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1 Introduction
The theory of Mean Field Games (MFG) offers a formal framework to analyze differential games with a
large number of players. Each player interacts and make decisions taking account the other agent’s deci-
sions, their behavior having a very little influence on the overall system. The theory has been introduced
independently by J.-M Lasry and P.-L. Lions in a series of article [9], [10], [11] and by Caines-Huang-Malhamé
[2] in the engineering literature. Under some assumptions, mean field games are characterized by a forward-
backward system: a Fokker-Plack equation evolving forward in time describing the density of the players
and a Hamilton-Jacobi-Bellman (HJB) equation evolving backward in time that governs the optimal path
for each agent. Somehow, the information given by these two equations is contained in the so-called master
equation. For further details about MFG, the reader can refer to [3].

Let’s take a heuristic look at how MFG are related to HJB equations. Let us consider a player that
moves in Rd. We assume that each position has a cost U(t, x) and that moving has also a cost L(x, x′,m)
that depends of the position and of the density of the other players. Given a time T > 0, a player wish to
minimize the cost of his trajectory and reach the position xT at the time t = T , in other words he wants to
minimize the quantity ∫ T

0

L(x, x′,m) + U(0, x(0))
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2 DEFINITION AND NOTATIONS

where x(T ) = xT . A key point that lies at the heart of MFG theory is the dynamic programming principle:
if we are given 0 < t0 < T and that we know the solution of the problem for the final coordinates (x0, t0),
we get the final cost more easily.

U(T, xT ) = inf

∫ T

t0

L(x, x′,m) + U(t0, x0),

It becomes interesting if we apply the same approach with time t0 and t0+dt. Under very good assumptions,
we get

∂tU(t0, x0) = inf
x

L(x, x′,m)− x′(t0)∂xU(t0, x0)

Let’s define now the Legendre transform which will be useful in the text.

Definition (Legendre transform). Let f : Rd → R. We denote f∗ : Rd → R the Legendre transform of
f by

f∗(p) = sup
v∈Rd

(v, p)− f(v)

If we come back to our problem and note H the Legendre transform of L, we get

∂tU = H(∂xU(t0, x0))

We can compare this equation with (1.1) wich is the subjet of this text. The term G is nothing but a
term that has been separated from the Hamiltonian for technical convenience. The term ∆invU corresponds
to a random noise that we add to the model.

The following text falls within the finite state MFG. The study of finite state spaces is not only interesting
in its own right but also plays a part in the numerical analysis of more general games. Developments can be
found here [7] and the master equation with Wright-Fisher common noise have been studied in [1], but very
little is known about HJB equations on such spaces. Some works on Hamilton-Jacobi equations were car-
ried out before the introduction of MFGs [8] but the latter have contributed to a renewed interest in the field.

We’ll be working on the space of probability simplex endowed by a Monge-Kantorovich metric. The
study of optimal control in the space of probability measure is abunding (see [5], [6], [12]). This space is also
provided with a differentiable structure, so that we can define a notion of viscosity solution. A definition of
viscosity solution in the Wasserstein space was proposed in [6].

More precisely, we consider the HJB equation

∂tU(t, µ) +H(µ,∇WU(t, µ))− G(µ) = ℏ
2
∆indU(µ) (1.1)

for a certain class of Hamiltonians. The games are governed by the data H and G, with ∆ind being an
individual noise. We present a viscosity solution to this equation under the form of an optimal control
problem (2.3).

2 Definition and notations
In all that follows, G = (V,E, ω) denote a connected, simple, with no self-loops graph of vertices V = 1, . . . , n
and edges E, with a weighted metric ω = (ωij). It is given by a n by n symmetric matrix with entries ωij

such that ωij > 0 if (i, j) ∈ E. We denote by P(G) the probability simplex{
ρ ∈ [0, 1]n

∣∣∣∣∣
n∑
1

ρi = 1

}
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2 DEFINITION AND NOTATIONS

The interior of P(G) is denoted by P0(G). For a vertex i of the graph G, we define the set of the neighbours
of i by N(i) := {j ∈ E | wij > 0}. We define some operators on the graph: the discrete gradient ∇G and
the discrete divergence divσ:

∀ϕ ∈ Rn, (∇Gϕ)ij =
(√

wij(ϕi − ϕj)
)
ij

and ∀v ∈ Sn×n, divσ(v)i =
∑
j∈V

gij(σ)
√
wijvji

Definition (G-divergence of vector field). The divergence operator associates to any vector field m on
G is defined by

∀m ∈ Sn×n, ∇G ·m =

 ∑
j∈N(i)

√
wijmji


i∈V

We fix a class of functions Lij ∈ C
(
[0, 1]× R

)
∩ C∞

(
(0, 1)× R

)
, two real numbers λ1, λ2 ∈ R2

+ and κ > 1

such that λ1a|b|κ ≤ Lij(a, b) ≤ λ2a|b|κ for all (i, j) ∈ E.

We set

lij(a, β) =


Lij

(
a,

β

a

)
, if a ̸= 0;

0, if a = β = 0;
+∞, if a = 0, β ̸= 0.

(2.1)

We assume that (a, β) 7→ lij(a, β) is convex and that for any β, a 7→ lij(a, β) is monotone non-increasing.

Let g : [0,+∞)× [0,+∞) → R+ that satisfies the following conditions:

• g is continuous on [0,+∞)× [0,+∞) and is of class C∞ on (0,∞)× (0,∞)

• g(r, s) = g(s, r) for any s, r ∈ R+

• g(r, s) > 0 for any r, s ∈ (0,∞)

• g(λr, λs) = λg(r, s) for any λ, s, r ∈ (0,∞)

• g is concave

g is used to define an equivalence relation ∼ on the set of antisymmetric matrices Sn×n:

∀(v, v′) ∈ Sn×n,∀σ ∈ P(G) we have v ∼ v′ ⇔ ∀(i, j) ∈ E, gij(σ)(vij − v′ij) = 0

Finally, we assume that
∫ +∞
0

dr√
g(r,1−r)

β < +∞ for all β > 0 to ensure that the square κ-Monge-Kantorovitch

metric is defined on P(G). This hypothesis will be developed in the appendix.

Definition (The κ-Monge-Kantorivitch norm). The κ Monge-Kantorovitch metric between ρ0 and ρ1

is defined by

Wκ
κ (ρ

0, ρ1) := inf
(ρ,v)


∫ 1

0

∑
(i,j)∈E

gij(ρ)|vij |κdt such that ρ̇+ divρ(v) = 0, ρ(0) = ρ0, ρ(1) = ρ1


Definition (The quotient space Hσ). We denote the quotient space Sn×n/ ∼ as being Hσ and endow this
one with an inner product and a discrete norm as follows:

(v, v′)σ =
1

2

∑
(i,j)∈E

gij(σ)vijv
′
ij and ||v||σ =

√
(v, v)σ

If ϕ ∈ Rn and v ∈ Sn×n, we have the integration by parts formula

(∇Gϕ, v)σ = −(ϕ, divσ(v)) (2.2)
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2 DEFINITION AND NOTATIONS

Definition (The tangent space TρP(G)). We define TρP(G) as the closure of the range of ∇G in Hσ

and we denote by πρ the projection onto TρP(G).

We define here a differentiable structures on the space P(G)R:

Definition (Wasserstein gradient). Let F : P(G) → R and ρ ∈ P(G).

