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1 Introduction

This report is the result of a five months internship at the Centrum Wiskunde & Informatica in Amsterdam,
Netherlands. During this internship, we studied two optimization problem : the Closest Vector Problem with
Pre-processing and the shadow simplex method for linear programing.

The Closest Vector Problem (CVP) consists, given a lattice and a target, in finding the vector of the lattice
that is the closest to the target. This problem is NP-hard, and it is also considered hard to solve for a quantum
computer, which makes it a good problem to create post-quantum cryptographic systems, even in its decisional
form or for polynomial approximations. The fastest known algorithm for this problem has complexity 2n`opnq in
time and space and was developed by Aggarwal, Dadush, Regev, and Stephens-Davidowitz in 2015 [1][2]. This
algorithm was simplified in 2017 by Aggarwal and Stephens-Davidowitz [3], without changing the complexity.
Both those algorithms use discrete gaussian sampling methods.
The problem that we are studying is slightly different : we are allowed, before solving the problem and being
given only the lattice, to do a pre-processing with a huge computing power. To avoid the possibility of computing
and storing the solution of the problem for any point in space, the result of the pre-processing has to be bounded
in size, often by Op2nq. Then we are given a target and have to solve CVP, using the pre-processed data. The
newly defined problem is called Closest Vector Problem with Pre-processing (CVPP). To solve this problem, a
classical method is to pre-process the Voronoi cell – the set of all points closer to 0 than to any other point of
the lattice – and then use it to solve CVP. The Voronoi cell can be stored using Op2nq bits and a basis of L,
by storing the at most 2p2n ´ 1q inequalities defining it. By translating the Voronoi cell with the points of the
lattice, we get a tiling of Rn. Then, a point of the lattice is a closest vector if the target is inside the Voronoi
cell around this point. The goal is to move from a Voronoi cell to an adjacent one, improving the distance to
the target, until we get into the good cell. The complexity of such an algorithm is proportional to the number
of Voronoi cells crossed, which we are therefore trying to minimize.
The first algorithm using Voronoi cell is the Iterative Slicer [4] developed in 2009 by Sommer, Feder & Shalvi.
They proved termination, but with no guarantee on the number of cells crossed. In 2010, Micciancio & Voulgaris
developed the straight line algorithm [5]. It consists in drawing the straight line from 0 to the target, and then
go through the Voronoi cells crossed by this line. Micciancio & Voulgaris proved a Op2nq bound on the number
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of cells crossed, for a algorithm with total computing time Õp4nq. This Op2nq bound is however a worst case in
the analysis, but no example are known where this bound is tight. In fact, the number of Voronoi cells crossed
seems much lower for most straight lines. Dadush & Bonifas therefore developed in 2014 a randomized straight
line algorithm [6]. The idea is that instead of going directly from 0 to the target, we first we move to a random
point not far from 0, then we follow the straight line parallel to the one from 0 to the target and finally go
back to the target. Doing so, we can avoid the potentially bad cases of the analysis of Micciancio & Voulgaris.
Dadush & Bonifas found a weakly polynomial bound for the number of cells crossed, depending on a bit length
bound for the target and the lattice.
During the internship, the first goal was to try to get rid of this bit length bound, to get a strongly polynomial
bound on the number of cells crossed. Therefore, lots of different geometrical results will be found in this report,
following our attempts.

Linear programing is a classical optimization problem which consists in maximizing an n-dimensional linear
function over a set (polyhedron) defined by m linear constraints. To do so, a classical method is the simplex
method, which consists in moving iteratively among the vertices, improving the linear function at each step. A
simplex algorithm provides a way of moving from a vertex to an other. For a long time, the Hirsch conjecture
postulated that the diameter of a polyhedron was bounded by m ´ n. This conjecture was disproved in
2012 by Santos [7]. The polynomial Hirsch conjecture postulates that there is a polynomial bound in n,m

for the diameter of a polyhedron. This problem is still open, the best bound today being quasi-polynomial.
Polynomial bounds have been proven for special cases of polytopes (bounded polyhedra) like 0/1 polytopes [8]
or transportation polytopes [9].
However, for the simplex method, it is not enough to bound the diameter of a polyhedron, because an efficient
simplex algorithm should be provided. The simplex algorithm we are going to study is the shadow simplex
algorithm. It consists in moving among the cones generated by the vertices instead of the vertices themselves.
As most simplex algorithm, some bad-conditioned setups give way to exponential-length path [10].
To avoid such cases, some hypothesis can be made on the polyhedron. For example, if all subdeterminants
of the constraint matrix are bounded by ∆, Brunsch & Röglin [11] built a path between any two vertices of
length Opm∆4n4q. An other property we can use is the δ-distance property, which measures, for a family of
linearly independent constraints, the distance between a constraint and the hyperplane generated by the other.
Brunsch & Röglin gave a Opmn2{δ2q bound using this parameter. In 2013, Eisenbrand & Vempala proved a
polynomial bound in n, 1{δ, getting rid of the dependency in m. This bound was improved by Dadush & Hähnle

in 2014, who proved an expected O

ˆ

n3

δ
ln
´n

δ

¯

˙

bound on the number of shadow simplex pivots. However,
the algorithm of Dadush & Hähnle requires knowledge of δ. We will be working on the method they used to
get rid of this knowledge.

2 Notation, definitions and classical results

Denote by R` the set of nonnegative real numbers. Denote by peiq1ďiďn the canonical basis of Rn. For

x,y P Rn, let xx,yy “
n
ÿ

i“1
xiyi denote the inner product in Rn. Let }x} “ }x}2 “ xx,xy, }x}1 “

n
ÿ

i“1
|xi| and

}x}8 “ max
1ďiďn

|xi| denote respectively the euclidean, L1 and L8 norms. Let Bn2 “ tx P Rn : }x} ď 1u and
Sn´1 “ BBn2 denote the euclidean unit ball and sphere in Rn. We denote the linear span of a set A P Rn by
SpanpAq. We write rx,ys “ tλx ` p1 ´ λqy : λ P r0, 1su the line segment between x and y. We denote by
VolpAq the Lebesgue measure of a set A Ă Rn. For a set F Ă Rn, we denote by conv(F ) its convex hull. For
H Ă Rn, define HK the set of all vectors orthogonal to all elements of H. For simplicity, for a family a1, ¨ ¨ ¨ ,ak
of vectors, we write ta1, ¨ ¨ ¨ ,akuK “ pa1, ¨ ¨ ¨ ,akqK.
Let X be a random variable distributed on Rn. We say that X follows an exponential distribution of parameter
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λ ą 0 on Rn if X has probability density function proportional to x ÞÑ e´λ}x}, and we write X „ ExpRnpλq.

Definition 1 (Lattice). A lattice L is a discrete subgroup of Rn. L is said to be d-dimensional if dim(Span(Lqq “
d. B “ pb1, ¨ ¨ ¨ ,bdq P Rnˆd is said to be a basis of a d-dimensional lattice L if L “ BZn.
Denote the minimum distance of L as λ1pLq “ inf

xPLzt0u
}x} “ inf

x‰yPL
}x ´ y}. Denote the distance of a point

t P Rn to the lattice by dpL, tq “ inf
xPL

}x´ t} and the covering radius of L as µpLq “ sup
tPRn

dpL, tq.

Proposition 1. Let L be a lattice, then there exist x P L, t P Rn such that λ1pLq “ }x}, µpLq “ dpL, tq.

Proposition 2. For two bases B,B1 of L, define |detpBq| “
a

detpBKBq. Then |det B| “ | detpB1q|. We note
detpLq the common absolute value of all determinant of basis of L.

Theorem 1 (Minkowski’s first theorem). Let L be an n-dimensional lattice. Then λ1pLq ď
?
npdetpLqq1{n.

Definition 2 (Closest vector problem). The closest vector problem (CVP) consists, given an n-dimensional
lattice L and a target t P Rn, in finding a point v˚ P L so that

}t´ v˚} “ min
vPL

}t´ v}.

Definition 3 (Voronoi cell). Let L be a lattice, we define the Voronoi cell of L as

VpLq “ tx P Rn : @y P L, }x} ď }x´ y}u “ tx P Rn : @y P L, xx,yy ď xy,yyu.

