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1 Introduction

1.1 Motivation

The recent and impressive progress of Large Langage Models (LLMs) (Brown),
2020) has been largely driven by the increasing availability of immense compute
resources. The performances of a model are in fact highly correlated to the
amount of compute that was used to train it. This had shed light on neural
scaling laws, namely precise upper and lower bounds on the performance of a
model as we increase its number of parameters and training compute. Under-
standing neural scaling laws is crucial for the developmenet and efficient training
of large models. Indeed, in the training pipeline of a model, a substantial part
of the compute is wasted in expensive trial and searches procedures to find the
best hyper-parameters to train a model. For example, it can be its architecture,
its size, or the parameters of the algorithm used to train it, such as learning rate
or batch size in the case of gradient descent. Instead, neural scaling laws have
the potential to predict, before training the model, which hyper-parameters will
be most efficient by taking into account that one has only a finite amount of
compute available.

1.2 Compute optimal scaling laws

To formalize this idea, consider the following general learning problem:

argminP(0) := E, ,[R(0,z,y)]
0eRd
Here 6 are the parameters of the model, P(f) is the loss, z,y follows the
data distribution, and R(0,z,y) is a cost function measuring how much the
model with parameters 6 predicts the output y when given the input x. To
solve this problem, we assume to have a fixed amount of compute available,
representing the number of GPU-hours at disposal. We can use a standard
formula to measure compute:

Compute (f) = parameters (d) x iterations of alg. (r)

Here, f represents the amount of compute that one has to train a model
(in GPU.hours, or Floating Point Operations, FLOPs), d represents the num-
ber of parameters of the trained model, and r the number of iterations of the
learning algorithm, usually stochastic gradient descent (SGD) and its variants.
In particular, for d large, the model has a large expressive power, but cannot
be trained for a long time, since the compute § is fixed. On the other hand,
for r large the model can be trained for a long time but can potentially not
capture all the complexity in the data. We aim at finding the dimension which
allows for the lowest loss after training the parameters for r iterations to 6., i.e.
d, = ming P(6,,d) = ming P(r,d) = ming 73(5, d).



Empirical evidence suggest power law relationships between d.,P(d,) and
f, of the form d, = ¢ and P(d,) = f~" whith ¢ the parameter count expo-
nent, and 7 the scaling law exponent. For example, (Hoffmann et al., [2022)
empirically shows that £ =n = % On the theory side, (Paquette et al.; [2024)
show that stochastic gradient descent (SGD) on a power law random features
model (PLRF) exhibits multiple different phases with different scaling law and
parameter count exponent depending on the data complexity. However, in a
large part of these phases, they recover the scaling of (Hoffer et al., [2017)).

Plan In this thesis, we will show how to obtain neural scaling laws for
stochastic gradient descent. In section [2] we first give some independent back-
ground on results in convex optimization first and then in high dimensional
optimization. In section [3| we introduce a useful and rich data model to study:
the power law random features (PLRF) model and give some background in
random matrix theory. Finally in section [] we results in establishing compute
optimal scaling laws for SGD on the PLRF model.

2 Background on high dimensional optimization

2.1 Worst Case Analysis of Gradient Descent Algorithms

The gradient descent algorithm on the risk P(6) : R — R with learning rate
4(r) and initialization 6 € R? consists in updates of the form

0,11 = 0, — 4(r)VP(6,).

Assuming that P(0) := E, ,[R(6,z,y)], streaming SGD consists in replacing
the gradient VP(6,) by the unbiased estimator using one data point (z,,y,)
sampled iid from the data distribution as

97’-‘1-1 = 97‘ - ’}/(T’)VR(Q, Ty, yT)

The good assumptions to make on P to study gradient descent algorithms
algorithms are smoothness and convexity. A function P : R — is L-smooth if
its gradient is L-Lipschitz, ie:

Yo,y €RY,|[VP(@) = VP2 < Lz —yl2

Proposition 2.1. Let P : R? — R an L-smooth convex function with a global
minimizer 0, and any 0y € R?. Then the iterates of gradient descent with

’7(7 ) = *1[ satisfy after r steps:
P(GT) — P(9 ) < —H@O - 9*”
2r

We therefore see that GD converges in % speed on smooth convex functions.
A modification of this algorithm called Nesterov momentum yields updates as:



1
97‘ =Mr—1 — thp(nrfl)

t—1
m = 0: + m(et - 915—1)

In that case, it is possible to show that on smooth convex functions we have:

Proposition 2.2. Let P : R? — R an L-smooth convex function with a global
minimizer 0, and any 0y € R?. Then the iterates of gradient descent with
Nesterov momentum with v(r) = % satisfy after r steps:

2L
P(0,) —P(0s) < m”‘go — 0.7

The convergence rate is now %2 which accelerates with respect to Gradient
Descent.

