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1 Introduction

I passed my stage at the Laboratoire mathématique d’Orsay under the supervision of Colin Guillarmou
between February and May. The original objective of the stage was to study the basics of microlocal and
semiclassical analysis, that I obtained mostly from [8] and [7], to be able to read the two original articles
[5] [6] in which Faure and Sjorstrand introduced the idea of using microlocal analysis in the study of
Anosov flows. Since I completed the task before the time was over, I was assigned to read the articles [2]
and [3], whose resume is the subject of this memoir. In the final period of the stage I had the chance to
attend some lectures at the "Paris-Saclay conference in Analysis and PDE" organised at the end of May.

I cannot thank enough Colin Guillarmou for his patience and the time he offered me, and for the
great insight that his discussions brought to me.

1.1 Mathematical Introduction

Hyperbolic flows are interesting for a variety of reasons and have long been studies. They very often
exhibit chaotic and ergodic behaviours, and it’s now established that a main tool for their understanding
are anisotropic Sobolev spaces. In the same way, dynamical zeta functions have become of common use,
so much that an entire book [1] is titled after them.

The goal of this memoir is to present sinthetically the articles [2] and [3]. These articles pose them-
selves in a recent thread of application of microlocal and semiclassical analysis to spectral properties of
dynamical systems. Many of the results that one can find were already known to some extent by classical
dynamical systems techniques, for instance 71. At the same time new results have been reached so the
approach has proved its worth.

This piece will begin with a general introduction to semiclassical analysis, which will contain no proofs
and is meant as a taste of the ideas. Delving into technicalities would require orders of magnitudes more
space and wouldn’t add any value to existing texts, mainly one can refer to [2], appendix [E] in [4], and
[9].

We will first introduce the classes of symbols and semiclassical quantization, together with the "rules" of
symbolic calculus induced by their indentification. Afterwards, we will present a few properties regarding
ellipticity and continuity on functional spaces. Finally, we will give the statements of more advanced
estimates that are fundamental in the proofs of our results.

After this introduction, we shift our focus on the applications to the spectral theory of Anosov flows.
First we will prove Theorem 71 about the existence of meromorphic continuation of the resolvent of the
vector field associated with the flow: here we will employ most of the ehavy machinery introduced in
the first part. Then we will apply these results to show the existence of the meromorphic continuation
of the Ruelle zeta function for hyperbolic flows. Here as well the language of microlocal analysis will be
necessary to treat a series of trace identities. Finally, we prove a more geometric result about the relation
of the Ruelle zeta function with the Euler charachteristic of negatively curved surfaces.

The technical nature of the subject makes it difficult to summarise. We will therefore trace the ar-
gument and focus on the most important ideas, while not delving too deep in technicalities and leaving
out unnecessary proofs that shift away from our focus.

2 Semiclassical Analysis

The idea behind microlocal and semiclassical analyses is the possibility of identifying the space of dif-
ferential operators with an algebra of symbols that allow for simpler computations. The primer of this
relationship is given by the Fourier transform on R™ that puts in duality differential operators and poly-
nomials. Unfortunately useful topologies don’t make the class of differential operators a Banach space,
so since Hormander the solution has been to shift to the space of symbols, enlargen the class of allowed
symbols inside of C*°(R™) and then work with the corresponding "pseudodifferential operators" through
the Fourier duality.

Semiclassical analysis adds the possibility of studying systems with very high frequencies trough the im-
plementation of a semiclassical parameter h that in the idealised scenario tends to 0 and allows to ignore
high order terms.



2.1 Definition and first properties

We begin with semiclassical symbol classes. Our interest is in compact manifolds so we will define symbols
by a global bound, instead of the more general local one.

Definition 1.

SEo(T*M) ={acC¥(M): sup  sup (©)1P7F920 a(x,& )| < oo} (2)
he(0,ho) (x,§)eTy M

b€ SF(T*M) if there exist by € Sf’BZ(T*M) homogeneous of order k — £ independent of h such that:

o0 N-1
b(x,&) ~ > be(w,8) thatis b— Y b€ S"NYN
=0 j=1
a € SE(T*M) it there exist ay € S*~(T*M) such that:
oo N-1
a(z,&) ~ Zheag(:r,f) that is a — Z hla; € hNSf’BN VYN (3)
£=0 j=0

Remark 4. As announc_ed, the prototypical examples of such elements are polynomials in &, h, that is
a(z,&h) =3, Z|a|§N hag,(z)€".

Also notice how 2 mimics the decay rate of polynomials of degree k, while instead of becoming identically
0 after k 4+ 1 derivatives we allow for fast decay at infinity.

Definition 5.
STT*M) = (1) SEo(T* M)
keR
One says a € h>*S—>°(T*M) if:

000Za(w, &h) =O(N()™N) VN

The above symbols are relevant as their associated operators are regularizing and almost all calcula-
tion we have is done modulo a symbol of this class.

It will be important in the next sections to have a compactification of T*M: define T*M ~ {(x,¢) €
T*M : |£] < 1} so that we can identify T*M ~ {(z,£) €e T*M : |§| < 1} — T*M.

Proposition 6. Let a(x,&) € C°(T*M). Then a € S* if and only if (£)"Fa(x,€) extends to a smooth
function on T*M.

In the same way, if a € S*, then its Hamiltonian vector field H, = Y, 0¢,pOy, — 0,00, satisfies
E*kH, e T(T*M).

Given the symbols we can define their quantization. In R™ this works as a straightforward Fourier
transform. On a general manifold the process is more involved: one has to take coordinate charts,
transport the symbol in R™ and pull back the resulting operators. The fact that this operation does
preserve the quantities we need is by no means obvious and is due to the fact that semiclassical operators
are Pseudo-local, in the sense that they don’t enlarge the singular set of a distribution, and can be
decomposed as sum of operators almost preserving the support (up to arbitrarily small € > 0 precision)
and smoothing operators. We will see only part of this phenomenon in the part about wavefront sets but
will not reference it further in this section.

