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Abstract. We investigate the Brauer group of the ring O(S) of holomorphic
functions on a finite-dimensional Stein space S. We provide a purely topolog-
ical computation of this group and deduce a comparison theorem between the
étale cohomology of Spec(O(S)) and the singular cohomology of S in degree 2.
Furthermore, we prove a purity theorem when S is nonsingular and study the
index of classes in the Brauer group of O(S).

1. Introduction

1.1. Stein spaces and their Stein algebras. Stein spaces are the complex-
analytic analogues of affine algebraic varieties. They can be characterized among
all complex spaces S by the surjectivity of the restriction map O(S) → O(T )
for all discrete subsets T ⊂ S, or, equivalently, by the vanishing of Hk(S,F) for
all coherent sheaves F on S and all k > 0 (see e.g. [GR79]). A Stein algebra is
the C-algebra O(S) of holomorphic functions on some Stein space S.

In algebraic geometry, there is a correspondence (an equivalence of categories) be-
tween affine algebraic varieties V over a field K and finitely generated K-algebras R
(given by R = O(V ) and V = Spec(R)). Through this correspondence, geometric
properties of V translate into algebraic properties of R and vice versa.

A similar equivalence of categories holds in complex-analytic geometry, between
Stein spaces and holomorphic maps on the one hand, and Stein algebras and C-alge-
bra morphisms on the other hand (combine [For67, Satz 1] and [For66, Theorem 5]
for finite-dimensional Stein spaces, and see [Ben24b, Theorem 0.1] in general).

A major difference with the algebraic situation is that Stein algebras are com-
plicated from a commutative algebra point of view (for instance, they are usually
not noetherian). This makes it more difficult to relate their algebraic properties to
the analytic or topological properties of the associated Stein spaces. An influen-
tial work in this direction is Forster’s [For67], where the relation between coherent
sheaves on a Stein space S and modules over the Stein algebra O(S) is investigated.

The aim of the present article is to further contribute to this line of research by
studying the Brauer group of a Stein algebra. Our theorems concerning the purely
algebraic properties of O(S) (such as Theorems 1.6, 1.8 and 1.10) are proved by
exploiting results relating the commutative algebra of O(S) to the geometry or the
topology of S (such as Corollary 1.3 or Theorem 1.5).

1.2. Algebraic and topological Brauer groups. Our first result shows that the
Brauer group of a Stein algebra is of topological nature.

Theorem 1.1 (Propositions 3.1 and 3.2). The natural morphism
(1.1) Br(O(S)) → Brtop(S)
is an isomorphism for any finite-dimensional Stein space S.
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Recall that the Brauer group Br(R) of a ring R was defined by Auslander and
Goldman [AG60] to be the set of Morita equivalence classes of Azumaya algebras
over R, endowed with the group law induced by tensor product, generalizing the
definition of the Brauer group of a field K as Morita equivalence classes of central
simple algebras overK (see [Gro68, CTS21]). The topological Brauer group Brtop(S)
of a topological space S is defined in a similar way in [Gro68, I, §§1.1–1.2], using
Morita equivalence classes of topological Azumaya algebras on S (see §2.1).

To show that (1.1) is an isomorphism, we exploit the analytic Brauer group of S
based on holomorphic Azumaya algebras (see [HS03, §2], [Sch05, §1] or §2.1). We
identify the topological and the analytic Brauer groups of S using Grauert’s Oka
principle [Gra58], and the analytic Brauer group of S with the algebraic Brauer
group of O(S) by means of Forster’s aforementioned results [For67] as developed
in [Ben24a, Proposition 2.5, Remark 2.6]. The first half of the argument appears
in the literature (see e.g. [AW14a, Corollary 4.3] or [Sri25]); the second half is new.

The hypothesis that S is finite-dimensional in Theorem 1.1 is essential both for
the injectivity and the surjectivity of (1.1) (see Propositions 3.8 and 3.10).

1.3. Cohomological interpretations of Brauer groups. Grothendieck con-
structed a canonical injection

(1.2) Br(R) ↪→ H2
ét(Spec(R),Gm)

of the Brauer group of a ring R into the second étale cohomology group of Spec(R)
with invertible coefficients (see [Gro68, I, (2.1)]). Gabber identified the image
of (1.2) as the torsion subgroup ofH2

ét(Spec(R),Gm) ([Gab81, Chap. II, Theorem 1],
see also the more general [dJ03]). This yields a cohomological interpretation for
the left-hand side of (1.1).

On the topological side, Serre showed that the topological Brauer group Brtop(T )
of a finite CW complex T is naturally isomorphic to H3(S,Z)tors (see [Gro68, I,
Corollaire 1.7]). To provide a topological interpretation for the right-hand side
of (1.1), we extend Serre’s computation to finite-dimensional CW complexes.

Theorem 1.2 (Theorem 3.3). Let T be a finite-dimensional CW complex. Then
the canonical morphism Brtop(T ) → H3(T,Z)tors is an isomorphism.

The finite-dimensionality assumption in Theorem 1.2 cannot be dispensed with
(see [AW14a, Corollary 5.10] or [HS15]). Combining Theorems 1.1 and 1.2 shows
that the Brauer group of a Stein algebra can be computed purely topologically.

Theorem 1.3 (Theorem 3.5). The natural morphism

Br(O(S)) → H3(S,Z)tors

is an isomorphism for any finite-dimensional Stein space S.

1.4. Degree 2 cohomology with finite coefficients. Let us present an appli-
cation of Theorems 1.1 and 1.2. For any Stein space S, any k ≥ 0, and any n ≥ 1,
one can consider the comparison morphism

(1.3) Hk
ét(Spec(O(S)),Z/n) → Hk(S,Z/n)

between the étale cohomology of Spec(O(S)) and the singular cohomology of S.
The question whether (1.3) is an isomorphism when S is finite-dimensional was
raised in [Ben24a, Remark 6.7 (v)] and proved there if k = 0 or k = 1 (see also
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[Ben25, Theorem 1.5] for a positive answer for all k ≥ 0 in the easier but related
setting of Stein compacta). We answer this question for k = 2.

Theorem 1.4 (Theorem 4.2). The natural morphism
(1.4) H2

ét(Spec(O(S)),Z/n) → H2(S,Z/n)
is an isomorphism for any finite-dimensional Stein space S and any n ≥ 1.

To deduce Theorem 1.4 from Theorem 1.1, we relate the left-hand side of (1.4)
with n-torsion classes in Br(O(S)) and the right-hand side of (1.4) with n-torsion
classes in Brtop(S). For these purposes, we respectively use Gabber’s theorem that
the image of the injection (1.2) is the subgroup of torsion classes and Theorem 1.2.

Theorem 1.4 was our original motivation to study Brauer groups of Stein alge-
bras. We do not know a proof of it that does not rely on a geometric incarnation
of degree 2 cohomology classes by means of Azumaya algebras.

1.5. Degree 2 cohomology with invertible coefficients. One can also consider,
for any Stein space S and any k ≥ 0, a comparison morphism similar to (1.3) but
with invertible coefficients:
(1.5) Hk

ét(Spec(O(S)),Gm) → Hk(S,O×
S ).

The morphism (1.5) is tautologically an isomorphism for k = 0. It is also an
isomorphism for k = 1 when S is finite-dimensional (see Lemma 4.1). It is therefore
natural to ask whether (1.5) is always an isomorphism when S is finite-dimensional.
Note that, making use of Kummer exact sequences, this would imply that the
morphisms (1.3) themselves are isomorphisms.

When k = 2, we show that injectivity holds, although surjectivity fails in general.

Theorem 1.5 (Theorem 4.5 and Corollary 5.4). The natural morphism
(1.6) H2

ét(Spec(O(S)),Gm) → H2(S,O×
S )

is injective for any finite-dimensional Stein space S. There exists a connected Stein
manifold such that (1.6) is not surjective.

To prove the injectivity assertion of Theorem 1.5, we rely again on a geometric
interpretation of degree 2 cohomology classes. The Brauer group is not sufficient
for this purpose, as it can only account for torsion classes in H2

ét(Spec(O(S)),Gm)
(and if S is singular, this group may not be torsion, see Proposition 4.9). To over-
come this difficulty, we make use of the bigger Brauer group B̃r(R) of a ring R
introduced by Taylor and Raeburn [Tay82, RT85] (with corrections by Caenepeel
and Grandjean [CG98, Cae98], see also [Sch03, HS09]), based on possibly non-
unital central separable R-algebras (instead of only Azumaya algebras), which sat-
isfies B̃r(R) ∼−→ H2

ét(Spec(R),Gm) (see [CG98, Theorem 3.4]). We follow the point
of view of Heinloth and Schröer [HS09] (see §4.2). We refer to Proposition 4.8 for
a counterpart of the first half of Theorem 1.5 in complex algebraic geometry.

The failure of surjectivity of (1.6) in general was already noted by Raeburn and
Taylor in [RT85, p. 462] (in the related setting of Stein compacta). The point is that,
when S is a manifold, the left-hand side of (1.6) is a torsion group (by Theorem 1.7
below), but the right-hand side of (1.6) might contain nontorsion classes. The
comments in [Tay82, bottom of p. 200], where Taylor explains why it is a difficult
task to represent classes in H2(S,O×

S ) by central separable OS-algebras, clarify
why bigger Brauer group arguments fail to show that (1.6) is surjective.
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1.6. The meromorphic function field. If S is a Stein space, the cohomology
group H2

ét(Spec(O(S)),Gm) is not torsion in general (see Proposition 4.9), so the
injection Br(O(S)) → H2

ét(Spec(O(S)),Gm) (see (1.2)) may not be surjective. We
prove its surjectivity if the local rings of S are factorial, e.g. if S is nonsingular.

Theorem 1.6 (Corollary 5.2). The natural morphism

Br(O(S)) → H2
ét(Spec(O(S)),Gm)

is an isomorphism for any finite-dimensional locally factorial Stein space S.

Theorem 1.6 derives at once from the following purely cohomological statement,
in which M(S) denotes the ring of meromorphic functions on a complex space S
(see [GR84, Chap. 6, §3]).

