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1 Introduction

This report is the result of a five months internship at the Centrum Wiskunde & Informatica in Amsterdam,
Netherlands. During this internship, we studied two optimization problem : the Closest Vector Problem with
Pre-processing and the shadow simplex method for linear programing.

The Closest Vector Problem (CVP) consists, given a lattice and a target, in finding the vector of the lattice
that is the closest to the target. This problem is NP-hard, and it is also considered hard to solve for a quantum
computer, which makes it a good problem to create post-quantum cryptographic systems, even in its decisional
form or for polynomial approximations. The fastest known algorithm for this problem has complexity 2"+°(") in
time and space and was developed by Aggarwal, Dadush, Regev, and Stephens-Davidowitz in 2015 [1][2]. This
algorithm was simplified in 2017 by Aggarwal and Stephens-Davidowitz [3], without changing the complexity.
Both those algorithms use discrete gaussian sampling methods.

The problem that we are studying is slightly different : we are allowed, before solving the problem and being
given only the lattice, to do a pre-processing with a huge computing power. To avoid the possibility of computing
and storing the solution of the problem for any point in space, the result of the pre-processing has to be bounded
in size, often by O(2"™). Then we are given a target and have to solve CVP, using the pre-processed data. The
newly defined problem is called Closest Vector Problem with Pre-processing (CVPP). To solve this problem, a
classical method is to pre-process the Voronoi cell — the set of all points closer to 0 than to any other point of
the lattice — and then use it to solve CVP. The Voronoi cell can be stored using O(2™) bits and a basis of L,
by storing the at most 2(2"™ — 1) inequalities defining it. By translating the Voronoi cell with the points of the
lattice, we get a tiling of R™. Then, a point of the lattice is a closest vector if the target is inside the Voronoi
cell around this point. The goal is to move from a Voronoi cell to an adjacent one, improving the distance to
the target, until we get into the good cell. The complexity of such an algorithm is proportional to the number
of Voronoi cells crossed, which we are therefore trying to minimize.

The first algorithm using Voronoi cell is the Iterative Slicer [4] developed in 2009 by Sommer, Feder & Shalvi.
They proved termination, but with no guarantee on the number of cells crossed. In 2010, Micciancio & Voulgaris
developed the straight line algorithm [5]. It consists in drawing the straight line from 0 to the target, and then

go through the Voronoi cells crossed by this line. Micciancio & Voulgaris proved a O(2") bound on the number



of cells crossed, for a algorithm with total computing time O(4™). This O(2") bound is however a worst case in
the analysis, but no example are known where this bound is tight. In fact, the number of Voronoi cells crossed
seems much lower for most straight lines. Dadush & Bonifas therefore developed in 2014 a randomized straight
line algorithm [6]. The idea is that instead of going directly from 0 to the target, we first we move to a random
point not far from 0, then we follow the straight line parallel to the one from O to the target and finally go
back to the target. Doing so, we can avoid the potentially bad cases of the analysis of Micciancio & Voulgaris.
Dadush & Bonifas found a weakly polynomial bound for the number of cells crossed, depending on a bit length
bound for the target and the lattice.

During the internship, the first goal was to try to get rid of this bit length bound, to get a strongly polynomial
bound on the number of cells crossed. Therefore, lots of different geometrical results will be found in this report,

following our attempts.

Linear programing is a classical optimization problem which consists in maximizing an n-dimensional linear
function over a set (polyhedron) defined by m linear constraints. To do so, a classical method is the simplex
method, which consists in moving iteratively among the vertices, improving the linear function at each step. A
simplex algorithm provides a way of moving from a vertex to an other. For a long time, the Hirsch conjecture
postulated that the diameter of a polyhedron was bounded by m — n. This conjecture was disproved in
2012 by Santos [7]. The polynomial Hirsch conjecture postulates that there is a polynomial bound in n,m
for the diameter of a polyhedron. This problem is still open, the best bound today being quasi-polynomial.
Polynomial bounds have been proven for special cases of polytopes (bounded polyhedra) like 0/1 polytopes [8]
or transportation polytopes [9].

However, for the simplex method, it is not enough to bound the diameter of a polyhedron, because an efficient
simplex algorithm should be provided. The simplex algorithm we are going to study is the shadow simplex
algorithm. It consists in moving among the cones generated by the vertices instead of the vertices themselves.
As most simplex algorithm, some bad-conditioned setups give way to exponential-length path [10].

To avoid such cases, some hypothesis can be made on the polyhedron. For example, if all subdeterminants
of the constraint matrix are bounded by A, Brunsch & Roéglin [11] built a path between any two vertices of
length O(mA*n*). An other property we can use is the d-distance property, which measures, for a family of
linearly independent constraints, the distance between a constraint and the hyperplane generated by the other.
Brunsch & Réglin gave a O(mn?/62) bound using this parameter. In 2013, Eisenbrand & Vempala proved a
polynomial bound in n, 1/4, getting rid of the dependency in m. This bound was improved by Dadush & Héhnle

1) 1)
the algorithm of Dadush & Héahnle requires knowledge of 4. We will be working on the method they used to

in 2014, who proved an expected O (n In (n)) bound on the number of shadow simplex pivots. However,

get rid of this knowledge.

2 Notation, definitions and classical results

Denote by R, the set of nonnegative real numbers. Denote by (e;)1<i<n the canonical basis of R™. For

x,y € R™, let {x,y) = Z x;y; denote the inner product in R™. Let |x| = |x]2 = {(x,x), ||x|1 = Z |z;| and
%[0 = 1r2?<xn|xi| deno‘zelrespectively the euclidean, L' and L® norms. Let BY = {x € R" : HX\Z\ ; 1} and
Sn=1 = 0B% denote the euclidean unit ball and sphere in R”. We denote the linear span of a set A € R™ by
Span(A4). We write [x,y] = {Ax+ (1 — Ay : A € [0,1]} the line segment between x and y. We denote by
Vol(A) the Lebesgue measure of a set A  R™. For a set F' < R"™, we denote by conv(F) its convex hull. For
H < R™, define H* the set of all vectors orthogonal to all elements of H. For simplicity, for a family aj, - - - , ay,
of vectors, we write {ay,---,a,}" = (ar,---,ap)*t.

Let X be a random variable distributed on R™. We say that X follows an exponential distribution of parameter



A > 0 on R™ if X has probability density function proportional to x — e~ ¥l and we write X ~ Expga (N).

Definition 1 (Lattice). A lattice L is a discrete subgroup of R™. £ is said to be d-dimensional if dim(Span(L)) =
d. B=(by, - ,bg) € R"*? is said to be a basis of a d-dimensional lattice £ if £ = BZ™.

Denote the minimum distance of £ as A\{(£) = 1£n\f{ }”XH = ;i&nfﬁ |x — y|. Denote the distance of a point
b S 0 X#YyE
t € R™ to the lattice by d(L,t) = inﬁ [x —t| and the covering radius of £ as p(L£) = sup d(L, t).
xe teR™

Proposition 1. Let £ be a lattice, then there exist x € £,t € R™ such that A\;(£) = ||x|, u(£) = d(L, t).

