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1 Introduction to graph alignment

1.1 The graph alignement problem

There are various statistical problems where we observe a network of linked objects which
can be represented by a large graph; for instance, a network of protein-protein interactions
or a social network. The (planted) graph alignment problem, in a broad sense, is the
following: we observe the same underlying data twice, obtaining two unlabeled graphs
which should be very similar, and attempt to retrieve the underlying isomorphism which
pairs up any two nodes representing the same element.

Formally, the problem can be described as follows. Assume that we have an underlying
pair of labeled random graphs (G,G′) (say, with node set J1, nK) which are meant to represent
the same underlying data, possibly with some noise. Mathematically, this translates to the
fact that, for any i, j ∈ J1, nK, the random variables

1{i ∼ j in G} and 1{i ∼ j in G′} (1.1)

are correlated. We then pick a permutation π∗ ∈ Sn uniformly at random (independently
from G,G′), obtaining a new pair of random graphs (G, π∗(G′)) where

π∗(i) ∼ π∗(j) in π∗(G′) ⇔ i ∼ j in G′ (1.2)

Our aim is to reconstruct the permutation π∗ from the observation of (G, π∗(G′)) ie. to
build an estimator

π̂ : {graphs on J1, nK}2 → Sn

(G, π∗(G′)) 7→ π∗

Ideally, we would like to guarantee that π̂ = π∗ all of the time, but this is a very
difficult combinatorial problem. As a result, in recent years, a focus has instead been put
on this probabilistic (”planted”) version of the problem, where we try to have π̂ = π∗ with
high probability (whp) as n → +∞. In fact, even this exact alignment condition is not
necessarily required for practical purposes! We may simply wish to maximise the overlap
between π̂ and π∗:

ov(π̂, π∗) =
1

n
#{u ∈ J1, nK, π̂(u) = π∗(u)} (1.3)

The almost exact alignment problem consists of trying to guarantee that ov(π∗, π̂) =
1−o(1) whp; the partial alignment problem is where we try to guarantee that ov(π∗, π̂) ≥
δ > 0 whp. As we shall see, depending on the specific random graph model, we may expect
different objectives to be feasible.

Finally, let us mention a couple of other relevant problems:
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• when achieving partial alignment, it is reasonable to expect to know which nodes have
been correctly aligned: this is the one-sided partial alignment problem, and this is
often what interests us in practice. The same idea applies to almost exact alignment.

• we would also like to find polynomial-time algorithms, in order to actually be able
to align graphs in practice. This is not always easy! As we shall see, there are
situations where an estimator exists but we suspect that it is impossible to compute
it in polynomial time. Searching for algorithms that work well, and run quickly, on
real-world graphs is also its own (very interesting) field of study which we will not look
into here.

1.2 Aligning two Erdős–Rényi graphs

A well-studied toy model is the case where (G,G′) are correlated Erdős–Rényi graphs. Let
0 ≤ p ≤ 1 be a density parameter, and 0 ≤ s ≤ 1 be a correlation parameter; then:

1. We generate an Erdős–Rényi graph H ∼ G(n, p).

2. We subsample H to obtain G by keeping any given edge of H with probability s.

3. We subsample H independently in the same way to obtain the graph G′.

Ultimately, this means that any given edge is in G∩G′ with probability ps2; is in G \G′

with probability ps(1− s); is in G′ \G with probability ps(1− s), and is absent otherwise.
The previously mentioned problems have more or less been solved for this model. In

particular, whether or not alignment is possible depends mostly upon the value of ps2, ie.
the parameter of the Erdős–Rényi graph G ∩G′.

Theorem 1.1 (Various authors, 2017-22). Let (G,G′) be as before, and assume some mild
sparsity conditions (for instance, p ≤ n−ε for some ε > 0). Then:

• exact alignment feasibility has a hard cutoff at ps2 = logn
n (the threshold below which

G ∩G′ starts having isolated vertices) [2];

• almost exact alignment is possible iff ps2 = ω( 1n ) ie. if G∩G′ has o(n) isolated vertices
[3];

• partial alignment feasibility has a hard cutoff at ps2 = 1
n ([11], [4]) (the threshold below

which G ∩G′ no longer has a giant component).

