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This research internship closed up my first year of master’s degree at the ENS. I did this internship under
the direction of Wilfrid Gangbo at the UCLA department of mathematics. I started working from France in
March 2023, but didn’t reach the US until April due to delays in obtaining my visa. This internship was an
opportunity to find out the operation of a research laboratory at an American university. It was a pleasure
to talk to many scholars from this institution, but not only. In particular, I attended the joint analysis
seminar with Caltech organized by T. Tao and A. Palmer, which introduced me to many fields of research
that are active in mathematics today.

I'm extremely grateful to Pr. Gangbo for his warm welcome and support and mathematical accompa-
niement during these few months.

1 Introduction

The theory of Mean Field Games (MFG) offers a formal framework to analyze differential games with a
large number of players. Each player interacts and make decisions taking account the other agent’s deci-
sions, their behavior having a very little influence on the overall system. The theory has been introduced
independently by J.-M Lasry and P.-L. Lions in a series of article [9], [I0], [IT] and by Caines-Huang-Malhamé
[2] in the engineering literature. Under some assumptions, mean field games are characterized by a forward-
backward system: a Fokker-Plack equation evolving forward in time describing the density of the players
and a Hamilton-Jacobi-Bellman (HJB) equation evolving backward in time that governs the optimal path
for each agent. Somehow, the information given by these two equations is contained in the so-called master
equation. For further details about MFG, the reader can refer to [3].

Let’s take a heuristic look at how MFG are related to HJB equations. Let us consider a player that
moves in RY. We assume that each position has a cost U(t,r) and that moving has also a cost L(x,z’,m)
that depends of the position and of the density of the other players. Given a time T > 0, a player wish to
minimize the cost of his trajectory and reach the position 7 at the time ¢ = T', in other words he wants to
minimize the quantity

T
/0 L(xz,2’,m) +U(0,z(0))
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2 DEFINITION AND NOTATIONS

where z(T) = xr. A key point that lies at the heart of MFG theory is the dynamic programming principle:
if we are given 0 < ¢y < T and that we know the solution of the problem for the final coordinates (xo, to),
we get the final cost more easily.

T
U(T,zr) = inf/ L(z,z',m) 4+ U(to, z0),

to

It becomes interesting if we apply the same approach with time ¢g and ¢y +dt. Under very good assumptions,
we get

OU (to, xo) = inf L(x, 2’,m) — ' (to) DU (to, x0)

Let’s define now the Legendre transform which will be useful in the text.

Definition (Legendre transform). Let f : R — R. We denote f* : R? — R the Legendre transform of
[ by

f*(p) = sup (v,p) — f(v)

veERE

If we come back to our problem and note H the Legendre transform of L, we get
8,52/{ = H(awU(to, 330))

We can compare this equation with ([L.1) wich is the subjet of this text. The term G is nothing but a
term that has been separated from the Hamiltonian for technical convenience. The term A;, U corresponds
to a random noise that we add to the model.

The following text falls within the finite state MFG. The study of finite state spaces is not only interesting
in its own right but also plays a part in the numerical analysis of more general games. Developments can be
found here [7] and the master equation with Wright-Fisher common noise have been studied in [I], but very
little is known about HJB equations on such spaces. Some works on Hamilton-Jacobi equations were car-
ried out before the introduction of MFGs [8] but the latter have contributed to a renewed interest in the field.

We'll be working on the space of probability simplex endowed by a Monge-Kantorovich metric. The
study of optimal control in the space of probability measure is abunding (see [5], [6], [I2]). This space is also
provided with a differentiable structure, so that we can define a notion of viscosity solution. A definition of
viscosity solution in the Wasserstein space was proposed in [6].

More precisely, we consider the HJB equation

DUt 1) + H{pt, V(1 1)) — G10) = 5 B (1) (1.1)

for a certain class of Hamiltonians. The games are governed by the data H and G, with A;,q being an
individual noise. We present a viscosity solution to this equation under the form of an optimal control

problem ([2.3).

2 Definition and notations

In all that follows, G = (V, E,w) denote a connected, simple, with no self-loops graph of vertices V. =1,...,n
and edges E, with a weighted metric w = (w;;). It is given by a n by n symmetric matrix with entries w;;
such that w;; > 0 if (¢,7) € E. We denote by P(G) the probability simplex

{PG 0,1" [ Y pi= 1}
1
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2 DEFINITION AND NOTATIONS

The interior of P(G) is denoted by Py(G). For a vertex i of the graph G, we define the set of the neighbours
of i by N(i) := {j € E | w;; > 0}. We define some operators on the graph: the discrete gradient V¢ and
the discrete divergence div,:

Vo € R", (Vao)i; = (Vi (9 — ¢;)),; and Yo € ™", divy(v)i = Y gi(0) /W05
jev

Definition (G-divergence of vector field). The divergence operator associates to any vector field m on
G is defined by

VYm € Snxn’ VG -m= Z VWi Mg
JEN (1) iev
We fix a class of functions L;; € C’([O, 1] x R) N COO((O, 1) x R), two real numbers Aj, A2 € R2 and k > 1
such that A1alb|® < L;;(a,b) < Agalb|” for all (i,7) € E.

We set

Lij <a7 5)7 if a 75 O;
lijla; B) = § o, if a=p8=0: (2.1)
+00, if a=0,8%#0.

We assume that (a, 3) — ;;(a, 8) is convex and that for any 3, a + [;;(a, 8) is monotone non-increasing.

Let g : [0,400) x [0,+00) — Ry that satisfies the following conditions:

e g is continuous on [0, +00) X [0, +00) and is of class C* on (0, 00) x (0, 00)
e g(r,s) =g(s,r) for any s,r € Ry

e g(r,s) >0 for any r, s € (0,00)

g(Ar, As) = Ag(r, s) for any A, s, € (0, 00)

e ¢ is concave

g is used to define an equivalence relation ~ on the set of antisymmetric matrices S™*™:
V(v,v") € S™" Vo € P(G) we have v ~v' & V(i,7) € E, gij(o)(vij —vi;) =0
dr

g(r,1—7)
metric is defined on P(G). This hypothesis will be developed in the appendix.

