, pour le meilleur.

1.2. Introduction au probleme. Une expérience réalisée au MIT en 2019 par Tarnopol-
sky, Kruchkov et Vishwanath a montré que lorsque deux plaques de graphéne (penser

a un réseau hexagonal) sont posées 1'une sur 'autre, rotatée I'une par rapport a l'autre
d’un certain angle 6 précis, on observe de la supraconductivité. Ces angles ont été
nommés "angles magiques” et sont 'objet d’étude de ce projet.

Mathématiquement, le probleme est modélisé par I’hamiltonien de Bistritzer-MacDonald
définit comme suit:

H(a) = (D?a) b (g‘)*) avee D(a) = (aUl()jZ> O‘%(;)).

Ici, U est un potentiel modélisant les interactions entre les plaques de graphene.
Le parametre « est essentiellement l'inverse de l'angle entre les deux plaques. Le
graphene a une structure de réseau hexagonal, cela se traduit sur le potentiel U par
les symmétries suivantes:

Uz +a;) =wU(2), Uwz) =wlU(z), et U(z)=U(z), (1.1)

ol w = e*™/% et a; = 3miw'. L'exemple le plus simple de tel potentiel est donné
k

par Up(z) = Si_yw 3= =2") 1,6 hamiltonien H () est un opérateur qui agit sur
I'espace de Hilbert H*(C/T;C*) et D(a) sur I'espace H'(C/T;C?), ot on a noté I' =
471 (Z + wZ) le réseau hexagonal formé par la superpositions des deux plaques de
graphéne (on parle d’effet Moiré). Les propriétés physiques surprenantes mises en
évidence par 'expérience se traduisent en propriétés spectrales tout aussi étonnantes
sur ces opérateurs.
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1.2.1. Le probleme mathématique. Dans un article publié en 2021, Zworski, Becker,
Embree et Wittsen, ont donné plusieurs caractérisations spectrales des angles mag-
iques. Commencons par une définition.

On dit que a € C est un angle magique si et seulement si

Specy e ryD(a) = C.
On notera A I'ensemble des angles magiques (complexes).

Remark 1. Il ne s’agit pas de la définition physique mazis elle est équivalente et c’est
celle-ci que [’on utilisera.

Dans l'article, ils montrent notamment que ’on observe le comportement spectral
suivant tres étonnant.

Theorem 1. L’application o € C +— D(«) est analytique, l'opérateur D(«) est ellip-
tique, de Fredholm d’indice 0 et on a

SpeCH1(C/F)D(a) =Csiae A
Specyic/ryD(a) =T sinon.

Oul™ = \/Lg (Z 4 wZ) est le réseau dual de T

Remark 2. [l y a un peu de vocabulaire de théorie spectrale mais on peut reformuler
le théoreme comme suit:

"La famille d’opérateurs D(«) est analytique (en quelque sorte la plus réguliere possi-
ble) et a de "bonnes” propriétés spectrales (penser a D(«) comme une matrice infinie),
mais son spectre varie de facon discontinue. Le spectre est discret et constant sur la
plupart du domaine et a certains point précis (qui sont les angles magiques) il vaut
tout le plan complexe.”

Il est bon de noter que ce n’est pas le tout premier exemple de telle famille d’opérateurs

(on a notamment un exemple donné par Seyley auparavant) mais que cela donne une
motivation physique a ce phénomene. De plus, le théoreme précédent est valide pour
tout choix de potentiel U ayant les symétries énoncées au début et produit donc une
famille infinie d’exemples.
Cette définition des angles magique n’est pas facile a appréhender mathématiquement
(et il est difficile de calculer ces angles magiques méme numériquement). En effet, il est
difficile de vérifier que le spectre de D(«) soit égal a tout le plan complexe. Toujours
dans le méme papier, ils énoncent et démontrent le théoreme suivant qui donne une
caractérisation plus simple des angles magiques:

Theorem 2. Pourk ¢ I'*, définissons l'opérateur compact (dit de Birman-Schwinger)

0 aU(z)) |

Ti = (2D: = k)™ <aU(—z) 0
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Spectrum of D(a)

Imk 11 “ Rek

FIGURE 1. Graphe du spectre de D(«) pour v € R. On voit que le
spectre est constant égal a I'* sauf pour certaines valeurs de «. Ces
derniers sont les angles magiques, points ou la discontinuité se produit.

Alors on a l’équivalence suivante:
1

— € .
«Q SpeCLQ((C/F) (T%) — {0}
En particulier, le spectre de Ty, ne dépend pas de k ¢ T*.

ac A —

Remark 3. On se ramene donc a calculer le spectre d’un opérateur compact (penser a
une matrice infinie). La structure est toujours la méme, a chaque équivalence, on sim-
plifie la condition spectrale mais [’opérateur devient un peu moins facile a appréhender.
Remarquons que lopérateur H(«) était autoadjoint et que Ty n’est méme plus normal.
1l s’agit de la principale raison pour laquelle [’étude spectrale de Ty, n’est pas évidente.
(Penser a comment les blocs de Jordan sont la principale difficulté a surmonter pour
I’étude spectrale des matrices non diagonalisables).

1.3. Généralisation a d’autres groupes. L’équivalence spectrale plus haut repose
sur deux éléments: les propriétés du groupe de symétries du graphéne (qui est un
réseau hexagonal) et les propriétés spectrales de 1'opérateur D(0) = D;.

Le groupe des isométrie du réseau hexagonal est p3, I'un des 17 groupes cristallo-
graphiques. La premiere idée était donc de voir si 'on pouvait utiliser les autres
groupes cristallographiques pour construire d’autre familles d’opérateurs comme D(«).
Il s’agit essentiellement d’étudier les représentations irréductibles de certains produits
semi-directs de groupes cristallographiques par des groupes abéliens. J’ai appris pas
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mal de choses mais malheuresement, je n’ai pas réussi a généraliser aux autres groupes.
La seule extension (triviale) est au groupe p2, groupe de symétries du réseau carré.
Toutefois, pour le réseau carré, les angles magiques générés (numériquement) ne sem-
blent jamais étre réels. 1l s’agit donc d’un exemple moins intéressant pour les physiciens
méme si on ne sait toujours pas pourquoi c’est le cas.

