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f : Xk(M) → R
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f(x1, . . . , xk) =

∑k

i,j=1 ||xi − xj||
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k ≥ 2 � +,f8+,3�f.1�b'�8b'� ~ "a+�- f(λx1, . . . , λxk) = λ2f(x1, . . . , xk)
\<���Y�

i }�~ �.+�a����)`�*+,"mfy�#+,�#��+
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∂f

∂xi

: h = (h1, . . . , hk) 7→ 4〈hi,
∑

j 6=i

xi − xj〉 .

����l�b'!�� fyb'!af
1 ≤ i ≤ k

b'"�� ∑

j 6=i xi − xj = 0 � ����b'�*3 lj��� �����p),�*+`"a_`+ � x1 = x2 � _`+dgh!��+,3�fQ���.l�b'3*3��#����+�����"�3
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hi =
∑

j 6=i xi − xj 6= 0
�
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hj = 0
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j 6= i
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∂xi
(h0 . . . , hk) = 2||hi||
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Xk(M)
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(σ, (x1, . . . , xk)) 7→ (xσ−1(1), . . . , xσ−1(k))
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(xσ−1(1), . . . , xσ−1(k)) = (x1, . . . , xk) � ���#b'��3 xσ−1(i) = xi
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i � �ab'"�_ σ−1(i) = i

l�b'!���f*b'!af
i � _Z����b'"X+`3�fd�j�v"�3 Xk(M) � ��b'"�_ σ = id
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C∞ } �����p),b'�8b'�*l�1a�#3*�8+`3^��oq!a"$�'��b'!�l�+����#3�_`��+,fZ�[r�h\G��b'�#+,"hf
(a, b) ∈ X2(Sn) � θ ∈ ]0, π]
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b � +,f O = G · (a, b)
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b = −a ��v�#b'��3
O
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C∞ } l��#b'"a�'+`�8+`"mf x 7→ (x,−x)
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X2(Sn)
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O = {(x, y) ∈ X2(Sn) : 〈x, y〉 = cos θ}
�S��oq��l�l����#_Z��fy�#b�"

f : X2(Sn) → R�a),�j"���+xlj���
(x, y) 7→ 〈x, y〉
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3�b'!�3 } iv���*��),f*) C∞ \ � +,f cos θ
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Tf(x,y) : (h, `) 7→ 〈h, y〉+ 〈x, `〉 � b'¢ (h, `)
l����*_,b'!���f

x⊥ × y⊥ � +,3�f�3�!��r��+,_,fy��i'+
l�b'!�� (x, y)����"�3
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θ < π � ��b�"�_ x⊥ 6= y⊥ [e_`���

x 6= y
\ � +,f 3*�Ylj���+W£�+`�8l��#+

h ∈ x⊥−y⊥ � ����b'�*3 Tf(x,y)(h, 0) 6= 0
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O = f−1(cos θ)
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H = G(a,b)
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(a, b)
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G
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G/H → O
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∆ = {(x, y) ∈ R
n × R

n : y = x}
+<f

∆′ = {(x, y) ∈ R
n × R

n : y = −x}
�

���#b'��3
∆
+,f

∆′ 3*b�"hfx�a+`!�£U3*b'!�3 } +,3*lj��_,+`3�i'+,_,f*b'�*��+`�#3�3�!�l�l���)`�8+`"mfn�v�#�*+,3
��+ E = R
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u + v
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E = ∆ +∆′ � ����b'�*3k��oq��l�l����#_`�vfy��b'" (t, u+ v) 7→ (1− t)u+ v
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[0, 1]×X2(R
n) = E −∆����"�3

∆′−{0}
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�U��b�"�_{��+{���`�8+8f���l�+
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n ≥ 2 � b�".���v�#b'��3 � l������#"miv���*�#��"�_,+Slj����1�b��.b�f*b'l���+^��+Q�w�_,b'1�b'�8b'��b'�'�#+���+G�a+��Q1j��� +,f��#+�_`���#_,!��h��+G�#� _,b'1�b'�8b'��b'�'�#+���+`3�3*l�1 ~ �*+,3 � Hp(X2(R
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p = 0, n − 1
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Hp(X2(R
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ε
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U = X2(R

n) − σ(S1) � gh!��^+,3�fK!�"�b'!ai�+`��f � _`��� σ(S1)
+,3�f2_,b'�8lj��_,f*+���]^b'�8�.+

n ≥ 2 � ��o�b'!ai'+,��f U
+,3�f�_`b'"a"�+<£�+ � ��b�"�_ H0(U) = R

�
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U ∪ V = X2(R
n) � gh!��S�$�#+8�
�,�.+8f���l�+���o�1�b'�8b�f*b'l��#+>gh!�+ Sn−1
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la�*)`_ ~ ��+v�(M+�la�#!�3 � U ∩ V = V − σ(S1)