Proposition 2. For two bases B, B’ of £, define | det(B)| = 4/det(BLB). Then |det B| = |det(B’)|. We note
det(L) the common absolute value of all determinant of basis of L.

Theorem 1 (Minkowski’s first theorem). Let £ be an n-dimensional lattice. Then \i(L) < y/n(det(L£))"/™.

Definition 2 (Closest vector problem). The closest vector problem (CVP) consists, given an n-dimensional
lattice £ and a target t € R™, in finding a point v* € £ so that

¢ —v*| = min ¢ - v].
vel
Definition 3 (Voronoi cell). Let £ be a lattice, we define the Voronoi cell of £ as
V(L) =f{xeR":Vye L x| <[x -y} = {xeR":Vye L,(x,y) <y, 9}

V(L) is the set of points that are closer to 0 than to any other point of the lattice.

Fory e L, let H, = {x e R" : |x]| < |x — y||}. Then V(L) = ﬂ Hy. We define VR < L the set of Voronot
yel

relevant vectors of the lattice as the smallest set of points of the lattice such that V(L) = ﬂ Hy.
yeVR

Two vectors of L are said to be adjacent if their difference is in V R.

For proofs of basic lattice results and more, see [12].

Proposition 3. Let £ be a lattice and x be a Voronoi relevant vector. Then |x| < 2u(L).
Proposition 4. Let £ be a lattice. Then v € VR if and only if for all w € L\{0, —v}, |v + 2w| > |v|.

Definition 4 (Voronoi norm). Let £ be a lattice and x € R™. We define the Voronoi norm of x by :
|x[vcy = inf{s > 0:x e sV(L)}.
It is a norm.

Proposition 5. Let £ be an n-lattice and vy,---,vy € L. Denote by m the orthogonal projector onto

(vi, -+, vg)t. Then 7(£) is a lattice, and its dimension is n — dim(Span(vy,---,Vg)).
Definition 5 (Cosets). For u,v e £, let us define
u = v( mod 2£) is and only if u — v € 2L.

This is clearly an equivalence relation. The equivalence sllasses are called the cosets of L. By taking a basis
(vi,-+-,vy) of L, every coset is represented by a unique Z g;v; for some €1, -+ ,&, € {0,1}, which proves that
there are exactly 2™ cosets. =
Definition 6 (Cone). A cone is a subset C' < R™ so that 0 € C and Vx,y e C, e R, x+y,Ax € C.
For aj,--- ,a; € R", define cone(ay, - ,ax) = {Zk: A AL, AR € R+} the cone they generate.

i=1

A cone is said polyhedral if it is finitely generated, and simplicial if the generators are linearly independent.



Definition 7 (7-wideness & J-distance). We say that :

o acone C' is T-wide if there exists a unit vector x € C such that x + 785 < C, which means that C contains
a ball of radius 7 centered on a unit vector.

o a set of linearly independent vectors ay,-- - , a satisfies the d-distance property if for every i € [1,k], a;
is at distance at least d|a;| of Span({a; : j € [1,k]\{¢}}). More generally, a set of vectors satisfy the
d-distance property if every subset of independent vector does.

« a simplicial cone cone(ay,--- ,ay) satisfies the 0-distance property if the set of its generators satisfies it.

Definition 8 (Polyhedron & normal cones). A polyhedron is a subset P = {x € R"Ax < b} of R™ for some
A e R™™ and b € R™. The rows of A are called the constraints of the polyhedron. A polyhedron is pointed
if A has full column rank, in what case P has vertices (a point of R™ where n linearly independent constraints
are tight). For such a vertex v, the normal cone Ny of P at v is the cone generated by the tight constraints
at v. A polyhedron is simple if all its normal cones are simplicial, is 7-wide if all its normal cones are T-wide
and satisfies the local d-distance property if all its normal cones satisfy the d-distance property. A polyhedron
satisfies the global §-distance property if its constraints satisfy the §-distance property. A polytope is a bounded
polyhedron. A d-dimensional face of a polyhedron is a subset of the polyhedron where the tight constraints
are n — d-dimensional. A vertex, an edge, a ridge and a facet are respectively 0-dimensional, 1-dimensional,

(n — 2)-dimensional and (n — 1)-dimensional faces.

For the proofs of the three following lemmas, see [13], lemmas 5, 16 and 19.

Lemma 1. Let C' = cone(ay,--- ,a,) bea simplicial cone. If C satisfies the d-distance property for some § > 0,

6
then C' is —-wide. Furthermore, for ¢ = Z H H c+ 82 cC.
n a;

Lemma 2 (§-distance lower bound). Let aj,--- ,a,, € S®~1. The following are equivalent :

1. ay,---,a,, satisfy the -distance property.

Z)\al

el

2. For every subset (a;);r of independent vectors, for every (\;)icr € RY, > dmax;es |-

Lemma 3. Let al, - ,a; be independent vectors satisfying the d-distance property and 7w be the orthogonal
projector onto ai. Then 7(ay), -+ ,m(ag_1) satisfy the §-distance property.

Definition 9 (Linear program). Let n,m € N*. A linear program of size (n,m) is an optimization problem
defined by a pointed polyhedron P = {x € R"Ax < b} for some A € R™*™ and b € R™ and an optimization
direction ¢ € R™. The linear program consists in finding

max c-x

xeP

and the value of x for which this value is attained.

3 Lattices and Voronoi cells

3.1 Wideness of the normal cones of the Voronoi cell

If we can lower-bound the wideness of the normal cones of the Voronoi cell, then using the shadow simplex
algorithm (see Section 5) we can get an upper bound on the number of cells crossed that is polynomial in the

dimension and the wideness of the cones. This is the purpose of the two following theorems.



A1 (L)

m-ﬂ)lde.

Theorem 2. Let L be a 2-dimensional lattice. Then the normal cones of the Voronoi cell are

Proof. In 2 dimensions, the normal cones of the Voronoi cell are generated by pairs of adjacent vectors in V R.
Let v,w € VR be adjacent vectors. First we prove that the triangle with vertices 0,v and w has sharp angles.
This is the case if and only if the inner products (v, w), (—w,v — w) and {(—v, w — v) are all nonnegative.

e v,w are adjacent so v—we VR and |[(v —w) + 2w|? > |v — w||%. Therefore (v, w) > 0.
o |lw—2v|? > |w|? so (v,w) < |[v]? and (—v,w — v) > 0. Similarly (—w,v —w) > 0.

Ilv-wll/2=licll sin(6)

Let now 0 < § < — be the non-oriented angle between v and w. Consider a unit vector on the bisector of 6.

vl 3

0
Then this vector is at distance 7 = sin > of the borders of the cones, and therefore the cone is 7-wide.
Now consider the circumcenter ¢ of the triangle, we have |c[| < u(£). As the triangle has sharp angles, c lies
inside it. Let «, 8 be the non-oriented angles between v and ¢, w and c respectively. We have a + 8 = . Using
the above picture and trigonometry, we find that
ML) _ v —wl
2p(£) 2[c|

= sin() < 27.

