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1. PRESENTATION OF THE INTERNSHIP

This document presents the studies and the work realized during my internship of second
year of the Ecole Normale Supérieure. The internship took place from February to June
2024 under the supervision of Dario Trevisan, Associate Professor at the Mathematics
Department of the University of Pisa (IT). During this four months internship I attended
the lectures of Luigi Ambrosio on optimal transport at the Scuola Normale Superiore di
Pisa and a lecture group on Stochastic Differential Equations with Mario Maurelli at the
University of Pisa. Simultaneously I worked on different research subjects with Dario
Trevisan. Upon my arrival, I studied the convergence of the entropic optimal transport
problem to classical optimal transport as the regularization goes to zero. After a few weeks,
I turned to the improvement of quantitative stability estimates. We first tried other convex
regularization than the entropic one, before turning to the ideas and results presented in
the last part of this report. During my stay, with my supervisor I met and discussed about
research topics with Luigi Ambrosio and Aldo Pratelli in Pisa, Simone Di Marino and
Augusto Gerolin in Genova.

2. GENERAL INTRODUCTION TO THE GOAL

The optimal transport problem was first introduced by Monge in 1781 in the study of
the optimal way of filling holes starting from piles of sand. The problem was left unsolved
until 1942, when Kantorovitch reformulated Monge’s problem. Monge’s original problem
was first solved in 1976 by Sudakov, whose proof was later corrected in 2003 by Ambrosio.
Since the end of the 90s, optimal transport has been intensively studied for its links with
PDEs and lately for its applications in machine learning.

The Monge problem for the cost |.|P between two probability measures p € P(X),
p € P(Y) with X, Y € R? compact, is defined as the following minimization problem

(2.1) My(ps 1) = inf{/X IT(x) — 2lPdp(@)|T : X — Y with Typ = u}

where Typ denotes the push-forward of p through 7" and | - | denotes the Euclidean norm.
It was originally introduced by Monge for p = 1. Let us also recall that the push-forward
Typ € P(Y) of a measure p € P(X) through T : X — Y is defined as Typ(B) = p(T~(B))
for any p-measurable B C ). Kantorovitch introduced the following relaxation :

(2.2) Wolp.p? = int [y~ alPdn(a,y).

m€l(p,p) JXxY
where II(p, 1) denotes the set of couplings between p and p, i.e., (joint) probability measures
on R¢ x R? with marginals distributions p, p. It is indeed a relaxation of the previous,
since (Id x T')yp € I1(p, u) when Typ = p. A major improvement of this relaxation is that
an optimizer always exists for (2.2). W,(p, ) is called Wasserstein distance between p and
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2 O. MISCHLER

The first major result of the optimal transport theory, is to exploit convex duality and
obtain the equivalent formulation

(2.3) Wy (p, )P = sup {/ ¢dp+/ wdu}

(&%)
where the supremum runs among upper semi-continuous functions (¢, ) such that ¢(z) +
Y(y) < |x — y|P for every x € X, y € ). An optimizing pair (¢,1)) is called an optimal (or
Kantorovich) potential for W, (p, 1). Under minimal assumptions, one can always argue
that an optimizer exists.

A second major result of the optimal transport theory is that under mild assumptions,
in particular if p is absolutely continuous with respect to the Lebesgue measure and p > 1,
one can argue that the optimizer in (2.2) is unique and given by a optimal transport map
T, i.e., one has y = T'(z) for m-a.e. (x,y) (with necessarily Tjp = p) and therefore

24) Wylp ) = [ [7() = aldp(e).
For the quadratic cost p = 2, the optimal transport map is often referred to as Brenier’s
map.

A well-posed mathematical problem in the Hadamard sense is one for which existence
and uniqueness of solutions hold, but also stability with respect to perturbations in the data.
Although qualitative stability in most situations emerges as a by-product of existence and
uniqueness arguments, quantitative stability becomes particularly crucial in applications,
for it directly relates to the convergence of numerical methods. This applies in particular
to optimal transport problems.

Aim of this work is to give a short introduction to optimal transport, highlighting the
key ideas and avoiding technicalities, before presenting new quantitative stability results
for optimal transport potentials with respect to perturbations of the “target” measure p,
keeping one “source” measure p fixed. In a slightly simplified form, to ease the notation,
this goal can be summarized in the following result.

Theorem 2.1. Let d > 1, p be a log-concave probability measure on R% with bounded
support, let Y C R? be compact and p > 1. Then, there exists C = C(p, Y, p) < oo such
that, for any p, v, probability measures supported on Y, it holds

(2.5) 6 — bullz2(p) < CWL(1,v)’,
with
1-1 if1<p<2
(2.6) o117 % Z‘f <p<2,
2 pr > 27
and where (¢,,1,) denotes the Kantorovich potentials for Wy(p, 1), i.e., the optimizer in
(2.3), with zero p-mean, i.e., [ ¢ dp =0 (and similarly (¢,,v.), for Wy(p,v)).

In Section 3 we start by giving the most classical and important results of the optimal
transport theory. For this part our sources are the usual references on optimal transport
such as [AGS08] and [Vil409]. Starting from Section 4, we dive into more specific results
necessary for Section 5. This last two parts are mostly extracted from my article with
Dario Trevisan [MT24].

3. INTRODUCTION TO OPTIMAL TRANSPORT, VARIOUS RESULTS

3.1. Optimal transport, definitions and existence.

Definition 3.1. Let X', ) be Polish spaces and let ¢ : X x ) — [0,00] be continuous.
Given p € P(X) and u € P()), define

(3.1) I(p,p) :={m € P(X x Y)|1(AxY)=p(A),n(X x B) = u(B) V Borel A, B}

Kantorovitch’s formulation of the optimal transport problem asks to find

(0T,) T(p,p) == inf /C(fc,y)dﬂ(w,y)
mell(p,u)
XxY
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Remark 3.2. (1) II(p, ) is said to be the set of couplings between p and p. If we note
px X x)Y — X (resp. py : X x Y — ) the projection on X' (resp. V), we can also write

(3.2) (p, p) == {m € P(X x V)|(px)g © = p, (py)# ™= u}

where (px)y 7 is the push-forward measure through py, i.e. (px)x 7(4) = 7(A x )
V Borel A.

(2) When X, Y are compact subsets of R? and ¢ is continuous, it holds 7°(p, 1) < oo for
every p € P(X), n € P(Y).

(3) When p > 1 and c is the so-called p-cost, ¢(z,y) = %\x —ylP for x € X, y € ), we write
TP instead of 7¢ and notice that

1
(3.3) TP(p, ) = ];Wp(p,u)”-
When p = 2, writing |z — y|?> = |z|? + |y|> — 2 (z,y), we collect the identity

1 1
(34) o) = 5 [ laPdp() + 5 [ loPdute) + T (.10
X Yy
where ’ denotes the linear cost (z,y) — — (z,y).

