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Abstract

This dissertation presents the main topics I have been working on for the last two years.
I started to work on particle systems and propagation of chaos during my M1 internship
with Pierre Degond at Imperial College, in the context of stochastic modelling of biologi-
cal systems. During my M2 internship, I worked with Philippe Moireau at Inria Saclay on
stochastic modelling applied to biology and related estimation problems |[CMC19; (CCK22]|.
With the initial motivation of justifying macroscopic laws from microscopic stochastic mod-
els, I turned back to particle systems under the supervision of Tony Leliévre and Julien
Reygner at the CERMICS laboratory. The following dissertation presents the mathematical
tools we have been using through these works, at the interface between stochastic diffusions
and Hamilton-Jacobi-Bellman (HJB) PDEs. The connecting tool from the stochastic setting
to the deterministic one is here the large deviation theory, which is briefly described in the
first section through the lens of the Freidlin-Wentzell framework [FW98| and its particle
system generalisation [DG87]. The second part presents the consequences of the Freidlin-
Wentzell setting in stochastic filtering, establishing a first link with HJB PDEs and finite
dimensional control. The third part describes the effect of mean-field conditioning on large
particle systems; this system can be somehow seen as an infinite dimensional version of the
second part, establishing some links with stochastic control and mean-field game systems.
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1 A short introduction to large deviations and Freidlin-
Wentzell theory

This first section is a short introduction to the large deviation theory, starting from the finite
dimensional Freidlin-Wentzell theory, before to present an infinite dimensional generalisation
using large particle systems. A first example is given by the stochastic diffusion in R¢

dXE = b(X?)dt + vedB:, (1)



for some Lipschitz continuous drift function b : R? — RY, the stochastic process (By)i>o
being a R%-valued Brownian motion. As e — 0, the stochastic process X[‘E0 7= (X9)o<i<r

is expected to converge towards the deterministic flow (z(t))o<¢<r solution of the ODE

dz(t)
dt

= b(z(t)). (2)

The large deviation framework which quantifies the deviations away from this limit is known
as the Freidlin-Wentzel theory [FW98].

Definition 1 (Large deviation principle). Let E be a Polish space E, (ay)n a sequence of
positive numbers with ay — 400, and I a non-negative lower-semicontinuous function I on
E. A sequence (uV)y in P(E) satisfies a Large Deviation Principle (LDP) with speed ay
and rate function I when for any Borel set A C E| if

—inf I < liminfay'log ¥ (A) and limsupay'logu™ (A) < —infI,
A N—o0 N—oo A

where A and A denote respectively the interior and closure of A.

Let (X™)n>1 be a sequence of E-valued random variables on a probability space (Q, F, P),
such that XV is uV-distributed. Roughly speaking, the above definition means that for every
zin F,

IP(XN ~T) R e~ NI®) a5 N = 400,

capturing deviations from the limit at the exponential scale. When I(z) > 0 the above
probability goes to 0 as N — +oo suggesting that XV asymptotically belongs to the set
{zx € E/I(x) = 0}. When this set reduces to a single point Z, the Borel-Cantelli lemma
provides the strong convergence

XN 7 P-as,
N—+oc0

from the exponential scale estimates. In particular, the sequence (u")y weakly converges
in P(F) towards the Dirac measure éz. Once a LDP with rate function I is known, the
problem of determining the limit of (1) y reduces to the study of minimisers for I.

Let us hark back to Example (1). By sequential characterisation of the limit, Definition
(1)) can be adapted in a straightforward way to the continuous framework ¢ — 0 instead of

N — +00. In the following result, the speed rate ay becomes thus e~ ':

Theorem 2 (Freidlin-Wentzel). The family (X, 7))e>0 satisfies a LDP with speed e~ and
rate function

Ly lan = b(we)2dt if (z)o<i<r € AC((0, T, RY),

+oo else.

I((wt)o<t<r) = { (3)

The deterministic flow is the unique minimiser of I.

The second part of this dissertation describes the ¢ — 0 limit of the stochastic filtering
procedure for (1), and how deterministic estimation can be recovered from it [JB88]. It
then briefly quotes results that have been proved in the under review paper |Cha+22| in
collaboration with A. Gonzales, L. Mertz and P. Moireau (who is now my PhD co-advisor),
which study a similar limit when the differential equality is replaced by a sub-differential
inclusion (case of reflected processes).

