INTRODUCTION OF RESEARCH DOMAIN
LIOUVILLE CONFORMAL FIELD THEORY AND RELATED TOPICS

BAOJUN WU

ABSTRACT. In this note, we will review some recent progresses in the Liouville Conformal
field theory within probabilistic framework.
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1. INTRODUCTION

Liouville field theory was suggested by Polyakov in 1981 [Po81] to describe the geom-
etry of a canonical random surface whose topology is fixed. To define LFT, physicists use
the path integral formalism. Informally it tells us that our Liouville field ¢ will be given in
terms of an infinite measure on a suitable functional space. Consider the following space of
function from surface S :

(1.1) Y= {X:S >R}

The Liouville field ¢ is then given by the following formal definition, for any background
metric g on S?,

1.2 E[F(4)] = L[ px e XN pX,
Z
2
where S1(X,¢) is the so-called Liouville action:

1
(1.3) S(X.9)= 1= [(V,XP + QR,X + dmpe™ g ).
1



2 BAOJUN WU

here R, is the Ricci curvature and Z is a formal normalization constant.
The extrema of the Liouville action

(1.4) S(X.g) - i [A9XP + QRX + e g()
satisfies

(15) TN Y

we may get a constant negative curvature

19 .

If we simply take () = %

So in the classical theory (Q = %) the minimum of the Liouville action uniformizes the
surface (M, g) and it is therefore natural to look at quantum fluctuations of the uniformized
metric e7Xming. This is precisely the meaning of (1.2) in the physical origin. To make sure
the conformal invariance in quantum case, we need to choose Q) = 3 + %

One should note that the path integral (1.2) diverges for any surface S of genus 0 or 1
by simply using Gauss-Bonnet formula. For example, in the sphere case, we need to add
curvature singularities

R, =% 0;6(x —x;) + bounded term

So we need to choose g(x) ~ | near x; with «; satisfy so called Seiberg bound:

x|
a; <2 since g is integrable and

Yo >4 dueto Gauss — Bonnet theorem
Now we write the Liouville correlation function as

1
(1.7) E[F(¢)]:z/F(X)eziilaixui)e—sL(x,g)DX’
2

where we have chosen N insertion points z; € S? with weights a; € R (to make sure the path
integral converges, the minimal insertions for the sphere case is 3, and for the tori case is
1). By choosing F' =1 in the above expression we define the N-point correlation function of
LCFT, the most fundamental observable of the theory:

N
(1.8) <H eai¢(Zi)>S2,g - % f ezfil @iX(zi) o=SL(X:9) D X .
i=1 Y

It can be proved that the correlation function satisfies the M6bius invariance(3.16) and
Weyl anomaly(3.17), which imply the Liouville field theory is actually a Conformal field
theory.

One of the main mission of a conformal field theory is to compute the correlation function of
some observables which are vertex operators. In the algebraic formulation of Liouville theory,
physicits use a so-called conformal bootstrap method. Roughly speaking, it means we may
decompose the state of space of the form

1=%p|P>x<P|
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Where |P > form a basis of states and given by primary states (operator algebra) and descen-
dants (acted by Virasoro algebra). However, weather this spectrum is absolutely continuous
seems a mystery in many years. In a mathematical rigor, bootstrap means decomposition
over spectral of some Hamiltonian. In the Liouville case, this Hamiltonian has a simple form
(5.15).

With bootstrap equation (6.3) in [GKRV], we may define the conformal block in a mathemat-
ical way but it’s explicit form seems unclear. In the seminal work [AGT10], they presented
a bridge between 2 dimensional conformal field theory and 4 dimensional supersymmet-
ric Yang-Milles gauge theory, actually this bridge is the instanton moduli space (a kind of
Nakajima variety in mathematical language) since the torus action fixed points correspond
to a special complete basis in CFT side. Through this bridge, the conformal block can be
represented by instanton partition function which has a closed form.

