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Á5Â`Ã\ÄiÅ\Ä�Æ�Ç�È.É]Ê�È.Ä�ËÌÈ.ÇiÍ`ÄLÎZÉ\Ï\È.ÇiËÑÐÌÍ`É\È�Ç}Ï\È�ËÑÎ�Ç�Æ.ËÌÈ.Ò#ÊLÐÑÂ�É�Ï\È�Ó�ÂÀÏ\Ô�ËÑÈZÕ�É\Â`Ã\Ç�Î�ËÑËÌÂ`É\Ç

Ò.Â`Ó�Ó�È�É\Ò.È�Ä,Å\Î�Ä5Ö�Â`ÐÑÄ5Ò.Èr×3ÃfØÙÐÑË3È.É�È�Ç�Ê ËÑÂ`Ä�Ç�×3Ã\ÈrËÚÎpÖ�ÎZÄ�ÐÚÎZÉ\Ò.È�È.ÇNÊ�Ò�Â`É\É3Ã\È�È#Ê Ò�Â`É\Ç�ÊLÎ�É]ÊLÈZÛ
Ü ÉºÇ�È�Å\ËÑÎ�Ò.È�Ï\Â`É\Ò�Ï\Î�É\Ç�ËÌÈ�ÒEÎZÏ\Ä�È�ÇNÊGÎZÊ�ÐÑÇNÊLÐÑ×3Ã\È�Ï\È�ÝKÞ3ß�Ý:à*áEá.â6ã�äåÇ�Ã\ÐjÖ�ÎZÉ3Ê�æ Å�Â`Ã\Ä

iÎ�ËÑËÑÎ�É]ÊpÏ\È
1 ç n

Õ\Â`É�Â`è\Ç�È.Ä�Ö�È
Yi = si + σεiÂ`é

s = (s1, . . . , sn) ∈ Rn È.Ç�Ê5ÐÌÉ\Ò.Â`É�É*ÃTÕ σ > 0
È�Ç�Ê,Ò.Â`É�É*ÃiÈ�Ê

ε = (ε1, . . . , εn) ∈ RnÈ.Ç�Ê�Ã\É�Ö�È.Ò#ÊLÈ.Ã�Ä�Î�ËÑÆ.ÎZÊLÂ�ÐÑÄ�È�Ï\Â`É]Ê�ËÌÈ.ÇiÒ.Â`Ó�Å�Â`ÇLÎ�É]Ê�È.ÇiÇ�Â`É]Ê�ÐÌÉ\Ï\Æ�Å=È�É\ÏlÎ�É]ÊLÈ�Ç.Õ5Ò.È�É3Ê�Ä�Æ�È.Ç
È�Ê�Ï\È&ÖZÎ�Ä�ÐÚÎ�É�Ò.È|Æ�Í]Î�ËÑÈ ç 1

Û�ê"Â`Ã\Ç�Ö�Â`Ã\ËÌÂ`É\Ç�È�Ç�ÊLÐÌÓ�È�Ä�ËÑÈ"Ö`È.Ò#ÊLÈ�Ã\Ä
s
Û�ëAÎ�É\Â�ÊLÐÌÂ`É�ÏfØÙÈ.ÇNÊLÐPì

Ó�ÎZÊ�È.Ã\Ä�È�Ç�ÊyÐÑÓ�Å=Â�Ä�ÊGÎZÉ3Ê�È}È.É�Ç�ÊLÎZÊLÐÌÇ�ÊLÐÌ×3Ã\È�ÕlÂ`É�Î�Å\Å�È.ËÌËÑÈ|à*á�íRâïî�ðÀíRà*ñ5ÝiÊLÂ`Ã�Ê�È}Ö�ÎZÄ�ÐÚÎZè\ËÑÈ
Î�ËÑÆ.ÎZÊLÂ`ÐÌÄ�È|É�ÈiÏ�Æ.Å�È.É\ÏlÎZÉ3Ê"×3Ã\ÈoÏ\È.ÇyÂ`è\Ç�È.ÄNÖ�Î:ÊLÐÑÂ�É\Ç

Y1, . . . , Yn
Û

ò



��Ã�É\ÐÑÇ�Ç�Â`É\Ç
Rn ÏfØÙÃ\É\ÈiÇ�Ê�Ä�Ã\Ò#ÊLÃ\Ä�È���ÐÑËÑè�È.ÄNÊLÐÌÈ.É\É\È&È.É�Å\Ä�È�ÉlÎ�É]ÊyËÚÎ�É\Â`Ä�Ó�È}Ç�Ã\ÐÌÖZÎ�É]Ê�È

∀x ∈ Rn, ‖x‖n =

(

1

n

n∑

i=1

x2
i

)1/2

.

� Â`Ó�Ó�È.É��.Â`É\ÇoÅlÎZÄiÈ�Ç�Ê�ÐÑÓ�È.Ä
s
Ç�Ã�Ä�Ã\É�î�ã��	��
6à

SD

Õ�Ò�ØÙÈ.ÇNÊ�ì ç ìVÏ\ÐÌÄ�È{Ã\É Ç�Â`Ã�ÇNìVÈ�Ç�ÅlÎZÒ.ÈÖ`È.Ò#ÊLÂ`Ä�ÐÑÈ�ËlÏ\È
Rn Õ`Ï\È�Ï\ÐÌÓ�È�É\Ç�ÐÌÂ`É D

Û]ëAÎ
��Ó�È.ÐÑËÌËÑÈ�Ã\Ä�È���Î�Å\Å�Ä�Â��ÀÐÑÓ�ÎZÊLÐÌÂ`É�Ï\È
s
Ï\Î�É\Ç

SDÈ.Ç�Ê�Ç�Î}Å\Ä�Â���È�Ò�Ê�ÐÑÂ`É�Â`ÄNÊ��\Â�Í`Â`ÉlÎ�ËÌÈ
sD

Õ�Ò�ØÙÈ.Ç�ÊNì ç ì Ï\ÐÑÄ�È�ËÑÈ�Ó�ÐÌÉ\ÐÑÓ�ÐÑÇ�È.Ã\Ä�ÕKÅlÎ�Ä�Ó�Ð*ËÑÈ.Ç t ∈ SD

Õ
Ï\È

‖s − t‖2
n = ‖s‖2

n + ‖t‖2
n − 2〈s, t〉nÂ`ÃfÕlÏ\È��6Î���Â`É�Æ�×3Ã\ÐÌÖZÎ�ËÌÈ.É]ÊLÈZÕlÅ\Ã\ÐÑÇ�×3Ã\È ‖s‖2

n

È�Ç�ÊyÃ\É\ÈiÒ.Â�É\Ç�ÊLÎ�É]ÊLÈ�Õ ‖t‖2
n − 2〈s, t〉n

Û�ëAÎ
×*Ã\Î�É]ÊLÐÌÊ�Æ 〈s, t〉n Ï�Æ.Å�È.É\Ï�Ï\È s

ÐÌÉ\Ò.Â`É�É*ÃTÕlÒ.È�Ê�ÊLÈoÅ\Ä�ÂÀÒ�Æ.Ï\Ã\Ä�ÈoÉ\Â`Ã\Ç�È.ÇNÊyÏ\Â`É\Ò}ÐÌÉlÎ�Ò.Ò�È.Çdì
Ç�ÐÑè�ËÑÈ�Û`ê"Â`Ã\ÇrÎ�ËÌËÑÂ`É�Ç�ËÚÎ|Ä�È.Ó�Å\ËÚÎ�Ò�È.Ä�ÅlÎZÄ�Ã\É�È�Ç�Ê�ÐÑÓ�ÎZÊLÈ�Ã\Ä�á.ðlä5á��,âsðlâïáZÕ�Ò�ØÙÈ.ÇNÊ�ì ç ìVÏ\ÐÌÄ�ÈpÅlÎZÄÃ\É�È.ÇNÊLÐÌÓ�ÎZÊ�È.Ã\ÄyÏ\Â`É]Ê&Ë ØÙÈ.Ç�Å�Æ.Ä�Î�É\Ò�È�ÖZÎ�Ã�Ê&Å\Ä�Æ�Ò.ÐÑÇ�Æ.Ó�È.É]Ê 〈s, t〉n Û��"ÐÑÉ\Ç�Ð5É�Â`Ã\Ç|Ç�Â`Ó�Ó�È.ÇÎ�Ó�È�É\Æ.Ç ç Ó�ÐÌÉ\ÐÑÓ�ÐÑÇ�È.ÄrÈ.É t ∈ SD

ËÑÎ{×3ÃlÎZÉ3Ê�ÐÌÊ�Æ}Ç�Ã\ÐjÖ�ÎZÉ3Ê�È

γn(t) = ‖t‖2
n − 2〈Y, t〉n .

�VËpÈ.Ç�Ê{Ç�ÐÑÓ�Å\ËÑÈ�Ï\È�Ö`Â`ÐÌÄ�×3ÃfØÙÐÑË�È���ÐÌÇ�Ê�È�Ã�É Ã�É\ÐÑ×3Ã\È�Ó�ÐÑÉ\ÐÌÓ�ÐÌÇ�È�Ã\Ä�Ï�È
γn

ÏlÎ�É\Ç
SD

Õ Â`É
ËÑÈ�É\ÂZÊLÈ.Ä�Î

ŝD
È�ÊoÂ`É ËïØ Î�Å�Å=È�ËÑËÑÈià*á�íKâ6î�ð�íRà*ñAÝ��5ð\Ý��,ÝKã��.à� �íKâ6ã�ä�Û�!ÀÐ,Ë ØÙÂ`É Ò.Â�É\Ç�ÐÌÏ\Ô.Ä�È

ϕ1, . . . , ϕn
Ã\É�È�èlÎ�Ç�È�Â`ÄNÊ��\Â�É\Â`Ä�Ó�Î�ËÌÈ}Ï\È

Rn ÊLÈ�ËÑËÑÈo×3Ã\È SD
Ç�Â�ÐÌÊyË ØÙÈ.Ç�ÅlÎ�Ò.È�È.É\Í�È.É\Ï\Ä�Æ

ÅlÎ�Ä�ËÑÈ�Ç
ϕ1, . . . , ϕD

ÕlË ØÙÈ.Ç�Ê�ÐÑÓ�ÎZÊLÈ�Ã\ÄxÅ\Î�Ä�Å\Ä�Â���È�Ò�Ê�ÐÑÂ`É
Ç.ØÙÆ.Ò�Ä�ÐjÊ

ŝD =

D∑

j=1

〈Y, ϕj〉nϕj .

� È�Ê�Ê�È�Æ.Ò�Ä�ÐÌÊ�Ã\Ä�È�È.Ç�Ê�è\ÐÑÈ�É�Ç#"\Ä ç Ó�È#Ê�ÊLÄ�È�È�ÉºÄ�È.ËÑÎZÊLÐÌÂ`É�ÎEÖ�È.Ò�Ò.È�ËÑËÌÈ�Ï\È�ËÑÎ�Å\Ä�Â���È.Ò#ÊLÐÌÂ`ÉÂ`Ä�Ê#�\Â`Í`Â`É\Î�ËÑÈ|Ï�È
s
Ç�Ã\Ä

SD

Õ

sD =

D∑

j=1

〈s, ϕj〉nϕj .