�d��+����`�8+�f���l�+
��o�1�b'�8b�fyb'la�#+K[elj���^�*),f*�y��_<fy��b'"{�*�����w�v�#+
l�+`��l�+,"�����_`!��#���#��+�z

σ(S1)
\�gh!�+ �w�
iv�����#),f*)�l��*b���!���f

S1×S2n−2

�h��".�����'!��8+`"mf�)`��)`�8+`"mfn�����*+
�a+M3*!a��fy+ +<£a��_<fy+���+�������+`� }
� ��+,fyb��*�#3 � ��l�l����#gh!�) ��!�£.��+,!�£.b'!ai'+,��f*3 (S1 −{(1, 0)})×S2n−2+<f

(S1 −{(−1, 0)})×S2n−2

�j��"a3G�#�xiv�����#),f*)Q_`b'"�"a+<£�+
b'���#+`"mfy�����#+
S1 ×S2n−2

�8b'"mfy��+Qg�!a+
Hp(S1 × S2n−2)

+,3�f��#3�b'�.b��*l�1�+8z
R
3*�

p = 0, 1, 2n − 2, 2n − 1 � +,f|iv��!af 0
3*��"�b'" � _`���

n ≥ 2
�

��b���f
p
!�"�+`"mfy��+`�Ml�b'3���fy��c�"�b�"�"h!������Y�.3�!���f*+�+W£��v_,fy+K��+2������+`� }
� ��+,fyb��*�#3 crb'!���"���f ��b'"a_!a"�+x3*!���fy+x+<£a��_<fy+

H
p−1(Sn−1) → H

p(S1 × S2n−2) → H
p(U) × H

p(S1) → H
p(Sn−1) → H

p+1(S1 × S2n−2) .

���
p 6= 1, n− 1, 2n− 2, 2n− 1

����b'�*3G�#+`3kfy+,�*�8+`3^�a+
lj����fS+,fS��ou�v!afy��+M��+
Hp(U)×Hp(S1)3,ou�v"�"h!��#+,"hf � ��b'"�_ Hp(U) = 0

lj����+W£��v_,fy��fy!��a+��
���

p = 2n− 1 � _,b'�8�.+ n ≥ 2 � b'"A�d!�"�+x3*!a��fy+�+W£a��_,f*+ 0 → R → Hp(U) × {0} → 0 �+<f
Hp(U) ' R

�
���

n = 2 � �*+,�{����gh!�b'"�3^f*b'!af��pou����b'����gh!�+���o��#"�_,�#!�3��#b'"8��+ σ(S1)
�j��"a3

X2(R
2)
+,3�fQ!�"�+

),gh!���iv����+`"�_,+|�poq1�b��.b�f*b'l���+ � +<f b'"A�8!�"a+|3�!���f*+�+<£a��_<fy+

H
0(S1 × S2) → H

0(U) × H
0(S1) → H

0(S1) → H
1(S1 × S2) → H

1(U) × H
1(S1)

→ H
1(S1) → H

2(S1 × S2) → H
2(U) × H

2(S1) → H
2(S1) = 0 .

�Y��3�+`_,b'"���+�� ~ _n1�+�+,fd�w�$_,�#"�gh!�� ~ �8+.3�b'"mf23*!a�r��+`_<fy��i'+`3A[rlj�����w����+`�.���*gh!�+.l��*),�#�#�8�#"����#��+s\<�(�oqb'¢���+`!�£|3*!���fy+`3:+<£a��_<fy+,3
0 → R → H1(U)×R → R → 0

+,f
0 → R → H2(U)×{0} →

0 � ��b'"a_{[rlj���Q_`b��.lafy���'+���+x�����.+,"�3*��b'"0\ H1(U) ' R
+<f

H2(U) ' R
�


 b'!�3�l�b'!ai'b�"�3x��b'"�_d3�!�l�l�b'3*+,�
n > 2

�����
p = 2n − 2 � _,b'�.�8+ n > 2 � b'"I��+`"�_,b'�*+!a"�+>3*!���fy+>+<£a��_<fy+

