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Abstract

The big data revolution comes along with the challenging need to parse, mine, com-
press large amount of large dimensional and possibly heterogeneous data. In many ap-
plications, the dimension p of the observations is as large as — if not much larger than —
their number n. In this context, Random Matrix Theory (RMT) - that deals with the
eigenvalue distribution and the eigenvectors statistical behavior of large dimensional ran-
dom matrices - becomes a really powerful tool for the performance analysis of numerous
learning methods. Indeed, many Machine Learning methods such as Principal Compo-
nent Analysis (PCA), Spectral Clustering and some Semi-Supervised learning techniques
are built directly upon the eigenspace spanned by the several top eigenvectors. However,
lots of algorithms were originally developed under the inappropriate finite-dimensional
intuition assumption (n >> p) which is radically different from the large dimensional one.
Hence those algorithms are likely to fail or at least to perform inefficiently, yet RMT is
able to analyze, improve, and evoke a whole new paradigm for large dimensional learning.
This Diploma Thesis takes inspiration from the MVA course Notes on the subject [I] and

the associated draft book [2] of Romain Couillet.
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Curse of Dimensionality

We will see along this chapter that finite-dimensional intuitions which are at the core of
many Machine Learning algorithms (starting with spectral clustering [3],]4]) may strik-
ingly fail when applied in a simultaneously large n, p setting.

1.1 Sample Covariance Matrices

Let’s consider x1,...,%x, € RP with x; ~ N(0,C), n being the number of observations
K42

and p the number of features per observation. The Maximum Likelyhood Estimator for
C is the sample covariance matrix (SCM):

SO, 1
C=-— inx? = —XX*, where X = [x1,...,x,] € RP*"
n <= n
Finite-Dimensional Intuition:

For a fixed p € N* and n — oc:
CEC = [C—Cllo 50 «—= ||C-C| — 0
n—oo

from the fact that ||A]lw < [|A]] < p||A||oo, where ||.|| denotes the operator norm.

Large-Dimensional Intuition:

This ” <= " no longer holds if p,n — oo with £ — ¢ €]0, 00[. Let’s consider the simple
case X; ~ N(0,1,), with p = cn and ¢ > 1. Then we still have point-wise convergence

and by a concentration inequality argument we even have that:

n

~ 1 a.s. ~ a.s.
12}.5@%“0 —Lijl = 12}3;@)“5 ;[sz]z‘[xk]j —6ij| — 0 <= ||C~Cllc — 0

However, there is no convergence in spectral norm as Cis always singular (Vn € N* p > n)
and I, is not, hence:

IC—L,] £ 0

More generally for p,n — oo with £ — ¢ €0, 0o, the [Empirical Spectral Measure| con-
verges in law to the deterministic smooth limit called the [Marcenko Pastur [bl| Law:

=23 by ) = (125} v flo = (- Vo o= (L4 Ve e

In particular, for n = 100p, where one would expect a sufficiently large number of samples
for C to properly estimate C = I,, the eigenvalues span on a range of

(14 V2)2) — (1 - Vo) = 4y/c = 0.4

which is a large spread around the mean (and true) eigenvalue 1 see [4.3]



1.2 Euclidean Distances Concentration Phenomena

Another important example is the loss of relevance of the notion of Euclidean distance
between large dimensional data vectors. To be more precise, we will see in this section,
that under asymptotically non-trivial classification settings, data vectors x4, ...,x, €
R? extracted from a multi-class Gaussian mixture model (x; € C; <= x; ~ N (y;,C)))
tend to be asymptotically at equal distance from one another, independently of their
mixture class:

1 2
maz S =[x —x[P =7y — 0 (1.1)
1<i#j<p | p n,p—00
with 7= 2rC% p° = Y1 %, and €7 = 337, % C,

This asymptotic behavior is extremely counterintuitive and drastically opposed to the
finite-dimensional intuition - that forged many of the leading machine learning algorithms
such as Spectral Clustering [3],[4] - in which two data points belong to the same class if
they are “close” in Euclidean distance.

Proposition 1.2.1 (Asymptotically non-Trivial Classification Regime). We give our-
selves a training set xy,...,%X, € R? of n samples independently drawn from the k-class
(Cy,...,Cx) Gaussian mizture i.e. x; € C; <= x; ~ N(uj, C;j). Asn,p — oo we need
to be sure that asymptotic classification is neither too simple nor too hard.