2. L1ouviLLE CONFORMAL FIELD THEORY ON SPHERE

First we recall the path integral interpretation of Brownian motion: Consider the space
of path ¥ = {¢ : [0,1] - R, ¢(0) = 0} and the action Sgy = %fol |o’(t)[>dt. Then for all
suitable F',

E[F((Bs)o<s<1)] /F(a)e SBMm(9) D,

where Do is a formal uniform measure on >'.
Let us briefly explain why Brownian motion meets this pathwise construction. Consider
Dirichlet Problem:

==t
2.1 oL
2 LR @l -1
Then we get
(2.2) eigenstates u;(t) = /2sin(jmt) with eigenvalues \; = j°
Where )\1 )\2 s for O'(t) = Ej >10;Uj,
(2.3)
2
ViU 2y
F(0)e™Sem@) Do = /F(Z 10U5) (e)“’dx]) )fF( 1—22) (
Je =) 11 S e G

. . . . . viV/2sin(mwjt) .
Here v; = \/\;o; is standard Gaussian distribution, and we know B; := ¥, > 1jj—7r(7”) is

just Brownian motion.

3. THE PROBABILISTIC CONSTRUCTION OF LCFT

In this note, We will consider the metric g(x) = |1|4 on Riemann sphere, the curvature

of this metric is a measure and is given by R,(x)g(z)d*x = -Alng(z)d*z = 4v(d*x) where
v is the uniform measure on the circle of center 0 and radius 1 (normalized such that
Jev(d?z) = 2r). Then the normalized Gaussian free field X can be defined by solving
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Laplace equation as following. Here normalized means it has average 0 with respect to the
curvature [ X (2)Ry(x)g(x)d?z =0. Let us consider

(8% = (¢ | [ p(@)g(@)da < oo}
Let (¢;j);>1 be the eigenvector basis for —A, i.e.

‘ﬁAg%‘(l’) = \jpi(T).

normalized to have L2(S?) norm equal to 1: [ ¢;(x)%g(x)d?x = 1. Then every function in
@ € L2(S?) can be decomposed in a unique way on the orthonormal basis (1, (¢;);>1)
(31) p=cCc+ Z Cip;

j=z1

where for all j > 1 ¢; = [oo(2);(2)g(x)d?z=(p, ¢;)y, it is natural to write for a function
F defined on L?(S?) that

3.9 /FszfF o) de T de;
(3.2) 12(s) (p) Dy .y (C+j§10390]) CH Cj

=1

where dc and each dc; is the standard Lebesgue measure on R. If ¢ has decomposition (3.1)

then
1 2 2, _ L& 2
1 e [Ver (@) g(e) da = E;Cj)‘j

hence this leads to the following formal definition

oo 2o
~im J2IVg0(@)Pg(z) d*x - o S9%
(3.3) /;2(82) F(p)e arJs2lVs Dy A;{ [RN* F(c+ E 1 cjpy) de (j|1| e 1 dcj)

Jz

Let us stress that the two previous definitions (3.2) and (3.3) are not meant to be rigorous.
However, one can make sense of the previous definition (3.3) using probability theory. First,

VA

let us make the change of variable u; = =75 in (3.3) which leads to (at the formal level)

o0 c2->\- . e 'u.2 d .

_S% Pj L auy
Fc+§ CiP; dc(||e e do):C[f F(e+V2m E or dc(||e 3 )
/Ié/l;w ( i>1 ! ]) j=1 ! R JRN* ( i>1 ]‘//\j) j=1 V2

where the “constant” C' has the following formal definition C' = []}2,(27();)"/?). This
constant can be interpreted as (det’(A,))~%/? where det’(4,) is the determinant of the
Laplacian (it’s an interesting topological invariant, see [OPS]).

Now, for any i.i.d. sequence (€;);>1 of standard centered Gaussian variables the sum
\/%Zj> 1@\?—% converges in §’(C), we define the Gaussian free field X as this limit;

hence this leads to the following rigorous definition for any function F' defined on S'(C)
(3.4) f F(p)e i fIWae@Po@) e,y f E[F(X +¢)] de.
R

Let us stress that the GFF X lives in a space of distributions and not a space of functions
and in particular not L2(S?).
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Proposition 3.1. The sum V273, ej% converges almost surely in Sobolev space H=*(S?)
J
for s> 0.