� È.ÇyÏ\È.Ã���Æ�Ò.Ä�ÐÌÊLÃ�Ä�È.Ç�É\Â�Ã\Ç�Ó�Ô�É\È.É]Ê"Î�Ã��
Ï�È.Ã���Æ�Í]Î�ËÑÐjÊLÆ�Ç�Ç�Ã\ÐjÖZÎ�É]ÊLÈ.Ç

ŝD = sD + σ

D∑

j=1

〈ε, ϕj〉nϕj

È#Ê
γn(ŝ) = −‖ŝ‖2

n

×*Ã�Ð5É�Â`Ã\Ç�Ç�È�Ä�Ö*ÐÑÄ�Â`É]Ê"Å\Î�ÄpËÚÎ�Ç�Ã\ÐÌÊ�È�Û

$
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�VËpÖZÎ�Ó�Î�ÐÑÉ]Ê�È.ÉlÎ�É]Ê�É\Â`Ã�Ç �6Î�ËÌËÑÂ`ÐÌÄ�×3ÃlÎ�É]ÊLÐ�
lÈ.Ä�ËÚÎ ×3ÃlÎ�ËÑÐjÊLÆ
Ï\È�É\Â�ÊLÄ�È�È�Ç�Ê�ÐÑÓ�ÎZÊLÈ�Ã\Ä.Û

�"É\Èo×3ÃlÎ�É]ÊLÐjÊLÆ}Ò�ËÚÎ�Ç�Ç�ÐÑ×3Ã\È}Å�Â`Ã\ÄpËÌÈ �6Î�ÐÑÄ�È|È.ÇNÊ�ËÑÈ}Ý:â6á��fñAà��fñAð �AÝKð�íKâ��fñ5à�ÕlÒZØ È�Ç�Ê�ì ç ìVÏ�ÐÑÄ�ÈË ØÙÈ.Ç�Å�Æ.Ä�Î�É\Ò�È�Ï\È ‖s − ŝD‖2
n

Û��yÉ
Ç�ÐÑÓ�Å\ËÌÈ|ÒEÎ�ËÌÒ.Ã\Ë�Ï�Â`É\É\È

E
[
‖s − ŝD‖2

n

]
= ‖s − sD‖2

n +
σ2D

n
.

Ü É�Î�Å\Å�È.ËÌËÑÈpÒ.È#Ê�Ê�È&Æ.Ò�Ä�ÐjÊLÃ\Ä�ÈyÃ�É\È&Ï\Æ�Ò.Â`Ó�Å�Â`Ç�ÐjÊLÐÑÂ�É � âsðlâ6á�����ð\Ý:â6ð\ä  `à�Û���É�È��=È�Ê.Õ*Î�Å\ÅlÎ:ì
ÄLÎ�ÐÌÇ�Ç�È�É]Ê�ËÑÈ.Ç�Ê�È.Ä�Ó�È�ÇpÏ\ÐÌÊ�Ç�Ï\È}è\ÐÑÎ�ÐÑÇ ‖s− sD‖2

n

È#Ê�Ï\È|ÖZÎ�Ä�ÐÑÎ�É\Ò.È
Dσ2/n

Û\ë�È}Å\Ä�È.Ó�ÐÑÈ�Ä
Ò.Â`Ä�Ä�È.Ç�Å=Â�É\Ï ç ËÚÎ�Ï\ÐÑÇNÊGÎ�É�Ò.È�È�É]ÊLÄ�È�É\Â�ÊLÄ�È�Ó�ÂÀÏ�Ô.ËÑÈ{È#Ê�ËÑÈ{Ö`Æ�Ä�ÐÌÊLÎ�è\ËÌÈ s

ÊGÎZÉ\Ï\ÐÑÇ�×3Ã\È�ËÑÈ
Ç�È.Ò�Â`É\Ï�ÊLÄLÎZÏ\Ã\ÐÌÊ�ËÑÎ�Ò.Â`Ó�Å\ËÌÈ �ÀÐÌÊ�Æ|Ï\Ã�Ó�Â*Ï\Ô.ËÌÈ&Ö*ÐÚÎ�ËÚÎ�Å\Ä�Æ.Ç�È.É\Ò�È�Ï\ÈoËÑÎ{Ï�ÐÑÓ�È.É\Ç�ÐÑÂ`É

D
Û

ë�Â`Ä�Ç�×3Ã\È
D

ÖZÎ�Ä�ÐÑÈ�Õ Ò.È.Ç�Ï\È�Ã���ÊLÈ�Ä�Ó�È.Ç�Â`É]Ê�Ï�È.Ç�Ò.Â`Ó�Å=Â�Ä�ÊLÈ�Ó�È�É]ÊLÇ{Â`Å\Å�Â`Ç�Æ�Ç.Û���É
È��=È�ÊEÕ3Ç�Ð

D
Î�Ã\Í�Ó�È�É3Ê�È�ËÑÈ�ÊLÈ�Ä�Ó�È�Ï\È"è�ÐÚÎ�ÐÌÇ�Ï\ÐÑÓ�ÐÑÉ3Ã\È�È#ÊxÒ�È.ËÌÃ\ÐlÏ\ÈpÖZÎ�Ä�ÐÑÎ�É\Ò.ÈyÎ�Ã�Í`Ó�È�É]ÊLÈ�Û

ê"Â`Ã\Ç�Ö�Â`Ã\Ï\Ä�ÐÑÂ`É�Ç�×3Ã\ÈoËÑÈ&Ä�ÐÑÇ�×*Ã�È}Ç�Â`ÐjÊ�Ó�ÐÑÉ\ÐÌÓ�Î�ËlÈ#ÊpÏ\Â`É�Ò}É\Â`Ã\Ç�Î�ÐÌÓ�È�Ä�ÐÌÂ`É\ÇrÒ �\Â`ÐÑÇ�ÐÑÄ�Ã\É
D
×3Ã\Ð�Ï\Â�É\É\ÈoÃ\É�Æ.×3Ã\ÐÑËÌÐÑè\Ä�È|È.É]Ê�Ä�ÈiÒ.È.Ç�Ï\È�Ã���×3ÃlÎ�É]ÊLÐjÊLÆ�Ç.Û

¬r­�� � �&¾�¼"!�³#�s¿$� »½¾p³$%�·d¯
Á5Â`Ã\Ä{Ò �\È.Ä�Ò �\È.Ä�Ò.È#Ê�Æ�×*Ã�ÐÑËÑÐÌè\Ä�È�è�ÐÚÎ�ÐÌÇNì ÖZÎ�Ä�ÐÚÎ�É�Ò.È�É�Â`Ã\Ç�Î�ËÑËÌÂ`É\Ç�É\Â�Ã\Ç�Ï�Â`É\É\È�Ä�Ã\É�È

�6Î�Ó�ÐÌËÑËÌÈ&
lÉ�ÐÑÈ�Ï\È{Ó�ÂÀÏ\Ô�ËÑÈ�Ç {Sm}m∈M
È#ÊiËÚÎ �6Î�Ó�ÐÑËÌËÑÈiÏ\È.ÇiÈ.ÇNÊLÐÑÓ�ÎZÊ�È.Ã\Ä�Ç}ÅlÎ�Ä}Å\Ä�Â���È.Òqì

ÊLÐÑÂ�É0Î�Ç�Ç�Â*Ò.ÐÌÆ.È {ŝm}m∈M
Û=Á5Â`Ã\ÄyÒ �lÎ�×3Ã\È

Sm
Õ�Â`É�É\Â�ÊLÈ

Dm
ËÚÎ{Ï\ÐÑÓ�È.É�Ç�ÐÑÂ�É�È#Ê

sm
ËÑÎ

Å\Ä�Â���È�Ò�Ê�ÐÑÂ`É�Â`Ä�Ê#�\Â`Í`Â�ÉlÎ�ËÑÈ&Ï\È
s
Ç�Ã�Ä

Sm

Û
Á,Î�Ä�Ó�Ð�ËÑÈ.Ç�Æ.ËÌÆ.Ó�È.É]ÊLÇ�Ï�È M Õ*ÐÑË�È �ÀÐÑÇNÊLÈ}ÎZÃ�Ó�Â�ÐÑÉ\ÇrÃ\É

m̄
Ê�È.Ë�×*Ã�È

ŝm̄

Ó�ÐÑÉ\ÐÌÓ�ÐÌÇ�ÈpËÑÈ
Ä�ÐÑÇ�×3Ã\Èo×*Ã\Î�Ï\ÄLÎ:ÊLÐÑ×3Ã\ÈoÅlÎZÄ�Ó�ÐfËÑÈ�ÇpÈ.Ç�Ê�ÐÑÓ�ÎZÊLÈ�Ã\Ä�Ç�ÅlÎZÄpÅ\Ä�Â���È�Ò�Ê�ÐÑÂ`É {ŝm}m∈M

Õ

m̄ =
ÎZÄ�Í`Ó�ÐÑÉ

m∈M
E
[
‖s − ŝm‖2

n

]
=
Î�Ä�Í�Ó�ÐÌÉ

m∈M

{

‖s − sm‖2
n +

σ2Dm

n

}

.

� È.Å�È.É\ÏlÎZÉ3Ê.Õ�ËÚÎ�Ò�Â`É\ÉlÎ�ÐÌÇ�Ç�Î�É\Ò.È Ï�È
m̄

É�Æ.Ò.È�Ç�Ç�ÐÌÊLÈ Ò�È.ËÑËÌÈ.Ç�Ï�È.Ç ‖s − sm‖n

×3Ã\Ð}Ç�Â`É]Ê
ÐÑÉ\Ò�Â`É\É3Ã\È.Ç�ÛlÁ,Â�Ã\Ä�Ò.È#Ê�Ê�È|ÄLÎ�ÐÌÇ�Â`É

Sm̄

È�Ç�Ê�Î�Å�Å=È�ËÑÆ 
�'Pã�Ý:ð  
6à�Õ*ÐÑË�Ä�È�Å\Ä�Æ�Ç�È.É]Ê�ÈiËÌÈ&Ó�È.ÐÌËÑËÑÈ�Ã\Ä
Ó�Â*Ï\Ô.ËÌÈ}ÅlÎ�Ä�Ó�Ð�ÊLÂ`Ã\Ç�Ò�È.Ã���Ï\ÈoÉ\ÂZÊLÄ�È��6Î�Ó�ÐÑËÌËÑÈZÛ

Ü É
Î�ÐÌÓ�È�ÄLÎ�ÐjÊ�ÎEÖ`Â�ÐÑÄ�Ã\É�ÈiÅ�Ä�Â*Ò.Æ.Ï�Ã\Ä�ÈZÕlèlÎ�Ç�Æ�È}Ã\É\ÐÌ×*Ã�È.Ó�È.É]Ê�Ç�Ã\Ä�ËÌÈ.Ç�Â`è�Ç�È.ÄNÖZÎZÊLÐÌÂ`É\Ç.Õ
×*Ã�Ð,É\Â�Ã\Ç&Å�È.Ä�Ó�È#Ê�ÊLÈiÏ\È�Ò �\Â`ÐÑÇ�ÐÑÄ�Ã\É

m̂ ∈ M Ê�È.ËA×3Ã\È�ËïØ È�Ç�ÊLÐÌÓ�Î:ÊLÈ.Ã�Ä
s̃ = ŝm̂

Ö�Æ.Ä�Ð(
lÈZÕ
Å=Â`Ã�ÄyÃ�É\ÈoÒ.È.ÄNÊGÎ�ÐÌÉ\È}Ò.Â�É\Ç�ÊLÎ�É]ÊLÈ

C
ÕlÒ�Èi×3Ã\ÈoËïØ Â`É�Î�Å�Å=È�ËÑËÑÈ&Ã\É0â6äAÞ*ß�ð 
6âCíRÞ
ã�ÝKð  
sà0æ

E
[
‖s − s̃‖2

n

]
≤ C inf

m∈M
E
[
‖s − ŝm‖2

n

]
= C inf

m∈M

{

‖s − sm‖2
n +

σ2Dm

n

}

.