2. TRACES ET PRINCIPAL RESULTAT.

2.1. Rationalité et infinité d’angles magiques. Un probleme (passé sous le tapis
jusqu’ici) est le fait que I'on a pas prouvé que A # ). En effet, il est apriori tout a fait
possible que le spectre de Ty soit réduit a {0} (on parle d’opérateur quasi-nilpotent,
remarquons tout de méme que pour un opérateur normal non nul, c¢’est impossible).
Les hypotheses que l'on dispose sur T} sont essentiellement calculatoires. On peut
notamment définir les traces de puissances de T;. Toujours dans le méme article,
ils calculent que pour le potentiel Uy, on a Tr(T}) = Y a7 = 3—% # 0. Le
calcul est assez miraculeux et peu éclairant mais montre que A # (). De maniere
générale, il n'est pas tres difficile de calculer (numériquement) le spectre de T}, (car
ce dernier est trés bien approximé par le spectre de matrices finies). On remarque
un grand nombre de structures dans le spectre. Toutefois, tout ceci est tres dur a
montrer mathématiquement. Il y a notamment deux problemes importants: on ne
sait pas montrer 'existence d’angles magiques réels (qui semblent toujours exister
numériquement et qui sont les angles physiquement pertinents) ni montrer que les
angles magiques sont en nombre infini. Numériquement, il semble aussi que la valeur
de Tr(T?) soit toujours de la forme ql\% pour ¢ € Q, c’est la question a laquelle
Maciej m’a demandé de réfléchir a partir du second mois de stage.

Il s’agit de ma principale contribution pendant ce stage. Je suis parvenu a montrer la
conjecture en donnant une maniére algorithmique de calculer ces traces (remarquons
que cet algorithme peut étre adapté pour calculer les traces d’autres opérateurs définis
pour des potentiels U généraux).

Theorem 3. Pourl > 2,

_ ™ N
NI = Y e —azoiacQ

On en déduit d’ailleurs 'amélioration du résultat précédent.

a magic

Corollary 2.1. Pour U = Uy, l’ensemble des angles magiques A est infini.

On en déduit aussi par un argument similaire que le corollaire précédent est valable
pour un ensemble générique (au sens de Baire) de potentiels. Cela répond donc (par-
tiellement) au second probleme. En effet, pour un potentiel U quelconque, il existe
donc des perturbations arbitrairement proches de U admettant une infinité d’angles
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Magic and resonant a
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F1GURE 2. Ensemble des angles magiques générés numériquement grace
a l'opérateur Tj. Les a rouges sont les angles physiquement pertinents.

magiques.

Les techniques utilisées sont relativement élémentaires: un peu de combinatoire, d’analyse
complexe sur les courbes elliptiques et beaucoup de courage. Cela m’a occupé un mois
et demi. Il se trouve que ce calcul peut permettre de répondre (partiellement) au pre-
mier probleme soulevé. Il s’agit d’une remarque faite par Simon Becker avec qui j’ai
collaboré pendant la seconde moitié du stage.

2.2. Déterminant et angle magique réel. L’argument précédent peut sembler
étrange, pourquoi calcule t’on les traces? La réponse pragmatique est que 'on ne
sait pas calculer grand chose d’autre. Il se trouve néanmoins qu’il y a une justification
plus profonde: la fonction déterminant.

Pour un opérateur A trace class (c’est a dire un opérateur compact dont la suite des
valeurs singulieres (p;(A))en, i.e la suite des racines carrées des valeurs propres de
AA*, est sommable), on définit la fonction déterminant par

det(Iy + pA) = [ (1 + pXi(A)) = exp (Tr(In(Iy + pA))) .
ieN
Cela définit une fonction entiére qui s’annule exactement en les \;(A) (et avec la bonne
multiplicité) et cette derniere caractérise donc entierement le spectre. Il faut penser a
cette fonction comme une généralisation "naturelle” du polynoéme de Cayley-Hamilton
pour une matrice infinie (I’hypothese de sommabilité étant nécessaire pour s’assurer
que la définition est bien posée). En particulier, il existe des formules (dites de Plemelj
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et Smithies) qui permettent de calculer les coefficients de la fonction de déterminant en
fonction des traces des puissances de A. (Encore une fois, cela est une généralisation de
ce qui se passe pour les matrices). Essentiellement, connaitre les traces des n premieres
puissances de A donne les n premiers coefficients de la fonction déterminant. Ainsi, la
connaissance de toutes les traces équivaut a la connaissance du spectre. Dans notre
cas, notre opérateur n’est pas trace class ((u;(A))ieny n’est pas ' mais [*), toutefois,
on peut définir un déterminant dit "régularisé” et les mémes conclusions tiennes.
Nous avons implémenté 'algorithme pour calculer les 6 premieres traces et par des
arguments directs, nous avons montré I'existence d’un angle magique réel. Nous avons
aussi montré que la multiplicité de cet angle était 1.

Theorem 4. Le hamiltonnien H(«) admet un angle magique de multiplicité 2 tel que
a, € (0.583,0.589). En particulier, o, est minimal, c’est a dire qu’il n’eziste pas
d’autres angles magiques « tels que |a] < |a..

Remark 4. [l s’agit d’une preuve assistée par ordinateur (notamment pour calculer
les valeurs des traces). Ce n’est pas la premiere preuve (assistée par ordinateur) du fait
qu’un angle magique réel existe mais celle-ci fournit en plus la simplicité de la valeur
propre qui a €té tres importante pour la fin de ce stage.

Finalement, tout ceci a donné lieu a un article co-écrit avec Simon Becker et Maciej
Zworksi dont le pre-print a été réjouté ci-dessous.

3. FIN DU STAGE

Le dernier mois a été plus tranquille. J’ai notamment eu l'occasion d’aller en

séminaire a Stanford ainsi qu’a UCLA pour un séminaire de 5 jours sur la physique
de la matiere condensée. Ce flit une bonne expérience méme si les séminaires étaient
assez durs a comprendre pour un matheux comme moi.
Maciej m’a fait travailler sur un second article, ma contribution cette fois-ci est es-
sentiellement technique et il s’agit d’étudier le nombre de zéros des fonctions propres
du hamiltonnien (c’est un résultat qui s’appuie sur la simplicité de I’angle magique
prouvé plus haut). Ce travail (sur lequel je continue de travailler pendant 1’été) va
normalement aussi aboutir a un article.

