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(�)+*-,/.-)+021432)+.-,
〈·, ·〉 5 176832):9�*8;<0/,2=?> 5 >@;<321�*-,"*-1 5 ,"*83 R

n 140 (e1, . . . , en) 5 >BA�>+,21�=?>@.-)+.8;DCE*-1F981
R

n GIH
JLK�M )+.-,";D98N432)+.-, 5PO >@686 5 ;D=?>@0";D)+. f : R

4 → R
2 98NRQ-.8;D1S6�>@3

(a, b, c, d) 7→ (a2 + b2 + c2 +
d2, ac − bd) T CU*8;V1W,"0�6X) 5<Y .-)+Z�;[> 5 1 T 98)+.-= C∞ G�\ .]> f(1, 0, 0, 0) = (1, 0)

140
df(a,b,c,d) : (x, y, z, t) 7→ (2ax + 2by + 2cz + 2dt, az + cx − bt − dy) .

^])+.U0"32)+.-,BCE*-1
df(a,b,c,d)

1W,"0&,"*83I_"1W=40";<`a1b6c)+*83F02)+*80
(a, b, c, d)

9->@.-,
M1 T 98)+.-= f

,2143	>d*8.-1b,"*8A�eZf1432,";D)+.g>@*h`a)+;D,2;<.�>@ia1b981b02)+*80&6X)+;<.E0j981
M1 = f−1(1, 0) G�k >@3 5 1l0"m-NW)+32n4Zf1�981W,B,"*8A8Zf1432,";D)+.-, T=W1W=4;�Zf)+.U0"32143	>lCU*-1

M1 T CU*8;�1W,"0/.-)+.d`:;D981 T 1W,20o*8.-1�,	)+*-,peP`+>@3";DN402NF981 R
4 981�9�;<Zf14.-,";D)+. 4− 2 = 2 T=W)+.E0214.E*-1b9->@.-, 5 >�,	)+*-,peP`+>@3";DN402N S3 T 98)+.-=j1W,"0�*8.-1B,2)+*-,peP`q>@3";DN402Nj981 S3
Gr )+;<0o98)+.-=

(a, b, c, d) ∈ R
4 021 5 CE*-1 a2 +b2 +c2 +d2 = 1

140
ac−bd = 0 Gqs 5 ,"*�tf0o9817Zf)+.E0"32143CE*-1 5 1F.-) Y >@*u981 df(a,b,c,d)

1W,"0�981&9�;<Zf14.-,";D)+.
2 G8v O *8.#981W, a, b, c, d

1W,"0w.-)+.x.E* 5PT 140y6�>@32=W1BCU*-1 5 1iq32)+*86c17981W,o6c143"Zl*80	>@0";D)+.-,/981�=W)U)+3298)+.8.-NW1W,/6832NW,2143"`q>@.E0 5 1W,/9814*�z�6c) 5<Y .-{+Zf1W, a2 +b2 +c2 +d2 140
ac−bd

>@iq;<0�0"3	>@.-,2;<0";<`a14Zf14.E0y,"*83 5 1W,|=W)U)+3298)+.8.-NW1W, T .-)+*-,%6c)+*8`a)+.-,o,"*8686c)q,	143|CE*-1 a 6= 0 Gqv O 1W,"6�>+=W1981W,B,2) 5 *80";D)+.-,B9�*}, Y ,202n4Zf1l9 O NWCU*�>@0";D)+.-, ax + by + cz + dt = 0
140

az + cx − bt − dy = 0
1W,"0981~9�;<Zf14.-,";D)+.

