Fourier transform and Langlands correspondence
JUNHUT QIN

The Hecke eigensheaf is a core object in Langlands correspondence for function
field: under Grothendieck’s functions-sheaves dictionary, they are just the auto-
morphic objects Langlands-corresponding to Galois representations. In this survey,
we give a way of constructing Hecke eigensheaves for GL,, for function fields, first
given by Frenkel-Gaitsgory—Vilonen in | ]. The method essentially comes from
Laumon’s previous work [Lau], in the spirit of Fourier transforms. Our next step
is to review this construction in the setting of the geometric Langlands conjecture,
which involves some notions from geometric representation theory. Finally, we
breifly study the shadow of this construction in local Langlands correspondence,
both in the ¢-adic and p-adic coefficients.

The structure of this survey is as follows:

— Section 1 is a revision of the Langlands correspondence, especially on the
notion of Hecke eigensheaves.

— Section 2 is a revision of Fourier transform.

— Section 3 is the details of the main construction.

— Section 4 is a collection of results and methods in geometric representation
theory.

— Section 5 is a continuation of section 4, talking about geometric Langalnds
correspondence and the occurrence of the previous construction in it.

— Section 6 deals with local Langlands correspondence.

1. THE PHILOSOPHY OF LANGLANDS CORRESPONDENCE

Before going into the main construction, we firstly introduce briefly about the
Langlands correspondence for GL,, for function fields. Denote £ # p two different
prime numbers. Let X be a proper smooth curve over the finite field F, with
function field F, with its Adeles Ap. Denote {o},, the set of rank n irreducible Q-
local system on the generic point of X, i.e. Q-representations of Galy of dimension
n. For such a representation, we can form its local L-factors L(¢,0,), which
essentially comes from eigenvalues of Frobenius at x under this representation.
For a precise definition, one can consult | ]. On the other hand, denote {7},
the set of irreducible cuspidal automorphic representations of GL,,, i.e. irreducible
cuspidal GL,, (A r)-sub-representations of Func(GL,,(F)\GL,(Ar),Q;). For such
a representation, we can also form its local L-factors L(t,r,), which essentially
comes from eigenvalues of the Hecke actions at x. For a precise definition, one can
consult | ].

Theorem 1.1. There is a bijection between {n}, and {c},, such that their local
L-factors agree, i.e. for almost all x € X, L(t,my) = L(t,04).

The bijection is called the Langlands correspondence, where {7}, is called the
automorphic side, while {c},, is called the Galois/spectral side. To get the corre-
spondence it is a long history: for n = 1 it is abelian class field theory; for n = 2 it
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is firstly proven by Drinfeld [Dri]; for n > 2 it is firstly proven by Laurent Lafforgue
[ ], by using the theory of shtukas. The notion of shtukas gives one direction
of the correspondence, that from the automorphic side to the Galois side, and by
some method, if we know one direction of this correspondence, then the other side
is automatic. Later, Vincent Lafforgue, in [ ], uses the theory of shtukas to
give the “automorphic to Galois” correspondence for general reductive group G,
but in general this does not give the other direction of the correspondece as in the
case of GL,,.

In this summary we concern about the other direction of the correspondence,
i.e. the Galois side to the automorphic side, and that is what Laumon and Frenkel—-
Gaitsgory—Vilonen exactly did. More precisely, we construct a corresponding 7 for
every unramified o in theorem 1.1. Here such a rank n irreducible Q-local system
is said to be unramified if it is a local system on X instead of only on the generic
point of X.

The method really relies on the geometrization of the Langlands correspon-
dence. Recall that Grothendieck’s functions-sheaves dictionary describes a mech-
anism, passing from the derived category of Qg-constructible shevaes on any al-
gebraic stack Y over F,, to the set of Func(Y(F,),Q¢), by taking the trace of
Frobenius. In particular, this applies to the stack Y = Bun,,, which is the stack
classifying rank n vector bundles on X. By Weil uniformization, Bun, (F,) =
GL,(F)\GL,(Ar)/ 1, GL,(O;), hence the functions on Bun, (F,) are exactly
those unramified automorphic representations. We desire the corresponding 7
to an unramified o is also unramified, and hope it to come from geometry, i.e.
to come from some constructible sheaves under functions-sheaves dictionary. We
call the desired constructible sheaves as the Hecke eigensheaf for . Now we can
reformulate the main theorem of this survey geometrically as

Theorem 1.2. For every geometrically irreducible @g—l_ocal system E of rank n
on X, there exists a perverse sheaf Autg € Perv(Bun,,Qy) on Bun, such that it
is a Hecke eigensheaf with eigenvalue E.

We will develop a method for proving it in the following several sections. For
now, let’s explain some notions appearing in the main theorem.

Remark 1.3. Grothendieck’s functions-sheaves dictionary is far from being an
equivalence: shifting by degree 2 of a constructible sheaf gives the same function
as the original one. That makes us put the condition of being perverse for the Hecke
eigensheaf being unique, somehow, which will also facilitate the construction.

The geometric version of Langlands correspondence even sounds more natural:
after all we start from a geometric object o, so the resulting object should also be
a geometric object instead of a function. For example, the definition of a Hecke
eigensheaf is naturally geometric.

Definition 1.4. Let Heckel be the stack classifying (V, V', z,a: V — V') such
that z € X, and « is a modification of vector bundles at = of length 7. It serves
as a correspondence
Bun, £ Heckein SN Bun,, xX.
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Then K € D’(Bun,) is called a Hecke eigensheaf with eigenvalue E if we have
gp'K = KRA'E.