To do so we will find the limit-case scenario when everything is perfectly known. This
study leads to the following control growth rates:

i — || = O(1), t(C; = C°) = O(/p) and ||Cif| = O(1) (1.2)
Proof Idea. Let’s consider the case k = 2 with equally draw class:

e Suppose py = —po = p and C; = Cy = I, the (decision optimal) Neyman-Pearson
test gives : P(x — C; | x € Co) = ||| fIIO:H \/%7 exp <—§) dt which is only non-trivial
for [|p1 — pa = 2[|pl] = O(1) (w.r.t. p).

e Suppose p = py = 0 and Cy = I, and Cy = (1 + €)1, (such that tr(Cy — Cy) = ep),

following the same procedure, we find that the problem is non-trivial only if ¢ — 0,
in which case: P(x — C; | x € C2) & P01y (w > y/Z), which is only non-trivial

fore=0<\/iﬁ>. -

Now suppose p; = —po = p and C; = I, and Cy = (1 + €)1, and that we respect the
control growth rates above:

i

1 1 1
—|lx; — x;|| = —||z; — z; +O(—> with z; ~ N (0,1
pH Sl pH il 7 ~ N(0,1,)

i, — %012 — o~ 2w
hence, 1£}g€p{i’||x’ x| 2} npr, (lz; — z;|| ~ x* with p degree of freedom). [



Basics of Random Matrix Theory

In this section, I will present key concepts used in RMT in order to access a random matrix
spectral measure, the location of its isolated eigenvalues and the statistical behavior of
their associated eigenvectors. Then I will state two major Theorems that I will will
constitute the cornerstone of the whole Diploma Thesis.

2.1 Key Tools

Definition 2.1.1 (Resolvent). For a symmetric matriz M € R"*" the resolvent Qu(2)
of Ml is defined, for z € C not eigenvalue of M, as

Qum(z) = (M — 21,)* (2.1)

Definition 2.1.2 (Empirical Spectral Measure). For a symmetric matric M € R ", the
spectral measure or empirical spectral measure or empirical spectral distribution (e.s.d.)

pn(z) of M is defined as the normalized counting measure of the eigenvalues Ay (M), ..., A\, (M)

of M,

1 n
p(z) =~ > dna (2.2)
=1

Definition 2.1.3 (Stieltjes Transform). For a real probability measure p with support
supp(), the Stieltjes transform m,(z) is defined, for all z € C\supp(p), as

mul) = [ 7nta 2.3)

t—z

Proposition 2.1.4. The important relation between the empirical spectral measure pn(z)
of M € R™* ™, the Stieltjes transform my,,(2) and the resolvent Qu lies in the fact that:

() = 23 [ 2 )~ LSS ) = Qu) (24)

t— 2z

2.2 Marcenko-Pastur

Theorem 2.2.1 (Marcenko Pastur [5]). Let’s consider X € RP*™ having i.i.d zero mean
(E(Xj;3) = 0), unit variance (E | Xj5 [*=0) and smooth tail condition (E | Xj; [*< 00).
Then as p,n — oo with 2 — ¢ €]0, 00|, the spectral distribution pig, of %XXT:

1 & 1
==Y \(z, withZ, = -XXT
Mz, = Z Xi(Zn); W n

=1

converges in law to the Marcenko-Pastur Law:

1—c¢

uMPux):( )ao<as>+ Je— (= Vep - (1+veds  (25)
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Figure 2.1: Histogram of the empirical spectral distribution of C for a sample covariance
matrix studied in with for p = 500 and n = 50000 v.s. the Marcenko-Pastur law

2.3 Spiked Models

In Machine Learning, where one is interested in the correlation matrix XX7, the i.i.d.
assumption is often too limiting. It is expected that the columns x; € RP of X exhibit
a correlation structure and be non-necessarily independent. We will introduces a very
special, yet practically far reaching, case of sample covariance matrix models for which
the limiting spectral measure coincides with the [Marcenko Pastur [5]| Law 4+ some spikes,
by letting the covariance matrix C be a low rank perturbation of the identity matrix.

