
������������ 	
��
��
����

������ ����������� �� � �!"�# $%����&
'#(�� )�*)*'� ) � � +", ��--%-

./ (#"0 1223

45 6789:;5 <; =>?@A =;B@C75 67B=;? B5; @>?@; ;5 n 67B=A <; 67B@;>B D E5 A; =?7=7A;
<; 875@?;? FB; G; 5789?; 8>H:8B8 <; =>?@A ;A@ 1 + n +

(

n
2

) ;@ FB; G; 8;:GG;B? 87I;5
<JI >??:K;? ;A@ <; 67B=;? <; 8>5:L?; >GM>@7:?;N E5 <M875@?; ;5 O>:@ 6;A ?MABG@>@A <>5A B5
6><?; =GBA PM5M?>G ;5 675A:<M?>5@ <;A >??>5P;8;5@A <JQI=;?=G>5A <J;A=>6;A <; <:8;5A:75
FB;G675FB;N R7B? >??:K;? S <;A ?MABG@>@A <; 5>@B?; @7=7G7P:FB; T678=@>P; <B 5789?; <;U=>?@AVWX 75 :5@?7<B:?> <;A 7B@:GA <; 5>@B?; 6789:5>@7:?; TO756@:75 <; YZ9:BAX =7GI5[8;
6>?>6@M?:A@:FB; ;@ =7GI5[8; <; R7:56>?MWN \7@>88;5@X 75 K;??> 6788;5@ <;A @;6Q5:FB;A
<; 6Q>5P;8;5@ <; 67?=A <; 9>A; =;?8;@@;5@ <; ?>8;5;? G; 6>G6BG <B 5789?; <; U=>?@AV
S <;A =?79GL8;A <; <M5789?;8;5@ AB? G;A 67?=A ]5:AN

_̂`ab cbd e_fghibd
j klmnopoqnr sp tusvowusr tuqtuolplr xyNy z??>5P;8;5@A <JQI=;?=G>5A <JB5 ;A=>6; >{5; N N N N N N N N N N N N N N N |

yN| }; A;8:C@?;:GG:A L(A)
N N N N N N N N N N N N N N N N N N N N N N N N N N N N N |

yN~ �7BAC>??>5P;8;5@AX >??>5P;8;5@A ?;A@?;:5@ ;@ <MGM@M N N N N N N N N N N N N ~
x �s tq��n�vs �s �qon��ul �

|Ny }> O756@:75 <; YZ9:BA N N N N N N N N N N N N N N N N N N N N N N N N N N N N �
|NyNy �M]5:@:75A ;@ =?;8:L?;A =?7=?:M@MA N N N N N N N N N N N N N N N N N �
|NyN| �7?8BG;A <J:5K;?A:75 <; YZ9:BA N N N N N N N N N N N N N N N N N N N �
|NyN~ }> O756@:75 µ(X)

N N N N N N N N N N N N N N N N N N N N N N N N N N N �
|N| }; =7GI5[8; <; R7:56>?M ;@ G; =7GI5[8; 6>?>6@M?:A@:FB; N N N N N N N N N �

|N|Ny �M]5:@:75 N N N N N N N N N N N N N N N N N N N N N N N N N N N N N N N �
|N|N| }; @QM7?L8; <; <MGM@:75C?;A@?:6@:75 N N N N N N N N N N N N N N N N N �

� �qvtp��s �sr ���v�usr �sr �uu�n�svsnpr uls�r �~Ny \789?; @7@>G <; 6Q>89?;A N N N N N N N N N N N N N N N N N N N N N N N N N N �
~N| �78=@>P; <;A 6Q>89?;A 97?5M;A N N N N N N N N N N N N N N N N N N N N N N �
~N~ �5 �7G: ;H;8=G; N N N N N N N N N N N N N N N N N N N N N N N N N N N N N N N N y|

� �sr �uu�n�svsnpr �lnluo��sr j�
�Ny 4H=?;AA:75 <B A;8:C@?;:GG:A ;@ 6>G6BG <B 5789?; <; 6Q>89?;A N N N N N N N y�
�N| Y>H:8:A>@:75 <B 5789?; <; 6Q>89?;A N N N N N N N N N N N N N N N N N N N y�
�N~ �;5A:@M <;A >??>5P;8;5@ PM5M?:FB;A N N N N N N N N N N N N N N N N N N N N N y�

� �uu�n�svsnpr ����tsut��nr r�u �sr �qutr mnor j��Ny }; ?MABG@>@ O75<>8;5@>G N N N N N N N N N N N N N N N N N N N N N N N N N N N y�
�N| �5 ;H;8=G; � 6>G6BG <B =7GI5[8; 6>?>6@M?:A@:FB; <; GJ>??>5P;8;5@ <; �Q: y�

y



  ¡�s���sr vqpr �s �� �q�qvq�q�os �sr �uu�n�svsnpr x¢�Ny £B;GFB;A ?>==;GA <; 67Q787G7P:; N N N N N N N N N N N N N N N N N N N N N N |¤
�N| }; 6>A <;A 67?=A ]5:A N N N N N N N N N N N N N N N N N N N N N N N N N N N N N |¤
�N~ };A >??>5P;8;5@A ?M;GA N N N N N N N N N N N N N N N N N N N N N N N N N N N N |¤
�N� };A >??>5P;8;5@A 678=G;H;A N N N N N N N N N N N N N N N N N N N N N N N N N |¤

¥ ¦§¨©gfgª©d bf «ibeghibd «iª«ig§f§d
¬­¬ ®¯¯°±²³´³±µ¶ ·¸¹º»³¯»¼°±¶ ·¸½± ³¶»°¾³ °¿±³
klmnopoqn jÀj ÁÂÃÄ

K ÅÆ ÇÂÈÉÊ ËÄ V ÅÆ KÌËÊÉÍÇË ÍÎÆË ÏË ÏÃÐËÆÊÃÂÆ l Ñ ÒÆ ÓÔÔÓÕÖ×ØÙ×ÕÚ ÛÜÝÞß×ÔßàÓÕá ÏË V ËÊÄ ÅÆ ËÆÊËÐâãË äÆÃ A ÏåæçÉËÈÉãÍÆÊ ÍÎÆËÊ ÏË V Ñ
E5 ><7=@;?> G> 57@>@:75 Φl

=7B? GJ>??>5P;8;5@ FB: 5; 675@:;5@ >B6B5 QI=;?=G>5>==;GM >??>5P;8;5@ K:<;N �7:@ V ∗ G; <B>G <; V
X ;@ A7:@ S(V ∗) A75 >GPL9?; AI8M@?:FB;N �5;9>A; <; V

M@>5@ ]HM;X 75 =;B@ :<;5@:];? S(V ∗) S GJ>GPL9?; <; =7GI5[8;A
K[x1, . . . , xn]

N
è7B@ QI=;?=G>5 >{5; H <; V

;A@ G; 57I>B <JB5 =7GI5[8; <; <;P?M yX <M]5: S B5;
675A@>5@; 8BG@:=G:6>@:K; 575 5BGG; =?LAN E5 57@; >G7?A αH

B5 @;G =7GI5[8;X A>5A A;=?M766B=;? <; G> 675A@>5@; ;5 FB;A@:75N E5 > >G7?A H = ker(αH)
N

klmnopoqn jÀx ÁÂÃÄ
A ÅÆ ÍÈÈÍÆéËÐËÆÄ Ï åæçÉËÈÉãÍÆÊÑ êË ÉÈÂÏÅÃÄ Q =

∏

H∈A αH
ËÊÄ

ÍÉÉËãë ßìàÞÕíÙ× Û× ÛîïÕðÚðìÕ ÏË A Ñ
klmnopoqn jÀ� ñÆ ÏÃÄ òÅËA ËÊÄ ó×ÕÚÔÓà ÊÃ⋂H∈AH 6= ∅ Ñ ôÍÆÊ ÇË ÇÍÊ ÂÆ ÉÂÊË T (A) =
⋂

H∈AH Ñ
£B:@@; S ;õ;6@B;? B5; @?>5AG>@:75X 75 =7B??> @7B�7B?A AB==7A;? FB; G; 6;5@?; <JB5>??>5P;8;5@ 6;5@?>G 675@:;5@ 0

X GJ7?:P:5; <;
K

l N

ö÷øù y ú }J>??>5P;8;5@ <M]5: =>? Q(A) = xy(x − y)
;A@ 6;5@?>GN

¬­û ü³ ¶³´ýþµ¯³ý¼¼ý¶ L(A)
klmnopoqn jÀ� ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄ Ï åæçÉËÈÉãÍÆÊ ËÄ ÊÂÃÄ L = L(A)
ã åËÆÊËÐâãË ÏËÊÃÆÄËÈÊËÇÄÃÂÆÊ ÆÂÆ ÿÃÏËÊ Ï åëãëÐËÆÄÊ ÏËA� ÍÉÉËãëËÊ ßàÓÚáÑ ñÆ ÏëäÆÃÄ ÊÅÈL ÅÆ ÂÈÏÈË ÉÍÈÄÃËã

≤ ÉÍÈ ã åÃÆÇãÅÊÃÂÆ ÃÆÿËÈÊË �
X ≤ Y ⇔ X ⊇ Y.

klmnopoqn jÀ� êË ÈÍÆé Ï åÅÆ ëãëÐËÆÄ X ÏË L ËÊÄ ÏëäÆÃ ÉÍÈ r(X) = codim(X) Ñ ÁÂÃËÆÄ
X,Y ∈ L� ÂÆ ÏëäÆÃÄ ÍãÂÈÊ X ∧Y =

⋂

{Z ∈ L|X ∪ Y ⊆ Z} Ñ ÁÃ X ∩Y 6= ∅� ÍãÂÈÊ ÂÆ ÉÂÊË
X ∨ Y = X ∩ Y Ñ

|



L(A)
;A@ >G7?A B5 A;8:C@?;:GG:AX 6J;A@CSC<:?; FB; =7B? @7B@; =>:?; <JMGM8;5@A X,Y ∈ L

X
:G ;H:A@; B5 =GBA P?>5< MGM8;5@ =>?8: G;A MGM8;5@A :5OM?:;B?A S X

;@ Y
T6;@ MGM8;5@ ;A@

X ∧ Y
WN �>5A G; 6>A 7� GJ>??>5P;8;5@ ;A@ 6;5@?>GX >G7?A L(A)

;A@ B5 @?;:GG:AX 6J;A@CSC<:?;FBJ:G =7AAL<; ;5 =GBA G> =?7=?:M@M FB; =7B? @7B@; =>:?; <JMGM8;5@A X,Y ∈ L
X :G ;H:A@; B5=GBA =;@:@ MGM8;5@ =>?8: G;A MGM8;5@A AB=M?:;B?A S X

;@ S Y
T6J;A@ >G7?A X∨Y = X∩Y

WN
�svvs jÀ  ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄ Ï åæçÉËÈÉãÍÆÊ ËÄ L = L(A) Ñ �ãÂÈÊ ÉÂÅÈ ÄÂÅÄ X ∈ LÄÂÅÄËÊ ãËÊ ÊÅÃÄËÊ ÏË ãÂÆéÅËÅÈÊ ÐÍ�ÃÐÍãËÊ V = X0 < X1 < . . . < Xp = X
ÂÆÄ ãÍ Ð�ÐËãÂÆéÅËÅÈÑ
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X =

⋂

H∈B H
X >G7?A ;5 ?;@:?>5@ B5 QI=;?=G>5 S B

X 75 79@:;5@ B5MGM8;5@ <75@ G> <:8;5A:75 ;A@ AB=M?:;B?; 7B MP>G; S dim(X) + 1
N �756 5M6;AA>:?;8;5@

<>5A B5; 6Q>�5; 8>H:8>G; :G 5; =;B@ =>A I >K7:? <; A>B@ <; <:8;5A:75X <756 ;GG;A 75@
@7B@;A 8�8; G75PB;B?N

�svvs jÀ� �ÂÅÊ ãËÊ ëãëÐËÆÄÊ ÐÍ�ÃÐÍÅ� ÏË L(A)
ÂÆÄ ãÍ Ð�ÐË ÏÃÐËÆÊÃÂÆÑ
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A

;A@ 6;5@?>GX >G7?A :G 5JI > FBJB5 A;BG MGM8;5@ 8>H:8>GN E5
675A:<L?; <756 B5 >??>5P;8;5@ 575 6;5@?>GX <75@ G;A MGM8;5@A 8>H:8>BH A75@ <756 <;
?>5P >B =GBA MP>G S l − 1