Theorem 1.7 (Theorem 5.1). The natural morphism

H2
ét(Spec(O(S)),Gm) → H2

ét(Spec(M(S)),Gm)

is injective for any finite-dimensional locally factorial Stein space S.

To prove Theorem 1.7, we need a way to detect the vanishing of a cohomology
class in H2

ét(Spec(O(S)),Gm). To do so, we exploit the first half of Theorem 1.5.
In addition to this, we make use of twisted sheaves, whose utilization in the study
of Brauer groups was pioneered by de Jong and Lieblich (see [dJ03, Lie08]).

Theorem 1.7 is a complex-analytic analogue of an algebraic result of Grothen-
dieck stating that for any noetherian ring R whose local rings have factorial strict
henselizations, if K is the total ring of fractions of R, then the natural morphism

(1.7) H2
ét(Spec(R),Gm) → H2

ét(Spec(K),Gm)

is injective (see [Gro68, II, Corollaire 1.10]). Grothendieck’s proof relies on a study
of the étale sheaf of Cartier divisors on Spec(R), and more precisely on its identifi-
cation with the étale sheaf of Weil divisors on Spec(R) (see [Gro68, II, (3) p. 71]).
In the setting of Theorem 1.7, one can define meaningful étale sheaves of Cartier
and Weil divisors on Spec(O(S)). However, the natural morphism from the first
to the second is neither injective nor surjective in general (at exotic geometric
points of Spec(O(S))), even when S is a manifold. This makes it difficult to prove
Theorem 1.7 along these lines.

1.7. Purity. Let R be a regular domain with fraction field K. Since (1.7) is
injective, so is the natural morphism Br(R) → Br(K) (this result goes back to
[AG60, Theorem 7.2]). In addition, Auslander and Goldman asked in [AG60, p. 389]
whether one could recover Br(R) inside Br(K) as

(1.8) Br(R) =
⋂
p

Br(Rp),

where p runs over all height 1 prime ideals of R. This statement, also known as
Grothendieck’s purity conjecture (see [Gro68, III, §6]), was proved in full generality
by Česnavičius [Čes19, Theorem 1.2] (many particular cases listed in [Čes19, p. 1462]
were known before, e.g. the case of excellent Q-algebras [Gro68, III, Théorème 6.1]).
When R is a Q-algebra, one can rewrite (1.8) as an exact sequence

(1.9) 0 → Br(R) → Br(K) resx−−→
⊕

x

H1
ét(Spec(κ(x)),Q/Z)
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(see [Čes19, (6.4.4)]), where x runs over all codimension one points of Spec(R) with
residue field κ(x) and resx : Br(K) → H1

ét(Spec(κ(x)),Q/Z) is the residue map (for
which see e.g. [CTS21, Definition 1.4.11 (ii)]).

We establish a purity theorem in Stein geometry, in the spirit of (1.9).

Theorem 1.8 (Theorem 5.5). Let S be a finite-dimensional Stein manifold. There
is an exact sequence

(1.10) 0 → Br(O(S)) → Br(M(S)) resD−−−→
∏
D

H1
ét(Spec(M(D)),Q/Z),

where D runs over all irreducible analytic subsets of codimension 1 of S.

The injectivity of Br(O(S)) → Br(M(S)) follows from Theorem 1.7. Our
proof of the exactness of (1.10) at Br(M(S)) relies on the topological computation
of Br(O(S)) provided by Theorem 1.3 and on an effacement lemma for degree 1
singular cohomology classes of étale O(S)-algebras proved in [Ben24a, Lemma 6.4].

1.8. The index. Let R be a ring. The period per(α) of α ∈ Br(R) is its order in
the torsion group Br(R). A more delicate invariant of α is its index ind(α) (the
gcd of the degrees of Azumaya algebras representing α). In the last section of this
article, we study the integer ind(α) in the case of Stein algebras.

We first show that, in this situation, the index can be computed topologically
(the index of a topological Brauer class being defined as the gcd of the degrees of
topological Azumaya algebras representing it).

Theorem 1.9 (Theorem 6.1). Let S be a finite-dimensional Stein space. For
any α ∈ Br(O(S)) with image αtop in Brtop(S), one has ind(α) = ind(αtop).

If V is a connected smooth projective variety over C and α ∈ Br(V ) has im-
age αC(V ) in Br(C(V )), then ind(α) = ind(αC(V )) (the argument in [AW14b, Propo-
sition 6.1] is attributed to Saltman). We prove a Stein analogue of this result.

Theorem 1.10 (Theorem 6.7). Let S be a connected Stein manifold. Fix a class
α ∈ Br(O(S)) and let αM(S) be its image in Br(M(S)). Then ind(α) = ind(αM(S)).

Extending the argument in [AW14b] to the Stein context is complicated by the
fact that coherent sheaves on S do not necessarily admit global finite resolutions
by vector bundles (only in restriction to compact subsets of S). To overcome this
difficulty, we exploit the fact that the index can be computed topologically (Theo-
rem 1.10) and the twisted K-theory cohomology theory of [DK70, AS04] (see §6.2).

Let V be a connected smooth projective variety of dimension d over C. The
period-index conjecture (see [CT06, p. 389]) asks whether ind(α) | per(α)d−1 for
all α ∈ Br(C(V )). It holds when d = 1 because Br(C(V )) = 0 by Tsen’s the-
orem (see [Ser94, II.3.1, Proposition 6]), when d = 2 by de Jong’s period-index
theorem [dJ04], and it is open when d ≥ 3. This problem provides incentives to
construct Brauer classes whose period and index differ. Many strategies have been
developed to do so, using ramification, degeneration, index reduction or Hodge
theory arguments (see [CT02] and its appendix, as well as [Kre03, Hot22, dJP22]).

Let S be an irreducible and reduced Stein space of dimension d, one can still
ask whether ind(α) | per(α)d−1 for all α ∈ Br(M(S)). This holds for d = 1
because Br(M(S)) = 0 by a result of M. Artin [Gur88, Proposition 3.7], for d = 2 by
the period-index theorem of [Ben25, Theorem 1.4], and it is open for d ≥ 3. Again,
this motivates the search for Brauer classes whose period and index differ. As in
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the algebraic case, one can use ramification to produce such examples. However,
classes in the image of Br(O(S)) → Br(M(S)) are not susceptible to these valuative
methods (discrete valuations on M(S) are centered on O(S) by [Iss66, Theorem I])
and we have been unable to apply to them the other methods listed above. Our
last result shows that, in spite of this, the period and the index of a class in the
image of Br(O(S)) → Br(M(S)) may not coincide.

Theorem 1.11 (Theorem 6.8). There exist a connected Stein manifold S and a
class α ∈ Im[Br(O(S)) → Br(M(S))] such that ind(α) ̸= per(α).

The obstruction to the equality of period and index used in the proof of Theo-
rem 1.11 is of a topological nature: we exploit the topological period-index problem
put forward and studied by Antieau and Williams (see [AW14a, AW14b]). In ad-
dition, our argument relies on Theorems 1.9 and 1.10.

2. Preliminaries

2.1. Brauer groups. Let (X,OX) be a locally ringed site (in our applications,
it will be the étale site of a scheme, or a complex space S endowed with its
sheaf OS of holomorphic functions, or a topological space T endowed with its
sheaf CT of complex-valued continuous functions). An Azumaya algebra of de-
gree n on (X,OX) is an OX -algebra that is locally isomorphic to Mn(OX). Two
Azumaya A and B on (X,OX) are Morita-equivalent if there exists an algebra iso-
morphism A ⊗ End(E) ∼−→ B ⊗ End(F) for some locally free OX -modules of finite
rank E and F . The Brauer group Br(X,OX) of (X,OX) is the group of Morita-
equivalence classes of Azumaya algebras on (X,OX), endowed with the group law
induced by tensor product (see [Gro68, I, §2] or [Gir71, Chap. V, §4]).

Isomorphism classes of degree n Azumaya algebras on (X,OX) are naturally in
bijection with isomorphism classes of PGLn(OX)-torsors, and hence are classified
by H1(X,PGLn(OX)) (see [Gro68, I, Remarque 5.12] or [Gir71, Chap. V, Remar-
que 4.5]). The boundary maps H1(X,PGLn(OX)) → H2(X,O×

X) of the short exact
sequences 0 → O×

X → GLn(OX) → PGLn(OX) → 0 induce an injective morphism

(2.1) Br(X,OX) → H2(X,O×
X)tors

(see [Gro68, I, §2] or [Gir71, Chap. V, §4.4, §4.6]).
If R is a ring, set Br(R) := Br(Spec(R)ét,OSpec(R)). If S is a complex space,

set Bran(S) := Br(S,OS). If T is a topological space, set Brtop(T ) := Br(T, CT ).

2.2. The analytification functor. Here are a few recollections on analytification
in Stein geometry, for use in the proofs of Theorems 3.5, 4.5, 5.1, 5.5 and 6.7.

Let S be a Stein space. To an O(S)-scheme of finite presentation X, Bingener
associates its analytification: a complex space Xan → S over S equipped with a
morphism of locally ringed spaces iX : Xan → X, characterized by the property that

HomS(S′, Xan) iX ◦ −−−−−→ HomO(S)−locally ringed spaces(S′, X)

is bijective for all complex spaces S′ over S ([Bin76, Satz 1.1], see also [Ben25, §4.1]
or [Ben24a, §2.2]). Concretely, if X = Spec(O(S)[x1, . . . , xn]/⟨f1, . . . , fm⟩) is affine,
then Xan is constructed as the zero locus of f1, . . . , fm ∈ O(S × Cn) in S × Cn.
In general, the existence of the analytification is deduced from the affine case by
choosing affine charts and gluing. This construction is functorial [Bin76, p. 2],
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compatible with fiber products [Bin76, p. 3], and turns étale morphisms into local
biholomorphisms [Bin76, Satz 3.1].