Theorem 3.3 (Existence of optimal plans.). Let X', ) be Polish spaces and let ¢ : X X
Y — [0,00] be continuous. Given p € P(X) and pu € P(Y), the infimum in (OT,.) is a

Proof of Theorem 3.3. The proof follows an elementary scheme from calculus of variations.
We consider the weak topology on M(X x V) and we divide the proof in the two following
steps :

(1) the application C : w € TI(X x V) — / c(z,y)dm(x,y), extended to M(X x )) by

XxY
+o0 outside II(X x )), is lower semi-continuous for the weak topology on M(X x }),

(2) the set II(X x ) is compact for the weak topology on M(X x ).

Before proving these two facts let us conclude the proof. Considering a minimizing
sequence of probabilities (7, )nen in (OT.), from the compacity of II(X x J) we extract a
weakly converging subsequence m,, — 7* € II(p, ). Now the lower semi-continuity yields
C(m*) < liminfy_ o C(my, ) = T¢(p, ) since (my)y is a minimizing sequence. 7* is thus a
minimizing in (OT,).

Proof of the lower semi-continuity of C. For k € N, let us define the regularized cost
(3.5) ce(z,y) = inf (2, y) + kdx(z,2") + kdy(y,y')
z'eXy ey

which satisfy 0 < ¢ < cxr1 < ¢ A k. Moreover, since ¢y is the pointwise infimum of a
family of equi-Lipschitz functions, one has ¢; € Lip, (X x )).
The lower semi-continuity of ¢ ensures ¢, — ¢ as k — o0o. Indeed, sup;, ¢x < c¢ is immediate
and if (z,y) € X x Y with sup,, ¢ < oo, for all k it exists xg, yp € X x ) such that

1
From this inequality we immediately get x, — = and y, — y as k — co. Moreover, from
c(zr,yr) Nk < cp(z,y) + + and the lower semi-continuity of ¢ it follows that c(z,y) <

supy, cx (7, y).
Now, if (), weakly converge to 7 € P(X x V), for any k € N one has

(3.7) hnrr_l)ng(ﬂn) > hnrr_1>£f o cpdm, = /Xxy cpdm
Finally, taking the limit £ — oo, the monotone convergence theorem yields

(3.8) lim inf C(m,,) > sup/ crdm = C(m)
XxY

n—oo k
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Proof of the compacity of I1(p, ). We start by recalling here without proof Prokhorov
theorem and Ulam lemma

Theorem 3.4 (Prokhorov theorem). Let (Z,d) be a Polish space and let F ¢ M (Z)*
with sup,er p(Z) < oo. Then F is relatively compact with respect to the weak topology
if and only if F is equi-tight, i.e. for every e > 0 there exists K C Z compact such that
w(Z\K) < e forall p e F.

Lemma 3.5 (Ulam lemma). Let (Z,d) be a Polish space and pn € M (Z2) then {u} is
equi-tight.

The closedness of II(p, 1) is an easy consequence of rewriting the marginal condition as

(3.9) /ngdp:/“y ddn Vo € Cy(X)

and similarly for the second marginal condition.

Thanks to Prokhorov theorem it is now sufficient to prove the equitightness of II(p, u).
Fixing ¢ > 0, thanks to Ulam’s lemma there exist K C X’ and K C Y compact sets such
that p(X\K) < § and u(Y\K) < 5.

Thus
(3.10) T(X x \K x K) < 7((X\K) x V) + 7(X x (V\K) < e
this proves equi-tightness and concludes the proof. ]

3.2. Duality formula. One of the most important results in the Optimal Transport theory
is the following Kantorovitch duality formula.

Theorem 3.6 (Kantorovitch duality). Let X and Y be Polish spaces, let p € P(X) and
pwePY), and let c: X x Y — [0, +00] be a continuous cost function. Then,

Tp,p) = sup/¢ )dp(x +/¢ )du(y

(3.11) (@0)ele

= (QS%EJC /X o(x)dp() + /y Y(y)du(y)
where
(3.12) Ie = {(#, ) € Lipy(X) x Lipy(V)|p(x) +(y) < c(z,y)}
and
(3.13) Je = {(¢, ) € L' (p) x L' ()|p(z) + ¥(y) < e(x,y)}

Remark 3.7. (1) Easy part of Theorem 3.6: in (3.11), one inequality is immediate and one
requires more work. Indeed for every (¢,v) € I. (resp. J.) and 7 € II(p, u) it holds

(314) | el in(ay) > /. 0@+ v)dn(.y) > G / () duly
so that

3.15 T(p, ) > z)dp(x) + Y

(3.15) (o, ¢>S$)Iélc/¢ p(x /w 1wy

and analogously with J. in place and role of I.. As I. C J., the reverse inequality for I is
enough to prove the theorem.

(2) Before giving a rigorous proof of Theorem 3.6, we derive a formal one. The idea, which
is standard in optimization problems with contraints, is to rewrite the constrained infimum
problem as an inf sup problem, and exchange the two operations by formally applying a
minimax principle, i.e. replacing an "inf sup" by a "supinf".

Let us introduce the indicator function x4 of a set defined as

0 ifreA
(3.16) xalm) = { +oo otherwise.

Ldefine mm+



STABILITY IN OPTIMAL TRANSPORT FOR POWER COSTS 5

so that we can write the Optimal Transport problem as

(3.17) Tou) = __ it (€0 + Xt (7))

Moreover, it is easy to check that

(318) Xr1(on () = (footo+ [vau= [ o) +vlinte).

(¢, w)GLlpb X)XLlpb

As a consequence, the right hand side of (3.17) is given by

inf (/Xxy c(z,y)dn(x,y)

TEM4L(XXY) (¢ w)

+ [ odp+ / vy — / (w))dn(z.y)).

Taking for granted that a minimax principle can be 1nv0ked, we rewrite this as

sup inf </X yc(z,y)dﬂ'(:v,y)
X

(¢) TEM(XV)
+/ ¢dp+/ pdp — /XW (y)dr(z,y))

—(ZuE /d)dp—i—/ wdp

(3.19)

(3.20)

= s [ (6(@) + o) - eoy)ldn(a,y))
TEM4 (XXY) JXXY

We now first compute the supremum over 7. If (¢,1) € I. the supremum is clearly 0 and

attained for m = 0, otherwise, there exists (z,y) € X x ) such that ¢(z)+1(y)—c(z,y) > 0,

then taking m = Ao ,) and letting A — 400, we see that the supremum is infinite.