VpLq is the set of points that are closer to 0 than to any other point of the lattice.
For y P L, let Hy “ tx P Rn : }x} ď }x ´ y}u. Then VpLq “

č

yPL
Hy. We define V R Ă L the set of Voronoi

relevant vectors of the lattice as the smallest set of points of the lattice such that VpLq “
č

yPV R
Hy.

Two vectors of L are said to be adjacent if their difference is in V R.

For proofs of basic lattice results and more, see [12].

Proposition 3. Let L be a lattice and x be a Voronoi relevant vector. Then }x} ď 2µpLq.

Proposition 4. Let L be a lattice. Then v P V R if and only if for all w P Lzt0,´vu, }v` 2w} ą }v}.

Definition 4 (Voronoi norm). Let L be a lattice and x P Rn. We define the Voronoi norm of x by :

}x}VpLq “ infts ě 0 : x P sVpLqu.

It is a norm.

Proposition 5. Let L be an n-lattice and v1, ¨ ¨ ¨ ,vk P L. Denote by π the orthogonal projector onto
pv1, ¨ ¨ ¨ ,vkqK. Then πpLq is a lattice, and its dimension is n´ dimpSpanpv1, ¨ ¨ ¨ ,vkqq.

Definition 5 (Cosets). For u,v P L, let us define

u ” vp mod 2Lq is and only if u´ v P 2L.

This is clearly an equivalence relation. The equivalence classes are called the cosets of L. By taking a basis

pv1, ¨ ¨ ¨ ,vnq of L, every coset is represented by a unique
n
ÿ

i“1
εivi for some ε1, ¨ ¨ ¨ , εn P t0, 1u, which proves that

there are exactly 2n cosets.

Definition 6 (Cone). A cone is a subset C Ă Rn so that 0 P C and @x,y P C, λ P R`, x` y, λx P C.

For a1, ¨ ¨ ¨ ,ak P Rn, define conepa1, ¨ ¨ ¨ ,akq “

#

k
ÿ

i“1
λiai : λ1, ¨ ¨ ¨ , λk P R`

+

the cone they generate.

A cone is said polyhedral if it is finitely generated, and simplicial if the generators are linearly independent.
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Definition 7 (τ -wideness & δ-distance). We say that :

• a cone C is τ -wide if there exists a unit vector x P C such that x`τBn2 Ă C, which means that C contains
a ball of radius τ centered on a unit vector.

• a set of linearly independent vectors a1, ¨ ¨ ¨ ,ak satisfies the δ-distance property if for every i P J1, kK, ai
is at distance at least δ}ai} of Span(taj : j P J1, kKztiuu). More generally, a set of vectors satisfy the
δ-distance property if every subset of independent vector does.

• a simplicial cone conepa1, ¨ ¨ ¨ ,akq satisfies the δ-distance property if the set of its generators satisfies it.

Definition 8 (Polyhedron & normal cones). A polyhedron is a subset P “ tx P RnAx ď bu of Rn for some
A P Rmˆn and b P Rm. The rows of A are called the constraints of the polyhedron. A polyhedron is pointed
if A has full column rank, in what case P has vertices (a point of Rn where n linearly independent constraints
are tight). For such a vertex v, the normal cone Nv of P at v is the cone generated by the tight constraints
at v. A polyhedron is simple if all its normal cones are simplicial, is τ -wide if all its normal cones are τ -wide
and satisfies the local δ-distance property if all its normal cones satisfy the δ-distance property. A polyhedron
satisfies the global δ-distance property if its constraints satisfy the δ-distance property. A polytope is a bounded
polyhedron. A d-dimensional face of a polyhedron is a subset of the polyhedron where the tight constraints
are n ´ d-dimensional. A vertex, an edge, a ridge and a facet are respectively 0-dimensional, 1-dimensional,
pn´ 2q-dimensional and pn´ 1q-dimensional faces.

For the proofs of the three following lemmas, see [13], lemmas 5, 16 and 19.

Lemma 1. Let C “ conepa1, ¨ ¨ ¨ ,anq be a simplicial cone. If C satisfies the δ-distance property for some δ ą 0,

then C is δ
n
-wide. Furthermore, for c “ 1

n

n
ÿ

i“1

ai
}ai}

, c` δ

n
B2
n Ă C.

Lemma 2 (δ-distance lower bound). Let a1, ¨ ¨ ¨ ,am P Sn´1. The following are equivalent :

1. a1, ¨ ¨ ¨ ,am satisfy the δ-distance property.

2. For every subset paiqiPI of independent vectors, for every pλiqiPI P RI ,
›

›

›

›

›

ÿ

iPI

λiai

›

›

›

›

›

ě δmaxiPI |λi|.

Lemma 3. Let a1, ¨ ¨ ¨ ,ak be independent vectors satisfying the δ-distance property and π be the orthogonal
projector onto aKk . Then πpa1q, ¨ ¨ ¨ , πpak´1q satisfy the δ-distance property.

Definition 9 (Linear program). Let n,m P N˚. A linear program of size pn,mq is an optimization problem
defined by a pointed polyhedron P “ tx P RnAx ď bu for some A P Rmˆn and b P Rm and an optimization
direction c P Rn. The linear program consists in finding

max
xPP

cKx

and the value of x for which this value is attained.

3 Lattices and Voronoi cells

3.1 Wideness of the normal cones of the Voronoi cell

If we can lower-bound the wideness of the normal cones of the Voronoi cell, then using the shadow simplex
algorithm (see Section 5) we can get an upper bound on the number of cells crossed that is polynomial in the
dimension and the wideness of the cones. This is the purpose of the two following theorems.
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Theorem 2. Let L be a 2-dimensional lattice. Then the normal cones of the Voronoi cell are λ1pLq
2 ¨ 2µpLq -wide.

Proof. In 2 dimensions, the normal cones of the Voronoi cell are generated by pairs of adjacent vectors in V R.
Let v,w P V R be adjacent vectors. First we prove that the triangle with vertices 0,v and w has sharp angles.
This is the case if and only if the inner products xv,wy, x´w,v´wy and x´v,w´ vy are all nonnegative.

• v,w are adjacent so v´w P V R and }pv´wq ` 2w}2 ě }v´w}2. Therefore xv,wy ě 0.
• }w´ 2v}2 ě }w}2 so xv,wy ď }v}2 and x´v,w´ vy ě 0. Similarly x´w,v´wy ě 0.

Let now 0 ă θ ď
π

2 be the non-oriented angle between v and w. Consider a unit vector on the bisector of θ.

Then this vector is at distance τ “ sin
ˆ

θ

2

˙

of the borders of the cones, and therefore the cone is τ -wide.

Now consider the circumcenter c of the triangle, we have }c} ď µpLq. As the triangle has sharp angles, c lies
inside it. Let α, β be the non-oriented angles between v and c, w and c respectively. We have α`β “ θ. Using
the above picture and trigonometry, we find that

λ1pLq
2µpLq ď

}v´w}
2}c} “ sinpθq ď 2τ.

Remark. Consider the lattice in R2 generated by v “ p0, 1q and w “

ˆ

K,
1
2

˙

and the cone generated by w

and w ´ v. For K big enough, all precedent inequalities are equalities except for the last one. But this last
inequality becomes tighter as K Ñ `8, and is asymptotically an equality. Therefore the above bound on the
wideness of the normal cones in two dimensions is tight.

Theorem 3. Let L be an n-dimensional lattice and B Ă V R be a basis of L.

Then B satisfies the
ˆ

λ1pLq
2
?
nµpLq

˙n

-distance property.

Proof. Let B “ pb1, ¨ ¨ ¨ ,bnq. Let B̃ “ pb̃1, ¨ ¨ ¨ , b̃nq be the Gram-Schmidt orthogonalization of B. By
Minkowski’s first theorem (Theorem 1), we have

λ1pLq ď
?
npdetpBqq1{n “

?
npdetpB̃qq1{n “

?
n

˜

n
ź

i“1
}b̃i}

¸1{n

.

As }b̃i} ď }bi} ď 2µpLq, we have
ˆ

λ1pLq
?
n

˙n

ď
}b̃i}
}bi}

p2µpLqqn.