Finally, we assume that fOJrOO 7 < +oo for all § > 0 to ensure that the square xk-Monge-Kantorovitch

Definition (The x-Monge-Kantorivitch norm). The k Monge-Kantorovitch metric between p° and p*
is defined by

1

W:(po,pl) = (mf) / E ij (p)|’l)ij|ﬁdt such that p + din('U) = 0,p(0) = povp(]_) = pl
p,v o ...

(i,j)eE

Definition (The quotient space H,). We denote the quotient space S**™/ ~ as being H, and endow this
one with an inner product and a discrete norm as follows:

1
(v.)e = 3 > gij(o)vigui; and ||v]|o = /(v,0),
(i,J)EE

If € R™ and v € S™™™, we have the integration by parts formula

(ngf),U)U = _(vadiva(v)) (22)
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2 DEFINITION AND NOTATIONS

Definition (The tangent space T,P(G)). We define T,P(G) as the closure of the range of V¢ in H,
and we denote by 7, the projection onto T,P(G).

We define here a differentiable structures on the space P(G)¥:
Definition (Wasserstein gradient). Let F : P(G) — R and p € P(G).

1. We say that F is W-differentiable at p if there exist v € T,P(G) and C > 0 such that: for every e > 0,
there exists 6 > 0 such that if p € P(G) and v € T,P(G) then

1P = plli, <6 = [F(p) = Flp) — (0,0),] < eWa(p, p) + CllIp — p+ divy(0)] 1,
If v exists, it is uniquely determined as an element of the quotient space T,P(G) and we denote
v:=VwF(p)

2. We write F € CH(Po(G), W) if F is W-differentiable everywhere on Po(G) and its Wasserstein gradient
VwF is continuous on Py(G).

Definition (Fréchet derivate). Let F : P(G) — R and p € P(G).
1. We say that F has a Fréchet derivate at p if there exist p € R™ such that

Zn:pz:o ond 1im T = Do+ [p = F(p)

. s—01 S
=1

=<p,p—p >avﬁ€ P(G)

If F has a Fréchet derivate at p, then it is uniquely determined and we write v := %(p)

2. We write F € CY(Po(Q),l2) if F has a continuous Fréchet derivate on Po(G).

The previous definitions are interrelated: if F has both a Fréchet derivate and a Wasserstein gradient at
p, we have

V(o) = Ve (2 0))

Definition (Graph individual noise operator). If u : P(G) — R is differentiable at p € Po(G), the
graph individual noise operator Aind is defined by
Aindu(p) := (div,(Vwu(p), logp)

In light of (3.2), the noise operator can be extend to the whole set P(G). We now define two Lagrangians
L,L:P(G) x S*™™ by
1 - 1
Llo,v) =5 > Lij(gij(0),vi;) and L(o,m) = 3 > i(gii(0),may).
(4,7)EE (i,4)€E
and the Hamiltonian H by
H(o,p)= sup {(v,p)s — L(ovv)} = sup {(m,p) — L(o,m)}

’UGS"X” meS"LX"L

Finally, we counsider G,Up : P(G) — R convex, upper bounded. We aim to demonstrate that, under certain
assumptions, the following minimization problem is a solution to the equation (1.1)).

Ut p) = inf : {/Ot [L(os,vs) + G(0s)] ds +Z/{0(00)} (2.3)

(o,v)eC(t,1

where

C(t,p) == {(o,v)|c + divy (v + gvc logo) = 0 at the weak sense , 0; = p, 0 € WH([0,t], P(G)), v Borel}
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3 PRELIMINARIES

3 Preliminaries

3.1 Hypothesis
By definition, V¢ logo is well defined in the interior of P(G) and is given by
Velogo = (wij(logo; — log Uj))(m,)eE
and so
Vie{l1,...,n},div,(Vglogo);, = Z 9ij(0)y/wi;(log o; — log o;) (3.1)
JEN(3)

With the aim of giving a meaning to (2.3, a first challenge is to extend this expression to the entire set
P(G). In order to do so, we assume this condition holds throughout the rest of the analysis:

log s — logt
ﬁg(sv t) (3:2)

has a unique continuous extension on [0, 1]? that we’ll note g. We denote in the manuscript
d(0) = (dij(0)), ; = (9ij(0)y/wij(log i —log a;)), . = (gij(0)y/wiz(0i — 7)),

3.2 Problem reformulation

In this paragraph, we aim to demonstrate an alternative formulation of U.

Proposition. We can express U as follows:

Ut p) = inf {/ (L(os,ms) + G(0)) ds —i—Z/{O(UO)} , Y(t, 1) € RT x Po(G), (3.3)

(o,m)€C(t,p)
where

C(t, p) := {(o, m)\d+Vg-m+gdivg(VG logo) = 0 at the weak sense ,0; = pu,0 € W*([0,¢], P(G)), m Borel}

Proof. Let (t, ) € RT x Po(G). The set C(t, 1) is non empty and U(t, u) < +o0. Indeed, we can consider
o = i constant and v = —V g log u.

For (o,v) € C(t, ), set m € S™*™ measurable by

mij(t) = gij(o(t))vi;(t) (3-4)
We verify that Vg - m = div,(v) so (0,m) € C(t,u). We also have the equality fo o,v) = fot L(o,m).

