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Abstract. In this note, we will review some recent progresses in the Liouville Conformal
field theory within probabilistic framework.
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1. Introduction

Liouville field theory was suggested by Polyakov in 1981 [Po81] to describe the geom-
etry of a canonical random surface whose topology is fixed. To define LFT, physicists use
the path integral formalism. Informally it tells us that our Liouville field φ will be given in
terms of an infinite measure on a suitable functional space. Consider the following space of
function from surface S ∶

(1.1) Σ = {X ∶ S → R}.
The Liouville field φ is then given by the following formal definition, for any background
metric g on S2,

(1.2) E[F (φ)] = 1

Z ∫Σ
F (X)e−SL(X,g)DX,

where SL(X,g) is the so-called Liouville action:

(1.3) S(X,g) = 1

4π ∫S(∣∇gX ∣2 +QRgX + 4πµeγX)g(x)d2x.
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here Rg is the Ricci curvature and Z is a formal normalization constant.
The extrema of the Liouville action

(1.4) S(X,g) = 1

4π ∫S(∣∇gX ∣2 +QRgX + 4πµeγX)g(x)d2x.

satisfies

(1.5) − 2∆gXmin +QRg + γµeγXmin = 0

we may get a constant negative curvature

(1.6) ReγXming = −
γ2µ

2

If we simply take Q = 2
γ .

So in the classical theory (Q = 2
γ ) the minimum of the Liouville action uniformizes the

surface (M,g) and it is therefore natural to look at quantum fluctuations of the uniformized
metric eγXming. This is precisely the meaning of (1.2) in the physical origin. To make sure
the conformal invariance in quantum case, we need to choose Q = γ

2 + 2
γ .

One should note that the path integral (1.2) diverges for any surface S of genus 0 or 1
by simply using Gauss-Bonnet formula. For example, in the sphere case, we need to add
curvature singularities

Rg = Σn
i=1αiδ(x − xi) + bounded term

So we need to choose g(x) ∼ 1
∣x−xi∣

αi
near xi with αi satisfy so called Seiberg bound:

αi < 2 since g is integrable and

Σn
i=1αi > 4 due to Gauss −Bonnet theorem

Now we write the Liouville correlation function as

(1.7) E[F (φ)] = 1

Z ∫Σ
F (X)e∑Ni=1 αiX(zi)e−SL(X,g)DX,

where we have chosen N insertion points zi ∈ S2 with weights αi ∈ R (to make sure the path
integral converges, the minimal insertions for the sphere case is 3, and for the tori case is
1). By choosing F = 1 in the above expression we define the N -point correlation function of
LCFT, the most fundamental observable of the theory:

(1.8) ⟨
N

∏
i=1

eαiφ(zi)⟩S2,g =
1

Z ∫Σ
e∑

N
i=1 αiX(zi)e−SL(X,g)DX.

It can be proved that the correlation function satisfies the Möbius invariance(3.16) and
Weyl anomaly(3.17), which imply the Liouville field theory is actually a Conformal field
theory.
One of the main mission of a conformal field theory is to compute the correlation function of
some observables which are vertex operators. In the algebraic formulation of Liouville theory,
physicits use a so-called conformal bootstrap method. Roughly speaking, it means we may
decompose the state of space of the form

1 = ΣP ∣P > × < P ∣
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Where ∣P > form a basis of states and given by primary states (operator algebra) and descen-
dants (acted by Virasoro algebra). However, weather this spectrum is absolutely continuous
seems a mystery in many years. In a mathematical rigor, bootstrap means decomposition
over spectral of some Hamiltonian. In the Liouville case, this Hamiltonian has a simple form
(5.15).
With bootstrap equation (6.3) in [GKRV], we may define the conformal block in a mathemat-
ical way but it’s explicit form seems unclear. In the seminal work [AGT10], they presented
a bridge between 2 dimensional conformal field theory and 4 dimensional supersymmet-
ric Yang-Milles gauge theory, actually this bridge is the instanton moduli space (a kind of
Nakajima variety in mathematical language) since the torus action fixed points correspond
to a special complete basis in CFT side. Through this bridge, the conformal block can be
represented by instanton partition function which has a closed form.