O

1
Remark. Consider the lattice in R? generated by v = (0,1) and w = (K ,— | and the cone generated by w

2
and w — v. For K big enough, all precedent inequalities are equalities except for the last one. But this last

inequality becomes tighter as K — 400, and is asymptotically an equality. Therefore the above bound on the
wideness of the normal cones in two dimensions is tight.
Theorem 3. Let L be an n-dimensional lattice and B < VR be a basis of L.

(L)

Then B satisfies the () -distance property.
2y/np(L)

Proof. Let B = (by,---,b,). Let B = (by,---,b,) be the Gram-Schmidt orthogonalization of B. By

Minkowski’s first theorem (Theorem 1), we have

n 1/n
AL(L) < V/n(det(B))V" = v/n(det(B)''" = vn (H ”Bi> :

As [B:] < b < 21(L), we have

ML)\" _ bl n
(%) < myenenr

But |b,| is the distance between b,, and Span(by,---,b,_1) = Span(by,---,b,_1) so b, is at distance at
)\ n
least <2\/%(/f()£)> [b,| of Span(by,--- ,b,_1). As we can reorder B as we want, this prove the theorem. [



det L
Remark. e We also have the e7—distauace property.

(2y/nu(L))"
e This bound is exponential in the dimension, so we can not use it to get a polynomial bound on the number
of cells crossed. However, the bound is not tight in two dimensions, and the inequalities in the proof are

coarse, so a better bound certainly exists in general.

3.2 Orthogonal projection of a lattice on a subspace

An other way of seeing the problem is simply to find a better analysis for the random straight line algorithm.
To do that, an induction on the dimension seems like a good idea. However, lattices do not necessarily react

well to projecting. This section tries to understand how "nice" would a lattice projection be.

Lemma 4. Let £ be a 2-dimensional lattice. Then any vector w € V R can be extended to a basis of the lattice
(u,w) e VRZ

Proof. We know that VR is a symmetric set that generates the lattice with at most 6 elements. Therefore
|[VR| € {4,6}. If VR| = 4, then VR = {+u, +v} and the lattice is a scaling of Z? and the result is trivial. Else,
VR = {tu, v, £(u—v)} for some u,v € L. Then the result is also clearly true, as any two linearly independent
vectors in V R generate V R, and therefore L. O

L. Then for any

Proposition 6. Let £ be a lattice and w € VR. Let m be the orthogonal projector onto w
x € R", |7(X)|vir(e)) < 2[%[v(z). This means that the projection of the Voronoi cell is included in twice the

Voronoi cell of the projected lattice.

Proof.
Vx e R™, |71(x)[viric)) < 20Xy & VxeR™, Vs >0, [12x[lyz) < s = [7(X)|vir(c)) < 8

!
V(r(£))

xR, Ixlye) <1 [ (%)
e ¥xeV(L), 7 (3) e V(r(L)

o Vxe V(L) ¥ve L, <”(2X) 7T(V)> < M
oW ew

(v, W)
[w2 [w]? v

[wi?

)

2
< V¥VxeV(L),VveL, <x

= Vxe V(L)W e L, [w|*x,v) — (x,w)(v,w) < [v|?|w]? — (v, w)?
Let us name (I) this last inequality. Let x € V(L£),v € £. Without loss of generality, we can assume x €
Span(v, w) (by projecting onto this subspace). We can also only consider the lattice generated by v, w, as its
Voronoi cell contains the projection of V(£). This reduces the problem to a 2-dimensional one.
If v, w are colinear, (I) is clear. Else, we have x = av + Sw for some «, 8 € R. We have :
(1) = a|w?[v]? + Blw[*¢v, w) — alv,w)? — Bl w|* (v, w) < [v]?*|w]? - (v, w)®

< ([VIP[w]? = (v, w)*) (1 = @) = 0

< «a < 1 by Cauchy-Schwarz inequality.
It remains to show that V(£) <] — c0,1]v + Rw. Assume first that v € VR. We will show that V(L) <
[-1,1]v + [-1,1]w. We know that V(L) is the convex hull of its vertices. But in 2 dimensions, any vertex of

V(L) is the circumcenter of a triangle with sharp angles generated by two adjacent vectors of V R, therefore any
vertex of V(L) belongs to conv(VR). Finally VR < [—1,1]v + [—1, 1]w which is convex. Therefore

V(L) € conv(VR) < [-1,1]v + [—1,1]w.



Now assume v ¢ VR. Then, extend w to a basis (w,u) of the lattice with u € VR (this is possible by lemma 4).
Then we have v = pu + qw for some p,q € Z,p # 0 and x = o'u + #'w for some o/, 3’ € [—1,1]. Then

/

x=2viplw €] — o0, 1]v + Rw.
p

p
O
Proposition 7. Let vy, ,v,, € R" be a family of linearly independent vectors. Let L be the lattice they
generate. Let k < m and let £’ be the lattice generated by vq,- -, vg. Let 7 be the orthogonal projector onto
Span(vy,---,vg). Then
V(L) n Span(vy, -+ ,vi) € ©(V(L)) = V(L).
and all these inclusions are strict in general.
Proof. Let x € V(L) n Span(vy,- -+ ,vg). Then n(x) = x and x € 7(V(L)).
Let x = 7(y), y € V(£). Then x € Span(£’) and for all ve £/,
2
v
v =y < ME
sox € V(L.
For the strictness, see Voronoi_3D_5.ggb with v; = SH, vy = SX for the first inclusion and v, = SﬂI, vy = SM
for the second inclusion. O

4 Delauney polytopes and sharp polytopes

When following the straight line, the problems arise when the target is almost equally close to a lot of points.

Here, we prove that if a point in space has exactly 2™ neighbors, then the lattice is orthogonal.

Definition 10 (Delauney polytope). Let K be a polytope in R™ with vertices vq,---,v, € R”. We say that
K is a Delauney polytope if there exists ¢ € R™ so that :

o Yi,je[1,p], |lvi —c| = |v; —c| (c is the center of a sphere containing all the vertices).
o Vi, j,ke[l,p], {vi —v;,vi — Vi) =0 (the angle (v;, v;, vi) is sharp).
The goal is to show the following theorem :

Theorem 4. Let K be a Delauney polytope in R™ with p vertices. Then p < 2™ with equality if and only if K

is a dilated n-dimensional hypercube.

Lemma 5. Let S be a convex n-dimensional set in R™. Then Vol, (S) > 0.

1
Proof. By translating, we can assume 0 € S. Let vy,--+ , v, € S so that det(vy,---,v,) > 0. Let A = —, then
n
A([0,1]vy + -+ [0,1]v,) € S as S is convex and 0 € S.

Therefore
0 < A'det(vy,- -+ ,vy,) < Vol,(9).