Proof. Suppose f € H5(S?), where ||f]
(3.5)

f _1_s El
(X, gl = V21 [E721€ \/—I =Vm)SE A 2 fA2 < Vo |If]
The random series 2“162/\ =5 converges almost surely by noticing that \; ~ j as j goes to
infinity (this asymptotic is called Wely’s formula, which can be found in [MP] and the sum
of independent variables converges almost surely if it is L? convergent. 0

1s = Si =1l fiPAs L fi = (f. ;) then

HS(S2) (E] 162)\ 1= 8)2

The GFF from above construction can also be characterized by
1
(3.6) E[X(2)X(y)]=In
|7~y

Since by construction [. X (z)Ry(z)g(x)d?x = 0 almost surely and [ Ry(z)g(x)d*x = 8,
this leads naturally to the following definition

(3.7) f F(p)e in J2 [Voe@Py(@) e foo Ry(x)o(@)g(@) o 1y . f e 2E[F(X +¢)] de
R
Let us introduce the Liouville field
(3.8) ¢=X(x)+%1ng+c:c+X(x)—2an|x|+

+ In|x|, + In|yls

and consider the measure [EQ
(3.9) EC[F($)] = f 2O F(X + %m g+c)]de
R

The above describes a free field theory =0 and to describe the Liouville theory, we need
the Gaussian Multiplicative chaos.

2
X (@)= G B[ Xe (2)?]

Proposition 3.2. Let X, = X %0, be a modification of X, then lir% £ ot dx exists

in probability in the space of Radon measure on S? and the limit does not depend on the
mollifier. We note it as M, (dx) and call it Gaussian multiplicative chaos.

Let ¢, be the circle average approximation of ¢, namely ¢.(z) = 5 0% o(x +ee?)dh. We

have ¢, = X, + %(ln 9)c + ¢ where (Ing). denotes the circle average of Ing. We consider the
associated vertex operator

a2
Vo) = €7 2%
We have for z € C that E[X (z)?]=In1 - —lng(x) +0(1) (o(1) is with respect to €) hence
Va,e(x) e aXE(x)—&E Xe(z)] g(x) 2 - (1 +o(1)) _ |Z|;4AaeaceaXe(z)—%]E[Xe(z) ]
and A, is called the conformal weight of V,.
2
For o = v, one gets § — I =1 and therefore

o 7Xe(@)- B B[X(2)]
Viye(z) =e || (1+0(1))
+
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hence we get the following convergence in the space of Radon measures
V., (2)d?x e "M, (d*z).

Now for F continuous and non negative on H*(C), we use
(3.10) (F(6))0 = f ¢ 2OR[F(c+ X - 20|, )e e M (O] de.
R

as probabilistic definition of path integral. Then the n-point correlations can be defined for
real valued oy via the following limit

n

(3.11) (Iival(zz) —11£I(}<Hvai,e(zi)>%u

=1
Proposition 3.3. The limit (3.11) exists and is non trivial if and only if the following
bounds hold

(3.12) Zw >2Q, a;<Q, Yi=1,...,n (Seiberg bounds).
And the limit (3.11) admits the following representation in terms of the moments of GMC
- 1 -5 -5
(3.13) (H Vo, (2i) )y =7 1( [1 —a]a),u I'(s)E[Z7]
i=1 1< j<j’ <n |25 = 2e[*7%

where s = M, [ is the standard Gamma function and (recall that |x|, = max(|z|,1))

7 = f(l‘[ C?%)Mv(dx).

Remark 3.4. If we remove the non trivialness requirement of correlation function, the

Seiberg bound can be extened to
4

(3.14) —S<¥/\1<HII€IEN;(Q ag), ap <@, Vk

We also introduce the change of variables formula for Liouville field,
Proposition 3.5. Let 1 : C - C be a Mébius map and (|G($)])y,. < 00. Then

(3.15) (G(po ¢+Q1n|¢|)>vu (G(¢)>7M

Finally we state the KPZ formula and Weyl anomaly which play a fundamental rule
in Liouville Conformal field theory,

Proposition 3.6 (KPZ formula).
N

(3.16) HVak(@D(zk)) H (21)[ 23k HVak(zk))

Proposition 3.7 (Weyl anomaly). Given a metric g = e?g conformally equivalent to the
spherical metric g we have,

N N
317) ([1e g =exp (g [Vp@)Pa+4 [ o)) | ([T )0
i=1

1=1
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where ¢, = 1+6Q?. This constant cy, is the so-called central charge of the Liouville conformal
field theory.

