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¬¬ ®¯¯°±²³´³±µ¶ ·¸¹º»³¯»¼°±¶ ·¸½± ³¶»°¾³ °¿±³
klmnopoqn jÀj ÁÂÃÄ

K ÅÆ ÇÂÈÉÊ ËÄ V ÅÆ KÌËÊÉÍÇË ÍÎÆË ÏË ÏÃÐËÆÊÃÂÆ l Ñ ÒÆ ÓÔÔÓÕÖ×ØÙ×ÕÚ ÛÜÝÞß×ÔßàÓÕá ÏË V ËÊÄ ÅÆ ËÆÊËÐâãË äÆÃ A ÏåæçÉËÈÉãÍÆÊ ÍÎÆËÊ ÏË V Ñ
E5 ><7=@;?> G> 57@>@:75 Φl

=7B? GJ>??>5P;8;5@ FB: 5; 675@:;5@ >B6B5 QI=;?=G>5>==;GM >??>5P;8;5@ K:<;N �7:@ V ∗ G; <B>G <; V
X ;@ A7:@ S(V ∗) A75 >GPL9?; AI8M@?:FB;N �5;9>A; <; V

M@>5@ ]HM;X 75 =;B@ :<;5@:];? S(V ∗) S GJ>GPL9?; <; =7GI5[8;A
K[x1, . . . , xn]

N
è7B@ QI=;?=G>5 >{5; H <; V

;A@ G; 57I>B <JB5 =7GI5[8; <; <;P?M yX <M]5: S B5;
675A@>5@; 8BG@:=G:6>@:K; 575 5BGG; =?LAN E5 57@; >G7?A αH

B5 @;G =7GI5[8;X A>5A A;=?M766B=;? <; G> 675A@>5@; ;5 FB;A@:75N E5 > >G7?A H = ker(αH)
N

klmnopoqn jÀx ÁÂÃÄ
A ÅÆ ÍÈÈÍÆéËÐËÆÄ Ï åæçÉËÈÉãÍÆÊÑ êË ÉÈÂÏÅÃÄ Q =

∏

H∈A αH
ËÊÄ

ÍÉÉËãë ßìàÞÕíÙ× Û× ÛîïÕðÚðìÕ ÏË A Ñ
klmnopoqn jÀ� ñÆ ÏÃÄ òÅËA ËÊÄ ó×ÕÚÔÓà ÊÃ⋂H∈AH 6= ∅ Ñ ôÍÆÊ ÇË ÇÍÊ ÂÆ ÉÂÊË T (A) =
⋂

H∈AH Ñ
£B:@@; S ;õ;6@B;? B5; @?>5AG>@:75X 75 =7B??> @7B�7B?A AB==7A;? FB; G; 6;5@?; <JB5>??>5P;8;5@ 6;5@?>G 675@:;5@ 0

X GJ7?:P:5; <;
K

l N

ö÷øù y ú }J>??>5P;8;5@ <M]5: =>? Q(A) = xy(x − y)
;A@ 6;5@?>GN

¬û ü³ ¶³´ýþµ¯³ý¼¼ý¶ L(A)
klmnopoqn jÀ� ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄ Ï åæçÉËÈÉãÍÆÊ ËÄ ÊÂÃÄ L = L(A)
ã åËÆÊËÐâãË ÏËÊÃÆÄËÈÊËÇÄÃÂÆÊ ÆÂÆ ÿÃÏËÊ Ï åëãëÐËÆÄÊ ÏËA� ÍÉÉËãëËÊ ßàÓÚáÑ ñÆ ÏëäÆÃÄ ÊÅÈL ÅÆ ÂÈÏÈË ÉÍÈÄÃËã

≤ ÉÍÈ ã åÃÆÇãÅÊÃÂÆ ÃÆÿËÈÊË �
X ≤ Y ⇔ X ⊇ Y.

klmnopoqn jÀ� êË ÈÍÆé Ï åÅÆ ëãëÐËÆÄ X ÏË L ËÊÄ ÏëäÆÃ ÉÍÈ r(X) = codim(X) Ñ ÁÂÃËÆÄ
X,Y ∈ L� ÂÆ ÏëäÆÃÄ ÍãÂÈÊ X ∧Y =

⋂

{Z ∈ L|X ∪ Y ⊆ Z} Ñ ÁÃ X ∩Y 6= ∅� ÍãÂÈÊ ÂÆ ÉÂÊË
X ∨ Y = X ∩ Y Ñ

|



L(A)
;A@ >G7?A B5 A;8:C@?;:GG:AX 6J;A@CSC<:?; FB; =7B? @7B@; =>:?; <JMGM8;5@A X,Y ∈ L

X
:G ;H:A@; B5 =GBA P?>5< MGM8;5@ =>?8: G;A MGM8;5@A :5OM?:;B?A S X

;@ Y
T6;@ MGM8;5@ ;A@

X ∧ Y
WN �>5A G; 6>A 7� GJ>??>5P;8;5@ ;A@ 6;5@?>GX >G7?A L(A)