2. Liouville Conformal field Theory on Sphere

First we recall the path integral interpretation of Brownian motion: Consider the space
of path Σ = {σ ∶ [0,1] → R, σ(0) = 0} and the action SBM = 1

2 ∫
1

0 ∣σ′(t)∣2dt. Then for all
suitable F ,

E[F ((Bs)0 6 s 6 1)] =
1

Z ∫Σ
F (σ)e−SBM (σ)Dσ,

where Dσ is a formal uniform measure on Σ′.
Let us briefly explain why Brownian motion meets this pathwise construction. Consider
Dirichlet Problem:

(2.1) {
∂2u
∂t2 = −λu(t)
u(0) = u(1) = 0 ∣∣u(t)∣∣L2[0,1] = 1

Then we get

(2.2) eigenstates uj(t) =
√

2sin(jπt) with eigenvalues λj = j2π2

Where λ1 6 λ2 6 ... , for σ(t) = Σj > 1σjuj,
(2.3)

∫
Σ′
F (σ)e−SBM (σ)Dσ = ∫ F (Σj > 1σjuj) ∏

j > 1

(e−λjσ2
j dxj) = ∏

j > 1

(
√

2π√
λj

)∫ F (Σj > 1

vjuj√
λj

) ∏
j > 1

( e
−
v2
j
2

√
2π
dvj)

Here vj =
√
λjσj is standard Gaussian distribution, and we know Bt ∶= Σj > 1

vj
√

2sin(πjt)

jπ is
just Brownian motion.

3. The probabilistic construction of LCFT

In this note, We will consider the metric g(x) = 1
∣x∣4+

on Riemann sphere, the curvature

of this metric is a measure and is given by Rg(x)g(x)d2x = −∆ ln g(x)d2x = 4ν(d2x) where
ν is the uniform measure on the circle of center 0 and radius 1 (normalized such that

∫C ν(d2x) = 2π). Then the normalized Gaussian free field X can be defined by solving
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Laplace equation as following. Here normalized means it has average 0 with respect to the
curvature ∫CX(x)Rg(x)g(x)d2x = 0. Let us consider

L2(S2) ∶= {ϕ ∣ ∫
C
ϕ(x)g(x)d2x < ∞}

Let (ϕj)j > 1 be the eigenvector basis for −∆g, i.e.

− 1

g(x)∆gϕj(x) = λjϕj(x).

normalized to have L2(S2) norm equal to 1: ∫Cϕj(x)2g(x)d2x = 1. Then every function in
ϕ ∈ L2(S2) can be decomposed in a unique way on the orthonormal basis (1, (ϕj)j > 1)
(3.1) ϕ = c + ∑

j > 1

cjϕj

where for all j > 1 cj = ∫Cϕ(x)ϕj(x)g(x)d2x=(ϕ,ϕj)g, it is natural to write for a function
F defined on L2(S2) that

(3.2) ∫
L2(S2)

F (ϕ)Dϕ = ∫
R
∫
RN∗

F (c + ∑
j > 1

cjϕj) dc
∞

∏
j=1

dcj

where dc and each dcj is the standard Lebesgue measure on R. If ϕ has decomposition (3.1)
then

1

4π ∫S2
∣∇gϕ(x)∣2g(x)d2x = 1

4π

∞

∑
j=1

c2
jλj

hence this leads to the following formal definition

(3.3) ∫
L2(S2)

F (ϕ)e− 1
4π ∫S2 ∣∇gϕ(x)∣2g(x)d2xDϕ = ∫

R
∫
RN∗

F (c + ∑
j > 1

cjϕj) dc(
∞

∏
j=1

e−
c2jλj

4π dcj)

Let us stress that the two previous definitions (3.2) and (3.3) are not meant to be rigorous.
However, one can make sense of the previous definition (3.3) using probability theory. First,

let us make the change of variable uj = cj
√
λj

√
2π

in (3.3) which leads to (at the formal level)

∫
R
∫
RN∗

F (c+ ∑
j > 1

cjϕj)dc(
∞

∏
j=1

e−
c2jλj

4π dcj) = C ∫
R
∫
RN∗

F (c+
√

2π ∑
j > 1

uj
ϕj√
λj

)dc(
∞

∏
j=1

e−
u2
j
2
duj√

2π
)

where the “constant” C has the following formal definition C = ∏∞
j=1(2π(λj)−1/2). This

constant can be interpreted as (det′(∆g))−1/2 where det′(∆g) is the determinant of the
Laplacian (it’s an interesting topological invariant, see [OPS]).
Now, for any i.i.d. sequence (εj)j > 1 of standard centered Gaussian variables the sum√

2π∑j > 1 εj
ϕj
√
λj

converges in S ′(C), we define the Gaussian free field X as this limit;

hence this leads to the following rigorous definition for any function F defined on S ′(C)

(3.4) ∫ F (ϕ)e− 1
4π ∫S2 ∣∇gϕ(x)∣2g(x)d2xDϕ ∶= ∫

R
E[F (X + c)] dc.

