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Abstract

We study in this report the fluctuations arising from linked random matrix models and free
fermions models. More precisely, we show that for linear statistics of eigenvalues arising from
the Elliptic Ginibre Ensemble, a uniform Central Limit Theorem arises, with the variance being
the sum of the H' norm of the test function on the ellipse £; and of the H'? norm of the
test function on the boundary of the same ellipse. We also study the covariance structure of
a harmonic oscillator model of free fermions, which we show to correspond to a weighted H 1/2
norm on the bulk.
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1 Introduction and main results

1.1 Random matrix theory

Random Matrix Theory is a very dynamical field of study nowadays. The basic idea is to take some family

of random variable (X;;); jen- with some hypothesis on the law of the variables and their respective inde-
pendance and to study the distribution of the eigenvalues of the matrix ﬁl’[ NXIIy, where f(N) is a

certain normalization (which usually turns out to be f(N) = v/N), and the N x N-sized matrix TTyXIIy



is defined (HNXHN)U = X,; for 1 <i,5 <N (Il will be seen later as a projection operator).

A first model that might come to mind would be when the (X;;) are iid (independant, identically distributed)
zero mean complex random variables with variance 1. This model has been already widely studied, for in-

stance in [3], and as N — oo, the eigenvalues concentrate uniformly on the unit disk in the complex plane
D={z|z| <1}.

Another standard model that might come to mind, is when the matrix is Hermitian : X;; are iid mean
zero complex random variables of variance 1 for ¢ < j and for ¢ # j, X;; = Xj;. Then, the eigenvalues of
ﬁl’[ NXIIy are real (the matrix is hermitian) and as N — oo, they tend to be distributed according with

the semi-circular law %MHMQ.

There are a lot of further question that can be studied. The first part of what we are going to study concerns
the special case when the X;; are furthermore gaussian. What will be of interest to us is the fluctuations
behind these behaviors previouly mentionned. Let us make that more precise.

Perhaps the most standard model in random matrix theory is actually the Gaussian Unitary Ensemble
(GUE), which describes the process of the eigenvalues of a conveniently normalised N x N Hermitian matrix
with independant and standard complex gaussian entries in the upper-right triangle. This model has been
widely studied in the literature already [2]. Our point of interest will be linked to the fluctuations of the
linear statistics of this process : denoting /\fv ! the points (eigenvalues) of the process, in [I2] it has been
proven that for a polynomial f : R — R the following convergence in law of the linear statistics holds

N N
Z f(Afw) —E (Z f(/\zz‘v’l)> Nic N(Ovo'?‘,GUE) (1)

where, denoting F(0) = f(2cosf),

1 PR 1 @)= fw[F 4-ay
o? = k|F(k)F(—k) = / dady.
Fue zkEEZj\ FOFR =55 | Ty | iy

There are several generalisation possibles of this model and the fluctuations of some of such generalisations
are what are of interest here.

1.2 Determinantal point process

Another way to look at the GUE is to see it as a random point process : we study only the eigenvalues of
the matrix, we therefore end up only with a random set of NV points in R. What makes the GUE easier to
study is that it’s a particular kind of point process : a determinantal point process. That means that for
borel sets By, ..., By C R, we have

E@ ): det  Kn(zi,2;) ) day ... dey,
ANEB, . ANEBy /131><~~~><BN (1939{ ~(w; xﬂ) z1...doy

which is the general form for any determinantal point process, and in the case of the GUE, the kernel

Ky(z,y) is
N-1
1 N N N =242
Ky(z,y) = E QT],HJ (\/ 293> Hj (\/ 22/) —e N

7=0
where the H; are the Hermite polynomials H;(z) = (—1)3'6“”2%6’”52. The reason we look at this model
in this way is that determinantal point processes tend to have a nice expression for observables of linear



statistics, as already widely seen in [12]. For instance, taking f : R — R, the expectancy of the linear

statistics can be written as N
E (Z f(Aﬁv)> = / f(x)Kn(z, v)dz
i=1 R

and the variance can also be written

N N 2
(Z f()\fv) -k (Z f(/\fv)>> = /Rf(x)QKN(x,x)dx— . f@)f(y) Ky (z,y)*dady.

Some more general formulas will be used for the study of the fluctuations, and notably for their cumulants.
For a more complete introduction and general facts on determinantal point processes, we refer to [I7].