Conversely if m € S"*™ Borel and satisfies fo o,m) < +o0o, we can define v

Vij = mi@) if gij(o) # 0
0 if Gij (U) =0

In that case, ([2.1) ensures that for (¢,5) € E,
Lij(gij(0),viz)  if gi;(0)
lij(gij(0),mi5) =  Lij(gij(0),vi5)  if gij(o)
400 if gi;(0) =
)

1IN

0
0 and m;; =0
0 and m;; # 0

in such a way that {s € [0,t] | L(o,m) # £(a,v)} and {t | mu( #0,9;5(0)(t) = 0} have measure 0. Thus,
Ve -m = div,(v) almost everywhere and fot L(o, fo . We can finally conclude from the above
that (o,v) € C(t, 1) and that

Ut p) = inﬁ( » {/0 [L(os,ms) + G(os)] ds +L{0(00)} , Y(t,u) € RT x Po(Q)

(o,m)eC(t O

Jason Tridon ) Master’s internship report



3.3 Minimizer 3 PRELIMINARIES

We denote in the following F(o, m) fo( o,m) + G(o)) ds+Uy(o) and F(o,v) fo (0,v) + G(0))ds+
Uy (o).

3.3 Minimizer

The interest of the previous reformulation lies in the fact that we now need to minimize a convex function.

Proposition. £ is convex and lower semi-continuous

Proof. Consider (ay,B,) C ([0,1] x R)™ a sequence that converges to (a,). We want to verify that
liminf l;;(an, Bn) > lj(a, ). If @ = 0, this is the case by (1.4). Else, we can assume that a, > 0 for
all n € N and use the continuity of L;; on (0,1] x R. This shows the lower semicontinuity of /;;. Since g is
continuous, we get that (o, m) — 1;;(g:;(c), m;;) is lower semicontinuous by composition.

Let (00,01) € P(G)?, mo,m1 € R? and ¢ € [0,1]. Let us verify the Jensen’s inequality for /;;:

lij(gij(too + (1 = t)o1), tmo + (1 — t)ma) < lij(tgij(o0) + (1 = t)gij(o1), tmo + (1 — t)ma)
< tij(gij(00), mo) + (1 —t)li5(gij (1), m1)

Then, (o0, m) — 1;;(gi; (o) is convex. Finally, £ is a convex lower semicontinuous function as a sum of convex
lower semicontinuous functions. O

This theorem is the main result of our section and will be used many times later. We will show that the
minimum is reached and that the Hamiltonian is conserved.

Theorem 3.1
1. U(t, p) is a minimum.

2. Taking a minimizer (5, m), the quantity
_ B h_oo _ 5
L(G,m) — (m+ §d(a)) -V L(e,m) + G(5)
is constant almost everywhere.

1.. Let (t, u) € RT x Po(G). Let (o,m) such that F(o,m) < U(t, )+ 1. Since G and U, are upper bounded,
there exists M > 0 such that fot L(o,m) < M.

/Ot mi;|* < /Ot (g”(iiﬁl) lij(gij(0), miz) < (IQL\%’» /Ot 1ij(gij (o), mij)

and we know that o — div, (Vg log o) is bounded on the compact set P(G) according to the equation ({3.1)).

We have

The consequence of the equation that links ¢ and m and those two remarks yield that there exists S > 0
such that |¢|p~ < S. By the Poincaré inequality we can change the value of S to obtain

|O"W1,~ S S (35)

This shows that we can replace the set of all the admissible couples (o, m) by a bounded space of W1 ([0, t], P(G)) x
L*([0,t],S™*™). Let (0, my) a minimizing sequence. By the Banach Alaoglu theroem and the reflexivity of
L", even if it means extracting we can assume that

1. o, converges weakly to o € L"

2. ¢, converges weakly to o € L"
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3.4 Dynamic Programming 3 PRELIMINARIES

3. m,, converges weakly to m € L”
Then, we verify that & = & thus showing that (o, m) is a minimizer of the problem. O

2.. Let (&,m) a minimizer of the problem. Let ¢ € C}(0,t) and u(s) := s+e¢p(s). We have u(0) = 0, u(t) =t
and u is a diffeomorphism for a small enough €. Denote n := u~!. Let

o(s) := a(n(s)),m(s) = n(s)m(n(s)) + g(ﬁ — 1)d(a(n(s)))
We have V¢ - d(0) = div, (V¢ log o) and thus, the couple (o, m) is admissible:

{c‘r(s) = i(s)5(n(s))
V-(m(s)) = in(s)Ve.((n(s))) + L (iu(s) — 1)V - d(5(n(s))

Let’s compute F(o,m) — Uy(c):

Then,
to_ t e . .h
/ (L(o(s),m(s)) +G(o(s)) ds = / (1+ ep) [ﬁ (5, (1 —ep)m — e¢§VG -d(G) + €0 (e, s)) + g(&)} dy
0 0
where (e, s) — C(¢, s) is a continuous bounded function. By the derivability of L;; on (0,1) x R, we get
t

F(o,m)—Uy(c) = / {E(&,m) +G(6) + € (E(&,m) - <m + Zd(&)) -VmL(G,m) + g(&)) + GQC(e,t)} dy

0

where (¢,s) — C(e,s) is a new continuous bounded function. By definition of ¢/, the minimum of the right
part is reached when € = 0 so its derivate is null at ¢ = 0. This shows that

/Ot {(b (Z(&,m) - (m + Zd(6)> SVmL(F,mm) + g(&))} dy =0

This equality holds for all ¢ € C}(0,t) so £L(&,7m) — (M + 2d(5)) - Vi L(5,m) + G(5) is constant. O

3.4 Dynamic Programming
Let (o,v) € C(t, ) and (¢,9) € C(¢, p) that minimizes U(t, 1) and 7 € (0,t). By definition of U,
U(r,o(r)) < Un(on) + / [£(0,v) + G(0)] ds.
0

Then,

(iar}f) {U(T,J(T)) + /T [L(o,v) +G(0)]ds,6 4+ dive(v+ Vglogo) =0,0; = ,u} < U(t, p) (3.6)

If we have
U(T,6(T)) < Uy(0) + /OT [L£(5,0) + G()]ds,

we can construct a new path (o,v) such that F(o,v) < F(&,0). This is absurd and (¢, ¥) minimizes the left
part of (3.6)) wich is so an egality.
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4 U IS A VISCOSITY SOLUTION

4 U is a viscosity solution

Definition (Viscosity solution). We introduce here the definition of viscosity solution on the Wasserstein
space of probability measures.

o A fonction u € USC([0,T) x Po(G)) is a viscosity subsolution to if u(0,-) < ug and for every
¢ € CH(0,T) x Po(G),l2) such that u — ¢ has a local mazimum at (ty, po), we have

dpo(to, po) + H(po, Viwe(to, po)) + G(po) < Opo (Vwe(to, po)) (4.1)

e A fonction u € LSC([0,T) x Po(G)) is a viscosity supersolution to if u(0,-) > ug and for every
¢ € CH(0,T) x Po(G),l2) such that u — ¢ has a local mazimum at (ty, po), we have

Ap(to, po) + H(po: Vwe(to, po)) + G(po) = Ope (Vwe(to, po)) (4.2)

The purpose of this section is to show that I/ is a viscosity solution of (1.1)).