;A@ B5 @?;:GG:AX 6J;A@CSC<:?;FBJ:G =7AAL<; ;5 =GBA G> =?7=?:M@M FB; =7B? @7B@; =>:?; <JMGM8;5@A X,Y ∈ L
X :G ;H:A@; B5=GBA =;@:@ MGM8;5@ =>?8: G;A MGM8;5@A AB=M?:;B?A S X

;@ S Y
T6J;A@ >G7?A X∨Y = X∩Y

WN
�svvs jÀ  ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄ Ï åæçÉËÈÉãÍÆÊ ËÄ L = L(A) Ñ �ãÂÈÊ ÉÂÅÈ ÄÂÅÄ X ∈ LÄÂÅÄËÊ ãËÊ ÊÅÃÄËÊ ÏË ãÂÆéÅËÅÈÊ ÐÍ�ÃÐÍãËÊ V = X0 < X1 < . . . < Xp = X
ÂÆÄ ãÍ Ð�ÐËãÂÆéÅËÅÈÑ
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X =

⋂

H∈B H
X >G7?A ;5 ?;@:?>5@ B5 QI=;?=G>5 S B

X 75 79@:;5@ B5MGM8;5@ <75@ G> <:8;5A:75 ;A@ AB=M?:;B?; 7B MP>G; S dim(X) + 1
N �756 5M6;AA>:?;8;5@

<>5A B5; 6Q>�5; 8>H:8>G; :G 5; =;B@ =>A I >K7:? <; A>B@ <; <:8;5A:75X <756 ;GG;A 75@
@7B@;A 8�8; G75PB;B?N

�svvs jÀ� �ÂÅÊ ãËÊ ëãëÐËÆÄÊ ÐÍ�ÃÐÍÅ� ÏË L(A)
ÂÆÄ ãÍ Ð�ÐË ÏÃÐËÆÊÃÂÆÑ
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A

;A@ 6;5@?>GX >G7?A :G 5JI > FBJB5 A;BG MGM8;5@ 8>H:8>GN E5
675A:<L?; <756 B5 >??>5P;8;5@ 575 6;5@?>GX <75@ G;A MGM8;5@A 8>H:8>BH A75@ <756 <;
?>5P >B =GBA MP>G S l − 1

N �B==7A75A FBJ:G ;H:A@; <;BH MGM8;5@A X
;@ Y 8>H:8>BHX

<; ?>5PA ?;A=;6@:OA p
;@ q

>K;6 p < q
N E5 =;B@ >G7?A @?7BK;? <;BH ;5A;89G;A A

;@ B<JQI=;?=G>5A <;A X <; 6>?<:5>BH ?;A=;6@:OA p
;@ q @;GA FB;X =

⋂

H∈A H
;@ Y =

⋂

H∈B H
N

E5 675A:<L?; >G7?A G;A A7BAC;A=>6;A K;6@7?:;GA A∗ ;@ B∗ <B <B>G V ∗ ;5P;5<?MA =>? G;A
O7?8;A G:5M>:?;A 67??;A=75<>5@;AN E5 >

dim(A∗) = p
;@ dim(B∗) = q

N �756 :G ;H:A@; B5QI=;?=G>5 H <>5A B @;G FB; G> O7?8; G:5M>:?; >AA76:M; 5; A7:@ =>A <>5A A∗ N zG7?A X ∩H;A@ B5 =G>@ <; A 675@;5B <>5A X
;@ <:õM?;5@ <; X

X 6; FB: 675@?;<:@ G> 8>H:8>G:@M <;
X
N

klmnopoqn jÀ� ñÆ ÏëäÆÃÄ ÍãÂÈÊ ãË ÈÍÆé ÏË A� r(A) ÇÂÐÐË ëÄÍÆÄ ëéÍã ÍÅ ÈÍÆé Ï åÅÆëãëÐËÆÄ ÐÍ�ÃÐÍã ÏË L(A) Ñ

xy = 0
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x(x − y + 1) = 0
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y(x − y + 1) = 0

kkkkkkkkkkkkkkk

x = 0

QQQQQQQQQQQQQQ
y = 0 x − y + 1 = 0
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V

ö÷øù | ú }; @?;:GG:A <; GJ>??>5P;8;5@ xy(x − y + 1)

¬� ��½¶þ°¯¯°±²³´³±µ¶� °¯¯°±²³´³±µ¶ ¯³¶µ¯³ý±µ ³µ ·�¼�µ�
klmnopoqn jÀ� ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄ Ï åæçÉËÈÉãÍÆÊÑ ÁÃ B ⊆ A� B ËÊÄ ÍÉÉËãë ÅÆ áì�áØ
ÓÔÔÓÕÖ×Ù×ÕÚ ÏË A Ñ �ÂÅÈ X ∈ L(A)

ÂÆ ÏëäÆÃÄ ÅÆ ÊÂÅÊÌÍÈÈÍÆéËÐËÆÄ AX
ÏË A ÉÍÈ �

AX = {H ∈ A|X ⊆ H}

ËÄ ÅÆ ÍÈÈÍÆéËÐËÆÄ AX ÏË ã åËÊÉÍÇË ÍÎÆË X ÉÍÈ �
AX = {X ∩H|H ∈ A \ AX

ËÄ X ∩H 6= ∅}.
ñÆ ÍÉÉËããË AX ã åÍÈÈÍÆéËÐËÆÄ Ô×áÚÔ×ðÕÚ ÏË A � X Ñ
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45 =>?@:6BG:;? G7?AFB; X
;A@ B5 QI=;?=G>5 H