1.3 The Elliptic Ginibre Ensemble

For the first part then, we study an interpolation between the GUE and another classical model : the Ginibre
ensemble, which is the process of the eigenvalues of the matrix described in the first part of the introduction,
where all the X;; are independant, and we assume furthermore that they are standard gaussian. To define
the interpolation model, called the elliptic Ginibre ensemble, let us take 7 € [0,1] and H; and Hs two ma-
trices sampled independently from the GUE. The elliptic Ginibre ensemble is the process of the eigenvalues

of the random matrix ,/HTTH 1+ 14/ 1_TTH2. We recover the GUE for 7 = 1 and the Ginibre ensemble for

7 = 0. Another way of seeing it is that for i sampled from the 7-elliptic Ginibre ensemble, E(H;; H;;) = .
It has already been Widely studied in [I0] and the process asymptotically concentrates uniformly in an ellipse

- (Rez)? (Imz)?
& ={zeC § + = <1},

We will be interested here by the fluctuations of the linear statistics of the process ; we will follow the
reasoning of [I3], and we will show a resembling generalization of the following main theorem of [I3] valid
for the Ginibre ensemble :

Theorem 1. If f grows at most exponentially fast at infinity and is differentiable in (14¢)D for some e > 0,
we have the Central Limit Theorem

3 o0 -s(S 1 ) 2o NG+ )

where
vim 3= [IVIP and ohon =5 3 W[ | @
keZ
and the Fourier transform is the usual Fourier transform in OD.

We will actually show two fluctuations theorems. The first one is a direct generalisation of [I] and of the
result [I| given in [13] : defining the Fourier transform in 9&;,

k
FOEI) = s [ 1) (T~ i) anes), ®)

where A(%€7) is the Lebesgue measure on 0&,, the following two expressions will be contributing to the
variance of the limiting distribution

1 1 5+ 2
The = g [ IVIF and adoe = g 3 k[0 b (4)

kEZ

so denoting /\ﬁv’T the points of the process, we can now state the first main result of the study :



Theorem 2. Fort € [0,1), if f grows at most exponentially fast at infinity and is differentiable in (1+¢)&;
for some € > 0, we have the Central Limit Theorem

N

N
> FT) -E (Z JOY ’T>> S N(0,07 e, + 03 0e,)-
=1

i=1

In regards to the result [1fin [I3], this is not surprising. We end up with the same covariance structure, show-
ing that the process behaves as the sum of a H' noise on the ellipse £, and an independant H'/2 noise on the
boundary of the ellipse 9€-. Assuming more regularity on f, we also show that we can have uniformity in the
convergence, eliminating any chance of things happening for the fluctuations in a weak non-hermicity regime.

Theorem 3. If f grows at most exponentially fast at infinity and is differentiable in |J (1+¢)&; for some

T7€[0,1]
e > 0, we have the uniform Central Limit Theorem
N
Z FONT) —E <Z f(/\fVT)> Ni> N(0,02 +03¢ ) uniformly in T € [0,1]. (5)
—00
i=1 i=1

where O’%T + O’%gT gets replaced by O’%GUE when 7 = 1.

Here, the uniformity in the convergence in law [5| means that for any continuous and bounded ¢ : R — R,
and denoting (Z7),¢[o,1) a family of random variable respectively of law N'(0,0% + ag&), we have

N N
E <¢ (Z FON) —E (Z f(Af.V’T)>>> 2 E(6(27)) uniformly in 7 € [0,1].

It therefore means that we have the same result if we take 7 depending on N. Indeed, [5| implies that taking
T~ € [0, 1] a converging sequence, converging to some T, € [0, 1], we have the convergence in law

N

N
>SN ~E (Z f(AfV’TN)> o N(0,03 +ode, ). (6)
i=1

i=1

The uniformity is particularly interesting in this case because it has already been seen that some weak
non-hermiticity phenomenon happen : the idea is to make 7 depend on N and take 7 € [0,1] a sequence
converging to 1, at some particular speed, usually of the form 7y = 1 — 57, and then some phenomenon
happen, different from the case where T does not depend on N. Some examples of such phenomenon may be
found in [I]. But in the case of that Central Limit Theorem, this proves that there is no such phenomenon
that appears : making 7 depending on N does not change the result, in particular in any weak non hermitic-

ity regime ;v — 1.
N—o0

1.4 A free Fermions model in n dimensions

As a second part of the study, we studied the fluctuations of the linear statistics of the positions of free
fermions with quadratic potential in R™ when n > 2.

Let us first write the stationary Schrédinger equation in R™

(—HA+ V(@)Y (z) = ev(a),



and we take the case of a quadratic potential V(z) = z - Oz where O may be any positive orthogonal
matrix. Diagonalizing O, we may suppose without loss of generality that O = T2 = Diag(7Z, ..., 72) where
T1,...Tn > 0. For our study, we will fix such a 7= (7y,...,7,) and we assume that there exists T > 0 such
that T'7 € N™. We will see that this condition actually appears naturally.

We study non-interacting particles that obey the Schrédinger equation with some quadratic potential with
energy less than a fixed p > 0 called the Fermi energy, and that obey the Pauli exclusion principle : fermions.