0 → R → Hp(U) × {0} → 0 � +,f Hp(U) ' R
�����

p = n − 1 � ���#b��*3
�



1 < p < p+1 < 2n−2 � �ab'"�_Qb'".�x!a"�+Q3*!���fy+Q+<£a��_<fy+ 0 → Hp(U)×{0} → R → 0 � ��oqb�¢
Hp(U) ' R

�'��"a�j" � 3�� p = 1 � ���#b'��3�b'"8�
!�"�+Q3�!���f*+S+<£a��_<fy+ 0 → R → Hp(U)×{R} → 0 �+<f ��b'"�_
Hp(U) = 0

�
�:b'!��Q�*),3*!��8+`� � Hp(M) ' R

3*�
p = 0, n − 1, 2n − 2, 2n − 1 � +,f Hp(M) = 0

3��#"�b�"��
�*� [���\ �:�

2 } crb'�*�8+x������)`��+`"mfy��+`�#��+ Ωn

+`3�f
_`b�"�3�fy��"mfy+d3�!��
M � ��b'"�_K+`3�f C∞ �p�:b'!��Mf*b'!af

X = (x1, . . . , xn, y1, . . . , yn)
"�b'"x"h!��'�j�v"�3

R
n×R

n � 3�� X ′ = (−y1, . . . ,−yn, x1, . . . , xn) ��v�#b'��3�lj�v�
��),��"���f*�#b'"$��!Ul���b���!a��f
+W£�fy)`���#+,!�� � Ωn(X, X ′) =
∑n

i=1 x2
i + y2

i 6= 0 � ��b'"�_ Ωn+,3�f�"ab'"U��),�')`"�),�*),+�����"a�j" � 3*� λ =
∑n

i=1 xi dyi � ���#b��*3 dλ = Ωn � +<f���b'"�_ Ωn

+,3�f�+W£a��_,f*+
[r3*��b'"{"a+�i'+,!af�lj�v3G+W£ala�#�#_,��f*+`�

λ � b'".l�+,!af���!a3*3*�������*+ g�!a+ Ωn

+`3�fGcr+`���.),+2[e_`���k_`b'"�3�fn��"mf*+s\ �gh!�+
M
+,3�fG_`b'"mfy�*��_,f*�#��+ � ��b'"a_�gh!�+ H2(M) = {0}

+,fklj���k_`b�"�3*),g�!a+`"mf�gh!�+
Ωn

+`3�fG+<£a��_<fy+��
�.����3S_�o�+`3�fMl���!�3��#b�"��h\<�����
"�"�+x_`b'"�crb'"����*�8lj�v3 +W£a��_,f*+|+<fQcr+`�*�8)`+��	�

[t�'\���b�!���fyb'!�f
x
�j��"�3

M � l�!���3*gh!�+ −dfx

+`3�f�!�"�+Scrb'���.+G�#��"�)Z�����*+k3*!��
TxM � +,f�la!��#3�g�!a+

ωx

+`3�fK"ab'"I��)`�'),"�)`��)`+ � ����+<£��#3�fy+>!�"�!�"���g�!a+>i�+`_<fy+`!a� Xf (x) ∈ TxM
fy+,��gh!�+>l�b'!a�xf*b'!af

X ′ �j�v"�3 TxM � b'"�����f ωx(Xf(x), X ′) = −dfx(X
′)
����+�_n1j�v�.l$��+|i�+`_<fy+`!a�*3

x 7→ Xf(x)3�!��
M

+`3�f
C∞ _Z���>�#+�l���b'� ~ �8+A+,3�f.�#b�_Z��� � +<f{lj�v�8"��vfy!��*���#��fy) � �#��3�!�
>f{�a+$��+A�8b'"mfy��+`�l�b'!��

M = U
!�"�b'!�i'+`��f2��+

E = R
N � b'¢ Ω2(U) = C∞(U, Λ2E∗)

����oq��l�l����#_Z��fy�#b�" ��+
U × E

����"�3
U × E∗ ��),��"��#+�lj�v� (x, u) 7→ (x, v 7→ ωx(u, v))

+`3�f
C∞ [e_`���

ωx

��o�+`3�f �+<f
+,"�l��*+,"j��"mf���+,3M_`b�b'����b'"�"�),+`3y\ � �a� ��+`_<fy��i'+K_`��� ω
+,3�fM"�b'"U��),�')`"a)`�*),+ � +<f
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