Theorem 2.3.1 (Spiked Model [6]). Let’s consider X € RP*™ as in and the covari-
ance matriz C of the form C =1, + P with:

k
P = Zliuiu?, where k and ly > -+ > 1, > 0 are fized w.r.t. p,n
i=1

We pose Y = C%X, then, by denoting \y > --- > X, the eigenvalues of %YYT as
p,n — oo with 2 — ¢ €]0, ool

\ as{1+l1‘|‘cl%lz>(1+\/a)2 ,li>\/6 (26)
' (1+e)? i < Ve '

Actually, the “spiked model” terminology goes beyond sample covariance matrix mod-
els with C = I, + P, for P a low rank matrix. In the literature, spiked models loosely
refer to as “low rank perturbative” models in the following sense: there exists an under-
lying random matrix model X, the spectral measure of which converges to a well-defined
measure with compact support and having eigenvalues converging to the support which
is then modified in some way by a low rank perturbation matrix P; the resulting matrix
has the same limiting spectral measure as that of X but with possibly some spurious
(isolated) eigenvalues.



Proof Idea.
0 =det <%YYT - )\Ip) <= 0 = det (C)det (%XXT - Acl)
< 0= det (%XXT — AL, + X (I, - cl))
< 0 = det (%XXT — AI,,) det (Ip +A(L,—-C™) (%XXT — AIP) _1>

Using the low rank property: C = I, + P where P = UQU” with Q = diag(\1, ..., \x),
to obtain that I, — C™!' = U (I, — Q)" UT and Sylvester’s identity (det (I + AB) =
det (I+ BA)) we have:

1 _ 1 -
0 = det (—XXT - /\Ip) det | I + A (I, -~ UT (—XXT - AIp) U
n n

. J/ (.
~

punp(N) —>#1v1P(>\)Ik by x

* Isotropic Marcenko-Pastur: Vz € C\supp(up),
~1
U’ ( XX — 21 ) U — uyp(2)I,,

(X being ”almost-unitary invariant” U made of ”i.i.d.-like” random vector.)
Hence,

1+
0~ H ( 1 +l )\HMP(/\)) < Apup(A) = — I

But Aparp(A) maps |(1 + /c)?, +oo[ to | — 1?‘0/6, 0[. Therefore, we have a solution only
when [; > /c which is:

1+

7

1+ +c
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Figure 2.2: 1% Order Perturbation: Influence of the largest eigenvalue on the spectral
distribution. (Left) ll = 05 < \/E, (Right) ll =92 > \/E, Where c = % — 2800(% — O 63



Spectral Clustering

3.1 Defintion

We would like to classify n data vectors x1,...,x,RP into k-classes Ci,...,Cx:
X1, Xp, €C1
Xn—ng+1y--- Xp € Ck

To do so we introduce an affinity metric: for x,y € RP,

k(x,y) € R", eg k(xy)=f (]%Hx— yH%)

Remark 3.1.1 (Finite-Dimensional Intuition). For an affinity function as above, it is
natural to assume that f be a non- increasing function, as close-by data x;,x; should have
a stronger affinity than distant x;,x;. The popular choice f(t) = exp(—%) (Gaussian or
Heat kernel) is particularly appealing as it brings arbitrarily close data to a unit affinity
and far data to a null affinity.

We will subsequently show in this section that this natural reasoning often collapses
when dealing with realistic large dimensional data, leading to erroneous intuitions and
disrupting many conventional ideas behind kernel-based machine learning.

In order to perform the unsupervised classification, we will try to minimize a clustering
metric:

k

(X5, X1) R(X5,X1) k(X x1)
min min — — —
Crponn ;Z 1C; | Cr,nCi ; Z | C;i | Z | C; |
z 1C {X1 X3 EC z 1C {x17 -X } XjXECi XjE(;i
XZQC ! x;€C;
k
Z ( J X 7Xl)
— min Z Z 5ij B A B Z x;€Cs e A ain.t4 O,e¢;
Ch Cre < C | XX |C’L |
iz 1C {X17 7X7L} ! 7
— %nelg ' Z F?iDj — Z F;K; Fy
= J gl
k
. T T
— %négZF.i(D—kF <= min tr (F7(D — K)F)
1=
with F C R™* the discrete set of valid F’s, where:
n,k " n
1 .
F=J——bc K = {r(xi,x;)}; ,_, , D = diag Z K(X;,X;)
| Cj | ij=1 J=1 =1



Now the idea is to relax the problem, and transform F into {F € R™* FTF =1, }:

min  tr (F*(D — K)F) (3.1)

FFTF=I,

The solution of this problem is well-known, it is the & smallest eigenvectors of D — K.