Later we will see a better description of Hecke eigensheaves in the formalism of
geometric Langlands conjecture.

2. FOURIER TRANSFORM

Recall three classical objects which are in the same spirit:

(1) the most classical Fourier transform says that for a Schwarz function f,
we can do the Fourier transform

fly) = /R f(z)e2miovdy,

This gives a bijection of the set of Schwarz functions. In general, this
theory works for any locally compact abelian groups;

(2) in algebraic geometry, there is a Fourier—Mukai transform, giving an equiv-
alence between D(A) and D(AY) for an abelian variety A and its dual
AY = Pic’(A). Here D(—) denotes the derived category of quasi-coherent
sheaves;

(3) for an affine abelian scheme or formal scheme G, we can consider its Cartier
dual GV. The Cartier duality says an equivalence between D(G) and
D(BGY).

We want to treat them in a unified way in this section. We cannot avoid to use
the language of oco-stacks and derived stacks. Breifly, compared to stacks, derived
stacks allow us to test on the larger category of simplicial commutative rings, and
produce animas, a.k.a. oo-groupoids, for each test object. A good reference for
this is Lurie’s thesis [Lur].

Then we can define what a group-like derived stack is, furthur what an abelian
derived stack is: an abelian derived stack is a derived stack that it is a sheaf valued
in Es-animas. As a special case, we can recover the notion of Picard stack a la
Deligne in [Del], as those abelian derived stacks with only nontrivial homotopy
groups in degree 0 and 1.

The advantage of using derived stacks is that we can form the mapping stack
Map(X,Y) for two derived stacks X and Y, and it usually shares good properties.

Definition 2.1. For any abelian derived stack X, we define its 1-shifted character
stack x[1](X) as fitting in the Cartesian diagram

x[1](X) ——— Map(X, BGy,)

J/ A )2 J{mx

o]
m, J %
Gm

(_
Map(X, BG,,) —— Map(X x X, BGy,)
Here mx: X x X — X and (—)?: Map(X,Y) — Map(X?2,Y?). In intuition, this
is just the categorical way of considering group homomorphisms from X to BGy,.
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One can verify x[1](X) is also an abelian derived stack; we say X to be self-dual
if X [1](x[1)(X)) = X.

We also assume X to admit six functor formalisms. This can be in different
settings: for example, we can use the six functor formalism of ind-coherent sheaves
developped by Gaitsgory—Rozenblyum in | ]; or use the six functor formalism
of solid sheaves developped by Clausen—Scholze in | I, 1 ] and | ]

For a self-dual abelian derived stack X, which admits six functor formalisms,
denoted D(X), we can do the Fourier transform abstractly as follows. From

p: X x x[1](X) — BGy,,
we define Four: D(X) — D(x[1](X)) as
Four(M) = pr, (1)(x),(pry M ® p*O(1)).
As a folkfore, this functor Four is usually an equivalence.

Example 2.2. Let’s compute 1-shifted character stack for X = BG,. Firstly
Map(BG,, BG,,) is the so-called unipotent loop space of BGy,, and is computed
as G,/Gy, as in [BN]. Therefore, we have a Cartesian diagram

X[1)(BG,) ——— G /G

lA/id

Ga /G —LF (G % G2) /G

Hence x[1](BG,) = Ga. In fact, we can write the pairing BG, x G, — BGy, as

x exp(zy)
() ()
(o , y )— o

Moreover, BG, 18 self-dual, hence by the folkfore, we recover the Cartier duahty
D(BG,) = (Ga) as the Fourier transform. Similar things happen for BG, and
Ga,.

Inspired by this example, we can write the several constructions mentioned in
the beginning as a unified way:

(1) take X to be the de Rham stack GIF of G,; we have an isomorphism
GIR ~ Gu/@\q Then by the example above, x[1](GI®) = GIE. Hence
we have a Fourier transform Four: D(GSR) — D(GSR). Since D(GIR) =~
D(G,) recovers the theory of D-modules on G,; see | ], we recover the
Fourier transform of D-modules on G,, which is a categorical version of
the classical Fourier transform over R;

(2) take X to be an abelian variety A. Then x[1](A) = AY, so we recover the
Fourier—-Mukai transform;

(3) take X to be an affine abelian scheme or formal scheme G. Then x[1](G) =
BGY and we recover Cartier duality. This is not an easy fact, while we
have computed a special case G = ((/}; above to convince the readers;
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(4) take X to be a Banach—Colmez space. Then as we will see in future, the
theory of Fourier transform depends heavily on whether the coeeficient is
l-adic or p-adic; we must treat it case by case. We will come back to the
precise formulation when we need it.

However, this theory of Fourier transform only recovers stacky cohomology
theories, that means those cohomology theories able to be described in the category
of quasi-coherent sheaves on some stack. One example is the theory of de Rham
cohomology and D-modules of X, which is equivalent to the category of quasi-
coherent sheaves on X9%, hence is stacky. A non-example is the category of f-adic
constructible sheaves on a variety over F,,, so we cannot develop Fourier transform
by the method above; while the Fourier transform is quite important, which is
crucial in the function field setting; so we discuss about it in a separate way.

We first treat the simplest case that X = A' over F,,. Then we have a simple
answer: their is an Artin-Schreier sheaf £, € DY(A',Q;) which corresponds to
a character ¢: F, — Q under functions-sheaves dictionary. Then the Fourier
transform is stated as:

Proposition 2.3. Consider the diagram

Ly Al 2

/\

Define the Fourier—Deligne transform Four: D3(A!, Qg) — Db(AY,Qy) as
Four(F) = q(p*" F @ X*Ly).