O

Lemma 6. Let A, B be convex, closed polytope in R™ so that A < B and Vol,,(A + B) = Vol,,(2B) > 0. Then
A= B.



Proof. First, let us show that for any x € 2B, for any € > 0,
Vol,,((2B) n (x + eB%(0,1))) > 0.

We can assume with a translation that x = 0, let S = B n (eB5(0,1)). S is the intersection of two convex set
S0 it is convex. By contradiction, assume that S is not n-dimensional. Then S ¢ H for some hyperplane H of
R™. As Vol,,(2B) > 0, 2B ¢ H so let y € 2B\H. We have

. € n _
min (1, ||y> y € (2B\H) n (eB5(0,1)) = S\H

which contradicts S ¢ H. By lemma 5, Vol,,(S) > 0.

Now let us show that A + B = 2B. By contradiction, consider x € 2B\(A4 + B). A, B are closed and bounded
in R™ so they are compact, so A + B is compact and therefore closed. This means that there exists some ¢ > 0
so that x +eB5(0,1) c R"™\(A + B). Let S = (2B) n (x +eB5(0,1)). Then (A + B) < (2B)\S so

Voln(A + B) < Vol,, (2B) — Vol,.(S) < Vol,(2B)

which contradicts Vol, (4 + B) = Vol,(2B).
Finally, let us show that B — A which will conclude. By contradiction, consider a vertex v of B so that v ¢ A.
Let d € R™ so that

{v}= argrgin<d, X) (d is a direction that v optimizes in B).
xe
Then, Vy € A, {d,y) <{d,v). Now let a€ A, b € B so that 2v = a + b. Then
2(d,v) ={d,a) +{d,b) < 2{d, v)
which is a contradiction. O

Lemma 7. Let K be a Delauney polytope in R™ with p vertices vy, -+ ,v,. Then p < 2.

Proof. First, let us show that for ¢ # j € [1,p], (v; + K)n (vj + K) = . By translating, we can assume
v; = 0. In particular, for all 4,k € [1, p],

vy =i, vi — vy = 080 (v, vi) < HViH2

(vj—=vi,vi = vy =050 vy, vi) = 0.
These inequalities are true whenever 0 is a vertex of K and will be used again is this context in other proofs.

P P
Let x = 2 AV € K for some Aq,---, A\, € [0,1] so that Z Ar = 1. Then
k=1 k=1

p p
6 vi) = 2 Mlvis viy < 3 Aelvall? = vl
k=1 k=1

P P
Let x = v; + Z AV € K for some Aq,---, )\, € [0,1] so that Z A = 1. Then
k=1 k=1

P
vy = Vil + X Alvi, viy = il
k=1

Therefore K and v; + K are separated by the affine hyperplane {x € R : (x,v;) = |v;|?} and K~ (v;+ K) = &.
We have

(vi+ K)={v1,---,vp} + K € K + K = 2K as K is convex.

-

=1



Assume that K is d-dimensional for some d < n, by lemma 5 we get Volg(K) > 0 so

C=

pVolg(K) = Voly ( (vi + K)) < Volg(2K) so pVolg(K) < 2%Voly(K) < 2"Voly(K).

i=1
Therefore p < 2. O
Remark. We did not use the existence of a center in this lemma, only the sharpness of all angles.

Lemma 8. Let K be an n-dimensional Delauney polytope in R™ with p vertices vq,---,v,. Let

L= (] {xeR":vivp)— v’ <vi= v < il = (vi v} -

1<i,j<p

Then K < L with equality if p = 2™.
Proof. Let i,j,k € [1,p].

0
<V,fv, Vi — Vi 0 SO<V'L_VJ’VJ><<VZ_Vj7vk><<V2_VJ,VZ>
J V]

(Vi =V, Vi — V) =
Y=

P P
Let x = Z Akvy € K for some Ay, .-+, A, € [0,1] so that Z A = 1. Let 4,5 € [1,p]. We have
k=1 k=1

p p P
DAV = Vv < Y AV = v Vi) < 0 AV = V5, Vi)
k=1 k=1 k=1
s0 (vi, Vi) — v [P < (vi = vy, x) < |[vil|P = (vi, vy)

soxeLand K c L.

Assume now that p = 2. L is clearly a closed convex polyhedron in R™. The (v;) are n-dimensional and L has
constraints in all the directions (+v;) so L is a polytope. Let i # j € [1, p].

Let x e v; + L, then

Vi = vy, %) = [ Vil = (Vi v + Vi v = v = vl 2 = vy
Let x € v; + L, then
Vi = v, %) < iy Vi) = [ Vi12 Vil = (i, vy = vl 2 = vy

Therefore v; + L and v; + L are separated by the affine hyperplane {x € R" : {(x,v; — v, = ||v;|? — |v;]?} and
(vi+ L) (v;+ L) = @ We now have

P
U(vi—kL)CK+LCL+L:2LasLisconvex
i=1

so pVol, (L) < Vol,, (K + L) < Vol,,(2L) = 2"Vol,,(L) = pVol, (L)
so Vol,(K + L) = Vol,(2L) > 0 by lemma 5.

By lemma 6, we have K = L. O

Lemma 9. Let K be an n-dimensional Delauney polytope in R™ with p vertices vy,---,v,. Let ¢ be the center

of a sphere containing all the vertices of K. If p = 2", then
Vie[l,p], 3j € [1,p], 2c — v, = v,

(the symmetric by c of any vertex is still a vertex).



Proof. Let i € [1,p]. By translating, we can assume that v; = 0. We only need to show that 2c is a vertex of
K = L by lemma 8. Let j, k € [1,p], we have

{ le—vil =lel { (2¢,v;) = v;?

le = vil = el 2e,vi) = |[vi]?

Therefore
Qc,vj —viy = |[vi|* = |Vil® € [(vj, viy = Vel v P — (v, vi)] so 2c € L.

Furthermore, as K is n-dimensional, the constraints tight at 2c are also n-dimensional, so 2c is a vertex of
L. O

Proof of Theorem 4. The first part of the theorem is given by lemma 7. We prove the second part by
induction on n € N*. If n = 1, the result is trivial as any two points in R form a segment, which is a 1-
dimensional hypercube. We now assume n > 2. If K is not n-dimensional, then p < 2"~! by lemma 7, which
contradicts p = 2". Now assume K is n-dimensional. Consider a facet F' of K. By translation and rotation we
can assume F' < R x {0} =: H and K < R"~! x R,. We can also assume by re-ordering the vertices that
F = conv(vy,---,v,) for some ¢ < p.
For i < ¢, we have H n (K + v;) = F + v;.
For i > ¢, we have v; e R"™! x R* so H n (K + v;) = . Then

P P q

2K = | J(vi+ K) 50 2F = 2K) n H = | J(vi + F) n H = | J(vi + F).

i=1 i=1 i=1
Furthermore, for i € [1,¢], K and v; + K are separated by {x € R" : (v;,x) = |v;||?} therefore so are F' and
v; + F. By translation, the (v; + F) are all disjoints, so

2" Y(F) = q(F).