� È|×3Ã\Ð=Ç�ÐÑÍ`É�Ð(
lÈy×3Ã\È&ËïØ È�Ç�ÊLÐÌÓ�Î:ÊLÈ.Ã�Ä
s̃
ÎiÏ\È.ÇxÅ=È�Ä �sÂ`Ä�Ó�Î�É�Ò.È.ÇrÒ.Â�Ó�ÅlÎZÄLÎ�è\ËÌÈ.Ç ç Ò�È.ËÑËÌÈ.Ç�Ï\È

ŝm̄

Û
êyÂ�ÊLÂ`É�Ç�×3Ã\È ��Ã\Ç�×3ÃfØ ç Å\Ä�Æ.Ç�È.É]ÊEÕyÉ\Â`Ã\Ç�ÉfØ ÎRÖ�Â`É\Ç�ÅlÎ�Ç�Ã�ÊLÐÌËÑÐÑÇ�Æ ËÑÈ �6Î�ÐjÊ
×*Ã�È�É\Â`Ã�Ç

Ò.Â`É\É\Î�ÐÑÇ�Ç�ÐÑÂ�É\Ç ËÑÎyÖZÎ�Ä�ÐÑÎ�É\Ò�ÈxÅ�Â`Ã\Ä Ò�Â`É\ÇNÊLÄ�Ã�ÐÑÄ�È�ËÑÈ�Ç Ï\Ð��TÆ�Ä�È.É]Ê�Ç�Â`è���È#ÊLÇ.Û � È�Ê�ÊLÈ �*)*Å=ÂZÊ��\Ô�Ç�È

+



Ö�Î�É�Â`Ã\Ç��#ÊLÄ�È�Ã�ÊLÐÌËÑÈiÓ�Î�ÐÌÉ]ÊLÈ.É\Î�É]ÊEÕ�Å=Â�Ã\Ä&ËÌÈ�Ò �\Â`Ð ��Ï�È�Ò.È
m̂
Û ��ÊGÎ�É]Ê}Ï�Â`É\É\Æ�×3Ã\È�Ë ØÙÂ`É

Ò �\È.Ä�Ò �\È ç ÐÌÓ�ÐjÊLÈ�Ä�ËïØ Â`Ä�Î�Ò.ËÌÈ�Õ*Ã\É\ÈoÓ�Î�É\ÐÑÔ�Ä�È"Ò.ËÚÎZÇ�Ç�ÐÌ×3Ã\È|ÖZÎ���ÊLÄ�È}ÏfØÙÈ.Ç�Ê�ÐÑÓ�È.Ä�ËÌÈ|Ä�ÐÌÇ�×3Ã\È}È#ÊÏ\È�Ó�ÐÑÉ\ÐÌÓ�ÐÌÇ�È�ÄxÒ.È#Ê&È�Ç�Ê�ÐÑÓ�ÎZÊLÈ�Ã\Ä.ÕlÒZØ È�Ç�Ê|ÏTØ Î�ÐÌËÑËÌÈ.Ã\Ä�ÇpÒ.Èi×*Ã�Ð �sÃ�Ê �6Î�ÐjÊ�ÅlÎ�ÄyËÑÈ�ÇyÅ�Ä�È.Ó�ÐÑÔ�Ä�È�Ç
Æ�ÊLÃ�Ï\È.Ç�Ï�Ã\È.Ç ç ���:Î�Ð���È�� ò	� È�Ê �0Î�ËÌËÑÂ�
�Ç���
 � Û��"É\È��\È.Ã\Ä�ÐÑÇNÊLÐÑ×3Ã\È�×3Ã\È0ËïØ Â�É Ï\Â�ÐÌÊ ç�0Î�ËÑËÌÂ�
�Ç.Õ�Ò�Â`É\É3Ã\È}Ò�Â`Ó�Ó�È&ËÌÈ �

Cp

Ï�È��0Î�ËÑËÌÂ�
�Ç �ZÕ*É\Â`Ã\ÇxÍ`Ã\ÐÑÏ�È&Ö`È�Ä�ÇpËÚÎ�è=Â`É�É\È �6Î���Â`É
ÏfØ È�Ç�Ê�ÐÑÓ�È.Ä�Ò.ÈoÄ�ÐÌÇ�×3Ã\ÈZÛ��"É�Ó�Â*Ï\Ô.ËÌÈ|Â`Å�Ê�ÐÑÓ�Î�Ë�È.Ç�Ê"Ò.È�É\Ç�ÆiÓ�ÐÑÉ\ÐÌÓ�ÐÌÇ�È.ÄrÈ.É

m

‖s − sm‖2
n +

σ2Dm

n
= ‖s‖2

n − ‖sm‖2
n +

σ2Dm

n
Â`ÃfÕlÏ\È��6Î���Â`É
Æ.×3Ã\ÐÌÖZÎ�ËÌÈ.É]ÊLÈZÕ

−‖sm‖2
n +

σ2Dm

n
.

�"É�Ç�ÐÑÓ�Å\ËÑÈ�ÒEÎZËÑÒ.Ã�Ë�Ï�Â`É\É\È
E [‖ŝm‖2

n] = ‖sm‖2
n +Dmσ2/n

ÛÀë�Ø �\È�Ã\Ä�ÐÌÇ�Ê�ÐÑ×3Ã\È&Ò�Â`É\Ç�ÐÑÇ�Ê�È
Î�ËÑÂ`Ä�Ç ç Ä�È�Ó�Å\ËÑÎ�Ò.È�Ä ‖sm‖2

n

ÅlÎ�ÄyÇ�Â`É�È�Ç�Ê�ÐÑÓ�ÎZÊLÈ�Ã\Ä"Ç�Î�É\Ç"è\ÐÚÎ�ÐÌÇ"È#Ê ç Å\Ä�È�É\Ï\Ä�È m̂ ∈ M×*Ã�Ð5Ó�ÐÑÉ�ÐÑÓ�ÐÑÇ�ÈyÈ.É
m
ËÌÈ}Ò.Ä�ÐÌÊLÔ�Ä�È

−‖ŝm‖2
n +

2σ2Dm

n
= γn(ŝm) +

2σ2Dm

n
.

Ü É Ö�Â`ÐÌÊoÏ\Â�É\Ò�×3Ã\È{Å=Â`Ã�Ä �6Î�ÐÑÄ�È�Ò.È�Ò ��Â`Ð �=Õ�ËÚÎ�Ò.Â`É\É\Î�ÐÑÇ�ÇLÎ�É\Ò�È{Ï\È�ËÚÎ�ÖZÎ�Ä�ÐÚÎ�É\Ò�È
σ2 È.ÇNÊÐÑÉ\Ï\ÐÌÇ�Å�È.É\Ç�Î�è\ËÌÈ�Û

��É�Í�Æ.É\Æ�ÄLÎ�ËïÕ5Â�É�Ç.ØÙÐÑÉ]Ê�Æ.Ä�È�Ç�Ç�È�Å\ËÑÃÀÊLÂ�Ê�Î�Ã�Å�Ä�Â`è\ËÌÔ.Ó�È{Å=Â`Ç�Æ�ÏlÎZÉ\Ç�ËÌÈ.ÇiÊLÈ.Ä�Ó�È�Ç�Ç�Ã\Ðjì
Ö�ÎZÉ3Ê�Ç�æ�Â`É�Ò ��Â`ÐÑÇ�ÐÌÊpËÌÈ

m̂
×3Ã\Ð�Ó�ÐÑÉ\ÐÌÓ�ÐÌÇ�È"ËÑÈ}Ò.Ä�ÐÌÊ�Ô.Ä�È

γn(ŝm) +
Å=È�É

(m)

Â`é±Å�È.É
: M −→ R+

È�Ç�Ê�Ã\É\È �sÂ`É\Ò�Ê�ÐÑÂ`É Ï\ÐjÊLÈ ��Þ*ä5ð 
6âCíRÞ�Û�ë�ØÙÈ.ÇNÊLÐÌÓ�ÎZÊ�È.Ã\Ä�Î�ÐÌÉ\Ç�Ð
Ò.Â`É\ÇNÊLÄ�Ã\ÐÌÊ

s̃ = ŝm̂
È.ÇNÊ�ÎZËÑÂ`Ä�Ç{Î�Å\Å�È.ËÑÆ
à*á�íKâ6î�ð�íEàÀñAÝ �5ð\Ý �,ÝKã��.à� �íKâsã=ä ��Þ*äAð 
ïâ6á.Þ

�6Â`Ã�È.Å\Å � Û*ëAÎo×3Ã\È�Ç�Ê�ÐÑÂ`É�È.ÇNÊ�Î�ËÌÂ`Ä�Ç�Ï�ÈyÒ�Â`Ó�Å\Ä�È�É\Ï\Ä�È�ËÌÈ.Ç�ËÑÐÌÈ.É\Ç�È�É3Ê�Ä�ÈyËÑÈpÒ �\Â�Ð �{Ï\È�Ò�È�Ê�Ê�È
Å=Æ�ÉlÎ�ËÑÐjÊLÆ�È�Ê�ËÑÈ�Ç�Å\Ä�Â`Å�Ä�ÐÑÆ#ÊLÆ�Ç�Ï\È"Ë ØÙÈ.Å\ÅTÕ]È.É�ÅlÎZÄ�ÊLÐÌÒ.Ã\ËÌÐÑÈ�Ä.Õ`ÎKì Ê�ì Â`É�Ã\É\ÈyÐÑÉ\Æ�Í]Î�ËÑÐjÊLÆpÂ`Ä�Î�Ò.ËÌÈ��

ë�Ø �\È.Ã\Ä�ÐÑÇNÊLÐÑ×3Ã\ÈoÏ\È �0ÎZËÑËÑÂ�
�ÇpÅ�È.Ã�Ê��#ÊLÄ�ÈoÖZÎ�ËÑÐÌÏ\Æ.È}Ç�Â`Ã\Ç�Ò.È�Ä�ÊLÎ�ÐÑÉ\È�Ç � )*Å�Â�Ê���Ô.Ç�È�Ç|Ç�Ã�Ä
ËÚÎ��6ÎZÓ�ÐÌËÑËÑÈxÏ\È&Ó�ÂÀÏ�Ô.ËÑÈ�Ç�Ï\Ô.Ç�×3Ã\È