MGM8;5@ <; A
X 75 > G> <M]5:@:75 AB:CK>5@; �

klmnopoqn jÀj¢ ÁÂÃÄ
A ÅÆ ÍÈÈÍÆéËÐËÆÄ Ï åæçÉËÈÉãÍÆÊ ËÄ ÊÂÃÄ H ∈ A Ñ ê åÍÈÈÍÆéËÐËÆÄÛîàîÚî ÏË A ÈËÊÉËÇÄÃÿËÐËÆÄ � H ËÊÄ ã åÍÈÈÍÆéËÐËÆÄ A′ = A \ {H� ËÄ ã åÍÈÈÍÆéËÐËÆÄÔ×áÚÔ×ðÕÚ ÏË A ÈËÊÉËÇÄÃÿËÐËÆÄ � H ËÊÄ ã åÍÈÈÍÆéËÐËÆÄ A′′ = AH Ñ ñÆ ÍÉÉËããË ÍãÂÈÊ

(A,A′,A′′) ÅÆ ÚÔðßà×Ú Û× ÛîàîÚðìÕØÔ×áÚÔðóÚðìÕÑ
klmnopoqn jÀjj ÁÂÃÄ

V ÅÆ RÌËÊÉÍÇË ÍÎÆË ËÄ ÊÂÃÄ A ÅÆ ÍÈÈÍÆéËÐËÆÄ Ï åæçÉËÈÉãÍÆÊ ÏË
V Ñ êËÊ ÇÂÐÉÂÊÍÆÄËÊ ÇÂÆÆË�ËÊ ÏË V \

⋃

H∈AH ÊÂÆÄ ÍÉÉËãëËÊ óÝÓÙ�Ô×á ÏË A Ñ
�>5A G> AB:@; 75 AJ>@@>6Q;?> ;5 =>?@:6BG:;? S 6>G6BG;? G; 5789?;A <; 6Q>89?;AN
�sv�u��s jÀjx}7?AFB;

K = C
X

V \
⋃

H∈AH 5J> FBJB5; 678=7A>5@; 6755;H;N 45 ;õ;@ A: GJ;A=>6;K;6@7?:;G >AA76:M S V
;A@ <; <:8;5A:75 l AB? C

X 75 =;B@ G; 675A:<M?;? 6788; B5
RC;A=>6;K;6@7?:;G <; <:8;5A:75 2l

N };A QI=;?=G>5A <; A A75@ >G7?A <; <:8;5A:75 2l − 2 AB?
R
N

�sv�u��s jÀj�
�>5A G; 6>A <JB5 ;A=>6; K;6@7?:;G ?M;GX G;A QI=;?=G>5A A75@ G;A 57I>BH <JMGM8;5@A l1, l2, . . . , ln<; <;P?M y <; S(V ∗)

N �5; 6Q>89?; C
;A@ >G7?A 6>?>6@M?:AM; =>? B5 MGM8;5@ <; {+,−}n X

7� G;A A:P5;A 67??;A=75<;5@ >BH A:P5;A <; l1, . . . , ln
AB? C N

 !b «ªa"©#eb cb $ªg©%_i§
E5 >AA76:; <>5A 6;@@; =>?@:; B5 =7GI5[8; S 6Q>FB; >??>5P;8;5@X 675A@?B:@ =>? <;A

8M@Q7<;A 6789:5>@7:?;A S =>?@:? <B A;8:C@?;:GG:A <J:5@;?A;6@:75N
û¬ ü° &�±¾µý�± ·³ '()ý½¶
xÀjÀj klmnopoqnr sp tusvowusr tuqtuolplr
klmnopoqn xÀj ÁÂÃÄ

(E,≤) ÅÆ ËÆÊËÐâãË ÉÍÈÄÃËããËÐËÆÄ ÂÈÏÂÆÆë ÄËã òÅË ∀X,Y ∈ E �
[X,Y ] = {Z ∈ E|X ≤ Z ≤ Y } ÊÂÃÄ äÆÃÑ ñÆ ÏëäÆÃÄ ãÍ *ìÕóÚðìÕ Û× +,�ð�á µ = µE :
E × E → Z

ÏË ãÍ ÐÍÆÃ-ÈË ÊÅÃÿÍÆÄË �
µ(X,X) = 1 ÊÃ X ∈ E,

∑

X≤Z≤Y

µ(X,Z) = 0 ÊÃ X,Y,Z ∈ E ËÄ X < Y,

µ(X,Y ) = 0 ÊÃÆÂÆÑ
}; 6>G6BG <;A K>G;B?A <; G> O756@:75 <; YZ9:BA A; O>:@ <756 <; 8>5:L?; ?M6B?A:K;X ;@ G>

O756@:75 ;A@ B5:FB;8;5@ <M]5:; =>? 6;A ?;G>@:75AX 6J;A@CSC<:?; FB; A: ν
KM?:]; G;A 8�8;A

?;G>@:75AX >G7?A µ = ν
N

�>5A G; 6>A 7� (E,≤) = (N, |) 75 ?;@?7BK; >G7?A G> O756@:75 <; YZ9:BA <; G> @QM7?:; <;A
5789?;A FB: ;A@ >G7?A µ(x) = µN(1, x)