N �B==7A75A FBJ:G ;H:A@; <;BH MGM8;5@A X
;@ Y 8>H:8>BHX

<; ?>5PA ?;A=;6@:OA p
;@ q

>K;6 p < q
N E5 =;B@ >G7?A @?7BK;? <;BH ;5A;89G;A A

;@ B<JQI=;?=G>5A <;A X <; 6>?<:5>BH ?;A=;6@:OA p
;@ q @;GA FB;X =

⋂

H∈A H
;@ Y =

⋂

H∈B H
N

E5 675A:<L?; >G7?A G;A A7BAC;A=>6;A K;6@7?:;GA A∗ ;@ B∗ <B <B>G V ∗ ;5P;5<?MA =>? G;A
O7?8;A G:5M>:?;A 67??;A=75<>5@;AN E5 >

dim(A∗) = p
;@ dim(B∗) = q

N �756 :G ;H:A@; B5QI=;?=G>5 H <>5A B @;G FB; G> O7?8; G:5M>:?; >AA76:M; 5; A7:@ =>A <>5A A∗ N zG7?A X ∩H;A@ B5 =G>@ <; A 675@;5B <>5A X
;@ <:õM?;5@ <; X

X 6; FB: 675@?;<:@ G> 8>H:8>G:@M <;
X
N

klmnopoqn jÀ� ñÆ ÏëäÆÃÄ ÍãÂÈÊ ãË ÈÍÆé ÏË A� r(A) ÇÂÐÐË ëÄÍÆÄ ëéÍã ÍÅ ÈÍÆé Ï åÅÆëãëÐËÆÄ ÐÍ�ÃÐÍã ÏË L(A) Ñ

xy = 0

PPPPPPPPPPPP
x(x − y + 1) = 0

SSSSSSSSSSSSSS

nnnnnnnnnnnn
y(x − y + 1) = 0

kkkkkkkkkkkkkkk

x = 0

QQQQQQQQQQQQQQ
y = 0 x − y + 1 = 0

jjjjjjjjjjjjjjjjj

V

ö÷øù | ú }; @?;:GG:A <; GJ>??>5P;8;5@ xy(x − y + 1)

¬­� ��½¶þ°¯¯°±²³´³±µ¶� °¯¯°±²³´³±µ¶ ¯³¶µ¯³ý±µ ³µ ·�¼�µ�
klmnopoqn jÀ� ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄ Ï åæçÉËÈÉãÍÆÊÑ ÁÃ B ⊆ A� B ËÊÄ ÍÉÉËãë ÅÆ áì�áØ
ÓÔÔÓÕÖ×Ù×ÕÚ ÏË A Ñ �ÂÅÈ X ∈ L(A)

ÂÆ ÏëäÆÃÄ ÅÆ ÊÂÅÊÌÍÈÈÍÆéËÐËÆÄ AX
ÏË A ÉÍÈ �

AX = {H ∈ A|X ⊆ H}

ËÄ ÅÆ ÍÈÈÍÆéËÐËÆÄ AX ÏË ã åËÊÉÍÇË ÍÎÆË X ÉÍÈ �
AX = {X ∩H|H ∈ A \ AX

ËÄ X ∩H 6= ∅}.
ñÆ ÍÉÉËããË AX ã åÍÈÈÍÆéËÐËÆÄ Ô×áÚÔ×ðÕÚ ÏË A � X Ñ

~



45 =>?@:6BG:;? G7?AFB; X
;A@ B5 QI=;?=G>5 H

MGM8;5@ <; A
X 75 > G> <M]5:@:75 AB:CK>5@; �

klmnopoqn jÀj¢ ÁÂÃÄ
A ÅÆ ÍÈÈÍÆéËÐËÆÄ Ï åæçÉËÈÉãÍÆÊ ËÄ ÊÂÃÄ H ∈ A Ñ ê åÍÈÈÍÆéËÐËÆÄÛîàîÚî ÏË A ÈËÊÉËÇÄÃÿËÐËÆÄ � H ËÊÄ ã åÍÈÈÍÆéËÐËÆÄ A′ = A \ {H� ËÄ ã åÍÈÈÍÆéËÐËÆÄÔ×áÚÔ×ðÕÚ ÏË A ÈËÊÉËÇÄÃÿËÐËÆÄ � H ËÊÄ ã åÍÈÈÍÆéËÐËÆÄ A′′ = AH Ñ ñÆ ÍÉÉËããË ÍãÂÈÊ

(A,A′,A′′) ÅÆ ÚÔðßà×Ú Û× ÛîàîÚðìÕØÔ×áÚÔðóÚðìÕÑ
klmnopoqn jÀjj ÁÂÃÄ

V ÅÆ RÌËÊÉÍÇË ÍÎÆË ËÄ ÊÂÃÄ A ÅÆ ÍÈÈÍÆéËÐËÆÄ Ï åæçÉËÈÉãÍÆÊ ÏË
V Ñ êËÊ ÇÂÐÉÂÊÍÆÄËÊ ÇÂÆÆË�ËÊ ÏË V \

⋃

H∈AH ÊÂÆÄ ÍÉÉËãëËÊ óÝÓÙ�Ô×á ÏË A Ñ
�>5A G> AB:@; 75 AJ>@@>6Q;?> ;5 =>?@:6BG:;? S 6>G6BG;? G; 5789?;A <; 6Q>89?;AN
�sv�u��s jÀjx}7?AFB;

K = C
X

V \
⋃

H∈AH 5J> FBJB5; 678=7A>5@; 6755;H;N 45 ;õ;@ A: GJ;A=>6;K;6@7?:;G >AA76:M S V
;A@ <; <:8;5A:75 l AB? C

X 75 =;B@ G; 675A:<M?;? 6788; B5
RC;A=>6;K;6@7?:;G <; <:8;5A:75 2l

N };A QI=;?=G>5A <; A A75@ >G7?A <; <:8;5A:75 2l − 2 AB?
R
N

�sv�u��s jÀj�
�>5A G; 6>A <JB5 ;A=>6; K;6@7?:;G ?M;GX G;A QI=;?=G>5A A75@ G;A 57I>BH <JMGM8;5@A l1, l2, . . . , ln<; <;P?M y <; S(V ∗)

N �5; 6Q>89?; C
;A@ >G7?A 6>?>6@M?:AM; =>? B5 MGM8;5@ <; {+,−}n X

7� G;A A:P5;A 67??;A=75<;5@ >BH A:P5;A <; l1, . . . , ln
AB? C N

 !b «ªa"©#eb cb $ªg©%_i§
E5 >AA76:; <>5A 6;@@; =>?@:; B5 =7GI5[8; S 6Q>FB; >??>5P;8;5@X 675A@?B:@ =>? <;A

8M@Q7<;A 6789:5>@7:?;A S =>?@:? <B A;8:C@?;:GG:A <J:5@;?A;6@:75N
û­¬ ü° &�±¾µý�± ·³ '()ý½¶
xÀjÀj klmnopoqnr sp tusvowusr tuqtuolplr
klmnopoqn xÀj ÁÂÃÄ

(E,≤) ÅÆ ËÆÊËÐâãË ÉÍÈÄÃËããËÐËÆÄ ÂÈÏÂÆÆë ÄËã òÅË ∀X,Y ∈ E �
[X,Y ] = {Z ∈ E|X ≤ Z ≤ Y } ÊÂÃÄ äÆÃÑ ñÆ ÏëäÆÃÄ ãÍ *ìÕóÚðìÕ Û× +,�ð�á µ = µE :
E × E → Z

ÏË ãÍ ÐÍÆÃ-ÈË ÊÅÃÿÍÆÄË �
µ(X,X) = 1 ÊÃ X ∈ E,

∑

X≤Z≤Y

µ(X,Z) = 0 ÊÃ X,Y,Z ∈ E ËÄ X < Y,

µ(X,Y ) = 0 ÊÃÆÂÆÑ
}; 6>G6BG <;A K>G;B?A <; G> O756@:75 <; YZ9:BA A; O>:@ <756 <; 8>5:L?; ?M6B?A:K;X ;@ G>

O756@:75 ;A@ B5:FB;8;5@ <M]5:; =>? 6;A ?;G>@:75AX 6J;A@CSC<:?; FB; A: ν
KM?:]; G;A 8�8;A

?;G>@:75AX >G7?A µ = ν
N

�>5A G; 6>A 7� (E,≤) = (N, |) 75 ?;@?7BK; >G7?A G> O756@:75 <; YZ9:BA <; G> @QM7?:; <;A
5789?;A FB: ;A@ >G7?A µ(x) = µN(1, x)

N
�>5A G; 6>A 7� E

;A@ G; A;8:C@?;:GG:A <JB5 >??>5P;8;5@X 75 =;B@ MP>G;8;5@ <M6?:?; G>
O756@:75 <; YZ9:BA <; G> 8>5:L?; AB:K>5@; �
�svvs xÀx ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄÑ �ÂÅÈ X,Y ∈ L(A)� ÍÿËÇ X ≤ Y � ÉÂÊÂÆÊ S(X,Y )ã åËÆÊËÐâãË ÏËÊ ÊÂÅÊÌÍÈÈÍÆéËÐËÆÄÊ ÇËÆÄÈÍÅ� B ⊆ A
ÄËãÊ òÅË AX ⊆ B ËÄ T (B) = Y Ñ �ãÂÈÊ

µ(X,Y ) =
∑

B∈S(X,Y )

(−1)|B\AX |

�



���	
��
��÷	
� �7:@ ν(X,Y ) =
∑

B∈S(X,Y ) (−1)|B\AX | N.;8>?FB75A FB;
⋃

X≤Z≤Y

S(X,Z) = {B ⊆ A|AX ⊆ B ⊆ AY }

;@ <; =GBAX 6;@@; B5:75 ;A@ <:A�7:5@;N �J7�
∑

X≤Z≤Y

ν(X,Z) =
∑

AX⊆B⊆AY

(−1)|B\AX | =
∑

C

(−1)|C|

7� G> <;?5:L?; A788; S G:;B AB? @7BA G;A A7BAC;5A;89G;A C <; AY \AX

N �:
X = Y

X >G7?A
AX \ AY = ∅

;@ G> A788; K>B@ yX A:575 G> A788; K>B@ ¤N �756 75 > 9:;5 µ = ν
N

xÀjÀx /quv��sr ��on0suroqn �s 12�o�r
�788;5375A <J>97?< =>? B5 =;@:@ G;88; �

�svvs xÀ� ÁÂÃÄ
(E,≤) ÅÆ ËÆÊËÐâãË ÉÍÈÄÃËããËÐËÆÄ ÂÈÏÂÆÆë äÆÃ ËÄ µ = µE Ñ �ãÂÈÊ

µ(X,X) = 1 ÊÃ X ∈ E,
∑

X≤Z≤Y

µ(Z, Y ) = 0 ÊÃ X,Y ∈ E ËÄ X < Y.

���	
��
��÷	
� \7@75A E = {X1,X2, . . . ,Xr}
<; @;GG; A7?@; FB; Xi ≤ Xj ⇒ i ≤ j

N
�7:@ A

G> 8>@?:6; r × r <; 67;{6:;5@ (i, j)
MP>G S µ(Xi,Xj)

N �7:@ B
G> 8>@?:6; r × r@;GG; FB; G; 67;{6:;5@ (i, j)

K>:GG;
1 A: Xi ≤ Xj

;@ 0 A:575N A
;@ B A75@ @7B@;A <;BH

@?:>5PBG>:?;A AB=M?:;B?;A ;@ <J>=?LA G> <M]5:@:75 <; G> O756@:75 <; YZ9:BAX 75 >
AB = Ir

X
<J7� BA = Ir

6; FB: =?7BK; G; ?MABG@>@N

�uqtqropoqn xÀ� 4/quv��sr ��on0suroqn �s 12�o�r5 ÁÂÃËÆÄ f, g ÏËÅ� 6ÂÆÇÄÃÂÆÊ ÏëÌäÆÃËÊ ÊÅÈ E � ÿÍãËÅÈ ÏÍÆÊ ÅÆ éÈÂÅÉË ÍâëãÃËÆÑ �ãÂÈÊ
g(Y ) =

∑

X≤Y

f(X) ⇔ f(Y ) =
∑

X≤Y

µ(X,Y )g(X),

g(X) =
∑

X≤Y

f(Y ) ⇔ f(X) =
∑

X≤Y

µ(X,Y )g(Y ).

���	
��
��÷	
� }J>?PB8;5@ ;A@ G; 8�8; =7B? G;A FB>@?; :8=G:6>@:75AX 75 O>:@ G>
=?;BK; =7B? G> A;675<; MFB:K>G;56;N R7B? G; A;5A <:?;6@X

∑

X≤Z

µ(X,Z)g(Z) =
∑

X≤Z

µ(X,Z)
∑

Z≤Y

f(Y )

=
∑

X≤Y

f(Y )
∑

X≤Z≤Y

µ(X,Z)

= f(X).
R7B? GJ:8=G:6>@:75 ?M6:=?7FB;X 75 B@:G:A; G; G;88; |N~

∑

X≤Z

f(Z) =
∑

X≤Z

∑

Z≤Y

µ(Z, Y )g(Y )

=
∑

X≤Y

g(Y )
∑

X≤Z≤Y

µ(Z, Y )

= g(X).