Let us stress that the GFF X lives in a space of distributions and not a space of functions
and in particular not L2(S2).
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Proposition 3.1. The sum
√

2π∑j > 1 εj
ϕj
√
λj

converges almost surely in Sobolev space H−s(S2)
for s > 0.

Proof. Suppose f ∈Hs
0(S2), where ∣∣f ∣∣Hs

0
= Σj > 1∣fj ∣2λsj , fj = (f, φj)g then

(3.5)

∣(X,f)g ∣ =
√

2π ∣Σ∞
j=1εj

fj√
λj

∣ =
√

(2π)Σ∞
j=1 ∣εjλ

− 1
2
− s

2
j fjλ

s
2
j ∣ 6

√
2π ∣∣f ∣∣Hs

0(S2) (Σ∞
j=1ε

2
jλ

−1−s
j ) 1

2

The random series Σ∞
j=1ε

2
jλ

−1−s
j converges almost surely by noticing that λj ∼ j as j goes to

infinity (this asymptotic is called Wely’s formula, which can be found in [MP] and the sum
of independent variables converges almost surely if it is L2 convergent. �

The GFF from above construction can also be characterized by

(3.6) E[X(x)X(y)] = ln 1

∣x − y∣ + ln∣x∣+ + ln∣y∣+

Since by construction ∫CX(x)Rg(x)g(x)d2x = 0 almost surely and ∫CRg(x)g(x)d2x = 8π,
this leads naturally to the following definition

(3.7) ∫ F (ϕ)e− 1
4π ∫S2 ∣∇gϕ(x)∣2g(x)d2x− 1

4π ∫S2 Rg(x)ϕ(x)g(x)d
2xDϕ ∶= ∫

R
e−2QcE[F (X + c)] dc

Let us introduce the Liouville field

(3.8) φ =X(x) + Q
2

ln g + c = c +X(x) − 2Q ln ∣x∣+
and consider the measure EQ

(3.9) EQ[F (φ)] = ∫
R
e−2QcE[F (X + Q

2
ln g + c)] dc

The above describes a free field theory µ = 0 and to describe the Liouville theory, we need
the Gaussian Multiplicative chaos.

Proposition 3.2. Let Xε =X ∗θε be a modification of X, then lim
ε→0

eγXε(x)−
γ2

2 E[Xε(x)2]
∣x∣4+

dx exists

in probability in the space of Radon measure on S2 and the limit does not depend on the
mollifier. We note it as Mγ(dx) and call it Gaussian multiplicative chaos.

Let φε be the circle average approximation of φ, namely φε(x) = 1
2π ∫

2π

0 φ(x + εeiθ)dθ. We

have φε = Xε + Q
2 (ln g)ε + c where (ln g)ε denotes the circle average of ln g. We consider the

associated vertex operator

Vα,ε(x) = ε
α2

2 eαφε(x)

We have for x ∈ C that E[Xε(x)2] = ln 1
ε − 1

2 ln g(x) + o(1) (o(1) is with respect to ε) hence

Vα,ε(x) = eαceαXε(x)−
α2

2
E[Xε(x)]g(x)αQ2 −α

2

4 (1 + o(1)) = ∣z∣−4∆α
+ eαceαXε(z)−

α2

2
E[Xε(z)2]

and ∆α is called the conformal weight of Vα.

For α = γ, one gets γQ
2 − γ2

4 = 1 and therefore

Vγ,ε(x) = eγc
eγXε(x)−

γ2

2
E[Xε(x)]

∣x∣4+
(1 + o(1))
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hence we get the following convergence in the space of Radon measures

Vγ,ε(x)d2x →
ε→0

eγcMγ(d2x).

Now for F continuous and non negative on Hs(Ĉ), we use

(3.10) ⟨F (φ)⟩γ,µ = ∫
R
e−2QcE[F (c +X − 2Q ln ∣.∣+)e−µe

γcMγ(C)]dc.

as probabilistic definition of path integral. Then the n-point correlations can be defined for
real valued αi via the following limit

(3.11) ⟨
n

∏
i=1

Vαi(zi)⟩γ,µ ∶= lim
ε→0

⟨
n

∏
i=1

Vαi,ε(zi)⟩γ,µ

Proposition 3.3. The limit (3.11) exists and is non trivial if and only if the following
bounds hold

(3.12)
n

∑
i=1

αi > 2Q, αi < Q, ∀i = 1, . . . , n (Seiberg bounds).