N
�>5A G; 6>A 7� E

;A@ G; A;8:C@?;:GG:A <JB5 >??>5P;8;5@X 75 =;B@ MP>G;8;5@ <M6?:?; G>
O756@:75 <; YZ9:BA <; G> 8>5:L?; AB:K>5@; �
�svvs xÀx ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄÑ �ÂÅÈ X,Y ∈ L(A)� ÍÿËÇ X ≤ Y � ÉÂÊÂÆÊ S(X,Y )ã åËÆÊËÐâãË ÏËÊ ÊÂÅÊÌÍÈÈÍÆéËÐËÆÄÊ ÇËÆÄÈÍÅ� B ⊆ A
ÄËãÊ òÅË AX ⊆ B ËÄ T (B) = Y Ñ �ãÂÈÊ

µ(X,Y ) =
∑

B∈S(X,Y )

(−1)|B\AX |

�



���	
����÷	
� �7:@ ν(X,Y ) =
∑

B∈S(X,Y ) (−1)|B\AX | N.;8>?FB75A FB;
⋃

X≤Z≤Y

S(X,Z) = {B ⊆ A|AX ⊆ B ⊆ AY }

;@ <; =GBAX 6;@@; B5:75 ;A@ <:A�7:5@;N �J7�
∑

X≤Z≤Y

ν(X,Z) =
∑

AX⊆B⊆AY

(−1)|B\AX | =
∑

C

(−1)|C|

7� G> <;?5:L?; A788; S G:;B AB? @7BA G;A A7BAC;5A;89G;A C <; AY \AX

N �:
X = Y

X >G7?A
AX \ AY = ∅

;@ G> A788; K>B@ yX A:575 G> A788; K>B@ ¤N �756 75 > 9:;5 µ = ν
N

xÀjÀx /quv��sr ��on0suroqn �s 12�o�r
�788;5375A <J>97?< =>? B5 =;@:@ G;88; �

�svvs xÀ� ÁÂÃÄ
(E,≤) ÅÆ ËÆÊËÐâãË ÉÍÈÄÃËããËÐËÆÄ ÂÈÏÂÆÆë äÆÃ ËÄ µ = µE Ñ �ãÂÈÊ

µ(X,X) = 1 ÊÃ X ∈ E,
∑

X≤Z≤Y

µ(Z, Y ) = 0 ÊÃ X,Y ∈ E ËÄ X < Y.

���	
����÷	
� \7@75A E = {X1,X2, . . . ,Xr}
<; @;GG; A7?@; FB; Xi ≤ Xj ⇒ i ≤ j

N
�7:@ A

G> 8>@?:6; r × r <; 67;{6:;5@ (i, j)
MP>G S µ(Xi,Xj)

N �7:@ B
G> 8>@?:6; r × r@;GG; FB; G; 67;{6:;5@ (i, j)

K>:GG;
1 A: Xi ≤ Xj

;@ 0 A:575N A
;@ B A75@ @7B@;A <;BH

@?:>5PBG>:?;A AB=M?:;B?;A ;@ <J>=?LA G> <M]5:@:75 <; G> O756@:75 <; YZ9:BAX 75 >
AB = Ir

X
<J7� BA = Ir

6; FB: =?7BK; G; ?MABG@>@N

�uqtqropoqn xÀ� 4/quv��sr ��on0suroqn �s 12�o�r5 ÁÂÃËÆÄ f, g ÏËÅ� 6ÂÆÇÄÃÂÆÊ ÏëÌäÆÃËÊ ÊÅÈ E � ÿÍãËÅÈ ÏÍÆÊ ÅÆ éÈÂÅÉË ÍâëãÃËÆÑ �ãÂÈÊ
g(Y ) =

∑

X≤Y

f(X) ⇔ f(Y ) =
∑

X≤Y

µ(X,Y )g(X),

g(X) =
∑

X≤Y

f(Y ) ⇔ f(X) =
∑

X≤Y

µ(X,Y )g(Y ).

���	
����÷	
� }J>?PB8;5@ ;A@ G; 8�8; =7B? G;A FB>@?; :8=G:6>@:75AX 75 O>:@ G>
=?;BK; =7B? G> A;675<; MFB:K>G;56;N R7B? G; A;5A <:?;6@X

∑

X≤Z

µ(X,Z)g(Z) =
∑

X≤Z

µ(X,Z)
∑

Z≤Y

f(Y )

=
∑

X≤Y

f(Y )
∑

X≤Z≤Y

µ(X,Z)

= f(X).
R7B? GJ:8=G:6>@:75 ?M6:=?7FB;X 75 B@:G:A; G; G;88; |N~

∑

X≤Z

f(Z) =
∑

X≤Z

∑

Z≤Y

µ(Z, Y )g(Y )

=
∑

X≤Y

g(Y )
∑

X≤Z≤Y

µ(Z, Y )

= g(X).