4.1 Viscosity subsolution
First, we need to show that I/ is upper semicontinuous. Here, we assume here the following lemma

Proposition. U is upper semicontinuous.

Proof. Let (pin,tn) = (u,t) and € > 0. There exists (o,v) € C(¢, ) such that
t
/ F(o,v)dr +Up(o) <U(t, p) + €
0

Let p, € (0,1)N that we’ll precise later, (¢, v,) a geodesic connecting p and p,, for the Monge-Kantorovitch
metric W, and (6, v,) defined by

o ( L 7') for 7 € [0, pntn]
6_”(7_) _ Pnin
On (m(’r —pntn)> fOI' T € [pntnvtn]
Ly ( Lt for 7 € [0, pnty]
U;I(T) — Pin Pnin

g (g (7 = pata)) o1 7 € [t ]

Then, by change of variable, we obtain

tn Prtn tn Pt t t ! 1
F(G,,0,) = F(o,,0 F(Gp,0p) = /2 F o, tn(1— F y ————
Jy = [ rows [ o = [l ()t [L (o )

Let’s compute fol F (on, ﬁvn):

1 1 "
1 )\2/ Uy, h
Flop, ——wv, | <=2 gij(on) | ———— — = Wi;(logoy; —logoy, ; +6G(o

[ F (o) <3 | 2 0l [~ 5 )| +6(0)

J)EE
1 v R "
sw—%/ > gijlon) (’ +\¢w7|logan,i—logon,jl )+9(0>

O |Gger (= Pn)tn ?

_ We (g )\ | [ _ h " _
=21, <(1(p)t)) —l—/o Z Gij(on) 2 VWi |Oni — 0njl|logon,; —logon ;|" !+ G(0)

(1,j)€EE
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4.1 Viscosity subsolution 4 U IS A VISCOSITY SOLUTION

If we set p, = 1 — Wi (u, ptn ), the expression ¢, (1 — p,) fol F (crn, ﬁﬂ") goes to 0. Finally,

tn
lim sup U (ty,, pin) Slimsup/ F(6p,0,) + U (o / F(o,v) +Up(o) =U(t, )
0

and U is upper semicontinuous. O

We want to prove now that U satisfies the inequality (4.1). To do so, let us consider (to, po) € (0,T") x Po(G)
and p € C1((0,T) x Po(Q),l2) such that u — ¢ has a local maximum at (¢, po)-

Let 0 € WH(0,T; P(G)), v Borel such that ¢ + div, (v) = 0,04, = po. Thus, for all t < tg,

U(to, po) <U(t,o(t)) —I—/t i {[ﬁ(o,v — SVWS(O’)) + Q(J)] ds

If t is close of tg, since u — ¢ has a local maximum at (tg, pg), we have

to h
)~ plto0) < [ |0lo0 = 5w () +0(a) ds (1.3
t
We will attempt to divide this expression by ¢ — ¢y and look at the limit when ¢ goes to t5. We start with
some technical lemmas to give a sense to the limit of the left part.

Lemma 4.1
Let 0 < t) < ty € R?, 0 € WYH(t1,t2;P(G)) and v € L™ (ty,ta;S"™*™) such that the contiuity equation
¢ + div,(v) is verified. Then W is bounded for all a,b € R? such that t; < a < b < t.

Proof. Note that ||v||s € L (t1,12; S"*™) since g is continuous on a compact set.

Let a < b € [t1,t2)?, u(s) := (b—a)s+b and 9(s) = (b—a)v(u(s)). The couple (o ou,d) is a path connecting
o(a) and o(b):

{m<s> (b— a)or(u(s))
divy(u(s)) (0(5)) = (b — a)divy (u(s) (v(u(s))

1
W@, 10 < [ T s = - [ I ts = 0-) [ Il @)
and so
Wa(u(a), p S @20
0< 4.5
- bfa - b—a (45)
This last expression is bounded since ||v||, € L (t1,t2; S"*™). O

Lemma 4.2
Let 0 < t1 < ty, p € WHF(t1,t0; P(G)) and v Borel such that p+div,(v) = 0,v(ty) € T,,P(G) and p(to) = po.
Let o € C*((0,T) x Po(G),l2). If we assume that %}’fﬁ(t”)) is bounded when t goes to to then

= (Vwe(po); v(t0)) o (4.6)

and

= 0yp(to, po) + (Vwe(po), v(to)) po (4.7)
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4.1 Viscosity subsolution 4 U IS A VISCOSITY SOLUTION

Proof. Indeed, by definition of the Wasserstein differential, we can let C' > 0 such that for all € > 0, there
exists 0 > 0 such that if |p(t) — p|1 < J then

lp(to, p(t)) — ¢(tos po) — ((t = to)v, Vwe(po))po| < eW(p(t), po) + Clp(t) — po + divy, ((t — to)v|1

Since, p(to) + div,, (v) = 0, we get

Jim sup ©(to, p(t)) — w(to, po)

— (v, Viwp(po))po | < €
t—sto t—to

This is true for all € > 0 so the first part of the lemma is proved, then

@(t, p(t) — ¢(to, p(to)) = (L, p(t)) — w(to, p(t)) + @(to, p(t)) — ¢(to, po)