Such particles form a random point process. This point process is in fact determinantal. Introducing the

T2 . .
Hermite functions ¢y (z) := ﬁe‘TH x(z) which are orthogonal with respect to the Lebesgue measure
/T

on R, we define the eigenfunctions

577(.%) = %wkl ( ,;;1'1> .. .wkn ( 7;;1'”>

which are eigenvector of the operator —h?A + V with eigenvalue

(4

S

e(k) == ((2k1 + V)71 + - + (2kn + 1)7) A (7)

Denoting N := Card {lg, E(E) < ,u}, these free fermions particles with energy less than p are described by a

random point process in (R™)" of probability density

2
1 h7 1 h,7 h7
P = — det = (s = — det = (T)v (x5) |,
W) = g 8(5)§ui§iSN(¢k ) = e(§</ e
which is a determinantal point process of kernel
Kna,y) = S b7 @)l (y) (8)

These particles tend to concentrate in the ellipse
Er = {33795 STz < ,u},

according to a limiting dgstribution which has the following density with respect to the Lebesgue measure
on &z, % (n—x-T?x)?, where Z is a normalizing constant [5].

We are interested by the behaviour of the fluctuations of the process when i — 0 : £ of course plays the role
of the Planck constant, which is very small.

Taking f : R® — R nice, say of regularity C' and compactly supported, denoting x; the positions associated

with the fermions, N the number of particles, which is equivalent to 2”71..1.:" wr> and

N
Xn(f) ==Y flw:)

i=1

the linear statistics it has already been proven for its fluctuations in [I5] that

X —-E(X
W)(WVQmemwmmﬁw (9)
Var(Xn(f)) h—0 h—0

What we will be doing here is then only to estimate Var(Xp(f)), and we will a fortiori see that we do have
the estimate Var(Xy(f)) 00 50 that the convergence [9]is true, but we will also expose a finer estimate,
—

and different interesting expressions of that estimate.



We mention first that this is a generalisation of the GUE as when n = 1, we recover the GUE (but then the
estimate Var(Xp(f)) 0 is false).
—

Our first result is interesting because the estimate seems rather general, and not bound to the special form
of the potential V.
We introduce it now : let ¢ : [0,00) x R?® — R2" be the flow of the Hamiltonian evolution associated with
the Hamiltonian

H(z, ) =&+ V(e) =+ Tz (10)
Writing 7 : R?™ — R”™ the projection onto the first n coordinates, we have the following CLT :

Theorem 4. Let f : R® — R. If f grows at most exponentially fast at infinity and is differentiable in
(14 ¢)&z,, for some e >0, we have the following Central Limit Theorem :

BT (Xn(f) — E(Xa(f)) 5 N(0,07). (11)
where
e x — f(r x 2
O'J2c _ (27r;1n+1 /7{(I07£O)_MA 'f(ﬂ— (¢(t7 0760))) tf( (¢(07 0760)))’ dtdxodfo. (12)

Remark 1. Our assumption that there exists T > 0 such that TT € N" corresponds to the cases when the

flow is periodic. Taking the smallest T > 0 satisfying the last condition, the flow is ©T" periodic, and we can

also express O'J% as an integral over half the cycles of the flow:

£ (7 (8(t, 70, £0))) — 1 (7 (6(0,20,60))) |

sin (%)

T
, 1 1 [
of = P 2
(2) H(wogo)=n L~ Jo

dtdiﬂod&) .

Dropping the condition on 7 would probably result in the same estimate.

For general potential V', the question is more complicated; first because the flow of the Hamiltonian might
not even be defined for all ¢t € R;. However, under reasonable assumptions on V' — for instance that V' be
of regularity C! and V(z) — oo — the flow is defined for all t+ € R, using notably Cauchy-Lipschitz’s

|z]— o0
Theorem. Then we might expect the same limit:

Var(Xh(f)) $ /H( . /OOO ‘f (7T (¢(ta 10750))) — f (7T (¢(0,$0,£0))) dtdl’odfo

B0 =1 (2m)n+tt t

The case n = 1 has already been treated for general potential V' in a recent article of Delporte and Lambert
[6], but it is somehow different from the dimensions n > 2 because in dimension 1, the flow is periodic and
there is only one orbit for the flow of the Hamiltonian evolution, under a natural connectivity assumption
of the subset {V < pu}.

The second estimate shows the limiting variance as a weighted H'/2 norm on the ellipse Ex e

Theorem 5. Let f : R® — R. If f grows at most exponentially fast at infinity and is differentiable in
(1 +¢€)&z,, for some e > 0, we have the following Central Limit Theorem :

BT (Xa(f) = E(XR(f)) = N(0,0%). (13)
with )
o= [, HETO oo sy (1)

where pz(x,y) is a non-negative weight function which is non zero and non singular on the diagonal Az =

{(2,2),2- T?2 < u}.