Another example of LDP can be obtained by considering a countable sequence (X [iO,T] IN>1
of i.i.d. copies of the process defined in with € = 1. The (R )-valued diffusion process

X[I(;I’T] = (X[l(),T]7X[’8[,T])



will be called particle system. Let

X[O T] N Z X[OT

be the pathwise empirical measure of X []8' 7 it is a P(C([0,T7, R?))-valued random variable.

The N — +oo behaviour of H( [0, T]) is described by the following LDP, where v/ 1) denotes

the law of X[lo,T]-

Theorem 3 (Sanov). The sequence (LaW(H(XﬁT])))Nzl in P(P(C([0,T],RY)) satisfies a
LDP with speed N and rate function

log 3 7o dM i wo < Vo,
H(u[OT]IvO,T])={fC(OT]Rd’ Toro o 0,1 [o,7] < V[o,7]
400 else,

which is called the relative entropy w.r.t. to v 77

The convention 0log0 = 0 is used, and H (u|v) = oo if the function within the integral
is not integrable. Since vjg 1) is the unique minimiser of H (u(o,7}|Vj0,77), this implies the a.s.
weak convergence of the random measure Law (IT(X [ON, T])) towards vjo 7], and this last result
s mothing but the classical law of large numbers.

From vy 7}, one can obtain the continuous flow of time-marginals (14)o<i<r, ¢ being
the law of X} at time t. The infinitesimal generator of the Markov process X[lo,T] is the
differential operator

1
Using the notation

Ep(X]) = /Rd edvy =: (v, ),

the flow (14)o<i<7, given vy, is characterised by

Vo€ CHRY),  Slnp) = lw. L) @

Similarly, the flow of marginals for H(X{gT]) is (1(XN))o<t<r, the empirical measure 7(XN)
at time ¢ being defined as
1N
=+ 2 0x;-
i=1

The random flow (7(XN))o<i<r is thus a C([0,T], P(R?))-valued random variable. The
next LDP can be seen as an infinite-dimensional analogous of Theorem [2] Using Varadhan’s
contraction principle the sequence (Law ((7(XN))o<i<7))n>1 in P(C([0, T], P(RY)) satisfies
a LDP with rate function

S((pe)o<i<r) = inf H(Nfo T Vj0,1])-
w' eP(C([0,T],R?)) ’
VO<t<T, py=p

Theorem 4 (Dawson-Gértner). The above rate function rewrites

S((pe)o<i<r) = {é IOT 10epe — L*f“tH;zudt if po,m) € AC([0,T1, P(RY)) and po = w,

400 else.

()

where the distribution L*p, is defined against test functions ¢ in C°(RY) by (L* s, ) =
(e, Lip), and for any distribution T one defines || T3 := supgyeco (T, ) — 2, |060]2).



In particular, the unique minimiser of S is the flow (v;)o<;<7 which solves , or equiv-
alently O;vy = L*vy in a weak sense. Using Ito’s formula with some test function ¢ in

CP(RY),

)9 = )+ [ (), s + 3 [t -am
t 9 9 o s /) N — 0 x s s

The X{, 7, (and the related Bf; 1) being independent, the standard deviation of the last term

is O(Nfé) and the above equation on 7(X}) appears as an infinite dimensional version (in
a weak sense) of Equation , ¢ being replaced by N1

The third part of this dissertation makes use of these tools to describe the large deviations
of TI(X 0.) conditioned by the mean-field event

Ve [0,7],  ¥(x(X])) <o, (6)

for some regular function ¥ : P(R%) — R, which can be seen as the “energy” of the system
(a physically relevant linear example when b(x) = —0,V (z) is given by ¥(u) = (i, V)).
The related minimisation problem on the path space is a work in progress with G. Conforti
(CMAP, Ecole Polytechnique) and J. Reygner (who is now my main PhD advisor), and it
can be interpreted as a stochastic control problem, which is reminiscent of mean-field game
situations.