But }b̃n} is the distance between bn and Spanpb̃1, ¨ ¨ ¨ , ˜bn´1q “ Spanpb1, ¨ ¨ ¨ ,bn´1q so bn is at distance at

least
ˆ

λ1pLq
2
?
nµpLq

˙n

}bn} of Spanpb1, ¨ ¨ ¨ ,bn´1q. As we can reorder B as we want, this prove the theorem.
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Remark. • We also have the det L
p2
?
nµpLqqn

-distance property.
• This bound is exponential in the dimension, so we can not use it to get a polynomial bound on the number

of cells crossed. However, the bound is not tight in two dimensions, and the inequalities in the proof are
coarse, so a better bound certainly exists in general.

3.2 Orthogonal projection of a lattice on a subspace

An other way of seeing the problem is simply to find a better analysis for the random straight line algorithm.
To do that, an induction on the dimension seems like a good idea. However, lattices do not necessarily react
well to projecting. This section tries to understand how "nice" would a lattice projection be.

Lemma 4. Let L be a 2-dimensional lattice. Then any vector w P V R can be extended to a basis of the lattice
pu,wq P V R2.

Proof. We know that V R is a symmetric set that generates the lattice with at most 6 elements. Therefore
|V R| P t4, 6u. If |V R| “ 4, then V R “ t˘u,˘vu and the lattice is a scaling of Z2 and the result is trivial. Else,
V R “ t˘u,˘v,˘pu´vqu for some u, v P L. Then the result is also clearly true, as any two linearly independent
vectors in V R generate V R, and therefore L.

Proposition 6. Let L be a lattice and w P V R. Let π be the orthogonal projector onto wK. Then for any
x P Rn, }πpxq}VpπpLqq ď 2}x}VpLq. This means that the projection of the Voronoi cell is included in twice the
Voronoi cell of the projected lattice.

Proof.

@x P Rn, }πpxq}VpπpLqq ď 2}x}VpLq ô @x P Rn,@s ą 0, }2x}VpLq ď sÑ }πpxq}VpπpLqq ď s

ô @x P Rn, }x}VpLq ď 1 Ñ
›

›

›
π
´x

2

¯
›

›

›

VpπpLqq
ď 1

ô @x P VpLq, π
´x

2

¯

P VpπpLqq

ô @x P VpLq,@v P L,
B

πpxq
2 , πpvq

F

ď
}πpvq}2

2

ô @x P VpLq,@v P L,
B

x´ xx,wy
}w}2 w,v´ xv,wy

}w}2 w
F

ď

›

›

›

›

v´ xv,wy
}w}2 w

›

›

›

›

2

ô @x P VpLq,@v P L, }w}2xx,vy ´ xx,wyxv,wy ď }v}2}w}2 ´ xv,wy2

Let us name pIq this last inequality. Let x P VpLq,v P L. Without loss of generality, we can assume x P

Spanpv,wq (by projecting onto this subspace). We can also only consider the lattice generated by v,w, as its
Voronoi cell contains the projection of VpLq. This reduces the problem to a 2-dimensional one.
If v,w are colinear, pIq is clear. Else, we have x “ αv` βw for some α, β P R. We have :

pIq ô α}w}2}v}2 ` β}w}2xv,wy ´ αxv,wy2 ´ β}w}2xv,wy ď }v}2}w}2 ´ xv,wy2

ô p}v}2}w}2 ´ xv,wy2qp1´ αq ě 0
ô α ď 1 by Cauchy-Schwarz inequality.

It remains to show that VpLq Ăs ´ 8, 1sv ` Rw. Assume first that v P V R. We will show that VpLq Ă
r´1, 1sv ` r´1, 1sw. We know that VpLq is the convex hull of its vertices. But in 2 dimensions, any vertex of
VpLq is the circumcenter of a triangle with sharp angles generated by two adjacent vectors of V R, therefore any
vertex of VpLq belongs to conv(V R). Finally V R Ă r´1, 1sv` r´1, 1sw which is convex. Therefore

VpLq Ă convpV Rq Ă r´1, 1sv` r´1, 1sw.
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Now assume v R V R. Then, extend w to a basis (w,u) of the lattice with u P V R (this is possible by lemma 4).
Then we have v “ pu` qw for some p, q P Z, p ‰ 0 and x “ α1u` β1w for some α1, β1 P r´1, 1s. Then

x “ α1

p
v` β1 q

p
w Ps ´8, 1sv` Rw.

Proposition 7. Let v1, ¨ ¨ ¨ ,vm P Rn be a family of linearly independent vectors. Let L be the lattice they
generate. Let k ă m and let L1 be the lattice generated by v1, ¨ ¨ ¨ ,vk. Let π be the orthogonal projector onto
Spanpv1, ¨ ¨ ¨ ,vkq. Then

VpLq X Spanpv1, ¨ ¨ ¨ ,vkq Ă πpVpLqq Ă VpL1q.

and all these inclusions are strict in general.

Proof. Let x P VpLq X Spanpv1, ¨ ¨ ¨ ,vkq. Then πpxq “ x and x P πpVpLqq.
Let x “ πpyq, y P VpLq. Then x P SpanpL1q and for all v P L1,

xx,vy “ xy,vy ď }v}2

2

so x P VpL1q.
For the strictness, see Voronoi_3D_5.ggb with v1 “ ~SH, v2 “ ~SX for the first inclusion and v1 “ ~SI, v2 “ ~SM

for the second inclusion.

4 Delauney polytopes and sharp polytopes

When following the straight line, the problems arise when the target is almost equally close to a lot of points.
Here, we prove that if a point in space has exactly 2n neighbors, then the lattice is orthogonal.

Definition 10 (Delauney polytope). Let K be a polytope in Rn with vertices v1, ¨ ¨ ¨ ,vp P Rn. We say that
K is a Delauney polytope if there exists c P Rn so that :

• @i, j P J1, pK, }vi ´ c} “ }vj ´ c} (c is the center of a sphere containing all the vertices).
• @i, j, k P J1, pK, xvi ´ vj ,vi ´ vky ě 0 (the angle pvj ,vi,vkq is sharp).

The goal is to show the following theorem :

Theorem 4. Let K be a Delauney polytope in Rn with p vertices. Then p ď 2n with equality if and only if K
is a dilated n-dimensional hypercube.

Lemma 5. Let S be a convex n-dimensional set in Rn. Then VolnpSq ą 0.

Proof. By translating, we can assume 0 P S. Let v1, ¨ ¨ ¨ ,vn P S so that detpv1, ¨ ¨ ¨ ,vnq ą 0. Let λ “ 1
n
, then

λpr0, 1sv1 ` ¨ ¨ ¨ ` r0, 1svnq Ă S as S is convex and 0 P S.

Therefore
0 ă λndetpv1, ¨ ¨ ¨ ,vnq ď VolnpSq.

Lemma 6. Let A,B be convex, closed polytope in Rn so that A Ă B and VolnpA`Bq “ Volnp2Bq ą 0. Then
A “ B.
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Proof. First, let us show that for any x P 2B, for any ε ą 0,

Volnpp2Bq X px` εBn2 p0, 1qqq ą 0.

We can assume with a translation that x “ 0, let S “ B X pεBn2 p0, 1qq. S is the intersection of two convex set
so it is convex. By contradiction, assume that S is not n-dimensional. Then S Ă H for some hyperplane H of
Rn. As Volnp2Bq ą 0, 2B Ć H so let y P 2BzH. We have

min
ˆ

1, ε

}y}

˙

y P p2BzHq X pεBn2 p0, 1qq “ SzH

which contradicts S Ă H. By lemma 5, VolnpSq ą 0.
Now let us show that A` B “ 2B. By contradiction, consider x P 2BzpA` Bq. A,B are closed and bounded
in Rn so they are compact, so A`B is compact and therefore closed. This means that there exists some ε ą 0
so that x` εBn2 p0, 1q Ă RnzpA`Bq. Let S “ p2Bq X px` εBn2 p0, 1qq. Then pA`Bq Ă p2BqzS so

VolnpA`Bq ď Volnp2Bq ´VolnpSq ă Volnp2Bq

which contradicts VolnpA`Bq “ Volnp2Bq.
Finally, let us show that B Ă A which will conclude. By contradiction, consider a vertex v of B so that v R A.
Let d P Rn so that

tvu “ argmin
xPB

xd,xy (d is a direction that v optimizes in B).

Then, @y P A, xd,yy ă xd,vy. Now let a P A, b P B so that 2v “ a ` b. Then

2xd,vy “ xd,ay ` xd,by ă 2xd,vy

which is a contradiction.