3.2 Finite Dimension Intuition

o~ 12
If we use the famous Gaussian Kernel: k(x;,x;) = exp — il , the general intuition
j 2 S
would be:
o | > 1, if x;,x; in different classes
1% — %513 : :
< 1, if x;,x; in same class

Hence,

1“1121 [e]nlx%lz
K~ [ [Enxn Inoly, 0| with ey~ 0

in particular, Vi € {1,...,k}:

Ku; ~ Du;, whereuw; =[0,...,0,1,...,1, 0,...,0]"
N N N —

nit-tni—1 n; Nip1++ng
So u; is the canonical vector of C; and eigenvector of 1D — K.

Remark 3.2.1. Notice that we also have : D_%KD_%(D%UZ.) — Dzu;. In practice it is
more stable to study D :KD : — I, then D — K. We will do so in the continuing, we
are looking for the largest eigenvectors of D :KD 7 — I

However, we do not obtain those results in large p,n regime. Here an example with
equally draw 2-class Gaussian mixture data (with asymptotically non-trivial classification
condition): x ~ N (%p,I,) with p = [2,0,_4].

Figure 3.1: Kernel matrices K for small (p = 5,n = 500) and large (p = 250,n = 500)
dimensional data X = [x1,...,X,] € RP*" with x, ... ;Xn € Cy and Xni1,., Xy € Cs.



3.3 Large Dimensional Intuition

We have already seen in that this intuition is wrong! Indeed, in the case k-class
Gaussian mixture data, in asymptotically non-trivial classification regime we have:

1 2
maz % =xlf =70~ 0 (3:2)
1<iZj<p (p mp—00
Hence,
1 ... 1 1,1 [e]mx%u
Krr|: oo | # | 1”21"2
1 ... 1 : :

Question: Does this mean that the eigenvalues of K tends to 0 or n? No, to think that
way would be to make the same mistake we made in the Sample Covariance Example in
the first section.

Theorem 3.3.1 ([7]). In the k-class Gaussian mizture case with asymptotically non-

trivial classification conditions|1.2.1| and a kernel of the form K;; = f (%HxZ —x,13), we

have an spectral asymptotic equivalent for the renormalized Laplacian matriz L:

T
L=nD: (K— dd )D—%

d’1,, (3.3)
3.3
R ") 1 1
f,— ol (D1 PWT'WP +- JBJT +
fO)p =07 P~ S
~ ow ran, egligible
P:In—ll 1TW:[W1,..., n] € REX™with xX; = pe + Wy
J:[jlv-"a.]n] = 1-- ]
where § B = —2LMTM + ( — 20 ) tt7 + 20T + « (34)
k
M = [, .t = =[0CS, . Gy T = {EtngC‘g}mbl

Main Intuition. The key idea is to do a Matrix Taylor Expansion and not term by term
expansion. It is not because in the scalar expansion, the order decrease term after term,
that it will be the case in terms of spectral energy in the matrix expansion. For simplicity,

take K = {f <1XTXJ>} (we forget the terms ||x;||3 and ||x;||3), and we perform a
J=1

Taylor expansion around f(0):

/ T 1 // EXTX~ ? *
(XXJ> \f\@l"‘f 0)— XZXJ+2f )(pz J) +
ot

o(1) ~— N .
to matrix expansion (neglect diagonal effect):

2 n
K = f(0)1,17 + f’(O)%XTX + %f”(()) { (%xij) } + %



Now let’s evaluate the spectral energy of each term, with x; € C,, we can write x; = p,+w;
with |||l = O(1) and w; = O(,/p) then X = W + MJ™:

Lore IZWTW|| = O(1)L]
]_QX X = O”.”(l) because { H%(MJT>T(MJT)H — ||%JMTMJT|| = 0(1)

in addition, writing (x!x;)? = E[(x] x;)?] + Zi;, and with tr(C,C,) = O(p):

3 3

trCi1,,17  trC,Cy1,,17

2\ M nydp, o
{ <1XTX) } B i trc2c%1n2 151 tI‘C%an 1’52 N s ~— T \*/
P 1 ) p2 . . .
ij=1 : : " E[Zij]=0 op.(1)
- _ Var(Zij):O(p%)