2 From stochastic filtering to deterministic estimation

This section presents the effect of vanishing noise on the stochastic filtering procedure,
showing how deterministic estimation can be recovered from it. Let us assume that the
€

process X (0,7] given by is observed through the noisy process
AV = h(X{)dt + VZdB,, (7)

the Brownian motion (Bj}),~, being independent from the one driving X7, and h being some
Lipschitz continuous function; these processes are assumed to be built on a filtered probability
space (Q, F, (Ft)t>0,P). Stochastic filtering aims to compute an optimal estimator of X7
given the knowledge of Y until time ¢t. More rigorously, one wants to compute the conditional
law of X7 knowing (YF)o<s<¢, i.e. the random probability measure 7§ such that

(n,0) = E [o(XDlo (Vocus] -

for any bounded continuous ¢ : R — R, 0 (Ys)y<s<, being the o-algebra generated by
the observation Y until time ¢. In the current setting, one can prove that all the random
variables at stakes are square-integrable, and the o (Y),.,,-measurable random variable
(m£, ) is optimal in the sense that S

E[(nf, ¢) — o(X])* = inf E|Z — o(X])*.

1 €
Z is o (Y )Ogﬁgt—rneasurable

When the Novikok condition

Eexp < 400

1 T
1 / Ih(XE) Pt
2e Jo

is verified, a classical approach (see e.g. [BCO08|) considers the change of probability measure

dP

el = (Z¢ —1
dP ( t) )

Fi




where
r 1 thQ Xe)d
Z8 = Xe)dys — € .
t exp |:\/g/0 h( s)d s 26/0 ( s) S:l

The Girsanov theorem then shows [Zak69; BC08| that (%)tgo is a Brownian motion under

P. Define now the non-normalised measure pt by

(05, 0) = B[ Zp(X0lo (V)pcpe] -

This measure can be linked to 7; by the Kallianpur-Striebel formula

(pf, ©)
<7Tfa > = 2 )
<pt7 >
which is an analogous of the Bayes formula [KS68]. A linear measure-valued stochastic PDE

can then be obtained for p§: it is the Zakai equation |[Zak69|. Under suitable assumptions,
05 has a density ¢°(t,x) w.r.t. the Lebesgue measure, which solves in a weak sense

qe(t’ )

dg7(t,) = S02°(t,)dt — div(q (¢, )b)dt + avy,

see |Par82| for a complete presentation. In many areas |[CCO05|, one would like to write
¢° as a continuous function of the observation (Y;?),.,.;, in order to perform recursive
computations. The method in [Dos77| suggests the transform

W} ¢ (t, z),

p°(t, x) := exp {
which leads to the robust Zakai equation

1
3tp5(ta ) + gE(ta x)axpe(t, ) + gvg(t, x)pe(ta ) = gaﬁxpg(tv ')7 (8)

where the Y;?-dependent coeflicients are g°(¢, x) := b(z) — Y0, h(z,t) and

€ - hQ(x) € o } €\2 2 : _ Ve
VE(t@) = 252 + Y Leh(w) — 5 (Y7)2(0:h()? + ediv [b(z) — Y 0,h(a)]

In , YF is a mere parameter, which only appears within the coefficients of the equation.
The random variable Y being defined as a measurable function w € Q — Y*(¢,w), can
be seen as a family of deterministic PDEs indexed by the parameter w. At this point, it
is only necessary to solve the PDE for a given realisation (y(s))o<s<: of the continuous
trajectory (Y°(s,w))o<s<¢- The remaining question will then be the measurability of the
solution in w, in order to recover a stochastic process w — (p®(w, s, x))o<s<; from solving
for each continuous (y(s))o<s<¢. This measurability is proved in [Dos77} |Sus78|, and the
result still holds if is solved only for C trajectories (y(s))o<s<¢: p° can thus be seen as
a deterministic function which depends on a C*! trajectory (y(s))o<s<t, and p° is C? using
classical results on linear parabolic PDEs.

On the other side, deterministic estimation considers a C' function (y(s))o<s<: which
models observation, and looks for some (¢,w) in R? x L?(0,¢) which minimises the error

functional
- i 5 1. ¢ 0
J(Cw,t) == w<<>+/0 S [ws)” + Slg(s) — hlas, (5))ds,

where the dynamics model is



In the above equation analogous to , the “control parameter" w acts as a deterministic
noise, and minimising J({,w,t) constrains h(z$,(s)) to be close to the observation y(s), as
in (7). Given z in R?, [Mor68| defines the cost-to-come function

Vit,z) = inf J(C,w,t),
(Cw) /2% (t)==

i.e. the cost to bring the dynamics at x at time ¢. A good estimator of x(t) knowing the
observation (y(s))o<s<¢ is then given by any minimiser of  — V(¢,z). Moreover, using
the dynamic programming principle, one can compute V' as the unique continuous viscosity
solution [Bar94] of the Hamilton-Jacobi-Bellman (HJB) equation

{atV(t, ) + H(z,t,8,V(t,2)) = 0, 10)

V(0,z) = ¥(x).

the hamiltonian H being defined as

1 1.
H(z,t,p) = 5lpl* + b(x)p — 5l9(t) — h(@)[*.
The following result shows that deterministic estimation selects the maximum likelihood
estimator from the stochastic filtering density.