(t = to)Owp(to, p(t)) + (t — to) (Vwe(po), v(to))pe + o(t —to)

(t —t0)(9rp(to, po) +0(1)) + (t — t0) (Vwe(po), v(to))p, + o(t — to)
(t — t0)Ip(to, po) + (t — to) (Vwep(po), v(to))p, + ot —to)

and we get the second part of the lemma. O

—

~

The hypothesis of this lemma may seem restrictive, mainly because we impose that v(tg) belongs to the
tangent space, we nevertheless show that this condition can be replaced by v(tg) € S**™. This is the subject
of that last lemma:

Lemma 4.3
Let o € WYE(0,T;P(Q)),v € L>®(0,T;S"™") such that the continuity equation holds. Then, w(t) :=
To(t)(v(t)) verifies:

1. w is measurable
2. 6 +divy(w(t)) =0
3 lwlloy < lvllog
Proof. First, we see that o is continuous. Indeed, ; is bounded as a sum of bounded terms:
o; = divy(v); = Z 9i5 (0)/Wijvji
JEN(2)

1. 7yt (v) is defined as the minimum of |[v — -||,) over T5 ) P(G) and T P(G) as the closure of Vg
in Hy. Then, by continuity of w +— ||v — w||, (), we get that

To(t) (V) = min v = Va(d)llow (4.8)

For all ¢ € R", t = [[v — Va(9)l|(1) is continuous by continuity of g and o so w(t) = 7y (v) is
measurable (and also continuous).

2. We have ¢ + div,(w) = ¢ + div,(v) + divy (w — v) = 0.
3. This a direct consequence of the definition of w as minimizer. O

These three lemmas show that if the curve (o,v) satisfies certain assumptions, then we can compute the
desired limit.

Corollary 4.4
Let o € WH(0,T; P(G)),v € L>=(0,T; S™*™) such that the continuity equation holds and w(t) = my(v(t).
Then,

lim ¢(to, po) — p(t,0o(t))

Jin Pa— = 0¢p(to, po) + (Vwe(po), w)p, = 9ep(to, po) + (Vwe(po)s v)p
o 0—
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4.1 Viscosity subsolution 4 U IS A VISCOSITY SOLUTION

Therefore, we want to prove that Yvy € S**”, there exists a curve (o, v) solution of the continuity equation
such that v(tg) = vo.

Proposition. Let tg > 0, v € L>=(0,T;S™*™) continuous and pg € Po(G). There exists 6 > 0 such that the
following Cauchy problem has a solution p € Wh*(tg — 6,t0; P(G))

o+ divﬂ(v) =0
Mty = Po

(4.9)

Proof. This a consequence of the Cauchy-Lipschitz theroem. There exists € > 0 such that 1 —e > pg; > €
for all i € {1,...,n}. Let U =]¢, 1 — ¢[™ and
e UxR—R"
) (1) = divg(v)

Since g is C°° on (0,1)2, we can bound Vg on [¢,1 — €]? by a real M > 0. Let x,y two vectors of U, we have

|dive (v) = divy (V)11 < Y WVa051195 (@) = 955 )1 < Ve Vawloo Y M(Jzi = il + |25 = y51) < Cle =yl
i ij

where C is a constant depending only of (v,G,M). By continuity of g and v, f is continuous. As a
consequence, there exists ¢ > 0 such that the Cauchy problem has a solution on U x [tg — §,to]. Denote pu
this solution. We have

%Zﬂi = gii(0)wijvji =Y gii(0)JWizvii + Y 9ij(0) /W05 = gi(0)/Wij (i — vji) =0

i=1 i#j i<j j<i i<j
and so ), p; is constant equal to 1, then p € P(G). Since p € U, v € L*™(ty — 6,t9) and the identity
fu+ div,,(v) = 0, we deduce that j1 € L*(tg — §,t0; R™) so p € Wh(tg — 6, t0; P(G)). O
We now have all the necessary tools to carry out the desired calculation. Let v(t) := vy € L*(0, to; S"*™)
constant. By the proposition, there exists t; < to and (p, ) € WHF(t1,t0; P(G)) x R such that ji+div,(v) =
0, u(tg) = po. By the lemma w is bounded when ¢ goes to ty. Thus, by the lemma 1

to
. t ) - t? t
thm #lto, po) = olt, o (t)) = 0sp(to, po) + (Vwe(po), v(to)) e,
—to to - t

We recall that we study this inequality

plto, po) = ot o (1) _ J)" [£lo.v = EVwS(0) +G(0)] ds
to—t = to—t

Once again, we use the change of variable between m and v. Let m,, as defined in (3.4). Here, v is continuous
and so m, is. Then, by continuity of ¢ — L(o(t), m,(t)) < +o0,

re(to, po) + (Vwe(po), v(to))pe < L(po,ma) + G(p0)
We have
(Vowiplpo),v(t0))po = (o (t0), Voveo(po)) + 5 (TS (p0), o))

so that

at(P(t07 ,00) + (mv(t0)7 VW(P(pO)) - E(po, mv(to)) - g(po) < Opo (VWQD(ﬂO)) (410)

This equation is true for all v € S"*™ and so

Ap(to, po) + H(po: Vwe(to, po)) — G(po) < Ope (Viwie(po))
U is a subsolution to the equation (|1.1)).
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4.2 Viscosity supersolution 4 U IS A VISCOSITY SOLUTION

4.2 Viscosity supersolution

Proposition. U is lower semicontinuous.

Proof. Let (u,t) € Po(G) x RT and (pun, tn) — (p,t). Let (04, my,) that realizes the minimum for (py,,t,).
Let 6, My by

o) = (1)
T, (7) = My (7)
such that &, + Vg - + Ldivs (Vg log &) = 0. We have,

tn ot
Ulonstn) = [ £0nimn) +th(0) =2 [ £ (Gria) + U(3)
0 0

If we proceed in the same manner as in the proof of theorem , we can show that a subsequence of
(n,my) can be extracted that converges weakly in W% x L* to (¢, m). Note that we should pick some real
t* > max(max,en tn,t) and consider the space W1 (0, tx; P(G)) x L*(0, t+; S"*") even if it means extending
the functions as 0 outside their interval of definition. Finally, since £ is lower semi-continuous,

¢
lm inf U (pn, tn) = liminf/ L(Gn, Mp) +Uo(Gr) > U(p, 1)
0

This shows that U(u,t) is lower semi-continuous.