�



xÀjÀ� �� 7qn�poqn µ(X)
�788; 75 GJ> O>:@ =7B? G;A ;5@:;?AX 75 <M]5:@ =7B? G;A >??>5P;8;5@A B5; O756@:75 <;YZ9:BA S B5; A;BG; K>?:>9G;N

�svvs xÀ� ÁÂÃÄ
A ÅÆ ÍÈÈÍÆéËÐËÆÄ ËÄ ÊÂÃÄ L = L(A) Ñ ÁÃ Y ∈ L ËÄ Y 6= V � ÍãÂÈÊ ÉÂÅÈÄÂÅÄ Z ∈ L

ÂÆ Í
∑

X∈L|X∨Y =Z

µ(V,X) = 0.

���	
��
��÷	
� .;8>?FB75A <J>97?< FB; X ∨ Y = Z
:8=G:FB; FB; X ≤ Z

X
Y ≤ Z;@ r(Z) ≥ r(Y )

N E5 ?>:A755; >G7?A =>? ?M6B??;56; AB? r(Z)
N �:

Z = Y
X >G7?A G> A788;

;5 FB;A@:75 ;A@∑
X≤Y = 0 6>? Y 6= V

N �:
Z > Y

X >G7?A
∑

X∨Y =Z

µ(V,X) =
∑

X∨Y ≤Z

µ(V,X) −
∑

X∨Y <Z

µ(V,X)

=
∑

X≤Z

µ(V,X) −
∑

W<X

(

∑

X∨Y =W

µ(V,X)

)

}; =?;8:;? @;?8; K>B@ ¤ =>? <M]5:@:75X ;@ G; A;675< ;A@ 5BG =>? ?M6B??;56;N
}; @QM7?L8; AB:K>5@ <755; B5; =?7=?:M@M :8=7?@>5@; <;A A:P5;A <;A O756@:75A <;YZ9:BA <;A A;8:C@?;:GG:A <J>??>5P;8;5@AN

8�lquwvs xÀ  ÁÃ
X ≤ Y � ÍãÂÈÊ µ(X,Y ) 6= 0 ËÄ signe(µ(X,Y )) = (−1)r(Y )−r(X)

���	
��
��÷	
� RB:AFB; G> O756@:75 <; YZ9:BA <B A;P8;5@ [X,Y ]
;A@ G> ?;A@?:6@:75

<; µA
X 75 >

µ(X,Y ) = µ(T ((AY )X))
N 9G AB{@ <756 <; =?7BK;? GJ>AA;?@:75 =7B? B5>??>5P;8;5@ 6;5@?>GA =7B? G;FB;G :G O>B@ =?7BK;? FB; µ(T (A)) 6= 0

;@ FB; A:P5;(µ(A)) =

(−1)r(A) N E5 ?>:A755; >G7?A =>? ?M6B??;56; AB? G; ?>5P <; A
N }; ?MABG@>@ ;A@ MK:<;5@ A:

r(A) = 0
N �B==7A75A FB; r(A) ≥ 1

N �Q7:A:AA75A H ∈ A
;@ >==G:FB75A G; G;88; |N� >K;6

Y = H
;@ Z = T (A)

N E5 79@:;5@

0 = µ(T (A)) +
∑

X∈M

µ(X)

= µ(T (A)) +
∑

X∈M

µ(T (AX))

7� M
;A@ GJ;5A;89G; <; @7BA G;A X ∈ L @;GA FB; X 6= T (A)

;@ X ∨H = T (A)
N �:

X ∈ M>G7?AX

r(A) = r(X ∨ H)

≤ r(X ∨ H) + r(X ∧ H)

≤ r(X) + r(H)

≤ r(X) + 1.

z:5A:X r(X) = r(A) − 1
;@ <756 r(AX) = r(A) − 1

N R>? ?M6B??;56;X µ(AX) 6= 0
;@

signe(µ(AX)) = (−1)r(AX ) = (−1)r(A)−1 N }; ?MABG@>@ ;A@ :88M<:>@ =B:AFB; µ(A) =
−
∑

X∈M µ(AX)
N

�



klmnopoqn xÀ� �ÂÅÈ X ∈ L� ÂÆ ÉÂÊË µ(X) = µ(V,X) Ñ
zG7?A <J>=?LA G;A =?7=?:M@MA <; G> O756@:75 <; YZ9:BA <M�S <M875@?M;AX 75 >∑

Y ≤X µ(Y ) =

0
X ;@ µ(X)

;A@ <B A:P5; <; (−1)r(X) N }> ]PB?; ~ <755; B5 ;H;8=G; <;A K>G;B?A <; G>
O756@:75 <; YZ9:BA <JB5 >??>5P;8;5@N

y

AA
AA

AA
AA

y

AA
AA

AA
AA

}}
}}

}}
}}

y

}}
}}

}}
}}

Cy

AA
AA

AA
AA

Cy Cy

}}
}}

}}
}}

y
ö÷øù ~ ú }; A;8:C@?;:GG:A <; GJ>??>5P;8;5@ xy(x − y + 1)

.;8>?FB75A FB; G> O756@:75 <; YZ9:BA K>B@ @7B�7B?A −1 AB? G;A MGM8;5@A <; ?>5P 1
X

6J;A@CSC<:?; G;A QI=;?=G>5AN

û­û ü³ »�¼º±:´³ ·³ ;�ý±¾°¯� ³µ ¼³ »�¼º±:´³ ¾°¯°¾µ�¯ý¶µý<½³
xÀxÀj klmnopoqn
klmnopoqn xÀ� ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄ� ÂÆ ÏëäÆÃÄ ãË ßìàÞÕíÙ× óÓÔÓóÚîÔðáÚð=�× ÏË
A ÉÍÈ

χ(A, t) =
∑

X∈L

µ(X)tdim(X).

klmnopoqn xÀ� ÁÂÃÄ
A ÅÆ ÍÈÈÍÆéËÐËÆÄ ËÄ ÊÂÃÄ L = L(A)� ÂÆ ÏëäÆÃÄ ãË ßìàÞÕíÙ× Û×>ìðÕóÓÔî ÏË A ÉÍÈ

π(A, t) = tlχ(A,−t−1) =
∑

X∈L

µ(X)(−t)r(X).

.;8>?FB75A FB; G; =7GI5[8; 6>?>6@M?:A@:FB; ;A@ B5:@>:?; <; <;P?M l
X ;@ FB; G;A <;BH=7GI5[8;A A75@ S 67;{6:;5@A ;5@:;?AN �>5A G> AB:@; 75 B@:G:A;?> :5<:õM?;88;5@ GJB5 7BGJ>B@?; <; 6;A =7GI5[8;AX ;5 O756@:75 <; 6;GB: FB: ;A@ G; =GBA O>6:G; S B@:G:A;?N

?@svt�sr xÀj¢}; =7GI5[8; <; R7:56>?M <; GJ>??>5P;8;5@ K:<; ;A@ π(φl, t) = 1
N }; =7GI5[8; 6>?>6@MC?:A@:FB; <; GJ>??>5P;8;5@ <; G> ]PB?; ~ ;A@ χ(A, t) = t2 − 3t + 3
N

xÀxÀx �s p�lquwvs �s �l�lpoqnAusrpuo�poqn
}; =7GI5[8; <; R7:56>?M > G> =?7=?:M@M <; 9:;5 A; 678=7?@;? =>? G; =?76M<M <;

<MGM@:75C?;A@?:6@:75N �788;5375A =>? B5 G;88; =?MG:8:5>:?; �
�svvs xÀjj ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄÑ �ãÂÈÊ
π(A, t) =

∑

B⊆A

(−1)|B|(−t)r(B)

ÂB ãÍ ÊÂÐÐË ÉÂÈÄË ÊÅÈ ÄÂÅÊ ãËÊ ÊÂÅÊÌÍÈÈÍÆéËÐËÆÄÊ ÇËÆÄÈÍÅ� B ⊆ A Ñ

�



���	
��
��÷	
� �7:@ S(X) = S(V,X)
X >G7?A <J>=?LA G; G;88; |N|

π(A, t) =
∑

X∈L

µ(X)(−t)r(X) =
∑

X∈L





∑

B∈S(X)

(−1)|B|(−t)r(X)





�:
B ∈ S(X)

X >G7?A T (B) = X
X <756 r(B) = r(X)

N }; ?MABG@>@ ;5 <M67BG; 6>? @7B@
A7BAC>??>5P;8;5@ 6;5@?>G <; A ;A@ <>5A B5 A;BG S(X)

N

8�lquwvs xÀjx ÁÂÃÄ
(A,A′,A′′) ÅÆ ÄÈÃÉãËÄ ÏË ÏëãëÄÃÂÆÌÈËÊÄÈÃÇÄÃÂÆÑ �ãÂÈÊ

π(A, t) = π(A′, t) + tπ(A′′, t).

���	
��
��÷	
� �7:@ H = H0
GJQI=;?=G>5 <:A@:5PBM T6J;A@ S <:?; @;G FB; A′ = A \

{H}
WN E5 B@:G:A; G; G;88; |NyyX ;@ 75 AM=>?; G> A788; AB? B ;5 <;BH A788;A R′ ;@ R′′ X

7� G> =?;8:L?; =7?@; AB? G;A B 5; 675@;5>5@ =>A H ;@ G> A;675<; AB? 6;BH 675@;5>5@ H N
}; 8�8; G;88; >==G:FBM S A′ <755; R′ = π(A′, t)

N R7B? R′′ X 6788;
H ∈ B

X
AH ⊆ B

N
�756 A: T (B) = Y

X >G7?A B ∈ S(H, Y )
N R7A75A >G7?A L′′ = L(A′′)

N zG7?A

R′′ =
∑

H∈B⊆A

(−1)|B|(−t)r(B)

=
∑

Y ∈L′′

∑

B∈S(H,Y )

(−1)|B|(−t)r(Y )

= −
∑

Y ∈L′′

∑

B∈S(H,Y )

(−1)|B\AH|(−t)r(Y )

= −
∑

Y ∈L′′

µ(H, Y )(−t)r(Y )

= tπ(A′′, t).

}> <;?5:L?; MP>G:@M K:;5@ <B O>:@ FB; µ′′ ;A@ G> ?;A@?:6@:75 <; µ S L′′ X <756 µ′′(Y ) =
µ′′(H,Y )

;@ FB; r′′ A>@:AO>:@ r(Y ) = r′′(Y ) + 1
N

�; ?MABG@>@ ;A@ K?>:8;5@ O75<>8;5@>G G7?AFBJ:G AJ>P:@ <; =?7BK;? <;A O7?8BG;A AB? G;A>??>5P;8;5@A =B:AFBJ:G =;?8;@ B5 ?>:A755;8;5@ =>? ?M6B??;56;N �;@@; ?M6B??;56; A; O>:@
S G> O7:A AB? G; 5789?; <JQI=;?=G>5A ;@ AB? G> <:8;5A:75N 45 ;õ;@XA′ =7AAL<; @7B�7B?A B5QI=;?=G>5 <; 87:5A FB; A ;@ A′′ ;A@ B5 >??>5P;8;5@ <75@ G> <:8;5A:75 ;A@ A@?:6@;8;5@:5OM?:;B?; S 6;GG; <; A N

C Dªe«f_Eb cbd %F_e`ibd cbd _ii_©Ebeb©fd i§bad
�>5A 6;@@; A;6@:75 75 675A:<L?;?> G; 6>A 7�

K = R
;@ A ;A@ B5 >??>5P;8;5@ <JQIC=;?=G>5A <JB5

RC;A=>6; >{5; V
N

�­¬ G�´)¯³ µ�µ°¼ ·³ ¾¹°´)¯³¶
}; 6>G6BG <B 5789?; <; 6Q>89?;A <JB5 >??>5P;8;5@ ?M;G A ;A@ :88M<:>@ =>? G>

8M@Q7<; <; <MGM@:75C?;A@?:6@:75 ;@ AJ79@:;5@ <:?;6@;8;5@ S =>?@:? <B @QM7?L8; AB:K>5@ �
8�lquwvs �Àj 4H�r��0rI�J j���5 ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄ ÈëËã Ï åæçÉËÈÉãÍÆÊÑ êË ÆÂÐâÈË
ÏË ÇæÍÐâÈËÊ ÏË A� ÆÂÄë c(A)� ËÊÄ ÏÂÆÆë ÉÍÈ ãÍ 6ÂÈÐÅãË �

c(A) = π(A, 1).

�



�J>=?LA G> O7?8BG; <; <MGM@:75C?;A@?:6@:75 |Ny| KM?:]M; =>? G; =7GI5[8; <; R7:56>?MX=7B? 79@;5:? G; @QM7?L8; =>? B5; ?M6B??;56; 9>AM; AB? G> 8M@Q7<; <; <MGM@:75C?;A@?:6@:75X:G AB{@ <; 875@?;? G> =?7=7A:@:75 AB:K>5@; �
�uqtqropoqn �Àx ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄ ÈëËã Ï åæçÉËÈÉãÍÆÊ ËÄ ÊÂÃÄH ∈ A ÅÆ æçÉËÈÉãÍÆÑ
�ãÂÈÊ ÂÆ Í �

c(A) = c(A′) + c(A′′).