Definition 7. In the euclidean space we introduce the semiclassical quantization:

Opn(a)f(z) = a(z, hD.) f(x)

(2mh)~ / M= €0 (2 €) () dyde -
(2) " [ e afa, ) (y) dyd (8)

Remark 9. Notice that Opy (Y, aa(2)EY) =", aa(x)(hD4)".



Proposition 10. Change of variables Let (¢, x) be a cutoff chart on R™. Then for each a € S{“,O(T*R")
there exists b € S§ o(T*R™) such that x¢*Opn(a)(¢~1)*x = Opn(b). As a corollary by linearity and by 1
the result is also true for symbols in S*(R™) and SyF(R™).

This allows to define pseudodifferential operators on manifolds.

Definition 11. Let M be a differentiable manifold, consider an atlas and the associated partition of unity
(¢;,x;) and a further set of cutoff charts X; such that x; < Xj, then for each a € SK(T*M) define its
semiclassical quantization on the manifold by

Opy'(a) = Z X595 Op((¢5)«(ax;))(#5)X; (12)

Define then the classes of pseudodifferential operators by Wk (M) = OpM (Sk(M)).

In the general setting (M not compact) these are operators C°(M) — C*°(M). We say that A €
\I",fL(M ) is properly supported it its Schwartz kernel has proper support, that is the projections 7y, s :
supp(K4) — M are proper. In such case, A : C®(M) — C*(M) so we can define its action on
distributions by duality: (AT, ¢) = (T, AT ¢) is well defined for T, ¢ € C°(M) and the right hand side
extends continuously to T' € D’'(M) allowing to define the left hand side. In the case of M compact,
which is what we’re interested in, all A € \I/’fL are proper.

In the general case, it can be shown that any operator A € W¥ (M) admits a decomposition A = A; + R
for A € W¥(M) properly supported and R € ¥ ~°° smoothing.

Definition 13. Let A = A(h) : C*(Mz) — D'(My) be an operator. One writes A € h®U~> or
A =0(h®)g-« is A is "smoothing”, that is each C*°(M; x Ms) seminorm of the kernel of A is O(h®).
If a € h**S~°°, then A = Op(a) € h>*T~>°,

The need to employ change of variables to define the manifold quantization has the problem that it
is not intrinsic, and different choices of coordinate charts will hold different results. For this reason we
identify a part of the symbol that is actually invariant under such changes and encodes often a good
amount of information.

Definition 14. Principal symbol Suppose a € Sfo(*M) is written in the form 3 We define its principal
part to be a® = ag(z,§).
If A € UE(T*M), there exists a unique op(A) € SF(R™) called the Principal Symbol of A such that

a € SHT*M), A= OpM(a) = a® = o, (A) (15)
Remark 16. We have oy, : W§ (M) — S*(T*M) is a linear morphism with kernel ker oy, = hWE~1(M).

With the principal symbol we can phrase more succintly the algebraic structure of the operations
between operators.

Theorem 17. Suppose A € W' (M) and B € Wy?(M). Then:
] O'h(A + B) = O’h(A) + O’h(B)
o 01,(AB) = o4 (A)an(B) € SFF2(T* M)

o on(h™\[4, B)) = —iH,, (aon(B) = ~i Y, 222 0%B) _ 00u(B) oon ()

o 0, (A*) =0, (A)
Now we can start the study of the functional spaces that work best with semiclassical operators, which

turn out to be a semiclassical version of the ordinary Sobolev spaces on manifolds. Theorem 21 is the
founding stone of all theorems about continuity between spaces, that are mostly just corollaries.

Definition 18. The semiclassical Sobolev space H} is defined as the closure of C*°(R™) in D'(R™) with
respect to the norm ||ull gz wny = [[(h€)*W(E) || L2(®n)

Definition 19. Let M be a manifold, define Hj, ,,. as the closure of C*°M in D'(M) for the family of
seminorms ||@.xul gz wny for all charts (¢, x)



Remark 20. On a compact manifold the spaces H}]LV and Hh_N are dual, in the sense that the inner
product in L* has a unique extension to a pairing (u,v)s for u € HY and v € Hh_N. We have (u,v) <
el ol
. . . _N

In the case M isn’t compact, the duality is between H;V’loc and Hiy, comp
Theorem 21. Calderon-Vaillancourt Consider A € W) with compact support, it extends to an con-
tinuous operator L*(M) — L?(M) with

1Al L2 < sup |on(A)| + Ch™'/2 (22)

Corollary 23. Any operator A € \Il’,j is uniformly bounded in h on compact sets as an operator

A H} oy — H,jjljc (24)

2.2 Wavefront set

Definition 25. FEssential support Let a € S}’f. We can define its essential support:
esssup(a)® = {(z0,0) € T*M : AW 3 (z0,&) Yo, B, N |0507 a(x,& )| < Capnh™ ()N} (26)

Remark 27. One can represent the esssup union of the supports of the parts of a. That is, if a ~ Zj hia;

like in 3 we have esssup(a) ~ |, supp(a?). We have esssup(a) = @ if and only if a € h>°V~>°. For
example:

o a=he " € 7 but esssup(a) = T*M
o b=e Ml € 7 and esssup(b) = @
Definition 28. Let A € V¥, Taking an atlas with partition of unity (¢,x), we define:
WFy(a) = U ¢ Hesssup(ag)) C T*M (29)
(¢:x)
where Opp(ag.) = (¢~ 1)*xAx¢*. In particular, if a € SF(T*M), then W F,(Op (a)) = esssup(a).

