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A plenty of models

Shallow Water
On+V-(qu) = =V (du)
Ju+u-Vu = —gVn

Korteweg-de Vries-Johnson

3.z 1 .
8t¢ + Ed—z¢>aw¢ + 6d§amw¢ =0 /

And many others: Serre-Green-Naghdi, Boussinesq, Camassa-Holm, ...
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The Water Waves equations

All these models stem from the equations (W& Lannes (2013))
on = Glnd ,
L 2 1(Gndly+ V- V)
O = —gn—|Ve[ +3 1+ V2
also known as the D Zakharov (1968) - @ Craig-Sulem (1993) formulation of the Water Waves
problem.
The operator G[n, d|y is
computed by solving the following problem
Ay = 0 inQ(t)
¢ = 1 onTy(t)
0, = 0 onl,

and then taking G[n, d|v) = 9,,¢|

y=ho+n(t,x)’ f 1 €T
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Free-surface Euler’s equations

The Water Waves equations, themselves, are derived from with a
Ju+u-Vu+Vp = 0 inQ(t)
Veu = 0 inQ(t)
p = 0 ony=hy+n(t,x)
u, = 0 ony=hy—d(x)
omn+u, —u,d,m = 0

by irrotationality of the flow,
u=Vo

but is it a well-motivated hypothesis?
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Problem formulation

Navier-Stokes
Lagrangian advection
Numerical methods




Viscous Water Waves

Nondimensionalization

Nondimensional quantities are defined as follows
T — hyx
u — +/ghg-u
p = pghg - p

This allows to define the Re,

Re — phy VvV ghg

I
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Viscous Water Waves

Navier-Stokes equation

Incompressible, non-dimensional,
equation in Q(¢):

1
{ du+ (u-Viu = —Vp—l—ﬁAu +g
Vu = 0

Navier boundary conditionson I';,

u-n=0 ; t-[Vu+(Vu)'|-n=0

Stress-free boundary condition on I",(¢),

1 t _
pn—§~[Vu+(Vu)]-n—O
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Interface advection

Lagrangian scheme

Interface is a v(s,t) € R? whose evolution is given by

oy

Ssit) = u(m(s,t))

i.e. points on the interface have the same velocity as the fluid particles.

The interface contains all points parametrised by ~,

Fi(t) = U {7(57t)}
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Finite Elements discretization

We use the FreeFem finite elements library ﬁ Hecht (2012) for

* Mesh generation and handling F
+ Matrices computations and handling ,-

+ Interface with PETSc

4000 points on the interface, initially ~ 200 000 triangles, ~ 10% degrees of freedom.
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The Re — +oo limit

Flat bottom topography




Re = 106 result
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If the video does not play, click here.
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Mesh at Re = 10°
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Interface for different values of Re

Re = 102 —— Re=10° —— Re=10* Re =10° —— Re=10° - Re = +o
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Re = 400 simulations (i.e. Euler solution) computed with the numerical methods of @ Dormy
& Lacave (2024).
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Interface for different values of Re

Re = 102 —— Re=10° —— Re=10* Re =10° —— Re=10° - Re = +o
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Re = 400 simulations (i.e. Euler solution) computed with the numerical methods of @ Dormy
& Lacave (2024).
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Interface for different values of Re

Re = 102 —— Re=10° —— Re=10* Re =10° —— Re=10° - Re = +o
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Re = 400 simulations (i.e. Euler solution) computed with the numerical methods of @ Dormy
& Lacave (2024).
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Interface for different values of Re

Re = 102 —— Re=10° —— Re=10* Re =10° —— Re=10° - Re = +o
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Re = 400 simulations (i.e. Euler solution) computed with the numerical methods of @ Dormy
& Lacave (2024).
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Interface for different values of Re

Re = 10 —— Re=10° Re = +oo

z T 3z 2
2 2

Re = 400 simulations (i.e. Euler solution) computed with the numerical methods of @ Dormy
& Lacave (2024).
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Convergence

Haussdorff distance

55 (1. 7%2) = max {81 (1,72, 3y (12, 71) | where dy(33,7) = mascmin [y, (s1) = 72(55)|
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Energy considerations

Link with vorticity
The can be obtained multiplying Navier-Stokes eq. by u,
2
1
0, <u2> :g-u—u-Vp—i-% V- (utw) — w?
where ut = [~u,,u,]andw = V" - uis the

This shows that fluids dissipates energy in the support of w!

Alan Riquier Viscosity and Irrotationality in Water Waves



mailto:alan.riquier@ens.psl.eu

Viscous dissipation

Re = 102 Re = 103
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Viscous dissipation

Re = 10* Re = 10°

Alan Riquier Viscosity and Irrotationality in Water Waves


mailto:alan.riquier@ens.psl.eu

Viscous dissipation
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The Re — +oo limit

What if thereis arock lying on the
bottom?



Vortices
Re = 10°

If the video does not play, click here.
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Streamlines
Re = 10%
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Comparing the interfaces
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Convergence
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Convergenc
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Mollifying the salient edge
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Mollifying the salient edge

Alan Riquier Viscosity and Irrotati


mailto:alan.riquier@ens.psl.eu

Mollifying the salient edge
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Streamlines
Re = 10° with mollified edge
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Merci pour votre attention !

Plus d'informations : [ AR & E. Dormy (2024) Numerical study of a viscous breaking water
wave and the limit of vanishing viscosity. J. Fluid Mech. 984(R5)

Et allons manger !
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