ε
Î�Ï\Ó�È�Ê�Ã\É�Ó�Â`Ó�È.É]ÊxÏTØ Â`Ä�Ï\Ä�È

p
Å�Â`Ã\Ä

p > 2
�sÖ`Â�ÐÑÄ

� $���� Û � ØÙÈ.ÇNÊxÅlÎZÄ�È �ÀÈ.Ó�Å\ËÑÈpËÌÈ�ÒEÎZÇrÏ\Î�É\Ç�ËÑÈ�Ò.Î�Ï\Ä�ÈyÍ`Î�Ã\Ç�Ç�ÐÑÈ�ÉfÕ`Ò�ØÙÈ.ÇNÊ�ì ç ìVÏ\ÐÌÄ�ÈpÇ�ÐlËÑÈ.Ç εi

Ç�Â`É]Ê
Ï\È.Ç�É�Â`Ä�Ó�Î�ËÑÈ�Ç�Ò.È.É]Ê�Ä�Æ.È�ÇpÄ�Æ�Ï\Ã\ÐÌÊ�È.Ç�Û�Á5Â`Ã\ÄxÖ�Â`ÐÑÄrÒ.È�ËÚÎ�Õ �6Î�ÐÌÇ�Â`É\Ç�Î�Å\Å�È.Ë ç Ã\É�Ä�Æ.Ç�Ã\ËÌÊLÎZÊ�Ï "
ç�� ÐÌÄ�Í`Æ&È�Ê �0Î�Ç�ÇLÎ�ÄNÊ��CÖ`Â`ÐÌÄ�� +���� ÖZÎ�ËÚÎ�è�ËÑÈ|ÏlÎZÉ\Ç�ËÑÈ}ÒEÎZÏ\Ä�ÈoÍ]Î�Ã�Ç�Ç�ÐÌÈ.É æ
��� Þ*ã�Ý �*î�à���� �"!$# {xm}m∈M %'&)(+*-,/. !$0$0 (21'(43657( 098:8;# 3 !=<;# (;.>(;& #@?A��8;!$#B! * 8C# ( 098ED %A(

∑

m∈M

e−xm ≤ Σ < +∞ .
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? (;& (m) ≥ Kσ2

n

(√

Dm +
√

2xm

)2

.

��� ( ?�? s̃
<7� 3;36( 8 ?A� & 1�,/& # ( 8;# , 0 � 3 8 # ( 0 D %A(
E
[
‖s − s̃‖2

n

]
≤ C(K)

{

inf
m∈M

(
‖s − sm‖2

n +
? (;& (m)

)
+

Σσ2

n

}

�	�
C(K) ( 8;# %'&)( <7� & 8;# ,/& # ( &)(�1'5 ? (;& 1�,/& # D %A(�1'( K 


!ÀÐ}É�Â�ÊLÄ�È �6ÎZÓ�ÐÌËÑËÑÈ�Ï\È Ó�Â*Ï\Ô�ËÑÈ.Ç {Sm}m∈M

È.ÇNÊ�Ê�È.ËÌËÑÈ ×3Ã\È Ò �lÎ�×3Ã\È
Sm

Î Ã\É�È
Ï\ÐÑÓ�È.É\Ç�ÐÑÂ`É

Dm > 0
È#Ê�Å�Â`Ã\Ä}ÊLÂ�Ã�ÊiÈ.É]ÊLÐÌÈ.Ä

N
Ò.Â`Ó�Å\Ä�ÐÌÇoÈ.É]ÊLÄ�È

1
È�Ê

n
ÕAÐÑË ÉfØ ) Î�Î�Ã

Å\ËÑÃ\Çr×3ÃfØÙÃ\É�Ç�È�Ã\Ë
Sm

×3Ã\Ð�Ç�Â�ÐÌÊ�Ï\È"Ï�ÐÑÓ�È.É\Ç�ÐÑÂ`É
Dm = N

ÕÀÎZËÑÂ`Ä�Ç�Ò�ÈyÊ#�\Æ.Â`Ä�Ô.Ó�È&Å�È.Ä�Ó�È#Ê
Ï\È�Ö�ÎZËÑÐÑÏ�È.Ä�ËïØ ��È.Ã\Ä�ÐÑÇ�Ê�ÐÑ×3Ã\È�È#Ê{ÏfØ Â�è�ÊLÈ�É\ÐÑÄ�Ã\É�È�ÐÌÉ\Æ.Í`Î�ËÑÐjÊLÆ�Â`ÄLÎ�Ò�ËÑÈZÛ ��É È��TÈ#ÊEÕ�Å\Ä�È.É\Â�É\Ç
xm = LDm

Â`é
L > 0

È.ÇNÊ&Ã�É\ÈoÒ.Â`É\ÇNÊGÎ�É]Ê�ÈiÊ�È.ËÑËÌÈ|×3Ã\È
∑

m∈M

e−xm ≤
∑

k≥0

e−Lk ≤ 1 .

�&ÐÑÉ�Ç�Ð�Â`É�Î
Σ = 1

È#Ê�Â`É�Å�È.ÃÀÊ&ÎZËÑÂ`Ä�Ç�Ò.Â`É�Ç�ÐÑÏ�Æ.Ä�È�Ä�ËÚÎ�Å=Æ�ÉlÎ�ËÌÐÌÊLÆ

Å=È�É
(m) =

σ2Dm

n
K
(

1 +
√

2L
)2

.

��É�Ò �\Â`ÐÌÇ�ÐÌÇ�ÇLÎZÉ3Ê
L > 0

È�Ê
K > 1

ÐÌÉ\Ï\Æ�Å=È�É\ÏlÎ�Ó�Ó�È�É]Ê�Ï\È
n
Õ�Ê�È.ËÌËÑÈ.Çp×3Ã\È

K
(

1 +
√

2L
)2

= 2

Â`ÉoÄ�È�Ê�Ä�Â`ÃÀÖ`È�ËÚÎ�Å�Æ.ÉlÎZËÑÐÌÊ�Æ�Ï\È �0ÎZËÑËÑÂ�
�Ç�ÛRëAÎ�è=Â`Ä�É\È�Ï\ÃiÄ�ÐÌÇ�×3Ã\È�Ï\Â`É�É\Æ.È�ÅlÎ�Ä�ËÌÈ Ê���Æ.Â`Ä�Ô.Ó�È
È.Ç�Ê"Ï\Â`É�Ò

E
[
‖s − s̃‖2

n

]
≤ C(K)

{

inf
m∈M

(

‖s − sm‖2
n +

2σ2Dm

n

)

+
σ2

n

}

≤ C(K) inf
m∈M

(

‖s − sm‖2
n +

3σ2Dm

n

)

≤ 3C(K) inf
m∈M

E
[
‖s − ŝm‖2

n

]
.

ë5Î|Ï�È.Ã��ÀÐÑÔ�Ó�ÈxÐÑÉ\Æ�Í]Î�ËÑÐjÊLÆrÆ�ÊLÎ�É]Ê�ÖZÎ�ËÚÎ�è�ËÑÈxÒ.Î�Ä�Â`É{Î|È��ÀÒ.ËÑÃ�ËÑÎ&Å�Â`Ç�Ç�ÐÑè\ÐÌËÑÐÌÊ�Æ�×*ÃTØ Ã\É�Ó�ÂÀÏ\Ô�ËÑÈ
Ï\È�Ï\ÐÑÓ�È.É\Ç�ÐÑÂ`É}É3Ã\ËÌËÑÈ�Ç�Â`ÐÌÊ�Ï\Î�É\ÇAÉ\Â�Ê�Ä�È �6Î�Ó�ÐÑËÑËÌÈ�Õ#Î�ÐÌÉ\Ç�Ð`ËÌÈ�Ä�ÐÌÇ�×3Ã\È�Ï\È�Ò �lÎ�×3Ã\ÈrÈ.ÇNÊLÐÌÓ�ÎZÊ�È.Ã\Ä
È.Ç�Ê�ÏfØ ÎZÃ Ó�Â`ÐÌÉ\Ç

σ2/n
Û Ü É Â`è�Ê�ÐÑÈ�É3Ê�è\ÐÑÈ�É ËÚÎ �sÂ`Ä�Ó�È�ÏfØ Ã�É\È ÐÑÉ\Æ�Í]Î�ËÌÐÌÊLÆ
Â`Ä�Î�Ò.ËÌÈ�Û � È

ÄLÎ�ÐÌÇ�Â`É\É�È.Ó�È.É]Ê
Ó�È#Ê
Ç�Ã\ÄNÊLÂ`ÃÀÊ
È.ÉåÄ�È�ËÑÐÑÈ �iË ØÙÐÑÓ�Å=Â`ÄNÊGÎ�É�Ò.È0Ï�È ËÚÎ�Ò.Â�É\ÉlÎ�ÐÌÇ�ÇLÎZÉ\Ò.È Ï\È ËÑÎ
Ö�ÎZÄ�ÐÚÎZÉ\Ò.È"Å=Â`Ã�Ä�ËÑÈ"Ò �\Â`Ð ��Ï\È}ËÑÎ�Å�Æ.ÉlÎZËÑÐÌÊ�Æ"È#ÊpÏ\Â`É�Ò|Å=Â�Ã\ÄxËÑÎ�Ò.Â`É�Ç�ÊLÄ�Ã\Ò�Ê�ÐÑÂ`É�Ï�È|Ë ØÙÈ.Å\Å