Theorem 5 (Baras-James). For any (t,x) in Ry x RY,
lim —elog¢®(t,x) = V (¢, ),
e—0

provided this holds true at t = 0.

Roughly speaking, this means that

vies)]

¢ (t, ) ~eso exp [ -

and this is strengthened into an LDP for the law of X , given the realisation (y(s))o<s<t of
(Y)o<s<¢ in |Hij84; |JB88|. The proof of Theorem [5|relies on the Hopf-Cole transformation
|EI85; Fle97]

8% = —clogp® — y(t)h(x),

which turns the parabolic equation [§| into a viscous HJB equation
0,S°(t, ) + HE (2,1, 8,55 (t,x)) = %agmss(t,x),

where H® uniformly converges towards H on every compact set as € goes to 0. The maxi-
mum principle then provides uniform in e estimates on S¢(¢,z) and 9,5°(¢, ), giving some
compactness in the space of continuous functions. By stability of viscosity solutions, S°¢
eventually converges towards the unique viscosity solution of .

In |[Cha+22|, we wanted to extend Theorem [5| to the case of the 1D sub-differential dy-
namics in R4
dX; 4+ 0Ir (X¢)(dt) 3 b(Xy) + vedBy, (11)

where Ir, = oolg_ is the convex indicator function of R, so that

{0} if 2 >0,

Ol () = {R if =0

When b = 0, the process is well-known as the solution of the Skorokhod problem [Sko61|;
the filtering procedure for this kind of reflected process is extensively studied in [Par78|. We



managed to establish the equivalent of Theorem [5] but the equivalent cost-to-come in our
paper |Cha+22| is defined from the backward in time dynamics,

{2“”(5) € b(z4%(s)) + w(s) + Olg, (297(s)), 0<s<t, (12)

instead of the forward one

§(s) + b(y(s)) + Olr, (y(s)) 3 w(s).

This does not provide a recursive way to compute minimisers of z — V (¢, ), and under-
standing how to circumvent this problem is an ongoing work.

3 Gibbs principle on path space and stochastic control

This section goes back to the infinite dimensional particle setting, studying the effect of mean-
field conditioning in the large N limit. Let now v 7} denote any measure in P(C([0, T],R%)),

and as previously let X [ON, 7] be a V%%]—distributed random variable. Given a bounded from

below lower semi-continuous function ¥ : P(R4) — R, let us define the stopping time
8 = inf{t > 0| ¥(n(X))) > 0}.

We are interested in the N — +00 behaviour of the Markov process X []g 7] conditioned by the

mean-field path-dependent event {T' < 72'}. The conditioned single particle processes are no
more independent in law, but exchangeability is preserved (in particular, the conditional law
of single particles are identical). From this, the law of the process (m (XN ))o<t<T conditioned
by {T < 78} is still a Markov measure. From [|SZ91; DZ96], it is expected that the sequence
of pathwise conditional laws

Law (IL(X{ 1)) |T < 7)) € P (P (C ([0,T],RY))), N=>1,
satisfies a LDP with rate function

-7 .

T _JH (pom|vom) - Ly if ppor) < vjor) and VO <t < T, (ug,9) <0,

v (o) =
+o00 else.

where

=T .
Iy = inf - H(po,n|vom)- (13)
ko, €P(C([0,TT,RY))
VO<EST, W (1) <O

The rigorous proof of this LDP is an ongoing work. When W(u) = (u, ) is linear, the
following is proven in [DZ96, Theorem 2.1] (it is an adaptation of [Csi84, Theorem 1]):

Theorem 6 (H-convergence). When W(u) = (u,v) is linear, 75 is realised by a unique
Hio,r) such that
_ 1 > _
H(Law (X 7 | T < 7)) fijo,77) < NH(Law(XﬁT} | T < Tﬁ)mfg%)
1 _
<% log P(T' < 7 ) — H(Fio 1|vj0.11);

and the r.h.s. vanishes as N — +o00 by the Sanov theorem.