The wavefront set is the set where the action of an operator is not smoothing. By our purposes, it
takes the role of the support in the sense that everything happening outside of it is negligible. For all
intents and purposes, semiclassical operators act as if they were supported in their wavefront sets.

Definition 30. We say that A € V¥ (M) is microlocally supported is W Fy,(A) C T*M is compact, and
we write A € U7

We remark that U;°™? C U§ for all k. In particular A € 5™ - H, N — HY is uniformly bounded in h
for all N, so A: D' — C>®

Definition 31. We say that A and B are microlocally equivalent in U, and we write A = B4+0O(h*)g-,
WF,(A-B)NU =g (32)

Proposition 33. Given an open covering (U;)7_, of V.C M compact, there exist (X;); C ¥} such that

WF,(X;) CU; and on some neighbourhood V' we have:
SX, = I+ 0(h™)y - (34)
J

Here we introduce the concept of ellipticity. It corresponds to local invertibility inside the class of
semiclassical operators.

Definition 35. Let A € V¥, We define ell,(A) = {(x,&) € T*M| (&) %01, (A) # 0}.

Theorem 36. Elliptic Parametriz Let A € V¥ and E be pseudodifferential, such that W Fj,(A) C
ellp(E). Then there exists B pseudodifferential such that A = BE + O(h*)g-c.



In view of the existence of Elliptic Parametrix one can retrieve several regularity results.
Firstly, the definition 18 of Sobolev spaces can be reformulated by saying that Hj = A~!(L?) for some
A € U5 (M) globally elliptic. Using 21 and 36 one can show that this definition is independent of the
chosen operator A, and that it coincides with the one given in 18.
At the same time, again by 36 the kernel of any elliptic operator lies in all Sobolev spaces and is therefore
in C*°. A further analysis can be conducted to prove that in the compact setting elliptic operators are
Fredholm.

Theorem 37. Elliptic estimate Let A, B € V9 be with compact support and E € ‘I/fL with WF,(A) C
ell,(E) Nellp(B). Fized N,s then there exist C > 0,x € C such that for each w € D’ such that
BEu € Hi_k we have:

[Aulla; < ClIBEu e + O(h%)|[xull g~ (38)

Theorem 39. Microlocal Garding Inequality Let A € \Il,zlk, B,B; € \Il?L with compact support, such
that:

o (£)7?*Reo,(A) > 0 in a neighbourhood of T*M \ ell},(B)
° WFh(A) C ellh(Bl)
Then there exist x € C° and C > 0 such that Yu € HF we have

Re(Au,u) > —C||Bul/7 — ChllBWH?,{:fl/z = O(h™)lIxullfy—~ (40)

We want to introduce semiclassical parameters to generate families of distributions.

Definition 41. o A family of distributions uw(h) C D'(M) is said to be tempered if Vx € CS° there
exists N such that supy, ||XU(h)HH}:N < COh=N

e A family of operators B(h) : CX(M) — D'(M) Is tempered if the family of kernels Kp is
tempered.

Definition 42. Semiclassical wavefront sets

o Letu(h) C D' be an h-tempered family. One says that (zo, &) ¢ W Fp(u) if there exists U 3 (x0,&o)
such that for each A pseudodifferential such that WFp(A) C U, then Au= O(h*)cw.

o Let B(h): C2(M) — D'(M) an h-tempered family of operators. One defines
WEL(B) = {(w,&y.n) € T"M?: (z,&,y,—n) € WEL(Kpn))} (43)
where Kpyy is the schwartz kernel of B(h) intended as an operator D'(T*M) — (T*M)

The microlocal (non-semiclassical) wavefront set is similar but is actually a subset of dT*M, and
measures the directions in which the distributions is not C*°. We don’t give any precise definition, as
we do not have the possibility to deal with all the required theory. We only define D} to be the set
of distributions whose wavefront set is contained in I'. The wavefront set of distributions is key if one
wants to understand how distributions act differently from usual functions. It can be proven that under
certain wavefront conditions the operations of multiplication and pullback admit continuous extensions
to distributions. This will be important in section 3.2 but again unfortunately developing the theory
would require a lot more effort. Here we mention the notions needed to understand at least part of 3.1.

Remark 44. o WE,(u) =@ s.si u € O(h™)cee
e WF/(A) =0 s.5i A= O(h™®)y-

The wavefront set condition can be characterized explicitly in terms of decay in a certain direction.
This is explicited in the following proposition, but the definition remains the most useful and operational
way to think about it.

Proposition 45. Let u(h) C D'(R™) tempered. Then (xo,&0) ¢ W Fr(u) if and only if there exist U x V
conical neighbourhood of (xo,&y) and x € C°(U) such that x(zo¢) # 0 and

Xu(©)] < Onh™(E™  VeeV (46)



Clearly the analysis of the wavefront set is closely ties to the analysis of regularity, and it is often the
case that by showing that a wavefront set is small enough we get that a distribution is actually smooth.

Lemma 47. Let u(h) C D' be a tempered family of distributions. If for each A € U, we have
|Aul| 2z = O(h®®), then WE},(u) NT*M = &.

Finally we give some rules about the composition of wavefront sets.
Proposition 48. Let u = u(h) € D' be tempered, and A € V. Then:
o WFy(Au) C WE(u) NWEFL(A)
o WE,(u) C WEL(Au) N (T*M \ ell,(A)
Proposition 49. The following composition rules hold

o Let B(h) be a semiclassical operator on M, u(h) € D'(M) be h-tempered, and Q € V""" (M).
Then

WFy(BQu)NT* M,y C {(z,£) € T"M : 3(y,n) € WFu(u) "WF,(Q) : (2,€,y,m) € WF}(B)} (50)
o Let Bi(h), Ba(h) be semiclassical operators and Q € W,°™". Then
WE,(B1QB2) N'T*(M x M) C {(2,¢,2,¢) : Iy, m) € WFL(Q) :

(I7£ayan) € WF;L(Bl)a (yaanaC) € WF;L(BQ)} (51)

2.3 Propagation estimates

These are very specific results about propagation of singularities along flows. They will prove fundamental
in the second section.