���	
��
��÷	
� E5 57@; C(A)
GJ;5A;89G; <;A 6Q>89?;A <; A

N �7:@ P
GJ;5A;89G;

<;A 6Q>89?;A <; C(A′) FB: :5@;?A;6@;5@ H
;@ A7:@ Q = C(A) \ P

N E5 > 6G>:?;8;5@
|C(A′)| = |P | + |Q|

N E? H <:K:A; G;A 6Q>89?;A <; P
;5 <;BH 6Q>89?;A <; A

X A>5A
87<:];? 6;GG;A <; Q

X <J7� |C(A)| = 2|P |+ |Q|
N �J>B@?; =>?@X 75 > B5; 9:�;6@:75 ;5@?; P;@ C(A′′) <755M; =>? C 7→ C ∩H

X <J7� |C(A′′)| = |P |
N �J7� G; ?MABG@>@ 6Q;?6QMN

�sv�u��s �À�
R>? <M]5:@:75 <B =7GI5[8; 6>?>6@M?:A@:FB; ;@ <J>=?LA G; G;88; AB? G; A:P5; <; µ

X 75
> <756 c(A) =

∑

X∈L µ(X)(−1)r(X) =
∑

X∈L |µ(X)|
N �755>:AA>5@ G; A;8:C@?;:GG:A :G

;A@ >G7?A @?LA O>6:G; <; 678=@;? G;A 6Q>89?;AN .;8>?FB75A MP>G;8;5@ FB; G; 5789?; <;
6Q>89?;A ;A@ >BAA: MP>G S (−1)dim(V )χ(A,−1)

N

�­û K�´»µ°²³ ·³¶ ¾¹°´)¯³¶ )�¯±�³¶
�>5A 6;@@; =>?@:;X 75 A; =?7=7A; <; <M875@?;? B5; O7?8BG; <755>5@ G; 5789?; <;

6Q>89?;A 97?5M;A <JB5 >??>5P;8;5@ ?M;G ;5 O756@:75 <B =7GI5[8; <; R7:56>?MN
}> =?;BK; 7?:P:5>G; <B @QM7?L8; AB:K>5@ > M@M O>:@; =>? èQ78>A L>AG>KAMI <>5A N�OX;@ 6J;A@ S 6;@@; 766>A:75 FBJ:G > :5@?7<B:@ G; =?76M<M <; <MGM@:75C?;A@?:6@:75N è7B@;O7:AA> =?;BK; ;A@ @?LA G75PB; ;@ =;B M6G>:?>5@;N E5 A; =?7=7A; :6: <; G; =?7BK;? >K;6 B5;QI=7@QLA; <; =GBA FB: A:8=G:]; 57@>9G;8;5@ G> <M875A@?>@:75X A>5A ?;A@?;:5<?; 9;>B67B=G> PM5M?>G:@MN �>5A G> G:@@M?>@B?;X 6;@@; QI=7@QLA; ;A@ A7BK;5@ 78:A;X 675<B:A>5@ S <;AM5756MA O>BHX ;@ 8�8; >K;6 6;@@; QI=7@QLA; 57BA 5J>K75A ?;5675@?M >B6B5; =?;BK;UPM78M@?:FB;VN

klmnopoqn �À� ÁÂÃÄ
A ÅÆ ÍÈÈÍÆéËÐËÆÄ ÈëËãÑ ñÆ ÆÂÄË cb(A)

ãË ÆÂÐâÈË ÏË ÇæÍÐâÈËÊâÂÈÆëËÊ ÏË V \
⋃

H∈AH Ñ
E5 AJ:5@M?;AA; :6: >BH >??>5P;8;5@A FB: =7AAL<;5@ >B 87:5A B5; 6Q>89?; 97?5M;X

FB: KM?:];5@ G> =?7=?:M@M AB:K>5@; �
�svvs �À� ÁÃ

A ÉÂÊÊ-ÏË ÅÆË ÇæÍÐâÈË âÂÈÆëË� ÍãÂÈÊ Ãã Ë�ÃÊÄË ÏÍÆÊ L(A) ÅÆ ÉãÍÄ òÅÃ ËÊÄ
ÅÆ ÉÂÃÆÄÑ
���	
��
��÷	
� �B==7A75A >B 675@?>:?; FB; A 5J> =>A <; =G>@ FB: A7:@ B5 =7:5@N45 =>?@:6BG:;?X B5 AIA@L8; O7?8M <; K;6@;B?A 57?8>BH >BH QI=;?=G>5A <; A 5J;A@ =>A
PM5M?>@;B?N �7:@ >G7?A v B5 K;6@;B? 575 5BG 7?@Q7P75>G S GJ;A=>6; K;6@7?:;G ;5P;5<?M =>?
B5 @;G AIA@L8; <; K;6@;B?A 57?8>BHN R7B? @7B@; 6Q>89?; C

;@ @7B@ x ∈ C 75 > >G7?A=7B? @7B@ λ ∈ R
X
x + λv ∈ C

X <756 C 5J;A@ =>A 97?5M;N

E5 =>?@ >G7?A <; GJQI=7@QLA; FB;A =7AAL<; B5 =G>@ FB: ;A@ B5 =7:5@N z]5 <; =?76M<;?
6788; =?M6M<;88;5@ =>? G> 8M@Q7<; <; <MGM@:75C?;A@?:6@:75X :G ;A@ 5M6;AA>:?; <; 875@?;?
FB; 6;@@; 675<:@:75 =>AA; >BH >??>5P;8;5@A ?;A@?;:5@ ;@ <MGM@MX 6; FB; 875@?; G; G;88;
AB:K>5@ �

�



�svvs �À  ÁÃ
A ÆåËÊÄ ÉÍÊ ÇËÆÄÈÍã ËÄ ÉÂÊÊ-ÏË ÅÆ ÉãÍÄ òÅÃ ËÊÄ ÅÆ ÉÂÃÆÄ� ÍãÂÈÊ Ãã Ë�ÃÊÄË

H ∈ A
ÄËã òÅË ãËÊ ÍÈÈÍÆéËÐËÆÄÊ A′ ËÄ A′′ ÈËãÍÄÃ6Ê � H ÉÂÊÊ-ÏËÆÄ ÇæÍÇÅÆ ÅÆ ÉãÍÄ òÅÃ ËÊÄ

ÅÆ ÉÂÃÆÄÑ
���	
��
��÷	
� �7:@ A B5 >??>5P;8;5@ 575 6;5@?>G =7AAM<>5@ B5 =G>@ FB: ;A@ B5=7:5@N �788;

A 5J;A@ =>A 6;5@?>GX 5M6;AA>:?;8;5@X :G ;H:A@; H ∈ A 5; =>AA>5@ =>A=>? 6; =7:5@N E5 ;õ;6@B; G> <MGM@:75C?;A@?:6@:75 =>? ?>==7?@ S B5 @;G H N �G>:?;8;5@XGJ>??>5P;8;5@ <MGM@M A′ =7AAL<; B5 =G>@ FB: ;A@ B5 =7:5@N Y75@?75A FBJ:G ;A@ ;5 <; 8�8;
=7B? GJ>??>5P;8;5@ ?;A@?;:5@ A′′ N �788;

A′ > B5 =G>@ FB: ;A@ B5 =7:5@X B5 AIA@L8;
(αi)<; O7?8;A G:5M>:?;A >AA76:M;A S <;A QI=;?=G>5A <; A′ O7?8; B5; 9>A; <B <B>G V ∗ N E5=;B@ >G7?A ;H@?>:?; <; (αi)

B5; 9>A; <; H∗ X 6; FB: =?7BK; FB; A′′ ><8;@ B5 =G>@ FB: ;A@
B5 =7:5@N

Y75@?75A >G7?A 6788;5@ 75 79@:;5@ G; 5789?; <; 6Q>89?;A 97?5M;A <; A S =>?@:?
<B 5789?; <; 6Q>89?;A 97?5M;A <; A′ ;@ <; A′′ �
�uqtqropoqn �À� ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄ ÇÂÆÄËÆÍÆÄ ÅÆ ÉãÍÄ òÅÃ ÊÂÃÄ ÅÆ ÉÂÃÆÄ x� ËÄÄËã òÅ åÃã Ë�ÃÊÄË ÅÆ æçÉËÈÉãÍÆ H ∈ A
ÄËã òÅË H ÆË ÉÍÊÊË ÉÍÊ ÉÍÈ x Ñ �ãÂÈÊ ÊÃ A′ ËÊÄã åÍÈÈÍÆéËÐËÆÄ ÏëãëÄë ËÄ A′′ ã åÍÈÈÍÆéËÐËÆÄ ÈËÊÄÈËÃÆÄ ÉÍÈ ÈÍÉÉÂÈÄ �H ÂÆ Í

cb(A) = cb(A
′) + cb(A

′′).

���	
��
��÷	
� E5 =>?@:@:755; GJ;5A;89G; <;A 6Q>89?;A <; A′ ;5 P,Q,R, S <M]5:A
<; G> 8>5:L?; AB:K>5@; �

ú
P

;A@ GJ;5A;89G; <;A 6Q>89?;A 97?5M;A <; A′ FB: 5; ?;5675@?;5@ =>A Hú
Q

;A@ GJ;5A;89G; <;A 6Q>89?;A 97?5M;A <; A′ FB: ?;5675@?;5@ Hú
R

;A@ GJ;5A;89G; <;A 6Q>89?;A 575 97?5M;A <; A′ FB: ?;5675@?;5@ Hú
S
;A@ GJ;5A;89G; <;A 6Q>89?;A 575 97?5M;A <; A′ FB: 5; ?;5675@?;5@ =>A H

zG7?A :G ;A@ MK:<;5@ FB; 6Q>FB; 6Q>89?; <; P
;A@ >BAA: B5; 6Q>89?; 97?5M; <; A

X
;@ FB; 6Q>FB; 6Q>89?; <; Q

;A@ 67B=M; =>? H
;5 <;BH 6Q>89?;A 97?5M;A <; A

N E5
AJ:5@M?;AA; >G7?A >BH 6Q>89?;A <; R <75@ G> @?>6; AB? H ;A@ B5; 6Q>89?; 97?5M; <; A′′ N
E5 K;B@ 875@?;? FBJB5; @;GG; 6Q>89?; ;A@ 67B=M; =>? H ;5 <;BH 6Q>89?;A <; A X <75@GJB5; ;A@ 97?5M; T<756 5M6;AA>:?;8;5@ GJ>B@?; 5; GJ;A@ =>AWN�788;

{x}
;A@ B5 =G>@X :G ;H:A@; l

QI=;?=G>5AH1, . . . ,Hl
@;GA FB;⋂l

i=1 Hi = {x}
N £B:@@;

S @?>5AG>@;?X 75 AB==7A; FB; x = 0
;@ 75 6Q7:A:@ =7B? 677?<755M;A <;A O7?8;A G:5M>:?;A

<M]5:AA>5@ G;A QI=;?=G>5A {H1, . . . ,Hn}
@;GG;A FB; FB; G> 6Q>89?; <; A′ A7:@ :56GBA;

<>5A xi > 0
X
i = 1, . . . , l

;@ FBJB5; MFB>@:75 <; H A7:@ ∑
i λixi = a

>K;6 a < 0
N E5

AJ:5@M?;AA; >G7?A S G> 6Q>89?; C <; A <B 6[@M <; 0
X 6J;A@ S <:?; <M]5:; =>? G;A MFB>@:75A







xi > 0
X
i = 1, . . . , l

∑

i λixi > a
lj(x) = aj , j = 1, . . . , p

E� G;A lj
A75@ G;A O7?8;A G:5M>:?;A <M]5:AA>5@ G;A >B@?;A QI=;?=G>5A <; A N

}> 6Q>89?; :5<B:@; AB? GJ>??>5P;8;5@ ?;A@?;:5@ ;A@ >G7?A <M]5:; =>? G;A MFB>@:75A






xi > 0
X
i = 1, . . . , l

∑

i λixi = a
lj(x) = aj , j = 1, . . . , p

�; =GBA 75 A>:@ =>? QI=7@QLA; FB; 6;@@; 6Q>89?; ;A@ 97?5M;N �;6: A:P5:]; <756 FB; @7BAG;A λi
A75@ A@?:6@;8;5@ 5MP>@:OAX 6>? a < 0

N �756 5M6;AA>:?;8;5@X G> 6Q>89?; C <; A ;A@
y¤



97?5M;N
\7BA K;575A <756 <; <M875@?;? FBJB5; 6Q>89?; 575 97?5M; <; GJ>??>5P;8;5@ <MG;@M

67B=M; =>?H :5<B:@ B5; 6Q>89?; 97?5M; <;A A: ;@ A;BG;8;5@ A: A> @?>6; AB?H ;A@ 97?5M;T;5 O>:@ 75 K:;5@ A;BG;8;5@ <; =?7BK;? G; A;5A ?M6:=?7FB;X 8>:A G; A;5A <:?;6@ ;A@ MK:<;5@WN\7BA >K75A <756 8>:5@;5>5@ @7BA G;A 7B@:GA =7B? 678=@;? G; 5789?; <; 6Q>89?;A 97?5M;A
<; A

N }J;5A;89G; R
;A@ =>?@:@:755M ;5 R′ ;@ R′′ FB: 67??;A=75<;5@ >BH 6Q>89?;A <75@G> @?>6; AB? H ;A@ ?;A=;6@:K;8;5@ 97?5M; ;@ 575 97?5M;N E5 >

cb(A) = |P |+ 2|Q|+ |R′|
N

E? :G ;A@ O>6:G; <; K7:? FB; |Q| + |R′| = cb(A
′′)
N E5 ;5 <M<B:@

cb(A) = |P | + |Q| + cb(A
′′)

= cb(A
′) + cb(A

′′)

}> =?;BK; <B ?MABG@>@ =>? ?M6B??;56; 5M6;AA:@; ;5]5 B5 <;?5:;? G;88; �
�svvs �À� ÁÃ

A ËÊÄ ÇËÆÄÈÍã� ÂÆ Í �
cb(A) = (−1)r(A)π(A,−1) = 0.