We want to prove now that U satisfies the inequality (4.2). Let (tg,p0) € (0,T) x Po(G) and ¢ €
CL((0,T)xPo(G),l2) such that u—¢ has a local minimum at (¢g, pg). There exists (o, v) € WH=(0,T; P(G)) x
L2(0,T;S™ ™) such that

to h
Utto,p) =U(t0(0) + [ |£(o0 = GTwS(00) +6(0)] s
t
If t is close of ty, we have

oo, ) — plt,0(0) 2 [ [aa,v oSt + g(o-)} s

We can proceed now as in (4.8)) and get w(t) measurable such that w(t) = 7v(t). By the corollary (4.4,

we have

lim ¢(to, po) — p(t,o(t))

t—to to —t = 0vp(to, po) + (Vwe(po), v) p,

We use the change of variable (v — m,) and by continuity of o, m,,, we have

drp(to, po) + (Vwe(po)s v)ps = L(po, my(to))) + G(po)

and finally, we obtain the desired formula. I/ is a supersolution of (|1.1)).

rp(to, po) + (mu(to), Viwe(po)) = L(po, ma(to)) — G(p0) < Opy (Vivep(po)) (4.11)
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5 Properties of

5.1 Euler-Lagrange equation

In this subsection, we will take a closer look at the regularity of ¢ by finding the Euler-Lagrange equation
associated with the problem. We will see that we can find one directly around the interior points of the
simplex P(G).

Definition (g—i(a)). For o € P(G), we define the Fréchet derivate of d as an element of R™ x S"*™ by

(%(U) = (%(0))( ) and we write %(0) the coordinates of 5?; (o). It will be useful in the following
ij)EE

to remark that

o5
QI

(05,0i)(0i — o) +g(oi) ifk=i
h§(0i,05) (05 —o5) —gloi)  ifk=j
if k¢ {i,j}

We also denote A(o) : S™*™ x R™ the adjoint application of % such that

LT by

50k

|
SER)

5d
<Am|¢p> = <m|50(0)¢>, Vm € S™", ¥¢ € R"

Example. If g(z,y) = m,

we have g =1 and d;;(0) = 0; — 0;. Then,
6dij
60'k

1
(0) = §A§j(‘7) = Ok,i — Ok,

Proposition (Euler-Lagrange equation). Let (1, T) € Po(G) x R and (0, m) € C(T', 1) that minimizes
U(t, i) as in the theorem (3.1). Let p the momentum by p := V,,L(o0,m). We have an Euler-Lagrange
equation inside the domain Py(G):

Vito € (0,T) such that or € Po(G), (5.1)
Proof. By continuity of o, we set 6 > 0 and r > 0 such that (0¢); > r, for all i € V and for all ¢ € [to—J, to+3].
Let b € C}(to — d,tg 4 6;S™*") and ¢ = —V - b. For € small enough, we set 0 := 0 + e¢ € P(G). We also
set m¢ = m + eb+ 2(d(o) — d(c*)) such that 6 + Vg - m® + V¢ - d(0€) = 0.

According to the dynamic programming principle, we have

bl to+6 . i
= / E(a+e¢>,m+eb+(d(a)—d(ae))> +G(09) =0
66 e=0 Jto—5 2
to+5 7
0 oL . héd 0
& —<(a,m),Vg~b>—|—<p,b—(U)Vg-b>—<g,VG-b> =0
to—5 do 200 do
to+0 B h .
@/ < VwL(o,m),b>—5 <V (Alo)p),b>+ <p,b>+<VnG,b> =0
to—0

This equation holds for all b € C1(ty — 6, %y + §;S"*™), we deduce the following equation

VLo, m) — gvg o A(0)(p) + V(o) = p ae. in [to — b, to + ] (5.2)
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5.2 Duality

Let (u,t) € Po(G) x RT. Under certain assumptions, it is possible to express an alternative form of U using
duality arguments. We use here the method developed in [4]. In the following, we assume that the function
g = 1 and that the hamiltonian # is 1-homogeneous with respect to . We need to extend the definition of
Uy and G to R™ by setting

G(0)=0
G(sp) := sG(p) for any s > 0, for any p € P(G)
Uo(p) := +oo for any p ¢ P(G)

Let’s define a function K by

K(om o) = [ (F<o, M)t < 6.6+ Vo - (m+ 2d(o) >) ds +Us(o) (5.3)

Provided we have enough regularity, if o; = u, we get by integration by parts,

K(om,d) = [ (Flowm)= < bio > = < Vaoum + §ala) > ) ds-+ (6010 ~ (60.00) + Uo(oo)

The dual formulatlon turns out to be the minimax interversion for this idendity. To lighten the notations,
we denote A(o, m) fo (o0,m) + G(o). In the following, we shall consider

koo | TOERY)x L (0,4, S™") x Wh'(0,;R") —» R
a { (o,m, ¢) = Ao, m) + (¢, i) — (¢o, 00) + Uo(o0) fo << Vag,m+ 2d(o) > + < b, 0 >) ds’
The following functional spaces will be useful in our analysis:
e for any e > 1, let A := L"(0,¢; [0, €]™) x L* (0,£;S™ ") and A := L"(0,t; P(G)) x L* (0,t;S"*")
e for any [ > 0, let B! := {¢ € WL~ (0,;R") | |@lpy1er <1} and B := WL (0, t; R™)
The map ¢ — K(o,m, ¢) is linear wich provides

sup K(o,m,¢) = A(o,m) + Uy (oo) + le(a, m)
¢eB!

and

sup K (o,m, ¢) =

$EB +00 else

{A(cr, m) +Us(oo) i (o,m) € C(t, 1)

where e(o,m) := supgep1 < ¢, 4 > — < ¢o,00 > —fot << Vao,m+ %d(a) >+ < o0 >).

e(o,m) =0 if (o,m) € C(t, )
e(o,m) >0 else

semicontinuous as a supremum of such functions.