s̃
Û

�



� � ���A��ª  ��A�x��¢
©��f�A���x�q�A�

ëAÎ�×3Ã\È�Ç�Ê�ÐÑÂ`É ×3Ã\È0Ë ØÙÂ`É Å�È.Ã�Ê�Î�ËÑÂ�Ä�Ç�Ç�È0Å�Â`Ç�È.Ä�È�Ç�Ê�×3Ã\È �6Î�ÐÑÄ�È�Ç�Ð"ËïØ Â�É È.ÇNÊ�ÏlÎ�É�Ç
Ã\É  `ð �5ÝKà � Þ]íRÞ3ÝKã=á  `Þ��Aðlá�íRâ �fñAà4� � ØÙÈ.Ç�ÊNì ç ì Ï\ÐÑÄ�È�Ç�ÐxËÚÎ�ÖZÎ�Ä�ÐÚÎ�É\Ò�È�È.ÇNÊ{ÐÑÉ\Ò�Â`É\É3Ã\È�È#Ê×*ÃTØ Â`É É\È
ËÚÎ Ç�Ã�Å\Å=Â�Ç�È�ÅlÎ�Ç{Ò.Â`É�Ç�ÊGÎZÉ3Ê�È�Û � Â`Ó�Ó�È�É]Ê�Ò�Â`É\ÇNÊLÄ�Ã�ÐÑÄ�È�ËïØ È�Å\Å�� �yì Ê�ì Â`ÉºËÑÈ�Ç
Ó���Ó�È�Ç�Å\Ä�Â`Å\Ä�ÐÑÆ�Ê�Æ.Ç �}Á5È.Ã�ÊNìVÂ`É
�6Î�ÐÑÄ�È"ÎZÃ\Ç�Ç�Ð=è\ÐÌÈ.É�� ��Ê�Ç�Ã\Ä�Ê�Â`Ã�Ê.ÕÀÎKì Ê�ì Â`É�Ã\É\È&ÐÌÉ\Æ.Í`Î�ËÑÐjÊLÆ
Â`ÄLÎ�Ò�ËÑÈ���ë�È�Ò.Î�Ï\Ä�È �\Æ�Ê�Æ.Ä�Â�Ç�Ò.Æ�ÏlÎ�ÇNÊLÐÑ×3Ã\È�ÊLÄ�Â`Ã�Ö`È
Ï\È
É\Â�Ó�è\Ä�È�Ã\Ç�È�Ç�Î�Å\Å\ËÌÐÑÒEÎ:ÊLÐÑÂ�É\Ç�� È�É
È��=È�ÊEÕ5È.É�Å\ÄLÎZÊ�ÐÑ×3Ã\ÈZÕ,ËÑÎ
ÖZÎ�Ä�ÐÚÎ�É\Ò�È�Ï�È.Ç�Å��\Æ.É\Â�Ó�Ô�É\È.Ç�Â�è\Ç�È�Ä�Ö`Æ�Ç�È.ÇNÊ�ËÌÈ�Å\ËÌÃ\ÇiÇ�Â`Ã�Ö�È.É]Ê
ÐÑÉ\Ò�Â`É\É3Ã\È�È#Ê�ÖZÎ�Ä�ÐÑÈ�Î�Ã 
lËrÏ\È�Ë ØÙÈ �ÀÅ�Æ.Ä�ÐÌÈ.É\Ò�È�Û
�"É�Å�Ä�È.Ó�ÐÑÈ�Ä�Â�è���È.Ò#ÊLÐ ��Ï\È�ËÑÎ
Ê#�\Ô.Ç�È�ÖZÎ
��ÊLÄ�È�Ï\È�Ç.ØÙÐÑÉ]ÊLÆ�Ä�È.Ç�Ç�È�Ä}Î�Ã�Ò.Î�Ï\Ä�È�Ï\È�Ä�Æ.Í`Ä�È.Ç�Ç�ÐÑÂ�É0Ö*Ã�Å\Ä�Æ�Ò.Æ�Ï\È.Ó�Ó�È�É]Ê}È.É�ËïØ Æ�ËÚÎ�Ä�Í`ÐÑÇ�ÇLÎ�É]Ê
ç Ò�È�Ò�Â`É]ÊLÈ �*Ê�È��\Æ#ÊLÆ�Ä�Â`Ç�Ò.Æ.Ï\Î�Ç�Ê�ÐÑ×3Ã\È�Û�Á�Ä�Æ�Ç�È.É]Ê�Â`É\Ç�ÏTØ Î�è�Â`Ä�Ï Ã\É È �ÀÈ�Ó�Å\ËÌÈ
ÐÑËÑËÌÃ\Ç�Ê�ÄLÎ�É]Ê
Ò.È�Ê�ÊLÈiÅ\Ä�Â�è\ËÑÆ�Ó�ÎZÊ�ÐÑ×3Ã\ÈZÛ

�p­N¬ ��¸]¶À¼N»½²�¶À¼d¾�� ¹|²�´å¿$� �"¼d¸3¶À¾���´\²r» »½¯µ³&¯ ·��6¼���¶À¯ �&¸*¼ ¶
	 ³#�s¿$�
¹&´\¾p°=¯�¸À¸*¿&¸º³"¯��
¾�¼N¸*¸*¾�� ¸*¿"´

[0, 1]
ë�È.Ç�ÊLÄ�ÎEÖ�ÎZÃ���Ï\È�Á,ÎZÊLÄ�ÐÑÒ�ÐÚÎ�
yÈ�)*ÉlÎ�Ã\ÏÀì � Â`Ã\Ä�È�Ê�� � ��� È#Ê ��� ��� Õ�×3Ã\È ��Ø Î�Ð�Å\Ã�Æ�ÊLÃ�Ï\ÐÑÈ�ÄËÑÂ`Ä�ÇyÏ�ÈiÓ�Â`É
Ó�Æ.Ó�Â`ÐÑÄ�È|Ï\ÈoÓ�ÎZÇ�ÊLÈ�Ä �#�GÕlÏ\Â`É�É\È.É]Ê"Ï\È.ÇyÄ�Æ�Ç�Ã\ËjÊGÎZÊ�ÇyÇ�Ã\ÄyË ØÙÈ.Å\Å
Ò.Â�É\Ç�Ê�Ä�Ã\ÐjÊ

ÏlÎ�É\Ç�ËÌÈ.Ç�ÒEÎ�Ï\Ä�È.Ç ��Æ�ÊLÆ�Ä�Â`Ç�Ò.Æ�ÏlÎ�Ç�Ê�ÐÑ×3Ã\È�ÇyÏ�È.Ç�Å\Ä�ÂÀÒ�È.Ç�Ç�Ã\ÇpÅ�Â`É\Ò#ÊLÃ\È�ËÑÇxÈ#ÊEÕÀÈ.É�ÅlÎZÄ�ÊLÐÌÒ.Ã\ËÌÐÑÈ�Ä.Õ
ÏlÎ�É\Ç�Ò.È�ËÑÃ\Ð�Å�Â`ÐÌÇ�Ç�Â�É\É\ÐÑÈ�ÉfÛ


yÎ�Å\Å�È.ËÌÂ`É\Çf×3ÃfØÙÃ\É��,ÝKã� `à*áEáEñ5á �Aà��|ã�â6áEá.ã�ä
N
Ç�Ã\Ä

[0, 1]
È.ÇNÊ,Ã�ÉiÇ�Â`Ã\ÇdìVÈ.É�Ç�È.Ó�è\ËÑÈ

Î�ËÑÆ.ÎZÊLÂ`ÐÌÄ�È|Ï�ÐÑÇ�Ò�Ä�È#Ê"Ï�È
[0, 1]

�6×3Ã\ÈoËïØ Â`É
Ó�Ã�É\ÐfÏ\ÈoÇLÎ�ÊLÄ�ÐÑè\Ã
è�Â`Ä�Æ�ËÑÐÌÈ.É\É\È B � ÊLÈ�Ë�×*Ã�È
• Å=Â�Ã\Ä�ÊLÂ`ÃÀÊ

A ∈ B ÕlËÌÈ}É\Â`Ó�è\Ä�È�Õ |A ∩ N | Õ\Ï�ÈiÅ�Â`ÐÌÉ3Ê�ÇpÏ\È N
ÊLÂ`Ó�èlÎ�É]Ê�ÏlÎ�É\Ç

AÇ�Ã\ÐjÊ�Ã\É\ÈiËÑÂ`Ð=Ï\ÈiÁ,Â`ÐÌÇ�Ç�Â`É�Ï�ÈiÅ\Î�ÄLÎ�Ó�Ô�Ê�Ä�È}É\ÂZÊLÆ
ν(A)

Õ
• Å=Â�Ã\ÄrÊ�Â`Ã�Ê�Ò �\Â`Ð ��Ï\È

A1, . . . , Ak ∈ B Ï\ÐÌÇ ��Â`ÐÌÉ]ÊLÇ.Õ3ËÌÈ.Ç�Ö�ÎZÄ�ÐÚÎZè\ËÑÈ�Ç |A1 ∩N | Õ . . . Õ
|Ak ∩ N | Ç�Â`É]ÊyÐÑÉ\Ï\Æ�Å=È�É\ÏlÎ�É]Ê�È.Ç.ÕÂ`é�Ë Ø Î�Å\Å\ËÌÐÑÒ.ÎZÊLÐÌÂ`É

ν : B → R+

È.ÇNÊ�Ã\É\È|Ó�È.Ç�Ã\Ä�ÈZÕ\Ï\ÐÌÊ�È}î�à*áEñAÝKà��5Ý:âïä  ]â �5ð 
sà�Ï\È
N
Õ

×*Ã�ÈyËïØ Â�É�Ç�Ã\Å\Å�Â`Ç�È.ÄLÎiÎ�è\Ç�Â`ËÑÃ�Ó�È�É3Ê�Ò.Â`É]ÊLÐÌÉ3Ã\ÈpÅlÎ�Ä�Ä�Î�Å\Å�Â`Ä�Ê ç ËÑÎ&Ó�È�Ç�Ã\Ä�È�Ï\È�ë�È.è�È.Ç�Í�Ã\ÈÇ�Ã\Ä
[0, 1]

Û Ü É É\Â�ÊLÈ
sint

ËÚÎ�Ï�Æ.Ä�ÐjÖ`Æ�È Ï\È�
yÎ�Ï\Â`ÉÀìVê"Ð���Â*Ï )*Ó Ï�È
ν
ÅlÎ�Ä�ÄLÎ�Å\Å�Â`ÄNÊ çËÚÎ�Ó�È.Ç�Ã�Ä�È
Ï\È�ë�È.è�È.Ç�Í�Ã\È�È#Ê{Â`É�Ë Ø Î�Å\Å�È.ËÌËÑÈ�â6ä=íRà*ä5áEâCíRÞ�Ï�È

N
Û Ü É�Ç�Ã\Å\Å�Â`Ç�È.ÄLÎ ×3Ã\È

sint ∈ L2 = L2([0, 1], dx)
È�ÊyÂ`É
É\Â�Ê�È.Ä�Î

∀f ∈ L2, ‖f‖2 =

∫ 1

0

f(t)2dt .