���	
��
��÷	
� E5 > <JB5; =>?@ ;5 675A:<M?>5@ G; @?;:GG:A <; A FB: 678=?;5< 6788;
B5:FB; MGM8;5@ 8>H:8>G

{0} FB;

π(A,−1) =
∑

X≤{0}

µ(X) = 0.

�J>B@?; =>?@X B5 >??>5P;8;5@ 6;5@?>G 5J> =>A <; 6Q>89?;A 97?5M;AN

8�lquwvs �À� ÁÂÃÄ
A ÅÆ ÍÈÈÍÆéËÐËÆÄ ÈëËã Ï åæçÉËÈÉãÍÆÊ ÍÏÐËÄÄÍÆÄ ÅÆ ÉãÍÄ òÅÃ ËÊÄ ÅÆÉÂÃÆÄÑ �ãÂÈÊ ÂÆ Í �

cb(A) = (−1)r(A)π(A,−1).

���	
��
��÷	
� E5 <M875@?; G> O7?8BG; =>? ?M6B??;56; AB? n + l
=7B? @7B@ >??>5CP;8;5@ ?M;G A <; <:8;5A:75 l

;@ <; 6>?<:5>G n
X =7AAM<>5@ B5 =G>@ FB: ;A@ B5 =7:5@N�:

l = 0
;@ A = φ0

;A@ K:<; >G7?A A
=7AAL<; B5; B5:FB; 6Q>89?; 97?5M; TK7:? G>

<M]5:@:75W <756 KM?:]; G> O7?8BG;N�:
l ≥ 1

;@ n = l
X 5M6;AA>:?;8;5@ A ;A@ 6;5@?>GX 6>? :G =7AAL<; B5 =G>@ FB: ;A@ B5 =7:5@N9G KM?:]; <756 G> O7?8BG; <J>=?LA G; G;88; ~N�N �7:@ A B5 >??>5P;8;5@ ?M;G <JQI=;?G>5A

<; <:8;5A:75 l
;@ <; 6>?<:5>G n

=7AAM<>5@ B5 =G>@ FB: ;A@ =7:5@N�:
A

;A@ 6;5@?>GX G> O7?8BG; ;A@ <755M; =>? G; G;88; ~N�N �:575X 75 =;B@ >==G:FB;?G; G;88; ~N�X FB: <755; B5 QI=;?=G>5 H
=>? ?>==7?@ >BFB;G G;A >??>5P;8;5@A <MGM@M

A′ ;@ ?;A@?;:5@ A′′ =7AAM<;5@ ?;A=;6@:K;8;5@ B5 =G>@ FB: ;A@ B5 =7:5@N R>? QI=7@QLA; <;
?M6B??;56;X 75 > �

cb(A
′) = (−1)r(A

′)π(A′,−1)

cb(A
′′) = (−1)r(A

′′)π(A′′,−1)
Y>:A <J>=?LA G> =?7=7A:@:75 ~N�X =>? <MGM@:75C?;A@?:6@:75 75 > >BAA: �

cb(A) = cb(A
′) + cb(A

′′)

yy



;@ 75 A>:@ FB; G;A ?>5PA ?;A=;6@:OA KM?:];5@ �
r(A) = l

X
r(A′) = l

;@ r(A′) = l − 1.
�J7� �

cb(A) = (−1)l(π(A′,−1) − π(A′′,−1))

= (−1)lπ(A,−1)

<J>=?LA G> O7?8BG; <; <MGM@:75C?;A@?:6@:75 =7B? G; =7GI5[8; <; R7:56>?MN}J>??>5P;8;5@ A KM?:]; <756 G> O7?8BG; ;@X =>? ?M6B??;56;X 75 > ]5>G;8;5@ G> O7?8BG;=7B? @7B@ >??>5P;8;5@ <JQI=;?G>5A ?M;GN
�sv�u��s �Àj¢
}; G;88; ~N� 57BA <:@ FB; AJ:G I > <;A 6Q>89?;A 97?5M;AX >G7?A :G I > B5 =7:5@ FB: ;A@
B5 =G>@X ;@ <756 <J>=?LA G; @QM7?L8; =?M6M<;5@X 75 A>:@ >G7?A 678=@;? G; 5789?; <;
6Q>89?;A 97?5M;AN è7B@;O7:AX <>5A G; 6>A PM5M?>GX G> 575 5BGG:@M <; π(A,−1) 5; A:P5:];=>A O7?6M8;5@ FBJ:G I > <;A 6Q>89?;A 97?5M;AX 6788; ;5 @M87:P5; GJ;H;8=G; <; G>
]PB?; �N }J>??>5P;8;5@ ;5 FB;A@:75 5; =7AAL<; =>A <; 6Q>89?;A 97?5M;AX ;@ =7B?@>5@
π(A,−1) = 1.

y

AA
AA

AA
AA

y

AA
AA

AA
AA

}}
}}

}}
}}

y

}}
}}

}}
}}

Cy

AA
AA

AA
AA

Cy Cy

}}
}}

}}
}}

y
ö÷øù � ú �5 >??>5P;8;5@ <; GJ;A=>6; A>5A 6Q>89?;A 97?5M;A

�sv�u��s �Àjj
}7?AFB; G> O7?8BG; AJ>==G:FB;X G; 5789?; <; 6Q>89?;A 97?5M;A AJM6?:@ >BAA: cb(A) =
|
∑

X∈L µ(x)|
X <756 GS >BAA:X 6; 5789?; ;A@ O>6:G; S 6>G6BG;? A: 75 6755>:@ G; A;8:C@?;:GG:AN

�sv�u��s �Àjx�: 75 675A:<L?; GJ;A=>6; K;6@7?:;G W
;5P;5<?M =>? G;A 57?8>G;A >BH QI=;?=G>5AX >G7?A

75 >==;GG; 6Q>89?; ?;G>@:K;8;5@ 97?5M; B5; 6Q>89?; <75@ GJ:5@;?A;6@:75 >K;6 W
;A@97?5M;N }> O7?8BG; =?7BKM; =>? L>AG>KAMI <:@ FB; G; 5789?; <; 6Q>89?;A ?;G>@:K;8;5@97?5M;A ;A@ <755M =>? |∑X∈L µ(X)|

N �>5A G; 6>A 7� :G I > B5 =G>@ FB: ;A@ B5 =7:5@X >G7?A
W = V

;@ G;A 6Q>89?;A 97?5M;A A75@ ;H>6@;8;5@ G;A 6Q>89?;A ?;G>@:K;8;5@ 97?5M;ANR>? ;H;8=G;X <>5A G; 6>A <; GJ>??>5P;8;5@ <; G> ]PB?; �X :G I > B5; A;BG; 6Q>89?;
?;G>@:K;8;5@ 97?5M;N
�­� P± Q�¼ý ³R³´»¼³

�75575A B5 ;H;8=G; <JB@:G:A>@:75 <;A O7?8BG;A <; 678=@>P; >K;6 B5 >??>5P;8;5@ S~ <:8;5A:75AN �75A:<M?75A GJ>??>5P;8;5@ <; G> ]PB?; �N�;@ >??>5P;8;5@ =7AAL<; >G7?A |y 6Q>89?;A ;@ B5; 6Q>89?; 97?5M;N 45 ?;P>?<>5@ G;
@?;:GG:AX 75 KM?:]; FB; π(A, 1) =

∑

X∈L |µ(X)| = 21
;@ FB; |π(A,−1)| = |

∑

X∈L µ(X)| =
1
X <756 G;A O7?8BG;A <; 678=@>P; <;A 6Q>89?;A A75@ 9:;5 KM?:]M;AN

y|



Cy

AA
AA

AA
AA

OOOOOOOOOOOOOOO Cy

OOOOOOOOOOOOOO

UUUUUUUUUUUUUUUUUUUUUU Cy

��
��

��
��

YYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYY Cy

eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee

??
??

??
??

Cy

iiiiiiiiiiiiiiiiiiiiii

oooooooooooooo
Cy

ooooooooooooooo

}}
}}

}}
}}

y

AA
AA

AA
AA

WWWWWWWWWWWWWWWWWWWWWWWWWWWWW
y

OOOOOOOOOOOOOO
y

??
??

??
??

OOOOOOOOOOOOOOO
y

WWWWWWWWWWWWWWWWWWWWWWWWWWWWW
y

iiiiiiiiiiiiiiiiiiiiii

UUUUUUUUUUUUUUUUUUUUUU
y

ggggggggggggggggggggggggggggg
y

ooooooooooooooo

��
��

��
��

y

oooooooooooooo
y

ggggggggggggggggggggggggggggg

}}
}}

}}
}}

Cy

UUUUUUUUUUUUUUUUUUUUUU Cy

AA
AA

AA
AA

Cy Cy

}}
}}

}}
}}

Cy

iiiiiiiiiiiiiiiiiiiiii

y
ö÷øù � ú }J>??>5P;8;5@ <M]5: AB?

R
3 =>? Q(A) = yz(y −x− 1)(y + x− 1)(z− 3)

;@ A75
A;8:C@?;:GG:A <J:5@;?A;6@:75

y~



S !bd _ii_©Ebeb©fd E§©§igTUbd
R>?8: @7BA G;A >??>5P;8;5@A ?M;GAX :G ;H:A@; B5; O>8:GG; <J>??>5P;8;5@A FB: =7AAL<;5@

6;?@>:5;A =?7=?:M@MA <75@ 6;GG; <; 8>H:8:A;? G; 5789?; <; 6Q>89?;A B5; O7:A FB; GJ75
AJ;A@ ]HM B5; <:8;5A:75 ;@ B5 5789?; <JQI=;?=G>5AN
klmnopoqn �Àj ñÆ ÏÃÄ Ï åÅÆ ÍÈÈÍÆéËÐËÆÄA = {H1, . . . ,Hn} �n

æçÉËÈÉãÍÆÊ Ï åÅÆ ËÊÉÍÇË
� l ÏÃÐËÆÊÃÂÆÊ òÅ åÃã ËÊÄ éëÆëÈÃòÅË Ê åÃã ÿëÈÃä Ë ∀B ⊆ A �

V ÊÃ #B < l� ÍãÂÈÊ codim(
⋂

H∈B H) = #B,V ÊÃ #B ≥ l� ÍãÂÈÊ ⋂H∈B H = ∅.