�



xÀjÀ� �� 7qn�poqn µ(X)
�788; 75 GJ> O>:@ =7B? G;A ;5@:;?AX 75 <M]5:@ =7B? G;A >??>5P;8;5@A B5; O756@:75 <;YZ9:BA S B5; A;BG; K>?:>9G;N

�svvs xÀ� ÁÂÃÄ
A ÅÆ ÍÈÈÍÆéËÐËÆÄ ËÄ ÊÂÃÄ L = L(A) Ñ ÁÃ Y ∈ L ËÄ Y 6= V � ÍãÂÈÊ ÉÂÅÈÄÂÅÄ Z ∈ L

ÂÆ Í
∑

X∈L|X∨Y =Z

µ(V,X) = 0.

���	
����÷	
� .;8>?FB75A <J>97?< FB; X ∨ Y = Z
:8=G:FB; FB; X ≤ Z

X
Y ≤ Z;@ r(Z) ≥ r(Y )

N E5 ?>:A755; >G7?A =>? ?M6B??;56; AB? r(Z)
N �:

Z = Y
X >G7?A G> A788;

;5 FB;A@:75 ;A@∑
X≤Y = 0 6>? Y 6= V

N �:
Z > Y

X >G7?A
∑

X∨Y =Z

µ(V,X) =
∑

X∨Y ≤Z

µ(V,X) −
∑

X∨Y <Z

µ(V,X)

=
∑

X≤Z

µ(V,X) −
∑

W<X

(

∑

X∨Y =W

µ(V,X)

)

}; =?;8:;? @;?8; K>B@ ¤ =>? <M]5:@:75X ;@ G; A;675< ;A@ 5BG =>? ?M6B??;56;N
}; @QM7?L8; AB:K>5@ <755; B5; =?7=?:M@M :8=7?@>5@; <;A A:P5;A <;A O756@:75A <;YZ9:BA <;A A;8:C@?;:GG:A <J>??>5P;8;5@AN

8�lquwvs xÀ  ÁÃ
X ≤ Y � ÍãÂÈÊ µ(X,Y ) 6= 0 ËÄ signe(µ(X,Y )) = (−1)r(Y )−r(X)

���	
����÷	
� RB:AFB; G> O756@:75 <; YZ9:BA <B A;P8;5@ [X,Y ]
;A@ G> ?;A@?:6@:75

<; µA
X 75 >

µ(X,Y ) = µ(T ((AY )X))
N 9G AB{@ <756 <; =?7BK;? GJ>AA;?@:75 =7B? B5>??>5P;8;5@ 6;5@?>GA =7B? G;FB;G :G O>B@ =?7BK;? FB; µ(T (A)) 6= 0

;@ FB; A:P5;(µ(A)) =

(−1)r(A) N E5 ?>:A755; >G7?A =>? ?M6B??;56; AB? G; ?>5P <; A
N }; ?MABG@>@ ;A@ MK:<;5@ A:

r(A) = 0
N �B==7A75A FB; r(A) ≥ 1

N �Q7:A:AA75A H ∈ A
;@ >==G:FB75A G; G;88; |N� >K;6

Y = H
;@ Z = T (A)

N E5 79@:;5@

0 = µ(T (A)) +
∑

X∈M

µ(X)

= µ(T (A)) +
∑

X∈M

µ(T (AX))

7� M
;A@ GJ;5A;89G; <; @7BA G;A X ∈ L @;GA FB; X 6= T (A)

;@ X ∨H = T (A)
N �:

X ∈ M>G7?AX

r(A) = r(X ∨ H)

≤ r(X ∨ H) + r(X ∧ H)

≤ r(X) + r(H)

≤ r(X) + 1.

z:5A:X r(X) = r(A) − 1
;@ <756 r(AX) = r(A) − 1

N R>? ?M6B??;56;X µ(AX) 6= 0
;@

signe(µ(AX)) = (−1)r(AX ) = (−1)r(A)−1 N }; ?MABG@>@ ;A@ :88M<:>@ =B:AFB; µ(A) =
−
∑

X∈M µ(AX)
N

�



klmnopoqn xÀ� �ÂÅÈ X ∈ L� ÂÆ ÉÂÊË µ(X) = µ(V,X) Ñ
zG7?A <J>=?LA G;A =?7=?:M@MA <; G> O756@:75 <; YZ9:BA <M�S <M875@?M;AX 75 >∑

Y ≤X µ(Y ) =

0
X ;@ µ(X)

;A@ <B A:P5; <; (−1)r(X) N }> ]PB?; ~ <755; B5 ;H;8=G; <;A K>G;B?A <; G>
O756@:75 <; YZ9:BA <JB5 >??>5P;8;5@N

y

AA
AA

AA
AA

y

AA
AA

AA
AA

}}
}}

}}
}}

y

}}
}}

}}
}}

Cy

AA
AA

AA
AA

Cy Cy

}}
}}

}}
}}

y
ö÷øù ~ ú }; A;8:C@?;:GG:A <; GJ>??>5P;8;5@ xy(x − y + 1)