Then this transform is an equivalence of category, and preserves the perverse t-
structure on each side.

Then we can say more about general cases. First imagine that there is a fictive
“stack” X* whose quasi-coherent sheaves gives (-adic sheaves on X. Then the
Fourier-Deligne transform for A! is interpreted as x[1](A}%) = AL¢, and under
the pairing

AN x AM — BG,,
the pullback of O(1) is given by ¥*L,. Then for a general derived affine space V,
we can do the following fictive computation:
x[1J(V®) = Homyu.e (VE, x[1)(AVY)) 22 Homy1e(VE AVY) 2 Homya (V, AL 2= V£
This inspires the form of the Fourier—Deligne transform in general:

Proposition 2.4. Consider the diagram

VxVVy —=2——
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Define the Fourier-Deligne transform Four: D%(V,Qy) — D%(VV Qy) as
Four(F) = q(p* F @ X*Ly).
Then it induces an equivalence of category and preserves the perverse t-structure.

Remark 2.5. One can easily generalize the whole picture to the relative case, i.e.
we can consider derived vector bundles over X /derived relative abelian stack over
X, and do the same thing to get a version of Fourier transform.

3. THE MAIN CONSTRUCTION

Given a geometrically irreducible local system E of rank n on X, we want to
construction a Hecke eigensheaf Autg on Bun,. Denote Coh,, the algebraic stack
parametrizing coherent sheaf of generic rank n on X. Denote Cohfll its degree d
part, then we have a decomposition Coh,, = | |;~, Cohi.

When n = 0, we have an open immersion i: X(¥ = X4/5; — Cohg by sending
a divisor to its corresponding skyscraper sheaf. In general, we have a stratification
of Coh? with each stratum given by X(91) x X (@) x ... x X(4n) — Cohd for some
d; such that > id; = d.

Definition 3.1. Denote 7: X4 — X@ and A ¢ X(@ the diagonal with comple-

ment X9 — A classifying pairwisely different points. The Laumon sheaf L is a

. . S .
sheaf on Cohg such that Lg|copg is defined as i (re B¥4)”" | x @ _ald]. Here i,
denotes the intermediate extension; so Lg is a perverse sheaf on Cohg.

Remark 3.2. A clearer way to describe the Laumon sheaf is as follows. Denote
——d )
Coh,, the stack classifying a flag (Fy — F4—1 — --- — F1) such that F; € Cohy,.
—d

We have a resolution 7: Cohy — Cohg sending such a flag to F,, and a structure

—d
morphism p: Coh, — X¢ sending such a flag to (supp(ker(F; — F;_1)));- The
resolution is an analogue of the Grothendieck—Springer resolution, and we have an
isomorphism

* Xd Sa ~ Xd Sa

(Rﬂ'*p E ) & gy, (T*E ) |x@_ald] = LE|cong-

Denote Hecke? the (extended) Hecke stack classifying two rank d bundles V, V'
over X and a modification a: V' — V’ such that coker(a) € Cohg. Then there
exists a structure morphism Hecke — Coh{ such that its fiber on the stratum
X (1) oo X (k) g Hecke(’} where A\ = (ny+---+mng, -+ ,ng, - ,0). The fusion
property for Hecke stacks implies the fusion property for Cohg. We get:

Proposition 3.3. The pullback of Lg to X(™) x ... x X" has fiber over D; =
> ni|x] of the form

z - i, 5 .

zeX i=1

Here we can find the definition of R(@e = dk.2) in [Lau, 3.3.8].
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In next step, we lift the Laumon sheaf £ to a perverse sheaf Aut’; over Bun!,.
Here Bun/, classifies a vector bundle V over X of rank n and an embedding Q'y ' <
V.

Remark 3.4. Denote Mir,, the mirabolic subgroup of GL,, i.e.

*

S
Mir,, = .
*
0 --- 0 1
Then Bun;, (F,) = Mir, (F)\GLn(Ar)/IT,cx GLn(Oz). Therefore, constructible
sheaves on Bun!, corresponds to mirabolic automorphic forms under functions-
sheaves dictionary.

In fact, the construction is automatically defined over a bigger stack Coh! , in
which Bun/, serves as an open substack; here Coh/, parametrizes those (M, s) with
M € Coh,, and s: Q}fl — M.

Definition 3.5. Let

e & be the stack classifying (My, si), My € Cohg, si, € RHom(Q’j{l,Mk),
e & be the stack classifying (My, R Hom(My, Q% )[1]), My, € Cohy.
They are dual vector bundles (in the derived sense) over Cohy by Serre duality.

Notice ji: Cohj, — & serves as a substack of &, and Cohj, also admits a natural
morphism & ;. Hence we have a diagram

£y Ex Coh, &Y, Er

N N

COhk COhk,1

Now we construct the desired sheaf inductively.
(1) denote Fro = Lg;
(2) define Fp 1 as the pullback (up to degree shifting) of £ on Coh} along
the structure morphism Coh) — Coh", which is a perverse sheaf;
(3) if we have already defined Fg j over Coh},, define F E,k+1 inductively as
the pullback to Cohy_, ; of the (derived) Fourier transform of ji(Fg k), ie.
Fe k1 = Four(ju(Fe,k))|con,

k+1"

Finally, we get the desired sheaf Fp , on Coh;,. It is perverse because of the
cleanness property below, and that Fourier transform preserves perversity.

