INTERNSHIP REPORT
RoMA TRE UNIVERSITY

Spread and Recovery of Infections on
Galton-Watson Trees

Supervised by Elisabetta CANDELLERO

Tom GARCIA-SANCHEZ

August 9, 2023



Contents

Introduction 1
[L The degenerate critical case| 3
(1.1 "The asymptotic upper bound| . . . . . . . ... ... ... .... 3
[1.2  The asymptotic lower bound| . .. .. ... ... ... .. .... 8
|2 The super-critical case| 12
[2.1 ~Usetul notations and properties| . . . . . . ... ... .. ... .. 13
[2.2  General approach for asymptotic lower bounds| . . . . . ... .. 17
2.3 Application| . . . . . ..o 21
[References| 24
Acknowledgements

First, I would like to thank Théo LENOIR, supervisor at ENS Paris, and
Quentin BERGER, associate professor at Sorbonne University Paris, who helped
me a lot in my search for an internship.

I would like to express my sincere thanks to my internship supervisor, Elis-
abetta CANDELLERO, Associate Professor at Roma Tre University, I really
appreciated her warm welcome, her availability and her advice. The internship
topic she proposed was very interesting and I very much enjoyed working on it
with her.

Notations

In this report, N refers to the set of non-negative integers and N* := N\ {0}.
For any (a,b) € N? we denote [a,b] := NN [a,b]. For any set X, we denote
by #X € NU {+oo} its carnality. Finally for any pair of reel functions f,g
defined for all x > 0 sufficiently large, we write f(z) ~ g(z) when z — 400 if

limg o0 f(2)/g(x) = 1.

Introduction

The original model, called "first passage percolation in hostile environment"
(FPPHE), was introduced by Sidoravicius and Stauffer in [SS19] as an auxiliary
model to understand properties of "multi-particles diffusion limited aggrega-
tion", which is notoriously challenging. Besides this paper, there have been sev-
eral works studying the properties of FPPHE, such as [FS22D], [FS22a], [CS21a]
and [CS21Db|. In the original model one starts an FPP process of rate 1 from a
fixed reference vertex and, as it spreads on the given graph, it activates seeds of
a second type of FPP process, which spreads at some fixed positive rate. Thus,
these two types of FPP compete for space, and the resulting cluster of occupied
vertices can show a behavior that depends on the structural properties of the
underlying graph. In FPPHE vertices that are occupied by one of the types



would not change type in time, hence a natural question is to understand what
happens when one relaxes this assumption. This was our initial motivation for
introducing and studying a simplified model of spatial epidemics with recovery.

The process we study consists of a first passage percolation model in a ran-
dom environment with an additional recovery system. It can be interpreted as
the spread of a disease and it is closely related to the models studied in [CDS8S].
The general construction is summarized in the following definition.

Definition D (Construction of the process). First consider a random
graph with a fixed countable set of vertices V, a fized origin o € V and
a random set of edges E C V2. We denote by G the set of accessible
vertices from the origin, which implicitly has a graph structure induced by
E. Next we consider a collection (Te)ccyz of i.i.d. Exp(1) random variables
(taken independent of E), which we interpret as passage times. These
times are attached to the edges of G by restriction. For allv € V we define
Ty as the reaching time of v from the origin, i.e. the infimum travel time
of finite paths in E joining o to v (with the convention inf () := +oo). For
all t € R we define the set Ay of vertices that are reached from the origin
within time t by:
Ay ={veG:7, <t}

Then we fiz a recovery rate v > 0 and we consider a collection (C,)yev
of i.i.d. Exp(y) random wvariables (taken independent of all the previous
randomness), which we interpret as recovery clocks. For all t > 0 we
define the set Ry of red (or recovering) vertices at time t by:

RtI:{’UEAtZt<Tv+CU}

Finally for allt € R we define H; as the largest red path size at time t,
i.e. the mazimal size of a directed path in R;, and M; as the largest red
cluster size at time t, i.e. the mazximal size of a weakly connected region
in Ry. An example is given in Figure[1

The natural problem arising from this process is to understand the asymp-
totic behavior of both H; and M; when ¢t — +o00. Our aim is to study the case
where G is a Galton-Watson tree with a branching distribution of finite mean
and v > 0 is arbitrary. Since all vertices eventually recover, the asymptotic be-
havior of the process is only of interest when G is infinite. We will then restrict
ourselves to the degenerate critical and super-critical cases. In the first sec-
tion we focus on the degenerate critical case where G is a deterministic infinite
line and provide sharp asymptotic bounds that are summarized in the following
theorem.

Theorem I. When G is a deterministic infinite line, almost surely we have:

. H;loglogt
limsup ———— =

1 and liminf H; =0
t—+o00 logt t—+o00



Figure 1: Illustration of a possible configuration for A; at time ¢t > 0 when G
is a directed tree. The arrows represent the edges in E N A? and the vertices of
Ay are represented by dots, colored in red if they belong to R;. We have v € Ay
for example, which means that ¢t > 7, = T(, ) + T(u,) and t < 7, + C,. In this
configuration H; is reached for the directed red paths (u,v,w) and (u,v,y) of
size 3 and M; reached for the weakly connected red region {u,v,w,z,y} of size
5.