1. We say that F is W-differentiable at ρ if there exist v ∈ TρP(G) and C > 0 such that: for every ϵ > 0,
there exists δ > 0 such that if ρ̄ ∈ P(G) and v̄ ∈ TρP(G) then

||ρ̄− ρ||l1 ≤ δ ⇒ |F(ρ̄)−F(ρ)− (v̄, v)ρ| ≤ ϵW2(ρ̄, ρ) + C||ρ̄− ρ+ divρ(v̄)||l1

If v exists, it is uniquely determined as an element of the quotient space TρP(G) and we denote
v := ∇WF(ρ)

2. We write F ∈ C1(P0(G),W) if F is W-differentiable everywhere on P0(G) and its Wasserstein gradient
∇WF is continuous on P0(G).

Definition (Fréchet derivate). Let F : P(G) → R and ρ ∈ P(G).

1. We say that F has a Fréchet derivate at ρ if there exist p ∈ Rn such that

n∑
i=1

pi = 0 and lim
s→0+

F((∞− ∫)ρ+ ∫ ρ̄−F(ρ)

s
=< p, ρ̄− ρ >,∀ρ̄ ∈ P(G)

If F has a Fréchet derivate at ρ, then it is uniquely determined and we write v := δF
δρ (ρ)

2. We write F ∈ C1(P0(G), l2) if F has a continuous Fréchet derivate on P0(G).

The previous definitions are interrelated: if F has both a Fréchet derivate and a Wasserstein gradient at
ρ, we have

∇WF(ρ) = ∇G

(
δF
δρ

(ρ)

)
Definition (Graph individual noise operator). If u : P(G) → R is differentiable at ρ ∈ P0(G), the
graph individual noise operator ∆ind is defined by

∆indu(p) := (divρ(∇Wu(ρ), logρ)

In light of (3.2), the noise operator can be extend to the whole set P(G). We now define two Lagrangians
L, L̄ : P(G)× Sn×n by

L(σ, v) = 1

2

∑
(i,j)∈E

Lij(gij(σ), vij) and L̄(σ,m) =
1

2

∑
(i,j)∈E

lij(gij(σ),mij).

and the Hamiltonian H by

H(σ, p) = sup
v∈Sn×n

{(v, p)σ − L(σ, v)} = sup
m∈Sn×n

{
(m, p)− L̄(σ,m)

}
Finally, we consider G,U0 : P(G) → R convex, upper bounded. We aim to demonstrate that, under certain
assumptions, the following minimization problem is a solution to the equation (1.1).

U(t, µ) = inf
(σ,v)∈C(t,µ)

{∫ t

0

[L(σs, vs) + G(σs)] ds+ U0(σ0)

}
(2.3)

where

C(t, µ) := {(σ, v)|σ̇ + divσ(v +
ℏ
2
∇G log σ) = 0 at the weak sense , σt = µ, σ ∈ W1,κ([0, t],P(G)), v Borel}
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3 PRELIMINARIES

3 Preliminaries

3.1 Hypothesis
By definition, ∇G log σ is well defined in the interior of P(G) and is given by

∇G log σ =
(√

wij(log σi − log σj)
)
(i,j)∈E

and so

∀i ∈ {1, . . . , n},divσ(∇G log σ)i =
∑

j∈N(i)

gij(σ)
√
wij(log σj − log σi) (3.1)

With the aim of giving a meaning to (2.3), a first challenge is to extend this expression to the entire set
P(G). In order to do so, we assume this condition holds throughout the rest of the analysis:

log s− log t

s− t
g(s, t) (3.2)

has a unique continuous extension on [0, 1]2 that we’ll note ḡ. We denote in the manuscript

d(σ) := (dij(σ))i,j :=
(
gij(σ)

√
wij(log σi − log σj)

)
i,j

=
(
ḡij(σ)

√
wij(σi − σj)

)
i,j

3.2 Problem reformulation
In this paragraph, we aim to demonstrate an alternative formulation of U .

Proposition. We can express U as follows:

U(t, µ) = inf
(σ,m)∈C̄(t,µ)

{∫ t

0

(
L̄(σs,ms) + G(σs)

)
ds+ U0(σ0)

}
, ∀(t, µ) ∈ R+ × P0(G), (3.3)

where

C̄(t, µ) := {(σ,m)|σ̇+∇G·m+
ℏ
2
divσ(∇G log σ) = 0 at the weak sense , σt = µ, σ ∈ W1,κ([0, t],P(G)),m Borel}

Proof. Let (t, µ) ∈ R+ × P0(G). The set C(t, µ) is non empty and U(t, µ) < +∞. Indeed, we can consider
σ = µ constant and v = −∇G logµ.

For (σ, v) ∈ C(t, µ), set m ∈ Sn×n measurable by

mij(t) = gij(σ(t))vij(t) (3.4)

We verify that ∇G · m = divσ(v) so (σ,m) ∈ C̄(t, µ). We also have the equality
∫ t

0
L(σ, v) =

∫ t

0
L̄(σ,m).

Conversely if m ∈ Sn×n Borel and satisfies
∫ t

0
L̄(σ,m) < +∞, we can define v

vij =

{
mij

gij(σ)
if gij(σ) ̸= 0

0 if gij(σ) = 0

In that case, (2.1) ensures that for (i, j) ∈ E,

lij(gij(σ),mij) =


Lij(gij(σ), vij) if gij(σ) ̸= 0

Lij(gij(σ), vij) if gij(σ) = 0 and mij = 0

+∞ if gij(σ) = 0 and mij ̸= 0

in such a way that {s ∈ [0, t] | L̄(σ,m) ̸= L(σ, v)} and {t | mij(t) ̸= 0, gij(σ)(t) = 0} have measure 0. Thus,
∇G ·m = divσ(v) almost everywhere and

∫ t

0
L(σ, v) =

∫ t

0
L̄(σ,m). We can finally conclude from the above

that (σ, v) ∈ C(t, µ) and that

U(t, µ) = inf
(σ,m)∈C̄(t,µ)

{∫ t

0

[
L̄(σs,ms) + G(σs)

]
ds+ U0(σ0)

}
, ∀(t, µ) ∈ R+ × P0(G)
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3.3 Minimizer 3 PRELIMINARIES

We denote in the following F̄ (σ,m) :=
∫ t

0

(
L̄(σ,m) + G(σ)

)
ds+U0(σ) and F (σ, v) :=

∫ t

0
(L(σ, v) + G(σ)) ds+

U0(σ).

3.3 Minimizer
The interest of the previous reformulation lies in the fact that we now need to minimize a convex function.

Proposition. L̄ is convex and lower semi-continuous

Proof. Consider (an, βn) ⊂ ([0, 1] × R)n a sequence that converges to (a, β). We want to verify that
lim inf lij(an, βn) ≥ lij(a, β). If a = 0, this is the case by (1.4). Else, we can assume that an > 0 for
all n ∈ N and use the continuity of Lij on (0, 1]× R. This shows the lower semicontinuity of lij . Since g is
continuous, we get that (σ,m) 7→ lij(gij(σ),mij) is lower semicontinuous by composition.

Let (σ0, σ1) ∈ P(G)2, m0,m1 ∈ R2 and t ∈ [0, 1]. Let us verify the Jensen’s inequality for lij :

lij(gij(tσ0 + (1− t)σ1), tm0 + (1− t)m1) ≤ lij(tgij(σ0) + (1− t)gij(σ1), tm0 + (1− t)m1)

≤ tlij(gij(σ0),m0) + (1− t)lij(gij(σ1),m1)

Then, (σ,m) 7→ lij(gij(σ) is convex. Finally, L̄ is a convex lower semicontinuous function as a sum of convex
lower semicontinuous functions.

This theorem is the main result of our section and will be used many times later. We will show that the
minimum is reached and that the Hamiltonian is conserved.

Theorem 3.1
1. U(t, µ) is a minimum.

2. Taking a minimizer (σ̃, m̃), the quantity

L̄(σ̃, m̃)− (m̃+
ℏ
2
d(σ̃)) · ∇mL̄(σ̃, m̃) + G(σ̃)

is constant almost everywhere.