Theorem 3.6 (Cleanness). The natural morphism juFex — jeF Bk 1S an iso-
morphism. As a result, juFg i equals to its intermediate extension ji«Fg i, hence
perverse. In particular, Fg.p is an irreducible perverse sheaf over Cohl, .
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Remark 3.7. There is a slight difference between our construction and the one
in | ]. This is because at that time only the underived Fourier transform is
developped, so we must restrict ourselves to some good substack of Cohy where
the underived duality behaves well. We briefly recall the setting there. Use the
convention of degree as deg(det(M))—k(k—1)(g—1) (so that @i:_ol Q¢ has degree
0). Fix a line bundle £ such that for any M € Bung<,, Hom(M, £) = 0 implies
deg(M) > nk(2g — 2) and Ext'(Q¥~1, M) = 0. Let c,, be an integer such that
for any M € BunZ°s satisfying Hom(M, £) # 0, then M is very unstable. Let
C¢ be the substack of Coh{ such that Hom(M, £) = 0. Set Cj, = Udge, ,Cil. Then
we replace every Cohy, above by Cj, and do Fourier transform, and finally get the
usual construction of the sheaf Fg .

Denote Autgg as the restriction of Fg , to Bun;. In order to get a sheaf Autg on
Bun,,, we need to do descent of Aut; from Bun, to Bun,. We breifly summarize
the process.

We first do the descent in a smaller collection of component, saying that on the
part (Jgso Bun? of degree sufficiently large.

Since Aut’; is an irreducible perverse sheaf, it is an intermediate extension of
some local system on an subopen of Bun/?.

Lemma 3.8 (] , lemma 6.4]). Let Y be a smooth scheme or stack and let K
be an irreducible perverse sheaf on Y. If the Fuler characteristics of the stalks of
K are the same at all Fp—points of Y, then K is a local system. If these Euler
characteristics are not identically equal to 0, then IC # 0.

Then one can compute the Euler characteristics of this perverse sheaf, and show
that they are constant along the fibers of p: Bun'ﬁl — BunfL. Therefore, we can
assume Fg j, is an intermediate extension of a local system K on a subopen of the
form p~1(U) for some U. Then to do the descent, it suffices to do the descent K
from p~(U) to U, because the intermediate extension of such a descent will give
the desired descent of Aut’.

We come back to study the map p: Bun’f — Bun‘fl. When d is sufficiently large,
each fiber of this map is of the form H°(X, L) — 0 of some line bundle £, hence
HO(X, L) —0/Gy, is a projective space. The local system K is G,-equivariant, as
Fourier transform preserves Gp,-action; hence K descents to Bun’? /G,,,. However,
Bun;fl /Gy, over Bunfll has fibers as projective spaces, which is simply connected;
so K must descent to a local system on U.

Furthurmore, we can extend the descent of Aut’; to other connected compo-
nents, instead of the part of d >> 0. This is because if we want a sheaf to be Hecke
eigenvalued, then it is uniquely determined by finitely many connected compo-
nents, as Hecke operators shift degrees. This finishes the process of the descent,
and we call the resulting sheaf as Autg on Bun,,.

Finally we need to prove the Hecke eigen-property of Autg, but let’s say it to be
tautological: because the Laumon sheaf Lg satisfies the Hecke-Laumon property
with respect to E; see | , section 8], so the construction of Autg insures itself
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to be a Hecke eigensheaf with eigenvalue E. As before, the better viewpoint is via
the geometric Langlands conjecture.

4. METHODS FROM GEOMETRIC REPRESENTATION THEORY

To fully understand the technical construction of Hecke eigensheaves, we need
tools from geometric representation theory to unpack, integrate, and repack the
whole construction. Let’s recall them one by one. We work over a field &k of
characteristic 0 from now on.

We firstly discuss about Schur—Weyl duality. Classically, there is an “unex-
pected” connection between irreducible representations of GL,, and irreducible
representations of Sy: after all they are all parametrized by combinatorial objects
called Young diagrams. The exact relation is given as:

Theorem 4.1. Let Std,, be the standard GL,, -representation. Consider the GL,, X
Sg-representation Std%d. We have a decomposition of GL,, X Sg-representation

®d __ D D
Std, ¢ = @ pn Xy
DGYOung?"

Here Younggn collects Young diagrams with d bozes at most n rows, and pZ, w2
are the corresponding irreducible representations.

We want to categorify this. Let X be a projective smooth curve over k. Denote
Ran := ligl I<oo XT the Ran space of X, which one can imagine as a geometric

version of Adele. If an object C is defined for every point x € X, then we can
extend its definition to the Ran space, and denote it as Cran-

Then we can form the category (Rep GLj,)Rran, classifying the collection of
finitely many points of X and a GL,-representation for each such a point. This
is the Ran version of the category of GL,-representation. On the other hand, the
Ran version of the category of S;-representation is X (9. However, a better version
is Cohg because it contains more information, for example, the fusion property.

Then we have a functor (Rep GL;,)ran — D(Cohyg), sending an irreducible rep-
resentation p2 of GL,, with trivial variation along Ran space, to the corresponding
perverse sheaf on Cohg determined by 72. The construction relies on geometric
Satake equivalence, but let’s say firstly some important observations:

(1) under this functor, the object in (Rep GL;,)ran determined by the local
system F is sent to Lg;
(2) any image under this functor has support contained in strata X (d) %
X(2) oo Xdm) with m < n;
(3) combining two, we get a geometric intuition of proposition 3.3.
Now we back to the construction of this functor, which uses (derived) geometric
Satake equivalence as follows.