?@svt�s �Àx45 <:8;5A:75 2
X 6;G> ?;K:;5@ S <;8>5<;? FB; <;BH <?7:@;A FB;G675FB;A 5; A7:;5@ =>A=>?>GGLG;A ;@ FB; =7B? @7B@ 6Q7:H <; @?7:A <?7:@;A ;GG;A 5; A7:;5@ =>A 67567B?>5@;AN

ö÷øù � ú �5 >??>5P;8;5@ PM5M?:FB; <B =G>5 ;@ B5 575 PM5M?:FB;

W­¬ XR»¯³¶¶ý�± ·½ ¶³´ýþµ¯³ý¼¼ý¶ ³µ ¾°¼¾½¼ ·½ ±�´)¯³ ·³ ¾¹°´)¯³¶
R7B? B5 >??>5P;8;5@ PM5M?:FB;X :G ;A@ >AA;Y O>6:G; <; K7:? S FB7: ?;AA;89G; G; A;8:C@?;:GG:A <J:5@;?A;6@:75X ;@ <J;5 6>G6BG;? G> O756@:75 <; YZ9:BANzB ?>5P k < l

G; A;8:C@?;:GG:A =7AAL<; (n
k

) MGM8;5@AX 7� n
;A@ G; 5789?; <JQI=;?=G>5AN45 ;õ;@X G;A :5@;?A;6@:75A <; k

QI=;?=G>5A A75@ @7B@;A <; 67<:8;5A:75 k
;@ A75@ <;BH S

<;BH <:A@:56@;AX ;GG;A A75@ <756 @7B@;A <>5A L(A)
N �; =GBAX 6Q>6B5 <; 6;A MGM8;5@A X;A@ :56GBA <>5A ;H>6@;8;5@ (n

i

) =G>@A <; ?>5P i
T<756 :G G;B? ;A@ AB=M?:;B? <>5A L(A)

WX ;@
6;BHC6: 67??;A=75<;5@ >BH :5@;?A;6@:75A <; i <;A k

QI=;?=G>5A 675@;5>5@ X
N �755>:AA>5@G> A@?B6@B?; <; L

X 75 =;B@ 6>G6BG;? G> O756@:75 <; YZ9:BA �
�uqtqropoqn �À� ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄ éëÆëÈÃòÅË� ÍãÂÈÊ ãÍ 6ÂÆÇÄÃÂÆ ÏË Z[âÃÅÊ ËÊÄ
ÏÂÆÆëË ÉÍÈ �

µ(X) = (−1)r(X).

���	
��
��÷	
� E5 ?>:A755; =>? ?M6B??;56; AB? G; ?>5PN }> =?7=?:M@M ;A@ MK:<;5@;=7B? r(X) = 0
;@ 8�8; =7B? r(X) = 1

N
�B==7A75A FB; =7B? @7BA G;A MGM8;5@A <; ?>5P :5OM?:;B? A@?:6@;8;5@ S k

X 75 >:@ µ(X) =

(−1)r(X) X ;@ A7:@ X B5 MGM8;5@ <; ?>5P k
N zG7?A =>? <M]5:@:75 <; G> O756@:75 <; YZ9:BA

y�



75 >

µ(X) = −1 −
k−1
∑

i=1

(−1)i

(

k

i

)

= −
k−1
∑

i=0

(−1)i

(

k

i

)

= (−1)k

(

k

k

)

.

�756 ∀X ∈ L(A), µ(X) = (−1)r(X) N
z:5A:X 75 =;B@ ;H=?:8;? G; =7GI5[8; <; R7:56>?M <JB5 >??>5P;8;5@

π(A, t) =
∑

X∈L

µ(X)(−t)r(X)

=

min(n,l)
∑

k=0

(

n

k

)

(−1)k(−t)k

=

min(n,l)
∑

k=0

(

n

k

)

tk.

E5 ;5 <M<B:@ MP>G;8;5@ G; 5789?; <; 6Q>89?;A FB: ;A@ <756 MP>G S∑min(n,l)
k=0

(

n
k

) N �;
=GBAX 75 ?;8>?FB; FBJB5 >??>5P;8;5@ PM5M?:FB; =7AAL<; <;A 6Q>89?;A 97?5M;A <LA FB;
n > l

X 6>? G> A788;∑l
k=0(−1)k

(

n
k

) 5J;A@ >G7?A =>A 5BGG;X ;@ FBJ:G I > B5 =G>@ FB: ;A@ B5=7:5@ T675A:<M?;? GJ:5@;?A;6@:75 <; l
QI=;?=G>5AWN

W­û '°Rý´ý¶°µý�± ·½ ±�´)¯³ ·³ ¾¹°´)¯³¶
E5 875@?; <>5A 6;@@; =>?@:; FB; G;A >??>5P;8;5@A PM5M?:FB;A A75@ 6;BH FB: 8>H:C8:A;5@ G; 5789?; <; 6Q>89?;AX ;@ FBJ;5 U=;?@B?9>5@ B5 =;BV B5 >??>5P;8;5@ FB;G675FB;X

75 79@:;5@ B5 >??>5P;8;5@ PM5M?:FB;N

E5 A; ]H; <;BH ;5@:;?A l
;@ n 67??;A=75<>5@ ?;A=;6@:K;8;5@ S G> <:8;5A:75 <; GJ;A=>6;;@ >B 5789?; <JQI=;?=G>5AN �788; B5 QI=;?=G>5 =;B@ �@?; <M]5: =>? B5; MFB>@:75 S

l + 1 67;{6:;5@A <; G> O7?8;
a1x1 + · · ·+ alxl = b

X 75 <M]5:@ B5; >==G:6>@:75 <;
R

(l+1)nT7B ;567?; <; GJ;5A;89G; <;A 8>@?:6;A (l + 1) × n
W <>5A GJ;5A;89G; <;A >??>5P;8;5@A

<; <:8;5A:75 l
;@ S n

QI=;?=G>5AN �;@@; >==G:6>@:75 5J;A@ MK:<;88;5@ =>A :5�;6@:K; T;5=;?8B@>5@ G;A G:P5;A 7B ;5 G;A 8BG@:=G:>5@ =>? B5 67;{6:;5@ 575 5BGX 75 79@:;5@ @7B�7B?AG; 8�8; >??>5P;8;5@WX 8>:A ;GG; ;A@ AB?�;6@:K;N �: A ∈ R
(l+1)n X 75 57@; A GJ>??>5P;8;5@

67??;A=75<>5@N
�svvs �À� ÁÂÃËÆÄ � ËÄ ç ÏËÅ� ÉÂÃÆÄÊ ÏË

R
l òÅÃ ÆË ÊÂÃËÆÄ ÉÍÊ ÏÍÆÊ ãÍ Ð�ÐË ÇæÍÐâÈË\ÏÅ ÇÂÐÉãëÐËÆÄÍÃÈË] ÏË ã åÍÈÈÍÆéËÐËÆÄ ÇÂÈÈËÊÉÂÆÏÍÆÄ � A Ñ �ãÂÈÊ Ãã Ë�ÃÊÄË ÅÆ ÿÂÃÊÃÆÍéË

U ÏË A ÏÍÆÊ R
(l+1)n ÄËã òÅË ÉÂÅÈ ÄÂÅÄ ÍÈÈÍÆéËÐËÆÄ B ÏË U � x ËÄ y ÆË ÊÂÃËÆÄ ÉÍÊ ÏÍÆÊãÍ Ð�ÐË ÇæÍÐâÈË ÏË B Ñ

���	
��
��÷	
� �:
x
;@ y 5; A75@ =>A <>5A G> 8�8; 6Q>89?; <; A

X >G7?A :G ;H:A@;
B5 QI=;?=G>5 H <; A AM=>?>5@ x

;@ y
N E5 =;B@ AB==7A;? FB; 6;@ QI=;?=G>5 ;A@ <M]5:=>? G> =?;8:L?; G:P5; <; A

X =>? GJMFB>@:75 �
a1x1 + · · · + anxn = b

N £B:@@; S =;?8B@;?
x
;@ y

X 75 =;B@ >BAA: AB==7A;? FB; ∑
i aixi > b

;@ ∑
i aiyi < b

N 9G ;H:A@; >G7?A <>5A
R

(l+1) B5 K7:A:5>P; 7BK;?@ V <; (a1, . . . , an, b) @;G FB; 6;A MFB>@:75A ?;A@;5@ KM?:]M;AX
y�



6J;A@CSC<:?; @;GA FB; x
;@ y A7:;5@ @7B�7B?A AM=>?MA =>? B5 QI=;?=G>5N E5 =?;5< >G7?A

U = V × R
(l+1)(n−1) X FB: ;A@ 9:;5 B5 7BK;?@ <;

R
(l+1)n FB: 675K:;5@N

�uqtqropoqn �À� ÁÂÃÄ
A ∈ R

(l+1)n Ñ �ãÂÈÊ Ãã Ë�ÃÊÄË ÅÆ ÿÂÃÊÃÆÍéË U ÏË A
ÄËã òÅË ÉÂÅÈÄÂÅÄB ÏÍÆÊ U � B ÉÂÊÊ-ÏË ÍÅ ÐÂÃÆÊ ÍÅÄÍÆÄ ÏË ÇæÍÐâÈËÊ òÅËA Ñ�ÅÄÈËÐËÆÄ ÏÃÄ� ãË ÆÂÐâÈË

ÏË ÇæÍÐâÈËÊ ÆË ÉËÅÄ òÅ åÍÅéÐËÆÄËÈ ãÂÇÍãËÐËÆÄÑ
���	
��
��÷	
� �>5A 6Q>FB; 6Q>89?; <; A

X 75 6Q7:A:@ B5 =7:5@X ;@ 75 57@; GJ;5CA;89G; <; 6;A =7:5@A {x1, . . . , xr}
N R7B? @7B@; =>:?; <; =7:5@A {xi, xj}

75 >==G:FB; G;
G;88; =?M6M<;5@ =7B? 79@;5:? B5 K7:A:5>P; Ui,j

<; A <75@ @7BA G;A >??>5P;8;5@ AMC=>?;5@ xi

;@ xj

N E5 675A:<L?; >G7?A V =
⋂

Ui,j
FB: ;A@ B5 K7:A:5>P; <; A

X ;@ <75@ @7BAG;A >??>5P;8;5@A AM=>?;5@ <;BH S <;BH @7BA G;A xi

X 6J;A@ S <:?; <75@ @7B@ >??>5P;8;5@=7AAL<; >B 87:5A r 6Q>89?;AN

�uqtqropoqn �À  ÁÂÃÄ
A ÅÆ ÍÈÈÍÆéËÐËÆÄ ÆÂÆ éëÆëÈÃòÅË� ÍãÂÈÊ Ãã Ë�ÃÊÄË ÅÆ ÍÈÈÍÆéËÐËÆÄ

B ÉÂÊÊëÏÍÆÄ ÊÄÈÃÇÄËÐËÆÄ ÉãÅÊ ÏË ÇæÍÐâÈËÊ òÅË A Ñ
���	
��
��÷	
� �7:@ B5 >??>5P;8;5@ A 575 PM5M?:FB;N �;BH 6>A A; =?MA;5@;5@ �
A7:@ :G ;H:A@; B ⊆ A @;G FB; codim(

⋂

H∈B H) < #B
X A7:@ :G ;H:A@; B ⊆ A @;G FB;

codim(
⋂

H∈B H) > #B
N

�>5A G; =?;8:;? 6>AX 75 675A:<L?; >G7?A B5; :5@;?A;6@:75 <; p
QI=;?=G>5AX <; 67<:C8;5A:75 p − 1

>K;6 p 8:5:8>GN E5 6Q7:A:@ G;A 677?<755M;A <; @;GG; A7?@; FB; G;A p − 1=?;8:L?;A 677?<755M;A 67??;A=75<;5@ >BH p − 1
=?;8:;?A QI=;?=G>5AN �7:@ >G7?A H

G;
<;?5:;? QI=;?=G>5 ;@∑

i λixi = 0 B5; MFB>@:75 <; H N �7:@ U B5 K7:A:5>P; <; A 6788;
<>5A G> =?7=7A:@:75 =?M6M<;5@;N E5 =;B@ >G7?A =?;5<?; ε AB{A>88;5@ =;@:@ =7B? FB;GJ>??>5P;8;5@ B 79@;5B ;5 ?;8=G>3>5@ H

=>? GJQI=;?G>5 <M]5: =>? ∑
i λixi = ε A7:@

<>5A U
N 9G =7AAL<; >G7?A >B 87:5A >B@>5@ <; 6Q>89?;AX ;@ ;5 =7AAL<; ;5 O>:@ A@?:6@;8;5@=GBAN 45 ;õ;@X 675A:<M?75A B5 =7:5@ x FB: KM?:]; 0 <

∑

i λixi < ε
N zG7?AX A: {x1, . . . , xr}A75@ G;A =7:5@A 6Q7:A:A <>5A 6Q>FB; 6Q>89?; <; A =7B? G> 675A@?B6@:75 <; U

X :GA A75@ <B
8�8; 6[@M <; H

>K>5@ A> @?>5AG>@:75 ;@ >=?LAN RGBA ?:P7B?;BA;8;5@X A: GJB5 <; 6;A =7:5@AKM?:]>:@ ∑
i λixi > 0

>G7?A :G KM?:];∑
i λixi > ε

N �756 x 5J;A@ =>A <>5A B5; 6Q>89?; <;
B 675@;5>5@ B5 <;A xi

N �; FB: =?7BK; 9:;5 FB; B =7AAL<; A@?:6@;8;5@ =GBA <; 6Q>89?;A
FB; A TK7:? ]PB?; �WN�>5A G; 6>A 7� :G ;H:A@; B ⊆ A @;G FB; codim(

⋂

H∈B H) > #B
X :G ;H:A@; B5 =G>@ FB:

5J;A@ =>A B5 =7:5@ ;@ FB: ;A@ A@?:6@;8;5@ =>?>GGLG; S B5 QI=;?=G>5 H <; B N E5 =;B@ >G7?A
87<:];? AB{A>88;5@ =;B GJMFB>@:75 <; H <; 8>5:L?; S 6; FB; GJQI=;?=G>5 79@;5B A7:@
<>5A G; K7:A:5>P; U <M]5: =>? G> =?7=7A:@:75 =?M6M<;5@;X ;@ :5@;?A;6@; G; =G>@ ;5 FB;A@:75N}J>??>5P;8;5@ 79@;5B 678=?;5< >G7?A A@?:6@;8;5@ =GBA <; 6Q>89?;A FB; GJ>??>5P;8;5@
A
N
9G ;A@ 8>:5@;5>5@ O>6:G; <; =?7BK;? FB; G;A >??>5P;8;5@A PM5M?:FB;A 8>H:8:A;5@ G;

5789?; <; 6Q>89?;AN 45 ;õ;@X AB==7A75A FBJ:G ;H:A@; B5 >??>5P;8;5@ 575 PM5M?:FB; AFB: =7AAL<; =GBA <; 6Q>89?;A FBJB5 PM5M?:FB;N zG7?A 75 =;B@ GB: >==G:FB;? G; @QM7?L8;
=?M6M<;5@ =7B? 79@;5:? B5 >??>5P;8;5@ A1

FB: =7AAL<; A@?:6@;8;5@ =GBA <; 6Q>89?;AN
A1

5J;A@ <756 =>A PM5M?:FB;N E5 =;B@ 675@:5B;? <; 8>5:L?; S 79@;5:? B5 >??>5P;8;5@ A2=7AAM<>5@ A@?:6@;8;5@ =GBA <; 6Q>89?;AX ;@ =>? ?M6B??;56;X 75 =;B@ 675A@?B:?; B5; AB:@;
<J>??>5P;8;5@A (An)n∈N

<75@ G; 5789?; <; 6Q>89?;A @;5< K;?A GJ:5]5:N E?X G; 5789?;
<; 6Q>89?;A <JB5 >??>5P;8;5@ S n

QI=;?=G>5A ;A@ @?:K:>G;8;5@ 8>�7?M =>? 2n X <J7� B5;
675@?><:6@:75N

y�



ö÷øù � ú �?M>@:75 <; 6Q>89?;A AB==GM8;5@>:?;A <>5A G; 6>A <J>??>5P;8;5@A 575 PM5MC?:FB;A

W­� ^³±¶ýµ� ·³¶ °¯¯°±²³´³±µ ²�±�¯ý<½³¶
E5 K> K7:? <>5A 6;@@; =>?@:; FB; G;A >??>5P;8;5@A PM5M?:FB;A A75@ <;5A;A ;5 B5

6;?@>:5 A;5AX S A>K7:? FBJ:GA O7?8;5@ B5 7BK;?@ <; L>?:AM: <>5A GJ;A=>6; <; @7BA G;A>??>5P;8;5@ANR7B? 6;G>X M@B<:75A S FB;GG;A 675<:@:75A GJ>??>5P;8;5@ A >AA76:M S B5; 8>@?:6; A <;
@>:GG; n × (l + 1)

;A@ PM5M?:FB;N�M�SX GJ:5@;?A;6@:75 <; p
QI=;?=G>5A <7:@ �@?; <; <:8;5A:75 l − p

=7B? p ≤ l
N �J;A@

S <:?; FB; FB;GA FB; A7:;5@ G;A K;6@;B?ACG:P5;A T<;BH S <;BH <:A@:56@AW Ai1 , . . . , Aip

X G>
8>@?:6; p × (l + 1) FBJ:GA O7?8;5@ <7:@ �@?; <; ?>5P l − (l − p) = p

N �;@@; 675<:@:75 A;G:@ AB? G;A 8:5;B?A <; G> 8>@?:6; A
X ;@ G;A 8>@?:6;A KM?:]>5@ 6;6: O7?8;5@ 9:;5 B5 7BK;?@

<; L>?:AM:N45AB:@;X A: GJ75 675A:<L?; GJ:5@;?A;6@:75 <; p
QI=;?=G>5A >K;6 p > l

X ;GG; <7:@ �@?; K:<;N�;G> ?;K:;5@ S <:?; FB; G; AIA@L8; <JMFB>@:75A AB:K>5@ 5; =7AAL<; =>A <; A7GB@:75A �










ai11x1 + · · · + ai1lxl = ai1l+1NNN
aip1xp + · · · + aiplxl = aipl+1

R7B? FB; 6; AIA@L8; 5J>:@ =>A <; A7GB@:75AX :G O>B@ ;@ :G AB{@ FB;






ai1l+1NNN
aipl+1






6∈ Vect













ai11NNN
aip1






, . . . ,







ai1lNNN
aipl












.

(A1, . . . , Al)
;A@ <; ?>5P >B =GBA l

N �J;A@ ;H>6@;8;5@ l
X 6; FB; GJ75 K7:@ ;5 675A:C<M?>5@ G;A l

=?;8:L?;A G:P5;A ;@ 6; FB; 57BA >K75A <:@ =?M6M<;88;5@N E5 K;B@ <756

y�



rg (A1, . . . , Al, Al+1) = l+1
N z:5A:X :G O>B@ ;@ :G AB{@ FB; GJB5 <;A <M@;?8:5>5@A 97?<>5@A
∣

∣

∣

∣

∣

∣

∣

∣

∣

ai11 . . . ai1l ai1l+1NNN NNN
ail1 . . . aill aill+1

aik1 . . . aikl aikl+1

∣

∣

∣

∣

∣

∣

∣

∣

∣

A7:@ 575 5BG =7B? k > l
N }J;5A;89G; <;A 8>@?:6;A KM?:]>5@ 6;@@; 675<:@:75 O7?8; ;567?;9:;5 B5 7BK;?@ <; L>?:AM:X <756 GJ;5A;89G; <;A 8>@?:6;A 67??;A=75<>5@ >BH >??>5P;8;5@A

PM5M?:FB;A O7?8; 9:;5 B5 7BK;?@ <; L>?:AM: <;
R

n(l+1) N45 =>?@:6BG:;?X =B:AFB; G;A O;?8MA <; L>?:AM: <;
R

k A75@ <; 8;AB?; <; };9;APB; 5BGG;XG> =?79>9:G:@M =7B? FBJB5 >??>5P;8;5@ >GM>@7:?; 5; A7:@ =>A PM5M?:FB; ;A@ 5BGG;N

_ `ii_©Ebeb©fd caF"«bi«a_©d dUi cbd %ªi«d ¨©gd
z 6[@M <;A >??>5P;8;5@A ?M;GAX :G ;A@ >BAA: :5@M?;AA>5@ <JM@B<:;? G;A >??>5P;8;5@A

<JQI=;?=G>5A <; V
X ;A=>6; >{5; AB? B5 67?=A

K
]5:N \7BA K;??75A <J>:GG;B?A FB; 6;@@;M@B<; =;B@ �@?; 678=GM8;5@>:?; S GJM@B<; =?M6M<;5@;X <>5A G; 6>A 7� G;A >??>5P;8;5@A

?M;GAX <M]5:A =>? <;A MFB>@:75A S 67;{6:;5@A <>5A
Z
X =;BK;5@ �@?; ?M<B:@A 87<BG7 B5

5789?; =?;8:;? q
N

b­¬ ü³ ¯�¶½¼µ°µ &�±·°´³±µ°¼
.;8>?FB75A @7B@ <J>97?< FBJB5 >??>5P;8;5@ <JQI=;?=G>5A <;

R
n <M]5: =>? <;AMFB>@:75A S 67;{6:;5@A <>5A

Z
T75 =>?G; <J>??>5P;8;5@ <M]5: AB? G;A ;5@:;?AW <M]5:@ B5>??>5P;8;5@ <;

Fq

X =7B? @7B@ 5789?; =?;8:;? q
N }JM@B<; <;A >??>5P;8;5@A <;A QI=;?C=G>5A <M]5:A AB?

Z
AJ>==B:; >G7?A AB? G; @QM7?L8; O75<>8;5@>G AB:K>5@X FB: =;?8;@@?>

<; ?MA7B<?; <;A =?79GL8;A =>?@:6BG:;?A >B 6>A =>? 6>AX 6788; 57BA G; K;??75A <>5A B5;H;8=G; =>? G> AB:@;N
8�lquwvs �Àj ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄ Ï åæçÉËÈÉãÍÆÊ ÏË
R

n ÏëäÆÃ ÊÅÈ ãËÊ ËÆÄÃËÈÊ� ÊÂÃÄ
χ(A, t) ÊÂÆ ÉÂãçÆcÐË ÇÍÈÍÇÄëÈÃÊÄÃòÅË ËÄ ÊÂÃÄ q ÅÆ ÆÂÐâÈË ÉÈËÐÃËÈ ÍÊÊËd éÈÍÆÏÑ �ãÂÈÊ

χ(A, q) = #(Fn
q \

⋃

H∈A

H)

�ÅÄÈËÐËÆÄ ÏÃÄ� χ(A, q) ËÊÄ ãË ÆÂÐâÈË Ï åëãëÐËÆÄÊ ÏÅ ÇÅâË [0, q − 1]n
òÅÃ ÆË ÊÍÄÃÊ6ÂÆÄ ÉÍÊÐÂÏÅãÂ q

ãËÊ ëòÅÍÄÃÂÆÊ ÏËÊ æçÉËÈÉãÍÆÊ ÏË A Ñ
���	
��
��÷	
� �7:@ X ∈ L(A)

X ;@ A7:@ dim X
G> <:8;5A:75 <; X 6788; A7BAC;A=>6;>{5; <;

R
n N zG7?A dimX

;A@ >BAA: G> <:8;5A:75 <; X 6788; A7BAC;A=>6; >{5; <;
Fq

X
=7B? q

=?;8:;? >AA;Y P?>5<X ;@ 75 > >G7?A #X = qdimX N 45 ;õ;@X G> @;6Q5:FB; <B =:K7@
<; e>BAA AJ>==G:FB; <; G> 8�8; 8>5:L?; <>5A G;A <;BH 6>AX =7B? =;B FB; q 5; <:K:A;=>A G;A 67;{6:;5@A FB: >==>?>:AA;5@ <>5A G; 6>G6BG T6; FB: ;A@ >AAB?M =7B? q

>AA;Y P?>5<WX
<J7� GJMP>G:@M <;A <:8;5A:75AN E5 675A@?B:@ >G7?A <;BH O756@:75A f

;@ g <; L(A) <>5A Z=>? �
f(X) = #X

g(X) = #(X \
⋃

Y >X

Y )

y�



E5 > >G7?A f(X) = qdimX ;@ <J>B@?; =>?@ f(X) =
∑

Y ≥X g(Y )
X <J7� <J>=?LA G> O7?8BG;

<J:5K;?A:75 <; YZ9:BA �

#(Fn
q \

⋃

H∈A

H)) = g(V ) =
∑

X∈L(A)

µ(V,X)f(X) =
∑

X∈L(A)

µ(V,X)qdim X = χ(A, q).

�788; 6;6: ;A@ K>G>9G; =7B? B5; :5]5:@M <; 5789?;A =?;8:;?AX A: 75 >??:K; S ;H=?:8;?
#(Fn

q \
⋃

H∈AH)
X >G7?A 75 6755>�@ G; =7GI5[8; 6>?>6@M?:A@:FB; <; GJ>??>5P;8;5@ ?M;G <;

<M=>?@N
�sv�u��s �Àx
E5 ?;8>?FB; B5; 6;?@>:5; >5>G7P:; ;5@?; G; 678=@>P; <;A 6Q>89?;A <;A >??>5P;8;5@A
?M;GA ;@ G; 678=@>P; <;A =7:5@A =7B? G;A >??>5P;8;5@A AB? G;A 67?=A ]5:AN

b­û P± ³R³´»¼³ f ¾°¼¾½¼ ·½ »�¼º±:´³ ¾°¯°¾µ�¯ý¶µý<½³ ·³ ¼¸°¯¯°±²³´³±µ
·³ �¹ý

E5 ?;=?;5< <>5A 6;@@; =>?@:; B5 ;H;8=G; <Jz@Q>5>A:><:A NyO FB: =;?8;@ <J:GGBA@?;? G;
@QM7?L8; =?M6M<;5@ ;@ GJ>5>G7P:; ;5@?; G; 678=@>P; <;A 6Q>89?;A ?M;GG;A ;@ G; 678=@>P;
<; =7:5@A AB?