Let X be an O(S)-scheme of finite presentation and let F be a quasi-coherent
sheaf of finite presentation. Bingener defines the analytification of F to be the coher-
ent sheaf Fan := i∗XF on Xan, and shows that the analytification functor F 7→ Fan

is exact (see [Bin76, p. 3]).
Define a coherent sheaf G on S to be globally of finite presentation if it admits a

presentation of the form O⊕n2
S → O⊕n1

S → G → 0 for some integers n1 and n2. In
[Ben24a, Proposition 2.5], a monoidal adjoint equivalence of categories

(2.2)
ß

finitely presented quasi-coherent
sheaves on Spec(O(S))

™
⇄
ß

globally finitely presented
coherent sheaves on S

™
with left-to-right functor F 7→ Fan and right-to-left functor G 7→ fiG(S) was con-
structed. To be precise, the statement of [Ben24a, Proposition 2.5] uses O(S)-mod-
ules instead of quasi-coherent sheaves on Spec(O(S)), but these two categories
are equivalent in a way respecting the tensor product (see [SP, Lemmas 01IB
and 01I8 (1)]). In addition, it is not stated in loc. cit. that the left-to-right functor
is Bingener’s analytification functor, but this follows at once from the definitions.

Let X be an O(S)-scheme of finite presentation. Analytifying étale X-schemes
induces a morphism of sites εX : (Xan)cl → Xét from the site of local isomorphisms
of Xan (which is equivalent to the usual site of Xan, see [SGA4III, XI, §4.0]) to
the small étale site of X. If L is an étale sheaf on X, we set Lan := ε∗

XL and
we view it as a sheaf on Xan. Pulling back by εX gives rise to comparison mor-
phisms Hk

ét(X,L) → Hk(Xan,Lan) for k ≥ 0 (see [Ben24a, §2.2]).

3. The Brauer group of a Stein algebra

3.1. Stein algebras and Stein spaces.

Proposition 3.1. If S is a Stein space, the natural morphism Bran(S) → Brtop(S)
is an isomorphism.

Proof. Isomorphism classes of holomorphic and topological vector bundles of rank r
on S are in bijection with H1(S,GLr(OS)) and H1(S,GLr(CS)) respectively. In
addition, isomorphism classes of holomorphic and topological Azumaya algebras of
degree n on S are in bijection with H1(S,PGLn(OS)) and H1(S,PGLn(CS)) re-
spectively (see §2.1). The natural morphisms H1(S,GLr(OS)) → H1(S,GLr(CS))
and H1(S,PGLn(OS)) → H1(S,PGLn(CS)) are bijective by Grauert’s Oka prin-
ciple (see [Gra58, Satz 2 p. 267]), hence induce a bijection between isomorphism
classes of holomorphic and topological Azumaya algebras on S that respects Morita
equivalence. This proves the proposition. □

Proposition 3.2. If S is a finite-dimensional Stein space, the natural morphism
Br(O(S)) → Bran(S) is an isomorphism.

Proof. For r ≥ 0, the monoidal equivalences (2.2) restrict to equivalences between
the categories of locally free sheaves of rank r on Spec(O(S)) and locally free
sheaves of OS-modules of rank r (see [Ben24a, Remark 2.6]). It follows that (2.2)
respects Morita equivalence. In addition, the characterization of Azumaya alge-
bras A on Spec(O(S)) (resp. of holomorphic Azumaya algebras on (S,OS)) as those
locally free algebras such that the algebra morphism A ⊗ Aop → End(A) given by

https://stacks.math.columbia.edu/tag/01IB
https://stacks.math.columbia.edu/tag/01I8
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left and right multiplication is an isomorphism (see [Gro68, I, Théorème 5.1 (ii)
et Remarque 5.12]) shows that the two arrows of (2.2) send Azumaya algebras to
Azumaya algebras. We deduce that Br(O(S)) → Bran(S) is an isomorphism. □

3.2. The topological Brauer group of a finite-dimensional CW complex.
Let T be a topological space. Consider the composition

(3.1) Brtop(T ) → H2(T, C×
T )tors → H3(T,Z)tors

of (2.1) and of the boundary map of the short exact sequence

0 → Z 2πi−−→ CT
exp−−→ C×

T → 0.

It follows from [Gro68, I, pp. 48-50] or [Gir71, Chap. V, §4.6] that the composi-
tion (3.1) is also induced by the compositions

(3.2) H1(T,PGLn(CT )) → H2(T,Z/n) → H3(T,Z)[n]

of the boundary maps associated with the short exact sequences

0 → Z/n
17→exp( 2πi

n )Idn−−−−−−−−−−→ SLn(CT ) → PGLn(CT ) → 0 and 0 → Z n−→ Z → Z/n → 0.

Serre proved that the composition (3.1) is an isomorphism if T is a finite CW
complex (see [Gro68, I, Corollaire 1.7]). We relax this finiteness hypothesis.

Theorem 3.3. Let T be a finite-dimensional CW complex. Then the canonical
morphisms Brtop(T ) → H2(T, C×

T )tors → H3(T,Z)tors are isomorphisms.

Proof. As T is paracompact (see [Miy52]), the sheaf CT is fine. It follows that
H2(T, CT ) = H3(T, CT ) = 0, so H2(T, C×

T ) → H3(T,Z) is an isomorphism. The
morphism Brtop(T ) → H2(T, C×

T )tors is injective (see [Gro68, I, Proposition 1.4 3o]).
To prove the surjectivity of Brtop(T ) → H3(T,Z)tors, fix α ∈ H3(T,Z)[n].

Write α = ∂(β), where ∂ is the boundary map associated to the long exact se-
quence of cohomology of 0 → Z n−→ Z → Z/n → 0. Choose an Eilenberg–MacLane
CW complex K(Z/n, 2) with finitely many cells in each dimension (see [Tho54,
§II.6 p. 36]). Let d be the dimension of S and let i : K(Z/n, 2)≤d ↪→ K(Z/n, 2)
be the inclusion of the d-skeleton of K(Z/n, 2). Let β0 ∈ H2(K(Z/n, 2),Z/n) be
the tautological class. By cellular approximation [Hat02, Theorem 4.8], one can
find a continuous map f : T → K(Z/n, 2)≤d with f∗i∗β0 = β. By Serre’s theorem
(see [Gro68, I, Corollaire 1.7]), the class i∗∂(β0) ∈ H3(K(Z/n, 2)≤d,Z)tors comes
from Brtop(K(Z/n, 2)≤d). It follows that α = f∗i∗∂(β0) comes from Brtop(T ). □

Remark 3.4. Our proof of Theorem 3.3 reduces the case of finite-dimensional CW
complexes to the case of finite CW complexes dealt with by Serre. However, the
argument of Serre appearing in [Gro68, I, Corollaire 1.7] does not apply directly to
infinite finite-dimensional CW complexes, for the following reason.

Set PGL∞(C) := colimn≥1PGLn(C), where transition maps are given by ten-
sorization by unit matrices. A continuous map T → BPGL∞(C) lifts to BPGLn(C)
for some n if T is a finite CW complex (Serre uses this), but not necessarily so if T is
only finite-dimensional. A counterexample is given by taking T to be the 3-skeleton
of BPGL∞(C). Indeed, as the canonical class in H2(BPGL∞(C),Q/Z) is not tor-
sion (because its restriction to H2(BPGLn(C),Q/Z) has order exactly n), its re-
striction to H2(T,Q/Z) is not torsion, and hence the natural map T → BPGL∞(C)
cannot lift to a map T → BPGLn(C) for any n.
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Theorem 3.5. Let S be a finite-dimensional Stein space. The natural morphisms
Br(O(S)) → Bran(S) → Brtop(S) → H3(S,Z)tors

are isomorphisms.

Proof. As S has the homotopy type of a finite-dimensional CW complex (see
[Ham86, Korollar]), this follows from Propositions 3.1 and 3.2 and Theorem 3.3. □

3.3. The case of infinite-dimensional Stein spaces. If the Stein space S is
not assumed to be finite-dimensional, then Br(O(S)) → Brtop(S) (equivalently
Br(O(S)) → Bran(S) by Proposition 3.1) is neither injective nor surjective in gen-
eral. In this paragraph, we provide such examples for the sake of completeness.

The following theorem is due to Eliashberg [Eli90] and Gompf [Gom98].

Theorem 3.6. Let T be a countable CW complex of dimension n. There exists a
Stein manifold S of dimension n with the same homotopy type as T .

Proof. When n = 1, one can take S to be a disjoint union of copies of C, minus
a discrete subset. Assume that n ≥ 2. By [Whi49, Theorem 13], we may assume
that T is a locally finite countable simplicial complex of dimension n. The proof
of [Spa66, Chap. 3, §2, Theorem 9] (applied in R2n instead of R2n+1) shows that
one can immerse T linearly in R2n. An appropriate tubular neighborhood S of T in
this immersion is a parallelizable manifold of dimension 2n with the homotopy type
of T , that is the interior of a handlebody (in the sense of [Gom09, §2]) all of whose
handles have index ≤ n. Applying [Eli90, Theorem 1.3.1] when n ≥ 3 and [Gom98,
Theorem 3.1] when n = 2 (see also [Gom09, Corollary 2.2 and Theorem 2.4]) shows
that S is homeomorphic to a Stein manifold of dimension n. □

Lemma 3.7. There exist a countable CW complex T with H2(T,Z) = 0 and a
rank 2 complex vector bundle E on T such that the complex vector bundle End(E)
is trivial, and such that c2(E) ∈ H4(T,Z) is not nilpotent in the ring H∗(T,Z).

Proof. Choose T to be a homotopy fiber of the adjoint map BSL2(C) → BGL3(C).
Let F be the universal vector bundle on BSL2(C) and let E be its pull-back to T .
With integral coefficients, the Leray spectral sequence for the fibration sequence
GL3(C) → T → BSL2(C) shows that H2(T,Z) = 0. With coefficients Z/2, it reads
(3.3) Ep,q

2 = Hp(BSL2(C),Z/2) ⊗Hq(GL3(C),Z/2) ⇒ Hp+q(T,Z/2).
Generators of the exterior algebra H∗(GL3(C),Z/2) transgress to some Chern poly-
nomials of End(F) modulo 2 (see [Bor53, §19]), which vanish. It follows that (3.3)
degenerates. The pull-back map Z/2[c2(F)] = H∗(BSL2(C),Z/2) → H∗(T,Z/2) is
therefore injective. This concludes the proof of the lemma. □

Proposition 3.8. There exists a Stein space S such that the natural morphism
Br(O(S)) → Bran(S) is not injective.