And the limit (3.11) admits the following representation in terms of the moments of GMC

(3.13) ⟨
n

∏
i=1

Vαi(zi)⟩γ,µ = γ−1 ( ∏
1 6 j<j′ 6 n

1

∣zj − zj′ ∣αjαj′
)µ−sΓ(s)E[Z−s]

where s = ∑
n
i=1 αi−2Q

γ , Γ is the standard Gamma function and (recall that ∣x∣+ = max(∣x∣,1))

Z = ∫
C
(
n

∏
i=1

∣x∣γαi+

∣x − zi∣γαi
)Mγ(dx).

Remark 3.4. If we remove the non trivialness requirement of correlation function, the
Seiberg bound can be extened to

(3.14) − s < 4

γ2
∧ min

1 6 k 6 N

2

γ
(Q − αk), αk < Q, ∀k

We also introduce the change of variables formula for Liouville field,

Proposition 3.5. Let ψ ∶ Ĉ→ Ĉ be a Möbius map and ⟨∣G(φ)∣⟩γ,µ < ∞. Then

(3.15) ⟨G(φ ○ ψ +Q ln ∣ψ′∣)⟩γ,µ = ⟨G(φ)⟩γ,µ.
Finally we state the KPZ formula and Weyl anomaly which play a fundamental rule

in Liouville Conformal field theory,

Proposition 3.6 (KPZ formula).

(3.16) ⟨
N

∏
k=1

Vαk(ψ(zk))⟩γ,µ =
N

∏
k=1

∣ψ′(zk)∣−2∆αk ⟨
N

∏
k=1

Vαk(zk)⟩γ,µ

Proposition 3.7 (Weyl anomaly). Given a metric g = eϕĝ conformally equivalent to the
spherical metric ĝ we have,

(3.17) ⟨
N

∏
i=1

eαiφ(zi)⟩g,γ,µ = exp( cL
96π

(∫
C
∣∇ϕ(x)∣2d2x + 4∫

C
ϕ(x)ĝ(x)d2x)) ⟨

N

∏
i=1

eαiφ(zi)⟩ĝ,γ,µ,
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where cL = 1+6Q2. This constant cL is the so-called central charge of the Liouville conformal
field theory.

4. DOZZ formula

In this section, we will give a summary the result of the seminal paper [KRV20], which
proves the DOZZ formula in a mathematics rigor. Since the conformal automorphism group
of sphere ≅ PSL2(C) is generated by Möbius transformation, then the KPZ formula fixes
the three point correlation functions up to a constant:

(4.1) ⟨
3

∏
k=1

Vαk(zk)⟩γ,µ = ∣z1 − z2∣2∆12 ∣z2 − z3∣2∆23 ∣z1 − z3∣2∆13Cγ(α1, α2, α3)

The structure constants Cγ in (4.1) can be recovered as the following limit

(4.2) Cγ(α1, α2, α3) = lim
z3→∞

∣z3∣4∆3⟨Vα1(0)Vα2(1)Vα3(z3)⟩,

where ∆j ∶= ∆αj . Now we can give a probabilistic construction of structure constant:

(4.3) Cγ(α1, α2, α3) = 2µ−sγ−1Γ(s)E(ρ(α1, α2, α3)−s)
where s = (∑3

i=1αi − 2Q)/γ and

ρ(α1, α2, α3) = ∫
C

∣x∣γ(α1+α2+α3)
+

∣x∣γα1 ∣x − 1∣γα2
Mγ(d2x).

In physical literature, Teschner argued that C(α1, α2, α3) should be doubly periodic in each
αi:

C(α1 + γ

2
, α2, α3) = − 1

πµ
Dγ(γ2 , α1, α2, α3)C(α1 − γ

2
, α2, α3)(4.4)

C(α1 + 2

γ
, α2, α3) = − 1

πµ̃
Dγ( 2

γ
, α1, α2, α3)C(α1 − 2

γ
, α2, α3)(4.5)

with µ̃ = (µπl( γ
2

4
))

4
γ2

πl( 4
γ2 )

and

Dγ(χ,α1, α2, α3) =
l(−χ2)l(χα1)l(χα1 − χ2)l(χ2 (ᾱ − 2α1 − χ))

l(χ2 (ᾱ − χ − 2Q))l(χ2 (ᾱ − 2α3 − χ))l(χ2 (ᾱ − 2α2 − χ))
(4.6)

where ᾱ = α1 + α2 + α3 and

(4.7) l(x) = Γ(x)/Γ(1 − x).
He showed equations (4.4), (4.5) have a meromorphic solution CDOZZ

γ by using BPZ equa-
tion, crossing symmetry and a mysterious reflection relation:

(4.8) C(α1, α2, α3) = R(α1)C(2Q − α1, α2, α3)