In the second section we focus on the case where G is a super-critical Galton-
Watson tree and provide asymptotic lower bounds, summarized in the following
theorem.

Theorem II. When G is Galton- Watson tree with a super-critical branch-
ing distribution of finite mean u, then almost surely on the event {#G =
+oo} we have:

Hilogt
lim inf £ 28 >u—1 and liminf -1

t——+o0o t t—+oco

M, lotg logt >

1 The degenerate critical case

In this section, G is an infinite deterministic line and v > 0 is arbitrary. We
assume V =N* o=1and E = {(n,n+ 1), n > 1}. To simplify the notation
for all n > 2 we set T}, := T(;,_1,). Since a cluster is a path in G, for all t > 0
we have M; = H; and thus we have only one quantity to study.

1.1 The asymptotic upper bound
The goal of this subsection is to find a non-decreasing function h : R, — RY}
such that almost surely, we have:

lim sup —t =1

t—+oo N(t)

We start by a lemma that will be useful several times.



Lemma 1.1 (Basic first-passage percolation properties). Almost surely, as
n — +o0o and t — +o0o we have:

Tp~n and #HA ~t

Proof. For all n > 1, we have by definition:

n
Th — E Tk
k=2

Therefore by the law of large numbers 7,, ~ n almost surely as n — +o0o. Next
remark that #A4; > n for all ¢ > 7,, and thus #4; — 400 as t — +oo. We
deduce then that almost surely as t — +o0o we have:

TaA, ~ FA ~ #HA 1~ Ty, 41
Finally it implies the result since for all t € Ry:

TaA, ST Taa, 41

Next we introduce a new quantity that will simplify the problem.
Definition 1.2 (Tail red clusters). For any n > 1 we denote by H, the
size of the tail red cluster at time 7, defined by:

H, :=max{m € [1,n] : [n—m+1,n] C R, }

Proposition 1.3 (Red clusters are maximal when they appear on the tail).
Let h : N* — R% be a non-decreasing function, then:

H,
lim sup ——~ = lim sup a.s.

H,
n——+o0o h(n) t——+o00 h(#At)

Proof. (<): By construction H, < H. and #A, = n. Moreover 7, — 400 by
Proposition therefore:

H, ,

L :=lims Hy < lims Hr, <lims
=1msup -——— S Imsup -—————< < l1msup
n—-—4o0 h(n) n—-+o00 h(#Arn) t——4o00 h(#A )

(>): If L’ = 0, the result is clear since L > 0. We can assume L’ € (0, +0o0].
Let I € (0, L") and ng > 1. Define:

to:=Tp, + max C;
i€[1,n0]



By definition of the lim sup, there exists ¢t > ¢y such that:

i

h(#A:) —

Now consider N € [1, #A4;] the rightmost vertex of a maximising cluster for H;.
By construction (see Figure ) we have H ~N > H; and t > 7. Moreover since
t >ty we must have N > ng by definition of ¢y. Finally using the fact that both
h and t — #A; are non-decreasing we get:

Hy > Ih#A;) > Ih(#A,,) = Ih(N)

In summary, we have just shown that:

H
lim sup — >1 as.

n—4o00 h(n)
By making I — L' we get L > L'. |
N
TN . ° ° ° °
t . 3 ° o ° 3 . .

Figure 2: Illustration of the reasoning for the proof of Proposition [I.3] Possible
configuration for A; and A,, where N is the rightmost vertex of a maximising
cluster for H;.

Remark that in the right-hand side of the equality stated by Proposition
[I-3] the denominator is not a deterministic function of ¢ as we would wish. We
will see later that actually fixing a specific function we will be able to get rid of
the randomness using the second almost sure asymptotic equivalence stated by
Lemma The next step is thus to find a non-decreasing function s : N* — R*
such that we have:

limsup — =1

n—s+o0o h(n)
This new problem is easier since the limsup is now taken on a countable se-
quence, which will allow us to apply Borel-Cantelli lemmas. Moreover we can
compute explicitly the distribution of H, for all n > 1, the next lemma gives
the formula.

Lemma 1.4 (Tail red clusters distribution). For alln > 1 and m € [0, n]

we have: )

=:II(m)

m—1

P(H, >m) = lH(l—i—lm)

k=0




Proof. Let’s remark that we have:

{ﬁan}: m Cj> iTk

j=n—m+1 k=j+1

Therefore, using the laws and the independence of all (Cy)r>1 and (Tk)g>1 we
can compute the probability:

n

P(H, >m) =EP(Hy, >m | (T)iz1)] =E | [] exp|-v DY T
j=n—m-+1 k=j+1

m—1
exp <_’Y Z an—m-&-l-&-k)]

k=1

=E

m—1

—+00
= / e 1Ty
0

=1

m—1 -1

[T +%ky

k=1

I
| p——

Now let’s introduce the usual gamma function I', which realizes an increasing
bijection [2,+00) — [1,+00) of inverse I'"*. Notice that by the fundamental
properties of I, for all m > 0 we can write:

o —m F(,y_l)
B e

Using Stirling’s approximation we deduce that log II(m) ~ —logT'(m) as m —
+00. Since we want to apply Borel-Cantelli lemmas, we can guess from here
that I'"! is a good candidate for the function h. Before getting into the proper
proof, we recall a classic fact that we will use several times.