4. CONCLUSION

(C’était un stage tres chouette.
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5. PRE-PRINT.

Integrability in chiral model of
magic angles

ABSTRACT. Magic angles in the chiral model of twisted bilayer graphene are char-
acterized in terms of a dimensionless parameter a € C which (for « real) is inversely
proportional to the twisting angle and at which the Hamiltonian exhibits a flat band
at energy zero. We show that for any ¢ > 2, the sum over magical (complex) a’s
satisfies (v/3/m) > a~"" € Q and that this value is algorithmically computable. This
implies that the set of magical «’s is infinite and provides a new proof of the exis-
tence of the first real magic angle, showing also that the corresponding flat band has
minimal multiplicity.

6. INTRODUCTION AND STATEMENT OF RESULTS

When two sheets of graphene are stacked on top of each other and twisted, it has
been observed that at certain angles, coined the magic angles, the composite system
becomes superconducting. In this article, we study the chiral limit of the Bistritzer-
MacDonald Hamiltonian [BiMall, CGG22]

H(a) = (D(()a) D((()%)*) with D(a) = (aUl()iz) allf)(zz)>

where the parameter « is proportional to the inverse relative twisting angle. After a
simple rescaling, the potential is a smooth and periodic function satisfying

Uz +a) =aU(2), U(wz)=wlU(z), and U(Z) = U(2), (6.1)

2mi/3 _ 4

and a, = 3m'we. The simplest example of such a potential and our

canonical choice of U, unless specified otherwise, is

2
U(z) = Zwkeé(zwk’—mk)‘ (6.2)
k=0

where w = ¢

Even though the potential U(z) is only periodic with respect to I' = 47i(wZ @ w?Z)
the first property implies that the matrix potential, and thus D(«), commutes with
the translation operator

wtaez

Law(z) = ( . 1) w(z+a), acll (6.3)

where w € C? and a = Zmi(way + w?az), a; € Z. We note that if I'* is the dual

(reciprocal) lattice of T, then 3I'* is the dual lattice of 3T
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FIGURE 3. Plots of the first 5 non-negative eigenvalues of Hy(0.3) act-
ing on . (see (6.4) and (6.5)), as function of k = (kyw? — kow)/V/3
in in a fundamental cell of 3T, parametrized by (ki,k2) |k;| < 3. See
also [BHZ22, Figure 4] for more information and comparison with band
structure of other models.

When moving to functions with values in C* = C? x C? (on which H(«) acts) we
extend the action of %, to an action on each C? component. We then consider the
Floquet spectrum of

Hy(a) = (D(a) o 0 B k) with k € 3T, (6.4)
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defined by (Hy(a) — Ej(a, k))w;(a, k) = 0, where eigenvalues of positive energy are
labelled with j > 1 in ascending order, as a self-adjoint operator on

A ={vel’)(C/T): Lv=v, acil'}, (6.5)
with the domain given by # N H'(C/T) such that

Specrzc.ci)(H(a)) = U Spec_, (Hi(a)).
keC

This Hamiltonian is an effective one-particle model which exhibits perfectly flat
bands at magic angles. The appearance of perfectly flat bands in the chiral limit was
considered by San—Jose, Gonzélez and Guinea [SG(G12] and was explained by Tarnopol-
sky, Kruchkov and Vishwanath [TIKV19] with the help of Jacobi theta functions'. An
equivalent spectral theoretic characterization of magic angles was then provided in
[Be™22]: if we define the following compact Birman-Schwinger operator

T, = (2D; — k)™ (U((iz) U(()Z)) . (6.6)

then (see [Be™22, Theorem 2] and for a more general version stated here [BHZ22, §2.5])

a™t € Spec, (T,)
H AR :
0¢ kQCSpeC%’( W) = { for some ko € C\ (37" — {0,3}), &7
where 7. In other words, the spectrum of T}, is independent of ky € C\ (3T —{0,i})
and characterizes the values of a € C at which the Hamiltonian exhibits a flat band
at zero energy. Since the parameter « is inherently connected with the twisting angle,
we shall refer to a’s at which (6.7) occurs as magic and denote their set by A C C.

The analysis of magic angles is therefore reduced to a spectral theory problem involv-
ing a single compact non self-adjoint operator. Since even non-trivial non self-adjoint
compact operators do not necessarily have non-zero eigenvalues, the existence of a pa-
rameter o at which the Hamiltonian exhibits a flat band at zero energy is non-trivial.
In [Be™22] the existence of such a complex parameter a € C was first concluded by
showing that tr,(7}) = 87/v/3 which implied existence of a non-zero eigenvalue’.
This result was improved by a computer-assisted proof [Wal.u2l1] in which Watson
and Luskin used the complex-analytic characterization of magic angles from [TKV19]
to prove existence of the first real magic angle and obtained explicit bounds on its
position.

In this article, we obtain a general result about the structure of the traces of powers
of Ty. It seems to reflect hidden integrability properties of the Hamiltonian H(«) for

1As was pointed out to us by Alex Sobolev a similar argument appeared in the work of Dubrovin
and Novikov [DuNo80] who studied magnetic Hamiltonians on tori.

In [Be*22] we considered the trace on L?(C/T;C?) which gave this answer multiplied by 9 — see
[BHZ22, §2.4].
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FIGURE 4. The set A of magic a’s for which (6.7) holds, that is, the
first band is flat. The positive elements of A are the reciprocals of
the “physically relevant” positive angles. Potential (6.2) is responsi-
ble for the regularity of the set which seems to indicate hidden inte-
grability. For more general potentials the distribution is more com-
plicated — see https://math.berkeley.edu/~zworski/multi.mp4 for
Up(2) = (cos®>0)U(z) + (sin?0) 3a_, wFe™" ~**" which satisfies the re-
quired symmetries (6.1). The animation also indicates changing multi-

plicities.

the potential (6.2). These are already visible in the regular but evasive structure of
the set of of magic «, A C C — see Figure 4.

Theorem 5. For ¢ > 2

™ .
tr(TH) = Z a2 = 7 q with g, € Q. (6.8)
acA

In addition, we are able to express the rational numbers ¢, € Q in terms of a finite
sum involving residues of rational functions which is fully presented in Theorem 8. As
we show in §9, it is already possible to conclude directly from Theorem 5 that


https://math.berkeley.edu/~zworski/multi.mp4

12 TRISTAN HUMBERT, ENCADRE PAR MACIEJ ZWORSKI

Theorem 6. There exist infinitely many magic a’s, that is,

| Al = 0.