The DOZZ formula is expressed in terms of a special function Υ γ
2
(z) defined for 0 <R(z) < Q

by the formula

(4.9) ln Υ γ
2
(z) = ∫

∞

0
((Q2 − z)2e−t −

(sinh((Q2 − z) t2))2

sinh( tγ4 ) sinh( tγ )
)dt
t
.
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The function Υ γ
2

can be analytically continued to C by some functional equation. It has

no poles in C and the zeros of Υ γ
2

are simple (if γ2 /∈ Q) and given by the discrete set

(−γ2N− 2
γN) ∪ (Q+ γ

2N+ 2
γN). With these notations, the DOZZ formula CDOZZ

γ (α1, α2, α3)
is the following expression
(4.10)

CDOZZ
γ (α1, α2, α3) = (π µ l(γ2

4 ) (γ2)2−γ2/2)
2Q−ᾱ
γ

Υ′
γ
2

(0)Υ γ
2
(α1)Υ γ

2
(α2)Υ γ

2
(α3)

Υ γ
2
( ᾱ−2Q

2 )Υ γ
2
( ᾱ2 − α1)Υ γ

2
( ᾱ2 − α2)Υ γ

2
( ᾱ2 − α3)

.

The main property of DOZZ formula is that it satisfies the reflection relation:

(4.11) CDOZZ
γ (α1, α2, α3) = RDOZZ(α1)CDOZZ

γ (2Q − α1, α2, α3)
with

(4.12) RDOZZ(α) = −(π µ l(γ2

4 ))
2(Q−α)

γ
Γ(−γ(Q−α)2 )
Γ(γ(Q−α)2 )

Γ(−2(Q−α)
γ )

Γ(2(Q−α)
γ )

.

The probabilistic expression Cγ(α1, α2, α3) vanishes identically if some αi > Q. This is in
contradiction with DOZZ sinceCDOZZ

γ (α1, α2, α3) = 0 only on (−γ2N − 2
γN) ∪ (Q + γ

2N + 2
γN).

To solve this, the probabilistic Cγ is analytic in αi and the analytic continuation to αi > Q
is nontrivial.

Theorem 4.1. Let α1, α2, α3 satisfy the bounds (3.14) with N = 3. The following equality
holds

Cγ(α1, α2, α3) = CDOZZ
γ (α1, α2, α3).

5. The dynamics of the Liouville Field

In this section we explain the dynamics of Liouville field, it inherits the Markov property
from GFF and by a kind of Feymann-Kac formula it gives rises to a semigroup generator
H so called the full Liouville Hamiltonian.
Given two independent sequences of i.i.d. standard Gaussians (xn)n > 1 and (yn)n > 1, the
GFF on the unit circle is the random Fourier series

(5.1) ϕ(θ) = ∑
n/=0

ϕne
inθ

where for n > 0

ϕn ∶=
1

2
√
n
(xn + iyn), ϕ−n ∶= ϕn.(5.2)

The Green kernel is given by:

(5.3) E[ϕ(θ)ϕ(θ′)] = ln
1

∣eiθ − eiθ′ ∣ .

The underlying probability space here is ΩT = (R2)N∗ . It is equipped with the cylinder
sigma-algebra ΣT = B⊗N∗ , where B stands for the Borel sigma-algebra on R2 and the product
measure

PT ∶= ⊗
n > 1

1

2π
e−

1
2
(x2
n+y

2
n)dxndyn.(5.4)
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Here PT is supported on Hs(T) for any s < 0. First, we introduce the reflection property,
which gives a representation of Liouville correlation functions on L2(R ×ΩT).
For B ⊂ Ĉ Borel set, let AB be the sigma-algebra in Hs(Ĉ) generated by the functions
g ↦ ⟨g, c+ f⟩ with f ∈ C∞

0 (B) and c ∈ R (⟨⋅, ⋅⟩ stands for duality bracket) and let FB denote

the AB-measurable complex valued functions F ∶Hs(Ĉ) → R . Let θ ∶ Ĉ→ Ĉ be the reflection
at the equator:

θ(z) = 1/z̄(5.5)

and extend θ to F ∶W s(Ĉ) → C by

(ΘF )(g) = F (g ○ θ).(5.6)

Let D = {∣z∣ < 1} be the unit disk. Recall that φ = c +X − 2Q ln ∣.∣+ and let F2
D denote the

subset of FD made up of those F such that ⟨∣F (c+X)ΘF (c+X)∣⟩γ,µ < ∞. For F,G ∈ F2
D we

define

(5.7) (F,G)D ∶= ⟨ΘF (c +X)G(c +X)⟩γ,µ.
Reflection positivity is the following statement:

Proposition 5.1. The sesquilinear form (5.7) is non-negative: for all F ∈ F2
D

(F,F )D > 0.