- . B ‘ . oz .y
In the case 7= (1,...,1), we find an explicit form for pz, using the scaled variables a = N b= Nk

on—1 I ’unT—l
Pt )0 U) = Kt 2o ) T e+ b1/ D — PP — o 1

x [(l (b= @ o D) (Viol + bl = 2002 + 200/ 0P a0 ¢ 1)

n—1
+ (1 —(a-b++/(a b2 [ — B2 + 1)) (\/|a2 4 (B2 — 2(a - b)2 — 2(a- b)/(a - bY2 — [a2 — B + 1) 1 .
(15)

We could also expect an estimate of the type of [[4] for more general potential V', because we also expect a
H'/2 norm to appear for general V.

1.5 Contents of this report

Here, we will only show the polynomial version of Theorems [2| and [3| although all of the results have been
shown in their whole generality during the internship. Proofs for all the results should appear in an article
to come.

2  Fluctuations of the Elliptic Ginibre Ensemble

2.1 Generalities on the Elliptic Ginibre Ensemble

The first goal of this paper is to study the fluctuations of the elliptic Ginibre ensemble, as advertised in the
introduction. Let’s explicit this process by first expliciting the normalization in the GUE : a random matrix
H of size N x N is said to be sampled from the GUE if it is hermitian, and the variables in the upper right
triangle are independent centered complex gaussian random variables of variance %, which is to say that
their probability distribution function is %e*N =, Taking a matrix sampled from the GUE that way also

amounts to taking H randomly from the probability measure on the space of N x N-sized hermitian matrices
_N Tr 2H2

which has density with respect to the Lebesgue measure proportional to e
Then, taking H; and Hs independantly randomly sampled from the GUE, the elliptic Ginibre ensemble with

parameter 7 is the process of the random eigenvalues of the random matrix 1+7TH1 + i/ 1;27H2. This

process is in fact a determinantal point process [10, [14] with kernel

N-1 j T~ N\
Kind) = 3 st (ﬁ) H, <\/?> iR (2 (),

where the H; are the Hermite polynomials defined by H,(z) = (*1)”6932;5%671‘,2, and the weight functions
u supported on C when 7 < 1 and on R when 7 = 1 are defined by

N67N<7“§°f32 +7(If“ff) )
wi(z) = and pk(z) = VNe N7,
(1 —72)

(M)

We mention the weight function 4 when 7 = 1 but we will not detail the case 7 = 1 in this part of the Elliptic
Ginibre ensemble. It is already available in the literature as mentioned in the introduction, and it is also
actually a direct consequence of the study of the free fermions model that we mentionned in the introduction.
All the computations done in this part do work in the case 7 = 1 but a small change of notations is always



needed for this degenerate case. This will not endanger the uniformity in Theorem [3] because adding just
the case 7 =1 to the uniform cases 7 € [0,1) does not affect the uniformity.

We introduce the functions

n 1 N
N,T 5
T (2) =72 ——=H, —z (2 16
such that the kernel takes the simplified expression
N-1
Kx(z2) = 677 (2)6) " (). (17)

I
=)

J
The Hermite polynomials satisfy an orthogonality relation on C which matches the symetry of the elliptic

weight [§] : 1 e et 2nn'f [ H, (W) H,, (ﬁ)u{(z)dz = 0pm, where the integral is over C when 7 < 1.
This orthogonahty relation implies by a change of variables the orthogonality of the scaled and normalized
polynomials :

/ ONT ()N (2)dz = . (18)

With )\fV’T denoting the random eigenvalues of the elliptic ensemble, and for f : C — R, we use the notation

for the linear statistics N
N,T
= Z f (/\i ")
i=1

We already know that this process concentrates as N — oo in the ellipse &, {z e ¢, Rez)” | (Im2)” < 1}

P (1+7)? T (1-7)?

almost surely, for, say, continuous f, w N—> ﬁ /. ¢ f. We study here the fluctuations within that
—0Q 4

convergence and that is the essence of Theorems [2|and [3|: we study the asymptotic behaviour of the random
variable X3, — E(X%). Usually, when showing such a Central Limit Theorem, a normalisation in terms
of powers of N is needed for something non trivial to appear, but in the case of Random Matrix Theory,
interesting behaviour usually appear without normalisation, and this is the case here.

Thereafter, we give the proof of the following theorem, which is the polynomial version of Theorems [2| and

Theorem 6. For test functions f polynomial in z and Z, we have the Central Limit Theorem

Z fOAD) = (Z f(AD) ) LN (0,0?)57 +U%357) uniformly in T,

N—oo
i=1
where the variance structure given by the oy is given in the introduction in equation |Z|

Here we finish by giving a small outline of the proof.

The first step is to use a recursion relations for the version of the Hermite polynomials [I6] to express the
cumulants C, (X% (g)) of the random variable X7, when g is a polynomial in (z,%). These expressions are
amenable to asymptotic analysis and we will show that the cumulants vanish for n > 3 in the limit N — oo,
uniformly in 7.