Lemma 1.5 (Asymptotic behavior of Gamma function ratios). Let § > 0,

we have:
7“1: +9) ° as x— +oo
I'(z)

Proof. By Stirling’s approximation. |

Theorem 1.6 (Asymptotic upper bound for the tail cluster size). Almost
surely, we have:

¥ = limsup ——— =1
notor T-1(n)



Proof. The idea is to show that P(U > r) =0 forallr > 1and P(¥ > r) =1
for all » < 1 using the two Borel-Cantelli lemmas.

(<) Let r > 1. Denote m,, := [r['"(n)] for all n > 1 and ¢, := #{j >
1| m=m;} for all m > 0. Using Lemmaand grouping together equal terms
we have:

SO P, = T )] = S ) <o < 3 enll(m) (1)
n>1 n>1 m=>0

Now remark that for all m > 2r +1 and j € N* using that I is increasing, we
have:

—1
mj=m < m-1<rI7'(j)<m < F<m)<j§F(m)
r r

We deduce then using Lemma [T.5] that:

cmwr(m)—r<m_1)wr(m) as m — +oo

r T r

Now since 7 > 1, using Lemma[I.5] again, we can then proceed to a ratio test to
prove that the series in converge:
cm+1H(m+ 1) Tr [LL;Ll] m%fl

~ ~ — 0 when m — 4+
cmH(m) T [%} ym 'yr%

Applying the first Borel-Cantelli lemma we get then that almost surely only
finitely many events of the sequence ({H, > rI'"!'(n)}),>1 will be realized,
which leads to P(¥ > r) = 0 and finally ¥ < 1 almost surely by letting r — 1.

(>) Let 7 € (0,1) and fix s € (1,2). For all n > 1 denote k,, := [n*] and
wy, = [rT71(k,)]. Since I'"! is asymptotically smaller than log, we can see
that by construction:

Wntt | r(n%) —0 as n— +oo

kn+1 — kn sns—1
Since we have also w,, < n for all n > 1 big enough we deduce that there exists
no > 1 such that for all n > ng we have w,, < n and k41 — wp41 > kn. By
construction it implies that the events ({I:I ke = Wn})n>n, are independent. For
all m > 0, denote d,,, := #{j > no | m = w;}. As in the first part of the proof,
using using lemma [T.4] we get:

> P(Hi, 2T (k) =Y drTI(m) (2)

n>ngo m>0

Finally remark that proceeding like before we have d,,, ~ T'(m/r)}/* as m — 400
and thus since rs > 1, the series of diverges by ratio test:

dm+1II(m 4+ 1) mrs—1

~ — — +00 as m — +00
de(m) yrTs

Therefore applying the second Borel-Cantelli lemma we get the almost sure
existence of an infinite sub-sequence of realized events in ({Hg, > wn})n>ngs
which clearly implies P[U > r] = 1. We then have the result by letting r —
1. [ |



Finally, we recall a classical result on the behavior of I'"! and we sum up
everything we have seen to get the result we wanted.

Lemma 1.7 (Asymptotic for I'"1). Ast — +oo we have:

logt
loglogt

=1t

Proof. By Stirling’s approximation we know that when x — +o00 we have:
logT(z) ~ zlogx and loglogT'(x) ~ logx

Taking the ratio and making the substitution z = I'"1(¢) we deduce the result.
[ ]

Corollary 1.8 (Asymptotic upper bound). Almost surely, we have:

" H,loglogt . Hy 1
imsup ———— = limsup ———— =
t—>+oop logt t—>+oop =1 (#A:)

Proof. The second inequality is given by Theorem [I.6] and Proposition [T.3]since
I'! is increasing. Finally since #A; ~ t almost surely as ¢t — +oo by Lemma
we get the result applying Lemma [1.7] [ |

1.2 The asymptotic lower bound

The goal of this subsection is to show that almost surely:

liminf H; =0

t——+oo

To start, we introduce some notation.

Definition 1.9 (Complete recovery probabilities). First, for any n > 0
and v € [1,n], we denote:

n+1
E) = {Cv > Z Tk}

k=v+1

Then we define the complete recovery probability of order n by:

UE:
v=1

Vpi=1—P

By construction for all n > 0 and v € [1,n], we have E}} = {v e R, }.
Therefore, for all n > 0 we can can write:

Vp = P(R7n+1 = {’I’L + 1})



This is why we call v, the complete recovery probability of order n. Next we
want to compute these probabilities. The following lemma gives an explicit
formula.