4. DOZZ FORMULA

In this section, we will give a summary the result of the seminal paper [KRV20], which
proves the DOZZ formula in a mathematics rigor. Since the conformal automorphism group
of sphere 2 PSLy(C) is generated by Mobius transformation, then the KPZ formula fixes
the three point correlation functions up to a constant:

3
(4.1) (TTVar i)y = 121 = 22212]20 = 25722821 — 25?213 C (v, @, 3)
k=1

The structure constants C., in (4.1) can be recovered as the following limit
(42) C’Y(alv a2, 013) = 2131_120 |Z3|4A3<V041 (O)Vaz(l)va:s (23)>7
where Aj:= A,,. Now we can give a probabilistic construction of structure constant:

(4.3) Cy (o, g, a3) = 27y 'T(s)E(p(ar, g, o3) ™)
where s = (Y2, oy - 2Q) /7y and
|x|z(a1+a2+a3)

plo, g, a3) = Mw(d%)-

C |zper|z - 1|2

In physical literature, Teschner argued that C'(«1, as, a3) should be doubly periodic in each
Q5

(4.4) Clon + 3,09, a3) = —ipy(%ﬂl,axa:&)c(m -2, 02,a3)
(4.5) C(ay+ %,&2,043) = _;_ﬁD-y(%aalaa%aB)C(al - %,az,as)

2
with ﬁ=% and
(2

H(=x®)(xa)l(xon = x)I(3 (@ ~2a1 X))
I(3(a—-x-2Q)I(3(a-2as-x)I(3(a-2a2-x))

(46) DW(X705170527053) =
where & = a; + ag + a3 and

(4.7) I(x) = T(x)/T(1 - z).

He showed equations (4.4), (4.5) have a meromorphic solution CP9%% by using BPZ equa-
tion, crossing symmetry and a mysterious reflection relation:

(48) C(Oél,O./Q,Oég) = R(Ozl)C(QQ—Ozl,Oéz,Ozg)

The DOZZ formula is expressed in terms of a special function T (2) defined for 0 < R(z) < @
by the formula

(4.9) s () = fo T (2 - 22t

_ (Sinh((%—z)%)y)ﬁ
sinh(4)sinh(£) 7 ¢

t
Y
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The function T% can be analytically continued to C by some functional equation. It has
no poles in C and the zeros of T% are simple (if 42 ¢ Q) and given by the discrete set
(—3N- %N) u(Q+2IN+ %N) With these notations, the DOZZ formula CPO%%(ay, oy, as)
is the following expression

(4.10)

T’% (O)T% (O[l)T% (OZQ)T% (Oég)
T%(O_‘_SQ)T%(% — O[l)T%(% — O[Q)T%(% — 063) .
The main property of DOZZ formula is that it satisfies the reflection relation:

(4.11) CPO% (o, vz, ar3) = RPO% () CPO%(2Q - vy, vz, v3)

with

2 2Q-a
CPO% (), g, 03) = (m p (%) (3)27772) 75

2g-o) D(~ &)y T (-2
(4.12) RDozZ(a)z—(wul(§)) = ?a ja |
INECSS) F(@)

The probabilistic expression C,(aq, a9, a3) vanishes identically if some o; > @. This is in
contradiction with DOZZ sinceCY%%(ay, ag,a3) = 0 only on (-3N-2N) u(Q + 3N+ 2N).
To solve this, the probabilistic ), is analytic in o; and the analytic continuation to «; > @
is nontrivial.

Theorem 4.1. Let ay,as, a3 satisfy the bounds (3.14) with N = 3. The following equality
holds
C’y(ala Qg, 053) = CEOZZ(aly g, 043).

5. THE DYNAMICS OF THE LIOUVILLE FIELD

In this section we explain the dynamics of Liouville field, it inherits the Markov property
from GFF and by a kind of Feymann-Kac formula it gives rises to a semigroup generator
H so called the full Liouville Hamiltonian.