F is a facet so it is convex and (n — 1)-dimensional, so by lemma 5, we have (F) > 0 and ¢ = 2"~!. As
the projection on H of the center of a sphere containing all vertices of K is the center of a sphere containing
all vertices of F', F is clearly a Delaunay polytope in H, and as it has 2"~! vertices, we know by induction
that F is a dilated (n — 1)-dimensional hypercube. By rotation and translation, we can assume that F =
[0,A1] x -++ x [0, An_1] x {0} for some A1, -+, A\,—1 > 0 and that K < R""! x R;. Let ¢ = (c1,---,cp) be
the center of a sphere containing all vertices of K. \;e; is a vertex of F so it is a vertex of K and we have

s
e — Niei| = |lc| so ¢; = =. If ¢, <0, consider a vertex of K with positive last coordinate (exists as K is not
included in H), then its symmetric by c is a vertex of K (by lemma 9) with negative last coordinate, which
contradicts K < R*"! x R,. Therefore ¢, > 0. Let \,, = 2¢,,. By lemma 9

{Vlv"' ,Vq}U(QC—{Vh'“ >Vq}) = {V1>"' ’Vp}

and those two sets have the same cardinality, as ¢, > 0 so F n (2¢ — F') = . The vertices of K are therefore
exactly the set {0, A1} x -+ x {0, \,} and K = [0, A\1] x -+ x [0, A;] is a dilated n-dimensional hypercube. [

Definition 11 (Sharp polytope). Let K be a polytope in R™ with vertices vy,---,v, € R". We say that K is
a sharp polytope if Vi, j, k € [1,p], (vi — v;,v; — vy = 0 (the angle (v;,v;, vi) is sharp).

Remark. Delaunay polytopes are special cases of sharp polytopes.

Theorem 5. Let K be a sharp polytope in R™ with p vertices. Then p < 2™ with equality if and only if K is a

dilated n-dimensional hypercube.
Remark. We can therefore get rid of the condition of existence of a center in Theorem 4.

Lemma 10. Let K be a sharp polytope in R" with p vertices vi,---,v,. Then p < 2.

10



Proof. The proof is exactly the same as for lemma 7, as we did not use the existence of a center. O

Proof of Theorem 5. The first part of the theorem is given by lemma 10. We prove the second part by
induction on n € N*. If n = 1, the result is trivial as any two points in R form a segment, which is a 1-
dimensional hypercube. We now assume n > 2. If K is not n-dimensional, then p < 2"~! by lemma 10, which
contradicts p = 2. Now assume K is n-dimensional.
Let d < n. Consider a d-dimensional face F of K. By translation and rotation we can assume F' < R%x {0}"~¢ =:
H. We can also assume by re-ordering the vertices that F' = conv(vy,--- ,v,) for some ¢ < p.
For ¢ < ¢, we have H n (K + v;) = F + v,.
For i > ¢, we have H n (K + v;) = ¢J. Then

P P q

2K = | J(vi+ K) 50 2F = 2K) n H = | J(vi + F) n H = | J(vi + F).

i=1 i=1 i=1

Furthermore, for i € [1,¢], K and v; + K are separated by {x € R" : (v;,x) = |v;||?} therefore so are F' and

v; + F. By translation, the (v; + F') are all interior-disjoints, so
29Voly(F) = qVoly(F).

F is a d-dimensional face so it is convex, so by lemma 5, we have Volg(F) > 0 and ¢ = 2¢. F is clearly a sharp
polytope in H, and as it has 2¢ vertices, we know by induction that F' is a dilated d-dimensional hypercube.
Therefore, any proper face of K is a dilated hypercube.

Now fix a facet F' of K. We can assume that F' = [0,A1] x --- x [0, A\,—1] x {0} and that K < R"™! x R;.
Consider the ridge Ry = [0, 1] x - -+ x [0, \,—2] x {0}2. There exists a facet F} of K sharing the ridge R; with
F. As F) is a dilated hypercube, there exist a vector v; € R{- so that F; = Ry + [0,1]vy. vy € Rll so there
exists some z1,y; € R so that vi = (0,---,0,21,y1). vi € K so y; = 0, and as F and F; can not be in the
same hyperplane, we have y; # 0 so y; > 0. We know that any vertex w of K satisfies (w, \;e;» = 0 for any
i€[l,n—1] so K c (R;)". Therefore F = K n {0}""2 x R? is a face of K. F is at most 2-dimensional, and
as it contains \,_1e,_1 and v, F is exactly 2-dimensional. It is therefore a rectangle, and three of its vertices
are 0, \,_1e,_1 and v;. Let w € K be the fourth vertex. w e K n ({0}"~2 x R?) so w = ae,,_; + e, for some
a,8=0. As F c {0}"2x(Ry)?, [0, \,_1€,_1] is aside of F. The other side has to be [y1€,, y1€n+An_1€,_1],
so either x1 =0, a= A1, B=wy10or 21 = A1, =0, 8 = y;.

By contradiction, assume 1 = A\p,—1, @ = 0, 8 = y;. Then \,_1e,_1 € F} + \,_1€,_1 and w = yje, =
(An—1€n—1t+y1€n) —An—_1€n—1 € F1 — An_1€,_1. There are elements of K on both sides of F;, which contradicts
the fact that Fj is a facet of K. Therefore z1 = 0 and vi = y,e,.

Finally, consider the ridge Ry = Ry + A\,_1e,_1 of F, and the associated facet Fy of K. Similarly, we know
that Fy = Ry + [0, 1]vs for some vy = ysey,, y2 > 0. 0, \,_1€,-1, V1, Ay_1€,_1 + Vo are vertices of K so

(vi—=0,vi— (va+ An1€n-1)) = 050 y1(y1 —y2) = 050 y1 = ¥

{(va+ An—1en—1) — An—ien—1, (V2 + Ap_1€4-1) — 0) = 050 y2(y2 — 1) = 0 s0 y2 = y1.

Therefore 3, = 2 and vi = v = y1e,. Fi, Fy both have 2"~! vertices, and all those vertices are disjoints so

they are all the vertices of K. Therefore,
K = COHV(FlaFQ) = ConV(RlvRQ) + [07 1]V1 =F+ [Ovyl]en = [07)‘1] X X [07)\77,71] X [anl]
so K is a dilated hypercube. O

Theorem 6. Let L be an n-dimensional lattice in R™. Let t € R™ and let A(t) be the set of closest vectors to
t. Then |A(t)| < 2™. Furthermore, if |A(t)| = 2™, then the lattice is orthogonal.

11



Proof. Let u,v,w € A(t). We want to show that (w —u, w—v) > 0. We can assume by translating that v = 0.
Then

[u—t* = w—tJ* = Jul* - |w|* = t,u—w)

and

0< [t —(u—w)* = [x]* = Ju—w[* -2t u—w) = 2w —u,w).