Op. (1)

So we finally obtain:

1 7(0) 1
K = £(0) 1,17 + £/ (0)=(W + MJIT)T(W + MJT) + L—JTJT + *
Opyn) L d ‘2 ! - op(1)
e R 0y (1) |

The first term will have for eigenvalues {0,n} that will blow up, the second term can
disappear if we take f'(0) = 0 and the third one is deterministic, and contains classes

information. OJ

Hence, with this matrix Taylor expansion, we obtained a spiked model that we per-
fectly know how to exploit:

I I I I
I Eigenvalues of L [ ] Eigenvalues of L.

1] \ nn
0 1 2 3 4 0 1 2 3 4

Figure 3.2: FEigenvalues of L and IAJ, k= 3,p = 2048,n = 512,2¢; = 2¢y = c3 =
1/2, [pra;] = 40aj, Ca = (1 4 2(a — 1)/\/P) Iy, f(x) = exp(—x/2).



3.4 Heat Kernel

A really striking consequence of if that for a choice of f such as f(7) = 0 we kill
the noise term (PWTWP) and are left with a deterministic term (JBJT) that contain

classes information [§].

. "(1)1 1
-2l D lpwrwp ! gpym .
[ p———"p S~ =~
oise nformation  Negligible
It is important to highlight that by setting f(7) = 0 we also kill the information concerning
the means (MTM) in B. So we will not be able to separate classes with different means but
same covariance. However we can perfectly distinguish classes with different covariance

matrices.

B o TN TG WS 0 T
B= Qf(T)MM+(f(T) 4f(7)2>tt G

Hence, we see that the finite dimension intuition concerning the Gaussian Kernel has been
proved wrong once again in large dimension (f’(x) > 0). Here is an example (Top) for
two equally drawn classes (0, C;) and NV(0,Cy) with C; = I, and Cy = I, + 2ZZ" /p
where Z € RP*% has independent standard Gaussian entries. This is also verified with
real life Data, here is an example Bottom of electrocardiogram data of sane v.s. epileptic
patients:

X
V2 o [e] le) Va
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0.08 « o© 0% o
*xo_ 00° IR 0.08 ©
0.06 - o xQ  _QE R @ 0 o
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0ozl © &< 3 o 0.02f
: ‘o Lo
X % % O x
o © ° L or
O
-0.02 | o RS o% )
: %0 ﬁy« 8 o 0.02 |
-0.04 |- 0o X P ETL 0 X
O7x o 59 -0.04
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2
Figure 3.3: (Left) K;; = exp (——”Xi_xj‘@), (Right) K;; = (—Hxi_xj”% - 7')
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Real Data

In the previous chapters, we have repeatedly worked under the assumption that data arise
from a Gaussian mixture model or is represented by vectors with independent entries
to elaborate asymptotic performance analyses. Those assumptions primarily arises for
mathematical convenience but these vector distributions are naturally deemed unrealistic
models for realistic data. Yet, we do claim that scalar observations obtained from large
data tend to behave as if the data were Gaussian mixtures in the first place. We justify
this claim below with two strong arguments: one theoretical and one empirical.

4.1 Concentrated Random Vectors (CRV)

The modelling assumption that data x; are affine maps x; = Az; + b of vectors z; con-
stituted of i.i.d. entries is a severe practical limitation as few real datasets are of this
simplistic form. In [9], El Karoui provided a first means for RMT to go beyond the
“vector of independent entries” assumption. There, relying on concentration of measure
theory - extensively developed by Ledoux in [10] - El Karoui essentially showed that some
of the early random matrix results from Pastur (2.2.1]), Bai, and Silverstein (2.3.1]), remain
valid under the assumption that the x;’s are concentrated random vectors (CRV).

Intuitively, a CRV is a (random) point in high dimensional space having “predictable
observations” f(x), in the sense that, with (exponentially) high probability, f(x) takes
values very close to the deterministic My .

“Visualization” of x ~ AN(0,1,)

::*xx

Scalar observations f(x)

X X%&‘

] %ly o(1)
ovp  F

l:' j % o(1)

k S
R L R

Figure 4.1: (Left) A visual "interpretation” of 500 independent drawings of x ~
N(0,1,).(Right) Concentration of the observation for linear (fi(x) = x'1,/,/p) and
Lipschitz (f2(x) = ||x||s) maps.