Lemma 7. Let K be a Delauney polytope in Rn with p vertices v1, ¨ ¨ ¨ ,vp. Then p ď 2n.

Proof. First, let us show that for i ‰ j P J1, pK, pvi ` K̊q X pvj ` K̊q “ H. By translating, we can assume
vj “ 0. In particular, for all i, k P J1, pK,

xvi ´ vk,vi ´ vjy ě 0 so xvi,vky ď }vi}2

xvj ´ vi,vj ´ vky ě 0 so xvi,vky ě 0.

These inequalities are true whenever 0 is a vertex of K and will be used again is this context in other proofs.

Let x “
p
ÿ

k“1
λkvk P K for some λ1, ¨ ¨ ¨ , λp P r0, 1s so that

p
ÿ

k“1
λk “ 1. Then

xx,viy “
p
ÿ

k“1
λkxvk,viy ď

p
ÿ

k“1
λk}vi}2 “ }vi}2.

Let x “ vi `
p
ÿ

k“1
λkvk P K for some λ1, ¨ ¨ ¨ , λp P r0, 1s so that

p
ÿ

k“1
λk “ 1. Then

xx,viy “ }vi} `
p
ÿ

k“1
λkxvk,viy ě }vi}2.

Therefore K and vi`K are separated by the affine hyperplane tx P Rn : xx,viy “ }vi}2u and K̊Xpvi`K̊q “ H.
We have

p
ď

i“1
pvi `Kq “ tv1, ¨ ¨ ¨ ,vpu `K Ă K `K “ 2K as K is convex.
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Assume that K is d-dimensional for some d ď n, by lemma 5 we get VoldpKq ą 0 so

pVoldpKq “ Vold

˜

p
ď

i“1
pvi `Kq

¸

ď Voldp2Kq so pVoldpKq ď 2dVoldpKq ď 2nVoldpKq.

Therefore p ď 2n.

Remark. We did not use the existence of a center in this lemma, only the sharpness of all angles.

Lemma 8. Let K be an n-dimensional Delauney polytope in Rn with p vertices v1, ¨ ¨ ¨ ,vp. Let

L “
č

1ďi,jďp

 

x P Rn : xvi,vjy ´ }vj}2 ď xvi ´ vj ,xy ď }vi}2 ´ xvi,vjy
(

.

Then K Ă L with equality if p “ 2n.

Proof. Let i, j, k P J1, pK.
#

xvi ´ vj ,vi ´ vky ě 0
xvj ´ vi,vj ´ vky ě 0

so xvi ´ vj ,vjy ď xvi ´ vj ,vky ď xvi ´ vj ,viy.

Let x “
p
ÿ

k“1
λkvk P K for some λ1, ¨ ¨ ¨ , λp P r0, 1s so that

p
ÿ

k“1
λk “ 1. Let i, j P J1, pK. We have

p
ÿ

k“1
λkxvi ´ vj ,vjy ď

p
ÿ

k“1
λkxvi ´ vj ,vky ď

p
ÿ

k“1
λkxvi ´ vj ,viy

so xvi,vjy ´ }vj}2 ď xvi ´ vj ,xy ď }vi}2 ´ xvi,vjy

so x P L and K Ă L.
Assume now that p “ 2n. L is clearly a closed convex polyhedron in Rn. The pviq are n-dimensional and L has
constraints in all the directions p˘viq so L is a polytope. Let i ‰ j P J1, pK.
Let x P vi ` L, then

xvi ´ vj ,xy ě }vi}2 ´ xvi,vjy ` xvi,vjy ´ }vj}2 “ }vi}2 ´ }vj}2.

Let x P vj ` L, then

xvi ´ vj ,xy ď xvi,vjy ´ }vj}2 ` }vi}2 ´ xvi,vjy “ }vi}2 ´ }vj}2.

Therefore vi `L and vj `L are separated by the affine hyperplane tx P Rn : xx,vi ´ vjy “ }vi}2 ´ }vj}2u and
pvi ` L̊q X pvj ` L̊q “ H. We now have

p
ď

i“1
pvi ` Lq Ă K ` L Ă L` L “ 2L as L is convex

so pVolnpLq ď VolnpK ` Lq ď Volnp2Lq “ 2nVolnpLq “ pVolnpLq
so VolnpK ` Lq “ Volnp2Lq ą 0 by lemma 5.

By lemma 6, we have K “ L.

Lemma 9. Let K be an n-dimensional Delauney polytope in Rn with p vertices v1, ¨ ¨ ¨ ,vp. Let c be the center
of a sphere containing all the vertices of K. If p “ 2n, then

@i P J1, pK, Dj P J1, pK, 2c´ vi “ vj

(the symmetric by c of any vertex is still a vertex).
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Proof. Let i P J1, pK. By translating, we can assume that vi “ 0. We only need to show that 2c is a vertex of
K “ L by lemma 8. Let j, k P J1, pK, we have

#

}c´ vj} “ }c}
}c´ vk} “ }c}

so
#

x2c,vjy “ }vj}2

x2c,vky “ }vk}2

Therefore
x2c,vj ´ vky “ }vj}2 ´ }vk}2 P rxvj ,vky ´ }vk}2, }vj}2 ´ xvj ,vkys so 2c P L.

Furthermore, as K is n-dimensional, the constraints tight at 2c are also n-dimensional, so 2c is a vertex of
L.

Proof of Theorem 4. The first part of the theorem is given by lemma 7. We prove the second part by
induction on n P N˚. If n “ 1, the result is trivial as any two points in R form a segment, which is a 1-
dimensional hypercube. We now assume n ě 2. If K is not n-dimensional, then p ď 2n´1 by lemma 7, which
contradicts p “ 2n. Now assume K is n-dimensional. Consider a facet F of K. By translation and rotation we
can assume F Ă Rn´1 ˆ t0u “: H and K Ă Rn´1 ˆ R`. We can also assume by re-ordering the vertices that
F “ convpv1, ¨ ¨ ¨ ,vqq for some q ă p.
For i ď q, we have H X pK ` viq “ F ` vi.
For i ą q, we have vi P Rn´1 ˆ R˚` so H X pK ` viq “ H. Then

2K “

p
ď

i“1
pvi `Kq so 2F “ p2Kq XH “

p
ď

i“1
pvi ` F q XH “

q
ď

i“1
pvi ` F q.

Furthermore, for i P J1, qK, K and vi `K are separated by tx P Rn : xvi,xy “ }vi}2u therefore so are F and
vi ` F . By translation, the pvi ` F q are all disjoints, so

2n´1pF q “ qpF q.

F is a facet so it is convex and pn ´ 1q-dimensional, so by lemma 5, we have pF q ą 0 and q “ 2n´1. As
the projection on H of the center of a sphere containing all vertices of K is the center of a sphere containing
all vertices of F , F is clearly a Delaunay polytope in H, and as it has 2n´1 vertices, we know by induction
that F is a dilated pn ´ 1q-dimensional hypercube. By rotation and translation, we can assume that F “

r0, λ1s ˆ ¨ ¨ ¨ ˆ r0, λn´1s ˆ t0u for some λ1, ¨ ¨ ¨ , λn´1 ą 0 and that K Ă Rn´1 ˆ R`. Let c “ pc1, ¨ ¨ ¨ , cnq be
the center of a sphere containing all vertices of K. λiei is a vertex of F so it is a vertex of K and we have
}c´ λiei} “ }c} so ci “

λi
2 . If cn ď 0, consider a vertex of K with positive last coordinate (exists as K is not

included in H), then its symmetric by c is a vertex of K (by lemma 9) with negative last coordinate, which
contradicts K Ă Rn´1 ˆ R`. Therefore cn ą 0. Let λn “ 2cn. By lemma 9

tv1, ¨ ¨ ¨ ,vqu Y p2c´ tv1, ¨ ¨ ¨ ,vquq Ă tv1, ¨ ¨ ¨ ,vpu

and those two sets have the same cardinality, as cn ą 0 so F X p2c´ F q “ H. The vertices of K are therefore
exactly the set t0, λ1u ˆ ¨ ¨ ¨ ˆ t0, λnu and K “ r0, λ1s ˆ ¨ ¨ ¨ ˆ r0, λns is a dilated n-dimensional hypercube.