Now we introduce a decomposition of full plane gaussian free field: the GFF on the
Riemann sphere X decomposes as the sum of three independent variables

(5.8) X = P (ϕ) +XD +XDc

where P is the harmonic extension of the circle GFF ϕ defined on ΩT and XD,XDc are two
independent GFFs defined on D and Dc with Dirichlet boundary conditions. The Dirichlet

GFF XDc on the complement Dc of D can be constructed as XDc(et+i⋅) law= XD(e−t+i⋅), t > 0.
The canonical Hilbert space HD of LCFT is then defined as the completion of F2

D/N0, where
N0 is the null space N0 = {F ∈ FD ∣ (F,F )D = 0}, with respect to the sesquilinear form (5.7).
Now, we construct a map

U ∶ FD → L2(R ×ΩT)(5.9)

(UF )(c,ϕ) ∶= e−QcEϕ[F (c +X)e−µeγcMγ(D)](5.10)

where X = XD + Pϕ and Mγ is its GMC measure. which descends to a unitary map from
HD onto L2(R ×ΩT), denoted also by U .

Then by independence of XD and XDc , we have (F,G)D = ⟨UF ∣UG⟩2. So we can represent
the four point correlation function as:

Proposition 5.2. Let

Uα,β(z1, z2) ∶= lim
ε→0

U(Vα,ε(z1)Vβ,ε(z2)),

Then we have

(5.11) ⟨Vα1(0)Vα2(z)Vα3(z′)Vα4(∞)⟩γ,µ = ∣z′∣−4∆α3 ⟨Uα1,α2(0, z) ∣Uα4,α3(0,
1

z̄′
)⟩2
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The dilation z ∈ C → sq(z) = qz maps D to itself for ∣q∣ 6 1 and it extends to a map on

distributions X ∈W s(Ĉ) by X →X ○ sq. We then define for F ∈ FD

(5.12) (SqF )(X) = F (c +X ○ sq +Q log ∣q∣).

We can use möbius invariance (3.15) to show that Sq extends to HD and defines a strongly
continuous contraction semigroup

SqSq′ = Sqq′(5.13)

with the operator norm ∥Sq∥ 6 1. Taking q = e−t with t > 0 the Hille-Yosida theorem gives
a semigroup generator:

(5.14) USe−tU
−1 = e−tH∗

The main theorem is:

Proposition 5.3. Consider the full Liouville Hamiltonian,

(5.15) H ∶= −1

2
∂2
c +

1

2
Q2 +P + µeγcV

where V is a positive potential whose expression is

(5.16) V = ∫
2π

0
eγϕ(θ)−

γ2

2
E[ϕ(θ)2]dθ.

and P = ∑∞
n=1 n((−∂xn +xn)∂xn +(−∂yn +yn)∂yn). Then if γ ∈ (0,

√
2), H admits a Friedrichs

extension, and H = H∗.

Remark 5.4. V is a non-trivial measure if and only if γ ∈ (0,
√

2).

We also have a so called Feymann-Kac formula for e−tH∗,

Proposition 5.5.

(5.17) e−tH∗ = e−Q
2t
2 Eϕ[f(c +Bt, ϕt)e−µ ∫

t
0 e

γ(c+Bs)V (ϕs)ds]

Remark 5.6. We also define the U0 for the free case µ = 0 as:

(U0F )(c,ϕ) ∶= e−QcEϕ[F (c +X)].(5.18)

and it corresponds to the semigroup generator H0 = −1
2∂

2
c + 1

2Q
2 +P.

6. Conformal Bootstrap

Theorem 6.1. Let γ ∈ (0,
√

2). the spectrum of H is absolutely continuous and given by the

half-line [Q2

2 ,∞). Each E ∈ [Q2

2 ,∞) is of finite multiplicity (in the sense of absolutely contin-
uous spectrum) and there is a family of generalized eigenstates ΨQ+iP,ν,ν̃ ∈ ∩ε>0e−εc−L2(R×ΩT)
labeled by P ∈ R+ and ν, ν̃ belong to the set of Young diagram T such that

HΨQ+iP,ν,ν̃ = (Q
2

2
+ P

2

2
+ ∣ν∣ + ∣ν̃∣)ΨQ+iP,ν,ν̃ .
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Moreover ΨQ+iP,ν,ν̃ is a family diagonalizing H in the sense that for each u1, u2 ∈ eδc−L2(R×
ΩT) for some δ > 0
(6.1)

⟨u1 ∣u2⟩2 = lim
N→∞
L→∞

∑
ν,ν̃,ν′,ν̃′∈T ,
∣ν∣+∣ν̃∣ 6 N,

∣ν′∣=∣ν∣,∣ν̃′∣=∣ν̃∣

∫
L

0
⟨u1 ∣ΨQ+iP,ν′,ν̃′⟩2⟨ΨQ+iP,ν,ν̃ ∣u2⟩2F

−1
Q+iP (ν, ν′)F −1

Q+iP (ν̃, ν̃′)dP

Here F −1
Q+iP is called Schapovalov matrix element comes form the non-orthogonal prop-

erty of ΨQ+iP,ν,ν̃.