��ÉåÅlÎZÄ�ÊLÐÌÒ.Ã\ËÌÐÑÈ�Ä.ÕrÂ`É Î
ν([0, 1]) =

∫ 1

0
sint(t)dt < +∞ ÕxÒ�È ×*Ã�Ð}Ç�ÐÑÍ�É\Ð(
lÈ�×3Ã\È ËÑÈ

É\Â`Ó�è\Ä�ÈoÏ\ÈoÅ=Â`ÐÌÉ]ÊLÇpÏ\È
N
È.ÇNÊyÅ\Ä�È�Ç�×3Ã\È�Ç�Ã\Ä�È�Ó�È�É]Ê 
\É\Ð Û ��É 
\ÉfÕ�Â`É
É\Â�ÊLÈ

dN =
∑

X∈N

δX

ËÚÎ�Ó�È�Ç�Ã\Ä�ÈoÏ\ÐÑÇ�Ò.Ä�Ô#ÊLÈiÎ�ËÌÆEÎZÊ�Â`ÐÑÄ�È&Ç�Ã�Ä
[0, 1]

Î�Ç�Ç�Â*Ò.ÐÑÆ�È ç N
Û

�



�|ÎZÉ\ÇpÉ\Â�Ê�Ä�È|È���Å�Æ.Ä�ÐÑÈ�É\Ò.ÈZÕ\É\Â`Ã\ÇpÂ�è\Ç�È�Ä�Ö`Â�É\ÇpËÑÈ�Ç�Å=Â�ÐÑÉ]ÊLÇ�Ï�È
n
Å\Ä�ÂÀÒ�È.Ç�Ç�Ã\Ç�Ï\ÈoÁ,Â�ÐÑÇNì

Ç�Â`É�Ç�Ã\Ä
[0, 1]

Õ
N (1), . . . , N (n) Õ\ÊLÂ`Ã�ÇyÏTØ ÐÌÉ3Ê�È.É\Ç�ÐÌÊ�Æ sint

Ûlë�È.Ã�Ä"ÎZÍ`Ä�Æ�Í]ÎZÊLÐÌÂ`É

N =
n⋃

i=1

N (i)

È.Ç�ÊiÃ\É Å\Ä�ÂÀÒ�È.Ç�Ç�Ã\ÇiÏ\È�Á,Â`ÐÌÇ�Ç�Â�É�Ç�Ã\Ä
[0, 1]

ÏTØ ÐÌÉ3Ê�È.É\Ç�ÐÌÊ�Æ
nsint

Û���Î�ÐÌÄ�È�Ï\È{ËÑÎ�Ç�Æ.ËÌÈ.Ò#ÊLÐÑÂ�É
Ï\È�Ó�Â*Ï\Ô�ËÑÈ�Å=Â`Ã�Ä�È.ÇNÊLÐÌÓ�È�Ä�Ë ØÙÐÑÉ]Ê�È.É\Ç�ÐÌÊLÆ

sint

È�Ç�Ê{Å�Â`Ç�Ç�ÐÑè\ËÌÈ�Ó�Î�ÐÑÇiÒ.È#Ê�ÊLÈ�Ç�ÐÌÊ�ÃlÎZÊLÐÌÂ`É�É�È
Ò.Â`Ä�Ä�È.Ç�Å=Â�É\Ï Å\Î�Ç�ÊLÂ`Ã�Ê ç �6Î�ÐjÊ
Î�ÃåÒEÎZÏ\Ä�È Ï\È Ä�Æ�Í`Ä�È�Ç�Ç�ÐÑÂ`É Ö*Ã È�É Å�Ä�È.Ó�ÐÑÔ�Ä�È ÅlÎZÄ�ÊLÐÌÈ�Û
Á,Â`Ã\Ä
Ä�È.Ó�Æ.Ï\ÐÌÈ.Ä ç Ò.È.ËÑÎ�Õ 
��ÀÂ`É�Ç�É�Â`Ã\Ç
Ã\É È.É]ÊLÐÌÈ.Ä

M > 0
Õ�É\Â`Ã�Ç�ÎZËÑËÑÂ�É\Ç�È.ÇNÊLÐÌÓ�È�Ä

Ë Ø �\ÐÑÇNÊLÂ`Í`Ä�Î�Ó�Ó�È
s
×3Ã\Ð&È�Ç�Ê
ËÚÎ Å\Ä�Â ��È.Ò�Ê�ÐÑÂ`É Â`Ä�Ê#�\Â`Í`Â`É\Î�ËÑÈ�Ï\È

sint
Ç�Ã\Ä�ËïØ È�Ç�ÅlÎZÒ.È�Ï\È�Ç

�\ÐÑÇNÊLÂ`Í`Ä�Î�Ó�Ó�È�Ç�Ò.Â`É�Ç�ÊLÄ�Ã\ÐÌÊ�Ç�Ç�Ã\Ä�ËÌÈ.Ç�ÐÑÉ]Ê�È.Ä�ÖZÎ�ËÌËÑÈ�Ç [ i−1
2M , i

2M

[ Å�Â`Ã\Ä
i
Î�ËÌËÚÎ�É]Ê�Ï�È

1 ç 2M Û
ëAÈ�Ç �sÂ�É\Ò�Ê�ÐÑÂ`É\Ç

ϕM,i = 2M/21l[ i−1

2M
, i

2M [, i = 1, . . . , 2M

�sÂ`Ä�Ó�È.É]Ê�Ã\É\ÈièlÎ�Ç�ÈoÂ`Ä�Ê#�\Â`É\Â`Ä�Ó�Æ�È}Ï\ÈoÒ.È#Ê"È�Ç�ÅlÎZÒ.ÈiÏlÎ�É\Ç
L2 Û Ü É0Î

s = 2M/2

2M

∑

i=1

siϕM,i .

Á,Â`Ã\Ä5Ç�ÐÌÓ�Å�ËÑÐ(
\È.Ä�ËÑÈ�ÇAÉ\Â�ÊGÎ:ÊLÐÑÂ�É\Ç.ÕRÂ`ÉiÐÑÏ�È.É]ÊLÐ�
lÈ�ËÚÎ �sÂ`É\Ò�Ê�ÐÑÂ`É
s
Î�ÃoÖ`È�Ò�Ê�È.Ã\Ä

(s1, . . . , s2M )Â`é

si =

∫ i/2M

(i−1)/2M

sint(t)dt, i = 1, . . . , 2M

È�ÊpÂ`É�Ò �\È.Ä�Ò �\È ç È.ÇNÊLÐÌÓ�È�ÄxËÑÈyÖ`È�Ò�ÊLÈ�Ã\Ä s ç ÅlÎ�ÄNÊLÐÌÄ�Ï\È�Ç�Â`è\Ç�È.ÄNÖ�Î:ÊLÐÑÂ�É\ÇxÇ�Ã\ÐÌÖZÎ�É]ÊLÈ�Ç.ÕÀÅ=Â`Ã�Ä
i
Ï�È

1 ç 2M Õ

Yi =

∣
∣
∣
∣
N ∩

[
i − 1

2M
,

i

2M

[∣
∣
∣
∣

= nsi +

∫ i/2M

(i−1)/2M

(dNt − nsint(t)dt)

︸ ︷︷ ︸

Pi

.

��ÊLÎ�É]Ê|èlÎZÇ�Æ.È�Ç&Ç�Ã\Ä"Ï�È.Ç&ÐÌÉ]ÊLÈ.ÄNÖZÎ�ËÑËÌÈ.ÇpÏ\ÐÌÇ ��Â`ÐÌÉ3Ê�Ç.ÕlËÌÈ.Ç
Pi

Ç�Â`É]Ê"ÐÑÉ\Ï\Æ�Å=È�É\ÏlÎ�É]Ê�È.Ç.Õ�Ï\ÈiÅ\ËÑÃ�Ç
È.ËÑËÌÈ.Ç�Ç�Â�É3ÊrÒ�È.É]ÊLÄ�Æ.È.Ç�È�ÊrÏ\ÈpÖZÎ�Ä�ÐÑÎ�É\Ò�È��rÎZÄ

(Pi) = nsi

Û 
yÎ�Å\Å�È.ËÑÂ�É\Ç�×3Ã\È"ËÑÎ|Ö�ÎZÄ�ÐÚÎZè\ËÑÈ�Ï�È
Á,Â`ÐÌÇ�Ç�Â�É�Ï\È|ÅlÎ�Ä�Î�Ó�Ô�ÊLÄ�È

0
È.Ç�Ê�Å\Ä�È�Ç�×3Ã\È}Ç�Ã�Ä�È.Ó�È.É]ÊpÆ�Í]Î�ËÌÈ ç 0

Û��&ÐÌÉ\Ç�ÐïÕÀÂ�É�Î�Ë ØÙÆ.Ò�Ä�ÐjÊLÃ\Ä�È

Yi = nsi +
√

nsiεi

Â`é�ËÌÈ.Ç
εi

Ç�Â�É3ÊxÏ\È.ÇrÖZÎ�Ä�ÐÑÎ�è\ËÑÈ�Ç�Ï\È&Á5Â`ÐÑÇ�Ç�Â`É�ÐÑÉ\Ï\Æ�Å=È�É\ÏlÎ�É]Ê�È.Ç.ÕÀÒ.È�É3Ê�Ä�Æ�È.Ç�È#ÊxÏ\ÈyÖZÎ�Ä�ÐÑÎ�É\Ò.È
Ã\É\ÐÌÊLÎ�ÐÑÄ�È�Û ��Ò.Ä�ÐÌÊ�Ç�Â`Ã�Ç�Ò.È#Ê�ÊLÈ
�sÂ`Ä�Ó�È�Õ�ËïØ ��Æ�ÊLÆ�Ä�Â`Ç�Ò.Æ�ÏlÎ�Ç�Ê�ÐÑÒ�ÐÌÊLÆ�Ï\Ã�Å�Ä�Â`è\ËÌÔ.Ó�È�È�Ç�Ê�Î�Å\ÅlÎ:ì
Ä�È.É]Ê�È�Û�ë�È.ÇpÖZÎ�Ä�ÐÑÎ�É\Ò.È�Ç�Ç�Â`É]Êyè\ÐÑÈ�É
ÐÑÉ\Ò�Â`É\É3Ã\È.ÇyÈ�Ê�É�Â`ÉÀìVÆ�Í]Î�ËÌÈ.Ç.Û

�



Ü É�Ç�È�Ï\Â`É\É�ÈxÓ�Î�ÐÑÉ]ÊLÈ�ÉlÎ�É]Ê�ËÑÎ �6ÎZÓ�ÐÌËÑËÑÈ�Ï�È�Ó�Â*Ï\Ô�ËÑÈ.Ç {Sm; m = 0, . . . , M} Â`é�ËÌÈ.Ç
Sm

Ç�Â`É]ÊpËÑÈ�Ç�È�Ç�ÅlÎ�Ò�È.ÇpÏ\È�Ç �\ÐÌÇ�ÊLÂ�Í`ÄLÎ�Ó�Ó�È.ÇrÒ.Â`É\ÇNÊLÄ�Ã\ÐÌÊ�ÇxÇ�Ã�Ä�ËÑÈ�Ç�ÐÌÉ3Ê�È.ÄNÖ�ÎZËÑËÑÈ�Ç [ i−1
2m , i

2m

[

Å=Â`Ã�Ä
i
ÎZËÑËÚÎZÉ3Ê&Ï\È

1 ç 2m Û � �lÎ�×3Ã\È Sm

È.ÇNÊoÏ\È{Ï\ÐÑÓ�È.É\Ç�ÐÑÂ`É
Dm = 2m ÕTÂ`É ) É\Â�Ê�È

sm

ËÑÎ}Å\Ä�Â���È�Ò�Ê�ÐÑÂ`É�Â`Ä�Ê#�\Â`Í`Â�ÉlÎ�ËÑÈpÏ�È
s
È#ÊrÂ`É ){Ò�Â`É\Ç�ÐÑÏ\Æ�Ä�ÈyËÚÎ}èlÎ�Ç�È"Â`ÄNÊ��\Â�É\Â`Ä�Ó�Æ.È �6ÎZÐÌÊLÈ

Ï\È.Ç �sÂ`É\Ò#ÊLÐÑÂ�É\Ç
ϕm,i = 2m/21l[ i−1

2m , i

2m [, i = 1, . . . , 2m .