Definition 11 (Sharp polytope). Let K be a polytope in Rn with vertices v1, ¨ ¨ ¨ ,vp P Rn. We say that K is
a sharp polytope if @i, j, k P J1, pK, xvi ´ vj ,vi ´ vky ě 0 (the angle pvj ,vi,vkq is sharp).

Remark. Delaunay polytopes are special cases of sharp polytopes.

Theorem 5. Let K be a sharp polytope in Rn with p vertices. Then p ď 2n with equality if and only if K is a
dilated n-dimensional hypercube.

Remark. We can therefore get rid of the condition of existence of a center in Theorem 4.

Lemma 10. Let K be a sharp polytope in Rn with p vertices v1, ¨ ¨ ¨ ,vp. Then p ď 2n.
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Proof. The proof is exactly the same as for lemma 7, as we did not use the existence of a center.

Proof of Theorem 5. The first part of the theorem is given by lemma 10. We prove the second part by
induction on n P N˚. If n “ 1, the result is trivial as any two points in R form a segment, which is a 1-
dimensional hypercube. We now assume n ě 2. If K is not n-dimensional, then p ď 2n´1 by lemma 10, which
contradicts p “ 2n. Now assume K is n-dimensional.
Let d ă n. Consider a d-dimensional face F ofK. By translation and rotation we can assume F Ă Rdˆt0un´d “:
H. We can also assume by re-ordering the vertices that F “ convpv1, ¨ ¨ ¨ ,vqq for some q ă p.
For i ď q, we have H X pK ` viq “ F ` vi.
For i ą q, we have H X pK ` viq “ H. Then

2K “

p
ď

i“1
pvi `Kq so 2F “ p2Kq XH “

p
ď

i“1
pvi ` F q XH “

q
ď

i“1
pvi ` F q.

Furthermore, for i P J1, qK, K and vi `K are separated by tx P Rn : xvi,xy “ }vi}2u therefore so are F and
vi ` F . By translation, the pvi ` F q are all interior-disjoints, so

2dVoldpF q “ qVoldpF q.

F is a d-dimensional face so it is convex, so by lemma 5, we have VoldpF q ą 0 and q “ 2d. F is clearly a sharp
polytope in H, and as it has 2d vertices, we know by induction that F is a dilated d-dimensional hypercube.
Therefore, any proper face of K is a dilated hypercube.
Now fix a facet F of K. We can assume that F “ r0, λ1s ˆ ¨ ¨ ¨ ˆ r0, λn´1s ˆ t0u and that K Ă Rn´1 ˆ R`.
Consider the ridge R1 “ r0, λ1s ˆ ¨ ¨ ¨ ˆ r0, λn´2s ˆ t0u2. There exists a facet F1 of K sharing the ridge R1 with
F . As F1 is a dilated hypercube, there exist a vector v1 P R

K
1 so that F1 “ R1 ` r0, 1sv1. v1 P R

K
1 so there

exists some x1, y1 P R so that v1 “ p0, ¨ ¨ ¨ , 0, x1, y1q. v1 P K so y1 ě 0, and as F and F1 can not be in the
same hyperplane, we have y1 ‰ 0 so y1 ą 0. We know that any vertex w of K satisfies xw, λieiy ě 0 for any
i P J1, n´ 1K so K Ă pR`qn. Therefore F “ K X t0un´2 ˆ R2 is a face of K. F is at most 2-dimensional, and
as it contains λn´1en´1 and v1, F is exactly 2-dimensional. It is therefore a rectangle, and three of its vertices
are 0, λn´1en´1 and v1. Let w P K be the fourth vertex. w P KXpt0un´2ˆR2q so w “ αen´1`βen for some
α, β ě 0. As F Ă t0un´2ˆpR`q2, r0, λn´1en´1s is a side of F . The other side has to be ry1en, y1en`λn´1en´1s,
so either x1 “ 0, α “ λn´1, β “ y1 or x1 “ λn´1, α “ 0, β “ y1.
By contradiction, assume x1 “ λn´1, α “ 0, β “ y1. Then λn´1en´1 P F1 ` λn´1en´1 and w “ y1en “
pλn´1en´1`y1enq´λn´1en´1 P F1´λn´1en´1. There are elements of K on both sides of F1, which contradicts
the fact that F1 is a facet of K. Therefore x1 “ 0 and v1 “ y1en.
Finally, consider the ridge R2 “ R1 ` λn´1en´1 of F , and the associated facet F2 of K. Similarly, we know
that F2 “ R2 ` r0, 1sv2 for some v2 “ y2en, y2 ą 0. 0, λn´1en´1,v1, λn´1en´1 ` v2 are vertices of K so

xv1 ´ 0,v1 ´ pv2 ` λn´1en´1qy ě 0 so y1py1 ´ y2q ě 0 so y1 ě y2

xpv2 ` λn´1en´1q ´ λn´1en´1, pv2 ` λn´1en´1q ´ 0y ě 0 so y2py2 ´ y1q ě 0 so y2 ě y1.

Therefore y1 “ y2 and v1 “ v2 “ y1en. F1, F2 both have 2n´1 vertices, and all those vertices are disjoints so
they are all the vertices of K. Therefore,

K “ convpF1, F2q “ convpR1, R2q ` r0, 1sv1 “ F ` r0, y1sen “ r0, λ1s ˆ ¨ ¨ ¨ ˆ r0, λn´1s ˆ r0, y1s

so K is a dilated hypercube.

Theorem 6. Let L be an n-dimensional lattice in Rn. Let t P Rn and let Λptq be the set of closest vectors to
t. Then |Λptq| ď 2n. Furthermore, if |Λptq| “ 2n, then the lattice is orthogonal.
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Proof. Let u,v,w P Λptq. We want to show that xw´u,w´vy ě 0. We can assume by translating that v “ 0.
Then

}u´ t}2 “ }w´ t}2 ñ }u}2 ´ }w}2 “ xt,u´wy

and
0 ď }t´ pu´wq}2 ´ }x}2 “ }u´w}2 ´ 2xt,u´wy “ 2xw´ u,wy.

Let K “ convpΛptqq. Any strictly convex combination of elements of Λptq is in }t}Bpt, 1q so no element of Λptq
is a convex combination of the others. Therefore K is a sharp polytope with |Λptq| vertices. By theorem 5,
|Λptq| ď 2n.
Assume there is equality, then K is a dilated hypercube and Λptq “ t0, λ1u ˆ ¨ ¨ ¨ ˆ t0, λnu after rotation and
translation for some λ1, ¨ ¨ ¨ , λn ą 0. As two distinct points of Λptq can not be in the same coset of L – else their
average would be strictly closer to t – we know that Λptq contains representatives of 2n cosets of L, therefore
of all the cosets of L. Λptq therefore generates L, and L is orthogonal.

5 Shadow Simplex method for linear programing

We recall that a way to measure the efficiency of a simplex algorithm is to bound the number of simplex pivots –
ie the number of vertices crossed during the algorithm. In [13], Dadush & Bonifas found a polynomial bound in
the dimension, the number of constraints and the parameter δ of the δ-distance property. However, they needed
in the algorithm the knowledge of δ. In this section, we simpler algorithms that do not need the knowledge of δ,
with no additional cost in the bounded case and at a cost of O

ˆ

m lnpm{δq
n lnpn{δq

˙

on the number of shadow simplex
pivots for the general case.
In the shadow simplex method, instead of moving from a vertex to another until the optimal solution is attained,
we look at a dual version of the problem : to each vertex is associated a normal cone, defined by the tight
constraints at this vertex. We move among normal cones, each step crossing a common facet of two adjacent
normal cones. Therefore, the distance between two vertices is bounded by the number of crossings, as given a
path among normal cones we can obtain a path among vertices of same length. Let A “ pa1, ¨ ¨ ¨ ,amq be a set
of unit constraints defining a LP, satisfying the δ-distance property.

5.1 Special case : bounded polytopes

Lemma 11. Let C Ă Rn be a cone, a,b P Rn, γ ą 0. Then

C X ra,bs ‰ H ô C X rγa,bs ‰ H.

Proof. C X ra,bs ‰ H ô C X conepa,bq ‰ H ô C X conepγa,bq ‰ H ô C X rγa,bs ‰ H.