Proof. Let T and E be as in Lemma 3.7. Use Theorem 3.6 to find a Stein space Si of
the homotopy type of the ith skeleton of T . Let S be the disjoint union of the (Si)i≥3
(so H2(S,Z) = 0). Let ES be the vector bundle on S induced by E (endowed with a
structure of holomorphic vector bundle by the Oka principle [Gra58, Satz II]). The
vector bundle End(ES) is topologically trivial, hence holomorphically trivial by the
Oka principle [Gra58, Satz I]. Using (2.2), one can find an algebra structure A on
a trivial vector bundle on Spec(O(S)) such that Aan ≃ End(ES) as algebras.
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As Aan is Azumaya, the criterion [Gro68, I, Théorème 5.1 (ii) et Remarque
5.12] and (2.2) show that A is Azumaya. Its class [A] ∈ Br(O(S)) vanishes in
Bran(S) because Aan ≃ End(ES). Suppose that [A] ∈ Br(O(S)) vanishes. The
exact sequence

H1
ét(Spec(O(S)),GL2) → H1

ét(Spec(O(S)),PGL2) → H2
ét(Spec(O(S)),Gm)

of [Gir71, Chap. IV, Remarque 4.2.10] yields a vector bundle F on Spec(O(S))
with A ≃ End(F), so End(ES) ≃ End(Fan) as algebras. The exact sequence

H1(S,O×
S ) → H1(S,GL2(OS)) → H1(S,PGL2(OS))

provides us with a holomorphic line bundle L on S with ES ≃ Fan ⊗ L (use [Gir71,
Chap. III, Proposition 3.4.5 (iv)]). As H2(S,Z) = 0, the Oka principle [Gra58,
Satz I] shows that L is trivial, so ES ≃ Fan. As F is generated by finitely many
sections, so is Fan, and hence so is ES . This gives rise to a short exact sequence
of vector bundles on S of the form 0 → G → O⊕N

S → ES → 0. Taking Chern
classes shows that (1 + c2(ES))−1 = c(G). This contradicts the fact that c2(ES) is
not nilpotent. □

Lemma 3.9. There exists a countable CW complex T and a topological Azumaya
algebra A of degree 2 on T whose class in H3(T,Z)tors (see (3.1)) is not nilpotent
in the cohomology ring of T .
Proof. Choose T of the homotopy type of BPGL2(C) and let A be the tautological
topological Azumaya algebra of degree 2 on T . As PGL2(C) has the homotopy type
of its maximal compact subgroup SO3(R), one computes that
(3.4) H∗(T,Z/2) = H∗(BPGL2(C),Z/2) = H∗(BSO3(R),Z/2) = Z/2[w2, w3],
where the wi are the Stiefel–Whitney classes. The class of the Azumaya algebra A
in H2(T,Z/2) (see (3.2)) is nonzero, hence equal to w2. The reduction modulo 2
of its class in H3(T,Z)tors is therefore equal to Sq1w2 = w3 (by the Wu formula
[MS74, Problem 8-A]) which is not nilpotent by (3.4). □

Proposition 3.10. There exists a Stein space S such that the natural morphism
Br(O(S)) → Bran(S) is not surjective.
Proof. Let T and A be as in Lemma 3.9. Fix a Stein space Si with the homotopy
type of the ith skeleton of T (see Theorem 3.6). Let S be the disjoint union of
the (Si)i≥0. Let AS be the topological Azumaya algebra on S induced by A. Use
the Oka principle [Gra58, Satz II] to view AS as a holomorphic Azumaya algebra.

Assume for contradiction that there exists an Azumaya B on Spec(O(S)) such
that [AS ] = [Ban] in Bran(S) = Brtop(S) (see Proposition 3.1). Using the charac-
terization [Gro68, I, Théorème 5.1(ii)] of Azumaya algebras, a limit argument based
on [SP, Lemmas 01ZR and 0B8W (1)] shows the existence of a finitely generated
sub-C-algebra R ⊂ O(S) with induced morphism π : Spec(O(S)) → V := Spec(R)
and of an Azumaya algebra C on V such that B ≃ π∗C.

Let V an and Can be the analytifications of V and C in the sense of [Ser56] or
[SGA1, Exp. XII]. Let f : S → V an be the holomorphic map stemming from the
universal property of V an (see [SGA1, Exp. XII, Théorème 1.1]). Then f∗Can ≃ Ban.
Let γ ∈ H3(V an,Z)tors be the class associated to Can (see (3.1)). This class is
nilpotent because V an has the homotopy type of a finite CW complex (see [Hir75,
Theorem p. 170, Remark 1.10]). It follows that so is the class f∗γ ∈ H3(S,Z)tors
associated to f∗Can ≃ Ban. As [AS ] = [Ban], this contradicts our choice of AS . □

https://stacks.math.columbia.edu/tag/01ZR
https://stacks.math.columbia.edu/tag/0B8W
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4. Comparison theorems in degree 2

4.1. Finite coefficients. We start with a well-known lemma.

Lemma 4.1. Let S be a finite-dimensional Stein space. The natural morphisms
(4.1) H1

ét(Spec(O(S)),Gm) → H1(S,O×
S ) → H1(S, C×

S )
are isomorphisms.

Proof. As S is finite-dimensional, the analytification functor (see §2.2) induces a bi-
jection between the sets of isomorphism classes of invertible sheaves on Spec(O(S))
and S respectively (see [Ben24a, Proposition 2.5 and Remark 2.6]). This shows
that the first arrow of (4.1) is an isomorphism.

SinceH1(S,OS) = H2(S,OS) = 0 (as S is Stein) andH1(S, CS) = H2(S, CS) = 0
(as CS is a fine sheaf), the exponential exact sequences 0 → Z 2πi−−→ OS

exp−−→ O×
S → 0

(see [GR79, Lemma p. 142]) and 0 → Z 2πi−−→ CS
exp−−→ C×

S → 0 show that both
groups H1(S,O×

S ) and H1(S, C×
S ) are naturally isomorphic to H2(S,Z). We deduce

that the second arrow of (4.1) is an isomorphism. □

Theorem 4.2. Let S be a finite-dimensional Stein space. The natural morphisms
H2

ét(Spec(O(S)),Z/n) → H2(S,Z/n)
are isomorphisms for all n ≥ 1.

Proof. Consider the Kummer short exact sequence

(4.2) 0 → Z/n
17→exp( 2πi

n )
−−−−−−−−→ Gm

n−→ Gm → 0
of étale sheaves on X := Spec(O(S)) and the analogous short exact sequence

(4.3) 0 → Z/n
17→exp( 2πi

n )
−−−−−−−−→ C×

S
n−→ C×

S → 0
on S. The cohomology long exact sequences of (4.2) and (4.3) induce a commutative
diagram with exact rows

(4.4)
0 // H1

ét(X,Gm)/n //

��

H2
ét(X,Z/n) //

��

H2
ét(X,Gm)[n]

��

// 0

0 // H1(S, C×
S )/n // H2(S,Z/n) // H2(S, C×

S )[n] // 0.

In view of Lemma 4.1, the left vertical arrow of (4.4) is an isomorphism.
The morphism (2.1) identifies the top right group of (4.4) with Br(O(S))[n] by

Gabber’s theorem [Gro68, I, Corollaire 1.7], and the bottom right group of (4.4)
with Brtop(S)[n] thanks to Theorem 3.3. As these identifications are compatible,
the right vertical arrow of (4.4) is an isomorphism.

The theorem now follows from the five lemma applied to (4.4). □

4.2. Central separable algebras. In this paragraph, we gather generalities on
central separable algebras that are used in the proof of Theorem 4.5.

Let X be a scheme. Let M and N be quasi-coherent OX -modules and fix a
surjective morphism λ : M ⊗OX

N → OX of OX -modules. The elementary alge-
bra M⊗λ

OX
N is the (possibly non-unital) quasi-coherent associative algebra whose

underlying sheaf is M ⊗OX
N , endowed with the product

(4.5) (m⊗ n) ⋆ (m′ ⊗ n′) = λ(m′ ⊗ n) · (m⊗ n′).
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Following Heinloth and Schröer [HS09, Definition 2.1], we say that a (possi-
bly non-unital) quasi-coherent associative OX -algebra A is central separable if it is
étale-locally isomorphic to an elementary algebra (in loc. cit., this condition is only
required smooth-locally, but see [SP, Lemma 055U]). Let p : U → X be an étale
morphism. A splitting of A over U is the data of quasi-coherent OU -modules M
and N , of a surjective morphism λ : M ⊗OU

N → OU , and of an algebra isomor-
phism φ : M ⊗λ

OU
N ∼−→ p∗A.

As is explained in [HS09, p. 1191], associating to p : U → X the category of
splittings (M,N , λ, φ) of p∗A over U (and isomorphisms of splittings) gives rise to
a stack XA on the small étale site of X. By results of Raeburn and Taylor [RT85,
Lemmas 2.3 and 2.4] (and since splittings exist étale-locally by our assumption),
the stack XA is a Gm-gerbe. We denote by [A] ∈ H2

ét(X,Gm) the class of XA.
The following theorem originates from [RT85, Corollary 4.1] (with a mistake

pointed out and corrected in [CG98, Theorem 3.4]). In the form below, it follows
from the work of Heinloth and Schröer [HS09].

Theorem 4.3. Let X be a quasi-compact and quasi-separated scheme. Fix a coho-
mology class α ∈ H2

ét(X,Gm). There exists a central separable algebra A of finite
presentation over X with [A] = α, a surjective étale morphism p : U → X, and a
splitting (M,N , λ, φ) of p∗A over U with M and N of finite presentation.