1.. Let (t, µ) ∈ R+×P0(G). Let (σ,m) such that F̄ (σ,m) < U(t, µ)+1. Since G and U0 are upper bounded,
there exists M > 0 such that

∫ t

0
L̄(σ,m) < M .

We have ∫ t

0

|mij |κ ≤
∫ t

0

(
gij(σ)

κ−1

λ1

)
lij(gij(σ),mij) ≤

(
|g|κ−1

∞
λ1

)∫ t

0

lij(gij(σ),mij)

and we know that σ 7→ divσ(∇G log σ) is bounded on the compact set P(G) according to the equation (3.1).

The consequence of the equation that links σ and m and those two remarks yield that there exists S > 0
such that |σ̇|Lκ ≤ S. By the Poincaré inequality we can change the value of S to obtain

|σ|W 1,κ ≤ S (3.5)

This shows that we can replace the set of all the admissible couples (σ,m) by a bounded space of W 1,κ([0, t],P(G))×
Lκ([0, t],Sn×n). Let (σn,mn) a minimizing sequence. By the Banach Alaoglu theroem and the reflexivity of
Lκ, even if it means extracting we can assume that

1. σn converges weakly to σ ∈ Lκ

2. σ̇n converges weakly to σ̃ ∈ Lκ
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3. mn converges weakly to m ∈ Lκ

Then, we verify that σ̇ = σ̃ thus showing that (σ,m) is a minimizer of the problem.

2.. Let (σ̃, m̃) a minimizer of the problem. Let ϕ ∈ C1
c (0, t) and u(s) := s+ϵϕ(s). We have u(0) = 0, u(t) = t

and u is a diffeomorphism for a small enough ϵ. Denote n := u−1. Let

σ(s) := σ̃(n(s)),m(s) = ṅ(s)m̃(n(s)) +
ℏ
2
(ṅ− 1)d(σ̃(n(s)))

We have ∇G · d(σ) = divσ(∇G log σ) and thus, the couple (σ,m) is admissible:{
σ̇(s) = ṅ(s) ˙̃σ(n(s))

∇G.(m(s)) = ṅ(s)∇G.(m̃(n(s))) + ℏ
2 (ṅ(s)− 1)∇G · d(σ̃(n(s)))

Let’s compute F̄ (σ,m)− U0(σ):

∫ t

0

[
L̄(σ(s),m(s)) + G((σ(s))

]
)ds =

∫ t

0

[
L̄
(
σ̃(n), ṅm̃(n) +

ℏ
2
(ṅ− 1)d(σ̃)

)
+ G(σ̃(n))

]
ds

=

∫ t

0

u̇(y)

[
L̄
(
σ̃(y),

m̃(y)

u̇(y)
+

ℏ
2
(
1

u̇
− 1)d(σ̃)

)
+ G(σ̃(y))

]
dy

Then,∫ t

0

(
L̄(σ(s),m(s)) + G(σ(s)

)
ds =

∫ t

0

(1 + ϵϕ̇)

[
L̄
(
σ̃, (1− ϵϕ̇)m̃− ϵϕ̇

ℏ
2
∇G · d(σ̃) + ϵ2C(ϵ, s)

)
+ G(σ̃)

]
dy

where (ϵ, s) 7→ C(ϵ, s) is a continuous bounded function. By the derivability of Lij on (0, 1)× R, we get

F̄ (σ,m)−U0(σ) =

∫ t

0

[
L̄(σ̃, m̃) + G(σ̃) + ϵϕ̇

(
L̄(σ̃, m̃)−

(
m̃+

ℏ
2
d(σ̃)

)
· ∇mL̄(σ̃, m̃) + G(σ̃)

)
+ ϵ2C(ϵ, t)

]
dy

where (ϵ, s) 7→ C(ϵ, s) is a new continuous bounded function. By definition of U , the minimum of the right
part is reached when ϵ = 0 so its derivate is null at ϵ = 0. This shows that∫ t

0

[
ϕ̇

(
L̄(σ̃, m̃)−

(
m̃+

ℏ
2
d(σ̃)

)
· ∇mL̄(σ̃, m̃) + G(σ̃)

)]
dy = 0

This equality holds for all ϕ ∈ C1
c (0, t) so L̄(σ̃, m̃)− (m̃+ ℏ

2d(σ̃)) · ∇mL̄(σ̃, m̃) + G(σ̃) is constant.

3.4 Dynamic Programming
Let (σ, v) ∈ C(t, µ) and (σ̃, ṽ) ∈ C(t, µ) that minimizes U(t, µ) and τ ∈ (0, t). By definition of U ,

U(τ, σ(τ)) ≤ U0(σ0) +

∫ τ

0

[L(σ, v) + G(σ)] ds.

Then,

inf
(σ,v)

{
U(τ, σ(τ)) +

∫ t

τ

[L(σ, v) + G(σ)] ds, σ̇ + divσ(v +∇G log σ) = 0, σt = µ

}
≤ U(t, µ) (3.6)

If we have

U(τ, σ̃(τ)) < U0(σ̃0) +

∫ τ

0

[L(σ̃, ṽ) + G(σ̃)] ds,

we can construct a new path (σ, v) such that F (σ, v) < F (σ̃, ṽ). This is absurd and (σ̃, ṽ) minimizes the left
part of (3.6) wich is so an egality.
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4 U IS A VISCOSITY SOLUTION

4 U is a viscosity solution
Definition (Viscosity solution). We introduce here the definition of viscosity solution on the Wasserstein
space of probability measures.

• A fonction u ∈ USC([0, T ) × P0(G)) is a viscosity subsolution to (1.1) if u(0, ·) ≤ u0 and for every
ϕ ∈ C1((0, T )× P0(G), l2) such that u− ϕ has a local maximum at (t0, ρ0), we have

∂tφ(t0, ρ0) +H(ρ0,∇Wφ(t0, ρ0)) + G(ρ0) ≤ Oρ0(∇Wφ(t0, ρ0)) (4.1)

• A fonction u ∈ LSC([0, T ) × P0(G)) is a viscosity supersolution to (1.1) if u(0, ·) ≥ u0 and for every
ϕ ∈ C1((0, T )× P0(G), l2) such that u− ϕ has a local maximum at (t0, ρ0), we have

∂tφ(t0, ρ0) +H(ρ0,∇Wφ(t0, ρ0)) + G(ρ0) ≥ Oρ0
(∇Wφ(t0, ρ0)) (4.2)

The purpose of this section is to show that U is a viscosity solution of (1.1).

4.1 Viscosity subsolution
First, we need to show that U is upper semicontinuous. Here, we assume here the following lemma

Proposition. U is upper semicontinuous.