Showing that these conditions are necessary is generally pretty tractable; showing that
they are sufficient, on the other hand, can be quite difficult. In particular, almost exact
and partial alignment involve working over certain specific, highly connected subgraphs of
G and G′ (respectively, their k-cores and their maximally dense subgraphs): these are the
subgraphs which we know we can align.

It is also unclear exactly how much of the graphs we can align in both cases; this is an
interesting but difficult topic, particularly in the case of partial alignment.

Let us finally mention the question of finding a polynomial-time algorithm for alignment.
The relevant threshold here seems to be s2 = α ≃ 0.34, where α is Otter’s constant (the
number of unlabeled trees of size n is roughly α−n). Specifically (again under mild sparsity
conditions),

3



• if s2 > α, exact and almost exact recovery are feasible in polynomial time iff they are
information-theoretically feasible [13]. This may also be the case for partial recovery,
which can be done in polynomial time over a large part of the region s2 > α ([13],
[12]).

• if s2 < α, recent work by Ding et al. [5] seems to point to poly-time algorithms not
existing, even if alignment is theoretically possible. Proving this seems very difficult
since even the graph isomorphism problem is not known to be NP-complete.

1.3 Aligning two Gaussian graphs

The setup here is slightly different than that described previously, since the graphs here are
weighted. Here, we simply require that, for any i, j ∈ J1, nK, the weights Gij and G′

ij are
correlated. (This generalises the unweighted graph case if we consider an unweighted graph
to be a weighted graph with weights in {0, 1}.)

Naturally, the weights chosen here are Gaussian: for any i < j, (Gij , G
′
ij) are standard

centred Gaussians with covariance ρ ∈ [0, 1]. This toy model has again been thoroughly
investigated, and the information-theoretical limits for alignment are known.

Theorem 1.2 (Wu et al, Ganassalli (independently); 2020). Let

ρ0 =

√
4 log n

n
(1.4)

Then, if ρ > (1 + ε)ρ0 for some ε > 0, exact alignment is possible; if ρ < (1 − ε)ρ0, then
even partial alignment is impossible.

This all-or-nothing phenomenon may seem very different from the Erdős–Rényi case, but
this is in fact not necessarily the case. This mostly stems from the fact that the Gaussian
model resembles a very dense Erdős–Rényi model, which was excluded from the previous
propositions in many cases (because real-life unweighted graphs tend to be sparser).

As before, we may also ask for which values of ρ we can find polynomial-time algorithms
to align Gaussian graphs. A lot of work has been put into spectral alignment methods in
this case: aligning the graphs so as to make the eigenvectors of their adjacency matrices
as close as possible. The Gaussian model is particularly well-suited to this sort of analysis
since its adjacency matrix is essentially a GOE matrix. Another direction currently being
explored (see [9], [14]) is a a convex relaxation of the problem, where we solve a related
convex optimisation problem over the convex hull of the set of permutation matrices in
Mn(R), and hope to extract from this optimum the correct alignment.

1.4 Aligning more than two graphs

The graph alignment problem can be fairly naturally generalised to 3 graphs or more. Here,
instead of building an estimator π̂ for some permutation π∗ : G2 → G1, we want an estimator
(π̂2, π̂3, . . . , π̂p) for some underlying permutation (π∗

2 , π
∗
3 , . . . , π

∗
p) : G2 × . . . Gp → G1. Until

a year ago, nothing was known about this problem from a theoretical perspective.
Last year, the exact alignment problem for multiple Erdos-Renyi graphs was solved in

[1]. Specifically:
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Theorem 1.3 (Ameen & Hajek, 2024). Assume some sparsity conditions. Then, exact
alignment for p graphs G1, G2, . . . , Gp is possible iff we can exactly align G1 and G2∪. . .∪Gp.

(This means that we have a hard cutoff at λs(1− (1− s)p−1) = logn
n .)

One direction is fairly clear: if we can align the Gi, then we can align G1 and G2∪. . .∪Gp.
We will discuss later on why the other implication is a fairly reasonable sufficient condition.