Then, to extend the result for general test functions f, we would show a bound of the type Var(X3 (f)) <
CIV fllze(a4e)e,) + Ngoo(l) where C' is a universal constant, a fortiori independent of N, 7 and f, and use

the density of the polynomials given by Stone-Weierstrass’s Theorem to finally prove Theorems [2] and [3] but
that won’t be done in this report, only the previous part will be shown here.



2.2 Computation of the cumulants

In this section and the following, we will be as announced showing the previous Theorem [f]

The proof of this theorem is made in two steps. The first step is to compute the cumulants of the random
variable X%, — E(XJ), the second step will be to check that the variance is the one given in the theorem,
and the final move will be to gather these results to have the uniform convergence in law.

This first step will be to show that the cumulants C,, (X% (f)) of the random variable X7, (f) converge to
0 as N — oo for n > 3, uniformly in 7. Let us first recall the formal definition of the cumulants: they

are defined by the expansion log E(eX) = Z (” Cn(X) when it is well-defined (which is the case in our
n=1
study). Let us mention that under reasonable assumption on the random variable, the cumulants have all

the information of the random variable ([1I], Lemma 4.8.), and that is why it seems reasonable to study
the cumulants of the random variable. Here, the reason for using the cumulants, and not the moments
for example, is that to show convergence in law to a gaussian random variable, it is enough to show the
convergence of the n > 3—cumulants to 0. Furthermore, for a determinantal point process, the cumulants
have an easy form [4]:

n-1l  1\ym—1 m
aam=Y S X @ <9<zi>>’”m<zz,zz+1>> Ao e

m=1 kit tkm=n, k;>1
The first step of the proof is as announced this Proposition :

Proposition 7. For polynomial test function f, we have the following convergence of the cumulants : for
n >3,
Cn (XK () N 0 uniformly in T.

— 00

Before going to the proof of that proposition, we first state an important combinatorial result that we will
be using in the proof : Soshnikov’s "Main Combinatorial Lemma" (MCL), which is the following result due
to [16] :

Lemma 8 (MCL). For any x € R™ such that x1 + -+ 4+ x, = 0 and for any n > 3 we have

_1)m
Z_l(r)n Z max | 0, Z Tj, Z Ty oeey Z x; » =0,

o:[n]—[m] o(i)<1 o(1)<2 o(i)<m—1

where > is a summation over all o which are surjections from [n] := {1,...,n} to [m].
o:[n]—[m]

Proof of Proposition[] We first rewrite the cumulants in the form

CoXR (1)) =Y (_nll)m Z /H H f(z2) | KX (21, z141)d.

m=1 [n]—[m]

We then use the joint cumulants

m

Z /(c H fe(z) | Ky (21, z1401)d2 (19)

m=1 o:[n]—[m] =1 o(k)=l

which verify C,, (X% (f)) = Co (X5 (f), ..., X5 ().

CH(XJ‘I\—/(fl) XN fn




Taking f(z) = > ai,jzizj to be a polynomial in z and Z, and as C,, is n-linear, we reduce the study
0<%,7<No

to the expressions of the form C, (X% (2*12%1),..., X% (2®»Z")), and more precisely, the proof reduces to
showing that C, (X% (212%),..., X% (227Z%)) N 0 uniformly in 7.

Now, the recurrence relation zH,(z) = §Hp41(z) + nH,_1(2) for the Hermite polynomials [18] implies the
following recursion relation for the orthonormal functions ¢ :

Z¢7Jy77— (Z) ne ! (bn-‘,-l \/7¢ (20)

Therefore, we introduce the recurrence matrix defined by Jy . = A + 7A*, where for all £ € N, Ae, =
\/ BHep1 and Aey = \/£ep_1 ((ex)ken denotes the canonical basis of 13(N)).

We can also see J,; as an infinite matrix, indexed by N :

oﬁ
o%o
\]
02‘%‘00
\]
o
=

.
?06

w

We define finally the operator ITy, : [2(N) — [2(N) as the orthogonal projector onto Vect (e, . ..,er_1).

We define for m € N” and o : [n] — [m], o7n € N™ by

S e

o(k)=l
Now we get on to the computation of C, (X% (2*12°),..., X (2% 2P")).

The expression of the kernel [I7] the orthogonality relation [I8| and the recurrence relation 20} we can rewrite
the integral in the definition of C,, (X% (f1), ..., XX (fn))

/H II =& | K&z, ze0)dz = Tr (HN(J*I‘V’T)("ﬁ)lJS\‘,T’ihHN...HN(J*NJ)(”ﬁ)mJS\‘;‘;)"‘HN).
C

Then, we can isolate two terms by getting rid of the projection operator in the middle of the trace :

Tr (Tn (T, ) 3G Ty Ty (T ) @300 Ty ) = T (Thy (T, )7 3500 . (Ty,,) 7P 350 Ty )

N-1
- > @I (R )23 D (TN I g Lty 2ne (22)
J=0 Jji,....jm-1€N

We then give a nice expression for each of these terms by substituting @ = o& and b= J_B, in the two
following lemmas, which will allow us to conclude the proof of Proposition [7]

Lemma 9. We have the following expression for the first term :

10



Tr (T (T )98, (80358 (T ) 33 Ty ) = T (Ta ) (35 ) Ly )

21— 72
+7(d@, b) ——

l— 2 1
Tr (HNJ';[T 1(J}‘V,T)|b‘_1HN) +0 (N) ., (23)

where |d| = E a;, ¥(@,b) = arby + az(by +bs) + -+ apm(by + - - - + by,) and the O (%) is uniform in 7.