2 � = O 1W,"0l;<Z�ZfNW9�;[>@0b,"; a 6= ±c
14.�=W)+.-,";D98N43	>@.E0 5 1f, Y ,"02n4Zf1d981f9814*�z�NWCE*�>@0";D)+.-,9 O ;<.-=W)+.8.E*-1W, x

140
z � ,"; a = εc

>W`a1W=
ε ∈ {±1} T > 5 )+32, b 6= 0

=?>@3
ac = bd T 98)+.-= 5 1l32NW,"* 5 0	>@0&1W,"0>+=WCE*8;D,�, Y ZfN40"3";DCU*-14Zf14.E0&,"; b 6= ±d � ,";<.-)+. T =W)+Z�Zf1 ac = bd T )+.]>~>@*-,2,"; b = εd T 140 5 1�, Y ,"02n4Zf19 O NWCE*�>@0";D)+.-,B, O NW=43";<0 a(x + εz) + b(y + εt) = 0 T a(x + εz) − b(y + εt) = 0 T 98)+.E0 5PO 1W,26�>+=W1l981W,,2) 5 *80";D)+.-,�1W,"0�A8;D14.]981B9�;<Zf14.-,";D)+. 2 G�W� )+;D=4;a*8.-1o>@*80"321|ZfN40"m-)U981 T 6 5 *-,V=W)+*83"021 GLv O >@686 5 ;D=?>@0";D)+. f : S3 → R

98NRQ-.8;D1o6�>@3
(a, b, c, d) 7→

ac − bd
1W,"0

C∞ T =W)+Z�Zf1b321W,"0"3";D=40";D)+.}9 O >@686 5 ;D=?>@0";D)+. C∞ � *8.-1b,2)+*-,peP`q>@3";DN402Nl981
R

4 G�k )+*83B02)+*80
x = (a, b, c, d)

9->@.-,
S3 T ,2)+.h>@686 5 ;D=?>@0";D)+.h0	>@.8ia14.E021 Txf

1W,"0 5 >f321W,"0"3";D=40";D)+. � TxS3
981 5 >��I)+3"Zf15 ;<.-N?>@;<321 ` : (w, y, z, t) 7→ az+cw−bt−dy G M )+Z�Zf1 (−c, d,−a, b) ∈ TxS3 = x⊥ ,";
(a, b, c, d) ∈

M1
140

`(−c, d,−a, b) = −1 6= 0 T85PO >@686 5 ;D=?>@0";D)+. Txf
1W,"07,"*83I_"1W=40";<`a1�,2;

x ∈ M1 T 98)+.-= f
1W,"07*8.-1,"*8A8Zf1432,";D)+.d14.d02)+*80o6X)+;<.E0w981

M1
GEk >@3 5 1�0"m-NW)+32n4Zf1F981W,o,"*8A8Zf1432,";D)+.-, T M1 = f−1(1, 0) T CE*8;�1W,20.-)+.#`U;D981 T 1W,207*8.-1B,2)+*-,peP`q>@3";DN402Nj981 S3

981B9�;<Zf14.-,";D)+.
3 − 1 = 2 G:�H

�aK > K ^])+.U0"32)+.-,%CE*-1
f
1W,"0�*8.-1/;<Z�Zf1432,";D)+.

C∞ G M )+Z�Zf1w=W1W=4;:1W,20 5 ):=?> 5PT ; 5 ,2*�tf0�981 5 1|`aN43";�Q�143>@*]`a)+;D,";<.�>@ia1�981l02)+*80&6c)+;<.U0
x0 ∈ S2

G�k )+*83B02)+*80 g
9->@.-,

SO(3)
140

x
9->@.-,

S2 T�5 >~=W)+.+_p*8iE>@;D,2)+.6�>@3
g
981 5 >f32)+0	>@0";D)+.}9 O >�z81 Rx

140&9 O >@.8i 5 1 π
1W,"0 5 >f32)+0	>@0";D)+.}9 O >@.8i 5 1 π

140&9 O >�z�1 Rg(x) T 98)+.-=
f(g(x)) = gf(x)g−1 G8� )+.-=j6�>@370"3	>@.-,";<0";<`:;<02N T .-)+*-,76X)+*8`a)+.-,7,"*8686X)q,21437CU*-1 x0 = e1

G

e1

h = e2

gθ

θ

z(x)

e3

y(x)
e2

e1

x

J



k )+*83 x
6832):=2m-1�981

x0 = e1
9->@.-,

S2 T@5 1w0"3";<6 5 140 (x, e2, e3)
1W,20%14.-=W)+321y*8.-1wA�>+,21y9�;<321W=4021�981