Let K = conv(A(t)). Any strictly convex combination of elements of A(t) is in [|t|B(t, 1) so no element of A(t)
is a convex combination of the others. Therefore K is a sharp polytope with |A(t)| vertices. By theorem 5,
[A(t)] < 2™,

Assume there is equality, then K is a dilated hypercube and A(t) = {0, A1} x -+ x {0, A\, } after rotation and
translation for some Ay, -+, A, > 0. As two distinct points of A(t) can not be in the same coset of £ — else their
average would be strictly closer to t — we know that A(t) contains representatives of 2™ cosets of L, therefore
of all the cosets of L. A(t) therefore generates £, and L is orthogonal. O

5 Shadow Simplex method for linear programing

We recall that a way to measure the efficiency of a simplex algorithm is to bound the number of simplex pivots —
ie the number of vertices crossed during the algorithm. In [13], Dadush & Bonifas found a polynomial bound in
the dimension, the number of constraints and the parameter § of the §-distance property. However, they needed

in the algorithm the knowledge of §. In this section, we simpler algorithms that do not need the knowledge of 9,
mIn(m/d)

with no additional cost in the bounded case and at a cost of O | —————=
nln(n/d)

) on the number of shadow simplex

pivots for the general case.

In the shadow simplex method, instead of moving from a vertex to another until the optimal solution is attained,
we look at a dual version of the problem : to each vertex is associated a normal cone, defined by the tight
constraints at this vertex. We move among normal cones, each step crossing a common facet of two adjacent
normal cones. Therefore, the distance between two vertices is bounded by the number of crossings, as given a
path among normal cones we can obtain a path among vertices of same length. Let A = (ay, - ,a,,) be a set

of unit constraints defining a LP, satisfying the J-distance property.

5.1 Special case : bounded polytopes

Lemma 11. Let C' = R™ be a cone, a,b € R, v > 0. Then

Cnlab]l# < Cnlya,b]#d.

Proof. C n[a,b] # & < C ncone(a,b) # & < C ncone(ya,b) # & < C n[ya,b] # J. O

Lemma 12 (Path crossings Bounds). Consider X ~ Expgn.(1) and ¢,d € R™. Let 7 = (C})er be a partition
of R™ into n-dimensional interior disjoint polyhedral 7-wide cones. Define 07 = U 0C;. Then :

iel

L E[fe+ X, d+ x] o7 < 19=¢l
T

2 1
2. Let ae (0,1], E[|[c + X,c+ aX] n 0T]] < —In | =
T (0%

3 Let0<e<lE|||X —x+—1a|nor|| <o (1l 1l 20y (1YY
1+¢ 1+¢ er T T e

12



Proof. 1 and 2 are proven in [13], Theorem 10. Let us prove 3. We have :

E H[X, X + ld] ) BTH =E [I[X,X + 1d] o) 6TH by lemma 11
1+e¢ 1+e¢ €

d
<uby 1.
ET

Furthermore :
IEH[X, £ x4+ 1d] maTH —E[[X, X +d] ~T]] +me+d,x+ 1d] ma’rH
1+¢ 1+¢ €
=E[|[X,X +d] ndT|]+E[|[X +d,eX +d] n T]]

d 2 1
< —H ” + P in <> by 1 and 2.
T €

T

Algorithm 1: Straight line Shadow Simplex algorithm
Input: Polytope P = {x € R" : Ax < b} with m constraints, objective d € R", feasible basis B < [1,m]
Result: Optimal basis B < [1,m]
coy
= ladl”
Sample X ~ U(S"1);
Follow segments [c, X],[X, d] using Shadow Simplex;

return current basis

Remark. Algorithm 1 correctly computes an optimal basis for the objective d.

Theorem 7. If P satisfies the local 6-distance property, the expected number of shadow simpler pivots in

3
Algorithm 1 is O (%m (Z))

Proof. We will bound separately the number of crossings with segment [c¢, X] (¢ — X) and with segment [d, X ]
(d — X). Let r ~ Expg, (1) independent of X, then rX ~ Expg.(1). By lemma 11, scaling X does not affect

the number of shadow simplex pivots, so we can assume that X is exponentially distributed conditioned on

)
[X] < 2n in the proof. By lemma 1, the normal cones of P are —-wide.
n

a; ) €

For ¢ = — X, consider ¢ = — and v = X + c. Then
=l 4n? 1+¢ 1+e¢
€ 0
—v| = X—c|<e2n+n) < —.
o= vl = T—IX —c| <=(2n+m) < =
By lemma 1, we know that ¢ and v are in the same cone, therefore there are no shadow simplex pivots between
3

them. If X were not conditioned on || X|| < 2n, we would get by lemma 12 that E[N] = O <T; In (Z)), where

N is the expected number of shadow simplex pivots between v and X. As E[X] = n, | X|| < 2n with probability
greater than 1/2 by Markov inequality and

n3 n

E[N||X| < 2n] < 2E[N] = O <5ln (5)) .

The same line of reasoning enables us to bound the expected number of crossing for a conditioned random

variable the same way we would for an unconditioned one.

13



26 1
For X — d, consider ¢ = ———— and v = X4+ -—d By rescaling we can assume |d|| = 2. For
3n(n+1) 1+¢ 1+e

€ : .
A€ [O, 1-1—6]7 let vy = AX + (1 — A\)d. Notice that v = v_/14.) Let us write vy = 2 o where o) is the

I ZH

a
coordinate associated to —— in vy (a = 0 if v is not in a normal cone generated by a;). At most n of the

Jai i
a} are non-zero for any A. Then for any normal cone C' = cone((a;);ecs) entered at A\, (C) and left at Aou; (C),

we have
()‘ln(c) - Aout(C))(2HXH + 2) = ()\m(C) - Aout(c))(HXH + HdH) = H()\m(C) - Aout(c))(X - d)”

= [Van(©@) = Vao (@)l

)\in c )\out c a
Z(aj ( )7043‘ ( ))

2 fal
in(C AXout
§maJx\a ( )—a « |bylemm32
J€
c Xout (C
=4  Max |a =(C) _ o o )| as the other coefficients are zero.
<i<m

. c s . . € .
Therefore, for any i € [1,m], the total variation of coefficient ;> for \ varying between T and 0 is at most
€

Ain(C Xout (C X||+2 X +2)e X[|+2)e 2
Z ‘Oéi () —a; o( )| < ” |l Z ()\m(c) _ )\out(c)) < (”6(1||+E)) < (” Hé ) < E
C crossed by [X,d] C visited
~ 0 0 o 2 thie
Write d = Z ajaj, |[J| =n, then 2 = ||d| < Z aj so at least one of the oy is greater or equal to — As this
JjeJ jeJ
2
coefficient varies by strictly less than — between v and d, it was already positive in v and stays positive all the
n
way to d.
Consider 7 the orthogonal projector onto a] ,
by m. Then, as a change of cone corresponds to a coefficient going to zero, and as the coefficient associated

and consider, for any cone with a; in its set of generator, its image

with a; can not go to zero, any change of cone corresponds to a change of cone in the projection. Therefore,

denoting by (C;)ier the cones, we have

El[vd]mU&Ci

el
a; does not depend on the choice of X, but only on d. Therefore, 7 is a deterministic function and 7 (X) is