We treat directly the derived version of geometric Satake, as the derived phe-
nomenon itself serves an important role in geometric Langlands program. For an
arbitrary reductive group G over k, with Langlands dual group G, denote the affine
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Grassmannian as Grg = LG/LTG, where LG = G(k((t))) and L*G = G(k[t]).
then the derived geometric Satake equivalence states:

Theorem 4.2. There is an equivalence of symmetric monoidal co-categories
IndCohy;, (0 x5 0/G) = D(LTG\ Gre).

Remark 4.3. We give several remark:

(1) the symmetric monoidal structures come from convolutions;

(2) if we work on the heart of each side, then there is no derived phenomenon
appearing, and the resulting is the (underived) geometric Satake equiva-
lence

QCoh(BG) = Perv(L*G\ Grg).

(3) the nilpotent cone condition is explained by Koszul duality;

(4) the derived geometric Satake equivalence is the local behavior at x € X
of geometric Langlands conjecture in the next section;

(5) The category of ind-coherent sheaves is really involved: take G = Gy,
then there is a difference between IndCoh(0 x 1 0) and QCoh(0 x 1 0),
and the geometric Satake only holds for ind-coherent sheaves by Koszul
daulity.

Then the Schur-Weyl duality can be strictly constructed via derived geometric
Satake. The Ran version of derived geometric Satake gives

MNilp (0 Xg O/G)Ran = (HeCkeGLn,Ran)

where Heckegr,, ran is the Ran version of Hecke modification. It admits a natural
morphism ¢: Heckegr,, Ran — Cohg defined by modification. Then we define the
desired functor as

(Rep GLy)Ran — IndCohy;; (0 x5 0/G)Ran = D(Heckegr, Ran) — D(Cohy).

This recovers geometrically the Schur-Weyl duality. We denote this functor as
SW: (Rep GL,,)ran — D(Cohy).

5. OCCURRENCE IN THE GEOMETRIC LANGLANDS CONJECTURE

Now we go into the world of (de Rham) geometric Langlands conjecture, and
see the connection with Laumon sheaf. The geometric Langlands conjecture is
firstly studied by Beilinson and Drinfeld, and then developped by Gaitsgory and
others. Recently it is well formulated and proven in five articles [ I 1,
[ I, | ] and [ ]. Fix the setting that k is an algebraic closed field
of characteristic 0, and X is a curve over k. The advantage of working over such
a field k is that we can use the theory of D-modules, which is a stacky theory;
so the Fourier transform is better developped. Fix the standard convention of of
D-modules; for arbitrary D-modules, we have f' and f,; for holonomic ones, we
have additionally f* and fi.

The statement of the geometric Langlands conjecture is as follows.
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Theorem 5.1. There exists a functor Lg which is an equivalence:
Le: Dy (Bung) ““5 IndCohyy, (LSe).

We denote its tempered quotient as
L&™: D1 (Bung)emp —> QCoh(LS¢).

On the left side, we use twisted D-modules in critical level instead of origi-
nal ones, as even in the local story the twisting appears naturally; nevertheless,
there is a noncanonical identification D% (Bung) = D(Bung). On the right side,
we use ind-coherent sheaves as the right object, because of being singular for
LS. This singularity makes difference between ind-coherent sheaves and quasi-
coherent sheaves. The subscript “Nilp” refers to the nilpotent cone and the cat-
egory IndCohyy;,(—) is explained in [ACG]; it is a shadow of the Koszul duality
phenomenon.

We don’t discuss the proof of this conjecture. However, the proof relies on some
tools that we will use below.

(1) Derived geometric Satake equivalence discussed in the last section.
(2) Spectral action & la Drinfeld—Gaitsgory.
By the Ran version of geometric Satake equivalence, Rep Gran acts on
D, (Bung). On the other hand, the pullback along the morphism (XTydR x

LSs — BG! gives a map Rep G — QCoh(LSx) @ D(X!). By self-duality
of D(X), we get Rep G! @ D(XT) — QCoh(LS). Collecting all finite sets
I, we get a map Rep Gran — QCoh(LSx).

Remark 5.2. This map serves as a role of factorization homology in the
sense of

“®” Rep G — / Rep G, = QCoh(LS).
X X

Theorem 5.3 (Vanishing conjecture a la Drinfeld-Gaitsgory). The action
of Rep Gran on Dy (Bung) factors through QCoh(LS).

By using this theorem, we can also redefine the notion of a Hecke eigen-
sheaf:

Definition 5.4. Let 0 € LS, and we denote the pullback along o also as
o which gives a functor o: QCoh(LSx) — D(k). A Hecke eigensheaf with
eigenvalue o is an object in the category D% (Bung) ®qcon(Lss),e D(k).

By unpacking the definition, one finds this is exactly the definition in
section 1.
(3) Whittaker coefficients and its enhancement.
Let 2p be the character that is the sum of all simple roots and 2p the

1 1
corresponding cocharacter. Choose a square root Q% of Qx. Then 25(Q%)
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1
is a T-bundle on X. Denote Bun%QX) = Bung XBun20{(2%)}. It admits
a morphism p to Bung. On the other hand, denote v the composition of:

cBunf™ — [ Bu®x — [[H'(X,Qx) = J[A" = AL

simple roots

In summary, we have a diagram
Bung 2 Bun?V(QX) AL
Let exp be the exponential D-module on A'. We define
coeff: D1 (Bung) — Vect, F +— C;R(Bun%QX),p!}" ® P* exp).
Since exp is holonomic, this functor is well-defined.