Theorem 52. Propagation of singularities Let P € WY, let 0,(P) = p — iq and ¢, the hamiltonian
flow of p,that is ¢, = exp(t{(E)17FH,).
Suppose A, B, By € V9 with compact support, such that:

o (&)7Fg >0 on WE(By)

o V(x,&) € WEFL(A) 3T > 0 such that o_r(z,§) € ellp(B) and pi(x, &) € ellp(By) Vt € [-T,0]. Then
for each s, N there exist C > 0,x € Cg° such that Vu € Hj such that Pu € HZ_M'I we have:

1All; < CllBull g + Ch™ | Byul| gro-rsr + O(h) | xull sy (53)

Theorem 54. Source estimates Consider P € V} (M, (€)) such that oy (P) = (p—iq)I, withp € S*(R)
independent of h, ¢ € S and q¢ > 0. Assume that p is homogeneous of degree 1 for |£| large enough.
Suppose L C T*M is a radial source for the hamiltonian flow induced by H,. There exists mo > 0 such
that

e For each B € WY elliptic on r(L) there exists A € U elliptic on (L) such that u(h) € D’ then for
each m > myg, if Au € H," then

Al < Ch7Y|ByPul e + O(h™ (55)

o Ifu(h) € D'(M,E) is h-tempered and By € V9 (M) is elliptic on r(L), then

Biul', WER(Pu)Nk(L) =2 = WFy(u)Nk(L) =90 (56)

Theorem 57. Sink estimates Consider P € U} (M, (£)) such that op(P) = (p —iq)I, with p € S*(R)
independent of h, ¢ € SY and ¢ > 0. Assume that p is homogeneous of degree 1 for |¢| large enough.
Suppose L C T*M is a radial sink for the hamiltonian flow induced by Hy,. There exists mo > 0 such
that for each B1VY elliptic on k(L), there exist A € W9 elliptic on (L) and B € ¥9 with WF,(B) C
ell(B1) \ k(L) such that for each u(h) € D'(M,E) and for m < —mg

| Aul| g < C||Bul| g + Ch™"|| By Pul

Hp + O(h™ (58)



3 Dynamics

3.1 Analytic continuation of the resolvent

We can now start applying these techniques to the study of flows. Section 3.1 will be the most analytic
and here we will use the greatest amount of semiclassical analysis: here we will study the operator given
by the vector field associated to the flow, in particular we are interested in its spectral properties and in
the wavefront properties of the resolvent.

Definition 59. Anosov flow A flow {¢:}er generated by a vector field X on a Riemannian manifold
M is said to be Anosov if there exists a continuous global splitting TM = RX & E, ® E,, and constants
C, X > 0 such that:

[(6¢)sv| = |dosv| < ce vl Yv e Es,Vt >0 (60)

[(¢¢)wv] = |dop_sv| < ce | Yv € E,,Vt <0 (61)

Since our instruments live in the cotangent bundle, we consider the dual decomposition.
Define Ej, EX, EX by Et = (Es @ E,)*, Ef = (RX @ E,)* and Ef = (RX @ E,)*.
Then notice that:

[(61)7€] = I(dee)~"¢] < Ce™[g| V€€ EL V>0 (62)
[(61)°€] = (do-)~T¢| < CeMlg| Ve € By V<0 (63)

Associated to the flow come the hamiltonian flow on the cotangent bundle:
eir(a,€) = (du(2), (dgy(2)) 7€) (64)

generated by the vector field H,.

To study properties of the flow, we use Anisotropic semiclassical Sobolev spaces, tailored ad hoc for
this problem. The Sobolev space we saw in 2.2 are the preimages of L?(M) under some elliptic operators.
We can extend the definition to elliptic operators whose order is variable, that is their symbol will have
different decay rates depending on the direction we look at. This will generate a space of function whose
regularity is different depending on the direction. Using this we can the construct a space with better
regularity properties with respect to differentiation by X that will work well for our questions. The
construction relies on a dynamical weight function.

Proposition 65. There exists m € C°T* M such that m = 1 in a neighbourhood of E*s, m = —1 on a
neighbourhood of E;,, and Hym <0 on al T*M.

Proof. Consider V, V' open and T' > 0 such that E* C V C V' and eTH»V C V' THo (V' \ V)NV’ = 2.
Take psi € C®°(T*M) such that ¢y = 1 on V, ¢ = 0 in *M \ V/, and 0 < ¢ < 1. Then define

my(z,€) = % fOT ein¢(x,§)dt. Define in the same way m_ supported around E and m = mq —m_
satisfies our demands. O

We can now define a pseudodiffererential operator G € U (where®?" = (__ ) U¥) satisfying
oc(z,§) = m(z, &) log ] (66)

Then its exponentials are all elliptic operators and satisfy e*¢ € W*. Mimicking 2.2, we define the
anisotropic sobolev spaces

Mg = e (L2 (M) lulls.e = lle*“ullz2 (67)

We also need semiclassical adaptation of these. We therefore consider a semiclassical operator G(h) € WO+
such that oy, (G(h))(z,€) = (1 — x(x,£)0(G), and in the same manner define

HSG(h) = e_SG(h)(L2(M)) ||u||HsG(h) = HeSG(h)uHL2 (68)

These spaces are actually the same: since o(G(h) — G) is bounded we have Hic = Hsg(n) and the
equivalence of norms is expressed through constants dependent on h.

Now that the functional setting is prepared we can advance to the analysis of the flow.