R
3 TCE*-1 5PO )+.g)+3"0"m-)+.-)+3"Z~> 5 ;D,21�6�>@3 5 1b6832):=WNW98N�981��F3	>@Z�Z�e r =2m8Z�;D9�0l6c)+*83B)+A80214.8;<3B*8.-1�A�>+,21�)+3"0"m-)@e.-)+3"ZfNW1�9�;<321W=4021

(x, y(x), z(x)) T >W`a1W= x 7→ y(x)
140

x 7→ z(x)
9817= 5 >+,2,21 C∞ ,"*83o*8.�`a)+;D,";<.�>@ia1�981

x0
G r )+;<0 Px 5 >�Z~>@0"3";D=W1�981&6�>+,2,'>@ia1j981 5 >bA�>+,21j=?>@.-)+.8;DCU*-1j981 R

3 � 5 >�A�>+,21 (x, y(x), z(x)) T CU*8;
1W,"0�9->@.-,

SO(3) T 140�`aN43";�Q�1 Px0
= id G�� 5 )+32,�6�>@3&98NRQ-.8;<0";D)+. T f(x) = Px





1 0 0
0 −1 0
0 0 −1



P−1
x

98)+.-=
f
1W,"0

C∞ G � 1d6 5 *-, T 6c)+*83�02)+*80 h
9->@.-,

Tx0
S2 − {0} T Zf)+.E0"32)+.-,fCU*-1 Tx0

f(h)
1W,"0b.-)+..E* 5 GVv 1b`a1W=40214*83j.-)+.}.U* 5 h

1W,"0&0	>@.8ia14.E0 � *8.}*8.8;DCU*-1�iq3	>@.-9}=W1432= 5 1�6�>+,2,	>@.U0B6�>@3 x0
G�� *8;<0"021 �=W)+.+_ *8iq*-143F6�>@3F981W,�32)+0	>@0";D)+.-, T )+.u6X14*80�,"*8686X)q,2143FCE*-1l= O 1W,"0 5 1�iq3	>@.-9]=W1432= 5 1lm-)+3";��?)+.E0	> 5PT 140FCE*-15 >�9�;<321W=40";D)+.x981 h

1W,20w=W1 5<5 1F9�*�,	14.-,o0"3";<ia)+.-)+ZfN40"3";DCU*-1 G�� *8;<0"021 � .-)+3"Z~> 5 ;D,2143 T )+.�6c14*80�>@*-,2,";c,"*86�e
6c)q,2143FCE*-1

h
1W,"0F981B.-)+3"Zf1

1 G�	 321R� h = e2
G r ; gθ =





cos θ − sin θ 0
sin θ cos θ 0

0 0 1



 T > 5 )+32, Tx0
f(h) =

d

dθ |θ=0
gθ





1 0 0
0 −1 0
0 0 −1



 g−1
θ
G�
 .g6X140";<0j=?> 5 =4* 5 Zf)+.U0"321~CU*-1 Tx0

f(h) =





0 −2 0
2 0 0
0 0 0



 T
CE*8;V1W,"0�.-)+.u.E* 5 G�8� )+;D=4;�9814*�z#>@*80"321W,7ZfN40"m-):981W,�6X)+*837`aN43";�Q�143�CU*-1

f
1W,20�*8.-1B;<Z�Zf1432,";D)+.

