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Numerical method

Navier-Stokes
Lagrangian advection
Finite Element Methods




Viscous Water Waves

Nondimensionalization

Nondimensional quantities are defined as follows

T — hyx
u — +/ghg-u

p — pghg - p

This allows to define the Re,

Re — phor/ghg
I
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Viscous Water Waves

Navier-Stokes equation

Incompressible, non-dimensional,
equation in Q(¢):

1
{ ou+(u-Viu = —Vp —&—EAu—i—g
Veu = 0 /

Navier boundary conditionson I';,

u-n=0 ; t-[Vu+(Vu)']-n=0

Stress-free boundary condition on I",(¢),

1 .y —
pn—ﬂ-[Vu—i—(Vu)yn—O
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Interface advection

Lagrangian scheme

Interfaceis a v(s,t) € R? whose evolution is given by

%(s, t) = u(t, ~(s, t))

i.e. points on the interface have the same velocity as the fluid particles.
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Initial conditions

Theory of linear waves

of (small) amplitude a,

Yo(t,x) = hy + acos(kr —wt)  with  w = +/gktanh(kh)

_aw cosh(ky)
0t :9) = k)

The velocity is then

-sin(kz — wt) + O(ka)

aw cosh(ky) cos(kx — wt)

oty #,y) = Vo = Ty | sinh(ky) sin(ke — wt)

ho + a cos(kx
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Initial conditions

Theory of linear waves

of (small) amplitude a,

Yo(t,x) = hy +acos(kr —wt)  with  w = +/gktanh(kh)

_aw cosh(ky)
Go(t, 2, y) = T sinh(kh)

The velocity is then

-sin(kz — wt) + O(ka)

aw cosh(khy) cos(kx — wt)

Uo(t:2,y) = Vo = sinh(kh) | sinh(kh,) sin(kz — wt)

ho + a cos(kx
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Finite Elements discretization

We use the FreeFem finite elements library ﬁ Hecht (2012) for

* Mesh generation and handling F
+ Matrices computations and handling ,-

+ Interface with PETSc

4000 points on the interface, initially ~ 200 000 triangles, ~ 10% degrees of freedom.
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Mesh advection scheme

Let w the . At each time step, we numerically solve the problem
Aw = 0 inQt)
w = u only()
w = 0 onl

And each point of the mesh is advected with velocity w. Points on the interface are thus
!

This is called the Arbitrary Lagrangian Eulerian method (ALE).
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Viscosity and Breaking
Waves

Flat Topography
Navier-Stokes <+ Euler




Re = 106 result
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If the video does not play, click here.
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Mesh at Re = 106
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Interface for different values of Re

Re = 102 —— Re=10° —— Re=10* Re =10° —— Re=10° - Re = +o
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Re = +o0 simulations (i.e. Euler solution) computed with the numerical methods of @ Dormy
& Lacave (2024).
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Interface for different values of Re
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Re = +o0 simulations (i.e. Euler solution) computed with the numerical methods of @ Dormy
& Lacave (2024).
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Interface for different values of Re

Re = 102 —— Re=10° —— Re=10* Re =10° —— Re=10° - Re = +o

T 3n 2
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Re = +o0 simulations (i.e. Euler solution) computed with the numerical methods of @ Dormy
& Lacave (2024).
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Interface for different values of Re

Re = 102 —— Re=10° —— Re=10* Re =10° —— Re=10° - Re = +o

Re = +o0 simulations (i.e. Euler solution) computed with the numerical methods of @ Dormy
& Lacave (2024).
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Interface for different values of Re

Re = 10° —— Re=10°
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Re = +o0 simulations (i.e. Euler solution) computed with the numerical methods of @ Dormy
& Lacave (2024).
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Where does a fluid dissipates energy?

Link with vorticity

The can be obtained multiplying Navier-Stokes by u,
D 2 1

where w = V x uisthe

This shows that the fluid dissipates energy where w # 0!
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Viscous dissipation

Re = 102 Re = 103

Alan Riquier Viscosity and (Breaking) Water Waves


mailto:alan.riquier@ens.psl.eu

Viscous dissipation

Re = 10* Re = 10°

15
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Viscous dissipation

Re = 10° Re =106
1.5F 0 i 0
1.3F -3 r -3
Y11 w I w
-6 —6
0.9F -
-9 -9
0.7 : i ! ‘ . : . .
3.9 4.1 4.3 4.5 3.9 4.1 4.3 4.5
X xr

Alan Riquier Viscosity and (Breaking) Water Waves



mailto:alan.riquier@ens.psl.eu

Is irrotationality well
motivated?

Non-flat topography
Navier-Stokes <+ Euler




Rectangular step

No slip condition on the bottom,
u=0 onl,
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Vortices at Re = 10°

If the video does not play, click here.
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Comparing the interfaces
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Streamlines
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What about a smooth edge?

Alan Riquier Viscosity and (Breaking) Water W


mailto:alan.riquier@ens.psl.eu

What about a smooth edge?
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What about a smooth edge?
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Conclusion

Can we assume that the flow is inviscid and irrotational?

Inviscid & Irrotational

Shallow Water with flat topography v
with curved topography be cautious!
Deep Water not discussed
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Irrotationality: ﬁ A. R. & E. Dormy (2024) Irrotationality of Water Waves and Topography,
Submitted. arXiv:2411.09291 [physics.flu-dyn]
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