Lemma 1.10 (Complete recovery probabilities formula). For all n > 0
and | > 0 we denote:

Nl"::{XEN*l Zxk<n}and Si(n Z Hl—|—k’y =

k=1 xEN k=1

Then for all n > 0 we have:

Proof. Let n > 0, by applying the inclusion-exclusion principle we get:

v =y (~1)*I4 (4)
AC[1,n]

where Il4:=P for all A C [1,n]

M2

veEA

Now fix A C [1,n]. Denote | := #A and (a;)ie,) the elements of A in
increasing order. Let’s define a;y1 := n + 1 for convenience. Using the law of
the variables, independence, conditional expectancy and splitting sums, we can
compute I14:

n+1

4 =E Hexp - >, T

k=a;+1

aj+1

=E |exp —’yz Z Ty

=1 | k=a;+1

= H(l +jfy)—(aj+1—aj)

j=1
Next, for all [ > 0 let’s denote:

k
w,: N = Pi([1,n]), x+— {n+1—2xk, ke ﬂl,l]]}

=1



By the construction we have that for all [ > 0 and x € N/-:

n

H‘I»'l(x) = H(l + k’y)ixk’
k=1

Finally, since ¥; defines a one -to-one correspondence, we obtain the result by
replacing A C [1,n] by ¥(x) in ({), for [ € [0,n] and x € N |

Now it turns out that using the formulas given by Proposition [1.10] we can
show that (v,)n>1 converges towards an explicit positive number. It is the key
point of this subsection.

Proposition 1.11 (Limit of the complete recovery probabilities). The se-
quence (Vn)n>1 converges towards a positive number, more precisely:

lim v, =e /7
n—-+4oo

Proof. Let I > 0. Since it is a series of positive terms, we have S;(n) — S as
n — +oo where:

! I +oo j Loy
2 e k_g;(lww) 1=

xeN*" k=1

Now remark that for all n > 0 we have S;(n) < .Sp°, moreover:

—+oo
Z Sre = et < +oo
1=0

There fore, using Lemma, and by applying the dominated convergence the-
orem with respect to the counting measure, we deduce the result writing:

e} +oo
lim v, = lim i(—l)ZSz(n) = Z 7(_1/7)l =e

n—+4o0o0 n—r-+00 I
=0 =0

Finally, we use this positive limit to deduce the following theorem which will
imply directly the result we want.

Theorem 1.12 (Complete recovery happens infinitely often almost surely).
Almost surely we have:
liminf H, =1

n—-+oo

Proof. Since for all n > 1 we have H,, € N*, we just need to show that for all
no > 1 there exists almost surely N > ng such that H,, = 1. Fix ng > 1 and
§ € (0,e~'/7). For any n > 1, define:

Fn = 0[(Ci)i<j<n, (Tj)2<j<n]

10



Next, inductively we construct an increasing sequence (Ng)g>o of random in-
dices bigger than ng such that for all k > 0 and n > 1 we have {N; =n} € F,
and:

IP’[HTNk+1 >1 | Fally=n < (1=00)1n,=n (5)
Let’s define Ny := ng, the initialisation is verified since it is a deterministic
variable. Now fix £ > 0 and assume that the sequence is constructed up to
index k. Let n > 1. Denote C} := maxi<j<, C;. Recall the notations of

Definition and for all m > n define:

m—1 m
K, = U El”_l and W, = E T,
v=n-+1 v=n-+1

By construction, for all m > n we have:
{H,, >1} c{C; >W,}UK,,

Now observe that (W,,)m>n is independent of F,, and goes almost surely to
infinity as m — 400 by the law of large numbers. Since C}; is F,-measurable,
it follows that almost surely:

P(C) > Wy, | Fo) =0 when m — 400

Moreover by shifting invariance of the law of the passage times and clocks,
we can see that P(K,,) = 1 — vp—p—1 for all m > n. Therefore since K, is
independent of F,, for all m > n, summing up we get that, almost surely:

P, :=P(H

Tm

>1|F,)
<SP(CE>Wp | F)+1—vmop = 1—e"/7 when m — +oo

n)

Thus, we get that there exists an JF,-measurable random variable N,g > n

such that:

P .y <1—6 a.s.
N, S

Finally, we set:
Nk+1 = ZNIEZ—)I]INIC:”

n>1
By construction is verified. Moreover for all [ > 1 we have:

l
N =0 =J{Ne=5 A NI =i} e R

j=1

We have thus constructed (Ny)r>1. Now for all k£ > 0 denote Qy, := {HTN,c > 1}
and for all integers p > 0 define:

p
Ap =) @k
k=0
For all p > 0 fixed, we have:

P(Apt1) = ZP(AP N AN, =n} N Qpt1)

n>1

11



Then observe that for all n > 1 by construction A, N { N, = n} is F,,-measurable
and P(Qpy1 | Fn)ln,=n < (1 = 9)1n,—,. Thus using conditional expectancy
for each term of the sum we get:

Apy1) € E[Ip, In,—n(1 =) = (1= 6)P(A,)

n>1

Therefore, we deduce:

N Qx| = lim P(A,) < lim P(Ag)(1—6)" =0

p——+o0 p—+o0
k>0

This tells us exactly that there exists almost surely N > ng such that H,, = 1.
Since this holds for any ng > 1 we get the result. |

Corollary 1.13 (Asymptotic lower bound). Almost surely, we have:

liminf H;, =0

t——+oo

Proof. First observe that the probability that two reaching or recovery times
match is 0. Then almost exists for all n > 1 there exists €, € (0, 1) such that:

H,

n

e, =H; —1

Finally taking the lim inf as n — 400 on both sides, since 7,, — +00 by Lemma
the result follows from Theorem [ |