Proof. Let (µn, tn) → (µ, t) and ϵ > 0. There exists (σ, v) ∈ C(t, µ) such that∫ t

0

F (σ, v)dτ + U0(σ) ≤ U(t, µ) + ϵ

Let pn ∈ (0, 1)N that we’ll precise later, (σn, vn) a geodesic connecting µ and µn for the Monge-Kantorovitch
metric Wκ and (σ̃n, ṽn) defined by

σ̃n(τ) =

σ
(

t
pntn

τ
)

for τ ∈ [0, pntn]

σn

(
1

(1−pn)tn
(τ − pntn)

)
for τ ∈ [pntn, tn]

ṽn(τ) =


t

ptn
v
(

t
pntn

τ
)

for τ ∈ [0, pntn]

1
(1−pn)tn

vn

(
1

(1−pn)tn
(τ − pntn)

)
for τ ∈ [pntn, tn]

Then, by change of variable, we obtain∫ tn

0

F (σ̃n, ṽn) =

∫ pntn

0

F (σ̃n, ṽn)+

∫ tn

pntn

F (σ̃n, ṽn) =
pntn
t

∫ t

0

F

(
σ,

t

pntn
v

)
+tn(1−pn)

∫ 1

0

F

(
σn,

1

(1− pn)tn
vn

)
Let’s compute

∫ 1

0
F
(
σn,

1
(1−pn)tn

vn

)
:

∫ 1

0

F

(
σn,

1

(1− pn)tn
vn

)
≤ λ2

2

∫ 1

0

∑
(i,j)∈E

gij(σn)

∣∣∣∣ vn
(1− pn)tn

− ℏ
2

√
wij(log σn,i − log σn,j)

∣∣∣∣κ + G(σ)

≤ 2κ−1λ2

∫ 1

0

 ∑
(i,j)∈E

gij(σn)

(∣∣∣∣ vn
(1− pn)tn

∣∣∣∣κ +

∣∣∣∣ℏ2√wij | log σn,i − log σn,j |
∣∣∣∣κ)+ G(σ)



= 2κ−1λ2

(
Wκ(µ, µn)

(1− pn)tn

)κ

+

∫ 1

0

 ∑
(i,j)∈E

ḡij(σn)

(
ℏ
2

√
wij

)κ

|σn,i − σn,j || log σn,i − log σn,j |κ−1 + G(σ)


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4.1 Viscosity subsolution 4 U IS A VISCOSITY SOLUTION

If we set pn = 1−Wκ(µ, µn), the expression tn(1− pn)
∫ 1

0
F
(
σn,

1
(1−pn)tn

vn

)
goes to 0. Finally,

lim supU(tn, µn) ≤ lim sup

∫ tn

0

F (σ̃n, ṽn) + U0(σ̃) =

∫ t

0

F (σ, v) + U0(σ) = U(t, µ)

and U is upper semicontinuous.

We want to prove now that U satisfies the inequality (4.1). To do so, let us consider (t0, ρ0) ∈ (0, T )×P0(G)
and φ ∈ C1((0, T )× P0(G), l2) such that u− φ has a local maximum at (t0, ρ0).

Let σ ∈ W1,κ(0, T ;P(G)), v Borel such that σ̇ + divσ(v) = 0, σt0 = ρ0. Thus, for all t ≤ t0,

U(t0, ρ0) ≤ U(t, σ(t)) +
∫ t0

t

[
L(σ, v − ℏ

2
∇WS(σ)) + G(σ)

]
ds

If t is close of t0, since u− φ has a local maximum at (t0, ρ0), we have

φ(t0, ρ0)− φ(t, σ(t)) ≤
∫ t0

t

[
L(σ, v − ℏ

2
∇WS(σ)) + G(σ)

]
ds (4.3)

We will attempt to divide this expression by t − t0 and look at the limit when t goes to t0. We start with
some technical lemmas to give a sense to the limit of the left part.

Lemma 4.1
Let 0 ≤ t1 < t2 ∈ R2, σ ∈ W1,κ(t1, t2;P(G)) and v ∈ L∞(t1, t2;Sn×n) such that the contiuity equation
σ̇ + divσ(v) is verified. Then W2(σ(a),σ(b))

b−a is bounded for all a, b ∈ R2 such that t1 ≤ a < b ≤ t2.

Proof. Note that ||v||σ ∈ L∞(t1, t2;Sn×n) since g is continuous on a compact set.

Let a < b ∈ [t1, t2]
2, u(s) := (b−a)s+ b and ṽ(s) = (b−a)v(u(s)). The couple (σ ◦u, ṽ) is a path connecting

σ(a) and σ(b): { ˙︷ ︸︸ ︷
σ ◦ u(s) = (b− a)σ̇(u(s))

divσ(u(s))(ṽ(s)) = (b− a)divσ(u(s)(v(u(s))

W2
2 (µ(a), µ(b)) ≤

∫ 1

0

||v(s))||2µ(u(s))ds = (b− a)2
∫ 1

0

||v(u(s))||2µ(u(s))ds = (b− a)

∫ b

a

||v(t)||2µ(t)dt (4.4)

and so

0 ≤ W2(µ(a), µ(b))

b− a
≤

√∫ b

a
||v(t)||2σ(t)
b− a

(4.5)

This last expression is bounded since ||v||σ ∈ L∞(t1, t2;Sn×n).

Lemma 4.2
Let 0 < t1 < t0, ρ ∈ W1,κ(t1, t0;P(G)) and v Borel such that ρ̇+divρ(v) = 0, v(t0) ∈ Tρ0

P(G) and ρ(t0) = ρ0.
Let φ ∈ C1((0, T )× P0(G), l2). If we assume that W(ρ(t),ρ(t0))

t−t0
is bounded when t goes to t0 then

d

dt
φ(t0, ρ(t))

∣∣∣∣
t=t0

= (∇Wφ(ρ0), v(t0))ρ0 (4.6)

and

d

dt
φ(t, ρ(t))

∣∣∣∣
t=t0

= ∂tφ(t0, ρ0) + (∇Wφ(ρ0), v(t0))ρ0
(4.7)
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4.1 Viscosity subsolution 4 U IS A VISCOSITY SOLUTION

Proof. Indeed, by definition of the Wasserstein differential, we can let C > 0 such that for all ϵ > 0, there
exists δ > 0 such that if |ρ(t)− ρ|1 ≤ δ then

|φ(t0, ρ(t))− φ(t0, ρ0)− ((t− t0)v,∇Wφ(ρ0))ρ0 | ≤ ϵW(ρ(t), ρ0) + C|ρ(t)− ρ0 + divρ0((t− t0)v|1

Since, ρ̇(t0) + divρ0(v) = 0, we get

lim sup
t→t0

∣∣∣∣φ(t0, ρ(t))− φ(t0, ρ0)

t− t0
− (v,∇Wφ(ρ0))ρ0

∣∣∣∣ ≤ ϵ
W(ρ(t), ρ0)

t− t0
+ o(1)

This is true for all ϵ > 0 so the first part of the lemma is proved, then

φ(t, ρ(t))− φ(t0, ρ(t0)) = φ(t, ρ(t))− φ(t0, ρ(t)) + φ(t0, ρ(t))− φ(t0, ρ0)

= (t− t0)∂tφ(t0, ρ(t)) + (t− t0)(∇Wφ(ρ0), v(t0))ρ0 + o(t− t0)

= (t− t0)(∂tφ(t0, ρ0) + o(1)) + (t− t0)(∇Wφ(ρ0), v(t0))ρ0 + o(t− t0)

= (t− t0)∂tφ(t0, ρ0) + (t− t0)(∇Wφ(ρ0), v(t0))ρ0 + o(t− t0)

and we get the second part of the lemma.

The hypothesis of this lemma may seem restrictive, mainly because we impose that v(t0) belongs to the
tangent space, we nevertheless show that this condition can be replaced by v(t0) ∈ Sn×n. This is the subject
of that last lemma:
Lemma 4.3
Let σ ∈ W1,κ(0, T ;P(G)), v ∈ L∞(0, T ;Sn×n) such that the continuity equation holds. Then, w(t) :=
πσ(t)(v(t)) verifies:

1. w is measurable

2. σ̇ + divσ(w(t)) = 0

3. ||w||σ(t) ≤ ||v||σ(t)

Proof. First, we see that σ is continuous. Indeed, σ̇i is bounded as a sum of bounded terms:

σ̇i = divσ(v)i =
∑

j∈N(i)

gij(σ)
√
wijvji

1. πσ(t)(v) is defined as the minimum of ||v − ·||σ(t) over Tσ(t)P(G) and Tσ(t)P(G) as the closure of ∇G

in Hσ. Then, by continuity of w 7→ ||v − w||σ(t), we get that

πσ(t)(v) = min
ϕ∈Rn

||v −∇G(ϕ)||σ(t) (4.8)

For all ϕ ∈ Rn, t 7→ ||v − ∇G(ϕ)||σ(t) is continuous by continuity of g and σ so w(t) = πσ(t)(v) is
measurable (and also continuous).