The eigenstates Ψα,ν,ν̃ is essential for mathematical treatment of conformal bootstrap
since the construction of ΨQ+iP,ν,ν̃ shows it is analytic in a large region called Wλ which
contains both spectrum line Q + iR+ and very negative real numbers. When α is negative
enough we can deduce a probabilistic representation of ΨQ+iP,ν,ν̃ by GMC and Feymann-Kac
formula(5.5)and prove the following property first in the negative real number region and
then analytically continues back to the spectrum line:

Proposition 6.2 (Ward identities). For all P such that α = Q + iP belongs to Wλ, thus
in particular for P > 0, the scalar product ⟨ΨQ+iP,ν,ν̃ ∣Uα1,α2(0, z)⟩2 is explicitly given by the
following expression

⟨ΨQ+iP,ν,ν̃ ∣Uα1,α2(0, z)⟩2 = v(∆α1 ,∆α2 ,∆Q+iP , ν̃)v(∆α1 ,∆α2 ,∆Q+iP , ν)(6.2)

× 1

2
CDOZZ
γ,µ (α1, α2,Q + iP )z̄∣ν∣z∣ν̃∣∣z∣2(∆Q+iP−∆α1−∆α2)

where v(∆,∆′,∆′′, ν) ∶= ∏k
j=1(νj∆′ −∆ +∆′′ +∑u<j νu) .

With all ingredients above, we come to the so-called bootstrap formula,

Theorem 6.3. Let γ ∈ (0,
√

2) and αi < Q for all i ∈ J1,4K. Then the following identity holds
for α1 + α2 > Q and α3 + α4 > Q

⟨Vα1(0)Vα2(z)Vα3(1)Vα4(∞)⟩γ,µ

= 1

8π ∫
∞

0
CDOZZ
γ,µ (α1, α2,Q − iP )CDOZZ

γ,µ (Q + iP,α3, α4)∣z∣2(∆Q+iP−∆α1−∆α2)∣FP (z)∣2dP(6.3)

Where FP (z) is called conformal block whose coefficients( as power series of z) βn are
given by

βn(∆Q+iP ,∆α1 ,∆α2 ,∆α3 ,∆α4) = ∑
ν,ν′∈Tn

v(∆α1 ,∆α2 ,∆Q+iP , ν)F −1
Q+iP (ν, ν′)v(∆α4 ,∆α3 ,∆Q+iP , ν

′).
.

7. Some Future Projects

7.1. 4-point sphere conformal block and Nekrasov partition function. This part is
mainly adapted from [AGT10].
Nekrasov partition function arises in the study of four-dimensional supersymmetric
gauge theories [Nek02], that is theories described by a connection on some vector bundle
and that rely on a path integral formulation. The Lagrangian of this theory enjoys some
invariance under local transformations, encoded by Lie groups. In his seminal work [Nek02],
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Nekrasov considered a deformation of the Lagrangian of its model quantified two deforma-
tion parameters ε1, ε2 (corresponding to a rotation in the space-time R4). These deformations
break the symmetry of the model and this crack is measured using Nekrasov partition func-
tion. This partition function factorizes into three parts, the one relevant in the context of
the AGT conjecture being the instanton part and which represents the contribution coming
from the moduli space of instanton. In the case of U(2) instantons the path integral provides
an explicit expression for the partition function which takes the form:

(7.1) Zinst(a;m0,m1; m̃0, m̃1; q∣ε1, ε2) = 1 + ∑
N > 1

qNZN (a,m∣ε1, ε2)

where the ZN (a,m∣ε1, ε2) are defined through integral expressions ([Nek02, Equation (3.25)])
and which represents integrals over the instantons with topological number N . By using the
theory of torus action on Nakajima varities, these integral can be explicitly computed and
enjoys a nice combinatorial form ([NO03, Equation (6.3)]), which is central in the AGT
correspondence:

(7.2) ZN (a,m∣ε1, ε2) = ∑
∣
Ð→
λ ∣=N

Zbif(α2∣i(Q − α1),∅;P,
Ð→
λ )

Zbif(0∣P,
Ð→
λ ;P,

Ð→
λ )

Zbif(α3∣P,
Ð→
λ ; i(Q − α4),∅)

Zbif(0∣i(Q − α4),∅; i(Q − α4),∅)

where the sum ranges over pairs of Young tableaux with total size N . In the expression of
we have considered:

● the deformation parameters ε1,2
● the multiplet of massless vectors a = (a1)
● the masses of the adjoint multiplet m = (m0,m1) and m̃0, m̃1

● the instanton parameter q = e2iπτ with τ the microscopic coupling.