We then focus on real magic angles. Since the operator T7 is Hilbert-Schmidt, we
can use the regularized determinant to study real magic a. Compared with the initial
approach proposed in [TKV19], this approach has two advantages. Unlike the series
expansion in [TKV19, Wal.u21|, the regularized determinant is an entire function with
explicit error bounds in terms of the Hilbert-Schmidt norm. In addition, the Taylor
coefficients of the determinant are polynomials of traces as in Theorem 5. This leads
to

Theorem 7. The chiral Hamiltonian exhibits a flat band of multiplicity 2 at a real
magic o, € (0.583,0.589), which is minimal, in the sense that the Hamiltonian does
not possess a flat band for any « satisfying |o| < |ou|, that is,

AN (0.583,0.589)| =1, AN De(0,a") =0,

where the counting |e| respects multiplicities. In particular, the flat bands of multiplicity
2 are uniformly gapped from all other bands.

Remark. Compared with results in [WalL.u21] which require floating-point arithmetic,
our proof of existence relies only on exact symbolic computations, the exact evaluation
of residues to compute traces of powers of T} and the summation of finitely many
matrix entries to estimate the Hilbert-Schmidt norm.

7. PRELIMINARIES

Here we recall some facts from [Be*22] and [BHZ22] needed in this paper. For most
of our analysis, it is convenient to use rectangular coordinates z = 2i(wy; + wys), see
[Be*22, §3.3] for details. In these coordinates, we may introduce

Dy, i= w?(Dy, + k1) — w(D,, + ky),

V(y) == \/g(e—i(yﬁryz) + wet@v—v2) 4 w2€i(—y1+2yz))’ (7.1)

with periodic periodic boundary conditions (for y — y+27n, n € Z?). In the following,
we shall write V4 (y) := V(£y). The Birman-Schwinger operator T}, with k = (w?k; —
wko)/V3, (ki, k) ¢ 372 + {(0,0),(—1,—1)} (we remark that Z? corresponds to I'* —
see [BHZ22, (2.12)]) is then given by

-1
T = (D_?V Dkov+) : L%o,o)(C/QWZ2S C*) — (H'n L%o,o))(c/27223 c?),
e V-

where

L? )(C/QWZQ’(;Q) = {u S L2(C/27TZ2) :Za1,a2)u _ e2m’(a1p1+a2p2)u7 a; € %Z},

(p1,p2
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and Z(4, q,) is defined analogously to (6.3).

Using [BHZ22, Proposition 2.1] we see that the spectrum of Ty on L?o,o) is the same,
with multiplicities, as the spectrum of Tj, on L, ,,, for k € D(0,)\{0}, for r sufficiently
small (so that we do not encounter other lattice points excluded in [BHZ22, (2.24)]).

We now define
Ay =1iD "V DYV L%M)((C/QWZz; C) — L%M)((C/QWZ2; C),
L?pl’m)((C/QWZQ; C) = {u € L*: u(z + 27(ay, ag)) = e*™@prtazr2ly () - g, ¢ sZ}.
(The strange looking factor of % makes the computation of traces easier — see [Be™22,
§3.3] and the next section here.)
The discussion above shows that
Specyz | cjznzz.c2)(Th) \ {0} = SpeCLéJ)(C/QwZ?,(C?)(Tl?) \ {0}
= 3Specrz | (c/znz2,0)(Ar) \ {0},

where k£ € D(0,7) \ {0}, and the last inequality is meant in the sense of sets: multi-
plicities on the left are twice of the multiplicities on the right.

(7.2)

On the Fourier transform side we introduce
Dy = w (D + k) — w(D + ky), with D = diag(£)eez
Vo(y) = J* @ JF +wJT? @ JF + 0 @ JF2,
where J is the right-shift J((an)n) = (ani1)n — see [Be™22) (3.17)]. The spaces
L%phm)(C/QﬂZz; C) correspond to
Oy = 1 € C(Z) V0 ¢ BL+p1) x BL+p2), fu= 0}
The operator Ay is now (where we use the same notation)
Ay =9, 9. 5%1’1) — E?Ll). (7.4)

We note that the mapping property is consistent with

(7.3)

v Dt ) Dt
oy = Llg) = Loz = Ly — oy
We also note that Ay, is defined for & € D(0,r) since Dy is defined on E%p’p), pZ0
mod 3. Since C 3 k — Ak|€%1 ) is an analytic family of operators with compact

resolvent and the spectrum is independent of k£ € C\ 3I'*, it follows that Spec(Ax) =
Spec(Ap) [Ka80, Theorem 1.10]. From (7.2) we obtain, as sets,

Specy (T,)\ {0} =3Specz | (Ax)\ {0}, pe DO, \{0}, keDOr), (75)

with multiplicities on the left, twice the multiplicities on the right. Since k£ = 0 is
included in the set of possible k for Ay, we conclude together with [BHZ22, Theorem
6] that

dimker »(D(«)) = dim kerLfl,l)(AO — (3a®)7h). (7.6)
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We also define operator Ay using (7.4) but acting on all of £2(Z?). Then,
Ak = Ak|£?
We note that, unlike Ay, the operator Ay is not well-defined for & = 0.

1,1)’

8. TRACES

The objective of this section is to prove Theorem 5 and to provide an algorithm for
computing traces of powers of T}.

For powers ¢ = 2 and ¢ = 4 in (6.8), the proof of [Be*22, Theorem 3] relied heavily
on explicit symmetries which led to a cancellation of most of the sums. The remaining
ones could then be calculated by means of the cotangent series.

We were not able to find such symmetries for higher values of ¢. Hence, we use
another method to obtain an explicit formula for traces of powers of T},. Interestingly,
the fact that the spectrum of T} is independent of £ plays a crucial role in the argument
— see the application of Lemma 8.2 below.

We start by recalling the operator Ay, := D'V, D, 'V_ : g?m) — E%l,l) introduced in
(7.4), for which (7.5) and the symmetry A = —A (see [Be*22] or [BHZ22, §2.5]) give

) 2. 3ty (A;/Q) forall [ € 2N, (>4,
otherwise.