Lemma 12 (Path crossings Bounds). Consider X „ ExpRnp1q and c,d P Rn. Let T “ pCiqiPI be a partition
of Rn into n-dimensional interior disjoint polyhedral τ -wide cones. Define BT “

ď

iPI

BCi. Then :

1. E r|rc`X,d`Xs X BT |s ď }d´ c}
τ

.

2. Let α P p0, 1s, Er|rc`X, c` αXs X BT |s ď 2n
τ

ln
ˆ

1
α

˙

.

3. Let 0 ă ε ă 1, E
„
ˇ

ˇ

ˇ

ˇ

„

X,
ε

1` εX `
1

1` εd


X BT
ˇ

ˇ

ˇ

ˇ



ď min
ˆ

}d}
ετ

,
}d}
τ
`

2n
τ

ln
ˆ

1
ε

˙˙

.
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Proof. 1 and 2 are proven in [13], Theorem 10. Let us prove 3. We have :

E
„
ˇ

ˇ

ˇ

ˇ

„

X,
ε

1` εX `
1

1` εd


X BT
ˇ

ˇ

ˇ

ˇ



“ E
„
ˇ

ˇ

ˇ

ˇ

„

X,X `
1
ε

d


X BT
ˇ

ˇ

ˇ

ˇ



by lemma 11

ď
}d}
ετ

by 1.

Furthermore :

E
„
ˇ

ˇ

ˇ

ˇ

„

X,
ε

1` εX `
1

1` εd


X BT
ˇ

ˇ

ˇ

ˇ



“ E r|rX,X ` ds X BT |s ` E
„
ˇ

ˇ

ˇ

ˇ

„

X ` d, X ` 1
ε

d


X BT
ˇ

ˇ

ˇ

ˇ



“ E r|rX,X ` ds X BT |s ` E r|rX ` d, εX ` ds X BT |s

ď
}d}
τ
`

2n
τ

ln
ˆ

1
ε

˙

by 1 and 2.

Algorithm 1: Straight line Shadow Simplex algorithm
Input: Polytope P “ tx P Rn : Ax ď bu with m constraints, objective d P Rn, feasible basis B Ă J1,mK
Result: Optimal basis B Ă J1,mK
c Ð

ÿ

iPB

ai
}ai}

;

Sample X „ UpSn´1q;
Follow segments rc,Xs, rX, ds using Shadow Simplex;
return current basis

Remark. Algorithm 1 correctly computes an optimal basis for the objective d.

Theorem 7. If P satisfies the local δ-distance property, the expected number of shadow simplex pivots in

Algorithm 1 is O
ˆ

n3

δ
ln
´n

δ

¯

˙

.

Proof. We will bound separately the number of crossings with segment rc, Xs (c Ñ X) and with segment rd, Xs
(d Ñ X). Let r „ ExpR`p1q independent of X, then rX „ ExpRnp1q. By lemma 11, scaling X does not affect
the number of shadow simplex pivots, so we can assume that X is exponentially distributed conditioned on
}X} ď 2n in the proof. By lemma 1, the normal cones of P are δ

n
-wide.

For c “
ÿ

iPB

ai
}ai}

Ñ X, consider ε “ δ

4n2 and v “ ε

1` εX `
1

1` εc. Then

}c´ v} “ ε

1` ε}X ´ c} ď εp2n` nq ă δ

n
.

By lemma 1, we know that c and v are in the same cone, therefore there are no shadow simplex pivots between

them. If X were not conditioned on }X} ď 2n, we would get by lemma 12 that ErN s “ O

ˆ

n3

δ
ln
´n

δ

¯

˙

, where

N is the expected number of shadow simplex pivots between v and X. As ErXs “ n, }X} ď 2n with probability
greater than 1/2 by Markov inequality and

ErN |}X} ď 2ns ď 2ErN s “ O

ˆ

n3

δ
ln
´n

δ

¯

˙

.

The same line of reasoning enables us to bound the expected number of crossing for a conditioned random
variable the same way we would for an unconditioned one.
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For X Ñ d, consider ε “ 2δ
3npn` 1q and v “ ε

1` εX `
1

1` εd. By rescaling we can assume }d} “ 2. For

λ P

„

0, ε

1` ε



, let vλ “ λX ` p1´ λqd. Notice that v “ vε{p1`εq Let us write vλ “
m
ÿ

i“1
αλi

ai
}ai}

where αλi is the

coordinate associated to ai
}ai}

in vλ (αλi “ 0 if vλ is not in a normal cone generated by ai). At most n of the

αλi are non-zero for any λ. Then for any normal cone C “ coneppajqjPJq entered at λinpCq and left at λoutpCq,
we have

pλinpCq ´ λoutpCqqp2}X} ` 2q ě pλinpCq ´ λoutpCqqp}X} ` }d}q ě }pλinpCq ´ λoutpCqqpX ´ dq}

“ }vλinpCq ´ vλoutpCq}

“

›

›

›

›

›

ÿ

jPJ

pα
λinpCq
j ´ α

λoutpCq
j q

aj
}aj}

›

›

›

›

›

ě δmax
jPJ

|α
λinpCq
j ´ α

λoutpCq
j | by lemma 2

“ δ max
1ďiďm

|α
λinpCq
i ´ α

λoutpCq
i | as the other coefficients are zero.

Therefore, for any i P J1,mK, the total variation of coefficient αλi for λ varying between ε

1` ε and 0 is at most

ÿ

C crossed by rX,ds
|α
λinpCq
i ´ α

λoutpCq
i | ď

}X|} ` 2
δ

ÿ

C visited
pλinpCq ´ λoutpCqq ď

p}X} ` 2qε
δp1` εq ď

p}X} ` 2qε
δ

ă
2
n
.

Write d “
ÿ

jPJ

α0
jaj , |J | “ n, then 2 “ }d} ď

ÿ

jPJ

α0
j so at least one of the αj is greater or equal to 2

n
. As this

coefficient varies by strictly less than 2
n

between v and d, it was already positive in v and stays positive all the
way to d.
Consider π the orthogonal projector onto aKj , and consider, for any cone with aj in its set of generator, its image
by π. Then, as a change of cone corresponds to a coefficient going to zero, and as the coefficient associated
with aj can not go to zero, any change of cone corresponds to a change of cone in the projection. Therefore,
denoting by pCiqiPI the cones, we have

E

«ˇ

ˇ

ˇ

ˇ

ˇ

rv,ds X
ď

iPI

BCi

ˇ

ˇ

ˇ

ˇ

ˇ

ff

“ E

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

rπpvq, πpdqs X
ď

aj generating Ci

BpπpCiqq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

fi

fl

ď E

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

rπpXq, πpdqs X
ď

aj generating Ci

BpπpCiqq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

fi

fl .

aj does not depend on the choice of X, but only on d. Therefore, π is a deterministic function and πpXq is
a rotationally symmetric variable, as a deterministic projection of a centrally symmetric variable. This means
we can normalize it to make it uniform over Sn´2. We can also normalize πpdq so that its norm becomes 2 (if
this projection is zero then d is generated only by aj and we are done). The projected cones still satisfy the
δ-distance property, so we can iterate and get :

E

«
ˇ

ˇ

ˇ

ˇ

ˇ

rX,ds X
ď

iPI

BCi

ˇ

ˇ

ˇ

ˇ

ˇ

ff

ď

n
ÿ

k“1
E

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

rπkpXq, πkpvkqs X
ď

aj1 ,¨¨¨ ,ajk
generating Ci

BpπkpCiqq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

fi

fl`Op1q

where πk is the orthogonal projector onto paj1 , ¨ ¨ ¨ ,ajk
qK. Therefore

E

«ˇ

ˇ

ˇ

ˇ

ˇ

rX,ds X
ď

iPI

BCi

ˇ

ˇ

ˇ

ˇ

ˇ

ff

ď

n
ÿ

k“1

ˆ

n}d}
δ

`
2n2

δ
ln
ˆ

1
ε

˙˙

“ O

ˆ

n3

δ
ln
ˆ

1
ε

˙˙

.