Therefore,

(321) sup [ [6(a) + 0(y) — el )ldn(e,) = i (6 0).
) X xY

TEM4 (X XY

so that previous lines, yields

(3.22) T(p,p) = sup / o(x)dp(x +/ Y(y)duly

(p¥)Ele
Proof of Theorem 3.6. We now prove rigorously Theorem 3.6, in the case where X and Y
are compact, ¢ is continuous. This is the first step of most proofs for Theorem 3.6. The
additional assumptions on X', ) and c are then relaxed through approximations procedures.
The minimax principle is made rigorous through a convex analysis theorem known as
Fenchel-Rockafellar duality theorem. We first need to introduce a few notations. Let F
be a normed vector space, and © a convex function on E with values in R U {400}, the
Legendre-Fenchel transform of © is the function ©*, defined on the topological dual E* of
FE by the formula
(3.23) O*(z") = sup[(z*|z) — O(z)].

zeE

Theorem 3.8 (Fenchel-Rockafellar duality). Let E be a normed vector space, E* its topo-
logical dual space, and ©, E two convex functions on E* with values in R U {+oc0}. Let

©*, Z* be the Legendre-Fenchel transforms of ©, Z respectively. Assume that there exists
zo € E such that

O(z9) < +00, E(zp) < +o00,

.24
(3.24) © s continuous at z
Then,
(3.25) 1%f[@ +E] = Zr*neaé(*[—@ (—2") —="(2")]
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Let E = C(X x Y) be the set of all continuous functions on X x ), equipped with its
usual supremum norm ||.||c. By Riesz theorem we have E* = M(X x }) the space of
Radon measures normed by total variation.

Then we introduce
0 if u(z,y) > —c(z,y)
400 otherwise,

(3.26) O ucCXxY) — {

(327) Z:iucC@XxY) — { ixofdp + Jy vdu :)ftﬁe(sz?s?e: d(x) + ¥ (y)

and we apply Theorem 3.8. The assumptions are obviously satisfied with zp = 1 so (3.25)
holds true.

The left hand side reads,
(3.28)

int { [ gdp+ [ wdps o) +0(0) = —clw. )} = —sup{ [ sdp+ [ v (6.0) € 1.}
X hY% X Y
Next, we compute the Legendre-Fenchel transforms of ©, =. First, for any 7 € M(X x )),

O*(—7) = su — [ u(x,y)dr(z,y); u(z,y) > —c(x,
(3.29) o UGC(EXM{ /( y)dr(z, y); u(z,y) ( y)}

= s { [ ule,y)dn(z,y)iu,y) < cy)
ueC(XxY)

e If 7 is not a nonnegative measure, then there exists a nonpositive function v €
C(X x Y), such that [vdm > 0. Then, the choice u = \v, with A — +o00, shows
that the supremum is 4o0.

e On the other hand, if 7 is nonnegative, then the supremum is clearly [ cdr.

Thus,
(3.30) 0% (—m) = { Je(z,y)dr(z,y) if 7€ M(X x D)

400 otherwise,

and similarly,

(3.31) =*(r) = {

Putting everything together, we recover

0 if 7 e I(p, )
400 otherwise.

(3.32) inf C(r) = sup / bdp + / b

mell(p,u) (p)€le

which concludes the proof. ]

3.3. c-cyclically monotonicity, c-concavity and optimality conditions. Let us start
by defining c-conjugate functions, c-cyclically monotonicity and c-concavity, which provide
an extension of the notion of convex functions useful for studying unicity and optimality
conditions in both primal and dual optimal transport problems.

Definition 3.9 (c-conjugate function). Given ¢ : X — [—o00, +00) we define the c-conjugate
function ¢° by

(3.33) ¢(y) := inf [e(z,y) — o(x)]

rzeX

Anagolously if ¢ : ) — [—00, +00), we define
(3.34) Y(x) := inf [c(z, y) — ¥ (y)]
yey
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Definition 3.10 (c-cyclically monotonicity). We say that I' € X x ) is c-cyclically
monotone if

(3.35) (i Yoriy) = Y (i, s)
i=1 i=1

for every N > 1, o permutation of {1,..., N} and (z;,y;) € T for i =1, ..., N.

Definition 3.11 (c-concavity). A function ¢ : X — [—00, +00) is said to be c-concave if it
is the infimum of a family of c-affine function ¢(z) = inf(, ey xac(z,y)+a, Y C Y, ACR.
Analogously, ¥ : J — [—00, +00) is said to be c-concave if ¥(y) = inf(, \yexxa c(z,y) + a,
XCX, ACR

Remark 3.12. (1) When c¢(z,y) = —(z,y), up to a change of sign, one recovers the usual
notions of convexity, Legendre-Fenchel transform and monotone sets.

(2) An important fact for the following is that the modulus of continuity of a c-concave
function is bounded by the modulus of continuity of c¢. In particular if ¢ is L-Lipschitz and
¢ c-concave, then ¢ is L-Lipschitz as well.

(3) Finally, elementary manipulations show that if ¢ is c-concave, ¢ = ¢.
The following theorem yields a characterization of optimal plans

Theorem 3.13. Under the assumptions of Theorem 3.6 assume moreover that there exists
a € LY(p), b € L*(p) such that c(z,y) < a(x) + b(y) then

(1) w € (p, ) is optimal in (OT.) if and only if it is concentrated on a c-cyclically
monotone o-compact set.

(2) there exists a c-concave function ¢ : X — [—00,+00) such that ¢ € L*(p), ¢¢ € L*(p)
and

(3.36) Te(p) = [ odp+ [ ¢

Sketch of proof of Theorem 3.13. Assume by contradiction that the conclusion is false.
Then there exist N > 1, a permutation ¢ and points (z1,41), ..., (TN, yn) € suppm such
that

N N

(3.37) Do iy Yory) < D cl@i yi).

i=1 i=1
By the continuity of the cost function ¢ there exist neighbourhoods U; x V; 3 (xi, yi) where
inequality (3.37) continues to hold, replacing (z;,v;) with any choice of (z},y!) € U; x V.
Now we want to construct a measure § € M(X x )) such that:

(1) 6 has null marginals on X and ) ;
(2) 0~ < 7 (where that 6~ denotes the negative part of the measure 6);
(3) [edd <0

If we are able to construct such a measure 6, then we get a contradiction since 746 € II(p, 1)
and

(3.38) / cd(m + 0) < T(p, ).

We will not get into the details of this construction, but formally the measure 6 should
simply deduce the 7-mass of U; x V; and put it on U; x V), (3.37) would then ensure
J edf < 0 holds.

We turn to the proof of (2). Fix (zg,yo) € suppm we define;

(3.39)

¢(x) = inf{c(x,yn), —c(zn,yn) + (N, yn-1) — c(TN-1,yn-1) + ..+ (21, Y0) — (0, Y0) }
where the infimum is made over N <1 and (z1,¥1), ..., (zn,yn) € suppm. One can check
that ¢(xg) = 0, moreover the construction of ¢ is made so that ¢ + ¢¢ = ¢ 7 a.e.. Indeed if
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we first minimize keeping (zy,yn) fixed, then we minimize with respect to (xx,yn) we
see that

(3.40) o(z) = inf c(z,yn) —c(zn,yn) + ¢(zN)

(N YN

which implies, for any (2/,y’) € supp, for any z € X

(3.41) c(@',y') < clz,y) — o(x) + ¢(a')
and thus for any (2/,y") € supprm
(3.42) c(z',y) < o°(y) + o(a')

the reverse inequality being always true, by definition of the c-transform, we conclude
¢+ ¢¢ = ¢ 7 a.e.. Finally, assuming ¢ € L'(p) and p € L' (), we get

(3.43) 0<C(m) = /X ein= /X o+ o) = /X ddp + /y on

To conclude, we need to show the integrability. First notice that ¢ + ¢¢ = ¢ 7 a.e.
implies ¢ > —o0 p a.e. and ¢¢ > —oo v a.e.. Choosing x € X such that both a(z) < oo
and ¢(z) > —oo, it follows thaté®(y) < c(z,y) — ¢(x) < b(y) + a(z) — ¢(x) and

(3.44) /y(¢c)+d,u, < /bdu +a(z) — ¢(x) < oo.