Proof. By a limit argument (based on [SP, Proposition 01ZA] and [SP, Theo-
rem 09YQ] applied with Fi = Gm), we may assume that X is noetherian. It then
follows from [HS09, Theorem 3.1 and its proof] that there exists a central separable
algebra A on X with [A] = α. By [HS09, Theorem 2.5], the OX -algebra A may be
chosen coherent. In addition, in view of the proof of [HS09, Theorem 2.5 (iii)⇒(ii)],
we may assume that, for some surjective étale morphism p : U → X, there exists a
splitting (M,N , λ, φ) of p∗A over U with M and N coherent. □

We will use analogues of the above constructions in complex-analytic geometry.
Let S be a complex space. Given coherent sheaves M and N on S and a surjective
morphism λ : M ⊗OS

N → OS , the elementary algebra associated to (M,N , λ) is
the coherent OS-algebra whose underlying sheaf is M ⊗OS

N , endowed with the
product (4.5). A coherent OS-algebra A is central separable if it is locally isomorphic
to an elementary algebra. A splitting of A over an open subset V ⊂ S is the data
of coherent sheaves M and N on V , of a surjective morphism λ : M ⊗OV

N → OV

and of an algebra isomorphism φ : M ⊗λ
OV

N ∼−→ A|V .

Lemma 4.4. Let S be a complex space. Let A be a central separable OS-algebra.
The stack XA over S associating to each open subset V ⊂ S the category of split-
tings (M,N , λ, φ) of A|V (and isomorphisms of splittings) is an O×

S -gerbe.

Proof. Splittings of A exist locally by assumption. Two splittings of A on V ⊂ S
are isomorphic at the level of stalks by [RT85, Lemma 2.3], hence are locally iso-
morphic by coherence (use [GR84, Annex, §2.4]). In addition, an automorphism
of a splitting (M,N , λ, φ) of A on V ⊂ S is given by multiplication by a (unique)
invertible function on M and by its inverse on N (this holds at the level of stalks
by [RT85, Lemma 2.4] and globalizes by coherence). □

If A is a central separable algebra on a complex space S, we let [A] ∈ H2(S,O×
S )

denote the class of the O×
S -gerbe XA defined in Lemma 4.4.

https://stacks.math.columbia.edu/tag/055U
https://stacks.math.columbia.edu/tag/01ZA
https://stacks.math.columbia.edu/tag/09YQ
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4.3. Invertible coefficients.

Theorem 4.5. Let S be a finite-dimensional Stein space. The natural morphism

(4.6) H2
ét(Spec(O(S)),Gm) → H2(S,O×

S )

is injective.

Proof. Fix α ∈ H2
ét(Spec(O(S)),Gm) in the kernel of (4.6). Applying Theo-

rem 4.3 yields a central separable algebra A of finite presentation on Spec(O(S))
with [A] = α, a surjective étale morphism p : U → X, and a splitting (M,N , λ, φ)
of p∗A over U with M and N quasi-coherent of finite presentation. Fix presenta-
tions O⊕m2

U → O⊕m1
U → M → 0 and O⊕n2

U → O⊕n1
U → N → 0 of M and N .

We now analytify all these objects (in the sense of §2.2). The analytifica-
tion Aan of A is a coherent OS-algebra, which is globally of finite presentation
as an OS-module. As pan : Uan → S is a surjective local biholomorphism, the
data (Man,N an, λan, φan) shows that Aan admits local splittings, hence is a central
separable OS-algebra. The above presentations of M and N induce presentations
O⊕m2

Uan → O⊕m1
Uan → Man → 0 and O⊕n2

Uan → O⊕n1
Uan → N an → 0 of Man and N an.

The class [Aan] ∈ H2(S,O×
S ) of Aan is the image of [A] = α by (4.6), and

hence vanishes. It follows that Aan is split over S. Therefore, there exist coherent
sheaves MS and NS on S, as well as a surjective morphism λS : MS ⊗OS

NS → OS

and an algebra isomorphism φS : MS ⊗λS

OS
NS

∼−→ Aan.
By Lemma 4.4, the sheaves p∗MS and Man are locally isomorphic on Uan. It

follows that, for all x ∈ S, there exists a resolution O⊕m2
S,x → O⊕m1

S,x → (MS)x → 0.
By Lemma 4.6 below, there exists a resolution O⊕m′

2
S → O⊕m′

1
S → MS → 0 for some

integers m′
1 and m′

2. The exact same argument shows the existence of integers n′
1

and n′
2 and of a resolution O⊕n′

2
S → O⊕n′

1
S → NS → 0.

Applying [Ben24a, Proposition 2.5] (see (2.2)) shows the existence of quasi-
coherent sheaves of finite presentation P and Q on Spec(O(S)) endowed with iso-
morphisms Pan ∼−→ MS and Qan ∼−→ NS , of a surjective morphism of sheaves
µ : P ⊗OSpec(O(S)) Q → OSpec(O(S)) such that µan = λ, and of an algebra isomor-
phism ψ : P ⊗µ

OSpec(O(S))
Q ∼−→ A with ψan = φ. The central separable algebra A

is therefore split, and α = [A] = 0 in H2
ét(Spec(O(S)),Gm). □

Lemma 4.6. Let S be a finite-dimensional Stein space. Let G be a coherent sheaf
on S. Assume that there exist integers n1 and n2 and resolutions

(4.7) O⊕n2
S,x → O⊕n1

S,x → Gx → 0

for all x ∈ S. Then there exist integers n′
1 and n′

2 and a resolution

(4.8) O⊕n′
2

S → O⊕n′
1

S → G → 0.

Proof. In view of (4.7), all the stalks of G are generated by n1 germs of sections.
As G is moreover globally generated because S is Stein, it follows from [Kri69,
Theorem 1] that there exist an integer n′

1 and a surjective morphism O⊕n′
1

S → G.
Let K be the kernel of this morphism, so one has a short exact sequence

(4.9) 0 → K → O⊕n′
1

S → G → 0.
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Fix x ∈ S. Let mx ⊂ OS,x be the maximal ideal of OS,x. Tensoring (4.9) with
the OS,x-module OS,x/mx gives rise to an exact sequence

(4.10) TorOS,x

1 (Gx,OS,x/mx) → Kx/mxKx → (OS,x/mx)⊕n′
1 .

The exact sequence (4.7) shows that TorOS,x

1 (Gx,OS,x/mx) is an OS,x/mx-vector
space of dimension ≤ n2. In view of (4.10), the OS,x/mx-vector space Kx/mxKx

has dimension ≤ n′
1 + n2. By Nakayama’s lemma, we deduce that Kx is generated

by n′
1 + n2 germs of sections. As K is moreover globally generated because S is

Stein, another application of [Kri69, Theorem 1] provides us with an integer n′
2 and

a surjective morphism O⊕n′
2

S → K. This produces the desired resolution (4.8). □

Corollary 4.7. Let S be a Stein space of dimension ≤ 2. Then

H2
ét(Spec(O(S)),Gm) = 0.

Proof. The exponential exact sequence 0 → Z 2πi−−→ OS
exp−−→ O×

S → 0 and the van-
ishing of H2(S,OS) and H3(S,OS) (as S is Stein) show that H2(S,O×

S ) is iso-
morphic to H3(S,Z), which is zero because S has the homotopy type of a CW
complex of dimension 2 (see [Ham86, Korollar]). We deduce from Theorem 4.5
that H2

ét(Spec(O(S)),Gm) vanishes. □

A similar albeit simpler argument yields the following algebraic analogue of The-
orem 4.5. It can be viewed as a variant of [Sch05, Propositions 1.3 and 1.4] taking
nontorsion classes of H2

ét(V,Gm) into account. In its statement, analytifications are
meant in the sense of [Ser56] (see also [SGA1, Exp. XII, §1] when V is possibly not
reduced or not projective).

Proposition 4.8. If V is a proper algebraic variety over C, the natural morphism

(4.11) H2
ét(V,Gm) → H2(V an,O×

V an)

is injective

Proof. Fix α in the kernel of (4.11). Let A be as in Theorem 4.3. As [Aan] = 0, there
exist coherent sheaves M and N on V an, a surjective morphism of coherent sheaves
λ : M ⊗OV an N → OV an and an algebra isomorphism φ : M ⊗λ

OV an N ∼−→ Aan. By
Serre’s GAGA theorem (see [Ser56, §12] or [SGA1, Exp. XII, Théorème 4.4]), one
can algebraize (M,N , λ, φ). It follows that A is split, hence that α = 0. □

4.4. A nontorsion class in the cohomological Brauer group. The next propo-
sition shows that the use of Azumaya algebras (instead of more general central
separable algebras) would have been insufficient to prove Theorem 4.5.

Proposition 4.9. There exists a connected normal Stein space S of dimension 3
such that H2

ét(Spec(O(S)),Gm) is not a torsion group.

Proof. Let V ⊂ P4
C be a cubic threefold with a single node. The variety V is locally

factorial (see e.g. [CDG04, Theorem]), but its henselization at the singular point
has class group isomorphic to Z. It therefore follows from [Gro68, II, Proposition 1.7
and (7bis) p. 75] that H2

ét(V,Gm) contains a subgroup isomorphic to Z.
Fix a nontorsion α ∈ H2

ét(V,Gm). The image αan ∈ H2(V an,O×
V an) of α by (4.11)

is nontorsion by Proposition 4.8 (here, the analytification is meant in the sense
of [Ser56] or [SGA1, Exp. XII]). Since H2(V an,OV an) = H2(V,OV ) = 0 (by GAGA,
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see [Ser56, §12, Théorème 1]), the image β ∈ H3(V an,Z) of αan by the boundary
map of the exponential exact sequence is nontorsion.

Let D ⊂ V be a smooth hyperplane section, and set U := V \D. The complex
space S := Uan is connected normal of dimension 3 (because so is U) and Stein
because U is affine. The long exact sequence of cohomology with support

H3
Dan(V an,Z) → H3(V an,Z) → H3(S,Z)

and the Thom isomorphism H3
Dan(V an,Z) ≃ H1(Dan,Z) = 0 show that β|S is

nontorsion. A fortiori, the class αan|S ∈ H2(S,O×
S ) is nontorsion.

Consider the morphism f : Spec(O(S)) → U induced by the analytification mor-
phism O(U) → O(Uan) = O(S) and the class f∗(α|U ) ∈ H2

ét(Spec(O(S)),Gm). As
the image of f∗(α|U ) by the natural morphism H2

ét(Spec(O(S)),Gm) → H2(S,O×
S )

coincides with the nontorsion class αan|S , the class f∗(α|U ) itself is nontorsion.
This proves the proposition. □

Remarks 4.10. (i) The example of Proposition 4.9 is optimal in several respects.
Let S be a Stein space. First, if S is finite-dimensional and locally factorial (e.g. a
manifold), then H2

ét(Spec(O(S)),Gm) is torsion by Theorem 5.1 below. Second, if S
has dimension ≤ 2, then the group H2

ét(Spec(O(S)),Gm) vanishes by Corollary 4.7.
(ii) In contrast to (i), there exists a connected normal algebraic surface V over C

for which H2
ét(V,Gm) is not a torsion group (see [Gro68, II, Remarque 1.11 b)]; we

note that the example provided there is erroneously claimed to be locally factorial).