[7(v), m(d)] » U o(m(Ci))

a; generating C;

N

E | |[x(X),7(d)] n U o(m(Ci))

a; generating C;

a rotationally symmetric variable, as a deterministic projection of a centrally symmetric variable. This means
we can normalize it to make it uniform over S*~2. We can also normalize 7(d) so that its norm becomes 2 (if
this projection is zero then d is generated only by a; and we are done). The projected cones still satisfy the

d-distance property, so we can iterate and get :

E [ (X, d] n [ JoCi| | < DB | |[mr(X), mr(vi)] A U Ame(CN|| +0(1)
el k=1 aj,,,a;, generating C;
where 7, is the orthogonal projector onto (aj,, - ,a;, ). Therefore
3
IE[[X dl n| Joc; Z (”"” L <1>>:O<721n<1)>.
iel k=1 € <

O

Remark. As opposed to Algorithm 1 of [13], the knowledge of ¢ is not necessary. Furthermore, the algorithm

is simpler, as it only follows a straight line.
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5.2 Generalizing to the unbounded case

We are now able to solve a bounded LP without any knowledge of §, assuming we have a feasible point. These
two hypothesis are however really strong. Therefore, we want to extend our result to general LPs. To do so, it
is enough to be able to solve unbounded LPs, because then we can find a feasible point by solving m successive
unbounded LPs (see [13], Theorem 9 for more details). The problem here is that if we take X to be a centrally
symmetric random variable, X could be outside the union ¥ of the normal cones of the polyhedra, and therefore
it is not possible to use Shadow Simplex from ¢ to X to d, as we could meet an unbounded ray. This problem
does not happen if X € ¥. We will therefore sample X at random in ¥.. To do so, we could sample X as before,
conditioned on X € 3, but we have no way of checking if a point is in ¥ more efficiently than solving an LP,

which would defeat the purpose.

Definition 12 (Cone-exponential distribution). Let C' = cone(ay, - ,a,,) be a cone. We say that a random

variable X follows a cone-exponential distribution with generators ay,- - , a,, if there exist independent random
m

variables A1, - , A, following exponential distributions of parameter 1 on R so that X = Z Aa;.
i=1

Proposition 8. Let X be a cone-exponentially distributed random variable with generators ay,--- ,a,,. Then

X has borelian probability measure p = p1 * - - - % p,, on R™ where :

o For all i € [1,m], p; is the borelian measure on R™ defined by
+00
VA < R" borelian, pu(A) = / Ta(tas)e tdt.
0

 xis the convolution between measures, namely if v, 7 are borelian measures on R™, for all borelian A ¢ R™,

we have

e = [ Laber v x )y,
R7 xR™
where v x 1 is the product measure of v and 7.

Remark. e = is an associative and commutative operator by Fubini’s theorem.
e For all A < R" borelian, for u, v borelian measures on R,

n(4) = [ 1) = [ aux)

and

(1 * p2) (A /W/n]lAX'Fde )dv(y /n/n]lAy Jdu(x)dv(y) = /nul(A—y)duz(y)

Lemma 13. Let X be a random variable following a cone-exponential distribution with generators aj,-- -, a,,.
If the generators induce a fully-dimensional space on R™, then X has a density with respect to the Lebesgue
measure.

Proof. If m = n, let
n
fanHRn, (t17-~,tn)r—>2tiai

f is continuous. Let A be a borelian set with Lebesgue measure 0, then so is f71(A). Let A = (A1, -+, \,) be
independent random variables following exponential distribution of parameter 1 on R so that X = Z Aia;. A

i=1
trivially has a density on R™. Then

,ul*"'*,un(A):P(XGA):]P)(Aefil(A)):0
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and X has a density with respect to the Lebesgue measure by Radon-Nikodym theorem. If m > n, after re-
ordering we can assume that a;,--- ,a, are linearly independent. Let v = py - %y, and = fp41 %« - % .
Let p = v =1 be the probability distribution of X. Then for any borelian set A with Lebesgue measure 0, we

have

p(A) =) = [ (4= y)dnty) =0

as v is absolutely continuous with respect to the Lebesgue measure. Therefore, by Radon-Nikodym theorem,
X has a density with respect to the Lebesgue measure. O

Lemma 14. Let X be a random variable following a cone-exponential distribution with generators ai,--- ,a,,

and let p be the associated probability measure. Then

1. For any i € [1,m], for any s = 0, for any borelian set A, u(A + sal) = e *u(A).
2. If u has a density f, then the set £ = {x € R" : f(x + sa;) = ¢~ *f(x)} has measure 1.

Proof. 1. For A c R™ borelian, for s > 0 and i € [1,m],

+00

+00 +0o0
pild s sa) = [ e M tadde = [ At - ande = [ e attadt > e ()
0 0

—S

Therefore, denoting p_; = puq * -+« % f1;_1 * [1;41 * - - = * [y, We have

H(A + say) = / A=y + sadpi(y) = e / (A= ) dpa(y) = e u(A)

2. If E does not have measure 1, consider an ¢ > 0 and a borelian set B with no-zero measure so that
Vx € B, f(x+ sa;) < e *f(x) — & — if £, B do not exist, we can prove by taking the union over all ¢ = 1 that
FE that measure 1. Then

0 < u(B+sa;)—e u(B) = /B+ f(x)dx — /B e f(x)dx = /B(f(x +sa;) —e °f(x))dx < —eu(B) < 0.

This is a contradiction. O

Algorithm 2: Straight line Shadow Simplex algorithm with cone-exponential distribution

Input: Polyhedron P = {x € R" : Ax < b} with m constraints, objective d € R", feasible basis
B c [1,m]
Result: Optimal basis B < [[1,m]

D

il
€B
Sample Ay, - -, Ay, independent random variables following Expg, (1) conditioned on A; <1

Set X = Z Aiag;
i=1
Follow segments [¢, X, [X, d] using Shadow Simplex;

return current basis

Theorem 8 (Path crossings Bounds for cone-exponentially distributed middle point). Let 0 < p < n and let 7
be the orthogonal projector onto (ay, -+ ,a,)". Let T = (Ci)ier the set of normal cones of A hamng ap, - ,ay
among their generators, they partition a convex cone and meet at faces. Let w(T) = (w(C;))ier. Assume these
cones are n-dimensional, interior disjoint and polyhedral. Consider X following a cone-exponential distribution
with generators aj,--+ ,a,, and c,d € R™ conditioned on X < m (can be done easily by conditioning all the

components to be smaller than 1). Then :

1. E{|[r(c) + (X)), n(d) + 7(X)] n on(T)|] < %Hd —cl.
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2. Let e (0,1], E[|[r(c) + 7(X), 7(c) + an(X)] A an(T)] < 2 In
|70 oor (30 4 )| om(r)| | < min (Spla Bl + 25 (2)).