C∞ G
k )+*83 5 >}683214Z�;Dn4321 T )+. `aN43";�Q�1hCU*-1

f(x) =





2x2
1 − 1 2x1x2 2x1x3

2x1x2 2x2
2 − 1 2x2x3

2x1x3 2x2x3 2x2
3 − 1





14. .-)+0	>@.E0
x = (x1, x2, x3) T 98)+.-= f

1W,"0
C∞ G r ; fij = fji

1W,"0 5 1w=W):1Rt~=4;D14.E0 (i, j)
981

f T > 5 )+32, ∂fij

∂xk
= 0

,";
k /∈

{i, j} T 140 ∂fij

∂xi
= 4xi

,2;
i = j T )+* = 2xi

,";<.-)+. G-� )+.-= Txf : (v1, v2, v3) 7→
(

∑

k
∂fij

∂xk
vk

)

1≤i,j≤31W,"0�;<.+_"1W=40";<`a1
H
=4Z�Zf1 5 1�Zf)+.E0"321�*8.-1~6c140";<021d9�;D,2=4*-,2,";D)+.�,2*83 5PO >@.8.E* 5 >@0";D)+. 981W,

xi T ,	>+=	m�>@.E0�CE*-1
(x1, x2, x3) 6= (0, 0, 0)

K T 140 f
1W,"07*8.-1&;<Z�Zf1432,";D)+. Gk )+*83 5 >d,21W=W)+.-981

H
5 >f6 5 *-,&=W)+*83"021 K T 6X)+*83�02)+*80 x

9->@.-,
S2 T =W)+Z�Zf1 f(x)

`q>@*80
id
,"*83

Rx
140

−id
,"*83

x⊥ T )+.�> f(x) : y 7→ 2〈x, y〉x − y Gc\ 3F*8.-1�>@686 5 ;D=?>@0";D)+.g9 O *8.-1�`q>@3";DN402N C∞ � `q> 5 14*832,9->@.-,
End(Rn)

1W,"0
C∞ ,";�140o,	14* 5 14Zf14.E0/,2;-,2)+.~N4`q> 5 *�>@0";D)+.d14.f02)+*80|`a1W=40214*83w981 R

n 1W,"0 C∞ T 98)+.-=
f
1W,"0

C∞ GE� 176 5 *-, T 6�>@3o321W,20"3";D=40";D)+. T 6X)+*83o02)+*80 h
9->@.-,

TxS2 Ta5PO >@686 5 ;D=?>@0";D)+. 5 ;<.-N?>@;<321 Txf(h)
1W,"0

y 7→ 2〈h, y〉x + 2〈x, y〉h T CE*8;%14. y = x
`q>@*80

2h T 98)+.-= Txf(h)
1W,"0F.-)+.h.U* 5 ,"; h 6= 0 T 140 Txf1W,"0�;<.+_p1W=40";<`a1 T 9 O )
� f

1W,"0�*8.-1B;<Z�Zf1432,";D)+. G��^h>@;<.U0214.�>@.E0 T =W)+Z�Zf1&*8.-1F32)+0	>@0";D)+.#1W,"0�98N402143"Z�;<.-NW1B6�>@3�,2)+.x>�z81F140�,2)+.#>@.8i 5 1 T f(x) = f(y),";o140�,214* 5 14Zf14.U0b,2; x = ±y GV� )+.-= 5PO >@686 5 ;D=?>@0";D)+. f : S2 → SO(3)
6�>+,2,21d>@*�CE*-)+0";D14.U0l14. *8.-1>@686 5 ;D=?>@0";D)+.�;<.+_"1W=40";<`a1

f : P2(R) = S2/{±id} → SO(3) T CE*8;y1W,"0�*8.-1~;<Z�Zf1432,";D)+. C∞ =?>@3 5 >6832)@_p1W=40";D)+.�=?>@.-)+.8;DCE*-1
S2 → P2(R)

1W,"0f*8.
C∞ e 9�;��XNW)+Zf)+3"68m8;D,2Zf1 5 ):=?> 5 G M )+Z�Zf1 P2(R)

1W,"0=W)+Z�6�>+=40 T f 1W,20�*8.u6 5 )+.8ia14Zf14.U0 C∞ T 140&,2)+.];<Z~>@ia1 T CU*8; 1W,"0&>@*-,2,"; 5PO ;<Z~>@ia1l981 f T 1W,"0�A8;D14.h*8.-1,2)+*-,peP`q>@3";DN402N
C∞ 981

SO(3) T 9�;���NW)+Zf)+3"68m-1B6�>@3 f �
P2(R) G

A K�� )+*8021�Z~>@0"3";D=W1~981
SO(3)