F
n
q

NE5 675A:<L?; GJ>??>5P;8;5@ <; �Q:X 57@M Sn

X FB: ;A@ <M]5: T<>5A
R

nW=>? G;A QI=;?=G>5A <JMFB>@:75A �

xi − xj = 0
X
1
=7B? 1 6 i < j 6 n

;@ 75 6Q;?6Q; > 6>G6BG;? A75 =7GI5[8; 6>?>6@M?:A@:FB;NR7B? <;A 5789?;A =?;8:;?A q
>AA;Y P?>5<AX 75 > KB FB; χ(Sn, q) <755; G; 5789?; <;

nCB=G;@A (x1, . . . , xn) ∈ F
n
q
FB: KM?:];5@ G;A 675<:@:75A xi−xj 6= 0

;@ xi−xj 6= 1
N E5 K7:@

B5 @;G nCB=G;@ 6788; B5; >==G:6>@:75 <; {1, . . . , n} <>5A
Fq

X FB: ;5K7:; i AB? A> 6G>AA;
xi

87<BG7 FN E5 K7:@ >G7?A G;A MGM8;5@A <;
Fq

6788; <;A 6>A;A M@:FB;@M;A 6I6G:FB;8;5@=>? G;A 6G>AA;A 87<BG7 q
N }> 6>A; <B Q>B@ > =7B? M@:FB;@@; G> 6G>AA; 5BGG;X =B:A G> 6>A;

AB:K>5@; <>5A G; A;5A =7A:@:O ;A@ M@:FB;@M; =>? G> 6G>AA; <; 1
X ;@6N };A nCB=G;@A <; Fq

A75@>G7?A <;A =G>6;8;5@A <;A ;5@:;?A 1, . . . , n <>5A G;A q 6>A;A ;@ χ(Sn, q) <755; G; 5789?;
<; =G>6;8;5@A KM?:]>5@ G;A 675<:@:75A <755M;A =?M6M<;88;5@ � G> 675<:@:75 xi − xj 6= 0A:P5:]; FB; i

;@ j 5; =;BK;5@ A; @?7BK;? <>5A B5; 8�8; 6>A;X ;@ G> 675<:@:75 xi −xj 6= 1A:P5:]; FB; i 5; =;B@ �@?; =G>6M <>5A G> 6>A; AB:K>5@ :88M<:>@;8;5@ 6;GG; <; j
N �;G>

A:P5:]; FB; <;A ;5@:;?A 766B=>5@ <;A 6>A;A 675AM6B@:K;A <7:K;5@ �@?; ?>5PMA =>? 7?<?;
6?7:AA>5@ TFB>5< 75 G;A G:@ <>5A G; A;5A =7A:@:O <B 6;?6G;WN R7B? 678=@;? G; 5789?; <;=G>6;8;5@AX <755M =>? χ(Sn, q)

X =G>375A q − n 6>A;A TG;A 6>A;A K:<;AW AB? B5 6;?6G;N 9G I> >G7?A (q − n)n−1 O>375A <; =G>6;? G;A n
MGM8;5@A <; {1, . . . , n}

;5@?; G;A 6>A;AX ;@ B5;
A;BG; O>375 <; G;A ?>5P;? ;5AB:@; =>? 7?<?; 6?7:AA>5@N 96: 75 > 675A:<M?M FBJ:G 5JI >K>:@
FBJB5; O>375 <; =G>6;? G; =?;8:;? MGM8;5@X =>? AI8M@?:; 6I6G:FB; <; GJ>??>5P;8;5@ <;A
q − n 6>A;AN R7B? 79@;5:? χ(Sn, q)

:G AB{@ <756 <; 8BG@:=G:;? =>? q
N

8�lquwvs �À� êË ÉÂãçÆcÐË ÇÍÈÍÇÄëÈÃÊÄÃòÅË ÏË ã åÍÈÈÍÆéËÐËÆÄ Sn
ËÊÄ

χ(Sn, q) = q(q − n)n−1.

E5 ;5 <M<B:@ >G7?A G; 5789?; <; 6Q>89?;A <; GJ>??>5P;8;5@ <; �Q: FB: ;A@ MP>G S
(n + 1)n−1 N

y�



g hUbaTUbd eªfd cb a_ %ªFªeªaªEgb cbd _ii_©Ebeb©fd

E5 MK7FB;?> :6: ?>=:<;8;5@ ;@ A>5A <M875A@?>@:75A FB;GFB;A ?MABG@>@A AB? G> 67Q7C87G7P:; <; <; .Q>8 <B 678=GM8;5@>:?; <JB5 >??>5P;8;5@X ;@ A75 G:;5 >K;6 G; =7GI5[8;
<; R7:56>?M ;@ G; =7GI5[8; 6>?>6@M?:A@:FB;N

i­¬ j½³¼<½³¶ ¯°»»³¼¶ ·³ ¾�¹�´�¼�²ý³
klmnopoqn  Àj ÁÂÃÄ Z ÅÆË ÿÍÈÃëÄë ÏË ÏÃÐËÆÊÃÂÆ n� Z∗(M)

ã åËÆÊËÐâãË ÏËÊ 6ÂÈÐËÊ ÏÃ6 Ì6 ëÈËÆÄÃËããËÊ 6 ËÈÐëËÊ ËÄ B∗(M)
ã åËÆÊËÐâãË ÏËÊ 6ÂÈÐËÊ ÏÃk ëÈËÆÄÃËããËÊ Ë�ÍÇÄËÊÑ ñÆ ÏëäÆÃÄÍãÂÈÊ ã åÍãé-âÈË ÏË ÇÂæÂÐÂãÂéÃË ÏË ÏË læÍÐ ÉÍÈ

H∗(M) = Z∗(M)/B∗(M) =

n
⊕

i=0

H i(M)

klmnopoqn  Àx ñÆ ÍÉÉËããË pÌÃ-ÐË ÆÂÐâÈË ÏËmËÄÄÃ ËÄ ÂÆ ÆÂÄËBp(M)
ãË ÆÂÐâÈËdim(Hp(M)) Ñ

45 =>?@:6BG:;?X B0(M)
;A@ G; 5789?; <; 678=7A>5@;A 6755;H;A <; M

N E5 <M]5:@ >G7?AG; =7GI5[8; <; R7:56>?M <; M
=>? π(M, t) =

∑

p≥0 Bp(M)tp
X ;@ G> 6>?>6@M?:A@:FB;

<J4BG;?CR7:56>?M =>? χ(M) = π(M,−1) =
∑

p≥0(−1)pBp(M)
N

i­û ü³ ¾°¶ ·³¶ ¾�¯»¶ n±ý¶
E5 > KB FB; <>5A G; 6>A <JB5 >??>5P;8;5@ A <M]5: AB? G;A ;5@:;?AX 75 >K>:@ =7B? q=?;8:;? AB{A>88;5@ P?>5< χ(A, q) = #(Fn

q −
⋃

H∈AH)
N

E5 =;B@ >BAA: 675A:<M?;? G; 678=GM8;5@>:?; <; GJ>??>5P;8;5@ <>5A
F

n
q

X FB: ;A@ >G7?A
B5; K>?:M@M <:A6?L@; T:N;N <; <:8;5A:75 ¤WN �> 6>?>6@M?:A@:FB; <J4BG;?CR7:56>?M ;A@ >G7?AMP>G; S A75 6>?<:5>GX <756 =7B? q AB{A>88;5@ P?>5<X ;GG; ;A@ <755M =>? χ(A, q)

X G;
=7GI5[8; 6>?>6@M?:A@:FB; MK>GBM ;5 q

N

i­� ü³¶ °¯¯°±²³´³±µ¶ ¯�³¼¶
E5 675A:<L?; 6;@@; O7:AC6: B5 >??>5P;8;5@ <JQI=;?=G>5A <;

R
n N }; 678=GM8;5@>:?; <;GJ>??>5P;8;5@ ;A@ B5 7BK;?@ <;

R
n X <756 ;A@ 8B5: <JB5; A@?B6@B?; 5>@B?;GG; <; K>?:M@M <;

<:8;5A:75 n
N �Q>6B5; <;A 678=7A>5@;A 6755;H;A ;A@ 675K;H; <756 675@?>6@:G; ;@ =7AAL<;

<756 G> 67Q787G7P:; <JB5 =7:5@X <756 ;5 O>:@X G> 6>?>6@M?:A@:FB; <J4BG;?CR7:56>?M ;A@MP>G; >B 5789?; <; 6Q>89?;AX ;@ ;GG; ;A@ <756 ?;G:M; >B =7GI5[8; 6>?>6@M?:A@:FB; =>?
χ(Rn −

⋃

H∈A H) = χ(A,−1)
N

�: 75 675A:<L?; G> 67Q787G7P:; S AB==7?@ 678=>6@X >G7?A 6;@@; O7:A A;BG;A :5@;?CK:;55;5@ G;A 6Q>89?;A 97?5M;A 6>? A;BG H0 ;A@ 575 5BG ;@ FBJB5; O7?8; 675A@>5@; S
AB==7?@ 678=>6@ AB? B5 7BK;?@ 575 97?5M ;A@ 5BGG;N �756 G> 6>?>6@M?:A@:FB; <J4BG;?CR7:56>?M ;A@ GS ;567?; ?;G:M; >B =7GI5[8; 6>?>6@M?:A@:FB;X K:> G> O7?8BG; <; 678=@>P;
<;A 6Q>89?;A 97?5M;AN

i­W ü³¶ °¯¯°±²³´³±µ¶ ¾�´»¼³R³¶
E5 675A:<L?; <>5A 6;@@; =>?@:; <;A >??>5P;8;5@A <JQI=;?=G>5A <JB5 ;A=>6; K;6@7?:;G

678=G;H;N �>5A 6; 6>AX 6788; :G > <M�S M@M O>:@ 8;5@:75 =?M6M<;88;5@X G; 678=GMC8;5@>:?; 5; =7AAL<; FBJB5; A;BG; 678=7A>5@; 6755;H;X G;A :5O7?8>@:75A :5@M?;AA>5@;A=?7K:;55;5@ <756 =GB@[@ <; G> 6755>:AA>56; <; G> 67Q787G7P:; <B 678=GM8;5@>:?;N�5 ?MABG@>@ O75<>8;5@>G ;A@ >G7?A FB; GJ>GPL9?; <; 67Q787G7P:; ;A@ ;5P;5<?M; =>? G;A
〈

dαH

αH

〉 7� G;A αH
A75@ G;A =7GI5[8;A <; <M]5:@:75 <;A QI=;?=G>5AN E5 875@?; ;5AB:@; FB;

|¤



G; =7GI5[8; <; R7:56>?M <; GJ>??>5P;8;5@ 67??;A=75< >G7?A >B =7GI5[8; <; R7:56>?M
<; 67Q787G7P:; <B 678=GM8;5@>:?;N �; ?MABG@>@ ;A@ K?>:8;5@ :8=7?@>5@ 6>? :G =;?8;@ <;
6>G6BG;? B5 79�;@ <; 5>@B?; @7=7G7P:FB; TG; =7GI5[8; <; R7:56>?M 67Q787G7P:FB;W =>?
<;A 8M@Q7<;A =B?;8;5@ 6789:5>@7:?;AN zB =>AA>P; 6;6: 57BA <:@ =7B?FB7: G; =7GI5[8;
<; R7:56>?M AJ>==;GG; >:5A:NNN

o§p§ib©%bd
NyO �Q?:A@7A zN q�r�
��÷�s÷�N �Q>?>6@;?:A@:6 =7GI578:>GA 7O AB9A=>6; >??>5P;8;5@A>5< ]5:@; ];G<AN �ÏÿÍÆÇËÊ ÃÆ ZÍÄæËÐÍÄÃÇÊ tuuX =>P;A y�~ú|~~X y���N
N|O R:;??; v�
�÷w
N };A >??>5P;8;5@A <JQI=;?=G>5A � B5 6Q>=:@?; <; PM78M@?:; 6789:C5>@7:?;N 95 ÁëÐÃÆÍÃÈË mÂÅÈâÍxÃ yz{|}{yX };6@B?; \7@;A :5 Y>@QN �¢jX =>P;A yú||N

�=?:5P;? ~;?G>PX y��yN
N~O R;@;? �
�÷� ;@ �:?7>M: �w
�	N �ÈÈÍÆéËÐËÆÄÊ Â6 æçÉËÈÉãÍÆËÊN e?B5<G;?Q;5 <;?

8>@Q;8>@:A6Q;5 �:AA;5A6Q>O@;5 �¢¢N �=?:5P;?C~;?G>PX y��|N
N�O .:6Q>?< ���
�w�N �ÆÅÐËÈÍÄÃÿË ÇÂÐâÃÆÍÄÂÈÃÇÊ ÿÂãÅÐË yN �>89?:<P; A@B<:;A :5><K>56;< 8>@Q;8>@:6AN �>89?:<P; �5:K;?A:@I R?;AAX y���N
N�O èQ78>A ���������N �ÍÇÃÆé ÅÉ ÄÂ ÍÈÈÍÆéËÐËÆÄÊ � �ÍÇËÌÇÂÅÆÄ 6ÂÈÐÅãÍÊ 6ÂÈ ÉÍÈÄÃÄÃÂÆÊÂ6 ÊÉÍÇË âç æçÉËÈÉãÍÆËÊN Y;87:?A z8;?N Y>@QN �76N j��N y���N

|y