Since H; € N for all t € R, , one implication of Corollary is that almost
surely for any function h : Ry — R% we have:

o t
fminf s =0

Thus it is almost surely impossible to give an equivalent for H; as t — 400. To
summarize, in the case where G is an infinite line, we have sharp bounds for
the asymptotic behavior of (H;);cr, which do not depend on . Theorem [I I is
obtained by summing up Corollaries [I.8| and [I.13]

2 The super-critical case

In this section G is a Galton-Watson tree with supercritical branching distribu-
tion of finite mean and the recovery rate v > 0 is arbitrary. Recall the notations
defined in Definition [DI We assume that V is the set of all finite words on the

alphabet N i.e.:
V=[JN"

n>0

We assume that the origin o is the empty word of V. Let % denote the usual
word concatenation operator on V. Let’s fix a random variable B € N with 1 <

12



EB < +o00 and consider a collection (B,),ecy of i.i.d. copies of B. We assume
that E consists of all the edges of the form (v, v*c) forv € Vand ¢ € [1, B, —1],
so that every vertex v € V has exactly B, neighbors. By construction G is a
Galton-Watson tree with super-critical branching distribution B. In Figure [3]a
simulation is presented. We denote S the event that G is infinite and ¢ < 1 the
probability that it is finite. To simplify the notations for all v € V and ¢ € N we
set Tyxe := T(yvxc)- We define o := EB — 1 and Ps := P[.|S]. Unless otherwise
stated, we work under the initial probability measure P. The aim of this section
is to find two non-decreasing functions h, g : Ry — R% such that almost surely
on S we have:

H M,
lim inf —~ >1 and liminf -t >1
t—+oo h t) t—+o0 g t)

Figure 3: Simulation of 4, with B ~ Bin(2, 2), v = 3 and ¢ = 13. The red dots
represent the vertices of R; and the dark lines represent the edges in £ N A2,

2.1 Useful notations and properties

In this section we do some preliminary work. We start by defining a sequence
of crucial stopping times for the process.

Definition 2.1 (Growing times). For all n > 1, we define:

Op :=inf({t > 0: #A; > n} U {+o0})

Observe that almost surely all the reaching times of vertices in G are distinct
and thus by construction for all n > 1 6,, coincides with the reaching time of a
vertex and# Ay, = n, assuming that #G > n.

For any V' C V we define 9*V as the external boundary of V in G, i.e. the set
of all vertices of G\ V that are the neighbors of a vertex of V. The first goal of
this subsection is to understand the behavior of the shape of the process as time
grows by providing asymptotic estimates for both 6,, and #0* 4y, as n — +oc.
We start with the following lemma that gives us a useful characterisation for
the distribution of [(#0* A, Jn>1, (0n)n>1]-

13



Lemma 2.2 (Step-by-step construction). Take a sequence (D;);>1 of i.i.d
copies of B and a sequence (X;);>1 of i.i.d Exp(1) random variables inde-
pendent of (D;)i>1. Define two new sequences of random variables (Jp)n>0
and (Kp)n>1 by induction by:

o Jy:=1

o foralln >0, Joy1:=Jn+ (Dpy1 — 1)1, >0

e Ki1:=0

o foralln > 1, K41 == +o00 if J, = 0 and K41 = K, + XJ—n“
otherwise

Then [(#0*Ap, )n>1, (On)n>1] is distributed as [(Jn)n>1, (Kn)n>1]-

Proof. Let’s show by induction that W, := [(#0* Ag,, )1<k<n, (Ok)1<k<n] is dis-
tributed as [(Jk)1<k<n; (Dk)1<k<n] for all n > 1. The initialisation is verified
for n = 1 since B, is distributed as B and 6; = K; = 0. Next fix n > 1 and
assume the result is true at index n. Let’s fix V, ' C V such that VN F = (),
Fc{vxe, (v,¢) €V x N} and #V = n. We define:

C:={Ay, =V ANDA, =F} and F:=0(T,, veV)

Observe that on C, W,, can be written as an F-measurable variable. Moreover
using the memoryless property of the exponential distribution we have that
conditional on C, (7, — 6,,),cr are i.i.d. Exp(1) random variables independent
of F. Therefore conditional on C, considering the next random vertex of F'
reached by the process, we deduce that [(0,41 — 0,)#F, #0" Ay, ., — #0* Ay, ]
is independent of F and distributed as (X, +1#F, Dp+1 — 1). Figure |4 gives
an illustration of this step-by-step construction. Finally summing up over all
possibilities for V' and F', we deduce that the results also holds at index n + 1,
which conclude the proof. |

Ay

n

9% A,

s S N H 90 Ay,

Figure 4: Illustration of the step-by step construction of first-passage percolation
in G explained in the proof of Lemma [2.2]

The next proposition follows from the previous lemma and will be useful
several times later on.