Similarly, using ¢ = ¢, we get [, (¢)"dp < oo. This is enough for 3.43 to hold and we get
that [1,(¢°)~dp < 0o, [(¢)"dp < 0o and the desired conclusion ¢ € L'(p), ¢° € L' ()
]

Remark 3.14. Even when (¢, ¢¢) ¢ Lip,(X) x Lip,()), we call a couple (¢, ¢¢) that satisfies
(3.36) a pair of Kantorovitch potentials. Moreover, if ¢ is the Kantorovitch potential
with 0 p-mean, ¢ — C as well for any C' € R, as a consequence we will usually choose a
Kantorovitch potential with [, ¢dp = 0.

Theorem 3.15 (Brenier, Knott-Smith). Assume X, Y C R? compact, c(z,y) = %|x —ylP
for some p > 1 and let p € P(X),n € PY) with p absolutely continuous with respect to
Lebesgue’s measure. Then the problem (OT) has a unique solution 7. In addition, T is
induced by a transport map T :

m={IdxT)y p
i.e. d?T(:E, y) = p(x)(sT(m):y

2
and T'(z) = x — |V¢(m)|ﬁv¢(:p) , where ¢ : RY — [—o00,00) is a lower semicontinuous
c-concave function differentiable p-almost everywhere. Finally, as its gradient is uniquely
determined, the Kantorovitch potential is unique up to a constant.

Sketch of proof of Theorem 3.15. The existence of m optimal and of a pair (¢, ¢¢) of Kan-
torovitch potentials follow from the previous results. Both ¢ and ¢ are Lipschitz, thus differ-
entiable Lebesgue a.e. and therefore differentiable p a.e.. Now take x € X such that V¢(z)
exists. We want to prove there exists a unique y € ) such that (z,y) € suppm. We already
know, since ¢ + ¢¢ = ¢ on suppm, the existence part and that for such a y, c¢(z’,y) — ¢(x)
is minimal at = 2/. The first order condition yields y = x — ]V¢(m)|HV¢(a:) =T(x).
As a consequence 7 is supported on the graph of 7. Finally, if 7, #’ optimal plans, T, T’
associated maps as we just constructed, 7 := L (7 + ') = 3p(2) (072 () + 017y (y)) is
also optimal. It follows that 7" should be concentrated on the graph of a map. However
' (z,y) = %p(a:)(&_p(x) (y) + 071(2)(y)) holds, which can happen if and only if T = T" p a.e.
in X. (Il

Remark 3.16. The conclusion of Theorem 3.15 also holds without the compactness assump-
tion, however the proof is more technical. As the compactness is needed for Theorem 2.1
and to keep things simple we chose this setting for Theorem 3.15
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3.4. Qualitative stability. After having studied the question of existence of optimizers
for the primal and dual problems in Section 3.1, Section 3.2 and of uniqueness in Section 3.3,
we turn to stability.

Theorem 3.17 (Qualitative stability). Let X' be a compact subset of R and c: X x X —
R continuous. Let (pp)neN, (fin)nen be sequences in P(X) and assume that p, — p € P(X)
and pi, = p € P(X). Then for each n > 0, denoting m, € Il(pn, un) an optimal transport
plan and ¢, € L*(p,) a Kantorovitch potential for the transport problem between p, and
U w.r.t. c, one has, up to a subsequence:

(1) mp, — w € l(p, p), where 7 is an optimal transport plan between p and p w.r.t. c.

(2) MiN e er1(p,, p0m) [ cdm — MiN rery(p, ) [ cdr.

(3) ll¢n — llLoe(xy = 0 and ||¢f — ¢°|| ooy = 0, where ¢ € L'(p) is a Kantorovitch
potential between p and p w.r.t. c.

Sketch of proof of Theorem 3.17. (1) is proved using Porkhorov’s theorem to extract a
converging subsequence m,, — m € II(p, 1) and checking the optimality condition holds in
the limit. To this aim use that for any (x,y) € suppm, there exists a sequence (zk,yr) €
suppmy,, such that (zg,yx) — (z,y). (2) is a consequence of (1). For (3), using that
c-concave functions have the same modulus of continuity as ¢, Arzela-Ascoli theorem allows
to extract convergent subsequences of ¢,, ¢¢ and the optimality of the limit is shown using
(2) . O

4. I:{EGULARIZATION7 APPROXIMATIONS AND USEFUL INEQUALITIES

In this section, we present and state some additional results usually without any proof.
It is mainly a toolbox for Section 5. Theorem 2.1 is an extension to any p > 1 of a similar
result for p = 2 in [Del22]. We use the same regularization strategy than in [Del22] but
our proof then rely on a new generalization of the Prékopa-Leindler inequality that one
can find in the proof of Proposition 5.7.

4.1. Entropic regularization. For any ¢ > 0, we introduce the e-entropic regularized
optimal transport problem, with cost ¢, as the following minimization problem:

(EOT...) T(oop)i= it [ clay)dr(o,y) + eEnt(rllp® p)
weH(p,u)XXy

where Ent denotes the relative entropy functional
(4.1) Ent(.|][p@u) : P(X x)Y) — RU{+o0}

dm
log(——)dr ifr<Kppu
| o aw)
XxY
400 otherwise.

(4.2) Ent(rllp@p) =

Remark 4.1. (1) Note also that for o € P()) such that p < o and o < p, it admits the
following rewriting

@3 T = ot [ clo)dn(e.y) +<Ent(rllp @ 0) - <Ent(illo).
nel(p,p
XxY

which will be quite useful in our derivations.
Since the “source” measure p € P(X) plays a distinguished role in our results, we write

the dual formulation of the optimal transport problem in the following asymmetric way
(also called semi-dual in [Del22]):

(4.4) T(p, 1) szlclg} ){ /X Yedp + /y wdu},
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For the e-entropic regularized version, duality reads [MG20; NW22]

4. c,E — c,e —¢E
(4.5) T (ps 1) w?é&{/x”’ dp+/ywdu} eEnt(ullo),

where the (¢, ¢)-transform of v is given by

(4.6) o< (z) == —clog (/y exp (W) do> .