2 Main results

2.1 Aligning p Gaussian graphs

The precise mathematical question is the following. We have p weighted graphs (G1, G2, . . . , Gp)

over J1, nK such that, for 1 ≤ i < j ≤ n, (G
(1)
ij , . . . , G

(p)
ij ) are iid (centred) Gaussian vectors,

such that

VarG
(k)
ij = 1;Cov(G

(k)
ij , G

(l)
ij ) = ρ (2.1)

for 1 ≤ k ̸= l ≤ p. Can we align all of our graphs?
The result for 2 graphs suggests that there is a hard cutoff, above which exact alignment

is possible, and below which even partial alignment is impossible. Indeed, this is the case in
general.

Theorem 2.1 (-, Massoulié; 2025). Let

ρ0 =

√
cp log n

n
, where cp =

8

p
(2.2)

Then, if ρ > (1 + ε)ρ0 for some ε > 0, exact alignment is possible; if ρ < (1 − ε)ρ0, then
even partial alignment is impossible.

We will outline the proof of this theorem later on; the full proof is in [15].
This result shows that increasing the number of graphs should a priori make it signifi-

cantly easier to align them, at least from an information-theoretical point of view.

2.2 Aligning many Erdős–Rényi graphs

Here, we generate p ≥ 3 correlated Erdős–Rényi graphs using the same procedure as in
Section 1.2; instead of subsampling H twice, we subsample it p times to obtain a p-uple
of graphs (G1, . . . , Gp). As already noted, the exact alignment problem has already been
solved in this; we focus on the partial alignment problem, in the sparse regime where the
graphs have O(n) edges. As in the two-graph problem, the sparse case seems to be more
complex than the dense case.

A first note is that there are two different partial alignment problems which we can ask
here:

• given the data (G1, G2, G3), is there a subset X of size at least εn on which we can
align all three graphs?
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• given the data (G1, G2, G3), are there subsets X1 (resp. X2, X3) on which we can align
G2 and G3 (resp. G1 and G3, G1 and G2)?

It is clear that solving the first problem implies that we can solve the second one. It
also seems clear that solving the second problem should mean that we can solve the first
one: indeed, even if the subsets X1, X2, X3 were independent in some sense, they should
have a nontrivial intersection, and in practice we actually expect them to be correlated.
Nevertheless, it has not been proven that the two problems are equivalent and there does
not appear to be a simple argument. In the rest of this paper, we focus on answering the
first question (since it is mathematically easier) with the understanding that it is likely
equivalent to the second one.

As in the dense case, there is a fairly natural necessary condition for graph alignment
being possible:

Proposition 2.2. If we cannot align G1 and G2∪. . .∪Gp, then we cannot align (G1, . . . , Gp).

This means that, setting p = λ
n , alignment is impossible when λs(1 − (1 − s)p−1) = 1.

(Note that, due to the asymmetry between the two graphs, the fact that this is the true
cutoff requires some extra work; this is done in [15].) In the dense case, as we saw, the
converse of Proposition 2.2 is true; it seems plausible that this is also the case for the sparse
case.

3 A general overview of our methods

There are various different approaches used in the literature to construct estimators for the
true alignment, or to show that no such estimators are accurate. In this section, we sketch
the ideas which we employed to show Theorems 2.1 and 2.2, which we believe to be quite
general; however, they are by no means the only methods which can be used.

3.1 Maximum a posteriori estimation

Recall that we wish to show that exact alignment is possible when ρ > (1+ ε)ρ0 (resp. that
partial alignment is impossible otherwise).

For exact alignment, it is known that there is (theoretically) a single optimal estimator:
the maximum a posteriori estimator, ie.

π̂MAP = argmaxπ P(π∗ = π| all observable variables) (3.1)

We say theoretically because in practical applications this may be completely impractical
to evaluate; however, this is not our concern here since we are looking for theoretical bounds
on graph alignment feasibility.

One may also ask whether this notion of maximum a posteriori estimation can be adapted
to handle the problems of almost exact, or partial, alignment. It turns out that this is the
case: the following is a specialisation of a more general result from Bayesian decision theory.