2. We have σ̇ + divσ(w) = σ̇ + divσ(v) + divσ(w − v) = 0.

3. This a direct consequence of the definition of w as minimizer.

These three lemmas show that if the curve (σ, v) satisfies certain assumptions, then we can compute the
desired limit.
Corollary 4.4
Let σ ∈ W1,κ(0, T ;P(G)), v ∈ L∞(0, T ;Sn×n) such that the continuity equation holds and w(t) = πσ(t)v(t).
Then,

lim
t→t0

φ(t0, ρ0)− φ(t, σ(t))

t0 − t
= ∂tφ(t0, ρ0) + (∇Wφ(ρ0), w)ρ0

= ∂tφ(t0, ρ0) + (∇Wφ(ρ0), v)ρ0
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4.1 Viscosity subsolution 4 U IS A VISCOSITY SOLUTION

Therefore, we want to prove that ∀v0 ∈ Sn×n, there exists a curve (σ, v) solution of the continuity equation
such that v(t0) = v0.

Proposition. Let t0 > 0, v ∈ L∞(0, T ;Sn×n) continuous and ρ0 ∈ P0(G). There exists δ > 0 such that the
following Cauchy problem has a solution µ ∈ W1,κ(t0 − δ, t0;P(G)){

µ̇+ divµ(v) = 0

µt0 = ρ0
(4.9)

Proof. This a consequence of the Cauchy-Lipschitz theroem. There exists ϵ > 0 such that 1 − ϵ > ρ0,i > ϵ
for all i ∈ {1, . . . , n}. Let U =]ϵ, 1− ϵ[n and

f :=

{
U × R → Rn

(x, t) 7→ divx(v)

Since g is C∞ on (0, 1)2, we can bound ∇g on [ϵ, 1− ϵ]2 by a real M > 0. Let x, y two vectors of U , we have

|divx(v)− divy(v)|1 ≤
∑
i,j

|√wijvij ||gij(x)− gij(y)|1 ≤ |V |∞|
√
w|∞

∑
ij

M(|xi − yi|+ |xj − yj |) ≤ C|x− y|1

where C is a constant depending only of (v,G,M). By continuity of g and v, f is continuous. As a
consequence, there exists δ > 0 such that the Cauchy problem has a solution on U × [t0 − δ, t0]. Denote µ
this solution. We have

d

dt

n∑
i=1

µi =
∑
i̸=j

gij(σ)
√
wijvji =

∑
i<j

gij(σ)
√
wijvji +

∑
j<i

gij(σ)
√
wijvji =

∑
i<j

gij(σ)
√
wij(vji − vji) = 0

and so
∑

i µi is constant equal to 1, then µ ∈ P(G). Since µ ∈ U , v ∈ L∞(t0 − δ, t0) and the identity
µ̇+ divµ(v) = 0, we deduce that µ̇ ∈ Lκ(t0 − δ, t0;R

n) so µ ∈ W1,κ(t0 − δ, t0;P(G)).

We now have all the necessary tools to carry out the desired calculation. Let v(t) := v0 ∈ L∞(0, t0;Sn×n)
constant. By the proposition, there exists t1 < t0 and (µ, δ) ∈ W1,κ(t1, t0;P(G))×R such that µ̇+divµ(v) =

0, µ(t0) = ρ0. By the lemma 4.1, W(ρ(t),ρ(t0))
t−t0

is bounded when t goes to t0. Thus, by the lemma (4.2

lim
t→t0

φ(t0, ρ0)− φ(t, σ(t))

t0 − t
= ∂tφ(t0, ρ0) + (∇Wφ(ρ0), v(t0))ρ0

We recall that we study this inequality

φ(t0, ρ0)− φ(t, σ(t))

t0 − t
≤

∫ t0
t

[
L(σ, v − ℏ

2∇WS(σ)) + G(σ)
]
ds

t0 − t

Once again, we use the change of variable between m and v. Let mv as defined in (3.4). Here, v is continuous
and so mv is. Then, by continuity of t 7→ L̄(σ(t),mv(t)) < +∞,

∂tφ(t0, ρ0) + (∇Wφ(ρ0), v(t0))ρ0
≤ L̄(ρ0,mv) + G(ρ0)

We have

(∇Wφ(ρ0), v(t0))ρ0
= (mv(t0),∇Wφ(ρ0)) +

ℏ
2
(∇WS(ρ0),∇Wφ(ρ0))ρ0

so that

∂tφ(t0, ρ0) + (mv(t0),∇Wφ(ρ0))− L̄(ρ0,mv(t0))− G(ρ0) ≤ Oρ0
(∇Wφ(ρ0)) (4.10)

This equation is true for all v ∈ Sn×n and so

∂tφ(t0, ρ0) +H(ρ0,∇Wφ(t0, ρ0))− G(ρ0) ≤ Oρ0(∇Wφ(ρ0))

U is a subsolution to the equation (1.1).
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4.2 Viscosity supersolution 4 U IS A VISCOSITY SOLUTION

4.2 Viscosity supersolution
Proposition. U is lower semicontinuous.

Proof. Let (µ, t) ∈ P0(G) × R+ and (µn, tn) → (µ, t). Let (σn,mn) that realizes the minimum for (µn, tn).
Let σ̃n, m̃n by

{
σ̃n(τ) = σn

(
tnτ
t

)
m̃n(τ) = mn(τ)

such that ˙̃σn +∇G · m̃+ ℏ
2divσ̃(∇G log σ̃) = 0. We have,

U(µn, tn) =

∫ tn

0

L̄ (σn,mn) + U0(σ) =
tn
t

∫ t

0

L̄ (σ̃n, m̃n) + U0(σ̃n)

If we proceed in the same manner as in the proof of theorem (3.1), we can show that a subsequence of
(σ̃n,mn) can be extracted that converges weakly in W1,κ×Lκ to (σ,m). Note that we should pick some real
t∗ > max(maxn∈N tn, t) and consider the space W1,κ(0, t∗;P(G))×Lκ(0, t∗;Sn×n) even if it means extending
the functions as 0 outside their interval of definition. Finally, since L̄ is lower semi-continuous,

lim inf U(µn, tn) = lim inf

∫ t

0

L(σ̃n, m̃n) + U0(σ̃n) ≥ U(µ, t)

This shows that U(µ, t) is lower semi-continuous.

We want to prove now that U satisfies the inequality (4.2). Let (t0, ρ0) ∈ (0, T ) × P0(G) and φ ∈
C1((0, T )×P0(G), l2) such that u−φ has a local minimum at (t0, ρ0). There exists (σ, v) ∈ W1,κ(0, T ;P(G))×
L2(0, T ;Sn×n) such that

U(t0, ρ) = U(t, σ(t)) +
∫ t0

t

[
L(σ, v − ℏ

2
∇WS(ρ0)) + G(σ)

]
ds

If t is close of t0, we have

φ(t0, ρ0)− φ(t, σ(t)) ≥
∫ t0

t

[
L(σ, v − ℏ

2
∇WS(ρ0)) + G(σ)

]
ds

We can proceed now as in (4.8) and get w(t) measurable such that w(t) = πσ(t)v(t). By the corollary (4.4),
we have

lim
t→t0

φ(t0, ρ0)− φ(t, σ(t))

t0 − t
= ∂tφ(t0, ρ0) + (∇Wφ(ρ0), v)ρ0

We use the change of variable (v → mv) and by continuity of σ,mv, we have

∂tφ(t0, ρ0) + (∇Wφ(ρ0), v)ρ0 ≥ L̄(ρ0,mv(t0))) + G(ρ0)

and finally, we obtain the desired formula. U is a supersolution of (1.1).