Remark. As opposed to Algorithm 1 of [13], the knowledge of δ is not necessary. Furthermore, the algorithm
is simpler, as it only follows a straight line.
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5.2 Generalizing to the unbounded case

We are now able to solve a bounded LP without any knowledge of δ, assuming we have a feasible point. These
two hypothesis are however really strong. Therefore, we want to extend our result to general LPs. To do so, it
is enough to be able to solve unbounded LPs, because then we can find a feasible point by solving m successive
unbounded LPs (see [13], Theorem 9 for more details). The problem here is that if we take X to be a centrally
symmetric random variable, X could be outside the union Σ of the normal cones of the polyhedra, and therefore
it is not possible to use Shadow Simplex from c to X to d, as we could meet an unbounded ray. This problem
does not happen if X P Σ. We will therefore sample X at random in Σ. To do so, we could sample X as before,
conditioned on X P Σ, but we have no way of checking if a point is in Σ more efficiently than solving an LP,
which would defeat the purpose.

Definition 12 (Cone-exponential distribution). Let C “ conepa1, ¨ ¨ ¨ ,amq be a cone. We say that a random
variable X follows a cone-exponential distribution with generators a1, ¨ ¨ ¨ ,am if there exist independent random

variables λ1, ¨ ¨ ¨ , λm following exponential distributions of parameter 1 on R so that X “

m
ÿ

i“1
λiai.

Proposition 8. Let X be a cone-exponentially distributed random variable with generators a1, ¨ ¨ ¨ ,am. Then
X has borelian probability measure µ “ µ1 ˚ ¨ ¨ ¨ ˚ µm on Rn where :

• For all i P J1,mK, µi is the borelian measure on Rn defined by

@A Ă Rn borelian, µpAq “
ˆ `8

0
1Aptaiqe´tdt.

• ˚ is the convolution between measures, namely if ν, η are borelian measures on Rn, for all borelian A Ă Rn,
we have

pν ˚ ηqpAq “

ˆ
RnˆRn

1Apx` yqdpν ˆ ηqpx,yq.

where ν ˆ η is the product measure of ν and η.

Remark. • ˚ is an associative and commutative operator by Fubini’s theorem.
• For all A Ă Rn borelian, for µ, ν borelian measures on Rn,

µpAq “

ˆ
Rn

1Apxqdµpxq “
ˆ
A

dµpxq

and

pµ1 ˚ µ2qpAq “

ˆ
Rn

ˆ
Rn

1Apx` yqdµpxqdνpyq “
ˆ
Rn

ˆ
Rn

1A´ypxqdµpxqdνpyq “
ˆ
Rn

µ1pA´ yqdµ2pyq

Lemma 13. Let X be a random variable following a cone-exponential distribution with generators a1, ¨ ¨ ¨ ,am.
If the generators induce a fully-dimensional space on Rn, then X has a density with respect to the Lebesgue
measure.

Proof. If m “ n, let

f : Rn Ñ Rn, pt1, ¨ ¨ ¨ , tnq ÞÑ
n
ÿ

i“1
tiai

f is continuous. Let A be a borelian set with Lebesgue measure 0, then so is f´1pAq. Let Λ “ pλ1, ¨ ¨ ¨ , λnq be

independent random variables following exponential distribution of parameter 1 on R so that X “

n
ÿ

i“1
λiai. Λ

trivially has a density on Rn. Then

µ1 ˚ ¨ ¨ ¨ ˚ µnpAq “ PpX P Aq “ PpΛ P f´1pAqq “ 0
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and X has a density with respect to the Lebesgue measure by Radon-Nikodym theorem. If m ą n, after re-
ordering we can assume that a1, ¨ ¨ ¨ ,an are linearly independent. Let ν “ µ1 ˚ ¨ ¨ ¨ ˚µn and η “ µn`1 ˚ ¨ ¨ ¨ ˚µm.
Let µ “ ν ˚ η be the probability distribution of X. Then for any borelian set A with Lebesgue measure 0, we
have

µpAq “ ν ˚ ηpAq “

ˆ
Rn

νpA´ yqdηpyq “ 0

as ν is absolutely continuous with respect to the Lebesgue measure. Therefore, by Radon-Nikodym theorem,
X has a density with respect to the Lebesgue measure.

Lemma 14. Let X be a random variable following a cone-exponential distribution with generators a1, ¨ ¨ ¨ ,am
and let µ be the associated probability measure. Then

1. For any i P J1,mK, for any s ě 0, for any borelian set A, µpA` saiq ě e´sµpAq.
2. If µ has a density f , then the set E “ tx P Rn : fpx` saiq ě e´sfpxqu has measure 1.

Proof. 1. For A Ă Rn borelian, for s ě 0 and i P J1,mK,

µipA` saiq “
ˆ `8

0
e´t1A`saiptaiqdt “

ˆ `8
0

e´t1Appt´ sqaiqdt “
ˆ `8
´s

e´se´t1Aptaiqdt ě e´sµipAq

Therefore, denoting µ´i “ µ1 ˚ ¨ ¨ ¨ ˚ µi´1 ˚ µi`1 ˚ ¨ ¨ ¨ ˚ µm, we have

µpA` saiq “
ˆ
Rn

µipA´ y` saiqdµ´ipyq ě e´s
ˆ
Rn

µipA´ yqdµ´ipyq “ e´sµpAq

2. If E does not have measure 1, consider an ε ą 0 and a borelian set B with no-zero measure so that
@x P B, fpx ` saiq ă e´sfpxq ´ ε – if ε,B do not exist, we can prove by taking the union over all ε “ 1

n that
E that measure 1. Then

0 ď µpB ` saiq ´ e´sµpBq “
ˆ
B`sai

fpxqdx´
ˆ
B

e´sfpxqdx “
ˆ
B

pfpx` saiq ´ e´sfpxqqdx ď ´εµpBq ă 0.

This is a contradiction.

Algorithm 2: Straight line Shadow Simplex algorithm with cone-exponential distribution
Input: Polyhedron P “ tx P Rn : Ax ď bu with m constraints, objective d P Rn, feasible basis

B Ă J1,mK
Result: Optimal basis B Ă J1,mK
c Ð

ÿ

iPB

ai
}ai}

;

Sample λ1, ¨ ¨ ¨ , λm independent random variables following ExpR`(1) conditioned on λi ď 1;

Set X “

m
ÿ

i“1
λiai;

Follow segments rc,Xs, rX, ds using Shadow Simplex;
return current basis

Theorem 8 (Path crossings Bounds for cone-exponentially distributed middle point). Let 0 ď p ď n and let π
be the orthogonal projector onto pa1, ¨ ¨ ¨ ,apqK. Let T “ pCiqiPI the set of normal cones of A having a1, ¨ ¨ ¨ ,ap
among their generators, they partition a convex cone and meet at faces. Let πpT q “ pπpCiqqiPI . Assume these
cones are n-dimensional, interior disjoint and polyhedral. Consider X following a cone-exponential distribution
with generators a1, ¨ ¨ ¨ ,am and c,d P Rn conditioned on X ď m (can be done easily by conditioning all the
components to be smaller than 1). Then :

1. E r|rπpcq ` πpXq, πpdq ` πpXqs X BπpT q|s ď n

δ
}d´ c}.
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2. Let α P p0, 1s, Er|rπpcq ` πpXq, πpcq ` απpXqs X BπpT q|s ď 2nm
δ

ln
ˆ

1
α

˙

.

3. Let 0 ă ε ă 1, E
„
ˇ

ˇ

ˇ

ˇ

„

πpXq,
ε

1` επpXq `
1

1` επpdq


X BπpT q
ˇ

ˇ

ˇ

ˇ



ď min
ˆ

n

εδ
}d}, n

δ
}d} ` 2nm

δ
ln
ˆ

1
ε

˙˙

.

Proof. Note that if we prove 1 and 2, 3 follows immediately with the same proof as in lemma 12.
We will follow the proofs of lemmas 21-25 of [13].

Let µ be the probability measure of πpXq. πpXq follows a cone-exponential distribution with generators
πpa1q, ¨ ¨ ¨ , πpamq. Let µ1, ¨ ¨ ¨ , µm be the probability measures associated with πpa1q, ¨ ¨ ¨ , πpamq, so that
µ “ µ1 ˚ ¨ ¨ ¨ ˚ µm. By lemma 13, µ admits a density f with respect to the Lebesgue measure on πpRnq.
Let i P I, by re-ordering the constraints we can assume that Ci is generated by a1, ¨ ¨ ¨ ,an. Let τ “

δ

n
, we know

that Ci is τ -wide by lemma 1. Let u “
n
ÿ

i“1

1
n

ai P Ci. We know by the proof of [13], lemma 5 that u` τBn2 Ă Ci

and }u} ď 1.