We consider now the vector field X as acting on forms through the Lie derivative. Define:

pP:@Pr@h) — Preh) Pu = —ilxu (69)



We remark that the principal symbol of P is diagonal:

As before, we also need a semiclassical version, which is easily given by hP, satisfying o, (hP) = p.
Our main objective is to study spectral properties of P. We can resume the results in the following
theorem, though the construction leading to it is as important as the final result.

Theorem 71. Faure-Sjorstrand Let C € R be fized. For all s > 0 large enough (depending on C), the
unbounded operator P : Ds C Hsa :— Hsa has discrete spectrum in Im(z) > C.
The resolvent R(X\) : C®°(M) — C*®(M) admits the following Laurent expansion around elements of the
spectrum in {Im(X) > C}.
N(Xo) (P . )\0)]‘,11—[)\
R(A) =Rp(A) — — 0 72

=Rl - 3 S (72)
where 11y, : Hsg — Hsa is the spectral projector. Finally the wavefront sets of the operators invilved
satisfy WF'(Ry(\) C A(T*M)UE: x ExUQ, and WF'(I) C E: x EX, where Q4 = {(etf»(z,£),,€) :
p(x,§) =0, t > 0}.

An obstacle to our study is the neighbourhood to the zero section, where the dynamics is complicated
and the symbol of our operator is not invertible. The solution is to add a potential to the operator:
consider iQs € WO such that:

on(Qs) 20 on(Qs) >0on {|¢] <d/2}  WEF,(Qs) C {I¢] <3} (73)

Now define Ps(z) = iP —iQs — z, and through the isomorphism e*¢ : Hsan) — L? it is equivalent to the
action on L2 of
Pys = e*Pse™ = Ps + 5[G(R), hP] + O(h%) g 1 (74)

The bulk of the work is in the following proposition:

Proposition 75. Given constants Cy,e > 0, for all s > 0 large enough the operator Ps(z) : Dsgny —
Hsa(n is invertible for —Coh < Im(z) < 1 and |Re(z)| < h®. Its inverse Rs satisfies || Rs(2) 4,6 >H.c <
Ch™' and WEF](Rs(2)) C A(T*M) U Q.

Proof. First of all define the projection x : T*M \ 0 — 9T*M. We're mostly interested in x(E} ,) =
E; \E:
flow H,,.
We want to establish the estimate

that is the points at infinity of £ ,. They are respectively source and sink for the hamiltonian

1u,

lullrt,cm < CHTHIPs(2) o) (76)

for u € Dyg(n)- By 33 we consider a semiclassical partition of unity to reduce the problem to proving
76 for Au, where A € ¥9 has wavefront supported in some set S in the five following possibilities:
DS c ({p =0} U{|¢l > §/2})%; 2)S is a small neighbourhood of k(E}); 3)S C ({p =0} \ E); 4)S is a
small neighbourhood of (zg,&) € E}; 5)S is a small neighbourhood of x(E}).

Assume also [[ull#, 4, -

Case 1: S C ({p=0}U{lg] > d/2})°. Here |on(Pss)| = |p+ on(Qs)| > ¢ > 0 by compactness so Ps s
is elliptic on S. By conjugating with e*¢(") and using 37 we obtain

HAUHHSG(h,) < ‘lBP5(2)||HsG(h,) + O(hoo) (77)

for some B € U9 with WF/(B) C S.
Case 2: S is a small neighbourhood of k(E}). Here G(h) ~ 1 and H () is microlocally equivalent to
H}. Also, since Im(z) > —Cyh, we have Im(op,(P5)) < 0, so we can apply ?? to get that

[ Aul

~ [Aullmy < [|B1Ps5(2) ||y + Oh™ ~ || B1Ps(2)]

Hsa(n) Heam T OR>(78)

Case 3: ScC ({p=0}\E;).
Since we're far from E* we have that e!f»(S) — kE? for t — 0o, and since here o, (P) < 0, we can apply
52 and conjugate with esG(%)

[ Au|

Hooay < ClBullagq, + ChTHIB2Ps(2) 3, O(h*) < Ch™ (| BuPs(2)lntaaqn, + I1B2Ps(2)]

HsG(h))
(79)
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Where B is localised in a neighbourhood of x(E¥) and can therefore be estimated by Case 2.

Case 4: S is a small neighbourhood of (x¢, &) € E}.

Like in the previous case for T large enough e!f»S C {|¢| < §/2}, so like before by propagation of
singularities we get

”AUHH < C”BUHH + Ch_1||B2P5(Z)”H+O(hOO) < Ch_1(||Bl‘P6(Z)||HSG(h,) + HBQPt;(Z)H'HSG(h))

(80)

sG(h) sG(h)

Case 5: S is a small neighbourhood of k(EZ).
Locally we have H,qn) =~ H, °, and since x(£};) is a sink we can use 57 and with the previous cases we
get

[Aull3¢, ) < ChTHIBPs(2)|l3¢6) + OR™) (81)

sG(h)

The combination of all these cases gives finally 76 At the same time, E} and E* are sink and sources for
the inverse time flow e “*#». Hence we get the conjugate estimate for —Ps(z)*, that is

+ O(h™) (82)

||'UH7-l_sc(h,) < HPé(Z)*v |7-l_sc(h)

Since both Ps(z) and Ps(z)* are closed and injective, we get that Ps(z) is invertible.
To obtain the wavefront condition one uses the following lemma

Lemma 83. Consider B : C?°M) — D'(M) h-tempered. Then (y,n,x,§) ¢ WF;(B) if and only if there
exist neighbourhoods U 3 (x,&) and V' 3 (y,n) such that

WEL(f) CU= WE,(Bf)NV =@ Yf(h) € C=(M) (84)
O

Now we can complete the proof of the theorem. In the following we suppose A is in some compact
subset of {Im(A) > —Cp}. One can choose h small enough that z = hA satisfies —Cyph < Im(z) <1 and
|Re(\)| < hl/2.