We notice that this does not depends anymore upon pu. Being able to use the same
definition of (c,¢)-transform for different target measure u is a key element of the proof.
Symmetrically, c-transform and (c, €)-transform can be defined for continuous functions
on X. When a function in C()) can be written as a c-transform (resp. (c,€)-transform)
we say it is c-concave (resp. (c,e)-concave function). In this formulation, a c-concave
or (c,e)-concave optimizer ¢» € C(Y) is called a Kantorovich potential (for 7(p, ) or
T (p, 1)), and (¢, 9) = (¥°, ) € C(X) x C(Y) is called a pair of Kantorovitch potentials
(and similarly for € > 0). We notice that such transforms define monotone decreasing maps,

i.e., for ¥,¢ € C(Y)

(4.7) U(y) <dly) foreveryyel = o (z) > () for every z € X,
and are concave,

(4.8) (1 =) + 1) (x) > (1 — ) (x) + t(z) for every t € [0,1], 2 € X,

as a consequence of Holder’s inequality. Moreover, (1) + X\)©¢ = ¢“¢ — X for every constant
AeR.
We introduce, for ¢g, ¢1 € C(X), the quantity

(4.9) Mg, 5, = sup {osc(ér)},
te(0,1]

where ¢ := ((1— £)6§ + t65)".

Ezxzample 4.2. If the cost ¢ is Lipschitz continuous, then any function ¢ = ¥°¢ that is a
c-transform is Lipschitz continuous. In the case of the p-cost, we obtain that Lip(¢) <
(Rx + Ry)P™!, hence osc(¢) < 2Ry (Rx + Ry)P~!. In particular, we can always bound
from above

(4.10) Mg, 4 <2Rx(Rx + Ry)"™',
where Ry (resp. Ry) is the smallest R such that X C B(0, R) (resp. Y C B(0, R)).

As in [Del22] we introduce the c-Kantorovich functional

(411) veew) = KW =- [ v@dola)
and similarly the (¢, e)-Kantorovich functional
(4.12) veew) = KUW) = - [ v @dple)

We remark that the notation does not highlight the dependence upon p, which will be clear
from the context. Both functionals K¢, %€ are convex, and the duality formulas read

T(p,p) = sup {(uy) —K(¥)}

PeC(Y)

T (p,p) = sup {(uly) = K*(¢)} — eEnt(ul[o).
peC ()

Remark 4.3. With the above definitions, we have convergence of the regularized problems
to the usual transport problem as ¢ | 0, as discussed in [NW22]. More precisely, since
both X and Y are bounded and the cost function is (uniformly) continuous, any family of
functions that are (c, e)-transforms has a uniform modulus of continuity, also uniformly
with respect to € > 0. If we require that optimal potential ¢ = ¢¥* have e.g. zero mean
with respect to p, we get by Arzela-Ascoli that the families are relatively compact, hence
up to a subsequence they converge uniformly. Reversing the roles of ¢ and 1 leads to

(4.13)
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compactness also for the optimizers v’s. If moreover uniqueness of the (zero mean) optimal
potentials holds, as is the case of p-costs for p > 1 in our setting, one obtains uniform
convergence of the optimizers (and also of the costs), otherwise one can still extract a
uniformly converging subsequence.

4.2. Semi-discrete problem. It will be convenient to further approximate by assuming
that ) is a finite set. The following result extends [Del22, Lemma 2.7] and allows us to
pass from such semi-discrete case to the general case of ) compact.

Lemma 4.4. Let X C R? be compact and convex and Y C R¢ be compact, p € P(X) be
absolutely continuous, o, u1 € P(Y) and ¢ : X x Y — R be continuous. For k € {0, 1},
let ¢, € C(X) assume that there exists a unique Kantorovich potential with zero p-mean
for T€(p, p:) and vy, its c-transform. Then, there exists sequences of finite sets (J™)>2 4,
discrete measures (up)p>q, Kantorovich potentials (o7, V5 )oy such that, for k € {0,1},

(1) supp(uf) = Y™ for everyn > 1,
(2) 67 — dllo, — 0 and |9 — vgl, — 0 asn — oo
(3) it holds (T — 0§) — Guelibs — o) as 1 — oo,

Without the uniqueness assumption, one may still extract a converging subsequence to
a pair of Kantorovich potentials.

Proof. For any n > 1, consider a finite partition Y = || Y/ with ¢, := max diam(}; n)
1<i<n 1<i<n ’

infinitesimal as n — oco. Define Y™ = {y'}!" |, with y7* € V" and set

(4.14) py, = é [(1 = ;) (Vi) + TH Oy

so that (1) is verified.

Letting ¢} be the Kantorovich potential for 7¢(p, uj) with zero p-mean, then (2) holds
by Arzela-Ascoli and the fact that the limiting potential is unique.

To show (3), notice that

.
(4.15) Wi ) < 2+ TO)

so that u) — pp weakly and therefore the limit holds, since the functions ;' converge
uniformly. O

In the case where ) is finite, and fixing o as the uniform measure on ), we recall some
formulas for the derivatives of K¢ which is easily seen to be a smooth map from C())
(identified with R™) to R. These are proved in [Del22, lemma 4.2, proposition 3.6] for
the case of the “linear” cost ' defined above (3.4), but the proof can straightforwardly be
generalized to any cost.

s

- R , fori=1...,n,
e(zy;
jz::leXp( =)o

(4.16) Fi(°)(x) = —

which we notice defines for every x € X a probability vector, i.e., —9;(¢*¢)(x) € [0,1] and
— > 0i(¥%%)(z) = 1, which we naturally identify with a probability on ), and plays the
role of a generalized optimal transport map in this context. We write therefore

(4.17) ey (il x) := =05 (V) ().

which in turn play a role in the expression for the gradient and Hessian of %¢:

(VK (),0) = [ mae (o) (0)dpla),

(4.18)
(0,25 )0) = - [ varee (jo(0)dp(e)

€
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We also introduce the following “partition function”

(4.19) Y eC) s Z5(v) = /X PV dp,

As with the function C, the notation does not highlight the dependence upon p, which
will be clear from the context. The function Z is smooth and in particular the following
formula

(4.20) (v, V?log Z5(3 ——/ Varqe ([z)(v)dpf(z z) + 2 Var,e (mwgw(.m(v)) ,
holds with
1 C,€
(4.21) 050 = =———ep.
T ZW)

Remark 4.5. In most proofs, to keep notation simple we will fix f = 1 and write Z := Z;.