It will also be useful to remark that { and that € is convex and weakly lower

Proposition. For anyl >0, e>1 and A, € {A, A°}

inf  sup K(o,m,¢)=sup inf K(o,m,o) (5.4)
(a' m)EA* d)EBZ ¢€Bl (a m)GA

Proof. B! is a convex linear topological space and compact for the weak topology, A. is a convex linear
topological set. The map (o, m) — K (o, m, ¢) is lower semicontinuous and the map ¢ — K (o, m, ¢) is upper
semi continuous on B'. The set {(o,m)|K(c,m,¢) < A} is convex by convexity of (o,m) — K(o,m,®).
If A(o,m) = +oo, then {¢|K(o,m,$) > A} = B! which is a convex set. Else, K(o,m,-) is linear and
{¢|K(0,m,$) > A} is convex. O
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Lemma 5.1
For any | > 0, there exists (o', m*!) wich minimizes A+ le over A°.

Proof. Admitted, the proof can be found in [4]. O
Proposition. For any e > 1 and A, € {A, A%},

inf  sup K(o,m,¢) =sup inf K(o,m,e) (5.5)
(o,m)€AL pcB ¢eB (o;m)EA.

Proof. We denote (o*,m*) the minimizer as in the second item of the theorem (3.1). We remark that
e(o*, m*) = 0 by definition, therefore using the previous proposition, we get

A(o*,m*) +Up(og) = sup K(o*,m*,¢) > inf sup K(o,m,¢) = sup inf K(o,m,e)
scBl (o;m)EAL pecpl peB! (o;m)EA,

For any [ > 0 we have the following inequalities:

A(a*,m*) > A(O’*’l, m*,l) + 16(0‘*’171’)1*’[) > A(a*’l,m*’l)

Denote (0°°,m™) a point of accumulation of (¢*!,m*!). By the minimal property of (¢*,m*), the last

inequality and the lower semi-continuity of A and e,

*,1

e(o™,m>), lliminfle(a*’l,m*’l) =0 and A(c*,m*) = A(c™,m™)
— 400

Finally, by definition of (o*!,m*!), we get that

A(c®,;m*®) <liminfsup inf K(o,m,¢)<sup inf K(o,m,q)
l Bl (o,;m)€eAe B (o,m)cAe

But K(c°°,m>,-) = A(c>°,m>) so A(c>,m™) = supg K(0°°,m*>,¢) > inf(, n)ca, supg K(o,m,$) To
summarize what we did,

inf supK(o,m,¢) <sup inf K(o,m,q).
(o;m)eAe ¢ ( ) ¢ (oym)EA. ( )

The reverse inequality is always true and the inequality finds out to be an egality. O

Lemma 5.2 . _
1. For any e > ]-,inf(a,'m)eA‘j K(Jamv ¢) =< d)ta > 7ug(¢0) - ef() H+(¢a VG¢)

U if Hy (¢ =0 ae. i
2 it myene Ko, ) = {<¢t,u> Us(do)  if Hi(d,Vad) =0 ac. in (0,1)
+00 else

where H(a,b) := sup,ep(q) {H(o,b) — G(o) + & < b,d(0) > + < a,0 >} and Hi(a,b) := max(0, H(a,b)).

Proof. 1. Let e > 1, inf(4,mycae K(o,m, @) =

LN _ h
inf  Uy(oo)+ < ¢t, 0 > — < ¢, 00 > — sup {/ < ¢,0 > —F(o,m)+ < Vgo,m+ =d(o) >} =
e~ ([0,¢]") merr \Jo 2

t
h
ELir(l[g ) )Z/{O(UO)+ < (bthu’ > —< ¢070'0 > _/ H(O’, VG(b) - g(0)+ < de)y Ed(g) >
o ~(10,e|™ 0

Since H and G are 1-homogeneous with respect to o, we have

t
inf  K(o,m,¢) =< ¢, n > —Uy (o) — 6/0 H((i), Vao)

(o,m)eAe
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2. We let e goes to +oo to verify that second part. O

Lemma 5.3 - . -
Given ¢ € WH= (0,t;R™), there is ¢ € W+ (0,t;R™) such that Hy (¢, Vo) =0 and

inf  K(o,m,$)= inf IK(U,W»@

(o,m)e Al (o,m)EA

Proof. Let O := {H(¢, V¢ < 0} measurable and to avoid trivalities, assume £'(0) > 0. Set

t
o= [ xoH((s), Vao(s)ds
0
The function o — H(o, Vg¢) — G(o) is bounded on P(G), then

h . . ’
|&| < sup |H(o,b) —G(o) + 3 <Vgo,d(o) >+ < ¢,0 >| < |p|+ h|Veo|+ C € L" (0,t;R)
ceP(G)

Let ¢ = (¢; + a);. We have Vgp = Vgo¢ and for any 0 € P(GQ), (¢,0) =< ¢,0 > +d. Then,
H(6,Vao) = 0.