.;8>?FB75A FB; G> O756@:75 <; YZ9:BA K>B@ @7B�7B?A −1 AB? G;A MGM8;5@A <; ?>5P 1
X

6J;A@CSC<:?; G;A QI=;?=G>5AN

ûû ü³ »�¼º±:´³ ·³ ;�ý±¾°¯� ³µ ¼³ »�¼º±:´³ ¾°¯°¾µ�¯ý¶µý<½³
xÀxÀj klmnopoqn
klmnopoqn xÀ� ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄ� ÂÆ ÏëäÆÃÄ ãË ßìàÞÕíÙ× óÓÔÓóÚîÔðáÚð=�× ÏË
A ÉÍÈ

χ(A, t) =
∑

X∈L

µ(X)tdim(X).

klmnopoqn xÀ� ÁÂÃÄ
A ÅÆ ÍÈÈÍÆéËÐËÆÄ ËÄ ÊÂÃÄ L = L(A)� ÂÆ ÏëäÆÃÄ ãË ßìàÞÕíÙ× Û×>ìðÕóÓÔî ÏË A ÉÍÈ

π(A, t) = tlχ(A,−t−1) =
∑

X∈L

µ(X)(−t)r(X).

.;8>?FB75A FB; G; =7GI5[8; 6>?>6@M?:A@:FB; ;A@ B5:@>:?; <; <;P?M l
X ;@ FB; G;A <;BH=7GI5[8;A A75@ S 67;{6:;5@A ;5@:;?AN �>5A G> AB:@; 75 B@:G:A;?> :5<:õM?;88;5@ GJB5 7BGJ>B@?; <; 6;A =7GI5[8;AX ;5 O756@:75 <; 6;GB: FB: ;A@ G; =GBA O>6:G; S B@:G:A;?N

?@svt�sr xÀj¢}; =7GI5[8; <; R7:56>?M <; GJ>??>5P;8;5@ K:<; ;A@ π(φl, t) = 1
N }; =7GI5[8; 6>?>6@MC?:A@:FB; <; GJ>??>5P;8;5@ <; G> ]PB?; ~ ;A@ χ(A, t) = t2 − 3t + 3
N

xÀxÀx �s p�lquwvs �s �l�lpoqnAusrpuo�poqn
}; =7GI5[8; <; R7:56>?M > G> =?7=?:M@M <; 9:;5 A; 678=7?@;? =>? G; =?76M<M <;

<MGM@:75C?;A@?:6@:75N �788;5375A =>? B5 G;88; =?MG:8:5>:?; �
�svvs xÀjj ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄÑ �ãÂÈÊ
π(A, t) =

∑

B⊆A

(−1)|B|(−t)r(B)

ÂB ãÍ ÊÂÐÐË ÉÂÈÄË ÊÅÈ ÄÂÅÊ ãËÊ ÊÂÅÊÌÍÈÈÍÆéËÐËÆÄÊ ÇËÆÄÈÍÅ� B ⊆ A Ñ

�



���	
����÷	
� �7:@ S(X) = S(V,X)
X >G7?A <J>=?LA G; G;88; |N|

π(A, t) =
∑

X∈L

µ(X)(−t)r(X) =
∑

X∈L





∑

B∈S(X)

(−1)|B|(−t)r(X)





�:
B ∈ S(X)

X >G7?A T (B) = X
X <756 r(B) = r(X)

N }; ?MABG@>@ ;5 <M67BG; 6>? @7B@
A7BAC>??>5P;8;5@ 6;5@?>G <; A ;A@ <>5A B5 A;BG S(X)

N

8�lquwvs xÀjx ÁÂÃÄ
(A,A′,A′′) ÅÆ ÄÈÃÉãËÄ ÏË ÏëãëÄÃÂÆÌÈËÊÄÈÃÇÄÃÂÆÑ �ãÂÈÊ

π(A, t) = π(A′, t) + tπ(A′′, t).

���	
����÷	
� �7:@ H = H0
GJQI=;?=G>5 <:A@:5PBM T6J;A@ S <:?; @;G FB; A′ = A \

{H}
WN E5 B@:G:A; G; G;88; |NyyX ;@ 75 AM=>?; G> A788; AB? B ;5 <;BH A788;A R′ ;@ R′′ X

7� G> =?;8:L?; =7?@; AB? G;A B 5; 675@;5>5@ =>A H ;@ G> A;675<; AB? 6;BH 675@;5>5@ H N
}; 8�8; G;88; >==G:FBM S A′ <755; R′ = π(A′, t)

N R7B? R′′ X 6788;
H ∈ B

X
AH ⊆ B

N
�756 A: T (B) = Y

X >G7?A B ∈ S(H, Y )
N R7A75A >G7?A L′′ = L(A′′)

N zG7?A

R′′ =
∑

H∈B⊆A

(−1)|B|(−t)r(B)

=
∑

Y ∈L′′

∑

B∈S(H,Y )

(−1)|B|(−t)r(Y )

= −
∑

Y ∈L′′

∑

B∈S(H,Y )

(−1)|B\AH|(−t)r(Y )

= −
∑

Y ∈L′′

µ(H, Y )(−t)r(Y )

= tπ(A′′, t).