This motivates the study of the minimisation problem , which was already interesting
in itself. Let us start with an easy existence result, whose proof is strongly inspired from
[Nut21, Lemma 1.§].



Lemma 7 (Existence of a minimiser in the weak l.s.c. case). Assume U to be lower semi-
continuous (l.s.c.) w.r.t. the weak topology on P(R?). The infimum is then achieved by
at least one T 1) in P(C([0,T],RY)). Uniqueness holds if ¥ is moreover convez.

. =T . . . e —
Proof. The infimum [, being assumed finite, consider a minimising sequence (MFO,T])keN of
path measures satisfying the constraint with finite entropy w.r.t. v|p 7. Then

sup H 1y 1| 17) < -+
keN

. . . - dpf; .
giving uniform v 7j-integrability for the sequence (%) keN. The Dunford-Pettis theorem

[BRO7, Theorem 4.7.18] then shows that this sequence is relatively compact for the weak
topology (against L functions) on Ll(V[O)T]), and let fio 7] be any limit point. The set
of probability densities being weakly closed, fio 1) gives rise to a path measure dp 1) :=
Jio,71dv(0, 7], which is a limit point of (/QLFO,T]);CGN w.r.t. weak convergence along some in-

creasing sub-sequence (k;);en. The space C([0,T],R%) being Polish, the weak lower semi-
continuity of o 7 — H(ppo,m|v0,m) (see e.g. [Nut2l, Lemma 1.3]) gives

_ . A T
H (fijo,ylvpo,my) < Vi inf H (pfg 79[v0.1)) = T
and the lower semi-continuity of ¥ gives
_ . ki
V(fo.r) < liminf ¥ (g 71) <0,

which concludes the proof. When ¥ is convex, uniqueness stems from the fact that Hjo, ]
H (pu0,1|Vj0,17) is strictly convex. 0

From now on, let us assume that ¥ is convex and C? in the sense of [CD+18]: ¥ admits

a jointly continuous linear functional derivative %I: : P(RY) x RT — R, ie.
! d ! ' ! ov l
Vi i € PR, () = 0(w') = | (= s 5o (L=l 4 v, ) (14)
0

with the (arbitrary) convention that (u, ‘;—:I: (1)) = 0; VU is in particular continuous and Lemma
applies. Let us eventually assume some compatibility between vy 1) and ¥ (constraint
qualification): a threshold v > 0 exists such that

5w
L) = inf VO<t<T, —(pug,z¢) < —y— T > 0. 15
vy (7) u[O,T]eP(lg([o,T],Rd)) V[O,T}({ SUs S (pt, ) < — (ﬂt)}) (15)

Example 8 (Linear case). When ¥(u) = (u,%), note that %’(u) = — (u, ), and the
qualification assumption simplifies as

vy (7) == 1o ({V0 <t < T, () < —v})> 0. (16)
The main result below characterises the minimisers in as Gibbs measures.
Theorem 9 (Gibbs principle). Under the above assumptions, the minimum in 18 realised

by a unique Ly 7y, and a finite non-negative measure X over [0, T exists such that

—1

5w -
o7y (z0,m) = (27) exp {—/0 E(ﬁt?xt)/\(dt) dvio,7) (zp0,17), (17)

the partition function ZL being a normalising constant. Moreover, the complementary slack-
ness condition is satisfied:

/0 ' W (7z,)A(dt) = 0. (18)

8



Since U(uy) < 0 for every t, this ensures that W(u;) = 0 A-a.e. Reciprocally, Rio,r) 18
characterised by the facts of being admissible and such that — holds for some \ in
M. ([0, 7).

Let us define the Lagrangian

T
L(pgo,1 A := H (pgo,1|v0,17) +/0 W (pe)A(d).

To turn the constrained problem into an unconstrained one, introduce the dual problem

sup inf L(p0,775 A)- (19)
AeM  ([0,T]) H1o.T1<V[0,T]

Define then the functional, for any A in M ([0, T7])

F()\) = inf L S A). 20
(\) IL[O,T]H<1<V[0,T] (H[O,T] ) (20)

A direct adaptation of the proof of Lemma [7] shows that this infimum is realised by a unique
path measure ufb 7y As an infimum of such functions (even linear ones), F' is both concave

and upper semi-continuous (u.s.c.). The next lemma is a classical linearisation result (see
e.g. [BC18| Lemma 3.1] or [Dau20, Proposition 3.1]).