As in [Be*22, §3.3], we introduce auxiliary operators JP? := JP ® J%, p,q € Z. For a
diagonal matrix A = (A; ;); jez acting on ¢*(Z?*), we define a new diagonal matrix
Apg = (Nitpjta)ijez-
We recall the following properties
JPap gPd — quJerp’,quq’ — Jp+p’,q+q’A7p, - (8.1)
Denoting the inverse of Dk_l by

1
w2(m+ k1) —w(n + ko)’

A= Ak = Dk_la Am,n = (k17k2> §é ZZ)

we see that
Ap = A+ wAA 5 + WP AN o1 + wAA TP + wW?AA, TP
FwAA 5 J 70+ WPAN TV AN o TP AN TP
Using the relation (8.1), the diagonal part of A{ is of the form

l
(ADiiez = > o™ [ [ Asrsihsis
1

TEO, i=

= [(061; 51)7 (717 51); <a27ﬁ2)7 ) (/W’ 55)] )

(8.2)
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where
i1 i1 i—1
=Y i+ Bi=D)_Bi+0, Gi=ait Y i+,
j=1 j=1 j=1

i—1 )4
=Bt B+, moi=35) (vt B
j=1 =1

In (8.2), the sum is over elements of the finite set

l
O = {W = [(a1, 51), (11, 61), (a2, B2), -, (e, 0¢)] Z% = Zﬁj +0; =0,
(Ozi, ﬁz) € {(17 1)7 (_27 1)7 (17 _2)}7 (%a 52) € {(_17 _1)7 (27 _1)7 (_17 2)}}

(8.4)

Using (8.2), the diagonal part of A%, defined in (7.7), is of the form

Z mWHAalﬁl Yi,05 7 ™= [(alaﬁl)v('71751)7(042762)""(’75753)]7

TEOy
where A’ corresponds to the matrix where we only kept the coefficients (n, m) where
(n,m) e (3Z+1) x (3Z+1) i.e
1

A= :
e w?@Bm 41+ k) —wBn+ 1+ ko)

Since most of the series we consider are not absolutely convergent, it is essential to
specify orders of summation. For that we put

L:=7w*+ 7w =7+ wZ, (8.5)

and define the following principal value summation:

Y S =303 f (- mw)

yeLl neZ meZ
N» M (8.6)
e . . 2 .
T NQILHioo ( Z Nlhﬁnioo ZN f (mw ’I’LCU)) '
n=—Ns m=—N1

For [ > 2, we aim to compute the sum of diagonal elements of Af,

1
ZZW"H ,
WG@Z’Yéﬂ 3’7+k+ry(a )+:u)(3/y+k:+,y )—I—:u)

J

=:fr (k"‘l‘g’Y)
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where we introduced
Veap) = w?a —wb and p = w? —w = —iV3

We start with a partial fraction decomposition of f, and observe that the poles of f;
are given by

V@B TH (a, /él) = (0,0) mod 3
Vg T 1 (Fin0i) = (1,1) mod 3.

By summing over equivalent poles, we obtain

Nri1 /Mix1 N 7,2 .
fok) = (Z (Z ey )> S
j=

i=1 \ j=1 (k + 3y 0 + p) = (k+ 3’7i,j?7r + 2p)d

7]7
where we separated the poles of f, according to their congruence modulo 3.

We analyse f,(k) by fixing j and summing over i, v and . For that we define

= X (B e e

1
TE€EOy \ 1 1'y€£ k+37§])w+7 —i_/L =1 ~veL k+3<721w+7>+2/1’)

At first, this definition is formal since we do not know that the principal values of the
series, in the sense of (8.6), exist. Hence, we need to investigate the convergence of
the 73 (s;). Once that is done, we will have

2/
D= Thed) (8.8)
j=1

We will then show (Lemma 8.1 below) that the only contribution to the sum comes
from j = 1.

8.1. Analysis of 73, s j). If j > 3, then the sum is absolutely convergent. We can then
use the fact that v; € £ and a change of variables in the sums over £ to deduce that

Nr.1
@iyjim ~ v
,FGZQZZMEZL (k +3(7 0 + ) + p) \(ﬂ;@(;am, )JWGZL(SWFICJFM)”’

vV
=:a;

we then introduce
~ ~ 1 ~
k=k+p, pik):= ———, k¢3L. (8.9)
’ ;L (3y+ k)
We can rewrite the previous equation as
N‘rr 1

2.2, 72 = a,(F).

TEO, i=1 veL k+377,]7r+7)+:uy
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Similarly, we can write

Z ZZ (2),” - = bp;(k + p),

TEBQy 1=1 veL k+37@]7r+7)+/1l>]

where we denoted

7]71-.

||t12

€0,
Thus, we have
e = s F) + by + ).

Now, consider j = 2. Our goal is to obtain a similar decomposition for 7 (2 j). The
sum is now no longer absolutely convergent but it is semi convergent, in the followmg
sense: with the order of summation as in (8.6), we have

1
2 e
YEL\{0}

this is for instance an easy consequence of the following expansion of the cosecant
function:

+o0
1
CSC2<Z) = E m, z ¢ .
k=—o0

With this notation we have

. .
kB3 R By B k)
Zjﬂ’

1
(37 + 3950 + )2

where we recognize the Weierstrass p-function of the lattice 3£

+ K

1 - .
= p(k)+ K =: po(k). 8.10
7; (k + 37 + 377 + 1)? W 0 10

Hence, we have shown that

s (g (o

T€OQ, i=1 TEQ, i=1
~~ ~~
—ap —:by

This also implies that 74 (¢1) is also well defined and that (8.8) holds.
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8.2. Main contribution to the trace. We now show that in (8.8) only j = 1 ap-
pear. The argument relies on the fact that the spectrum (and hence the traces) are
independent of k.

Lemma 8.1. Let ¢ > 2 then
tr(AL) = The1)-

Proof. The results of §8.1 showed that

20
(AL =D Thy = O api (k) + Y bipi(k + 1) + Tie,s
j=1

j=2 Jj=2
and this value does not depend on k ¢ L. Equivalently, the trace does not depend on
ki=k+pu, p=w?—w=—iv3. We prove that it implies tr(A%) = Th,(¢,1) SO that
the computation of the full trace reduces to the computation of the sum of terms with
j=1.
For that we use the following standard result of complex analysis:

Lemma 8.2. Let [(z) be an even elliptic function on C/3L with a single pole of mul-
tiplicity 25 at 0. Then there exist a polynomial P of degree j such that

P(p(z)) = I(2),
where p(z) is the Weierstrass function for the lattice 3L.