Proof of Lemma[9 We first highlight that we have the following commutator relation, which comes from
the definition @ of Iy :

* * * 1_7—2
[ N,T’JNJ] = JN,TJN,T - JNJ’ N,» — N L (24)

Then, using this relation to commute successively the Jy - and J3 ., and using the standard notation

1@ A JB = min{|a|, |5|}, we deduce

|&@|A|B|

" L 1-72 At e Il
Tr (Tn (T )35, O 33 Ty ) = Y (@, >( ~ ) Tr (Mn R (5 Ty ) (25)
i=0

-,

where v;(@,b) € N depends only on the @ and 5, but not on 7 and N, and we get 79 = 1 and

-,

71(6,[)) = a1b1 +112(b1 +b2) —+ .- +am(b1 —+ . +bm)

Now, since all the entries of J , we encounter when computing the traces in 25| are less or equal than some
constant C' depending only on @ and b (not on N and 7), we have

N
S s,

k=1

’Tr (HNJE};Z’(JNT)IEHHN)‘ < N(2 x O)lal+ibl=2i, (26)

Then, all the i > 2 terms in |25 are O (%) uniformly in 7, and that concludes the proof of Lemma@
O

We mention the combinatorial identities

Z (_;)m Z Z (o, U_B) =0. (27)

m=1 o:[n]—»[m)] m=1 o:[n]—[m)]

The second expression is proven in the Lemma 8 of [I3] while the first one follows from the fact that if f =1,
the cumulants C,, (X% (f)) vanish for n > 2.

Now, Lemma [9] the fact that |o&| = |@| does not depend on o, and the previous combinatorial identities
imply that for every n > 1,

- (_l)m ( * oB1 Joal * Bm TOUm ) : :
mz::l .Hz:[ | Tr (N (Iy,) I (I )7y Iy N 0 uniformly in 7. (28)

As for the second term in 22] we first denote it by

QONT 6 b Z Z [(J}'{V,T)bl']a]i} T]]]l st [(J}(V,T)bm']ifl\}:;'}jmflj]]'max{jlwnxjm—l}ZN' (29)
Ji,- —1€EN

11



Lemma 10. We have the following convergence for the second term :

m§::1 m HZ[ | on, (o, 08) Njoo 0 wniformly in .

Proof of Lemma[I0. We first note that Joo , := T + 7T*, with T : [*(Z) — [%(Z) the left shift operator, is
a right-limit of J %VT) as defined in [12], which means that for any i,j € Z, we have the convergence

(TN rIN+i, N+ N e [Joo,r]ij uniformly in 7.

Taking a closer look at we see that there is only a fixed finite number of non zero terms, which leads us
to write that

on(@,0) — $oor(d,b) uniformly in 7,
N—oc0

where

U

Poor(@b) =D > [T )TL T (T )T Ty L1} 20

j<0 jla-“vjnzflez
o0
b b )
DD SR (¢ S0 L K0 PN [ 0 L L PR B SS p oo
J=1 j1,-.;.jm-1€Z

= > max{0.1, Gt M )P oy - (35 )P I e (30)

Jis--sdm—1€Z

We will now express that sum in terms of paths.

We define the increments of the paths between 0 and 0 of length |&| + |4 :

|&|+|B]
Q=4 Wy Wiz 1510 Yad) € =110 2; wi=00p,
1=

and for w € Q, we also define the path described by w by, for 0 < j < |@| + | 5],
F(w)j = Z wi.

=1

Then we can write [30in terms of paths : for o : [n] = [m],

4100077'(0'?1’ 0-23) = Z maX{O, F(W)U(Xl-i-a,@n s ’F(w)ga1+061+m+oam71+aﬁm71}Tn(w,a) (31)
weN

where n(w, o) counts the number of times that 7 appears in the product associated with the path.

j—1
We define the blocks of w € Q for 1 < j < n, by defining s; := > (a; + §;) and
i=1
Wi, 1] = (Wsj415 -+ -1 Wsja;) and  w[],2] = (Ws; 1o, 415 - - - Ws;+a;+6;)- (32)

Denoting by a usual product the concatenation of two uplets, for o : [n] — [m], we rearrange the blocks of
some w € 2 in the following way :

ow = H wli, 1] | x H wli, 2] | x -+ x H wli, 1] | x H wli, 2 (33)

i€o—1(1) i€o~1(1) i€o~1(m) i€o~1(m)