Finally, recalling that we denote with ' the cost (x,y) — — (x,y), we obtain
(4.22)
W(e) = = sup (o) + 0}, 5(0) = —<log ([ exp (L EED ) aoy)).

yey

4.3. Displacement interpolation and L? bound on W,. We will make crucial use of
the following result on the so-called displacement interpolation between two absolutely
continuous probabilities, which is well-known for the quadratic case (see e.g. McCann’s
proof of Prékopa-Leindler [McC94, appendix D]), while for general power cost a proof can
be found as a byproduct of the proof of [AGSO8 proposition 9.3.9] applied to the (opposite
of) the differential entropy functional F(p) = [ plog(p

Lemma 4.6. Let p > 1, po, p1 € P(X) be absolutely continuous and let T be the optimal
transport map for Wy(po, p1). Fort € [0,1], let Ty(z) = (1—t)x+tT () and set p; = (T})spo
the displacement interpolation between pg and p1. Then py is absolutely continuous and

(4.23) pe(Ti(x)) < po(2)' ' pr(T(x))"  for po-a.e. x € X.

We also recall the following upper bound for the quadratic Wasserstein distance between
two densities, in terms of the L? norm of their difference, with respect to a log-concave
reference measure p.

Lemma 4.7. Let p € P(R?) be log-concave. Then, there exists C = C(p) < oo such that
the following holds. For every uo = fop, p1 = fip € P(RY), both absolutely continuous with
respect to p,

(4.24) Wa(pio, p1)? < 11 = follZ2(,)

ess-inf f fi

Inequalities of this kind have been used by many authors, see e.g. [Pey18; AST19;
GHO21; Led17] and can be proved combining the Benamou-Brenier formula for W, and
the Poincaré-Wirtinger inequality with respect to the measure p.

D. QUANTITATIVE STABILITY OF POTENTIALS

Aim of this section is to establish our main result, Theorem 2.1. As we actually are
able to obtain more precise bounds, we split the argument into three subsections. We deal
first, with the quadratic case, in particular recovering and slightly extending the results
n [Del22], but mainly in order to point out where our arguments differ and allow for
extensions respectively to the case 1 < p < 2 (Section 5.2). The case p. > 2 does not differ
much from p = 2 and we refer to [MT24] for a detailed argument.
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5.1. The quadratic case. In this section, we prove Theorem 2.1 in the case p = 2. In view
of the identity (3.4), it is sufficient to argue in the case of the linear cost c¢(z,y) = — (x,y)
(denoted with /) above. Therefore, we establish the following result.

Theorem 5.1. Let p be a log-concave probability measure with bounded (convex) support
X C RY and let Y C RY be compact. Given g, p1 € P(V), let (dugs Yuo)s (Pprs¥ur) €
C(X) x C(Y) be pairs of Kantorovich potentials respectively for T'(p, uo) and T'(p, p1),
then

(5.1) Var, (¢ — duy) < 2M¢u0,¢u1 (o — p1Ype — Yu)-
Recall that, by (4.10) for p = 2, we have My, ¢, <2Rx(Rx + Ry).

Proof of Theorem 2.1 for p = 2. Let us now prove Theorem 2.1 from Theorem 5.1. As
it is a Kantorovitch potential for the '-cost, v, is the '-transform of ¢,, € C(X). As a
consequence, ¥, is Rx-Lipschitz. Similarly, 1, is Rx-Lipschitz. Then, using Kantorovitch-
Rubinstein duality formula, one gets

(5.2) (o — p1lbuy — Yur) < RaxWi(po, p1)

which, put along with Theorem 5.1 yields Theorem 2.1.
O

We collect also as a corollary the following slightly different bound, where we change
the point of view by taking a single target measure p € P(Y) and consider any 1 € C())
(not necessarily a potential).

Corollary 5.2. Let p be a log-concave probability measure with bounded (convex) support
X CRY and let Y C R? be compact. Given p € P(Y), let (¢u,v,) € C(Y) be a pair of
Kantorovich potentials for T'(p, i), let ¥ € C(Y) and ¢ =)', it holds

(5.3) Var, (¢ — @) < 2My, 4 [T'(p, 1) = (ult) + (o, 0))] -

Proof of Corollary 5.2. K' is a convex functional defined on C()) and therefore differen-
tiable in duality with M()) the space of Radon measures. Moreover, one can easily check
that for any p € Po(Y), if 4, denotes its Kantorovitch potential, then v, € D(OK') and
OK'(¢u) = p. One concludes by monotonicity of the slopes. O

We now turn to the proof of Theorem 5.1. It is known or easy to check that while
strict convexity yields unicity in a minimization problem, strong convexity yields explicit
stability estimates. Following that idea developed in [Del22], we aim at a suitable convexity
property for the functional X', which we obtain first in the e-entropic semi-discrete (i.e., for
finite ))) case then via an approximation argument. However, to highlight the differences
(and the improvements) with respect to [Del22], we split the proof of Theorem 5.1 into
three steps:

Step 1 (log-concavity of Z). Arguing for fixed € > 0 and ) finite, we establish log-concavity
of the “partition function” Z. Unlike [Del22, proposition 4.6], where this is obtained as a
“black box” application of the Prékopa-Leindler inequality when p is the Lebesgue measure
on a convex bounded X, we obtain this property for a general log-concave measure p
through an optimal transport argument (Proposition 5.3), which itself can be used to prove
the Prékopa-Leindler inequality, but is more amenable to further generalizations.

Step 2 (modified convexity of K¢ ). By direct computation, we go from the log-concavity
of Z to a strong convexity-like inequality on K¢, that reads for g, 1 € C(Y),

(5-4) Var, (477 = 457) < C(VK(41) — VK" (to) [y1 — o),

for a suitable constant C'. Let us stress that the inequality above provides quantitative
convexity, but not strong convexity in the usual sense, for the dual potentials appear in
the left hand side. Still, our use of integration against p in the first step allows us to yield
a constant independent of bounds above and below on the density of p, going beyond
the case covered in [Del22]. Moreover, when compared to [Del22], where the (stronger)
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inequality with Var(,1,)/2(¥, — %) in the left hand side is established, our proof does not
rely on linearity of the cost (while [Del22; lemma 2.3] apparently does).

Step 3 (approximation and scaling) This final step consists in moving from the e-entropic
regularization to the classical optimal transport by letting € | 0, as briefly discussed in
Remark 4.3, and then via an approximation argument to go from the discrete case, i.e.,
finite ) to the general case, i.e., ) compact, using Lemma 4.4. Finally, thanks to a scaling
argument we improve the constant in the stability inequality: indeed, it is sufficient to
introduce an “inverse temperature” parameter 8 > 0, defining

(5.5) 250) = [ e dp

and, after repeating the first two steps, we optimize upon (. This step does not differ
substantially from [Del22, section 4.5, section 2.4, proposition 3.3].The scaling argument,
also in [Del22], is actually of great importance for the case 1 < p < 2 and will be detailed
in Section 5.2, while adapting it to the present setting is straightforward.

In view of the scheme detailed above, we establish the following proposition (settling
Step 1).

Proposition 5.3 (log-concavity of Z). Let p be a log-concave measure with (convez)
bounded support X, let Y C R? be finite, ¢ > 0 and B > 0. For every v, 11 € C(Y) and
t €10,1], it holds

(5.6) log Z5((1 — t)9° + t¢') > (1 —t) log Z5(¢°) + tlog Z5(4)").