1W,20&=W)+.+_p*8iq*-NW1 � *8.-1�Z~>@0"3";D=W1 gθ =





cos θ − sin θ 0
sin θ cos θ 0

0 0 1



 T
98)+.-=�1W,20b981d0"3	>+=W1

1 + 2 cos θ
)
�

θ
1W,"0 5PO >@.8i 5 1x981 5 >#32)+0	>@0";D)+. G r ; c /∈ [−1, 3] T > 5 )+32, Nc

1W,"0`U;D981 T 98)+.-=j1W,"0�*8.-1�,2)+*-,peP`q>@3";DN402N�981 SO(3) G r ; c = −1 T > 5 )+32, Nc

1W,"0 5PO 14.-,214ZlA 5 1l981W,�32)+0	>@0";D)+.-,9 O >@.8i 5 1 θ = π T CU*8;&1W,"0S*8.-1h,	)+*-,peP`+>@3";DN402N�6�>@3#> K G r ; c = 3 T > 5 )+32, Nc = {id} T =?>@3x02)+*8021Z~>@0"3";D=W1l=W)+.+_p*8iq*-NW1 � 5PO ;D9814.E0";<02N�1W,"0 5PO ;D9814.E0";<02N T 98)+.-= Nc
1W,"0�*8.-1l,2)+*-,"eP`+>@3";DN402N G r ; c ∈ ] − 1, 3 [ TZf)+.E0"32)+.-,jCU*-1

Nc

1W,20�*8.-1�,2)+*-,peP`q>@3";DN402N
C∞ 981b9�;<Zf14.-,";D)+.

2
981

SO(3) G M )+Z�Zf1 5 1�6832)+A 5 n4Zf1
�



1W,"0 5 ):=?> 5PT 140�CU*-1 5 >x=W)+.+_p*8iE>@;D,2)+.g6�>@3�*8. N 5 N4Zf14.E0l981 SO(3)
1W,"0j*8.

C∞ e 9�;��XNW)+Zf)+3"68m8;D,2Zf1d981
SO(3)

6832NW,2143"`q>@.E0
Nc T ; 5 ,"*�tf0%6�>@3%0"3	>@.-,";<0";<`:;<02N�981wZf)+.E0"32143|CU*-1 Nc

1W,"0�*8.-1�,2)+*-,peP`q>@3";DN402N
C∞ >@*`a)+;D,";<.�>@ia1�981

gθ

9->@.-,
SO(3)

,";
1 + 2 cos θ = c G�v O >@686 5 ;D=?>@0";D)+. tr : SO(3) → R

1W,"07321W,"0"3";D=40";D)+.
� *8.-1B,2)+*-,peP`q>@3";DN402NB9 O *8.-1j>@686 5 ;D=?>@0";D)+. 5 ;<.-N?>@;<321 T 98)+.-=j1 5<5 1B1W,"0 C∞ 1407,2)+.#>@686 5 ;D=?>@0";D)+.#0	>@.8ia14.U02114.d*8.d6c)+;<.U0

x
981

SO(3)
1W,"0 5 >j321W,"0"3";D=40";D)+.x981 5PO >@686 5 ;D=?>@0";D)+. 5 ;<.-N?>@;<321 tr

>@*�,2)+*-,pe 1W,"6�>+=W1�0	>@.8ia14.E0
TxSO(3) GEv >B=W)+*83"AX1 c : t 7→ gθ+t

1W,"0�*8.-1�=W)+*83"Ac1
C∞ 0"3	>+=WNW1�,"*83

SO(3)
021 5<5 17CU*-1 c(0) = gθ T 140

tr(ċ0) = 2 sin θ 6= 0 GE� )+.-= tr
1W,"0o*8.-1�,"*8A8Zf1432,";D)+.d14.

gθ T 140 Nc = tr−1(c)
1W,"0o*8.-1�,2)+*-,peP`q>@3";DN402N981j9�;<Zf14.-,";D)+.