Remark 5.5. Whittaker coefficient is the analogue of f +— a1 (f), i.e. the
first Fourier coefficient for modular forms. As we will see in the follow-
ing, higher Fourier coefficients will be recovered by enhanced Whittaker
coefficient.

Denote ¢y: LN — G, the morphism induced as
¢: LN — L(N/[N,N]) — N/[N,N] =G} — G,.

Defined the Ran version of Whittaker category for G as Whit(G)ran =
D(Grg ran)“M'¥. For example, an object in the Whittaker category is
a D-module F on Grg ran such that under the pullback along p: LN x
GrgRran — Grg,Ran, We have p'F =2 F K *exp. Then the coefficient
functor has an enhancement as follows:

coeffe; D%(Bung) — Whit(G)ran,

defined as Av, ox', where the diagram is

BUHG (L GrG,Ran ﬂ} “(LN, 1,/})\ GrG,Ran 7,
Remark 5.6. The enhanced Whittaker coefficient is an analogue of the
collection of all Fourier coefficients of a modular form {a,(f)}n>1.

The geometric Casselman—Shalika formula.

Theorem 5.7 (Geometric Casselman—Shalika). There exists an equiva-
lence of factorization category (for the notion of factorization, see | ,
appendix B]):

o

CS¢: Whit(G)ran — Rep(G)Ran-

Moreover, it is compatible with the action of derived geometric Satake
equivalence on both sides.
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Moreover, we have a commutative diagram (part of the Fundamental
Commutative Diagram in | D:

Whit (G)Ran ——% Rep(C)ran

>nh Spec
coeff® 1\ TFG*

D, (Bung) —5 IndCohyy, (LSg;)

1
2

Here are also some tools that are special for GL,, which is crucial in the construc-

tion.

(1)
(2)

Schur-Weyl duality from last section.

Geometrization of mirabolic trick. Recall Bun/, as the stack classifying a
rank n vector bundle V with an embedding Q®"~1 — V. Then we have
the following isomorphism

Mir: Dcusp(Bun;) =~ Whit(GL,,)Rran-

It is compatible with Whittaker coefficient in the following sense. Denote
the morphisms as Bun/, 25 Bun,,. The object constructed above satisfies
the following diagram

Dcusp (Bunn) L) Dcusp (Bun;)

Whit(GL, ) ran

Geometrization of Whittaker pattern. We introduce the stack Q and its
compactification Q. The latter classifies a rank n bundle F and a collection
of injective morphisms

si: QUnmDHAm=) Al E

such that generically this collection defines a complete flag of subbundles
in F. The former is a substack of the latter classifying those defining a
complete flag of subbundles entirely. Separating the degree of F, we get
their connected components Q% and @d. A glimpse that makes involving
of Whittaker pattern (hence also the coefficient functor): QU is exactly
Bun%QX ) and @0 is the Drinfeld-Laumon compactification TM%QX). The
precise relation with Whittaker coefficient is described as follows. Denote
QO the stack parametrizing a datum in Q, which consists of a special flag
on a rank n bundle V' with an injection from V to another rank n bundle
13



W. There is a diagram

COhO - é

I

P
Bun,, +—— Bun;l

Then we can form a functor W: D(Bun,) — D(Cohyg) given by W(F) :=
7“*(7'('!.7: ® ¢*exp). Then this functor will recover enhanced Whittaker
coeflicient after the next point.

(4) The compatibility between Schur—-Weyl duality, Whittaker pattern and
mirabolic trick. We use a commutative diagram to summarize the relations

D(Bun,,) _r D(Bun,)

Whit(GLy,)Ran —— (Rep GLy)Ran

SW
w m\) J

D(Coho)

Now we put everything together. Forget about the Laumon sheaf Lg for a while.
We firstly do the Poincaré sheaf (i.e. structure sheaf) construction. Denote the
character as ¢: @ — A! as above. Define

Poinc; = my* exp € D(Bun, ), Poinc| = 7{¢* exp € D(Bun),).
Then by formal adjointness, under the diagram

Whit(GLy,)Ran = Deusp(Bun;,) ——— Rep(GLy,)Ran

L
Deusp(Bun,,) ————"— IndCohy,,(LScr.,)
the following objects are corresponded to each others:

Poinc{ —— 1ran

Ler,

Poincy —— OLrsg,,,
Now we add the information about E and Lg. The sheaf Aut, constructed
before, using Fourier—Deligne transform, has another description as follows:
Aut’y = 7 (r* L ® 1" exp) € Deusp(Bunl,).
Here all sheaves are holonomic so lower-! and upper-* are defined. One can find

the proof in | ] that this construction agrees with the original construction;
14



but intuitively, they agree because of unpacking the Fourier transform under the
relation that:

/ / / ~ N
(COhn X Coh,, COhn71 X Cohy, 1 X Cohy COhl) lopen part given by bundles — Q

We admit the descent of Auty to Autg, i.e. Aut’y = p' Autg. Then Autg is the
desired Hecke eigensheaf.