By the lemma [5.2]

t .
inf K(U,m,gg) =< ¢y, 1 > —UG (o) —/ XoH(4(s),Vao(s) = inf K(o,m,e)
0

(o,m)c Al (o,m)c Al O]

Lemma 5.4 . - . -
Given ¢ € WL (0,¢;R™) such that H(¢,Vao) < 0, there is ¢ € W= (0,t;R") such that H(p,Vgp) = 0
and

(¢, 1) = Ug (do0) >< ¢, 1 > —U (o)
Proof. Admitted here. The approach is very similar to the previous lemma O

Proposition.

inf  sup K(o,m,¢) =sup inf K(o,m,¢
(0,m)€EA>® gcB ( ) peB (o,m)€A> ( )

Proof. Admitted here. The proof is once again very similar to [4]. O

We can now state the main theorem of this part:

Theorem 5.5
Let (t,pu) € R x Po(G), we have the dual formulation

Ut p) = 21611;{< be, 1> —UG (¢0)|H($, Vad}) =0

Proof. Let’s define
0 if (o,m) € C(l, )
+00 else

Ie(og,00)(0,m) i= {

For any (o,m) € A*, we have

sup K(o,m, ¢) = A(o,m) + I¢(sy,0,)(0,m)
$eB
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so that

inf K PRALD) = inf A ) + I 00,0 5
o S K erm, ) = Iof A m) + Loy (o2}

Using C(t, 1) C A and the last proposition, we get

min  A(o,m)= inf sup K(o,m,¢) =sup inf K(o,m,¢
(o,m)eC(t,p) ( ) (o;m)EA™> ycB ( ) ¢peB (o,;m)EA> ( )
We conclude using the lemmas [5.4] and [5.2] O

Outlook: With the dual writing of U, we hope to can extend the Euler-Lagrange equation to the
boundary of P(G). If g # 1, the term d(o) causes the impossibility of using the usual inversion theorems.
Nevertheless, the duality could still hold. In all cases, those results are useful for studying the regularity of
(o*,m*). Under certain assumptions, we show in that way that they are C'°.

6 Appendix

In this appendix, we’ll take a closer look at the x-Monge-Kantorovitch metric used in this manuscript. In
particular, we’ll show that the x-Monge-Kantorovitch is finer than the canonical norm.

Let us begin by demonstrating the property for the particular case where G has a cardinality of 2.

Lemma 6.1

Let G defined by V = {1,2} and E = {(1,2),(2,1)}. Let p° p' € P(G), there exists C,C’" > 0, such that
Wi (p°, pt) < Clp® = p“".

Proof. Let (p°,p') € P(G)? such that p! < p}. Define the function G : 7+ [ ﬁ. G is strictly

increasing and continuously differentiable, therefore it has an inverse function.

Let p : [0,1] = P(G) by p1(t) = G7HG(0)) + (G(pt) — G(p)))t) and pa(t) = 1 — p1(t). Let us also
define mi2 = —may by Jwizmar = p1(t) such that the equality p = Vg.m is satisfied. We have then

p1 = (G(p1) — G(pY))/g12(p). Thus,

w12
1y 0\\k—1 rpi .
_ (G(p) = G(m)) g(r 1 —r) T dr -
w,;2/2 I

We conclude by the hypothesis on the function g which make the right integral bounded and the function
G lipschitz.

Let’s look now to the general case. The first step in our approach is to reduce the problem to the previous
case. It is relatively straightforward when p® and p' differ in only two vertices. This first lemma contributes
to this direction:

Lemma 6.2
Let (1i)1en € P(G)N and (p')ien € P(G)N such that |pt — pll;. — 0. We assume that for all | € N, there
exists i1, such that w;, i, > 0 and for alli € [[1,...,n|], we have

(i # iy ori#ig) = pl = pl

Then, we have

Wi, p') = 0
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Proof. Let | € N, ig,i; as in the hypothesis of the lemma and denote Gy a graph of size 2 defined by
V = {i1,ia}. Let s = ,021 + pé2. (s is independent of [). If s' = 0, that means that p' = u! and we are done.

l L L
Else, let il = (“S—ll, HS—%) and p! = (%1’ ps?) and (6',9') a path connecting ji and p'. We aim to construct a
path connecting ;! and p! by considering ¢! defined by

L {55 ifi € finia} g 2 {slf;gj(t) if (i,7) € {(i1,i2), (i2,i1)}

pt=pl  else 9 0 else

We have p! + divi,(v) = (0. Consequently,
1 1
YN l l |k AV ~I\|~l |k K(~l ~l
W) < [ S sl | =6t [ 30 s@hil | < wi )
0 \GeE O \G.jer O
Now, we can apply the particular case where |G = 2| to get the result.

We would like to use this lemma wisely by proceeding as follows: we consider given p! and p™, the idea is
to construct a sequence connecting p' and p>, where each term differs from its neighbor in only two vertices.
Because of the condition w;, ;, > 0 in the hypothesis of the lemma, this is not immediate.

Lemma 6.3
Let p>= € P(G),p' € P(G)N with p' # p>=, such that |p! — p>|;. — O then there exists p' € P(G) such that

o B p) = {i € VIgh £ 5} © i € VIph # 5} i= B(oh, p) for all 1€ N
* Wyi(p',p') =0

Proof. Let | € N and pick (ig,i1) € V2 such that ig # i1, péo > pio and pél < pgy. Define p' by

Pk if i € V\{io, i1}
P =P if i =g
Pl ol =%y ifi=i

We verify first that p! € P(G) and that B(p!, p>°) C B(p', p>)\{io}. Since the graph is connected, there
exists jo, ... 7.jno € V such that Wyijivs = 0 for all 7 € [\O,no — 1|], Jjo = io,jno =17.

Define p'9, ..., pl" € P(G) by
péi-f'péo—mf if j = Ji
_ PN if 4 0, ]
PO = pl and g’ = o if 7 € V\{io,ji}

Py if j =g
Remark that p"™ = p' and that let’s apply the lemma (6.3) to get that

We (", 0" ) =0 m

We can conclude the proof of the lemma since 0 < W, (g, p') < 23071 W, (g%, phith).

Theorem 6.4
Let p> € P(G), pt € P(G)N with p! # p*> such that |p' — p>=|;.. — 0. Then, Wy(p!, p>) — 0.

Proof. Let’s apply the lemma (6.3 recursively to construct a finite number of sequences ( plvi)ie{_o,m’no} with
ng < |G| such that
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o 70 =/

° pl,iJrl

is constructed by taking p! = p>* in the lemma
) pl’”o = p*>
We have then
Vie{0,...,ng — 1}, We(p"%, b)) = 0

Then, W, (p, p°) < S700 M W (b7, phi+1) =14 o 0. We are done. O
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