14



Proposition 2.3 (Controlled-growth). Almost surely on S, we have:

logn

0, and H#0%Ap, ~an when n — 400

Proof. First, remark that we can write:
S={Vn>1#0"Ap, > 0}

Therefore, using the construction given by Lemma[2.2]it is enough to show that
conditionally on &’ := {Vn > 1 J, > 0}, we have almost surely:

logn

Jp~an and K, ~ as n — +o0o

«

Next remark that on &', for all n > 1 we can write:

n n—le
J, =1 Dy —1 d K,=) =£

Thus by the law of large number, almost surely on &’ we have J, ~ an as
n — 400. Moreover, by Kolmogorov three series theorem (see, for exemple,
[Durld]), since >_,~; 7z < 00 and (Xj — 1);>1 is a sequence of i.i.d. centred
variables, we have that:

n

—~ X — 1 .
Z 3 converges in R almost surely as n — +o0
k=1

We deduce then that almost surely:
n—1 Xk
Z?Nlogn as n — +oo
k=1

Finally combining everything we get the result. |

Remark. In fact, the asymptotic behavior of (0,)n>1 has been already studied
in more details, see [AK67.

Now we introduce some useful processes coupled to the original one.

Definition 2.4 (Shifted processes). Let v € V. We construct the shifted
process associated with v by applying Definition [D with the same set up as
for the original process except for the origin that we set at v, in particular
we do mot change the random wvariables. All the quantities obtained are
denoted with a superscript (v).

By construction, for any collection of vertices in V such that none of them is
a prefix of any other, the corresponding shifted processes are independent and
distributed as the original one. In fact, there is a natural way of decomposing
the process into several independent ones, which is explained in the following
proposition.
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Proposition 2.5 (Split property). There exist an o(E)-measurable random
set O C 'V such that under Pg:

1. Almost surely we have O C G, 1 < #0 < +o00 and:

#G\ | ) G™ < +o0

veO

2. Conditional on O, (G™),co is a collection of independent random
sets distributed as G.

Proof. For any v € V| let’s define the descendants of v which are the root of an
infinite sub-tree in G by:

S, := {w € & {v} : #G™) = 400}

To start, we want to show that on S there exists almost surely a vertex v € G
such that #S, > 1. To do so, let’s define:

S :={3v € G such that #S, > 1} and §:=1—P(S)
First, remark that we have ¢ < 1 since:
P[S] > P#S, > 1] > P[B > 1](1—¢)* > 0

Next observe that reasoning conditionally on B,, we have:

Bp—1

i<p [ N 3@] ~E¢”)

Therefore since for all s € [0,1] we know that E[s®] < s <= s € (¢,1) we
deduce that ¢ < ¢. Since S C S it shows that on S , S is almost surely verified.
Now remark that if u and v are two vertices of G with common prefix a ¢ {u, v}
such that #S, > 1 and #S, > 1, then #S, > 1. It follows then that there
exists an o(F)-measurable random variable W € G such that almost surely on
S, W is the unique vertex of G such that #Sy > 1 and #G \ GW) < +o00. We
set O := Syy. See Figure p| for an illustration. It remains to show the second
point of the proposition. Let n > 1 and V' C N™ with #V > 1. We define:

0:= {#G\ PR <+oo} N{V c G}

veV

By construction, we have:

sn{o=vi=0n[)s®

seV

Finally since (G(")),cy are ii.d. random variables distributed as G' and inde-
pendent of O, we deduce the result. |
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Figure 5: Illustration of the split property.

2.2 General approach for asymptotic lower bounds

Let’s fix (Qt)ier € {(Ht)ter, (Mi)ter} and recall that Q; = 0 for all ¢ < 0 by
construction. The goal of this subsection is to provide a non-trivial sufficient
property to characterize asymptotic lower bounds for Q; as t — 400, i.e. if
f Ry — RY is a non-decreasing function we want to get a non-trivial property
on f that guarantees that we have:

liminf& >1 as.onS

t—+oo f(t)

To do so, we want to use the Borel-Cantelli lemma and we start by looking for
some upper bounds for the probability of {Q; < m} when (¢t,m) € Ri are big.
The starting point of the reasoning is to say that if we fix t € R, the vertices
of R, are likely to be close to the boundary of A;. It leads to the following
proposition.

Proposition 2.6 (Boundary inequality). Let T be an Exp(1) random vari-
able independent of the process. For all m € Ry we define:
n(m) :=PlQ1_r < m]

Then for all (t,m,n) € R3., we have:

P (t) :=P[Q: <m A #0*A_1 >n] <n(m)"

Proof. Observe that 0*A;_; is almost surely finite since on S there exists a.s.
n > 1 big enough such that ¢t — 1 < 6, by Lemma Let B,, C P(V) denote
the set all possible shapes of size greater than n for 0*A;_1, i.e. the set of all
subset F' C V such that #F > n and P(0*A;_1 = F) > 0. It is a countable set

17



by the previous observation and we have:

P'::L(t) = Z P(Qt <m A a*At—l = F)
FeB,
< Z PvVv € F Qﬁ’i)m <m A O*A;_, = F)
FeB,

Let F € B,. By the memoryless property of the exponential distribution, we
know that conditional on {9*A;—1 = F}, (1, —t + 1)yer are i.i.d. Exp(1)
variables. Moreover on {0*A;_1 = F'}, the shifted processes corresponding to
F are i.i.d., independent of (7,),cr and distributed as the initial process. We
deduce then the result by writing:

Prt)< Y PQir <m]* P07 A = F)
FeB,
=n(m)"P(#0"Ai—1 = n) < n(m)"

An illustration of the reasoning is given in Figure [6] |

A1

DA

A

Figure 6: Illustration of the reasoning in the proof of Proposition [2:6] The red
lines represent edges connecting vertices of R;.