Proof. Let a1, —aq, az, —as, ..., a;, —a; be the zeros of [ counted with multiplicity and
define Q(2) := [T_,(z — I(a;)). Then Q is a polynomial of degree j such that Q(p(2))
is an elliptic function that have the same zeros and poles as [ with same multiplicity.
Taking P = AQ with suitable choice of A then gives I(z) = P(p(z)), z ¢ L. O

We recall that the trace is a constant function of k ¢ 3£ and thus it is in particular

even as a function of k. Definitions (8.9) and (8.10) show that p,;(—k) = (—=1)7p,(k)
and hence,

‘ ~ -

- o bipi(E+ )+ o bipi(—k + 1
tr(Ay) = Zaszzj(/f) + 222 0P ) 22322 3Pl ) + T (8.11)
j=1

Lemma 8.1 and definitions (8.9), (8.10) then show that there exists a family of poly-
nomials (P})i<j< € C[X] of degree j such that

V1<j<l, poy(z) = Pi(p(z), z¢3L.

Such a family is linearly independent and we have

‘ ¢ - -
Stk )+ S (E 4 p)

E Tk,(0,25) = E ax; Pj(p(k)) + =222 5 22 0 . (8.12)

J=1

j=1
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The term

N

(Z bips(k+ ) + Y bypy(—k + u)) + Th,(0,1)

Jj=z2 j=z2
is bounded when k& — 0 and the sum of the two terms does not depend on k ¢
3L. Combined with (8.12), this implies that Q(X) := Z§:1 a9; P;(X) is a constant
polynomial and we have ay; = 0. We can use a similar argument to show that the by;
are also zero. More precisely, we have proved that the full trace is in fact equal to

tr(AR) = bipi(k + p) + 7o),

j=2

using variable k := k + pu = k 4 2u, we get that the function k > iz bip; (k) is
constant in a neighborhood of 0. It is in particular even so that by = 0 for all j’s.
Thus, we get that the polynomial R(X) := 22:1 be; P;(X) is constant which implies
that all by;’s vanish by the linear independence of the P;’s.

Hence, we have shown that tr (Aﬁ) = Tk,(¢,1), completing the proof of Lemma 8.1. [

8.3. Evaluation of the trace. Lemma 8.1 shows that to evaluate our traces we have
to study the sum

Res fTH 372]7r_ Res fﬂ'u 37@]W_2/L>
o= Y (XY Sy )

TEO, 1176£k+372]71'+7 —|—ILL l17€£k+3’y7,]ﬂ'+,}/)+2u

and prove that it is semi-convergent and that the sum does not depend on k ¢ 3L. We

shall start by regrouping the elements in ©,. We therefore define
0:LZxXZ—1Z, omn)=(—(n+m),m)
and satisfies

Yo(m,n) = WY(m,n)-
This implies that o® = id and that the orbits under ¢ are of cardinality 3. We define

o Res( fx, 371 v o Res( fx, 3% )ﬂ 2/1)
=22 T pranEmv

i=1 yeL k+37@j7r+/7 +,u i=1 yeL k+37@jﬁ+7)+zﬂ)]

The convergence of Sir(k) = Sx(k) + Son) (k) + Sp2(x)(k), follows from the following
Lemma:

Lemma 8.3. Let (a,v) € C x C* such that
Vn € Z, (n—ia)? # v
We then have
f 1 _ —i[mcoth(m(a + iv)) 4 7 coth(m (iv — a))]
(n —ia)? — v? 20 '

n=—oo
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Proof. This follows from 7 coth(mz) = 271 4+ 2237 (22 + n?)~2. O
From this lemma, we deduce the following result

Lemma 8.4. For vy,7 € L,k ¢ 3L — p such that y1 — 72 = 3aw? — 3Bw € 3L, we
have, in the sense of (8.6),

1 1 21
Z — :_Zw_ﬂﬁ’ (8.13)
7ec3fy+,u+%+k Sy +pu+y+k 3

where j1 = w? — w.

Proof. Taking common denominators gives
+o00

S(mv k771772) = Z

n=—oo

1 1
3nw? —3mw+ p+v +k  3nw? —3mw+ p+ 7.+ k

= 1 T2 — N

% (st o 2 ) ()

n=—oo

Lemma 8.3 shows that the sum converges and

S(m7 k%%,%) = % {Coth <i7r (—mw2 +w% g 72) + 50>

+ coth (m <mw2 + w%) — 50)} )

By = 2 (—71+72+k).

where we put

3 2

The coth function is im periodic so if we write

_ 2 _
%672:0&0 > ﬁw,a,ﬁEZ,

noting that o € Z, we have

coth <x + imu% g 72) + coth (—x + iﬂW%) = coth (3: + iﬂ% — iﬂw2é>

2
— coth (x + iﬁ% + imuzg) .
We want to find the N — oo limit of
ol i & 15}
Z S(m, k,v1,72) = = (coth (z’muZm + 5 — i7rw2§>
N

m=—N m=—

— coth (z'muzm + 51+ z'7m)2§> ) ,
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where we have put

«
61 = _BO +Z7T§

Now, because € Z, we have a telescopic sum and

N T N+p 5
Z S(m, k,v1,72) = 3 [ Z coth {imﬂ (E +m) —l—ﬁl}

m=—N m=N-+1

CN1B-1 5
_ Z coth {imﬂ (m + 5) + 51]

m=—N

Since Reirtw? = /3 > 0, the terms in the first and second sum tend to 1 and —1 as
N — +o0, respectively. This completes the proof of (8.13). [l

To compute the trace, we need to show that 73 41y decomposes into sums appearing
in the previous lemma. This follows from the following two observations on the residues

of fr:

e (i) For all i between 1 < i < Ny, we have Res(fr, —7(7)) € Q(w).
Indeed, we just need to consider the partial expansion of f; € [Q(w)](X) (ra-
tional functions of X with coefficients in the field Q(w)) and then use the
uniqueness of that expansion.
Therefore, we can assume that V1 < i < N, we have