Á�Ä�È.É\Â�É\Ç�Ã�É
Sm

Õ�Ï\È Ó �.Ó�È ×*Ã�È�ÏlÎZÉ\Ç
ËÚÎ�ÅlÎ�ÄNÊLÐÌÈ Å\Ä�Æ�Ò.Æ.Ï�È.É]ÊLÈZÕ"Â`ÉåÅ�È.Ã�Ê�Ï\Æ�
lÉ\ÐÌÄ
Ë ØÙÈ.Ç�Ê�ÐÑÓ�ÎZÊLÈ�Ã\Ä�ÅlÎZÄyÅ�Ä�Â���È�Ò�ÊLÐÌÂ`É

ŝm

Ò.Â`Ó�Ó�È|ËÑÈ}Ó�ÐÑÉ\ÐÌÓ�ÐÌÇ�È�Ã\ÄxÇ�Ã\Ä
Sm

Ï\È

γ(f) = ‖f‖2 − 2

n
〈f, Y 〉 .

�|Î�É\ÇyËÚÎ�èlÎZÇ�ÈoÏ\È.Ç
ϕm,i

Â`É�Î

ŝm =
2m/2

n

2m

∑

i=1

Nm,iϕm,i

È#Ê
sm =

2m/2

n

2m

∑

i=1

αm,iϕm,i

ÎRÖ�È.Ò

Nm,i =

∣
∣
∣
∣
N ∩

[
i − 1

2m
,

i

2m

[∣
∣
∣
∣

È#Ê
αm,i = E[Nm,i] =

∫ i/2m

(i−1)/2m

nsint(t)dt .

ê"Â�Ê�Â`É\Ç�×3Ã\È�ËÑÈ.Ç
Nm,i

�sÄ�È�Ç�Å�È.Ò�Ê�ÐÌÖ�È.Ó�È.É]Ê�ËÑÈ�Ç
αm,i

� Ç�Â`É]Ê�Ï\È�Ç�Ç�Â`Ó�Ó�È.ÇiÏ\È
Yj

�6Ä�È.Çdì
Å=È�Ò�ÊLÐjÖ`È�Ó�È�É3ÊxÏ\È

sj
� Û���É�ÅlÎ�ÄNÊLÐÌÒ.Ã\ËÌÐÑÈ.Ä�Õ`ËÑÈ�Ç

Nm,i
Ç�Â`É]ÊxÂ`è\Ç�È�Ä�ÖZÎ�è\ËÌÈ.Ç�Û Ü É�ÎiËÚÎoÏ\Æ.Ò�Â`Ó{ì

Å=Â`Ç�ÐÌÊ�ÐÑÂ`É�è\ÐÑÎ�ÐÑÇdì ÖZÎ�Ä�ÐÚÎ�É\Ò�È&Ï\Ã�Ä�ÐÌÇ�×3Ã\Èo×3ÃlÎ�Ï\Ä�ÎZÊLÐÌ×3Ã\ÈoÇ�Ã\ÐjÖ�ÎZÉ3Ê�È

E
[
‖s − ŝm‖2

]
= ‖s − sm‖2 +

2m

n2

2m

∑

i=1

E
[
(Nm,i − αm,i)

2
]

= ‖s − sm‖2 +
2m

n2

2m

∑

i=1

αm,i

= ‖s − sm‖2 +
Dm

n2

∫ 1

0

nsint(t)dt

︸ ︷︷ ︸

E[|N |]

.

�VË\É�Â`Ã\Ç �6Î�Ã�Ê�Ï\Â�É\ÒpÊLÄ�Â�Ã�Ö`È�ÄrÃ�É�Æ�×*Ã�ÐÑËÑÐÌè\Ä�ÈxÈ.É]ÊLÄ�È"Ò�È.Ç�ÊLÈ�Ä�Ó�È.Ç�ÅlÎ�Ä�Ó�ÐÀÉ\Â`Ç�Ó�Â*Ï\Ô�ËÑÈ.Ç
È�Ê�Ï�Â`É\Ò&Ò ��Â`ÐÑÇ�ÐÑÄrÃ\É\È&Å�Æ.É\Î�ËÑÐjÊLÆ�Û Ü É�Å=È�Ã�Ê�È�É\Ò.Â`Ä�È&Ç�È|ËÚÎ�ÐÌÇ�Ç�È.Ä�Í`Ã\ÐÌÏ\È.ÄrÅlÎ�ÄrÃ\É\È ��È.Ã\Ä�ÐÑÇNì
ÊLÐÑ×3Ã\È ç ËÑÎ �0Î�ËÑËÌÂ�
�Ç.Û ��É È��=È�Ê.Õ�Â`É Ò �\È.Ä�Ò �\È ç Ó�ÐÑÉ\ÐÌÓ�ÐÌÇ�È�Ä"È�É m ∈ {0, . . . , M} ËÚÎ×*Ã\Î�É]ÊLÐÌÊ�Æ

−‖sm‖2 +
Dm

n2
E[|N |] .

�



��É�Ä�È�Ó�Î�Ä�×3ÃlÎ�É]Êr×*Ã�È
E [‖ŝm‖2] = ‖sm‖2 +DmE[|N |]/n2 Õ]Ò.È#Ê�Ê�È �\È�Ã\Ä�ÐÌÇ�Ê�ÐÑ×3Ã\È�Ç�Ã\Í:ìÍ`Ô.Ä�ÈiÏ�ÈiÒ ��Â`ÐÑÇ�ÐÑÄ

m̂
Ò.Â`Ó�Ó�È&Ã\É�Ó�ÐÑÉ�ÐÑÓ�ÐÑÇ�È�Ã\ÄxÏ�Ã�Ò�Ä�ÐjÊLÔ.Ä�È

−‖ŝm‖2 +
2Dm

n2
|N | = γ(ŝm) +

2Dm

n2
|N | .

Ü É�Ö`Â�ÐÌÊ�Î�ÐÌÉ\Ç�ÐpÎZÅ\ÅlÎ�Ä�Î��ÑÊ�Ä�È�Ã\É�È�Å�Æ.É\Î�ËÑÐjÊLÆ ç ËÚÎ ��Î�ËÑËÌÂ	
�Ç�Å�È.É
(m) = 2Dm|N |/n2Î�ËÑÆ.ÎZÊLÂ`ÐÌÄ�ÈZÛ � È�Ò.Î�ÄLÎZÒ�ÊLÔ�Ä�ÈiÉ\Â`ÉÀì Ï\Æ�Ê�È.Ä�Ó�ÐÌÉ\ÐÑÇNÊLÈ}Ï\ÈoËÚÎ�Å�Æ.ÉlÎZËÑÐÌÊ�Æ}É\Â`Ã\ÇyÅ�È.Ä�Ó�È�ÊyÐÌÒ.Ð�ÏfØÙÈ.Çdì

ÊLÐÑÓ�È.Ä�ËÑÈyÊLÈ.Ä�Ó�È"Ï\È&ÖZÎ�Ä�ÐÚÎ�É\Ò�È&Å\Ã�ÐÑÇ�×3ÃfØÙÐÑË=È.ÇNÊEÕ�Å�Â`Ã\ÄxÃ\É\È&ÖZÎ�Ä�ÐÚÎ�è\ËÌÈ"Ï�È}Á,Â`ÐÌÇ�Ç�Â`ÉfÕ�Æ�Í]Î�Ë çÇ�Â`É�È.Ç�Å=Æ�ÄLÎ�É\Ò�È�Û
� È#Ê�ÊLÈ��\È�Ã\Ä�ÐÌÇ�ÊLÐÌ×3Ã\È�È�Ç�Ê"Ö�ÎZËÑÐÑÏ�È}È�Ê"É\Â`Ã\Ç"Ó�Ô�É\È ç Ã\É\È�ÐÑÉ\Æ�Í]Î�ËÌÐÌÊLÆ&Â`ÄLÎ�Ò�ËÑÈZÕlÒ.È.Ò�Ð5Ö*ÐÑÎËÑÈ}Ä�Æ�Ç�Ã\ËjÊGÎZÊ�Ç�Ã\ÐÌÖZÎ�É]ÊyÏ " ç Á ÎZÊ�Ä�ÐÑÒ�ÐÚÎ 
�È�)*ÉlÎ�Ã�ÏÀì � Â�Ã\Ä�È#Ê��CÖ`Â`ÐÌÄ�� � ��� æ

��� Þ*ã�Ý �*î�à���� & 8 ( ? 0 , < (>1�,/& 8�0 ( < ,�1/36( ? 365 8 (;& # 5 <;!�� 1'( 878 % 8 
 � % ?�?A��8�� & 8�D %A(
ρ =

∫ 1

0
sint(t)dt > 0 ( #�D %A( 2M ≤ n 


� !
�
?A� %@3�%'&)( < (;3 # , ! &)( <7� & 8;# ,/& # ( d > 1 �0 , ? 5;& , 0 !$# 5�( 8;# # ( 0$0 ( D % ( ? (;& (m) ≥ d
Dm|N |

n2

, 0 � 3 8�0 � ( ?�? s̃
<7� 3;36( 8 ?A� & 1�,/& # � 5;3 ! � (

E
[
‖s − s̃‖2

]
≤ C inf

m=0,...,M

{
‖s − sm‖2 + E[

? (;& (m)]
}

+
C ′

n

�	�
C ( 8;# %'&)( <7� & 8;# ,/& # (�&)( 1'5 ? (;& 1�,/& # D %A( 1'( d ( # C ′ ( 8;# %@&)( <7� & 8;# ,/& # (>&)(

1'5 ? (;& 1�,/& #4D %A(�1'( d � ‖s‖ � ‖s‖∞ ( # 1'( ρ 


��É�Å\Ä�È�ÉlÎ�É]Ê
d = 2

Õ\Â`É�Î�ËÚÎ�Å�Æ.ÉlÎ�ËÌÐÌÊ�Æ ç ËÑÎ �0Î�ËÌËÑÂ�
�Ç

Å�È.É
(m) =

2Dm

n2
|N |

È�ÊyËÑÈ|Ê#�\Æ.Â`Ä�Ô.Ó�ÈoÏ\Â`É\É\ÈoËÑÎ�è=Â`Ä�É\È

E
[
‖s − s̃‖2

]
≤ C inf

m=0,...,M

{

‖s − sm‖2 +
2Dm

n2
E[|N |]

}

+
C ′

n

≤ C ′′ inf
m=0,...,M

{

‖s − sm‖2 +
2Dm

n2
(E[|N |] + n)

}

≤ C ′′′ inf
m=0,...,M

{

‖s − sm‖2 +
4Dm

n2
E[|N |]

}

≤ 4C ′′′ inf
m=0,...,M

E
[
‖s − ŝm‖2

]
.