∂tφ(t0, ρ0) + (mv(t0),∇Wφ(ρ0))− L̄(ρ0,mv(t0))− G(ρ0) ≤ Oρ0
(∇Wφ(ρ0)) (4.11)
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5 Properties of U
5.1 Euler-Lagrange equation
In this subsection, we will take a closer look at the regularity of U by finding the Euler-Lagrange equation
associated with the problem. We will see that we can find one directly around the interior points of the
simplex P(G).

Definition ( δd
δσ (σ)). For σ ∈ P(G), we define the Fréchet derivate of d as an element of Rn × Sn×n by

δd
δσ (σ) :=

(
δdij

δσ (σ)
)
(i,j)∈E

and we write δdij

δσk
(σ) the coordinates of δdij

δσ (σ). It will be useful in the following

to remark that

δdij
δσk

(σ) =


∂1ḡ(σi, σj)(σi − σj) + ḡ(σi) if k = i

∂2ḡ(σi, σj)(σi − σj)− ḡ(σi) if k = j

0 if k /∈ {i, j}

We also denote A(σ) : Sn×n × Rn the adjoint application of δd
δσ such that

< Am|ϕ > =

〈
m| δd

δσ
(σ)ϕ

〉
, ∀m ∈ Sn×n, ∀ϕ ∈ Rn

Example. If g(x, y) = x−y
log x−log y , we have ḡ = 1 and dij(σ) = σi − σj. Then,

δdij
δσk

(σ) =
1

2
Ak

ij(σ) = δk,i − δk,j

Proposition (Euler-Lagrange equation). Let (µ, T ) ∈ P0(G)×R+ and (σ,m) ∈ C(T, µ) that minimizes
U(t, µ) as in the theorem (3.1). Let p the momentum by p := ∇mL̄(σ,m). We have an Euler-Lagrange
equation inside the domain P0(G):

∀t0 ∈ (0, T ) such that σt ∈ P0(G), (5.1)

Proof. By continuity of σ, we set δ > 0 and r > 0 such that (σt)i > r, for all i ∈ V and for all t ∈ [t0−δ, t0+δ].
Let b ∈ C1

c (t0 − δ, t0 + δ;Sn×n) and ϕ = −∇G · b. For ϵ small enough, we set σϵ := σ + ϵϕ ∈ P(G). We also
set mϵ = m+ ϵḃ+ ℏ

2 (d(σ)− d(σϵ)) such that σ̇ϵ +∇G ·mϵ + ℏ
2∇G · d(σϵ) = 0.

According to the dynamic programming principle, we have

∂

∂ϵ

∣∣∣∣
ϵ=0

∫ t0+δ

t0−δ

L̄
(
σ + ϵϕ,m+ ϵḃ+

ℏ
2
(d(σ)− d(σϵ))

)
+ G(σϵ) = 0

⇔
∫ t0+δ

t0−δ

−
〈
δL̄
δσ

(σ,m),∇G · b
〉
+

〈
p, ḃ− ℏ

2

δd

δσ
(σ)∇G · b

〉
−

〈
δG
δσ

,∇G · b
〉

= 0

⇔
∫ t0+δ

t0−δ

< ∇W L̄(σ,m), b > −ℏ
2
< ∇G (A(σ)p) , b > + < p, ḃ > + < ∇WG, b > = 0

This equation holds for all b ∈ C1
c (t0 − δ, t0 + δ;Sn×n), we deduce the following equation

∇W L̄(σ,m)− ℏ
2
∇G ◦A(σ)(p) +∇WG(σ) = ṗ a.e. in [t0 − δ, t0 + δ] (5.2)
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5.2 Duality
Let (µ, t) ∈ P0(G)×R+. Under certain assumptions, it is possible to express an alternative form of U using
duality arguments. We use here the method developed in [4]. In the following, we assume that the function
ḡ = 1 and that the hamiltonian H is 1-homogeneous with respect to σ. We need to extend the definition of
U0 and G to Rn by setting 

G(0) = 0

G(sρ) := sG(ρ) for any s > 0, for any ρ ∈ P(G)

U0(ρ) := +∞ for any ρ /∈ P(G)

Let’s define a function K by

K(σ,m, ϕ) :=

∫ t

0

(
F̄ (σ,m)+ < ϕ, σ̇ +∇G · (m+

ℏ
2
d(σ)) >

)
ds+ U0(σ0) (5.3)

Provided we have enough regularity, if σt = µ, we get by integration by parts,

K(σ,m, ϕ) =

∫ t

0

(
F̄ (σ,m)− < ϕ̇, σ > − < ∇Gϕ,m+

ℏ
2
d(σ) >

)
ds+ (ϕt, µ)− (ϕ0, σ0) + U0(σ0)

The dual formulation turns out to be the minimax interversion for this idendity. To lighten the notations,
we denote A(σ,m) :=

∫ t

0
F̄ (σ,m) + G(σ). In the following, we shall consider

K :=

{
Lκ(0, t;Rn)× Lκ′

(0, t;Sn×n)×W 1,κ′
(0, t;Rn) → R

(σ,m, ϕ) 7→ A(σ,m) + (ϕt, µt)− (ϕ0, σ0) + U0(σ0)−
∫ t

0

(
< ∇Gϕ,m+ ℏ

2d(σ) > + < ϕ̇, σ >
)
ds

.

The following functional spaces will be useful in our analysis:

• for any e ≥ 1, let Ae := Lκ(0, t; [0, e]n)× Lκ′
(0, t;Sn×n) and A := Lκ(0, t;P(G))× Lκ′

(0, t;Sn×n)

• for any l > 0, let Bl := {ϕ ∈ W 1,κ′
(0, t;Rn) | |ϕ|W 1,κ′ ≤ l} and B := W 1,κ′

(0, t;Rn)

The map ϕ 7→ K(σ,m, ϕ) is linear wich provides

sup
ϕ∈Bl

K(σ,m, ϕ) = A(σ,m) + U0(σ0) + lϵ(σ,m)

and

sup
ϕ∈B

K(σ,m, ϕ) =

{
A(σ,m) + U0(σ0) if (σ,m) ∈ C̄(t, µ)
+∞ else

where ϵ(σ,m) := supϕ∈B1 < ϕt, µ > − < ϕ0, σ0 > −
∫ t

0

(
< ∇Gϕ,m+ ℏ

2d(σ) > + < ϕ̇, σ >
)
.

It will also be useful to remark that

{
ϵ(σ,m) = 0 if (σ,m) ∈ C̄(t, µ)
ϵ(σ,m) ≥ 0 else

and that ϵ is convex and weakly lower

semicontinuous as a supremum of such functions.

Proposition. For any l > 0, e ≥ 1 and A∗ ∈ {A,Ae}

inf
(σ,m)∈A∗

sup
ϕ∈Bl

K(σ,m, ϕ) = sup
ϕ∈Bl

inf
(σ,m)∈A∗

K(σ,m, ϕ) (5.4)

Proof. Bl is a convex linear topological space and compact for the weak topology, A∗ is a convex linear
topological set. The map (σ,m) 7→ K(σ,m, ϕ) is lower semicontinuous and the map ϕ 7→ K(σ,m, ϕ) is upper
semi continuous on Bl. The set {(σ,m)|K(σ,m, ϕ) ≤ λ} is convex by convexity of (σ,m) 7→ K(σ,m, ϕ).
If A(σ,m) = +∞, then {ϕ|K(σ,m, ϕ) ≥ λ} = Bl which is a convex set. Else, K(σ,m, ·) is linear and
{ϕ|K(σ,m, ϕ) ≥ λ} is convex.