2.2 Worst case vs average case analysis

Propositions [2.1] and are results in worst case in the sense that they hold
for any L-smooth convex function and any initialization. This is a very nice
property but also a weakness. Indeed, in most of cases of interests, empirical
evidence shows that the convergence is much faster or with different conditions
on the learning rates. For example, consider he minimization of a quadratic
P(0) = 36T HY with H a positive definite symmetric matrix with eigenvalues
A1 < Ag <o < Ay Then, a classic result states that to ensure convergence of
gradient descent, we must choose the learning rate v < )\% In that case, if A\g
is very large, it imposes a strong bound on the possible learning rate. However,
we will see below that in high dimensions, and considering stochastic gradient
descent, averaging effects allow to weaken the bound as v < %. Only the
mean eigenvalue of H now matters for the convergence of the algorithm. Es-
pecially, in high dimensions, averaging and concentration effects happen which

leads us to move beyond the worst case setting.

2.3 Optimization of a quadratic in high dimension

We consider the minimization of a quadratic using stochastic gradient descent.
Suppose  ~ N(0, K) where K € R%*? is symmetric positive definite. Let
b € R? the ground truth parameters and e ~ A(0,7?) a gaussian noise. In this
problem, we aim at minimizing:

P(0) = 5B [((r.0) ~ (2. 8) +2)] = 210~ bl% + o

To that end, we perform stochastic gradient descent starting from 6y = 0 € R%:



9r+1 =0, — %VR(er;xr—&-la <x7“+1a b> + 87“4-1)
= O = 5 (@r41,00) = (@, D) F2rs0)) T

Notice that we scaled the learning rate by the dimension v — 7 to ensure
the good scaling of the algorithm.
We then introduce the following stochastic differential equation (SDE):

Definition 2.3 (Homogenized SGD). Define ©; the solution of the following
SDE with ©g = 0:

2P(0) K
d

where By is a standard d-dimensional Brownian motion.

It can then be shown that the homogenized SGD solution stays close to the
SGD discrete updates as the dimension goes to infinity. More precisely it was
shown in the following lemma:

Lemma 2.4 (Homegenized SGD stays close to SGD). Let ¢ : R — R be a
quadratic with ||q||cz := sup, || V2q(2)|ls + [|Vq(0)]| + |q(0)| where || - ||, is the
nuclear norm. Then, for any € > 0, there is a constant C(||K|,) such that the
processes {0, 17—, {0, /a}r—o satisfy for n < dlog(d)/C(||K||s):

supq(0) = q(Ox/a)| < llgllcae I I/ Aa=1/2 400

with overwhelming probability.

The proof uses martingale concentration tools. The next step, is to describe the
risk curve for homogenized SGD. To that end, we will rewrite the risk using the
Spectral mapping theorem.

Definition 2.5 (Resolvent). Let a matriz A € R¥?. The resolvent of A is the
mapping R : C\ Spec(A) — RI*d;

R(z;A) = (A —z1,)7 "
We can then rewrite the risk:

Lemma 2.6 (Spectral mapping theorem). Define

Qu(z) = (R K), (0, - 1)),

Suppose to simplify that n = 0. Then if T' is a contour of C enclosing the
eigenvalues of K,
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Proof. This is a simple application of the Spectral Mapping theorem by writing:

P(O) = (K, (0.~ 1))
O

The advantage of this decomposition is that the familiy Q¢(z),z € T is a
family of statistics that closes. In other words, the evolution equation of P(©;)
that comes from applying Ito formula can be simplified. Especially, applying Ito
formula on each @Q;(z) and integrating along the contour I' yields the following
equation:

Definition 2.7 (Convolution Volterra equation). Let ¥(t) solve the following
convolution equation:

U(t) = F(t) + /t Kt —s)¥(s)ds

where:

{ F(t) = P(X;)

Tr(K2e 27Kt
]C(t) = 72 ( d )
where X (t) is the solution of gradient flow:
dX,
= VP

It has been shown that homogenized SGD approximately solves the convo-
lution Volterra equation:

Lemma 2.8 (Homogenized SGD solves the Volterra equation). Ve > 0,7 > 0

we have with overwhelming probability:

sup [P(0y) — U (t)| < C(T, ||K||,)d~'/?*
t<T

Now it is possible to obtain average case results on the learning rate that
allows convergence of the algorithm. In particular, it is standard from renewal
equation theory that U(t) converges when F(t) itself converges and the kernel
satisfies |KC||1 < 1. The second condition directly brings:

Lemma 2.9 (Convergence condition). W(t) converges if v < %,

3 The Power-Law Random Features Model

3.1 Motivation for this model

The power-law random features model (PLRF) has been introduced in [Maloney’
et al.| (2024) to represent the distribution of random features on real world



datasets, and as a model that can induce power laws of the loss with respect to
dimension or number of iterations of the training algorithm. The model can be
summarized as follows:

Definition 3.1 (PLRF model). Let v > d > 1, let a, 8 > 0. The PLRF model
consists in solving:

min® [((W7z,0) - (2,1))’]

where 0 € RY are the parameters to optimize, W € RV*? is a random matriz
sampled as Wi ; *S N(0, %), z,b € R with x; % j=N(0,1), b; = j 7.

«, f are parameters measuring the complexity of the data distribution. W is a
random projection matrix. The observable is W'z and 6 are the parameters to
reproduce the target (x,b).

3.2 Random Matrix Theory and the Dyson Equation

The dynamics of gradient descent on the PLRF model, are determined by the
eigenvalue distribution of the data covariance matrix K := WTDW, where
D = Diag(j72%,j = 1---d). Since W is random, WT DW is a random matrix.
To study its eigenvalues, a general method is to use a detreministic equivalent on
its resolvent which obeys a Dyson fixed point equation. [Paquette et al.| (2024)
expressed this fixed point equation as:

1
2a

R(z) = Diag < —
( ) L+ 52?:1 j—szm(z)fz

W’l <J< d> with  m(z) =

It is possible from this fixed point equation to obtain equivalents, as d — oo on
R(z),z € C. This will be crucial to compute contour integrals in section

4 Compute optimal scaling laws for Stochastic
Gradient Descent

We will now describe how to obtain compute optimal scaling laws on the PLRF
model for stochastic gradient descent as was done in [Paquette et al.| (2024). The
update equation of SGD is:

0ry1 =0, —~vx WTx(<WTx, 0,y — (x, b)) (1)

with v a step size parameter.

4.1 Simulation of the dynamics

It is possible to simulate the SGD updates dynamics. In fig. [1| we directly see
that fig. [I|induce a power law compute optimal frontier (dotted red line).
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Figure 1: The discrete updates dynamic induces a power law compute optimal
frontier. For a compute f = 5.10% flops, the optimal dimension is d, = 400

4.2 Volterra Equation

The previous updates directly imply that the risk is solution of a convolution
Volterra equation. The loss is given by

P(r) = | D'20|* + (K(I - 29K +2¢y°K?)", (0 — b)*?) (2)
F(t)
+ D P(s)VPTr(K2(1 — 29K +292K?) ") ds (3)
0 K(r—s—1)
=F(t)+ Y K(r—s—1)P(s)ds (4)
0

This form of equation is also known as renewal equation in probability theory.

It is known that under mild conditions such as F(r) bounded and |||, Lof

>0  K(r) < 1, then there exists a unique solution to that equation of the form:

Pir)y=Fr)+ (F«K)(r)+ (FxKxK)(r)+ ...
In particular, it is possible to bound for a constant C' sufficiently large:

1

o (F)+(FxK)(r) < Plr) < C(F () + (F+K)(r))



Finally, when F, K do not decrease too fast, it is possible to bound:

SF0) +K() < (F*K)(r) < CF) +K0)

As a conclusion, the asymptotics of P are entirely determined by the
asymptotics of the forcing and kernel functions F, K.

4.3 Random matrix theory to understand the spectrum
of WIDW

We therefore need to compute the sums:

F(r) = D202 + (R (1 = 29K + 29K, (0 — 5))
K(r) = v?Tr(K?(I — 2yK + 2y2K?)r—s~1)

The problem is that we do not know the eigenvalues A; of the random matrix
WTDW. However, as explained in section we can characterize a determin-
istic equivalent of the resolvent R(z; WTDW) = (WTDW — zId)~".

We can then formally use Cauchy theorem and write the sum as an integral
around a contour I' enclosing the eigenvalues of K := DY2wwTD/2:

{ F(r) = —5 $.(1 — 272+ 2922%)" - (R(2; K), (Ql/Qb)®2))dz
K(r) = —ﬁ fr Tr(z2(1 —2yz + 27222)" - R(2; K))d=

5 Conclusion

We have seen how the asymptotic of the risk for the PLRF model optimized by
SGD, is related to the forcing and kernel function of a Volterra equation. By
studying the spectrum of the data covariance matrix, we can get asymptotic
on these two functions hence characterizing the speed of convergence of the
algorithm.
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