In fact, by formal adjointness, W(Autg) = Lg € D(Cohyg). Under Schur—Weyl
duality, it is the image of the object in (Rep GL;)ran determined by E. This
object is exactly I'®P*°(5g) where 65 € IndCohyy (LSaL,) is given by the push-

forward of Ogpec ;. along Spec k X LSqrL, ; for this one could imagine as skyscraper
sheaf on LSqr,, determined by E. Hence we obtain the correspondence of objects
under the diagram as

Autly —— TSP¢(5)

LeL,

Autp ————— g

This explains the construction of Hecke eigensheaf via Laumon sheaf under geo-
metric Langlands conjecture.

6. OCCURRENCE IN LOCAL LANGLANDS CORRESPONDENCE

Now we turn to the setting of local Langlands correspondence for GL,,. For sim-
plicity let’s take the local field to be Q,. Then the local Langlands correspondence
gives a correspondence between the following two collection:

(1) Weil-Deligne representation of Q,, of dimension n.
(2) Smooth admissible irreducible representation of GL,,(Q,).

The coefficient of £ # p and ¢ = p make a difference due to the subtlity of choosing
the topology. We work firstly in the ¢-adic coefficient case, which is simpler, while
later we turn to the p-adic coefficient case.

6.1. In the /-adic geometrization. In the /-adic case, by Grothendieck’s f-adic
monodromy theorem, Weil-Deligne representation reduces to representation of the
Weil group Wg,. The good thing is that we already have a geometrization in [F'5].
Namely, we consider the Fargues—Fontaine curve

Xrr = (SpaAue(Oc,)\V(p[=’])) /¢,

which serves as the curve appearing in the geometric Langlands correspondence,
then consider two objects, Bung and Div', which are considered as v-stacks, and
study their relations. Fix A an ¢-torsion or f-adic ring. Precisely, a geometric
conjecture is formulated as follows which is the last statement of [I'S]:

Conjecture 6.1 (Vague version). There is an equivalence of co-categories between

w ~v b, C
D(Bung, A) = DNi(ZIp,coh (LSDivl,é)'
15



We won’t discuss this conjecture, but only focus on the case G = GL,, and the
“skyscraper case”: this is to construct the Hecke eigensheaf for any irreducible
local system o on Div' of rank n, and we try to do the same construction of the
Laumon sheaf.

For simplicity, we can even just consider the case of GLo. But before that let’s
introduce the dictionary of Bung for Fargues—Fontaine curve.

Fix S perfectoid space over F,,. Consider V(g )5 and the Fargues-Fontaine
curve Xs. Its associate diamond is XS = S x Spd Q,/¢? x id. The mirror curve
Div' is defined as Spd Qp/¢%. The first goal is to understand vector bundles
on Fargues—-Fontaine curve. Notice that there is a canonical embedding Isoc; —

Bun(Xg) for any S. Thanks to Dieudonne-Manin classification, it sends D) to
O(=\).

Proposition 6.2. Over any geometric point C, any £ € Bun(X¢) is of the form
@ O(N)™>. Moreover, for any £ € Bun(Xs), the map associating C' to the Harder—
Narasimhan polygon is upper semicontinuous.

Define Bung (Xs) by Tannakian formalism. Define Bung as the v-stack sending
S to Bung(Xs). It is easy to show Bung is a small v-stack over Spd k, hence we
can talk about its associated topological space | Bung |. Denote by B(G) the iso-
morphism class of G-isocrystals. Kottwitz has constructed two maps v: B(G) —
(X. (T)a)F and x: B(G) — m1(G)r. Define a topology on — (X*(T)a)F x 71 (G)r
by order topology on the first coordinate and discrete topology on the second.

Theorem 6.3 ([I'S, chapter II)). There is a homeomorphism B(G) = | Bung |.

Therefore, Bung should have a stratification parametrized by B(G). It is de-
b

noted by Bun% for b € B(G). The canonical G-bundle gives a map x;: * — Bun%.
Proposition 6.4. The point x, is surjective. As a result, Bunl = [*/CN}’b] of
dimension —(2p,vp), where éb is the automorphism of xp. It has a filtration
ébz)‘ such that Gp(Q,) = ébzo/é;o is the automorphism of the corresponding
G-isocrystal. If X > 0, then ébzk/éb»‘ is the Banach—Colmez space associated
to (ad &)2*/(ad &)>*. Inside B(G) we have those elements mazimal under gen-

eralization, called basic elements. Moreover, the semistable part is described as
Bung = |_|b basic Bunl()}' with Bunlé = [*/Gb(Qp)]

Now we return to the case G = GLo and see how the Hecke eigensheaf is

constructed. Starting from V a rank 2 local system on Div' = %, we
can form the following diagram: ’
BC(o)) BC(O(-1))
Q Q
BQ,

16



The article | | states that these are dual to each other in the setting of D(—, A),
and we can do the Fourier transform for these categories. We extend the diagram
to the following diagram

Be(o)\{0} jcl Bc(o)) BC(O(-1)) JD? BC(0(3))\{0}
Qs Q5 Qs Dx
BQ,
Then we define a sheaf Auty, on w as follows:

Auty, = j3 Four(jnV).

The map w — BD* is exactly the fiber of Bun), — Buny over x/D* C

Buny. Hence, the descent of Autj, to a sheaf Auty € D(BD*,A) = Rep, (D*)
is the desired Hecke eigensheaf. This is exactly the attached smooth represen-
tation by composing the local Langlands correspondence with the local Jacquet—
Langlands correspondence.