3. Let0<e<1,E
1+¢ 1+¢

Proof. Note that if we prove 1 and 2, 3 follows immediately with the same proof as in lemma 12.
We will follow the proofs of lemmas 21-25 of [13].

Let p be the probability measure of m(X). =w(X) follows a cone-exponential distribution with generators
m(ay), - ,m(a,). Let pi, -, be the probability measures associated with w(ai),- - ,7(a,,), so that
W= p1 * - % . By lemma 13, p admits a density f with respect to the Lebesgue measure on 7(R™).

Let ¢ € I, by re-ordering the constraints we can assume that C; is generated by aq, - - - . Let 7 = —, we know
n’

that C; is 7-wide by lemma 1. Let u = Z —a; € C;. We know by the proof of [13], lemma 5 that u+ 785 < C;
i= 1
and [[uf <

1. Let F be a facet of w(C;). m(X) has a density with respect to the Lebesgue measure, therefore the line
segment [7(c) + 7(X), w(d) + 7(X)] passes through F at most once. By linearity we see that

Ef[[(c) +7(X), 7(d) + m(X)] n on(Ci)]] = Y PIFA[r(e) +m(X),x(d) + 7(X)] # &].

F facet of w(C;)

We now bound the crossing probability for any facet F'. We first calculate the hitting probability as

PIF n [(c) + m(X), m(d) + n(X)] # F] = Px(X) € F — [r(c), 7T(d)]]=/F . f(x)dx

_ n, w(d) — ( >\/ / F(x)dxdA
(1=X)m(c)+An(d))

< |d-—- CH/ / f(x)dxdA
0 JP—((1=N)m(c)+rr(d))

where n is a unit normal vector to F in Span(C;). Bounding the hitting probability therefore boils down to
bounding the measure of a shift of the facet F. We know that 7(u) +77(B%) < w(C;), which means that, letting
= |(n,7(u))|, we have h = 7. For any shift t € 7(R™), we have that

+o0
/ f(x)dx:/ / - 1 f(x)dxdr
F+t+cone(m(u)) 0 _ —
freer h ; n
+00
// e ;/F . i 1 f(x)dxdr
“h = n"
> > / e dr by lemma 14
F+t
_ /
F+t
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From that we get

1
Bllfr(o) + r(X),n(d) + 7] non(Coll < ¥l [ [ £(3x)dxdA
F facet of 7(C;) 0 JF—((1-X)m(c)+Am(d))
< ld—c| / f(x)dx
T 0 F facet of x(Cy) F—((1-=X)7(c)+An(d))+cone(u)
B 1
< Id —ef / / f(x)dxdA
T 0 J7(Ci—((1=A)c+Ad))
as the F' + cone(w(u)) partition the cone 7(C;). Therefore
E[|[7(c) + n(X),w(d) + m(X)] n on(T ZE X),m(d) + 7(X)] n on(Cy)]|]
el
Hd —cl / / F(x)dxdA
=7 /7 (Ci—((1=N)e+2d))

We proved in the proof of theorem 7 that the 7(C;) are disjoint, therefore so are the 7(C;) — ((1 — X)c + Ad)
for any A € [0,1]. Therefore

2 [r(e) + 7(0).w(@) + xC0) nan(Dl) < =L [ F(x)dxdA

Uier 7(Ci—=((1=X)c+Ad))

o 1
_Id c“/ < 2 —c|
T 0 6

2. Let F be a facet of 7w(C;), let n be a unit normal vector to F' so that (m(u),n) > 0. By linearity we have
that

E[|[7(c) + 7(X),7(c) + am(X)] n on(Cy)|] = Z P[F n [r(c) + n(X), m(c) + an(X)] # &].
F facet of C;

Furthermore,

P[F  [r(c) + 7(X), 7(c) + an(X)] # @] = P [W(X) e [1, ;] ~(F— ﬁ(c))]

- /11/a /F_M(c) [(n, ()l f(x)dxdr

Again, letting h = |(n,w(u))| = (n,7(u)) = 7 and t € 7(R™), we have

[ s - ey IO
_ /(:OO /F+t e+ ()] £ (x+ a(w) dxdr
> /O - /F . (n,x+ %W(u)>‘e_’"/h F(x)dxdr
-/ o e o

—h2/+ool
0 h

h
z 5] [ flx)dx
F+t

(n,t) +rje "dr f(x)dx

F+t
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Therefore we have

1/
Elllx(c) + 7(X),7(c) + an(X)] n ox(C)] < Y] / ! /F [ rr(eplfx)axar

F facet of 7(

2 Ve
<? / / I (o¢)dxdlr
F—rx(c)+cone(m(u))

F facet of w(C;)

<2 "l /  Ixlreoaxar

Therefore
E[|[7(c) + 7(X),n(c) + an(X)] n on(T ZE X),7(c) + an(X)] n or(Cy)|]
iel
1/0& 1
/ / el (o)
zEI (Ci)—rm(c)
1/ 1
< / / |x| f(x)dxdr as 7(C;) are disjoint
Ujer 7(Ci)—rm(c)
on (Y1 2nm -
<5 : B[ X[]dr < == ( > as E[| X||] < ;
O
Remark. e By choosing the cone-exponential distribution, we lose a factor m on the second bound.

e The projector 7 is useful when inducting on the dimension.

Theorem 9. If P satisfies the local 6-distance property, the expected number of shadow simplex pivots in
2

Algorithm 2 is O ("m In (?))

Proof. The proof is the same as for theorem 7, the theorem 8 giving all the necessary bounds on the number of

5
crossings. However, as | X| is now bounded by m, we have to take ¢ = O <> O
m

Remark. The big difference with Algorithm 1 is that Algorithm 2 takes as an input a polyhedron P poten-
tially unbounded. As X is sampled inside the cones, we can follow the Shadow Simplex. This is done at a cost

mIn(m/d)
of 0 ( nin(n)5)

) on the number of shadow simplex pivots.
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Travel experiences

Before going to Amsterdam, I worked from Paris for around three weeks, as the Covid restrictions would not
have allowed me to go to the lab more than twice a week. I went to Amsterdam at the beginning of March.
There, I was living in a room whose landlord CWI put me in relation with. As it is often hard and expensive
to find a place in Amsterdam, I was glad to find something so easily. I was at five minutes walking from the
lab, so it was really easy to go there, even if I could also work from home due to Covid restrictions.

I was surprised to see that most of the people there were either PHD students or postdocs : for a team of
approximately 20 people, only 3 were senior researchers. It made the integration easy, as they had almost the
same background as I did.

During my internship, I also followed a course about Algorithmic Game Theory, given by Prof. Dr. Guido
Schéfer, who was also a member of the team. This course had no relation with the topic I was studying, but it

was interesting to discover.
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