}> <;?5:L?; MP>G:@M K:;5@ <B O>:@ FB; µ′′ ;A@ G> ?;A@?:6@:75 <; µ S L′′ X <756 µ′′(Y ) =
µ′′(H,Y )

;@ FB; r′′ A>@:AO>:@ r(Y ) = r′′(Y ) + 1
N

�; ?MABG@>@ ;A@ K?>:8;5@ O75<>8;5@>G G7?AFBJ:G AJ>P:@ <; =?7BK;? <;A O7?8BG;A AB? G;A>??>5P;8;5@A =B:AFBJ:G =;?8;@ B5 ?>:A755;8;5@ =>? ?M6B??;56;N �;@@; ?M6B??;56; A; O>:@
S G> O7:A AB? G; 5789?; <JQI=;?=G>5A ;@ AB? G> <:8;5A:75N 45 ;õ;@XA′ =7AAL<; @7B�7B?A B5QI=;?=G>5 <; 87:5A FB; A ;@ A′′ ;A@ B5 >??>5P;8;5@ <75@ G> <:8;5A:75 ;A@ A@?:6@;8;5@:5OM?:;B?; S 6;GG; <; A N

C Dªe«f_Eb cbd %F_e`ibd cbd _ii_©Ebeb©fd i§bad
�>5A 6;@@; A;6@:75 75 675A:<L?;?> G; 6>A 7�

K = R
;@ A ;A@ B5 >??>5P;8;5@ <JQIC=;?=G>5A <JB5

RC;A=>6; >{5; V
N

�¬ G�´)¯³ µ�µ°¼ ·³ ¾¹°´)¯³¶
}; 6>G6BG <B 5789?; <; 6Q>89?;A <JB5 >??>5P;8;5@ ?M;G A ;A@ :88M<:>@ =>? G>

8M@Q7<; <; <MGM@:75C?;A@?:6@:75 ;@ AJ79@:;5@ <:?;6@;8;5@ S =>?@:? <B @QM7?L8; AB:K>5@ �
8�lquwvs �Àj 4H�r��0rI�J j���5 ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄ ÈëËã Ï åæçÉËÈÉãÍÆÊÑ êË ÆÂÐâÈË
ÏË ÇæÍÐâÈËÊ ÏË A� ÆÂÄë c(A)� ËÊÄ ÏÂÆÆë ÉÍÈ ãÍ 6ÂÈÐÅãË �

c(A) = π(A, 1).

�



�J>=?LA G> O7?8BG; <; <MGM@:75C?;A@?:6@:75 |Ny| KM?:]M; =>? G; =7GI5[8; <; R7:56>?MX=7B? 79@;5:? G; @QM7?L8; =>? B5; ?M6B??;56; 9>AM; AB? G> 8M@Q7<; <; <MGM@:75C?;A@?:6@:75X:G AB{@ <; 875@?;? G> =?7=7A:@:75 AB:K>5@; �
�uqtqropoqn �Àx ÁÂÃÄ

A ÅÆ ÍÈÈÍÆéËÐËÆÄ ÈëËã Ï åæçÉËÈÉãÍÆÊ ËÄ ÊÂÃÄH ∈ A ÅÆ æçÉËÈÉãÍÆÑ
�ãÂÈÊ ÂÆ Í �

c(A) = c(A′) + c(A′′).

���	
����÷	
� E5 57@; C(A)
GJ;5A;89G; <;A 6Q>89?;A <; A

N �7:@ P
GJ;5A;89G;

<;A 6Q>89?;A <; C(A′) FB: :5@;?A;6@;5@ H
;@ A7:@ Q = C(A) \ P

N E5 > 6G>:?;8;5@
|C(A′)| = |P | + |Q|

N E? H <:K:A; G;A 6Q>89?;A <; P
;5 <;BH 6Q>89?;A <; A

X A>5A
87<:];? 6;GG;A <; Q

X <J7� |C(A)| = 2|P |+ |Q|
N �J>B@?; =>?@X 75 > B5; 9:�;6@:75 ;5@?; P;@ C(A′′) <755M; =>? C 7→ C ∩H

X <J7� |C(A′′)| = |P |
N �J7� G; ?MABG@>@ 6Q;?6QMN

�sv�u��s �À�
R>? <M]5:@:75 <B =7GI5[8; 6>?>6@M?:A@:FB; ;@ <J>=?LA G; G;88; AB? G; A:P5; <; µ

X 75
> <756 c(A) =

∑

X∈L µ(X)(−1)r(X) =
∑

X∈L |µ(X)|
N �755>:AA>5@ G; A;8:C@?;:GG:A :G

;A@ >G7?A @?LA O>6:G; <; 678=@;? G;A 6Q>89?;AN .;8>?FB75A MP>G;8;5@ FB; G; 5789?; <;
6Q>89?;A ;A@ >BAA: MP>G S (−1)dim(V )χ(A,−1)

N

�û K�´»µ°²³ ·³¶ ¾¹°´)¯³¶ )�¯±�³¶
�>5A 6;@@; =>?@:;X 75 A; =?7=7A; <; <M875@?;? B5; O7?8BG; <755>5@ G; 5789?; <;