Jason Tridon 14/19 Master’s internship report



5.2 Duality 5 PROPERTIES OF U

Lemma 5.1
For any l > 0, there exists (σ∗,l,m∗,l) wich minimizes A+ lϵ over Ae.

Proof. Admitted, the proof can be found in [4].

Proposition. For any e ≥ 1 and A∗ ∈ {A,Ae},

inf
(σ,m)∈A∗

sup
ϕ∈B

K(σ,m, ϕ) = sup
ϕ∈B

inf
(σ,m)∈A∗

K(σ,m, ϕ) (5.5)

Proof. We denote (σ∗,m∗) the minimizer as in the second item of the theorem (3.1). We remark that
ϵ(σ∗,m∗) = 0 by definition, therefore using the previous proposition, we get

A(σ∗,m∗) + U0(σ
∗
0) = sup

ϕ∈Bl

K(σ∗,m∗, ϕ) ≥ inf
(σ,m)∈A∗

sup
ϕ∈Bl

K(σ,m, ϕ) = sup
ϕ∈Bl

inf
(σ,m)∈A∗

K(σ,m, ϕ)

For any l > 0 we have the following inequalities:

A(σ∗,m∗) ≥ A(σ∗,l,m∗,l) + lϵ(σ∗,l,m∗,l) ≥ A(σ∗,l,m∗,l)

Denote (σ∞,m∞) a point of accumulation of (σ∗,l,m∗,l). By the minimal property of (σ∗,m∗), the last
inequality and the lower semi-continuity of A and ϵ,

ϵ(σ∞,m∞), lim inf
l→+∞

lϵ(σ∗,l,m∗,l) = 0 and A(σ∗,m∗) = A(σ∞,m∞)

Finally, by definition of (σ∗,l,m∗,l), we get that

A(σ∞,m∞) ≤ lim inf
l

sup
Bl

inf
(σ,m)∈Ae

K(σ,m, ϕ) ≤ sup
B

inf
(σ,m)∈Ae

K(σ,m, ϕ)

But K(σ∞,m∞, ·) = A(σ∞,m∞) so A(σ∞,m∞) = supB K(σ∞,m∞, ϕ) ≥ inf(σ,m)∈A∗ supB K(σ,m, ϕ) To
summarize what we did,

inf
(σ,m)∈Ae

sup
ϕ

K(σ,m, ϕ) ≤ sup
ϕ

inf
(σ,m)∈A∗

K(σ,m, ϕ).

The reverse inequality is always true and the inequality finds out to be an egality.

Lemma 5.2
1. For any e ≥ 1, inf(σ,m)∈Ae K(σ,m, ϕ) =< ϕt, µ > −U∗

0 (ϕ0)− e
∫ t

0
H+(ϕ̇,∇Gϕ)

2. inf(σ,m)∈A∞ K(σ,m, ϕ) =

{
< ϕt, µ > −U∗

0 (ϕ0) if H+(ϕ̇,∇Gϕ) = 0 a.e. in (0, t)

+∞ else
where H(a, b) := supσ∈P(G)

{
H(σ, b)− G(σ) + ℏ

2 < b,d(σ) > + < a, σ >
}

and H+(a, b) := max(0, H(a, b)).

Proof. 1. Let e ≥ 1, inf(σ,m)∈Ae K(σ,m, ϕ) =

inf
σ∈Lκ([0,e]n)

U0(σ0)+ < ϕt, µ > − < ϕ0, σ0 > − sup
m∈Lκ

{∫ t

0

< ϕ̇, σ > −F̄ (σ,m)+ < ∇Gϕ,m+
ℏ
2
d(σ) >

}
=

inf
σ∈Lκ([0,e]n)

U0(σ0)+ < ϕt, µ > − < ϕ0, σ0 > −
∫ t

0

H(σ,∇Gϕ)− G(σ)+ < ∇Gϕ,
ℏ
2
d(σ) >

Since H and G are 1-homogeneous with respect to σ, we have

inf
(σ,m)∈Ae

K(σ,m, ϕ) =< ϕt, µ > −U∗
0 (ϕ0)− e

∫ t

0

H(ϕ̇,∇Gϕ)

Jason Tridon 15/19 Master’s internship report



5.2 Duality 5 PROPERTIES OF U

2. We let e goes to +∞ to verify that second part.

Lemma 5.3
Given ϕ ∈ W 1,κ′

(0, t;Rn), there is ϕ̄ ∈ W 1,κ′
(0, t;Rn) such that H+(

˙̄ϕ,∇Gϕ̄) = 0 and

inf
(σ,m)∈A1

K(σ,m, ϕ) = inf
(σ,m)∈A1

K(σ,m, ϕ̄)

Proof. Let O := {H(ϕ̇,∇Gϕ < 0} measurable and to avoid trivalities, assume L1(O) > 0. Set

α = −
∫ t

0

χOH(ϕ̇(s),∇Gϕ(s))ds

The function σ 7→ H(σ,∇Gϕ)− G(σ) is bounded on P(G), then

|α̇| ≤ sup
σ∈P(G)

∣∣∣∣H(σ, b)− G(σ) + ℏ
2
< ∇Gϕ, d(σ) > + < ϕ̇, σ >

∣∣∣∣ ≤ |ϕ̇|+ ℏ|∇Gϕ|+ C ∈ Lκ′
(0, t;R)

Let ϕ̄ := (ϕi + α)i. We have ∇Gϕ̄ = ∇Gϕ and for any σ ∈ P(G), (ϕ̄, σ) =< ϕ, σ > +α̇. Then,
H+(

˙̄ϕ,∇Gϕ̄) = 0.

By the lemma 5.2,

inf
(σ,m)∈A1

K(σ,m, ϕ̄) =< ϕt, µ > −U∗
0 (ϕ0)−

∫ t

0

χOH( ˙ϕ(s),∇Gϕ(s)) = inf
(σ,m)∈A1

K(σ,m, ϕ)

Lemma 5.4
Given ϕ ∈ W 1,κ′

(0, t;Rn) such that H(ϕ̇,∇Gϕ) ≤ 0, there is ϕ̄ ∈ W 1,κ′
(0, t;Rn) such that H( ˙̄ϕ,∇Gϕ̄) = 0

and

(ϕ̄t, µ)− U∗
0 (ϕ̄0) ≥< ϕt, µ > −U∗

0 (ϕ0)

Proof. Admitted here. The approach is very similar to the previous lemma

Proposition.

inf
(σ,m)∈A∞

sup
ϕ∈B

K(σ,m, ϕ) = sup
ϕ∈B

inf
(σ,m)∈A∞

K(σ,m, ϕ)

Proof. Admitted here. The proof is once again very similar to [4].

We can now state the main theorem of this part:

Theorem 5.5
Let (t, µ) ∈ R× P0(G), we have the dual formulation

U(t, µ) = sup
ϕ∈B

{< ϕt, µ > −U∗
0 (ϕ0)|H(ϕ̇,∇Gϕ}) = 0

Proof. Let’s define

IC(σ0,σ1)(σ,m) :=

{
0 if (σ,m) ∈ C̄(l, µ)
+∞ else

For any (σ,m) ∈ A∞, we have

sup
ϕ∈B

K(σ,m, ϕ) = A(σ,m) + IC(σ0,σ1)(σ,m)
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so that

inf
(σ,m)∈A∞

sup
ϕ∈B

K(σ,m, ϕ) = inf
(σ,m)∈A∞

{
A(σ,m) + IC(σ0,σ1)(σ,m)

}
Using C̄(t, µ) ⊂ A∞ and the last proposition, we get

min
(σ,m)∈C̄(t,µ)

A(σ,m) = inf
(σ,m)∈A∞

sup
ϕ∈B

K(σ,m, ϕ) = sup
ϕ∈B

inf
(σ,m)∈A∞

K(σ,m, ϕ)

We conclude using the lemmas 5.4 and 5.2.