Ü É�Î�è\ÐÑÈ�É
ËÚÎ �sÂ`Ä�Ó�È|ÏfØÙÃ\É\ÈiÐÑÉ�Æ.Í]Î�ËÌÐÌÊ�Æ&Â`Ä�Î�Ò.ËÌÈ�Û

�



�p­�� � ²r³y´\¯±¹&·d¿&¸ ��	 � 	f´\²�·
�yÉ\È �6Î���Â`É�Ï\È�Í`Æ.É\Æ�ÄLÎ�ËÌÐÑÇ�È.Ä&Ò�È�ÒEÎZÇ|È.ÇNÊ}ËÚÎ �sÂ`Ä�Ó�Ã�ËÚÎZÊ�ÐÑÂ`É
Ç�Ã�ÐÌÖZÎ�É]ÊLÈ�æ�Â`É�Â�è\Ç�È�Ä�Ö`ÈZÕ

Å=Â`Ã�Ä
i
ÎZËÑËÚÎZÉ3Ê�Ï\È

1 ç n
Õ

Yi = si + σiεiÂ`é
s = (s1, . . . , sn) ∈ Rn È.Ç�ÊoÐÌÉ\Ò.Â�É\É3ÃfÕ σ = (σ1, . . . , σn) ∈ (R∗

+)n È.Ç�Ê|ÐÑÉ\Ò�Â`É\É3Ã
È�Ê

ε = (ε1, . . . , εn) ∈ Rn È.ÇNÊoÃ\É Ö`È.Ò#ÊLÈ�Ã\ÄiÎ�ËÑÆ.ÎZÊLÂ`ÐÌÄ�ÈiÏ\Â`É]ÊoËÑÈ�Ç|Ò.Â�Ó�Å�Â`ÇLÎZÉ3Ê�È.Ç}Ç�Â`É]Ê
ÐÑÉ\Ï\Æ�Å=È�É\ÏlÎ�É]Ê�È.Ç.Õ�Ò.È.É]Ê�Ä�Æ.È�ÇpÈ�ÊpÏ�È&ÖZÎ�Ä�ÐÑÎ�É\Ò.ÈyÆ.Í`Î�ËÑÈ ç 1

ÛÀÁ�Ã\ÐÑÇ�Â`É�Ò �\È�Ä�Ò �\È ç È�Ç�ÊLÐÌÓ�È�Ä sÈ�Ê
σ
Ç�ÐÑÓ�Ã\ËÌÊLÎ�É\Æ.Ó�È.É]Ê�Ö*ÐÑÎoÃ�É\È�Ó�Æ#Ê��\Â*Ï\ÈpÏ\È�Ç�Æ�ËÑÈ�Ò�ÊLÐÌÂ`É�Ï\È�Ó�ÂÀÏ\Ô�ËÑÈZÛ � ØÙÈ.Ç�ÊNì ç ì Ï\ÐÑÄ�Èp×3Ã\ÈË ØÙÂ`É{Ç�ÈyÏ\Â`É\É\ÈyÏ\È�Ã�� �6Î�Ó�ÐÑËÑËÌÈ.Ç5Ï\ÈyÓ�Â*Ï\Ô.ËÌÈ.Ç {Sm}m∈M

È�Ê {Σm′}m′∈M′

×3Ã\ÐlÅ�È.Ã�Ö�È.É]Ê
��ÊLÄ�È}Ï\Ð(�=Æ.Ä�È.É]ÊLÈ�ÇpÈ�Ê�ÏlÎZÉ\ÇpÒ �lÎ�×3Ã\È

Sm ×Σm′

Â�É�È�Ç�Ê�ÐÑÓ�È
(s, σ)

ÅlÎ�ÄxÃ\É
(̂s, σ)(m,m′)

Û
!ÀÈ�Å�Â`Ç�È�Î�ËÑÂ`Ä�Ç"ËÑÎ�×3Ã\È�Ç�ÊLÐÌÂ`É�Ï\È�ËÚÎ �sÂ`Ä�Ó�È�Ï�È�ËÚÎ{Å=Æ�ÉlÎ�ËÌÐÌÊLÆiÅ�È.É

: M× M′ → R+ çÅ\Ä�È�É\Ï\Ä�ÈiÅ�Â`Ã\Äp×3Ã\ÈiË ØÙÈ.Å\Å
(̃s, σ) = (̂s, σ) ̂(m,m′)

Ö�Æ.Ä�Ð�
lÈoÃ\É\ÈoÐÑÉ�Æ.Í]Î�ËÌÐÌÊ�Æ&Â`Ä�Î�Ò.ËÌÈ��
� È�Çx×3Ã\È.ÇNÊLÐÌÂ`É\ÇrÅ=È�Ã�Ö`È�É3Ê�Ó�È�É\È.Ä ç Ï\ÐjÖ`È�Ä�Ç�È�ÇxÂ`ÃÀÖ`È.ÄNÊLÃ\Ä�È.Ç�Û\Á ÎZÄ�È���È�Ó�Å�ËÑÈ�Õ3ÐÌËlÇ�È.Ä�Î�ÐÌÊÅ=Â`Ç�Ç�ÐÌè\ËÑÈpÏfØ Î �TÎ�ÐÑè�ËÑÐÑÄ,È.É\Ò�Â`Ä�È�ËÌÈ.Ç �*)ÀÅ�Â�Ê#�\Ô.Ç�È.ÇxÇ�Ã\Ä�ËÑÈpè\Ä�Ã\ÐÌÊ�È�É�É�ÈyÇ�Ã\Å\Å�Â`ÇLÎZÉ3Ê�Å\ËÌÃ\Ç�ËÑÈ�Ç

εi

ÐÑÉ\Ï\Æ�Å=È�É\ÏlÎ�É]Ê�È.Ç.Û ��Ø Î�ÃÀÊLÄ�È}Å\Î�Ä�Ê.ÕÀËÌÈ|ÒEÎ�Ï�Ä�È}Å\Ä�Æ.Ç�È�É]ÊLÆoÒ.ÐPìVÏ\È�Ç�Ç�Ã�ÇpÅ=È�Ã�Ê2��Ê�Ä�È|Ö*Ã�Ç�Â�Ã\Ç
Ë ØÙÆ.Ò.Ä�ÐÌÊ�Ã\Ä�È}Ç�Ã\ÐÌÖZÎ�É]ÊLÈ

Yi = s(xi) + σ(xi)εiÂ`é�ËÌÈ.Ç
xi

Ç�Â�É3ÊyÏ\È�Ç"Å�Â`ÐÌÉ3Ê�ÇpÒ.Â`É�É*Ã�Ç"ÏfØÙÃ\É�È.Ç�ÅlÎ�Ò.ÈiÓ�È.Ç�Ã�ÄLÎ�è\ËÌÈ
(A,A)

Û ��É�É\Â�ÊLÎ�É]Ê

µn =

n∑

i=1

δxi

É\Â�ÊLÄ�È Å\Ä�Â�è\ËÑÔ�Ó�È�Ä�È�Ö*ÐÌÈ.É]Ê ç È.ÇNÊLÐÑÓ�È.Ä�ËÑÈ.Ç �sÂ�É\Ò�Ê�ÐÑÂ`É\Ç s
È#Ê

σ
ÏlÎ�É\Ç

L2(A, µn)
ÅlÎZÄ

È �ÀÈ.Ó�Å\ËÑÈZÛ � Â`Ó�Ó�È�É3Ê�ÎZËÑÂ`Ä�Ç�Æ�ÊLÈ�É\Ï\Ä�È�Ï�È.Ç�Ä�Æ.Ç�Ã\ËÌÊLÎZÊLÇ�Ï\Î�É\Ç{Ò.È�ÒEÎ�Ï�Ä�È ç Ò.È.ËÌÃ\Ð�Ï\È
ËÑÎÄ�Æ.Í�Ä�È.Ç�Ç�ÐÌÂ`É Ç�Ã\Ä�Ã�É Ç�Ã\Å\Å�Â`Ä�Ê�Î�ËÑÆ.ÎZÊLÂ�ÐÑÄ�È � � ØÙÈ.ÇNÊ�ì ç ìVÏ\ÐÌÄ�È
Ç�Ð�Â`É Â`è\Ç�È.Ä�Ö�È0ËÌÈ.Ç{Ò.Â`Ã�Å\ËÑÈ�Ç
(Xi, Yi)

Â�é�ËÌÈ.Ç
Xi

Ç�Â`É]ÊyÏ\È.Ç�ÖZÎ�Ä�ÐÑÎ�è\ËÌÈ.ÇpÎ�ËÌÆEÎZÊ�Â`ÐÑÄ�È.Ç ç ÖZÎ�ËÌÈ.Ã\Ä�ÇpÏlÎ�É\Ç (A,A)
È#Ê

Yi = s(Xi) + σ(Xi)εi .

Ü É Å�È.ÃÀÊ
Î�Ã\Ç�Ç�Ð|ÏlÎZÉ\Ç�Ò.È#Ê�ÊLÈ0Ï\ÐÑÄ�È.Ò�Ê�ÐÑÂ`É Ç.ØÙÐÑÉ]ÊLÆ�Ä�È.Ç�Ç�È�Ä ç Ë Ø Î�Ã�ÊLÂ:ìVÄ�È�Í`Ä�È�Ç�Ç�ÐÑÂ`É æ�ËÑÈ�Ç
YiÏ\Æ.Å�È.É\Ï�È.É]Ê|Ï\ÈoËÌÈ.Ã\Ä�ÇpÆ�ÊGÎ:ÊLÇ�Å\Ä�Æ�Ò.Æ�Ï\È.É]ÊLÇ�Õ

Yi+1 = s(Yi) + σ(Yi)εi+1 .

ë�Ø �\Æ�Ê�Æ.Ä�Â�Ç�Ò.Æ�ÏlÎ�ÇNÊLÐÑÒ�ÐÌÊ�Æ|ÐÑÉ\Ï�Ã\ÐÌÊxÎ�ÐÑÉ�Ç�Ð�Ã\É�ËÚÎ�Ä�Í`È&Ò �\Î�Ó�Å�ÏfØ ÐÌÉ]Ö`È.ÇNÊLÐÌÍ]ÎZÊLÐÌÂ`ÉfÛ �&È|Å\ËÌÃ\Ç.Õ
ËÑÈ.Ç{ÎZÅ\Å\ËÑÐÌÒEÎZÊ�ÐÑÂ`É�Ç�Ç�Â�É3Ê{É�Â`Ó�è\Ä�È.Ã\Ç�È.Ç.Û ��ØÙÃ\É\È
ÅlÎZÄ�ÊEÕ Ò.Â`Ó�Ó�È�Â`É�Ë Ø Î�Å\Ä�Æ�Ò.ÐÌÇ�Æ
Å\Ä�Æ�Ò.Æqì
Ï\È.Ó�Ó�È�É]ÊEÕ3ÏlÎ�É\ÇrËÑÈ�Ò.Î�Ï\Ä�ÈyÏfØÙÈ �ÀÅ�Æ.Ä�ÐÌÈ.É\Ò�È.Ç�ÉfØ ÐÌÓ�Å�ËÑÐÑ×3ÃlÎZÉ3Ê�Å\Î�Ç�ËÑÎ}Ò.Â`É\É\Î�ÐÑÇ�ÇLÎ�É\Ò�È"Ï�È"ËÑÎ
Ö�ÎZÄ�ÐÚÎZÉ\Ò.È�È#Ê�ÏTØ Î�ÃÀÊLÄ�È{ÅlÎZÄ�ÊEÕ�ËÌÂ`Ä�Ç�×3Ã\È{Ò.È.ËÌËÑÈqìVÒ.Ð,Ö�ÎZÄ�ÐÑÈ�Î�Ã �sÃ�ÄiÈ#Ê ç Ó�È.Ç�Ã\Ä�È{Ï\È�Ç�È��ÀÅ=ÆqìÄ�ÐÑÈ�É\Ò.È�Ç.Û
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