Lemma 10 (Linearised problem). Given A in M ([0,T]), /J[AO,T] is the unique minimiser
for the linearised problem

T
v
(0.7 0,71 (10,71 [v0,77) +/0 (1 5 (1)) A(dt) (21)
Proof. For any path measure pjo 7 and ¢ > 0, consider the perturbation /‘[EO,T] = (1-

E),u,[)b’T] + eppo,r)- Since L(ufy 7, A) > E(,u[)E)’T],)\)7 straightforward computations give the
result, using the C! regularity of ¥ and the strict convexity of H, before to send ¢ to 0. [

Lemma 11 (Gibbs measure). The unique minimiser u[)b 7] has the Gibbs shape

T
_ o
dM[)(\),T] (z,m) = 25 " exp [— /0 )\(t)a(lii\, wt)dt] dvio,7)(z(0,17), (22)
Proof. This is a direct consequence of the classical computation:
g ov 5 A g NEL A
H(M[O,T]|V[0,T])+ A (tht E(Mt NA(dE) = H(M[o,T]|V[0,T])+ o (1 E(ut )>/\(dt)+H(U[O,T]‘U[O,T])a

(23)
together with the fact that H(,U[O,T] |u[)6 T]) > 0 with equality if and only if pp 7 = ufb )" O

Lemma 12 (Existence of maximisers). The supremum in is realised by at least one A

in M ([0, T7).

Proof. In the problem of maximising F(\), consider an optimising sequence (Ag)ren,
and choose a related sequence of optimising path measures (,u[)‘o’“T]) ken- By the above lemma,

the y[)b’fT] have the shape , so that

F(Mw) = —log Zs, — / <u?’“7%(u?’“)>/\’“(dt)+ / W ()N ()

r 5\11 Ak k T Ak k
= —logE,, ,, exp|— E(ut , ) A" (dt) | + U (pp ) A% (de),
0 0



recalling the convention (p)*, ‘;—g(pg\’“» = 0. Using Assumption (5],

Tow .
logE, exp|— 6—(#,5 , Ty )\ (dt)
o 9K

T 50
— (", ) A (dt)

Z 108 By o cram 8% (2% ) ne(at)y<—y—w ()} P {_ /0 oy

T
> log (1) + v Aw([0.T)) + / ()N (d),

hence
F(A) < =yAk([0,T]) — log v (7).

Since () is maximising and F'(0) = 0, F'(\;) must be greater than —1 for k large enough,
giving the bound
Me([0,TT) < 711~ log v (7)),

which is uniform in k. The sequence (Ax([0,T]))ren being bounded, one can assume (up to
extracting a sub-sequence) that it converges towards some non-negative real . If A\ = 0, there
is nothing more to do; otherwise, (%) keN 1S a sequence of probability measures over
the compact set [0, T], hence a tight sequence by the Prokhorov theorem. Up to extracting
once again, this sequence weakly converges towards a probability measure over [0,7], and
(Ak)ren Weakly converges towards some non-negative measure \ over [0, 7] with finite mass

A. F being u.s.c., this yields

F(\) > limsup F(\g),

k—-+o0
proving that A achieves the supremum in the dual problem . [
Proposition 13 (Primal optimality). The measure Hio,r) = /’L[XO,T] is admissible for the
primal problem :
vt € [OvTL \Il(ﬁt) S 0.

and the complementary slackness condition
T —
| wmoaan o,
0

is verified: ,u[XO 7] 1s thus the unique solution of .

Proof. Consider 0 < to < T and a sequence (gx)ken in (0,7 — to] which converges towards
0. Define then Ay := A + 14, 1y+e,)- For every k, using the maximality of A:

L(iger M) = FOw) < FO) < Ly N,
so that
totek T _
[ v = [ oww - Xy <o, (24)

to 0

By the compactness argument used in the proof of Lemma |7 the sequence (“f\okT])kGN has
some limit point uﬁ;’T], and recalling that

T
F(W) = L0t M) = o) + [ (%G

the convergence of \, towards A, the continuity of ¥ and the lower semi-continuity of H
imply in turn (up to a sub-sequence) that

Elp ) < Jiminf £y, ) < lmsup F ) < F(3),

k——+oo

10



the last step using the fact F' is u.s.c. By uniqueness of fif 1), this gives ung] = Hjo,r) and
then the convergence of the full sequence (y[)‘o’fT]) ken towards T 7. Dividing now by
er and sending k to infinity concludes that W (7, ) < 0, by continuity of ¥. By continuity,

this still holds at ¢ty = T. The complementary slackness condition follows from the same

argument applied to Ay = A — min(}, ek)]lx>ox. O

Lemma 14 (Sufficient condition). A path measure fig,r) of the shape for some X in
M ([0,T]) is the unique minimiser ufb_T] which realises F(\).