3 − 1 = 2
>@*x`a)+;D,2;<.�>@ia1�981

gθ
GH

�aK > KyM )+Z�Zf1
M

1W,"0y*8.-1B,2)+*-,peP`q>@3";DN402N
C∞ 981

R
n 981&9�;<Zf14.-,";D)+.

p T 6c)+*83�02)+*80 y
9->@.-,

M T; 5 1Rz�;D,"021j*8.]`a)+;D,";<.�>@ia1b)+*8`a143"0 U
981

y
9->@.-,

R
n T *8.]`a)+;D,";<.�>@ia1�)+*8`a143"0 V

981
0
9->@.-,

R
p 140�*8.-1;<Z�Zf1432,";D)+.

f
981/= 5 >+,2,21 C∞ 981

V
9->@.-,

R
n T 021 5<5 1wCE*-1 f : V → U∩M

,2)+;<0�*8.lm-)+ZfNW)+Zf)+3"68m8;D,"Zf1 GM )+.-,";D98N432)+.-, 5PO >@686 5 ;D=?>@0";D)+. φ : U × Sp−1 → R
n × R

n 98NRQ-.8;D1B6�>@3
(x, v) 7→

(

f(x),
dfx(v)

||dfx(v)||

)

.

k )+*83 x
Q8z8N T-5PO >@686 5 ;D=?>@0";D)+. g : v 7→ dfx(v)

||dfx(v)||
981

Sp−1
9->@.-,

R
n 1W,"07;<Z�Zf1432,";<`a1 T =?>@3�14.].-)+0	>@.E0 `5PO >@686 5 ;D=?>@0";D)+. 5 ;<.-N?>@;<321 dfx T )+.u>�6�>@3�*8.u=?> 5 =4* 5 ;<Z�ZfNW9�;[>@0�6c)+*83�02)+*80 h ∈ TvSp−1 T

Tvg(h) =
`(h)

||`(v)||
−

`(v)〈`(h), `(v)〉

||`(v)||3
=

`
(

||`(v)||2 h − 〈`(h), `(v)〉 v
)

||`(v)||3
.

M )+Z�Zf1
`
1W,20�;<.+_"1W=40";<`a1 T Tvg(h)

.-1�6X14*�z], O >@.8.U* 5 143jCE*-1l,"; ||`(v)||2 h − 〈`(h), `(v)〉 v = 0 T =W1CE*8;�1W,"0B;<Z�6X)q,2,";<A 5 1�,"; h 6= 0 T =?>@3�> 5 )+32, h ∈ TvSp−1
140

v ∈ Sp−1
.-1�,2)+.U0B6�>+,j=W) 5 ;<.-N?>@;<321W,

H
; 5 ,,2)+.E07.-)+.u.E* 5 ,�1407)+3"0"m-)+ia)+.�>@*�z�� K GM )+Z�Zf1

f
1W,"0�*8.-1w;<Z�Zf1432,";D)+. T@5PO >@686 5 ;D=?>@0";D)+. 5 ;<.-N?>@;<321 dfx

1W,20 ;<.+_"1W=40";<`a1 T 98)+.-= 5PO >@686 5 ;D=?>@0";D)+. φ1W,"0|A8;D14.~98NRQ-.8;D1 T 140o1W,"0o9817= 5 >+,	,21 C∞ G�� 5<5 1�1W,"0�;<Z�Zf1432,";<`a1 T =?>@3/,	>B9�;���N43214.E0";D1 5<5 1F1W,"0�0"3";[>@.8iq* 5 >@;<321,"*86cN43";D14*8321&6�>@3yA 5 ):=W, T 981�A 5 ):=&14.Sm�>@*80 � iE>@*-=	m-1B;<.+_p1W=40";���=?>@3 f
1W,"0y*8.-1F;<Z�Zf1432,";D)+. T 140�981�A 5 ):=14.#A�>+, � 9�32)+;<021B;<.+_"1W=40";���6�>@37=W1jCE*8;�6832NW=WnW981 Gk >@3�98NRQ-.8;<0";D)+. 981

T 1M
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