Proof. Recall that we identify C()) with R"™, since Y = {y;};—,, and write for brevity
i == (y;), i := u(y;). To simplify the notation, we also simply write ¢’ instead of ¢"*
and argue in the case § = 1 only. Thus, given g, ¥ € R" and xg,z1 € X and setting
Yy = (1 —t)1o + toh1, we have

—(r) (1) = elog (iexp (W) Uz‘)
i=1
(5.7) ~log (zn:exp ((1 — t){zo, yi) + t{x1,yi) + (1 —t)(¢o)i + t(wl),) Ui).

3

i=1

Using Holder’s inequality, we get

(5-8) — (o) (ze) < =(1 = )(¢ho) (wo) — t(4h1) (1)
Therefore, taking the exponential and setting h¢(z) = exp((¢)¢)'(z)) we obtain the inequality
(5.9) he(w¢) > ho(wo)' " ha(x1)"

As mentioned earlier, one can now use as a black box the Prékopa-Leindler inequality for
log-concave measures which yields ||k 1) > Hh0||}:](tp)Hh1||tLl (p)- For completeness we
recall the optimal transport version of the proof. Up to renormalization, we can always
assume ||hol|z1(,) = [[h1l|L1(p) = 1, so that ho and hy are probability densities with respect
to p.

By Lemma 4.6 applied with p = 2, pg := hgp, p1 := h1p, using also the log-concavity of
p and writing p; the displacement interpolation between hgp and hyp, we get for hgp-a.e.
x € X the inequality

< ho(z)
5.10
(5.10) )

Therefore, we deduce that

(5.11) pt(x) < he(z)p(z) holds p; a.e.
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Integrating thus yields ||A¢[[z1(,) > 1. Introducing back [|hol|z1(,) and [|h1]|z1(,), We get the
Prékopa-Leindler inequality :

(5.12) ell () = Iholl i fp 11l 1 -

Taking the log and noticing that ||| 1, = Z(¢¢) yields the thesis. O

In order to address Step 2 with lighter notations, fixing g, 1 € C()) and ¢ =
(1 = t)tho + tah1, we write m(.|z) := 7., (.|z), so that

1
(5.13) <’U,V2 10gZ(¢t)v> = —g /)(Varwt(,‘x)(v)dpf/,(w) —|—Varpi (mm(.m)(v)) y

Proposition 5.4. Let p be a log-concave probability measure with compact support X C RY,
let p € P(Y) with Y C R? finite and let € > 0. Given g, 11 € C(Y), set

(5.14) &5 = ((1 —t)p + tp1)°  fort €0,1],
Then,
(5.15) Var, (6] — ¢5) < C(VK"*(¥1) — VK™ (tho) |11 — o)

with C' = exp(2 SUD¢el0,1] osc(¢f))-

Proof. Asusual, we identify C()) with R™. From Proposition 5.3, we get that V2log Z(¢;) €
R™ ™ is a symmetric negative semi-definite matrix, which yields for every v € R™,

<v,v2 log Z(¢t)v> <0 VO<t<lL.

By the identity (5.13), we get

1
(5.16) Vary, (M) () < 2 /XVMm.p:)(U)dﬂfpt vost<l.

Our goal is now to change the integration against pfpt to integration against p. Recalling
the the definition of pf, in (4.21), we deduce

(5.17) em @ ps < p < e

We remark that here is where the choice of p as a “reference” measure in the definition of
Z, instead e.g. of the Lebesgue measure on X, turns out to be useful, as it frees us from
making assumptions on the density of p (besides its log-concavity). Using ?? in both sides
of (5.16) thus find, for every 0 <t <1,

(205c(65)

(5.18)  Var, (my()(v) < — /X Vary, () (v)dp = €29 (0, VK2 (4, )v)

where the second identity follows from (4.18).
Recalling that ¢$ := (¢;)"¢, we have by the chain rule

(5.19) %ﬁﬁ(fﬂ) = (V" (yilz) |91 — o) = =Mz, () (¥1 — 20)

hence, by convexity of the variance,
L d
Var, (65 — ¢5) = Var, < /0 dtqbfdt)
1 d
(5.20) S/o Var,, (dtd)§> dt

= /01 Var, (mm<.|x>(¢1 - 1/10)) dt.
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Using (5.18) with v = 11 — 1, we thus obtain
1
Var,(¢] — ¢p) < /0 2508 (b — 1o, V2K (4r) (1 — o)) dt
1
(5.21) <0 [t = v VA (W) (1 — o)

1
< Clr — v, /0 V2K () (101 — o) dt)

with C' = exp(2sup;¢(o,1) 0sc(¢f)). Finally, using that

d

(5.22) ﬁvm’g(%) = V2K () (1 — o),

we obtain the thesis. O

Let us recall here that we refer to Remark 4.3 and Lemma 4.4 for Step 3 and to [Del22,
section 4.5, section 2.4, proposition 3.3] for detailed proofs.

5.2. The case 1 < p < 2. We finally move to the most challenging case of exponents
p € (1,2) for which in particular, the smoothness or even the concavity condition of the
above remark fail. We prove the following inequality.

Theorem 5.5. Let p € (1,2), set ¢ =p/(p—1), let p be a log-concave probability measure
with bounded (convex) support X C RY and let Y C R? be compact. Given pg, p1 € P(Y),
let (Puo> Vuo)s (Pur> Vuy) € C(X) x C(Y) be pairs of Kantorovich potentials respectively for
Wy(p, o) and Wy(p, 1) then, there exists C = C(p, p,Y) < oo such that

QN

(5.23) Var,(¢1 — ¢o) < C(ur — pol¥r — o)

We also obtain the following corollary.

Corollary 5.6. Letp € (1,2), set g =p/(p—1), let p be a log-concave probability measure
with bounded (convex) support X C R? and let Y C R? be compact. Given p € P(Y), let
(b, Yu) € C(X) x C(Y) be Kantorovich potentials for Wy(p, i), let v € C(Y) and write
¢ := . Then, there exists C' = C(p,p,Y) < oo such that it holds

(5.24) Var, (6, — 6) < C Wy(p, w) — () + (plo))]7 .

As already noticed, we cannot restrict ourselves to the previous C? case as the cost
does not have bounded derivatives on the diagonal. We will derive a weaker version of
Step 1, before performing Step 8 as the scaling argument will be necessary to control the
additional term.

Proposition 5.7. Let p be log-concave with (convex) bounded support X, Y C R? be finite,
e >0 and > 0. For every 1o, Y1 € C(Y) and t € [0,1], it holds

log Z5((1 — )0 + tv') > (1 —t)log Z5(¥°) + tlog Z5(¢")
— Bt(L = )YWp(05,00 P51 )" -

where v = v(p) < 00 and p , is defined as in (4.21) (with 1y instead of P).