Proposition 85. Fix Cy > 0. Then for s > 0 large enough, P — X\ : Dy — Hsa is Fredholm of index 0
in the region {Im(X\) > —Cop}.

Proof. We have that Qs is compact as an operator Dy — Hsq, and since Dy, Hsg are isomorphic to
Dsc(ny> Hsa(n), we have that P is a compact perturbation of the invertible operator Ps. O

Proposition 86. For s >0 ﬁxed, there exists Cy such that for Im(\) > Cy, the operator Py is invertible
with inverse (Py)™' =i [[° e ¢* ,dt with the integral converging in the operator norm H® — H* and
H® — H*.

Proof. Given that ||¢} || g+s_, g+-e€1t, for u € Hyg we have

u= / Op(eMpru)dt =i / eNpr(P — Nudt (87)
0 0
The integral converges in operator norm and thus we have the thesis. O

Proof. (Of theorem 71)
Fix C like in the hypothesis. By 85 for some s > 0 large enough the Fredholm property is satisfied. By
86 the operator Pj is invertible for some large A, so by the Analytic Fredholm theorem Theorem P — A is
invertible on {Im(A) > C} except on a discrete subset, around which we have an expansion of the form
72. We only need to trat the wavefront.
Suppose that ) is not in the spectrum. Rename Rs(z) = (hP — z — iQs) ™!, and observe that

R(A) = h(Bs(2) = iRs(2)QsRs(2)) = B 0. rx0sms()(88)
By 75 WF}/L(R(s(Z) — ZR(;(Z)Q(;Rg(Z)) n T*(M X M) C A(T*M) U Q+.
Again by 75 we find WF} (Rs(2)Qs R(\)QsRs(2))NT* (M x M) C A(T*M)Uvs where vs = {(p, p')|t,s >
0: e (p) € WEFL(Qs),e 7 (p') € WF,(Q5)}. Hence

WF(Rs;)NT* (M x M) C A(T*M)U Q4 Uvs (89)

11



But R(A) is independent of h,J, so

WF(Rs) N T*(M x M) C A(T*M)UQy U [)vs =AT*M)UQ, U (E; x EY) (90)
6>0

The case of A in the spectrum is similar: one takes 88 with (A—\) =) R(\) and by taking derivatives
one can prove the required condition.

O

3.2 Ruelle zeta function

The Ruelle zeta function (g is built around periodic orbits like the Riemann zeta function is built around
primes. The hope is that it can capture interesting properties of the flow, and as we will see in 3.3 this
is at least sometimes true. At the same time, the analysis of (g requires much work, for example a
priori it is not even well defined. The objective of this section is to introduce it and prove that it can be
meromorphically extended to the whole complex plane.

The strategy proceeds by using Guillemin’s trace formula to link the value of (g to the integral of the trace,
which we’ll introduce later, of the transfer operator e®*”. Then by approximating the trace with smooth
functions and switching the integration order the resolvent shows up and we find a meromorphic function.

Before defining (r, we state two lemmas that we will not prove. Here L is a constant of the flow
defined by the property ||f o ¢¢||cz < CeXl!l|| f||c2 Vf € C? for some positive C.

Lemma 91. Let {¢:}ier be an Anosov flow on a compact manifold M™ with a smooth measure pi. Fix
te > 0, then there exists C' € R such that

p@dt({(z,t) : te <t < T,d(z,¢s(2)) < e} < Cee™T VT,e >0 (92)

Lemma 93. Under the same hypotheses, let N(T') the the number of closed trajectories of period smaller
than T. Then N(T) < Ce?n—DLT,

Consider the set of periodic orbits «y for the flow. For each one of them denote 7', and TVﬁ the period
and the primitive period, respectively. To each such orbit, one can associate the linearized Poincaré map
Py =do_1 (7)|preE: for some x € spt(y).

We can now define the Ruelle zeta function:
cr(N) = [J(1 =™ (94)
"

Remark that by 93 the function is well defined and holomorphic for I'm(\) large enough.
It can be shown that:

n—1
det(I —P,) = > trAFP, |det(I — P,)| = (=1)3™ s det(T — P,) (95)
k=0

Se using the logarithm expansion log(1 + z) = Zkzo(—l)k%, we have

[det(I —P,)|  OA

eiTAg)‘m iT At n—l eiT”fAT,gtT /\k P’Y (71)k+dim Eg
Cr(A) = exp(— Z Z m )= eXP(*Ze TETY)) = H exp(— Z m)
~E m>1 v k=0 v
(96)
Therefore it is sufficient to study the meromorphic expansion of the functions
e TAT e AR P 0 e TATh ey AR P
) ==id g =B~ o esep(- ATl (97)
vy

— [det(I — P,)[T,

The proof we will give relies on the use of Trace identities, that is properties of the trace of various
operators. What we're going to use is not the usual functional analytic trace tr, but a generalization to
distribution called the Flat trace tr” realised informally as tr’ A = Jos Ka(z, z)dx for A: D'(M) — D'(M)
with kernel K 4, where the integral is meant as a distribution in D’. The above definition can be applied

12



under the hypothesis that K 4 can be pulled back under the immersion ¢ : M 3  — (z,2) € M x M, which
can be realised under the wavefront condition WE'(K4) N N(T*M) = for N(T*M) = {(z,&,z,—§) €
T*M x T*M} the conormal bundle. We will not go any further in explaining the details, we just remark
that the shift by some positive time the reader will see in the integrals is purposefully made to meet such
wavefront condition.

As announced we need a way to approximate the trace with smooth functions and we need estimates to
switch orders of integration. Here are the respective results.