Definition 4.1.1. A random vector x € RP is concentrated id, for a certain family of
functions f : RP — R, there exists a deterministic scalar My € R such that:
P(| f(x) — My |>t) < Ce™ ", forq>0,C,c>0
Thus, in the “observable world”, the observation f(x) appears to be “stable” for any

CRV x.

11



Paradoxically, very few “classical” multivariate distributions are known to produce
CRV, and yet, this is enough to bring an outstanding practical competitive advantage
against vectors with independent entries, when it comes to modelling real data for machine
learning.

4.2 GAN: Generative Adversarial Networks

Indeed, Gaussian random vectors are Lipschitz-concentrated, hence they are stable by any
lipschitz mapping from R” — RY. But today, there exist Machine Learning techniques
that learn to produce artificial but extremely realistic data, exclusively based on Lips-
chitz maps. The most popular of these methods are the Generative Adversarial Networks
(GANSs) initially proposed by Goodfellow et al. [11I]. Those are feedforward neural net-
works which, after training, generate highly realistic data f(x) from a standard Gaussian
vector input x ~ N(0,I,)). Since a feedforward neural network is a sequence of lin-
ear operators (interlayer connections and convolution operators) and Lipschitz nonlinear
activation functions (sigmoidal, ReLU, etc.), f is indeed Lipschitz.

Figure 4.2: Image samples generated by BigGAN in [12]

Finally, an important finding in [13] showed that for most conventional Machine Learn-
ing methods, the asymptotic performances achieved on CRV mixtures coincide with those
obtained on Gaussian mixtures - having the same means and covariances per class.

Those results combined - (i) GANs produced CRV so realistic that even human beings
cannot distinguish synthetic data from real ones (ii) asymptotic performances on CRV
can be obtain using adequate Gaussian mixtures - strongly suggests that (i) CRV are
accurate models of real-world data, (ii) performances obtained from large data tend to
behave as if the data were Gaussian mixtures.

4.3 MNIST Dataset

s

Figure 4.3: 28 x 28 = 784 pixels image of 0, 1, 2 from the Database MNIST
Now we will show this claim using Real Data. To do so, we will work with the
famous MNIST Dataset [14]. We select three classes (k = 3), with 64 elements per class
(ny =ng =ng =64): 0,1, 2. Then:

12



e We compute the Gaussain Kernel matrix K and compute the 4 largest eigenvectors
1 1
of the normalized Laplacian Matrix L =D 2KD"2 —L,.

e We compute spectral asymptotic equivalent of L, L= —2f o p JIPWTWP + 1J BJT
as if the Data was a Gaussian mixture (same mean and covarlance)

And compare them:

: | 7-—-—Mmﬂ% ﬂw\r

__________ F\HWA‘ITA A'frAA'f\A AIC\ i RAASS HEERS
T e e R L

I

Figure 4.4: (Red) Eigenvalues of L, (Blue) Eigenvalues of L as if Gaussian mixture
model. Top to Bottom: largest to smallest eigenvector

We see that we obtain extremely close results using a Gaussian mixture model. This
is of a major importance: it means that we can predict the results and performance of a
machine learning method beforehand using a Gaussian method. And use Gaussian Data
to analyse the results, fine-tune the kernel, improve the pre-processing to finally - at the
last moment - run everything on real Data.

Eigenvector 2/Eigenvector 1 Eigenvector 3/Eigenvector 2

Figure 4.5: 2D representation of eigenvectors of L, for the MNIST dataset. Theoretical
means and 1- and 2-std in blue.
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Conclusion

The main objective of this Diploma Thesis was to cast a light on the resulting biases of
finite-dimensional intuition and their consequences on Machine Learning methods but also
to provide a systematic random matrix framework to improve these algorithms: (i) one
first needs to conceive the limitations of low dimensional intuitions and understand the
reach of the large dimensional intuitions, (ii) capture the effect of the main mathematical
objects at play in machine learning on large data models, (iii) include these objects in a
mathematical framework of performance analysis, and (iv) foresee improvement methods
based on the newly acquired large dimensional intuitions and mathematical understand-
ing.
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