Outlook: With the dual writing of U , we hope to can extend the Euler-Lagrange equation to the
boundary of P(G). If ḡ ̸= 1, the term d(σ) causes the impossibility of using the usual inversion theorems.
Nevertheless, the duality could still hold. In all cases, those results are useful for studying the regularity of
(σ∗,m∗). Under certain assumptions, we show in that way that they are C∞.

6 Appendix
In this appendix, we’ll take a closer look at the κ-Monge-Kantorovitch metric used in this manuscript. In
particular, we’ll show that the κ-Monge-Kantorovitch is finer than the canonical norm.

Let us begin by demonstrating the property for the particular case where G has a cardinality of 2.

Lemma 6.1
Let G defined by V = {1, 2} and E = {(1, 2), (2, 1)}. Let ρ0, ρ1 ∈ P(G), there exists C,C ′ > 0, such that
Wκ

κ (ρ
0, ρ1) ≤ C|ρ0 − ρ1|C ′.

Proof. Let (ρ0, ρ1) ∈ P(G)2 such that ρ01 < ρ11. Define the function G : τ 7→
∫ τ

0
dr√

g(r,1−r)
. G is strictly

increasing and continuously differentiable, therefore it has an inverse function.

Let ρ : [0, 1] → P(G) by ρ1(t) = G−1(G(ρ01) + (G(ρ11) − G(ρ01))t) and ρ2(t) = 1 − ρ1(t). Let us also
define m12 = −m21 by

√
w12m21 = ρ̇1(t) such that the equality ρ̇ = ∇G.m is satisfied. We have then

ρ̇1 = (G(ρ11)−G(ρ01))
√
g12(ρ). Thus,

Wκ
κ (ρ

0, ρ1) ≤
∫ 1

0

g12(ρ)
1−κmκ

12 =

∫ 1

0

g12(ρ)
1−κ

2

(
G(ρ11)−G(ρ01)√

w12

)κ

=
(G(ρ11)−G(ρ01))

κ−1

w
κ/2
12

∫ ρ1
1

ρ0
1

g(r, 1− r)
1−κ
2 dr

We conclude by the hypothesis on the function g which make the right integral bounded and the function
G lipschitz.

Let’s look now to the general case. The first step in our approach is to reduce the problem to the previous
case. It is relatively straightforward when ρ0 and ρ1 differ in only two vertices. This first lemma contributes
to this direction:
Lemma 6.2
Let (µl)l∈N ∈ P(G)N and (ρl)l∈N ∈ P(G)N such that |ρl − µl|l∞ → 0. We assume that for all l ∈ N, there
exists i1, i2 such that wi1,i2 > 0 and for all i ∈ [|1, . . . , n|], we have

(i ̸= i1 or i ̸= i2) ⇒ ρli = µl
i

Then, we have

Wκ
κ (µ

l, ρl) → 0
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Proof. Let l ∈ N, i0, i1 as in the hypothesis of the lemma and denote G2 a graph of size 2 defined by
V = {i1, i2}. Let sl = ρli1 + ρli2 . (s is independent of l). If sl = 0, that means that ρl = µl and we are done.

Else, let µ̃l = (
µl
i1

sl
,
µi2

)

sl
and ρ̃l = (

ρl
i1

sl
,
ρl
i2

sl
) and (σ̃l, ṽl) a path connecting µ̃ and ρ̃l. We aim to construct a

path connecting µl and ρl by considering σl defined by

σl
i =

{
σ̃l
i if i ∈ {i1, i2}

µl
i = ρli else

and vlij(t) =

{
slṽlij(t) if (i, j) ∈ {(i1, i2), (i2, i1)}
0 else

We have ρ̇l + divlρ(v) = 0. Consequently,

Wκ
κ (µ

l, ρl) ≤
∫ 1

0

 ∑
(i,j)∈E

g(σl)|vlij |κ
 = (sl)κ

∫ 1

0

 ∑
(i,j)∈E

g(σ̃l)|ṽlij |κ
 ≤ Wκ

κ (µ̃
l, ρ̃l)

Now, we can apply the particular case where |G = 2| to get the result.

We would like to use this lemma wisely by proceeding as follows: we consider given ρl and ρ∞, the idea is
to construct a sequence connecting ρl and ρ∞, where each term differs from its neighbor in only two vertices.
Because of the condition wi1,i2 > 0 in the hypothesis of the lemma, this is not immediate.

Lemma 6.3
Let ρ∞ ∈ P(G), ρl ∈ P(G)N with ρl ̸= ρ∞, such that |ρl − ρ∞|l∞ → 0 then there exists ρ̄l ∈ P(G) such that

• B(ρ̄l, ρ∞) := {i ∈ V |ρ̄li ̸= ρ∞i } ⊊ {i ∈ V |ρli ̸= ρ∞i } := B(ρl, ρ∞) for all l ∈ N

• Wκ(ρ̄
l, ρl) → 0

Proof. Let l ∈ N and pick (i0, i1) ∈ V 2 such that i0 ̸= i1, ρli0 > ρ∞i0 and ρli1 < ρ∞i1 . Define ρ̄l by

ρ̄li =


ρli if i ∈ V \{i0, i1}
ρ∞i0 if i = i0

ρli1 + ρli0 − ρ∞i0 if i = i1

We verify first that ρ̄l ∈ P(G) and that B(ρ̄l, ρ∞) ⊂ B(ρl, ρ∞)\{i0}. Since the graph is connected, there
exists j0, . . . , jn0

∈ V such that wjiji+1
> 0 for all i ∈ [|0, n0 − 1|], j0 = i0, jn0

= i1.

Define ρ̄l,0, . . . , ρ̄l,n0 ∈ P(G) by

ρ̄l,0 = ρl and ρ̄l,ij =


ρlji + ρli0 − ρ∞i0 if j = ji

ρlj if j ∈ V \{i0, ji}
ρ∞i0 if j = i0

Remark that ρ̄l,n0 = ρ̄l and that let’s apply the lemma (6.3) to get that

Wκ(ρ̄
l,i, ρ̄l,i+1) → 0

We can conclude the proof of the lemma since 0 ≤ Wκ(ρ̄
l, ρl) ≤

∑n0−1
0 Wκ(ρ̄

l,i, ρ̄l,i+1).

Theorem 6.4
Let ρ∞ ∈ P(G), ρl ∈ P(G)N with ρl ̸= ρ∞ such that |ρl − ρ∞|l∞ → 0. Then, Wκ(ρ

l, ρ∞) → 0.

Proof. Let’s apply the lemma (6.3) recursively to construct a finite number of sequences ( ¯ρl,i)i∈{0,...,n0} with
n0 ≤ |G| such that
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• ρ̄l,0 = ρl

• ρ̄l,i+1 is constructed by taking ρl = ρ̄l,i in the lemma

• ρ̄l,n0 = ρ∞

We have then

∀i ∈ {0, . . . , n0 − 1},Wκ(ρ̄
l,i, ρ̄l,i+1) → 0

Then, Wκ(ρ
l, ρ∞) ≤

∑n0−1
i=0 Wκ

κ (ρ̄
l,i, ρ̄l,i+1) →l→+∞ 0. We are done.
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