The sum ranges over pairs of Young diagrams
Ð→
λ = (λ1, λ2) with total weight N and the

quantities denoted by Zbif are explicit:

(7.3) Zbif(α∣P,
Ð→
λ ;P ′,Ð→ν ) =

2

∏
i,j=1

∏
t∈λ(i)

(Q −Eλi,νj(Pi − P ′
j ∣t) − α) ∏

s∈ν(j)
(Eνj ,λi(P ′

j − Pi∣s) − α)

The AGT conjecture adresses this issue by relating Virasoro conformal blocks to the
Nekrasov partition function. Indeed, both theories - gauge and conformal theories - are
somehow related to the moduli space of instantons, via a path integral for the N = 2 su-
persymmetric gauge theory and through the action of the symmetry algebra of a CFT on
its equivariant cohomology. The case we consider here is the one studied by the authors in
[AGT10] and corresponds to U(2) instantons on C2, i.e. N = 2 U(2) supersymmetric gauge
theory and a CFT which corresponds to the tensor product of Liouville theory and a free
boson. Indeed, we can decompose U(2) = U(1)⊕SU(2), and then the term U(1) would come
from the free boson while the SU(2) part corresponds to a puncture in Liouville theory via
the S-duality. This motivates the following identity, which is the formulation of the main
conjecture in [AGT10] for Liouville theory on the sphere:

(7.4) Zinst(a;m0,m1; m̃0, m̃1; q∣ε1, ε2) = (1 − z)2α2(Q−α3) × Fp(z)
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where the Nekrasov partition function on the left corresponds to the U(2) theory with four
flavours and the prefactor (1−z)2α2(Q−α3) corresponds to the contribution of the group U(1).
Parameters on the left and right-hand sides are related by:

● ε1 = γ
2 and ε2 = 2

γ

● q = z ∈ D
● m̃0 = α1, m0 = α2, m1 = α3, m̃1 = α4

● a = iP
In [AFLT], they produce an orthogonal special basis by bootstrap method, with the strategy
of [GKRV], we can make this proof rigorously. In the future, we hope to construct this basis
directly from probabilistic method.

7.2. Convergence of the conformal block. As we mentioned above, the 4-point sphere
conformal block can be formally written as a power series in variable z. In [GKRV], they
proved that the 4-point sphere conformal block is convergent when ∣z∣ < 1. We can use the
conformal bootstrap method to derive an expression for n-point conformal block recursively,
we hope to prove the convergence property in the future.

7.3. Extend to other topologies. In this note, we mainly focus on the construction of
conformal block on sphere by probabilistic method. It’s also possible to construct this on a
complex tori. For higher genus surface, we may get a new surface by gluing two lower genus
surfaces M , N , noted as M#N which called connected sum. Then we hope to understand
the relation between conformal block of M#N and of M , N in a path integral manner.

7.4. Imaginary Liouville theory. The main assumption of probabilistic Liouville theory
is γ ∈ (0,2). If we take γ = iβ β ∈ R, it’s not hard to construct the complex Gaussian
Multiplicative chaos, actually we can prove it’s a nontrivial measure when β2 < 2, but how
to construct the Liouville correlation function is still an open problem. Indeed, if we go back
to formula (3.13), we need to deal with the case when s is imaginary in the right side. The
imaginary Liouville theory is interesting since it’s related to critical FK model, CLE, etc...
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cations mathématiques de l’IHES 130, 111-185 (2019).
[OPS] B. Osgood, R. Phillips and P. Sarnak; Extremals of determinants of Laplacians, J. Funct. Anal. 80,

148-211 (1988).
[DKRV16] David F., Kupiainen A., Rhodes R., Vargas V., Liouville Quantum Gravity on the Riemann

sphere, Communications in Mathematical Physics 342 (3), 869-907 (2016).
[RhVa14] Rhodes R., Vargas, V.: Gaussian multiplicative chaos and applications: a review, Probability

Surveys 11, 315-392 (2014).
[KRV20] Kupiainen A., Rhodes R., Vargas V.: Integrability of Liouville theory: proof of the DOZZ formula,

Annals of Mathematics 191, 81-166 (2020).
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