12



where the concatenations in the products 11 are done, say, in ascending order of i € o~1(3).
i€o1(5)
The mapping w € Q — ow € Q being a bijection, we can rewrite [31]

Poo,r (0, U_B) = Z max{0,I'(0w)oa,+op:, - - - L (0W)oar+osi+-toam-1+08m-1 }Tn(ow’a)~ (34)
we

Now, cw has been built such that n(w) := n(ow, o) does not depend on o, and denoting

Hl(w) = Way+p4; — 0,..., '%’ﬂ(w) = Way+B14+an+Bn — War+B1++an_14+B8n-1>

and |0~ 1(i)| = Card(c~1(i)), we have

F(OW)UOQ+051+"-+00ti+0,3i = Z ’Qj(w)v

o(j)<i
so that we finally rewrite [34] into
n
_1)m .-
S E S o) =
m=1 a:[n]—[m]
>y - > max{0, Y ki), > kW), .., Y, miw)p. (35)
weN m=1 o:[n]—»[m] o(i)<1 o(1)<2 o(i)<m—1

Finally, using the Main Combinatorial Lemma of Soshnikov [8] we deduce

> EV S petomnoh) =0
m=1 o) lm)

Finally, Lemma [I0] and equation [28] imply Proposition [7}

2.3 Computation of the variance

In the light of Proposition [7] the final big step in proving Theorem [f] is to compute the asymptotics of the
variance of the linear statistics Var(X% (f)). That is the essence of the following proposition.

Proposition 11. For polynomial in z and Z, f : C — R, the variance Var(X% (f)) of the linear statistics

CONVErges as
1 1
Ve (XK = = [ IVIR g X K [

kEZ

2
‘ uniformly in T,

where £, is the ellipse £, = {z eC, ((liif))j + ((Ilnif))j < 1} and the Fourier transform in 0E. is defined in H

Proof. As in the proof of Proposition [7] we may reduce the proof to that for the monomials, by showing for
f(2) = 221771 and g(2) = 2727°2 that

CovX3 (). Xil) =+ [ DBa+ 3 HIF% (57 b (36)

k>0

As 0 = % (% —I—ia%>, equation does imply Proposition We denote also the unit disk by D :=
{z € C,|z| <1}. We recall that we denoted Joo r = T + 7T*, where T is the left shift operator.

13



We mention that T and T* commute. We first use the general formula for the variance of any determinantal
point process :

Cov(X%(f) /f 9() K5 (2, 2) dz—//f g(N| K% (2, 7)) |dzd?’.
Then we can write the covariance as a trace of the matrix Ju ; as in the proof of Proposition |Z| :
Cov(X T (247%), X (2727%2)) = Tr (HN(J}‘V’T)BIJ’&J%’?O‘QHN) T (HN( ) PIG Ty (T )52J%ﬁTHN)
_" (HN(J*NJ)Bl*&J%{j“?HN) Tr (HN(JN B3 Ty (T )&J?V{THN) .
We continue following the same path by expliciting two terms in the following same way :

Tr (HN(JNT)'BZJ‘” Ty (J% )ﬂlJﬁfﬂN) _ (HN(J}‘\,T)B?J‘I"V2T( ) I HN)

_Z Z N BQJ?\/?T]JJl[( A )'BlJ?vlr}Ju]leN-i-l' (37)
j=0 j1€N

So that following the same cummuting idea as in Lemma [0} by using [24] the first term writes

Te (T (I, )M 235 Ty ) = Tr (L (35, ,) 235, (T3,) I, Ty )

1—172 1
= Brag——Tr (HN(J7V7T)51+52—1J?V§ja2*1HN) +0 (N) ., (38)

where the O (%) is uniform in 7. Now, expanding

N—
Tr(HN(JE’T)61+62—1J%1’7-‘1-Q2—1HN) Ji, )Prthe- lJaH—az Yikes (39)
k=0

,_.

and using the definition of Jy ; @ we deduce that the first term @ converges by Riemannian sums as
N — oo to

ajtag+B1+B2—2
2

1
(1 — 72)Braa|(I7, )P ietgartas—] / t
0

1 —
= (1 —72)Bras|(T* +7T)+FP~1(T 4 TT*)a1+a2—1]00/ N
0

dz !
= (1-7HBr0 % (z+72)r 21z 4 Tz)BﬁBTlez / quertaethitBa=2y 4y,
|z=1 0

1

—(1—7*)Bras / (z 4+ 7)1 T2l (7 4 rp)rthemlg2y
T D

1

= ;(1 — 73 Bray /D (1 +7)Re z+i(1 —7)Im 2)* 771 % (14 7)Re z — i(1 — 7)Im 2)" P2 dady

= / Bragzitor—lzA+2-142 . by making a linear change of variables on the Re and Im parts

= / (2™ Bl zﬁ2zo‘2)d z.