5. Holomorphic functions versus meromorphic functions

5.1. Twisted sheaves. We recall the requisite background on twisted sheaves used
in the proof of Theorem 5.1. We refer to [Lie07, §2] for more details.

Let (X,OX) be a ringed site. Giraud has constructed a bijection between the set
of equivalence classes of O×

X -gerbes on X and the cohomology group H2(X,O×
X)

(see [Gir71, Chap. IV, §3.4]).
Fix α ∈ H2(X,O×

X) and let π : X → X be an O×
X -gerbe representing α. En-

dow X with the structure of a site ringed by setting OX := π∗OX (see [Lie07,
Definition 2.1.1.1]). An α-twisted sheaf on X is an OX-module F such that the
two natural right O×

X -actions on F (induced by the OX-module structure and by
the action of the inertia of X) coincide (see [Lie07, Definition 2.1.2.2] for a precise
definition). Note that when (X,OX) is a scheme, the gerbe X is an algebraic stack.

We will make use of another equivalent point of view on twisted sheaves, due
to Căldăraru [Căl00]. Let U• → X be a hypercovering and let a ∈ H0(U2,O×

U2
)

be a Čech cocycle representing α. We denote by p0, p1 : U1 → U0 the two projec-
tions and by q0, q1, q2 : U2 → U1 the three projections. A Căldăraru-α-twisted
sheaf is an OU0 -module G endowed with an isomorphism ψ : p∗

0G ∼−→ p∗
1G such

that (q∗
1ψ)−1 ◦ q∗

2ψ ◦ q∗
0ψ = a. Lieblich has constructed an equivalence between the

categories of α-twisted and Căldăraru-α-twisted sheaves on X (see [Lie07, Propo-
sition 2.1.3.3]; the proof appears in [Lie04, §2.1.3]).

If (X,OX) is a scheme, Lieblich has verified that an α-twisted sheaf on X is
quasi-coherent if and only if so is its associated Căldăraru-α-twisted sheaf (see
[Lie07, Lemma 2.2.1.4]). The exact same proof shows that an α-twisted sheaf on X
is of finite presentation if and only if so is its associated Căldăraru-α-twisted sheaf.
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5.2. Injectivity for locally factorial Stein spaces.

Theorem 5.1. The natural morphism
(5.1) H2

ét(Spec(O(S)),Gm) → H2
ét(Spec(M(S)),Gm)

is injective for any finite-dimensional locally factorial Stein space.

Proof. Fix α ∈ H2
ét(Spec(O(S)),Gm) in the kernel of (5.1). Using [SP, Theo-

rem 09YQ] (applied with Fi = Gm), one can find a nonzero divisor a ∈ O(S) such
that α|Spec(O(S)[ 1

a ]) ∈ H2
ét(Spec(O(S)[ 1

a ]),Gm) vanishes.
Let X → Spec(O(S)) be a Gm-gerbe representing α (see §5.1). Our choice of a

implies that the Gm-gerbe XSpec(O(S)[ 1
a ]) → Spec(O(S)[ 1

a ]) is trivial. It follows
that there exists an invertible α-twisted sheaf L on Spec(O(S)[ 1

a ]) (see [Lie08,
Lemma 3.1.1.8]). Extend L to a quasi-coherent sheaf of finite presentation F on X
(combine [Ryd15, Lemma 4.3 (C2)⇒(E2)] and [Ryd23, Corollary B]). Replacing F
with one summand of the decomposition [Lie07, Proposition 2.2.1.6], we may ensure
that F is an α-twisted sheaf on Spec(O(S)).

Fix an étale hypercovering U• → Spec(O(S)) and a cocycle a ∈ H0(U2,O×
U2

)
representing α (these exist by a theorem of Verdier, see [SP, Proposition 09VZ]).
Let (G, ψ) be the Căldăraru-α-twisted sheaf of finite presentation associated to F
(with the notation of §5.1). Analytifying this data (in the sense of §2.2) gives rise to
a hypercovering Uan

• → S in the site of local isomorphisms of S (which is equivalent
to the classical site of S, see [SGA4III, XI, §4.0]), to a cocycle aan ∈ H0(Uan

2 ,O×
Uan

2
),

and to a Căldăraru-αan-twisted coherent sheaf (Gan, ψan) on S (where αan is the
image of α by the natural morphism H2

ét(Spec(O(S)),Gm) → H2(S,O×
S )).

Since the restriction of F to XSpec(O(S)[ 1
a ]) is invertible, the restriction of G

to (U0)Spec(O(S)[ 1
a ]) is invertible, and hence the restriction of Gan to U0 \ {a = 0}

is invertible. As a ∈ O(S) is a nonzerodivisor, the zero locus of a in U0 is nowhere
dense in U0. In addition, since the projection U0 → S is a local biholomorphism,
the local rings of U0 are factorial. It follows that the double dual (or reflexive
hull) H of Gan is invertible.

Let p0, p1 : U1 → U0 and q0, q1, q2 : U2 → U1 be the projections (as in §5.1), so
the isomorphism ψan : (pan

0 )∗Gan ∼−→ (pan
1 )∗Gan satisfies

((qan
1 )∗ψan)−1 ◦ (qan

2 )∗ψan ◦ (qan
0 )∗ψan = aan.

The isomorphism χ : (pan
0 )∗H ∼−→ (pan

1 )∗H induced by ψan then satisfies
(5.2) ((qan

1 )∗χ)−1 ◦ (qan
2 )∗χ ◦ (qan

0 )∗χ = aan.

This means that (H, χ) is an invertible Căldăraru-αan-twisted coherent sheaf on S.
As H is invertible hence locally isomorphic to OU0 , one can use [SP, Lemma 01GJ]

to find a hypercovering V• → S (in the site of local isomorphisms of S) and a
morphism of hypercoverings ξ : V• → Uan

• such that ξ∗H ≃ OV0 . Using this iden-
tification, the isomorphism ξ∗χ : OV1

∼−→ OV1 is given by multiplication by an
element b ∈ O(V1)×. Pulling back (5.2) by ξ shows that ξ∗(aan) is the coboundary
of b. It follows that αan = [aan] = [ξ∗(aan)] = 0 in H2(S,O×

S ).
Since the natural morphism H2

ét(Spec(O(S)),Gm) → H2(S,O×
S ) is injective by

Theorem 4.5, we deduce that α = 0. The theorem is proved. □

Corollary 5.2. The natural morphism
(5.3) Br(O(S)) → H2

ét(Spec(O(S)),Gm)

https://stacks.math.columbia.edu/tag/09YQ
https://stacks.math.columbia.edu/tag/09VZ
https://stacks.math.columbia.edu/tag/01GJ
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is an isomorphism for any finite-dimensional locally factorial Stein space.

Proof. By Gabber’s theorem [Gab81, Chap. II, Theorem 1], the morphism (5.3)
identifies Br(O(S)) with the torsion subgroup of H2

ét(Spec(O(S)),Gm). In view of
Theorem 5.1, the group H2

ét(Spec(O(S)),Gm) injects into the Galois cohomology
group H2

ét(Spec(M(S)),Gm), and hence is torsion. This proves the corollary. □

Corollary 5.3. The natural morphism

Br(O(S)) → Br(M(S))

is injective for any finite-dimensional locally factorial Stein space.

Proof. As the groups Br(O(S)) and Br(M(S)) inject intoH2
ét(Spec(O(S)),Gm) and

H2
ét(Spec(M(S)),Gm) respectively, the corollary follows from Theorem 5.1. □

Corollary 5.4. There exists a connected Stein manifold such that the natural mor-
phism H2

ét(Spec(O(S)),Gm) → H2(S,O×
S ) is not surjective.

Proof. Let S be a Stein manifold with the homotopy type of S3 (apply [Mih96,
Theorem 4.1] or Theorem 3.6, or choose S := {

∑4
i=1 z

2
i = 1} ⊂ C4). The

group H2
ét(Spec(O(S)),Gm) is torsion by Theorem 5.1. The exponential exact se-

quence 0 → Z 2πi−−→ OS
exp−−→ O×

S → 0 and the vanishing of H2(S,OS) and H3(S,OS)
(as S is Stein) show that H2(S,O×

S ) ∼−→ H3(S,Z) ≃ Z is not torsion. The mor-
phism H2

ét(Spec(O(S)),Gm) → H2(S,O×
S ) can therefore not be surjective. □

5.3. Purity for Stein manifolds. Let S be a normal Stein space and let D ⊂ S
be an irreducible analytic subset of codimension 1 in S. Let T ⊂ S be the connected
component of S containing D. Consider the discrete valuation on the field M(T )
given by the order of vanishing along D. Its valuation ring, the subring O(S)D

of M(T ) of those meromorphic functions whose polar set (in the sense of [GR84,
Chap. 6, §3.2]) does not contain D, has residue field M(D). We denote by

resD : Br(M(S)) → H1
ét(M(D),Q/Z)

the composition of the restriction morphism Br(M(S)) → Br(M(T )) and of the
residue map Br(M(T )) → H1

ét(M(D),Q/Z) of [CTS21, Definition 1.4.11 (ii)].

Theorem 5.5. Let S be a finite-dimensional Stein manifold. The exact sequence

0 → Br(O(S)) → Br(M(S)) resD−−−→
∏
D

H1
ét(Spec(M(D)),Q/Z),

where D runs over all irreducible analytic subsets of codimension 1 of S, is exact.