Proposition 3.1. Consider, for r ≥ 0, the (closed) ball B(0, r) ⊆ Sn for the distance
function d = 1− ov (see (1.3)). We define the random variable

Cn(r) = max
π∈Sn

P(B(π, r)| all observable variables) (3.2)
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which measures to what extent the random measure Ppost concentrates around a single point.
Then,

1. a partial estimator exists iff, for some 0 ≤ r < 1, Cn(r) −→
P

1.

2. an almost exact estimator exists iff, for any ε > 0, Cn(ε) −→
P

1.

This follows from the fact that, much like the MAP estimator, the estimator

π̂ = arg max
π∈Sn

P(B(π, r)| all observable variables). (3.3)

is ”optimal” for alignment up to distance r (in a certain precise sense).
The previous proposition also generalises effortlessly to our multi-graph case: here, the

observable variables are the graphs G1, . . . , Gp; the overlap function also needs to be chosen
suitably (this is linked to the different notions of alignment discussed in section 2.2).

3.2 The Gaussian model: a Gibbs measure

Consider the multi-graph Gaussian model defined previously. We may explicitly compute:

P(π∗ = σ|G1, . . . , Gp) =
1

Z
e−βH(σ) (3.4)

where β,Z are independent from σ, and

−H(σ) =
∑

1≤u<v≤n

∑
1≤i̸=j≤p

G
(i)
π∗
i (uv)

G
(j)

σjσ
−1
i π∗

i (uv)
(3.5)

Note the appearance of what is known as a Gibbs measure: the form of this random
probability measure mirrors that of other random probability measures studied in the context
of spin-glass systems. In fact, as in the spin-glass context, the key to understanding our
measure lies in computing the so-called quenched free energy E[logZ]. However, tackling
the problem directly through this lens seems quite difficult: not only are rigourous results
on these systems quite difficult to obtain, but in our case we have the extra difficulties of
having an unusual state space as well as a nonisotropic Hamiltonian.

Thankfully, here we can tackle our random measure through more elementary meth-
ods: what we really care about here are joint tail bounds on the (H(σ))σ∈Sp−1

n
, and these

can be obtained using standard Chernoff-style bounds. For the impossiblity of partial
alignemnt, the situation is significantly more challenging as we need to use some forms
of anti-concentration while paying extra attention to the correlation structure of the Hamil-
tonians over Sp−1

n , but the general idea remains similar.

3.3 The sparse case with 3 Erdős–Rényi graphs

The situation here is very much less nice than for the dense Gaussian model - or even
the dense version of the Erdős–Rényi model. As we mentioned, there is a nice topological
condition for the dense case: it is shown in [1] that we can align G1, G2, . . . , Gp iff we can
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align G1 with G2∪. . .∪Gp. We will begin by explaining why this also seems like a reasonable
candidate for the cutoff, in the case of sparse Erdős–Rényi graphs.

To begin with, let us understand why we can align G1, G2 only if their intersection
graph has a giant component. In order to prove that alignment is impossible, the easiest
way would be to create ”fake” alignments which look just like the genuine alignment to
anyone observing the unlabeled graphs, but which are equal to the real alignment almost
nowhere. In [11], the authors do just that: if you take any automorphism σ of G1∩G2, then
it is quite likely that the alignements π∗ and σ ◦ π∗ are entirely indistinguishable from the
point of view of the observer. When G1 ∩G2 has no giant component, there are many such
σ: in particular, there are many such σ which have almost no fixed points, hence the result.

Now, when G1 ∩ G2 does indeed have a giant component, we cannot really flip this
argument around: though there does not seem to be a reasonable way to create a fake
alignment in a similar fashion, it would not be entirely implausible that there exist some
magical fake alignments, which appear simply because there are so many permutations to
choose from that one of them may look reasonable - purely by random chance. As it turns
out, this is not the case - if there is indeed a giant component, then the densest subgraph
of G1 ∩G2 can be identified and aligned properly [4].