(5.25)

Proof of Proposition 5.7. Recall that we identify C())) and R™ and again for simplicity we
prove the result only for 3 = 1. Let us first recall that, for every zg, z; € R% with the
notation x; = (1 — t)xg + tz1, there exists a constant v = y(p) such that the following
inequality holds:

(5.26) |zt |P > (1 — t)|zo|P + t|z1|P — vt(1 — t)|zog — 21|P for every t € [0, 1].
Therefore, letting g, 11 € R", it holds
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) () [Z exp ( — |a; — yirp> UZ}

€

€

(27 <elog [Zexp (L= 00 )= 0= oo = = thr

=1

) <t(1 —t)|xo — x1|p> Ui]

and we thus get, applying Holder :

(5.28) (1he) (1) = (L= )(¥0)* (o) + £(¥1)*(21)) — t(1 = t)y]wo — =1
Therefore, taking the exponential and setting h(x) = exp((¢)“°(z)) we get
(5.29) he() > ho(xo) ' ha (1)" exp(—t(1 — t)7|zo — 21[?)

We next obtain from this bound an integral inequality, in a similar fashion than the
Prékopa-Leindler inequality. Up to renormalization, we can always assume ||hol|z1(,) =
[h1llz1(p) = 1, so that ho and hy are probability densities with respect to p.

By Lemma 4.6 applied to the p-cost, pg := hop, p1 := h1p, using also the log-concavity
of p and writing p; for the displacement interpolation between hgp and hip, we get, for
hop-a.e. x € X, the following inequality :

pe(Ti(2)) < (ho(x)p(2))' (I (T (2))p(T (x)))"
1—t t 1—t t
550 < o)~ (n(T(@)'pla)!~*0(T ()
< ho(x)" " (hi(T'(2))) p(Ti(z))
< hi(Ti(2))p(Te(z)) exp(t(1 — t)ylz — T'(z)|)
so that
(5.31) p(x) exp(—t(1 = V|[(T}) "' (z) = T((T) " (2))[P) < he(z)p(x)

holds p; a.e., where we the inverse of T} also makes sense p; a.e.. Integrating over X and
using that py = (1) (hop),

el > /X exp(—7t(1 — 1)[(Ty) " (x) — T((T) " (@))[P) e () d
> /X exp(—yt(1 — )|z = T(2)[)ho(x)dp(x).

Applying Jensen’s inequality with the exponential function we get, introducing back the
norms of hg and hq,

(5.33) 1Pl Ly = HhoHinp)llthtLl@) exp (—vt(l —t) /X |z — T(x)\”ho(x)dp(x)> :
Finally, taking the log yields the thesis:
log Z((1 — t)y° +t!) > (1 —t)log Z(¥°) + tlog Z(h)
— t(1 = )y Wp(pyy, Py, )" O

Using the established bound for log Z3, we prove the main result for this section.

(5.32)

Proof of Theorem 5.5. From Proposition 5.7, writing Ig := log Z3 for brevity, one gets for
all t € (0,1),

(5.34)
(1= t)I5(°) + tIs(y!) — I5((1 — )y + t4b')
t(1—1t)

1 1
—/0 (VIg(vst)th1 — 1o)ds +/o (VIs(P1-(1-1)s)[¥1 — tbo)ds

BYWp (0330 P )" 2
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Letting successively ¢ — 0 and ¢t — 1 we find

1
(5.35) BYWp (05405 PBpy )T = —(VIg(to)[th1 — tho) +/0 (VIg(th1—s)|t1 — 1bo)ds

and

1
(5.36) BYWp (03,501 PBapn ¥ 2 —/0 (VIg(s)[th1 — tho)ds + (VIg(1h1) |11 — vbo)
so that, by summing the two inequalities,
(5.37) 289Wo (03,0 P00 )" 2= (VIg(1) — V(o) |1 — vo)

Following the proof of Step 2 as proposed in Proposition 5.4 and letting for ¢f = ¢y, for
t € [0,1] where ¢y = (1 —t)tho + t3p1, M*® := supyc 1] {0sc(¢7)}, and for all ¢ € C(X),

e#
(5.38) o= o
we find
(5.39) Be= M Var (g7 — ¢5) < ™M (VI (1) — VK (o) |1 — o)

+29Wh(psss, poes)”-
If we then let € | 0 minding Remark 4.3, by choosing for simplicity the potentials so that
o1 have zero p-mean, we get that for all 5 > 0 the following bound holds:

(5.40)  BeMover|| gy — pol|72,y < M0 (o — palvhr — o) + 29Wp(P8g0s P5e )"

The next step is to derive an estimate of Wy (pgs,, pge,)- Again, for simplicity we argue
in the case § = 1. First, we notice that by the monotonicity of Wasserstein distances, we
have Wy,(pgo» Por) < Wa(pso, Psy)- Then, we apply Lemma 4.7, with py, = pg,., k € {0, 1},
so that fi, > e Me0.91 and we get

2

(541 Wilbor:pin) < Cpeioom fxee(::ldp N fxiiidp LQ(P)‘
For any z € &', we have
e®1(z) B e®o(z) _ e®1(z) _ odo(z) e 1 B 1
Jxe?dp  [yedp| T | [yedrdp Jxe?rdp [y ePodp
(5.42) < eMoo.o1 |e21(2) _ 90(@)| 1 o2Mog.01 /X <e¢1 — e¢°> dp‘

< Moo (|61(2) — go(@)| + 161 = doll ()
where the zero p-mean property of ¢ assures that
~Mego,g, < min gy < maxdy < M, g,

Integrating with respect to p yields

é1 %o

e e
— < Mg, 01 — 2 .

Jyetrdp  [yefodp ) v 91— dollz2¢r)

From this estimation, (5.40) and (5.41) we get
(5.44)
_ 5pB.
Be=PMooor gy — gollFa(,) < €M001 (o — plibs — o) +1Cpe 2 Moo 8|61 — ol[f

S0,

2

(5.49) |

_ (5p-2)8
(5.45) Be Moo ||y — o T2,y —7Cpe E Mooo1 8P| o1 — o[}y < (10— 91 — o).

Setting C' = ~vC), a = 2My, 4, and o’ = (E’p72_2)M¢0’¢1 so that C,a, ¢/ > 0 and h(B) :=
Be=B — Ce®'BAP, finally optimizing in 3 we get




(5.46)
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2 1
min(|[¢1 — ¢0||%2(p)7 161 = doll72(,)) < W<HO — prlr — o).

BER Y

Now, deriving the absolute bound

(5.47)

o1 — dollL2(p) < [X[(llPollree + [[P1] L)
< 2|X’M¢o,¢1 <C= C(p,p, y)

P

we get |1 — (ﬁong(lp) < Cll¢p1 — ¢0H%z(p)- From this last inequality and (5.46) we can

conclude

(5.48)

161 = doll2(,) < Cluo — paltr — o)

for some C' = C(p, p, X,Y) > 0. One final application of Lemma 4.4 extends the bounds
from the semi-discrete case to the general case of V. O
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