6.2. In the p-adic geometrization. Now we change our setting to p-adic repre-
sentations of Galg,, which needs more thing involved to even state the correspon-
dence, or to do the geometrization. The hard point comes from the topological
issue. The category of Weil-Deligne representations is equivalent to the category
of (¢, N, Galg, )-modules. The point is that not every Galois representation can
result a Weil-Deligne representation, but only those de Rham ones by p-adic mon-
odromy theorem. Even then, this will lose informations, because we need add a
filtration to recover de Rham representations. Before going into the construction
of the Laumon sheaf, let’s breifly introduce the geometrization procedure.

To get a such geometrization, we still work on the Fargues—Fontaine curve.
Imagine this as the fundamental curve in geometric Langlands. the philosophy
is that if we work in the p-adic coefficients, it is unavoidable to consider some
D-modules over the Fargues—Fontaine curve and its Bung stack. This was still
an obstruction till recent work about analytic de Rham stack [RC], based on
the theory of condensed mathematics and analytic stacks developped in [ I,
[ ] and | ]. The point is that we can form the analytic de Rham stack
of an arbitrary nonarchimedean analytic stack, and the solid sheaves on can be
imagined to be identified with analytic D-modules on this analytic stack. Here the
theory of condensed mathematics is really involved because we are doing p-adic
analytic geometry. Take the Fargues—Fontaine curve as example. Here the curve
should be Xg, rr, which is by v-descent of the Fargues—Fontaine curve Xc, FF-
Then one can prove the following statement:

Theorem 6.5. There is an equivalence of categories, essentially comes from local
monodromy conjecture, that

{vector bundles on X(S,F,{,FF} = {(p, N, Galg, )-modules over @1}
17



This means that “D-modules” on the fundamental curve X, FF are classified
by Weil-Deligne representations. However, the point is that in the local setting,
the mirror of the curve, usually as Div', differs with the curve itself. This happens
in ¢-adic case as we have seen. In p-adic case, the version of Div! is exactly the
analytic prismatization SpaQ, /¢, which is defined in [ ], but still much
in progress. Nevertheless, we can prove the following statement:

Theorem 6.6. There is an equivalence of categories
{vector bundles on SpaQ, /p} = {(p,I')-modules over Erig@p}.

Hence we get a quite satisfied explanation of the phenomenon that Weil-Deligne
representations differs from p-adic Galois representations, because the curve differs
from its mirror. Moreover, by a result of Fontaine, (p,I')-modules contains all p-
adic representations as etale ones, so this is a reasonable category to work in. This
is a summary for the spectral side.

Remark 6.7. We slightly deviate from the philosophy of geometric Langlands,
because we are considering the vector bundle over Div', instead of local systems!
However, this is not a wrong philosophy, and there also exists a similar phenome-
non in the real geometrization, consulting [Sch].

The automorphic side is simpler to describe. The analytic version of Bung is
described as follows. Compared to the Bung in f-adic case, it also has a strata
parametrized by B(G), with each stratum [*/éb}, such that Gy has a filtration,
with the first graded piece G4(Q,)'™ := AnSpec C'*(G(Q,),Q,) the locally ana-
lytic version of G,(Q)), and the other graded pieces the analytic Banach—Colmez
spaces, which can be imagined as an enhancement of the classical Banach—Colmez
spaces. Before going in detail, let’s give an insight of this Bung.

Proposition 6.8. The category of solid sheaves Dm([x/G(Qp)12]) is the category
of locally analytic representations of G(Qy).

Then we give some examples of analytic Banach—Colmez spaces.

Example 6.9. We compute three simplest cases.

e BC(O) = Q};". Here Q? is defined as an infinitesimal extension of Q,
0— G} —QF —Q, —0.

e BC(O(1)) = D, where D is the open unit disc as a subgroup of Gy, via
T+ 1+T, and D is the universal cover of D.

e BC(O(-1)) = GI®/Q, which is the de Rham stack of G, quotient by
smooth Q. o

As we already see in the example, the duality doesn’t work as same as the ¢-adic
case. Indeed, as pointed out in [RC], here the duality between Banach—Colmez
spaces is deduced from Cartier duality, and is of the form

BC(O(N)) «— B(BC(O(1 — \))).

18



This is to say, there is a Fourier transform makes the category of solid sheaves on
both sides to be equivalent.
Now we start the Laumon construction in the p-adic setting. Starting from V'

a rank 2 vector bundle on Div' = %, and the following diagram
BC(OU)\{0} = Beo)) BEC(O) 3 BMir,(Q,)"
Qp Qp QP
BQ,

Then we define a solid sheaf Aut{, on BMirs(Q,)"* as follows:
Aut}, := j; Four(ju V).

Similarly, BMirs(Q,)"* — BGL2(Q,)™ is exactly the fiber of Bunj — Buny on
BGL(Q,)™® € Bun®. Then we desire to do the descent of Aut}, to Auty €
Dm(BGL2(Qp)'). If we can do this, then the construction V +— Auty will recover
the construction of Colmez functor [Col]:

Col: {(¢,I')-modules of rank 2} — {locally analytic representation of GL2(Q,)}.

Remark 6.10. We notice there is a difference between the ¢-adic case and p-adic
case in the construction of Hecke eigensheaf via Laumon sheaf, that in ¢-adic case
(resp. p-adic case) we care about its fiber over BD* (resp. BGL2(Q,)™). This can
be explained as the difference of the dualizing sheaf in the f-adic case and p-adic
case. Precisely, in f-adic case (resp. p-adic case) the dualizing sheaf is O (resp.

O(1)).
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