Proof. The injectivity of Br(O(S)) → Br(M(S)) follows from Corollary 5.3.
Fix α ∈ Br(M(S)) in the kernel of all the resD. Let n be the order of α in

the torsion group Br(M(S)). As M(S) is a product of (possibly countably many)
fields, it is an absolutely flat ring by [SP, Lemma 092G]. It follows that all quasi-
compact open subsets of Spec(M(S)) are closed (see [SP, Lemma 092F (2)⇒(3)
and Lemma 04MG (7)⇒(4)]), hence that Pic(Spec(M(S))) = 0. The Kummer

exact sequence 0 → Z/n
17→exp( 2πi

n )
−−−−−−−−→ Gm

n−→ Gm → 0 and Hilbert 90 (see [SGA4III,
Exp. IX, Théorème 3.3]) therefore yield an isomorphism

(5.4) Br(M(S))[n] ≃ H2
ét(Spec(M(S)),Z/n).

https://stacks.math.columbia.edu/tag/092G
https://stacks.math.columbia.edu/tag/092F
https://stacks.math.columbia.edu/tag/04MG
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Use (5.4) to view α as an element ofH2
ét(Spec(M(S)),Z/n). Applying [SP, Theo-

rem 09YQ] (with Fi = Gm) shows the existence of a nonzerodivisor a ∈ O(S) and,
setting U := Spec(O(S)[ 1

a ]), of a class α′ ∈ H2
ét(U,Z/n) with α′|Spec(M(S)) = α.

Define Z := {a = 0} ⊂ S, so that Uan = S \ Z. Let β ∈ H2(S \ Z,Z/n) be the
image of α′ by the comparison morphism

H2
ét(U,Z/n) → H2(S \ Z,Z/n)

(see §2.2). Let (Di)i∈I be the irreducible components of Z. Let Zsing be the singular
locus of Z, set Z0 := Z \ Zsing and D0

i := Di ∩ Z0. Let γ = (γi)i∈I be the element
of H1(Z0,Z/n) =

∏
i∈I H

1(D0
i ,Z/n) image of β in the Gysin long exact sequence

(5.5) H2(S \ Zsing,Z/n) → H2(S \ Z,Z/n) → H1(Z0,Z/n).

Lemma 5.6. Fix i ∈ I. The class γi ∈ H1(D0
i ,Z/n) vanishes.

Proof. Let Ti be the connected component of S containing Di. By compati-
bility of resDi

with the residue map in étale cohomology (see [CTS21, Theo-
rems 1.4.14 and 2.3.5]) and since resDi

(α|Spec(M(Ti))) = 0, the class α|Spec(M(Ti))
lifts to H2

ét(Spec(O(S)Di
),Z/n). A limit argument based on [SP, Theorem 09YQ]

shows that it further lifts to a class α′
i ∈ H2

ét(Spec(O(Ti)[ 1
ai

]),Z/n) for some nonze-
rodivisor ai ∈ O(Ti) that does not vanish identically on Di. Another application
of [SP, Theorem 09YQ] shows that, after possibly changing ai, we may assume that
the restrictions of α′ and α′

i to H2
ét(Spec(O(Ti)[ 1

aia ]),Z/n) coincide.
Define Zi := {ai = 0} ⊂ Ti and let βi ∈ H2(Ti \ Zi,Z/n) be the image of α′

i by
the comparison morphism H2

ét(Spec(O(Ti)[ 1
ai

]),Z/n) → H2(Ti \ Zi,Z/n) of §2.2.
Our choice of ai implies that the restrictions of β and βi to H2(Ti \ (Z ∪Zi),Z/n)
coincide. Set Wi := ((Z ∩ Ti) \D0

i ) ∪ Zi. The Gysin long exact sequence

H2(Ti \Wi,Z/n) → H2(Ti \ ((Z ∩ Ti) ∪ Zi),Z/n) → H1(D0
i \ (Zi ∩D0

i ),Z/n)
and its compatibility with (5.5) therefore show that γi|D0

i
\(Zi∩D0

i
) vanishes. As the

restriction mapH1(D0
i ,Z/n) → H1(D0

i \(Zi∩D0
i ),Z/n) is injective (because Zi∩D0

i

is a nowhere dense analytic subset of the complex manifold D0
i ), one has γi = 0. □

We resume the proof of Theorem 5.5. Lemma 5.6 shows that γ = 0, hence
that β ∈ H2(S \ Z,Z/n) lifts to a cohomology class β′ ∈ H2(S \ Zsing,Z/n). As S
is a manifold and Zsing has codimension ≥ 2 in S, the class β′ further lifts to a
class β′′ ∈ H2(S,Z/n) (stratifying Zsing by its singular locus, the singular locus of
its singular locus, etc., one reduces to the case where Zsing is smooth in which case
this follows from a Gysin long exact sequence).

Let ∂ : H2(S,Z/n) → H3(S,Z)[n] be the connecting morphism associated to the
short exact sequence 0 → Z n−→ Z → Z/n → 0. By Theorem 3.5, the natural mor-
phism Br(O(S)) → H3(S,Z)tors is an isomorphism. After subtracting from α the
element of Br(O(S)) corresponding to ∂(β′′) ∈ H3(S,Z)[n] and modifying α′, β, β′

and β′′ accordingly, we may assume that ∂(β′′) = 0. This shows that β′′ is the
reduction modulo n of a class δ ∈ H2(S,Z).

The exponential exact sequence 0 → Z 2πi−−→ OS
exp−−→ O∗

S → 0 shows that δ
is the first Chern class of a holomorphic line bundle L on S. As S is Stein, one
can choose σ ∈ H0(S,L) and τ ∈ H0(S,L−1) whose zero loci are nowhere dense
in S. Replacing the nonzerodivisor a ∈ O(S) with aστ ∈ O(S), one can ensure
that δ|S\Z ∈ H2(S \ Z,Z) vanishes, hence that β = 0.

https://stacks.math.columbia.edu/tag/09YQ
https://stacks.math.columbia.edu/tag/09YQ
https://stacks.math.columbia.edu/tag/09YQ
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At this point, consider the Leray spectral sequence
(5.6) Ep,q

2 = Hp
ét(U,R

q(εU )∗Z/n) ⇒ Hp+q(S \ Z,Z/n)
of the morphism of sites εU : (S \ Z)cl = (Uan)cl → Uét (see §2.2). Taking into ac-
count that the natural morphism Z/n → (εU )∗Z/n is an isomorphism (see [Ben24a,
Corollary 3.12]), the spectral sequence (5.6) induces an exact sequence

(5.7) H0
ét(U,R1(εU )∗Z/n) → H2

ét(U,Z/n) → H2(S \ Z,Z/n).
As β ∈ H2(S \ Z,Z/n) vanishes, the class α′ ∈ H2

ét(U,Z/n) lifts in (5.7) to a
class α′′ ∈ H0

ét(U,R1(εU )∗Z/n). There exists a nonzerodivisor b ∈ O(S) such
that α′′|Spec(O(S)[ 1

ab ]) vanishes (unravelling the definition of a higher direct image,
this claim follows from [Ben24a, Lemma 6.4]). After replacing a with ab, we may
therefore assume that α′′ = 0, hence that α′ = 0, hence a fortiori that α = 0. The
theorem is proved. □

6. The index for Brauer classes of Stein algebras

Let (X,OX) be a locally ringed site and fix α ∈ Br(X,OX). The index ind(α)
of α is the gcd of the degrees of the Azamuya algebras representing α. In view of
the first paragraph of the proof of [Lie08, Proposition 3.1.2.1], the index ind(α) can
equivalently be defined as the gcd of the ranks of all locally free α-twisted sheaves
(in the sense of §5.1, where one identifies α and its image in H2(X,O×

X) by (2.1)).

6.1. Algebraic index versus topological index.

Theorem 6.1. Let S be a finite-dimensional Stein space. For α ∈ Br(O(S)) with
images αan ∈ Bran(S) and αtop ∈ Brtop(S), one has ind(α) = ind(αan) = ind(αtop).

Proof. Associating to an Azumaya algebra A on Spec(O(S)) the holomorphic Azu-
maya algebra Aan and to a holomorphic Azumaya algebra B on S the topological
Azumaya algebra B ⊗OS

CS shows that ind(αan) | ind(α) and ind(αtop) | ind(αan).
Let A be a degree n topological Azumaya algebra on S. The proof of Propo-

sition 3.1 shows that one can endow A with a structure of degree n holomorphic
Azumaya algebra on S. As S is finite-dimensional, the proof of Proposition 3.2
shows that A is the analytification of a degree n Azumaya algebra on Spec(O(S)).
This proves the converse divisibility ind(α) | ind(αtop). □

Corollary 6.2. Let S be an n-dimensional Stein space. For any α ∈ Br(O(S)),

ind(α) | (⌈n/2⌉ − 1)! per(α)⌈n/2⌉−1

Proof. By Theorem 6.1, it suffices to prove the same bound for αtop ∈ Brtop(S).
In fact, the bound in Corollary 6.2 holds more generally for a topological Brauer
class α on an n-dimensional CW complex T (note that S has the homotopy type
of a CW complex of dimension n by [Ham86, Korollar]). Indeed, as in the proof of
Theorem 3.3, one reduces to the case when T is a finite CW complex of dimension n.
One can then apply the main result from [AW21] with d = ⌈n/2⌉. □

Remark 6.3. Antieau and Williams have conjectured in [AW21] that for each d ≥ 1
and each integer ℓ ≥ 2 prime to (d − 1)!, there exists a 2d-dimensional finite CW
complex T and a topological Brauer class α ∈ Brtop(T ) of period ℓ such that

ind(α) = per(α)d−1 = ℓd−1.
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If true, their conjecture would imply (by way of Lemma 3.6 and Theorem 6.1) that
the bound in Corollary 6.2 is sharp for Brauer classes of period prime to (n/2 − 1)!
on Stein spaces of even dimension n.

Remark 6.4. Fix an integer ℓ ≥ 2, and let S be a 3-dimensional Stein manifold with
the homotopy type of the Moore space M(Z/ℓ, 2) (using Theorem 3.6 and the fact
thatM(Z/ℓ, 2) is a 3-dimensional CW complex by construction). From Theorem 3.3
and the universal coefficient theorem, one calculates that Brtop(S) = Z/ℓ.

This example shows that it is not generally possible to improve in the ceil-
ing ⌈n/2⌉ to a floor ⌊n/2⌋ everywhere in Corollary 6.2.