This therefore gives the first term in [36] as wanted. As for the second term, we compute

DL E R CE R PP N 2 FIT ) I8 0T ) I3 o
Jj=0 j1eN k>0
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uniformly in 7. We already see the wanted sum appearing, and we then express the Jo , in terms of the
shift T so that the Fourier coefficients will appear naturally :

D KII5 2382 o5 )P I ko = D0 K [(T7 +7T)%(T + 7T T*] | [(T*)*(T* + 7T)% (T + 7T")*']

k>0 k>0
and we finally recover the Fourier coefficients :

1
2 oD

k
_ 1 / Lazh Rez _ Imz INCD
27'['(1—7'2) 0E, 1+T 1_T

—(9€))
= zo7P (k).

[(T* +7T)*(T + 7T*)°T*] , = (z +72)%(Z + 72) ZFdA

O

Now, to finish the proof of Theorem [6} we only need to link the uniform convergence of the cumulants with
the uniform convergence in law. That is done in the following :

Proof of Theorem[fl Starting from Proposition [7] and Proposition this is a straightforward compacity
argument. Let us sketch the proof. We denote the centered variable Z7, = X7 (f) — E(X%(f)).

Let us suppose that we do not have this uniform convergence. Then, denoting Z” a sequence of random
variables of law A/ (0, UET +O'(%£-T ), there exists ¢ : R — R continous and bounded, £ > 0, an increasing sequence
of integers (IV;) and a sequence 7; € [0, 1], that we may assume without loss of generality convergent to some
Too € [0,1], such that for all j € N,

E(6(Z¥,)) —E(¢(Z27)] > e. (40)

But now, the sequence of random variables (Z]T\{J) has bounded second moment, so that by Prokhorov’s

theorem, it has a subsequence (Z]T\;J) that converges in law to a certain limit Z.,. But because of the
uniform convergence of the cumulants we get that the cumulants of Z, are the limit of the cumulants of

(ZJT\,?] ) so that Z has law N'(0,0%  + 03, ) and that contradicts the inequality O

i

15

00’



A Course of the internship

The proofs showed here are only a small fraction of the work done in these 6 past months.

It might be worth mentionning that at the beginning, our idea of the subject was very far from these random
matrix theory topics on which we landed on : we were thinking about studying branching random walks and
more precisely, studying fluctuations of the maximum of the variables over a fixed height N, when taking
N — oo, i.e. the asymptotic distribution of the second order term of this maximum, the first order being
deterministic. However, after one day of studying existing literature, we found that what we wanted to do
was actually already done, so we shifted to that random matrix subject.

Then, the real first part consisted in getting familiar enough with determinantal point processes to be able
to work on the question, and to read and understand [I3]. Thereafter, it was [12] that was read : the proof
presented here gathers ideas from [I3] and [I2]. The few weeks after the reading of these 2 articles consisted
of making the proof presented here.

Then, as is done in [I3], I wanted to extend the result presented here to non polynomial test functions with
not so much differentiability hypothesis, and that took a lot more time than the proof presented in this
report, because it required a lot more initiative than for polynomial test functions, as the reasoning does
not really lean on any existing reasoning that we know of. [I3] does do a proof of such an extension, but it
is not applicable in the elliptic case 7 € [0,1). For an outline of the proof, it is basically an extension result
with two parts : density result using Stone-Weierstrass’ theorem and bound of the variance. The bound is
the hardest part, and is again divided in two parts : firstly, in the ellipse, a new (it seems at least) trick
is used to handle this part and to avoid an long estimation of the kernel in the bulk, which would it seems
be very heavy in computations, consisting on using the results we have for polynomial test function and
the differentiability of the test function in the ellipse, and secondly, an estimation of the kernel outside the
ellipse, where we just need some exponential decay. We therefore leaned partly on the results of [I] to handle
this last computational part.

Then, as there were still a few months left, we tackled a new problem about free fermions. Gaultier made
recently a lot of progress in problems about free fermions [6l [7] ; especially, he and Alix Deleporte showed
a Central Limit Theorem for one-dimensional free fermions, and he was wondering about how to generalize
it in higher dimensions. As a test towards that goal, he then tasked me to study the variance of the linear
statistics of free fermions in dimensions d > 2 but for a harmonic potential, where we have a nice expression
in terms of Hermite polynomials of the kernel. I then followed the same path as for the elliptic Ginibre
ensemble : first for polynomial test functions using the recursion relations and orthogonality ideas of [12]
and then extention for more general test function using the trick and an estimate of the kernel.

Finally, for the free fermions model, we tried to study another question about the behaviour of the variance

in the case of non-differentiable functions in the bulk, and especially for indicatrice function on an centered
ball strictly included in the ball but we did not have enough time to finish that part.
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