6Q>89?;A 97?5M;A <JB5 >??>5P;8;5@ ?M;G ;5 O756@:75 <B =7GI5[8; <; R7:56>?MN
}> =?;BK; 7?:P:5>G; <B @QM7?L8; AB:K>5@ > M@M O>:@; =>? èQ78>A L>AG>KAMI <>5A N�OX;@ 6J;A@ S 6;@@; 766>A:75 FBJ:G > :5@?7<B:@ G; =?76M<M <; <MGM@:75C?;A@?:6@:75N è7B@;O7:AA> =?;BK; ;A@ @?LA G75PB; ;@ =;B M6G>:?>5@;N E5 A; =?7=7A; :6: <; G; =?7BK;? >K;6 B5;QI=7@QLA; <; =GBA FB: A:8=G:]; 57@>9G;8;5@ G> <M875A@?>@:75X A>5A ?;A@?;:5<?; 9;>B67B=G> PM5M?>G:@MN �>5A G> G:@@M?>@B?;X 6;@@; QI=7@QLA; ;A@ A7BK;5@ 78:A;X 675<B:A>5@ S <;AM5756MA O>BHX ;@ 8�8; >K;6 6;@@; QI=7@QLA; 57BA 5J>K75A ?;5675@?M >B6B5; =?;BK;UPM78M@?:FB;VN

klmnopoqn �À� ÁÂÃÄ
A ÅÆ ÍÈÈÍÆéËÐËÆÄ ÈëËãÑ ñÆ ÆÂÄË cb(A)

ãË ÆÂÐâÈË ÏË ÇæÍÐâÈËÊâÂÈÆëËÊ ÏË V \
⋃

H∈AH Ñ
E5 AJ:5@M?;AA; :6: >BH >??>5P;8;5@A FB: =7AAL<;5@ >B 87:5A B5; 6Q>89?; 97?5M;X

FB: KM?:];5@ G> =?7=?:M@M AB:K>5@; �
�svvs �À� ÁÃ

A ÉÂÊÊ-ÏË ÅÆË ÇæÍÐâÈË âÂÈÆëË� ÍãÂÈÊ Ãã Ë�ÃÊÄË ÏÍÆÊ L(A) ÅÆ ÉãÍÄ òÅÃ ËÊÄ
ÅÆ ÉÂÃÆÄÑ
���	
����÷	
� �B==7A75A >B 675@?>:?; FB; A 5J> =>A <; =G>@ FB: A7:@ B5 =7:5@N45 =>?@:6BG:;?X B5 AIA@L8; O7?8M <; K;6@;B?A 57?8>BH >BH QI=;?=G>5A <; A 5J;A@ =>A
PM5M?>@;B?N �7:@ >G7?A v B5 K;6@;B? 575 5BG 7?@Q7P75>G S GJ;A=>6; K;6@7?:;G ;5P;5<?M =>?
B5 @;G AIA@L8; <; K;6@;B?A 57?8>BHN R7B? @7B@; 6Q>89?; C

;@ @7B@ x ∈ C 75 > >G7?A=7B? @7B@ λ ∈ R
X
x + λv ∈ C

X <756 C 5J;A@ =>A 97?5M;N

E5 =>?@ >G7?A <; GJQI=7@QLA; FB;A =7AAL<; B5 =G>@ FB: ;A@ B5 =7:5@N z]5 <; =?76M<;?
6788; =?M6M<;88;5@ =>? G> 8M@Q7<; <; <MGM@:75C?;A@?:6@:75X :G ;A@ 5M6;AA>:?; <; 875@?;?
FB; 6;@@; 675<:@:75 =>AA; >BH >??>5P;8;5@A ?;A@?;:5@ ;@ <MGM@MX 6; FB; 875@?; G; G;88;
AB:K>5@ �

�



�svvs �À  ÁÃ
A ÆåËÊÄ ÉÍÊ ÇËÆÄÈÍã ËÄ ÉÂÊÊ-ÏË ÅÆ ÉãÍÄ òÅÃ ËÊÄ ÅÆ ÉÂÃÆÄ� ÍãÂÈÊ Ãã Ë�ÃÊÄË

H ∈ A
ÄËã òÅË ãËÊ ÍÈÈÍÆéËÐËÆÄÊ A′ ËÄ A′′ ÈËãÍÄÃ6Ê � H ÉÂÊÊ-ÏËÆÄ ÇæÍÇÅÆ ÅÆ ÉãÍÄ òÅÃ ËÊÄ

ÅÆ ÉÂÃÆÄÑ
���	
����÷	
� �7:@ A B5 >??>5P;8;5@ 575 6;5@?>G =7AAM<>5@ B5 =G>@ FB: ;A@ B5=7:5@N �788;

A 5J;A@ =>A 6;5@?>GX 5M6;AA>:?;8;5@X :G ;H:A@; H ∈ A 5; =>AA>5@ =>A=>? 6; =7:5@N E5 ;õ;6@B; G> <MGM@:75C?;A@?:6@:75 =>? ?>==7?@ S B5 @;G H N �G>:?;8;5@XGJ>??>5P;8;5@ <MGM@M A′ =7AAL<; B5 =G>@ FB: ;A@ B5 =7:5@N Y75@?75A FBJ:G ;A@ ;5 <; 8�8;
=7B? GJ>??>5P;8;5@ ?;A@?;:5@ A′′ N �788;

A′ > B5 =G>@ FB: ;A@ B5 =7:5@X B5 AIA@L8;
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