Let ¢ € C(R) such that 0 < ¢ <1 and ¢» = 1 near 0. There exists a family of F. € C>°(M x M) such

that
1 d(z,y)

Fa(x,y)w( €

satisfies E.(1x¢) = 1p and C~1e™ < E. < Ce™. We have then

E.(z,y) =

) (98)

Lemma 99. We have E. € ¥~ and if B follows the wavefront set condition WF'(B)NA(T*M) = @,
then tr’ B = lim._,o tr E.BE., where the right had side is the usual trace in L?.

The proof is quite technical and relies on alternative characterizations of symbol classes.

Lemma 100. Suppose tg > 0. There exists C such that

T+1
|E-¢* B < Ce™™ 2T / tr’ E.¢* ,E.|dt < CeCT Ve >0 VT >t (101)
T

Proof. Firstly we have
|EcdZrEeller < | EellerloZrllre—r2l|Eellz—re < (102)
= Ce“T (A + 1) Mo (A + DFEL| 22 < CreTe? (103)

And secondly
T+1
[ wesima= [ [ BB ey < (104)
T MM

=Cen / / Laa,y) < Lo ,gu(y)<cdadydt < Ce™" / / Lay.o0 () <2edydt < Ce™™ (105)
MxM M

where we used both the explicit formulation of E. and 91. O

Here comes the crucial point: Guillemin’s trace formula allows us to tie together approximations of
f with the integrated trace of e®*?: the integral will resemble that of 86 and will let us
Let’s consider Guillemin’s Trace formula:

_ TS (t — T)
b —itP __ ol 2
trle = Z |det(I —P,)| (106)
Y

where the left hand side is well defined under the condition W F'(e'f) N N*(R* U A(T*M)) = & which
can be verified to be true.
Denote by £F = {w € T'(Q%) : txw = 0}. Then the restriction of 106 satisfies:

_ Titr AF PL5(t — T)
b _—itP Y 2l a2l
P= 1
tr'e™"" | gn ~ [det(I —P,)| (107)

Consider 0 < ty < inf, T, take T' > to and x7 € C°(R) with suppxr C [to/2,T + 1] and x7 =1
around [to, T]. Py = P|gx. By 107

X7 (Ty)e A TE tr AP Py ,/T+1 itA p.b —it P Ly [T it(A—P)
—i =—1 xr(t)e tr’e " Rdt = —itr / xr(t)e’ ®)dt - (108)
; | det( —Py)| to/2 to/2

Therefore we can write

T+1
Fo(0) = —i Tim £ / o (B)e =P gy — (109)
t

T—o0 0/2
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T41 . T41 4
= —4 lim lim trb/ XT(t)EEe”()‘_P’“)EEdt = —jlim lim trb/ XT(t)EEe”()‘_Pk)EEdt (110)
t t

T—o00 e—0 0/2 e—=+0T—o00 0/2

If Ry () is the restriction of the resolvent to £F, that is the inverse of (P, —\), we have by 86 that f;,(\) =
—lim, g trE.e® =P R (N E.. By 71 eo(A=Pr) R, () satisfies the hypotheses of 99 and therefore
fe(\) = —etoryP(e=0Pk) Ry (X)) which is meromorphic. Finally, it can be shown that the poles have
integer residues, so that from 96 and 97 one can deduce meromorphic continuation of (g.

3.3 Euler charachteristic

One can prove that the geodesic flow of a strictly negatively curved Riemannian manifold ¥, which is a
flow on T'Y), is Anosov. These form an important class of Anosov flows with particular regularity and
geometric properties. For instance, closed orbits of the flow are now geodesics so naturally we can expect
geometric properties of the manifold to emerge from our study. In this section we will show how for a
surface the Ruelle zeta function vanishes at the origin with order equal to the Euler characteristic of the
surface.

The strategy of proof is straightforward: we tie the order of vanishing of (g to the dimensions of some
distribution spaces, whose dimensions we will the compute.

Consider ¥ a 2-dimensional Riemannian manifold, let (g be the Ruelle zeta function of the geodesic
flow on its cotangent bundle T*X. If 3 is negatively curved, the flow is Anosov, so that (g is well defined
and all the previous results apply.

Theorem 111. Let (X,g) be a 2-dimensional surface with negative curvature, let x(X) be its Euler
characteristic. Then the function s — sX)(g(s) is holomorphic and nonvanishing in 0.

Let M = S*Y = {(x,€) € T*M : |{| = 1} be the unitary cotangent bundle of ¥. The entirety of the
work is actually done on X. Indeed, if j : S*M < T*M is the canonical immersion, the form « = j*(&dx)
is a contact form on M and it generates the (restriction of the) geodesic flow of ¥. Noticeably tx (o) = 1,
tx(da) =0, and u A doe = (exu)dvol .

Recall the first Betti number b1 (X) = dim H!(X, C), satisfying x(X) = 2—b;(X) for X any differential
manifold.
By the following we get x(M) = 2 — dim H*(M,C) = 2 — dim H'(M,C) = x(%)

Lemma 112. Let 7 : M — X be the projection map. Then 7* : HY(X,C) — HY(X, C) is an isomorphism.

Let X = ker(a) be the generator of the geodesic flow. For k = 0,1,2 define Q&(M) C Q¥(M) the
forms annihilated by ¢x.
Rename the operator
Py = Ploy = —ilx = —itxd : Qf = Qf (113)

By 71 each P, admits a meromorphic resolvent R* with decomposition around poles, in particular
around 0.

Pk—zj 1Hk

RF(z) = RFM! (2 +ZN: (114)

From this decomposition we try to recover the normal and generalised eigenspaces for P,. Remark that
IT;, extends continuously to an operator IIj : Dy — Dlguy,.
Definition 115. Define my = dim(range(Ily)).