Next, we apply the previous proposition together with the Borel-Cantelli
lemma for some random sub-sequences of times to deduce the following lemma.
Notice that we introduce two different sequences of times in the statement, it is
because we will look at some shifted processes later on and it will induce some
decays.

Lemma 2.7 (Asymptotic lower bounds on sub-sequences). Let (Y,)n>1
and (Zy,)n>1 be two random sequences of times, such that (Z,)n>1 is inde-
pendent of the process and almost surely as n — +o0o we have:

logn logn

Y, ~

and Z, ~

«

Let h : Ry — R% be a non-decreasing function such that for all x € Ry big
enough we have:
noh(z) <exp(—1/x)

18



Then for all 5 € (0,a) we have:

. Qz,
ltlglﬁgofm >1 as onS

Proof. We will use the Borel-Cantelli lemma together with the boundary in-
equality and the controlled-growth property (respectively Propositions and
. Let’s fix y € (g, 1) and z € (y,1). For all n > 1 we define:

By :={Qz, < h(e”)}
and G := {#0" Az, 1> pn* A h(e’Y") < h(n¥)}

Using that h non-decreasing and that (Z,,),>1 is independent of the process, we
deduce that for all n > 1, with the notation of Proposition 2.6, we have:

P(B,NGy) <P[Qz, <h(n™Y) A #0"Ag, 1 > Bn*] = B[P, (Z)]

Thus using Proposition and that n o h(z) < exp(—1/z) for all z big enough
we get that for all n > 1 sufficiently large:

P(B, N G,) < exp(—pBn*"Y)
Since by construction z —y > 0, it follows that ) -, P(B, N G,) < 4oo.

Moreover P is dominating Ps and thus applying the Borel-Cantelli we obtain:

Ps |limsup(B, NGp)| =0 (6)

n—-+o0o

Now we want get rid of the events (G, )n>1 in this lim sup by showing that their
liminf has probability 1 under Ps. From now on, let’s reason under Pg. Since
y/B > 1/a by construction, using the assumption on the asymptotic behavior
of (Y,,)n>1 we know that almost surely for all n > 1 big enough we have:

ylogn
g

And thus since ¢ +— h(e”?) is non-decreasing:

Y, <

h(eP¥") < h(n™Y)

Next, using Proposition @ and the assumptions on the asymptotic behavior of
(Zn)n>1, we get that:

logn

Zpn—1~6, ~ a.s. when n — +oo

Therefore since z € (0,1), almost surely for all n, k > 1 big enough we have:

1
anlfﬁkzilognf—logk
«@ za
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Setting k = |n*], we deduce then that a.s. Z, —1 > 6|,-) for all n > 1 big
enough. Now by Proposition since 8 < «, a.s. for all n > 1 big enough we
have:

#0"Ag, > B(n+1)
Which implies that a.s. for all n > 1 big enough and t > 6|,,-| we have #09*A; >
Bn*. Summing up we obtain that a.s. for all n > 1 big enough:

#0" Az, -1 = n”

We just showed that almost surely under Ps, G,, is verified for all n > 1 big
enough. Together with @ it implies that:

Ps {lim sup Bn] =0

n—-+oo
Finally by definition we have the result. |

Finally we apply the previous lemma together we the the split property
(Proposition|2.5)) to obtain the following theorem, which conclude the subsection
by giving a sufficient characterisation for asymptotic lower bounds.

Theorem 2.8 (Characterization of some asymptotic lower bounds). Let
h: Ry — R% be a non-decreasing function such that no h(x) < exp(—1/z)
for all x big enough. Then for all B € (0,«) we have:

. o
_— > .S.
ltlgﬁgof D >1 as onS

Proof. To begin, let’s observe that for any ¢ > 0 we have:
%229,,, and h(ePt) < h(ePOrr#ar)  as.

Where the minus sign means we don’t count the last vertex reached by the
process. Dividing these inequalities and taking the liminf, since #4; — +o0
almost surely as t — +o0o we get that:

P O o 0,
it aeny = it heeny

Now we already have a special random sub-sequence of time to look at, but it
is not independent of the process and thus we can not apply Lemma yet.
To get around this problem we use the split property given by Proposition [2.5
First, recall from Proposition 2.5 that O is a discrete variable. Therefore it is
enough to prove the proposition on the event {O = D} for arbitrary D C V.
Let’s fix D C V such that Ps(O = D) > 0, in particular we have #D > 1. From
now on we reason under Ps and conditionally on {O = D}. For every u € D
fix u* € D such that u* # u. For all w € D and n > 1, define:

V=1, +00Y and ZM =Y 7y
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By the split property, since a.s. except a finite set all vertices of G belong to
G™ for some u € D, we know that a.s. for all n > 1 big enough #,, will be
reached for a vertex v in G for some u € D (see Figure[7)). Therefore for all
n > 1 there exists a random vertex V,, € D and a random index L,, > 1 such
that almost surely:

O, =Y "
By construction we have then:
- V)
0, > 9t

Now observe observe that L,, — +00 as n — 400 since by definition for all
u € D it is increasing on the sub-sequence of indices n such that V, = wu.
Therefore we deduce that:

— Q(u*)

lim inf > min lim inf

9n n
n—-+00 h(eﬁen) u€ED n—+oo h(eﬁy#) &S

Next fix u € D. By construction we have:

logn

ZE~ Y~ O~ a.s. when n — 400

(07

Moreover the shifted process corresponding to u* is distributed as the original
and is independent of (Z)n>1. Therefore applying Lemma [2.7] we get that:

(u”)

o Z
il preavey =1 2
Finally summing up we obtain the result. ]
o
G
u* . . 1

Figure 7: Illustration for the proof of Theorem

2.3 Application

In this subsection, we put into application the results of the previous subsection
to compute explicitly some asymptotic lower bounds.
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Lemma 2.9 (Fast red paths inequality). Let T ~ Exp(1) be independent
of the process and r € (0,1). Then for all x > e big enough we have:

rlogx

P HI—T S — < 671/z
log log x
Proof. Let’s fix £ > e and define:
1
My = TO8T and pr R —[0,1], t — P[H; < my)]
loglog x

By independence, using conditional expectancy we have:
PlHi—7 < mg] = E[p.(1 - T)] (7)
Next, denote:
M(z) :=inf {1 — p,(t), t € [log2,1]}

By splitting the expectancy in @ into two parts using the event {T" < log 2},
we have:

PlHi—r < mg] <P(T >log2) +P(T <log2)[l - M(m)]=1-— 5

Thus since log(1 + z) < z for all z > —1, taking the log we get:

logP[Hi_p < mg] < — 5

(8)
Now for all n > 0 let v, € V denote the word composed of n zeros. Recall that
(Cy)vev corresponds to the recovery clocks. Set T, := 0 for convenience and
remark that for all ¢ € [log 2, 1], we have:

N {Cvk>1 A By, >1 ATy <
k=0

log 2

1}C{Ht>mgﬁ}

€T

Therefore computing the probability we get:

M(z) > P[B > 1]+ e=10me+1) (1 ~ exp { ni‘)gle — M(2)

Next, since log(1 —e™*) ~ logz as z — 07 and m,; — +oo as © — +oo, we
have: .
log M(z) ~ —mylogm, ~ —rlogez as x — 400

It follows then that for all x > e big enough we have:

M(z) > 2exp(—logz)

Finally since M(:E) < M(z), plugging these inequalities in and then taking
the exp, we get the result. |
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Lemma 2.10 (Fast red clusters inequality). Let T' ~ Exp(1) be independent
of the process and r € (0,1). Then for all x > e big enough we have:

rlogx

Mi_p<——2—| <et/®
logloglog x

P

Proof. We proceed as in the proof of Lemma [2.9] Let’s fix z > e® and define:

1
ml = — 8% ) R [0,1] and ¢ P[M; < m,]
logloglog =

We know that we have:
M'(x)

2
where M/ (x) :=inf {1 —p/ (¢), t € [log2,1]}

logP[My_7 <mg] < —

Now let V, C V denote the set of the first 1+ |m/,| words on the alphabet {0, 1}
in lexicographical order. By construction the length of any word in V, does not
exceed log,(m/, 4+ 1) and for all ¢ € [log2, 1], setting T, := 0 for convenience, we
can write:

ﬂ{Cv>1/\Bv>1/\Tv<

vEV,

log(m?, + 1)

Therefore computing the probability it implies that:

M (z) > P[B > 1]t e 7(mat) (1 — exp [_log(mll+l)}> = M'(z)
Next, remark that we have:
log M'(z) ~ —m/ loglogm!, ~ —rlogz as x — 400
Finally summing up we get the result. |
Theorem 2.11 (Asymptotic lower bounds for the process). Almost surely
on S, we have:

H;logt = M;loglogt o

lim inf and liminf
t——+oo t——+oo

Proof. Fix r € (0,1) and define:

rlogx

: R* _—
file,+00) o RY, w log log

This function is increasing since it has a positive derivative and we can construct
a non-decreasing function h : Ry — R% that matches with f for all x > e big
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enough. By Lemma the function h satisfies the assumptions of Theorem
2.8for (Qi)ier = (Hy)ier and thus for all 8 € (0, ) we have:

lim inf Hy

_ > .S.
i inf sy >1 as.onS

Simplifying the expression we get:

. . Ht log t
lim inf
t—4o0

>rB as.onS

Then, by making f — « and r — 1 we get the first part of the result. The
second part of the result is obtained similarly using Lemma [2.10] and Theorem

With (Qt)ter = (My)ier. u

Corollary 2.12. Almost surely on S we have:

o H,
i vy 2

Proof. Recall that by Lemma we have:

log x

() as T — 400

- log log x

Now observe that almost surely on S, we have #A4; — +o0o as t — +oo and
thus by Proposition 23] as ¢ — +0o we have:

log #4, _log(#4; +1)
(0% «

Opa, ~ ~ O4pa,
Then since for all ¢ € R we have 044, <t < 044,41, we deduce then that:
log#A; ~at as.onSas t— +oo

Therefore summing up we get:

t
DY (#A4) ~ 1:? as.onSas t— 400

Finally the result follows then from Theorem [2.11] [ |

Notice that Corollary is similar to what we had in the first section in
Corollary Summarizing, we get Theorem [[I}
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