Can we apply the same sort of reasoning to p graphs? Well, if the real alignment is
π∗ = (π2, π3, . . . , πp) and σ is an automorphism ofH1 = G1∩(π2(G2)∪π3(G3)∪. . .∪πp(Gp)),
then σ ◦ π∗ = (σ ◦ π2, σ ◦ π3, . . . , σ ◦ πp) is a plausible fake alignment. The reason for our
choice of H1 is that, informally, it is the minimal graph we can build from the πi(Gi), such
that any automorphism σ of H1 will (more or less) preserve the total number of edges of
the union graph

⋃n
i=1 πi(Gi). Using this construction, we can indeed show Theorem 2.2,

regarding the impossiblity of partial alignment. We will also note that Proposition 3.1
allows us to sidestep many of the technical details from Ganassalli’s paper [11]: an elaborate
Poisson-related argument is needed there to build very rigid automorphisms, whereas the
framework above allows us to relax this and only build approximate automorphisms.

Unfortunately, to prove feasibility of partial alignment, we cannot just hope to align the
Gi by aligning the densest subgraphs of G1 and

⋃
i π

∗
i (Gi), since we do not a priori have

access to the second graph! The general methods from [7] do not work here either since
they require decomposing the alignment into disjoint cycles; this breaks down when we have
multiple mappings whose cycle decompositions may me incompatible. We still believe that
this condition is the true cutoff for partial alignment, for two reasons.

1. Clearly, this would fit rather well into the pattern given by the results for two graphs
and the known result for exact alignment for more than two graphs.

2. More interestingly, there is a probabilistic ansatz which points to this being true.
Consider a permutation π chosen uniformly at random from Sn; what does it action

on the set {0, 1}(
n
2) of possible edges over J1, nK look like? The number of fixed points

of such a permutation follows a law which, for our purposes, can be approximated by(
N
2

)
with N following a Poisson law of parameter λ; the ansatz is that we may hope

to approximate the action of the permutation on the rest of the graph by a uniformly
random permutation of all of the remaining edges, conditional on having no fixed
points. If this were the case, one could show that the cutoff is indeed at the expected
point λs(1− (1− s)p−1) = 1.
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4 Future directions for research

The field of graph alignment is still quite young and there are a lot of questions which remain
unanswered. Here are a few which are likely both within reach and interesting/useful.

• Can we get a full understanding of the limits of alignment of many Erdős–Rényi
graphs? Obviously, our current result for partial alignment is one-sided, and it would
be nice to be able to generalise this to a complete cutoff result.

• Can we get a better understanding of the cutoff for polynomial-time graph alignment?
This is well-understood in the Erdős–Rényi case, but unclear in the situation of Gaus-
sian graph alignment - and it is not known how adding more graphs to the problem
would affect poly-time feasibility.

• Can we generalise our methods and results to other graph models (say, preferential
attachment or geometric) which better represent real data in a number of situations?
Some work has been done here (see [16], [6]) but more remains to be done.

• Can we obtain theoretical understandings of the algorithms which are used in real-
world situations? These are often mathematically messier and may rely on some extra
information (or even sometimes black-box neural networks), but obtaining some form
of theoretical guarantees would still be nice. Ideally, this could also allow us to improve
upon the performance of these algorithms.

5 Bonus

During the work mentioned above, the author was led to prove the following result.

Theorem 5.1. Let X be a (connected) weighted graph over J1, nK, with positive weights
(xij)1≤i<j≤n. Define the norms

∥X∥2 =

√
1(
n
2

) ∑
1≤i<j≤n

x2
ij , ∥X∥∞ = max

1≤i<j≤n
xij. (5.1)

Then, there exists a spanning tree of X with total weight at least

(p− 1)
2∥X∥2

∥X∥2 + ∥X∥∞
. (5.2)

A proof of this result can be found in [15, Appendix L]; it involves induction and a lot
of computations. The author is still searching for a nice explanation of why this is true; any
insights are welcome.

9



References

[1] Taha Ameen and Bruce Hajek. Exact Random Graph Matching with Multiple Graphs.
2024. arXiv: 2405.12293 [cs.DS]. url: https://arxiv.org/abs/2405.12293.

[2] Daniel Cullina and Negar Kiyavash. “Exact alignment recovery for correlated Erdos
Renyi graphs”. In:ArXiv abs/1711.06783 (2017). url: https://api.semanticscholar.
org/CorpusID:126055588.

[3] Daniel Cullina et al. “Partial Recovery of Erdős-Rényi Graph Alignment via k-Core
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