Res(fr, —vi) = a; + wb;,  a;, b; € Z. (8.14)
(We can always multiply f. by an integer big enough).
e (ii) We recall that o(n,m) = (n,m) mod 3 if (m,n) = (1,1) mod 3 or (m,n) =
(0,0) mod 3.
For a m = [(aq, 1), (71,01), (a2, B2)..., (Ve, 6¢)] € Or, we define

o(m) = [o(a1, 1), 0(71,01),0(az, Ba), s (e, 0e)] -
Note that o(m) € ©y. Moreover, we have my(r) = m, — [ mod 3. Because of
the relation Yy(mn) = WY(mn), We see that
Res(fo(r)s Yo(mm)) = w_lwl+1Res(f7r, Ymm) = WReS(fry Yimn)-
We then conclude that

2 2
Z Res(fai(w)7 Voi(m,n)) - Z wiR‘eS(fm V(m,n)) = 0.
=0 1=0

Now, for each pole 7y, we write
Res(fr, =) 1 1 N w w

= = + ...+ = = +. . .
By+k+1%) Br+k+%) 3y +k+%) Br+k+) (37 +k+10)

[ > -
v~ v~

a; —times b; —times
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Using (i7), if we consider the orbit (7o, wyo,w?y0), we can pair each +1 with a —1 and
each w with a —w so that we have decomposed our S|, into sums that we can calculate
with the help of Lemma 8.4.

We summarize our findings in the following theorem.

Theorem 8. Let ¢ > 2 and ©, be as in (8.4) with coefficients &, .0;, My as in (8.3).
Then the traces are given by

92
tr (Ai) = — ZS”T Z Z ReS(fﬂ-, _7(?71‘751'))51'7

€O (1,6, €{(&:,8:), (74,04 ), 1 <i<l}

2

where with v, = w?a — wb

0
1
fro(k) :=wmn ,
E (k + fy(&i,ﬁi))(k + 7(%,51-))

Proof. In (8.14) we can suppose, without loss of generality, that a;, b; > 0. As discussed
before the Theorem, each time a 1 is paired with a —1, Lemma 8.4 gives a contribution
of —2iw(e;+1)/9 coming from v; = vy, ¢,)+ 1. When we sum up all these contributions,
we get

—2iTw —2iTw
and using the fact that the sum of residues of Si; is zero, since the function obeys a
growth bound O (R™*) when R — +oo, this finally yields our formula. O

(e + 1)Res(fx, =)

We are now able to finish

Proof of Theorem 5. For symmetry reasons the trace has to be real. We can therefore
write

tr (A}) —Re< 21m ZZR@S Ty =Ymien))E )
TEQ, 1=1

Using the fact that Res(fr, —(n.c.)) € Q(w), we deduce that tr (Af;) = 7T/\/§(]g, q €
Q. O

Remark. We observe that the final formula does not depend on p = 1w? — 1w (which
comes from (1,1) in E%Ll)). Indeed, the same computation could be used to study the
traces of restriction of Aj on any subspace E%ﬂ 0 The result would be the same and we
therefore arrive again at the fact that of these restriction has the same spectrum (see
[BHZ22, Proposition 2.1] The spectrum of Ay is equal to the spectrum of Ay but with
9-fold multiplicity.
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9. INFINITELY MANY MAGIC ANGLES

We start by showing that the chiral Hamiltonian exhibits infinitely many magic
angles.

Proof of Theorem 6. We start by observing that since 7 is transcendental, so is 7/+/3.
Now, assume by contradiction, that there exist only finitely many eigenvalues \; € C
for i =1,.., N of A7. Then we define the n-th symmetric polynomial

en(M, .. Ay) = > Ay A
1<1 <ja<<jr<N
Newton identities show that this polynomial can be expressed as

i) = (-0t Y H —trAy) (9.1)

'/Lmz
mq+2mo+--tnmp=n §=1
mq>0,..., mp >0

where e,, = 0 for n > N. Theorem 5 shows that

A

i=1
The power my - - - m,, from sequences allowed in (9.1) is maximized by the unique choice
m = (n,0,...,0). The Newton identities for n > N then imply that the transcendental
number 7/4/3 is a root of a polynomial with rational coefficients. But then all these
coefficients vanish, and in particular tr A2 = 0, which contradicts [Be*22, Theorem

3]. 0

The previous proof can be generalized in the following way. For n € 3Z+ 1, consider

Zw exp( zw — zwk))

functions

Fix a N > 0 and put
U(z) = > anka(2). (9.2)
In|]<N,n=1 mod 3
Then U(z) has symmetries (6.1) where the first two are always satisfied and the last
one hold for a,, € R.

We also know (see [BHZ22, Theorem 4] that the spectrum of T} is independent of
k. It is easy to see that the formula for the traces generalizes to this case (we only
need to change ©, set and account for the coefficients a,, in the formula). We deduce
the following fact. 1’ Let N > 0, and (ay )<y € (Q+4Q)*N™, and define U by (9.2).
Then for | > 2 and for k ¢ L, we have

tr (Ai) =q q € Q+:Q.

V3
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Since the existence of a magic « is equivalent to the existence of [ > 2 such that
tr (Af;) # 0, we deduce the following theorem.

Theorem 9. Let N > 0, a = (a,) <y € (Q+1Q)*N™, and and define U by (9.2). If
A, in the set of magic angles for the potential U, then we have

A, 20 = |AL| = +oo.

In particular, the above implication holds on a generic (in hte sense of Baire) set of
coefficients a = (an) <y € C*NT that contains (Q + Q)N 1.