1. Let F be a facet of πpCiq. πpXq has a density with respect to the Lebesgue measure, therefore the line
segment rπpcq ` πpXq, πpdq ` πpXqs passes through F at most once. By linearity we see that

Er|rπpcq ` πpXq, πpdq ` πpXqs X BπpCiq|s “
ÿ

F facet of πpCiq

PrF X rπpcq ` πpXq, πpdq ` πpXqs ‰ Hs.

We now bound the crossing probability for any facet F . We first calculate the hitting probability as

PrF X rπpcq ` πpXq, πpdq ` πpXqs ‰ Hs “ PrπpXq P F ´ rπpcq, πpdqss “
ˆ
F´rπpcq,πpdqs

fpxqdx

“ |xn, πpdq ´ πpcqy|
ˆ 1

0

ˆ
F´pp1´λqπpcq`λπpdqq

fpxqdxdλ

ď }d´ c}
ˆ 1

0

ˆ
F´pp1´λqπpcq`λπpdqq

fpxqdxdλ

where n is a unit normal vector to F in SpanpCiq. Bounding the hitting probability therefore boils down to
bounding the measure of a shift of the facet F . We know that πpuq`τπpBn2 q Ă πpCiq, which means that, letting
h “ |xn, πpuqy|, we have h ě τ . For any shift t P πpRnq, we have that

ˆ
F`t`conepπpuqq

fpxqdx “
ˆ `8

0

ˆ
F`t`

r

h

n
ÿ

i“1

1
n
πpaiq

fpxqdxdr

ě

ˆ `8
0

e´
r

hn

ˆ
F`t`

r

h

n
ÿ

i“2

1
n
πpaiq

fpxqdxdr

ě ¨ ¨ ¨ ě

ˆ
F`t

fpxqdx
ˆ `8

0
e´

r
h dr by lemma 14

“ h

ˆ
F`t

fpxqdx ě τ

ˆ
F`t

fpxqdx
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From that we get

Er|rπpcq ` πpXq, πpdq ` πpXqs X BπpCiq|s ď
ÿ

F facet of πpCiq

}d´ c}
ˆ 1

0

ˆ
F´pp1´λqπpcq`λπpdqq

fpxqdxdλ

ď
}d´ c}

τ

ˆ 1

0

ÿ

F facet of πpCiq

ˆ
F´pp1´λqπpcq`λπpdqq`conepuq

fpxqdx

ď
}d´ c}

τ

ˆ 1

0

ˆ
πpCi´pp1´λqc`λdqq

fpxqdxdλ

as the F ` conepπpuqq partition the cone πpCiq. Therefore

E r|rπpcq ` πpXq, πpdq ` πpXqs X BπpT q|s ď
ÿ

iPI

Er|rπpcq ` πpXq, πpdq ` πpXqs X BπpCiq|s

ď
}d´ c}

τ

ˆ 1

0

ÿ

iPI

ˆ
πpCi´pp1´λqc`λdqq

fpxqdxdλ

We proved in the proof of theorem 7 that the πpCiq are disjoint, therefore so are the πpCiq ´ pp1 ´ λqc ` λdq
for any λ P r0, 1s. Therefore

E r|rπpcq ` πpXq, πpdq ` πpXqs X BπpT q|s ď }d´ c}
τ

ˆ 1

0

ˆ
Ť

iPI πpCi´pp1´λqc`λdqq
fpxqdxdλ

“
}d´ c}

τ

ˆ 1

0
dλ ď n

δ
}d´ c}

2. Let F be a facet of πpCiq, let n be a unit normal vector to F so that xπpuq,ny ą 0. By linearity we have
that

Er|rπpcq ` πpXq, πpcq ` απpXqs X BπpCiq|s “
ÿ

F facet of Ci

PrF X rπpcq ` πpXq, πpcq ` απpXqs ‰ Hs.

Furthermore,

PrF X rπpcq ` πpXq, πpcq ` απpXqs ‰ Hs “ P
„

πpXq P

„

1, 1
α



X pF ´ πpcqq


“

ˆ 1{α

1

ˆ
F´rπpcq

|xn, πpcqy|fpxqdxdr

Again, letting h “ |xn, πpuqy| “ xn, πpuqy ě τ and t P πpRnq, we have
ˆ
F`t`conepπpuqq

}x}fpxqdx “
ˆ `8

0

ˆ
F`t` r

hπpuq
}x}fpxqdxdr

“

ˆ `8
0

ˆ
F`t

›

›

›
x` r

h
πpuq

›

›

›
f
´

x` r

h
πpuq

¯

dxdr

ě

ˆ `8
0

ˆ
F`t

ˇ

ˇ

ˇ

A

n,x` r

h
πpuq

E
ˇ

ˇ

ˇ
e´r{hfpxqdxdr

“

ˆ `8
0

ˆ
F`t

|xn, ty ` r| e´r{hfpxqdxdr

“ h2
ˆ `8

0

ˇ

ˇ

ˇ

ˇ

1
h
xn, ty ` r

ˇ

ˇ

ˇ

ˇ

e´rdr
ˆ
F`t

fpxqdx

ě
h

2 |xn, ty|
ˆ
F`t

fpxqdx
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Therefore we have

Er|rπpcq ` πpXq, πpcq ` απpXqs X BπpCiq|s ď
ÿ

F facet of πpCiq

ˆ 1{α

1

1
r

ˆ
F´rπpcq

|xn, rπpcqy|fpxqdxdr

ď
2
h

ÿ

F facet of πpCiq

ˆ 1{α

1

1
r

ˆ
F´rπpcq`conepπpuqq

}x}fpxqdxdr

ď
2
τ

ˆ 1{α

1

1
r

ˆ
πpCiq´rπpcq

}x}fpxqdxdr

Therefore

Er|rπpcq ` πpXq, πpcq ` απpXqs X BπpT q|s ď
ÿ

iPI

Er|rπpcq ` πpXq, πpcq ` απpXqs X BπpCiq|s

ď
2
τ

ÿ

iPI

ˆ 1{α

1

1
r

ˆ
πpCiq´rπpcq

}x}fpxqdxdr

ď
2n
δ

ˆ 1{α

1

1
r

ˆ
Ť

iPI πpCiq´rπpcq
}x}fpxqdxdr as πpCiq are disjoint

ď
2n
δ

ˆ 1{α

1

1
r
Er}X}sdr ď 2nm

δ
ln
ˆ

1
α

˙

as Er}X}s ď
m
ÿ

i“1
Erλis ď m.

Remark. • By choosing the cone-exponential distribution, we lose a factor m on the second bound.
• The projector π is useful when inducting on the dimension.

Theorem 9. If P satisfies the local δ-distance property, the expected number of shadow simplex pivots in

Algorithm 2 is O
ˆ

n2m

δ
ln
´m

δ

¯

˙

.

Proof. The proof is the same as for theorem 7, the theorem 8 giving all the necessary bounds on the number of
crossings. However, as }X} is now bounded by m, we have to take ε “ O

ˆ

δ

m

˙

.

Remark. The big difference with Algorithm 1 is that Algorithm 2 takes as an input a polyhedron P poten-
tially unbounded. As X is sampled inside the cones, we can follow the Shadow Simplex. This is done at a cost
of O

ˆ

m lnpm{δq
n lnpn{δq

˙

on the number of shadow simplex pivots.
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Travel experiences

Before going to Amsterdam, I worked from Paris for around three weeks, as the Covid restrictions would not
have allowed me to go to the lab more than twice a week. I went to Amsterdam at the beginning of March.
There, I was living in a room whose landlord CWI put me in relation with. As it is often hard and expensive
to find a place in Amsterdam, I was glad to find something so easily. I was at five minutes walking from the
lab, so it was really easy to go there, even if I could also work from home due to Covid restrictions.
I was surprised to see that most of the people there were either PHD students or postdocs : for a team of
approximately 20 people, only 3 were senior researchers. It made the integration easy, as they had almost the
same background as I did.
During my internship, I also followed a course about Algorithmic Game Theory, given by Prof. Dr. Guido
Schäfer, who was also a member of the team. This course had no relation with the topic I was studying, but it
was interesting to discover.
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