Given two independent sequences of i.i.d. standard Gaussians (x,),>1 and (¥,)n>1, the
GFF on the unit circle is the random Fourier series

(5.1) p(0) = 3 one™
n#0
where for n >0
1
(52) Pn = m(l‘n + Zyn)7 Pn = @n'
The Green kernel is given by:
, 1
(5.3) E[p(0)¢(')] =In 6 — |

The underlying probability space here is Qp = (R?)N". It is equipped with the cylinder
sigma-algebra Yt = B8N where B stands for the Borel sigma-algebra on R? and the product
measure

1 1, 2,2
(5.4) Pri= @ —e 2@ ) dz,dy,.

n>127T
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Here Pt is supported on H*(T) for any s < 0. First, we introduce the reflection property,
which gives a representation of Liouville correlation functions on L?(R x Q).

For B ¢ C Borel set, let Ag be the sigma-algebra in H S(C) generated by the functions
g (g,c+ f) with f e C(B) and c € R ({-,-) stands for duality bracket) and let Fp denote
the Apg-measurable complex valued functions F': H s(@) —R.Let §: C - C be the reflection
at the equator:

(5.5) 0(z)=1/z
and extend 6 to F: W3(C) > C by
(5.6) (OF)(g) = F(g°0).

Let D = {|z| < 1} be the unit disk. Recall that ¢ = ¢+ X - 2Q1In|.|; and let F2 denote the
subset of Fp made up of those F' such that (|F'(c+X)OF(c+X)|),,, < 00. For F,G € FZ we
define

(5.7) (F,G)p=(OF (c+X)G(c+ X))y

Reflection positivity is the following statement:

Proposition 5.1. The sesquilinear form (5.7) is non-negative: for all F € F3
(F,F)p>=0.

Now we introduce a decomposition of full plane gaussian free field: the GFF on the
Riemann sphere X decomposes as the sum of three independent variables
(58) X = P((,O) + X]D) + X]D)C

where P is the harmonic extension of the circle GFF ¢ defined on Q1 and Xp, Xpe are two
independent GFFs defined on D and D¢ with Dirichlet boundary conditions. The Dirichlet

GFF Xpe on the complement D¢ of D can be constructed as Xpe(et*) "2 Xp(e~t+), t > 0.
The canonical Hilbert space Hp of LCFT is then defined as the completion of F2/N,, where
N is the null space Ny = {F € Fp| (F, F)p = 0}, with respect to the sesquilinear form (5.7).
Now, we construct a map

(5.9) U:Fp— L*(RxQr)

(5.10) (UF)(c,p) = e CEL[F(c+ X)e e M(D)]
where X = Xp + Py and M, is its GMC measure. which descends to a unitary map from
Hp onto L2(R x 1), denoted also by U.
Then by independence of Xp and Xpe, we have (F,G)p = (UF |UG)3. So we can represent
the four point correlation function as:
Proposition 5.2. Let
Ua,p(21, 22) = 151—I>I()1 U(Va,e(21)Vp,e(22)),

Then we have

(5.11) (Vo (O)Vaz(z)vas(zl)vaz;(°°)>%u = ’2,‘74&!3 (Uas a2 (0, 2) | Uay 05 (0, i))Z



10 BAOJUN WU

The dilation z € C - s,(z) = gz maps D to itself for |¢| < 1 and it extends to a map on

A

distributions X € W#*(C) by X — X os,. We then define for F e Fp
(5.12) (S¢F)(X) = F(c+ X osy+ Qloglql).

We can use mobius invariance (3.15) to show that S, extends to Hp and defines a strongly
continuous contraction semigroup

(5.13) SeSq = Saq’

with the operator norm |S,| < 1. Taking ¢ = e7* with ¢ > 0 the Hille-Yosida theorem gives
a semigroup generator:

(5.14) USe-U™t = e H*
The main theorem is:

Proposition 5.3. Consider the full Liouville Hamiltonian,
1 1

(5.15) H:= —5802 - §Q2 + P+ pe™V

where V' 1s a positive potential whose expression is

(5.16) V= /% 673"(9)‘§E[¢(9)2]d9.
0

and P = Y02 n((=0,, +20)0u, + (=0, +yn)0dy,). Then if v € (0,+/2), H admits a Friedrichs
extension, and H = Hx.

Remark 5.4. V is a non-trivial measure if and only if v € (0,7/2).
We also have a so called Feymann-Kac formula for e=*H~

Proposition 5.5.