Proof. Proof of Theorem 6 and Theorem 9 show that the conclusion holds for for
(an)pnj<n € (Q 4+ iQ)*N*L. Thus, let a = (a,)jn<n € C*N*! and assume that A, # 0.
Then, we can find an open neighbourhood of a, £, > a, such that for coefficients
b= (by)mj<n € Qq we have Ay, # 0. Take ¢ = (¢,)nj<n € (Q+1iQ)*N 1 N Q, for which
we then have |A,| = oco. Continuity of eigenvalues of T} as the potential U changes
shows that the V,,, := {b € Q, : |A,] > m} is open and dense in €,. Hence, the set
coefficients for which 0 < [A,| < oo is given by U,,cny Uje(grigyzv+1 ¢ \ Ving- 1t is then

meagre and does not contain (Q + Q)2+t O

10. FREDHOLM DETERMINANTS AND THE FIRST MAGIC ANGLE

We start by defining the regularized Fredholm determinant
dety(1—-30’4Ar) = [ Ei(3e°)) with Ei(z) = (1 — 2)e? (10.1)
AESpec(Ag)

where the product respects multiplicities. By definition dets(1 —3a2A4;) =0 a™! €
Spec(Ty) \ {0}. The symmetry of the spectrum of Ay, Spec(Ax) = Spec(Ag), implies
that o — det(1—a?Ay) is real-valued on the real axis. To show existence and simplicity
of magic angles, in the representation, we therefore use the following Lemma which
provides ab initio bounds on the Fredholm determinants and its derivatives.

Lemma 10.1. The determinant C > a + det(1 — 3a?Ag) in (10.1) is an entire
function, independent of k € C, which for any n,m € Ny satisfies

. Z o ( emfke(cHAkHQBIOzP)

Jj=n+1 J

k2k

O™ det(1 — 30 Ay) — Z am,uk

with || Ao|l2 < 2, where

0 j5—-1 0 0
09 0 ]—2 0
p; = det : : o e i, withoy =tr Ai. (10.2)

9
9
L
9
5
(@]
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Proof. The expression (10.1) is well-defined since Ay is a Hilbert-Schmidt operator.

2
2]

Indeed, since [Ei| < ez for 2 € Cand Y, g ec(ay) IA|? < || Agl|3, we conclude that

9ol [l Axll3
: .

| det(1 — 3a®Ay)| < exp (

Cauchy estimates show

k! 9)e| (| Arll3
|lul€| S |Ol|2k €xXp (T

which is optimized at 3|a|” = VE_ such that

[Akll2”
| Ak|5e* k!
k* '
The Taylor coefficients py, are then given by the Plemelj-Smithies formula [Si77] stated

|| <

in (10.2). Since they only depend on traces o; which are independent of k, it follows
that the regularized Fredholm determinant is an entire function independent of k.
Hence, it suffices to study the determinant for k£ = 0.

If we write Ag = (Ap(n))nezz and let P, be the projection onto (3{—m,—m +
1,...,m} +1)2, then

[Aoll2 < [[ParAollz + [|(id —Par) Aoll2-

The first term constitutes the Hilbert-Schmidt norm of a finite matrix which can be
explicitly computed from the matrix elements using symbolic calculations, indeed

To estimate the second term, we may use that ||#4 || = 3v/3, therefore one has

I(id = Par) Aollz < 9N(id —Par)(Zo e, | ez, Nall(Zo e, , e, Nl (10.3)

RRVRRATCIED) (2,2 7*2,2)

We recall that by definition

1/4
1(Zo ez, =, Nl = ( > wim —Wm2\4> :
me

(32+41)2

A simple change of variables shows that H(.@O_l>g<21 =8, 1>H4 = (%) I|4-

. . , ooyt
Then, a direct computation shows that in terms of

3((my +1)* 4 (my + 1)* 4 (my +my)?)

g(m) = 5 —2

we have

1/4
1 1
71 o
H(go )@?272)—%?2’2>H4_ \/3( Z g<m>2> :
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While an explicit computation shows using exact symbolic calculations

1 24
> % <= (10.4)

mlo<t

Then, we may use for |m|s > 6 that g(m) > |m|* + 5%, such that we can estimate the
remainder

1 > 2nr T 1 3 -\ 1/4
> 3/6 e dr =5 = 1% ey, e, e < (Gr+555) - (105)

Imeo>7

Inserting this estimate into (10.3), we find along the lines of (10.5)

. 71, . _
|(id —Par)Ao||2 < EHOd —Pu)(Z, 1)5%1,1)H£?1,1) l4

1/4
_Tl /00 2 / 1 (10.6)
[ _— 7"’ —
=103\ Sy (r2+ 1992)2 3’

which shows that || Agll2 < 2.
0

Using the preceding error estimate with the explicit traces in Table 1, we conclude
the existence of a first real magic angle in the next Proposition. The Proposition
also completes the proof of Theorem 7. Indeed, (7.6) implies together with [BHZ22,
Theorem 6] the existence of a gap between the two flat bands of the Hamiltonian and
the remaining bands.

Proposition 10.2. There exists a simple real eigenvalue # to the operator Ay, in-
dependent of k € C, with a, € (0.583,0.589) such that (25, 00) C R\ Spec(Ay).

302’
Proof. To see that this is the first real magic angle, we first notice that

140l < 911(Z5 ).

I* =

2 *)42
(1,1) (1,1)
This estimate shows that o € R* with 1/(3a?) € Spec(Ao) satisfies a > 3. The traces
recorded in Table 1 are then relevant to prove the existence of a magic angle.
For v € R™ we find
i N—i ) k 00 k
2v (1) v 2k (v
< =) S f = - dry = — =] .
< (a) M o= Y (k) andry = 3 2 (k)
k=N k=N

Evaluating the bound for N = 7 and v = +/e||Ag||2a® we obtain for a = 0.6 that
ro < 2-107% and r; < 0.5. The existence of a root follows from studying

6 (—3)’“042’“ / 20
F@) =3 m 20 s fla) < g(B=06) = a(d)

— Ko7 aeq/ap
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p Up\/?g p Up\/?g

1 2/9 5 9560/20007

2 4/9 6 245120/527877

3 32/63 7 1957475168/4337177481

4 40/81 8 13316086960/30360242367

TABLE 1. Traces of Ay 0, = tr(A}), where oy is not absolutely summa-
ble as A; is not of trace-class.

where
2k—1
-1 (3 .
ap(B) = 24 (k(_312! , if fu(—1)* <0
(=1)kp2*1 : k

One then checks (using computations involving integers only)

7
£(0.583) > 2.5 -107% £(0.589) < —2.5-1072%, and ¢(0.6) < T
We conclude that there is a, € (0.583,0.589) such that dety(1 — 3a24;) = 0 and
Oala=a. deta(1 — 302 A4;) < 0. The non-existence of any other a € (3, o) at which the
determinant vanishes follows from the monotonicity of f. 0
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