6.2. Twisted topological K-theory. The cohomology theory called twisted topo-
logical K-theory was introduced by Donovan and Karoubi in [DK70] and developed
by Atiyah and Segal [AS04] and others. We collect here the necessary background
on twisted topological K-theory used in the proof of Theorem 6.7 in §6.3.

Let T be a topological space and let A be a topological Azumaya algebra of
index n on T . An A-bundle is a right A-module that is locally free of finite rank
as a CT -module. We define K(T,A) to be the K-theory of the exact category of
A-bundles (see [DK70, §5]). This definition is not the correct one for infinite-
dimensional CW complexes (see [AS04]), but it will be sufficient for our purposes.

The rank of an A-bundle E as a CT -module is of the form nr for some locally
constant function r : T → Z≥0 (reduce to the case A = Mn(CT ) where it follows
from Morita theory). We call r the A-rank of E (note that A has A-rank n). One
defines the A-rank of an element of K(T,A) by additivity: it is a locally constant
function r : T → Z. If r is constant (e.g. if T is connected), we view it as an integer.
Let K(T,A)r ⊂ K(T,A) be the subgroup of elements of A-rank r.

For 0 ≤ r ≤ nN , we let Gr(T,A)(r,N) → T be the locally trivial fibration
whose fiber over t ∈ T is the space of At-stable subspaces of At-rank r of A⊕N

t .
Since A is locally isomorphic to Mn(CT ), it follows from Morita theory that the
fibers of Gr(T,A)(r,N) → T are homeomorphic to the Grassmannian Gr(r, nN)
of r-dimensional subspaces of CnN .

Define BU(T,A)(r) := lim−→N
Gr(T,A)(r,N) where the colimit is induced by the

inclusions A⊕N ⊂ A⊕N+1. Let U(T,A)(r) be the universal A-bundle of A-rank r
on BU(T,A)(r). Set BU(T,A),r := lim−→i

BU(T,A)(r + ni) where the colimit is induced
by E 7→ E ⊕ A. The locally trivial fibrations BU(T,A)(r) → T and BU(T,A),r → T
respectively have fibers homeomorphic to the classifying spaces BU(r) and BU.

The following lemma is an analogue in our context of the assertion that BU ×Z
represents usual topological K-theory (this corresponds to the case A = CT ). As
the proof of Lemma 6.5 is entirely similar to the proof of this classical assertion
(for which see e.g. [May99, Chap. 24, §1]), we omit it.

Lemma 6.5. Let T be a connected compact Hausdorff topological space and let A
be topological Azumaya algebra of degree n on T . Fix r ∈ Z. There is a bijection

(6.1)
ß

homotopy classes of sections
of BU(T,A),r → T

™
∼−→ K(T,A)r

associating with σ : T → BU(T,A)(r + ni) the element [σ∗(U(T,A)(r + ni))] − i[A].

6.3. Index over O(S) versus index over M(S). The following proposition is
key to the proof of Theorem 6.7.
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Proposition 6.6. Let S be a connected Stein manifold. Let A be a holomorphic
Azumaya algebra of degree n on S with class α ∈ Bran(S). Let F be a coherent right
A-module on S that is generically of rank rn (as an OS-module). Then ind(α) | r.

Proof. Let d be the complex dimension of S. Fix s ∈ S. Let ρ : S → R be a C∞

strictly plurisubharmonic exhaustion function on S (see [Hör90, Theorem 5.1.6]).
Use Sard’s theorem to choose a strictly increasing sequence (ci)i≥1 of regular values
of ρ tending to infinity. Set Si := {x ∈ S | ρ(x) ≤ ci}. For all c ∈ R, the complex
manifold {x ∈ S | ρ(x) < c} is Stein (apply [Hör90, Theorem 5.2.10] to x 7→ 1

c−ρ(x) ).
It follows that the compact subset Si ⊂ S is Stein in the sense that it admits a basis
of Stein open neighborhoods. Using [Mun66, Theorem 10.6], one can endow S with
a structure of CW complex such that the Si are finite subcomplexes. Replacing Si

with its connected component containing s, we may assume that Si is connected.
Fix i ≥ 1. As Si is a Stein compact set and F is coherent, there is a resolution

(6.2) 0 → E i
d → · · · → E i

0 → F|Ui → 0
of F|Ui

, on a Stein open neighborhood Ui of Si, by A|Ui
-bundles (right A|Ui

-modules
that are locally free of finite rank as OUi

-modules); one can also choose E i
0, . . . , E i

d−1
to be free right A|Ui

-modules. Using that F is generated (as an OS-module
hence also as an A-module) by finitely many global sections over some Ui, one
constructs the morphism E i

0 → F|Ui . Applying the same argument to the ker-
nel of E i

0 → F|Ui and iterating (possibly shrinking Ui), one constructs E i
1, . . . , E i

d−1.
The A|Ui-module E i

d chosen so (6.2) is exact is a locally free OUi-module by Hilbert’s
syzygy theorem. Shrinking the Ui, one can moreover ensure that Ui ⊂ Ui+1.

As Ui is Stein, one can lift the identity of F|Ui
to a morphism f i : E i+1

• |Ui
→ E i

• of
complexes of A|Ui

-bundles (choose first f i
0, then f i

1, etc.). The mapping cone C(f i)•
of f i is then an exact complex of A|Ui

-bundles with C(f i)j = E i+1
j−1|Ui

⊕ E i
j .

Consider the topological Azumaya algebra B := A ⊗OS
CS on S and let Bi be

its restriction to Si. The element κi :=
∑d

j=0(−1)j [(E i
j ⊗OUi

CUi
)|Si

] of K(Si,Bi)
(see §6.2) has Bi-rank r. The complex (C(f i)•⊗OUi

CUi
)|Si

shows that κi+1|Si
= κi.

The class κi corresponds to a continuous section σi : Si → BU(Si,Bi),r, well
defined up to homotopy, of BU(S,B),r → S over Si (see Lemma 6.5). As κi+1|Si

= κi,
the section σi+1|Si is homotopic to σi. For all i ≥ 1, one can modify σi+1 to ensure
that σi+1|Si

= σi (to see it, note that σi+1 and the homotopy yield a section
of BU(S,B)(r) × [0, 1] → S× [0, 1] over Si+1 × {0} ∪Si × [0, 1], which one can extend
to Si+1 × [0, 1] because the inclusion Si+1 × {0} ∪ Si × [0, 1] ⊂ Si+1 × [0, 1] is a
homotopy equivalence). Doing so for i = 1, then i = 2, etc., ensures that the σi are
compatible. This yields a section σ : S → BU(S,B),r of BU(S,B),r → S over S.

Choose i ≥ 0 such that r + ni ≥ d. Then the homotopy fiber F of the inclu-
sion BU(r + ni) → BU has the property that πk(F ) = 0 for 0 < k ≤ 2d (this
follows from the Hurewicz theorem in the form [Hat02, Theorem 4.27]). Consider
the problem of finding a section τ of BU(S,B)(r + ni) → S that is homotopic to σ
as a section of BU(S,B),r → S. Obstruction theory provides successive obstructions
to this problem, that live in Hk+1(S, πk(F )), where πk(F ) is a local system on S
with fiber πk(F ) (see e.g. [Ste51, Theorem 34.2]). These groups vanish if k ≤ 2d
because πk(F ) = 0 and if k ≥ 2d because S is a 2d-dimensional C∞ manifold. It fol-
lows that such a section τ : S → BU(S,B)(r+ni) exists (see [Ste51, Corollary 34.4]).

The B-bundle τ∗(U(S,B)(r+ni)) on S has B-rank r+ni (in the notation of §6.2).
Let β ∈ Brtop(S) be the class of B. By [Căl00, Theorem 1.3.7], there exists
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a β-twisted sheaf of rank r+ni on S, so that ind(β) | r+ni. As clearly ind(β) | n,
it follows that ind(β) | r. The proof of Theorem 6.1 now shows that ind(α) | r. □

Theorem 6.7. Let S be a connected Stein manifold. Fix α ∈ Br(O(S)) and
let αM(S) be its image in Br(M(S)). Then ind(α) = ind(αM(S)).

Proof. It is obvious that ind(αM(S)) | ind(α) and we prove the converse divisibility.
Let π : X → Spec(O(S)) be a Gm-gerbe representing α (see §5.1). Let G be a

locally free αM(S)-twisted sheaf of rank r. Extend G to a quasi-coherent sheaf of
finite presentation H on X (combine [Ryd15, Lemma 4.3 (C2)⇒(E2)] and [Ryd23,
Corollary B]). Replacing H with one summand of the decomposition [Lie07, Propo-
sition 2.2.1.6], we may ensure that H is an α-twisted sheaf on Spec(O(S)).

Let A be a degree n Azumaya algebra on Spec(O(S)) representing α. Using
[Căl00, Theorem 1.3.7], one sees that there exists a finitely presented quasi-coherent
sheaf F on Spec(O(S)) with a structure of right A-module such that FM(S) has
rank rn (as a module over M(S)). Let Aan and Fan be the analytifications of A
and F in the sense of §2.2, so Aan is a holomorphic Azumaya algebra of degree n
on S and Fan is a coherent right Aan-module on S that is generically of rank rn
(as an OS-module). It follows from Proposition 6.6 that ind(αan) | r, hence, by
Theorem 6.1, that ind(α) | r. This completes the proof of the theorem. □

6.4. Period versus index.

Theorem 6.8. There exist a connected Stein manifold S and a class α ∈ Br(M(S))
in the image of Br(O(S)) → Br(M(S)) such that ind(α) ̸= per(α).

Proof. Let T be a connected finite CW complex carrying a topological Brauer class
whose period and index differ (say, period 2 and index 8 as in [AW14b, Theorem B]).
Use Theorem 3.6 to find a connected Stein manifold S with the homotopy type
of T , so there exists γ ∈ Brtop(S)[2] with ind(γ) = 8. Let β ∈ Br(O(S))[2] be
such that βtop = γ (see Theorem 3.5). Let α ∈ Br(M(S))[2] be the image of β.
Applying Theorems 6.7 and 6.1 shows that ind(α) = ind(β) = ind(γ) = 8. □
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