(517) e_tH* = e_%E@[f(C + Bt7 gpt)e_#fot 67(C+BS)V(<PS)C1$:|
Remark 5.6. We also define the Uy for the free case pp=0 as:
(5.18) (UoF) (¢, ) = e B [F(c+ X)].

and it corresponds to the semigroup generator HO = —%802 + %Q2 +P.

6. CONFORMAL BOOTSTRAP

Theorem 6.1. Let y € (0,v/2). the spectrum of H is absolutely continuous and given by the
half-line [%2, 00). Fach E € [%2, 00) is of finite multiplicity (in the sense of absolutely contin-
uous spectrum) and there is a family of generalized eigenstates Vq4ip,» € Nesoe ¢ L2 (R x{27)
labeled by P € R* and v,V belong to the set of Young diagram T such that

Q2 P2

HYq.ipyp= (7 + bY + ]+ ‘m)quHP,u,”u“-
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Moreover Ve,ip,w is a family diagonalizing H in the sense that for each uy,ug € ed- L2(R x
Qr) for some ¢ >0

L
(ur]ug)a = lim " f (u1 [ W Quipw )2 W Quipw | U2) 2 Fo ip (v, V) Folip(V, 7)) AP
]EZ;’Q’ v oeT, 20
[v[+[7] < N,
[V |=[v], |7 =7

+1

erty of Yoiipuvp-

Here Fél .p 15 called Schapovalov matrix element comes form the non-orthogonal prop-

The eigenstates ¥, , 5 is essential for mathematical treatment of conformal bootstrap
since the construction of Wq,,p,» shows it is analytic in a large region called W, which
contains both spectrum line @ + iR and very negative real numbers. When « is negative
enough we can deduce a probabilistic representation of ¥¢.;p,» by GMC and Feymann-Kac
formula(5.5)and prove the following property first in the negative real number region and
then analytically continues back to the spectrum line:

Proposition 6.2 (Ward identities). For all P such that o = Q + i P belongs to Wy, thus
in particular for P >0, the scalar product (Y oiipy5|Uay as(0,2))2 is explicitly given by the
following expression

(6-2) <\DQ+1'P,1/,’1/“| Ua1,a2(07 Z))Z = U(Aal 9 Aaga AQ+iP7 g)U(Aal ) Aa27 AQ+iP7 V)

1 , .
X éo’agzz(al’ a9, Q + ZP)E‘V|Z|V||Z|2(AQ+1P_Aa1 _Aag)

where v(A, A", A" V) = ]‘[?zl(yjA’ AT AT Y V)
With all ingredients above, we come to the so-called bootstrap formula,

Theorem 6.3. Let v € (0,7/2) and a; < Q for alli € [1,4]. Then the following identity holds
for ag+as > Q and az +ay > Q

(Va1(O)Vaz(Z)Vag(l)vaz;(oo))%u
1 (%)
(6.3) = B fo CPO%2(ay, a,Q = iP)CDOP2(Q + i P, g, vy ) |2 (B@rirBer~Re2) | Fp (2) 2 P

M

Where Fp(z) is called conformal block whose coefficients( as power series of z) [, are
given by
Bn(AQH‘Pa Aal ) Aoeza Aa37 Aoe4) = Z U(Aala Aa27 AQ+iP7 V)Fé}.iP(Vy V’)U(Aa4a A()ég? AQ+’iP7 V,)-

v eTy

7. SOME FUTURE PROJECTS

7.1. 4-point sphere conformal block and Nekrasov partition function. This part is
mainly adapted from [AGT10].

Nekrasov partition function arises in the study of four-dimensional supersymmetric
gauge theories [Nek02], that is theories described by a connection on some vector bundle
and that rely on a path integral formulation. The Lagrangian of this theory enjoys some
invariance under local transformations, encoded by Lie groups. In his seminal work [Nek02],
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Nekrasov considered a deformation of the Lagrangian of its model quantified two deforma-
tion parameters €y, €5 (corresponding to a rotation in the space-time R*). These deformations
break the symmetry of the model and this crack is measured using Nekrasov partition func-
tion. This partition function factorizes into three parts, the one relevant in the context of
the AGT conjecture being the instanton part and which represents the contribution coming
from the moduli space of instanton. In the case of U(2) instantons the path integral provides
an explicit expression for the partition function which takes the form:

(7.1) Zinst(a;mo, my; Mo, M1; qler, €2) =1+ Y ¢V Zy (a,mler, )
N>1

where the Zx (@, m|ey, €2) are defined through integral expressions ([Nek02, Equation (3.25)])
and which represents integrals over the instantons with topological number N. By using the
theory of torus action on Nakajima varities, these integral can be explicitly computed and
enjoys a nice combinatorial form ([NOO03, Equation (6.3)]), which is central in the AGT
correspondence:

— —

Zyir(aoli(Q —aq),d; P, A Zyir(as|P, Ai(Q —ay), D
(7.2) Zn (a,mler, &) = Z bif (Qali( _)1) ik )Z b0f~( 3 ( : 1),9)
Sy 2P, X5 P X)) Zir (0@ - ), 236(Q = a4), 2)
where the sum ranges over pairs of Young tableaux with total size N. In the expression of
we have considered:

e the deformation parameters € o

e the multiplet of massless vectors a = (ay)

e the masses of the adjoint multiplet m = (mg, my) and g, My

e the instanton parameter q = €™ with 7 the microscopic coupling.

The sum ranges over pairs of Young diagrams N = (A1, \2) with total weight N and the
quantities denoted by Z;; are explicit:

(7.3) Zus(alP, X; P, 7) = [] T (Q=Enw,(Pi= Pty =) T] (B (P~ Pls) - @)

1,5=1 teX(®) sev(9)

The AGT conjecture adresses this issue by relating Virasoro conformal blocks to the
Nekrasov partition function. Indeed, both theories - gauge and conformal theories - are
somehow related to the moduli space of instantons, via a path integral for the N = 2 su-
persymmetric gauge theory and through the action of the symmetry algebra of a CFT on
its equivariant cohomology. The case we consider here is the one studied by the authors in
[AGT10] and corresponds to U(2) instantons on C?, i.e. N' =2 U(2) supersymmetric gauge
theory and a CFT which corresponds to the tensor product of Liouville theory and a free
boson. Indeed, we can decompose U(2) = U(1)®SU(2), and then the term U(1) would come
from the free boson while the SU(2) part corresponds to a puncture in Liouville theory via
the S-duality. This motivates the following identity, which is the formulation of the main
conjecture in [AGT10] for Liouville theory on the sphere:

(7.4) Zinst(@;mo, my; o, M3 gler, €2) = (1 - 2)22(@793) x F(2)
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where the Nekrasov partition function on the left corresponds to the U(2) theory with four
flavours and the prefactor (1-2)292(Q-23) corresponds to the contribution of the group U(1).
Parameters on the left and right-hand sides are related by:

oqz%andeQ:%

e g=2¢€D
® My =y, Mo = g, M1 =03, M = 0y
e a=1P

In [AFLT], they produce an orthogonal special basis by bootstrap method, with the strategy
of [GKRV], we can make this proof rigorously. In the future, we hope to construct this basis
directly from probabilistic method.

7.2. Convergence of the conformal block. As we mentioned above, the 4-point sphere
conformal block can be formally written as a power series in variable z. In [GKRV], they
proved that the 4-point sphere conformal block is convergent when |z| < 1. We can use the
conformal bootstrap method to derive an expression for n-point conformal block recursively,
we hope to prove the convergence property in the future.

7.3. Extend to other topologies. In this note, we mainly focus on the construction of
conformal block on sphere by probabilistic method. It’s also possible to construct this on a
complex tori. For higher genus surface, we may get a new surface by gluing two lower genus
surfaces M, N, noted as M#N which called connected sum. Then we hope to understand
the relation between conformal block of M# N and of M, N in a path integral manner.

7.4. Imaginary Liouville theory. The main assumption of probabilistic Liouville theory
is v € (0,2). If we take v = i § € R, it’s not hard to construct the complex Gaussian
Multiplicative chaos, actually we can prove it’s a nontrivial measure when 2 < 2, but how
to construct the Liouville correlation function is still an open problem. Indeed, if we go back
to formula (3.13), we need to deal with the case when s is imaginary in the right side. The
imaginary Liouville theory is interesting since it’s related to critical FK model, CLE, etc...
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