Proof. Using the C'-regularity of ¥, the equivalent of now reads for any po 1)
T T
H (o, 11|vio,m) + / W (p)A(dt) = H (fijo,)vio,17) + / () A(de)
0

- H (o111 / / L ((1*T)ut+rﬁt)*%(M))drk(dt)-

From the convexity of W, one easily gets that ¥ is above its tangents, so that:

W(pe) > W) + (e — frs %(ﬁt»

Subtracting W(ji;), the C* regularity yields

! 0 . 00
/0 <Nt — Mt E((l - T)Mt + mu))dr > <Mt — M, E(Mt»’

so that the double integral two lines above is non-negative, and one can now conclude as in
Lemma [0l O

Let us go back to the case vjg ) is the law of the diffusion (I) with ¢ = 1. Using a
Doob transform, LaW(X[](\)]’T”T < 78) is the law of the interacting particle system Zﬁ[](\)iT] =
1,N N,N .
(Z[(),T]’ cee Z[07T]) described by

Az = b(Z¢N)dt + 0, Py (7)) > T — t)dt +dBY,

the function &V +— Pzv (lepv > t) being the probability that bev > t knowing that )?év =
#N. Particles are no more independent, they interact in an exchangeable way through this
additional drift term. Theorem |§| thus appears as a propagation of chaos [Szn91; BZ99;
CD22a}, |CD22b| result: it shows that correlations between particles disappear in the N —
+oo limit, particles being asymptotically independent and fjy 7j-distributed. Let us briefly
describe how this can be interpreted in terms of a stochastic control problem. To make things
lighter, let us assume that b = 0 and that v}y 7} is the Wiener measure on C([0, T, R?) with
an arbitrary initial distribution vy at ¢ = 0. Consider the controlled dynamics

AX® = ap(X2)dt + dBy, (25)
for some deterministic Markov policy a1 € Lf, aw(X5) 2ac(10,T] x RY). A careful analysis
of the proofs in [DG87| shows that the functional S defined in (5| satisfies

T
S((Law (X)) = inf 1 /0 Eloy (X)|*dt. (26)

OStST) O‘[O,T] /LaW(Xg):l/() N 2
VO<t<T, ¥(Law(X2))<0.

This quadratic problem is non-standard because of the mean-field constraint, which acts on
the law of the process itself (one could easily replace a;(X;) in . . by any adapted
process (ay)o<i<7). The following result is proven in [Dau21; Dau20].
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Theorem 15 (Structure of optimal curves). If ¥(vy) < 0, under additional regularity as-
sumptions on ¥, the control problem — admits at least one solution, and for any such
solution (pjo 1), ao.1]), there exist gy in W2°([0,T] x RY) N C([0,T],C*(R?)) and X in
L>([0,T],R) such that

() = —0,p¢(7),

solving the following mean-field game system

—0¢1 + 3|00p1]* — O3 = )\(t)%’(ﬂt)»
Oy — L*piy — div(peOzpt) = 0,

or =0,

Ho = Vo,

(27)

together with the complementary slackness condition A\ {ui, ) = 0 for a.e. t. Reciprocally,
any solution of for an adequate multiplier satisfying the above condition is a solution

of the control problem -.

The link with Theorem [J] is done by the Girsanov transform, which shows for such a
solution (0,17, @jo,7]) that the pathwise law of the stochastic process X [% 7] has the shape

T
_ o
dpgo 1y (z0,17) = Z5 " exp {— /0 )\(t)m(/it, xt)dt:| dvio 71 (zp0,17),

so that o ) = fijp, ) using the sufficient condition in Theorem [9} This moreover proves the
uniqueness in pathwise law for the solution of . Our current work aims to extend these
results to non-convex ¥, and to study the 7' — 4oc limit of the system, which is expected
to correspond to the ergodic stochastic control problem

1 T
inf limsup—/ Elow (X)|2dt.
oo 1o, Hmsup o7 | Elag(X7)]
V¢>0, ¥(Law(X))<0.
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