For each k define

e AT det AFP,
Ck(X) = exp(— |det(Ivf P)IT, (116)
so that by 96 we get 0
Ci(A
S LM )



and since my, is the order of vanishing of {j, in 0,it is sufficient to prove that x(M) = —mgy + my — ma.
We will prove that mg = ms = 1 and mg = b1(M). We try to exploit 114 to find a relation between the
my and eigenvectors.

Definition 118. Let
Res® = {u € DE;(M;Q’“) NQ: Pou=0}={ue D%E(M;Qk) s uxu=0tx(du) =0} (119)
that is the kernels of the Py on Dly..

The generalised eigenspace for 0 (of dimension my) is usually larger that the kernel, and the equality
is given by an idempotency condition.

Proposition 120. In general m;, > dim Res®. We have my(0) = dimRes* if the following is satisfied:
Vu € Dy Piu=0= Pou=0 (121)
So finally our objective is to prove
Proposition 122. The following are true
o dim Res” = dim Res? =1
e dim Res! = b1 (M)
e The condition 121 is true for k=0,1,2

The most interesting case is the one for £ = 1, we will therefore assume true the result for £ = 0, 2.
Notice that in this case
Res® = {c € C} Res? = {cda : c € C} (123)

We now proceed to prove for k = 1:

Lemma 124. Let ' C T*M \ 0 be a closed conic set. Assume that u € D'(M,QF), du € C=(M,QF+1).
Then there exist v € C*(M,QF) and w € D'(M,QF1) such that u = v + dw.

We assume this result as well.

Proposition 125. Let P € W!(M, &) be pseudodifferential and self-adjoint on L*(M, &), with principal
symbol —iX. Suppose that u € D'(M,€E) satisfies Im(Pu,u) > 0 and Pu € C®(M,E), then u €
C>(M,E).

Proof. Tt is sufficient to prove that Au € C™ for all A € ¥;°™” (see 30. Again we finish if we can prove
that for each A € W7 there exists B € U;”""" such that

|Aullzz < CRV2)Bullz2 + O() (126)
One can construct a function x € C(T? x M, [0, 1]) such that
supp(1 —x)*M\0 Hpyx <O0near E;, Hpx <0on E; NWEF,(A) (127)
So by taking a modification of OpM (x) we find F' such that

Few™ ou(F)=x WF,I-F)CT*M\0 F*=F (128)
We can also find A; € U;”"" such that WF,(A;) C T*M \ 0 and WE,(A;) N E} = & and
1
—5Hpx — lon(A1)]* = CHon(A)? (129)

Since Pu € C*, we have WF,(Pu)NT*M \ 0 = @, so (I — F)Pu= O(h*®)c, so
—Im{Pu,u)pz < O(h™) (130)

And by self-adjointness of F, P we find —Im(FPu,u) = 5-([P, Flu,u) 2. Observe that -[P, F] € ¥;"""
and o, (5: [P, F]) = —3 Hpx.
By 77 applied to the operator 2%,[P, F|+ AtA; — C71A* A we get

C
lAulzz < ClAvullz: + 5 ([P Flu,u) 2 + Chllul7z + O(h) (131)
Since W Fp,(u)*M C E;; we have Aju = O(h*°) 2 and therefore we are done. O
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Lemma 132. Suppose u € Res'. Then there exists ¢ € DY, such that u—d¢ € T'(Q) and d(u—dg) = 0.

The cohomology class of u — d¢ is independent of the chosen ¢, and u — [u — d¢,] is an isomorphism
Res' ~ H'(M)

Proof. First, we have that u € Res' = du = 0. Indeed we have du € Res? so du = cda, also txu = 0 so
u A da = 0, hence

0 :/ u A dadV ol :/ du N adVolpr = cvol(M) (133)
M M

so ¢ = 0 and du = 0. By 124 we find QSD/E:; as required. If another ¢ € D};; satisfies the thesis, then
d(¢ — 1) € C°(M) so again by 124 ¢ —p € C°°(M) and so [u — d¢] = [u — dip].

Suppose now that [u—d¢] = 0, so we may assume u = d¢. Then we have that X¢ = txu = 0so ¢ € Res,
then ¢ = ¢ € C and u = 0. We now need to prove injectivity and surjectivity. Consider v € I'(Q!) closed.
If we find ¢ € ID}EJ such that X¢ = —txv we are done. We have that

/LXUdVOZM:/ v/\da:/ (dv)Aha=0 (134)
M M M

So we conclude by the following:
Lemma 135. Suppose f € C*°(M) and fM fdVoly = 0. Then there exists u € D, such that Xu = f.
O

Now we can finish:

Lemma 136. Condition 121 is satisfied for k = 1, that is
u € D (M, Q1),  txu=0 tx(du) € Res' = 1x(du) =0 (137)

Proof. Let v = 1x(du) € Res'. Now a A du = adVolys for a € Dj.. Then Sy adVoly = [, uNda =
fM txudVolpr = 0. Also since Xa = 1 and tx(da) = 0 are constant, we have Lxa = Lxda = 0, and
since v € Res! we get dv = 0. Then (Xa)dVoly = Lx(aNdu) = aAdv=0. Then Xa=0s0a=0
and so a Adu =0. Then du = a A txdu = a A v, so by 132 we find

w e (M, ¢ €D (M) v=w+dp dw=0 (138)
Since txv = 0 we get X¢ = —1xw and integration by parts gives
0= Re/ du A\ w zRe/ aAdo A (w) zre/ oW ANda = —Re(X ¢, ¢) 12 (139)
M M M

By 125 we obtain then ¢ € C°°(M) and so v € I'(Q1). Since (e!*)*v = v we have

(v(x),2) = (v(e™x),de"™ (x) - 2) (v,2) €TM, t€R (140)
But for ¢t — +oo the right hand side vanishes for z € E; ,(x), respectively. Since txv = 0, we get
v=0. [
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