ETALE COHOMOLOGY OF STEIN ALGEBRAS

OLIVIER BENOIST

ABSTRACT. We prove that the singular cohomology with finite coefficients of
a finite-dimensional Stein space S is isomorphic to the étale cohomology of
the Stein algebra O(S). We deduce that any class in H*(S,Z) comes from an
algebraic variety by pullback by a holomorphic map (if k¥ > 1), and vanishes
on the complement of a nowhere dense closed analytic subset of S (if k£ > 2).

1. INTRODUCTION

1.1. A comparison theorem in Stein geometry. Let V' be a complex algebraic
variety and let V" = V(C) be its analytification. Artin’s comparison theorem (see
[SGA4q1, XVI, Théoréme 4.1]) states that the natural morphism

(1.1) HE(V,L) — HF(van Lo

from the étale cohomology of V' to the singular cohomology of V2" is an isomorphism
for all £ > 0 and all constructible étale sheaves L on V' (e.g. when L = Z/m for
some m > 1). By providing a purely algebraic description of singular cohomology
groups (with finite coefficients) of complex algebraic varieties, Artin’s theorem offers
insights into both their algebraic and topological properties.

The main goal of this article is to prove an analogue of Artin’s theorem in
(complex-analytic) Stein geometry. Recall that a complex space S is Stein if the
restriction map O(S) — O(T) is surjective for all discrete subsets T of S. Examples
include the affine spaces C" for n > 0, as well as all their closed complex subspaces.

Theorem 1.1 (Theorem 4.7). Let S be a finite-dimensional Stein space. Let 1L be
a constructible étale sheaf on a proper O(S)-scheme of finite presentation X. Then

(1.2) HE(X,L) — H*(Xx* L)
is an isomorphism for all k > 0.

In Theorem 1.1, the complex space X?" is the analytification of X in the sense
of Bingener [Bin76], which is naturally in bijection with X (C) where X is viewed
as a C-scheme (see §4.1), and the comparison morphism (1.2) is defined in (4.3).

The hypotheses that S be finite-dimensional, that X be proper, that X be of
finite presentation (rather than merely of finite type), and that IL be constructible
are all essential for the validity of Theorem 1.1 (see Remarks 4.8).

A dévissage based on the relative comparison theorem [Ben25, Theorem 4.9]
reduces Theorem 1.1 to the following key particular case, which computes the étale
cohomology of a Stein algebra (a ring of holomorphic functions on a Stein space).

Theorem 1.2 (Theorem 4.5). Let S be a finite-dimensional Stein space. Then
H{, (Spec(O(8)), Z/m) — H*(S, Z/m)

is an isomorphism for all k > 0 and m > 1.
1
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We highlight the no less difficult particular case of Theorem 1.2 where S = C™.
Corollary 1.3. One has HE (Spec(O(C")),Z/m) = 0 for all k,m >1 and n > 0.

Since a Stein space of dimension n has the homotopy type of a CW complex of
dimension < n (see [Ham86, Korollar]), Theorem 1.2 implies the next corollary.

Corollary 1.4. Let S be a Stein space of dimension n. Then HE (Spec(O(S)),Z/m)
vanishes for all k >n and m > 1.

1.2. Applications to the singular cohomology of Stein spaces. Artin’s com-
parison theorem (1.1) can be applied in two distinct ways. By computing the étale
cohomology of complex algebraic varieties in topological terms, it can be used to
give topological proofs of algebraic statements. Conversely, leveraging distinctive
features of étale cohomology, it can help study the topological properties of alge-
braic varieties. Comparison theorems in Stein geometry can also be exploited in
both directions. Our initial motivation to study them was to deduce, from our
excellent understanding of the topology of Stein spaces, algebraic results on rings
of holomorphic or meromorphic functions. Applications along these lines (of other
comparison theorems discussed in §1.3) appear in [Ben25, Ben24] (e.g. quantitative
results on the analytic version of Hilbert’s 17th problem [Ben25, Theorem 7.5], or a
period-index theorem in Stein geometry [Ben24, Theorem 8.3]). In this article, we
illustrate Theorem 1.1 by presenting two applications of the second kind.

First, we prove that integral cohomology classes of degree > 2 on finite-dimensional
Stein spaces are supported on nowhere dense closed analytic subsets.

Theorem 1.5 (Theorem 5.9). Let S be a finite-dimensional Stein space. Fix a
class a € H*(S,Z) for some k > 2. There exists a nowhere dense closed analytic
subset Z C S such that a|s\z =0 in H*(S\ Z,Z).

One can also require Z to avoid a prescribed countable subset of S (see The-
orem 5.9). Theorem 1.5 is easy for k = 2 (then « is the first Chern class of a
holomorphic line bundle £ on S and one can let Z be the zero locus of a section
of L), but nontrivial for & > 3. We refer the reader to §1.5 for a sketch of its proof.

In §5.5, we define unramified cohomology groups HEF.(S,Z) in Stein geometry, by
analogy with the corresponding groups studied in algebraic geometry (see e.g. [BO74,
CTV12]). We deduce from Theorem 1.5 that the natural morphism

vanishes identically for all finite-dimensional Stein spaces and all k > 2 (see Theo-
rem 5.11). This shows that unramified cohomology groups behave very differently
in the Stein setting compared to the algebraic one.

Second, we prove that integral cohomology classes of degree > 1 on finite-
dimensional Stein spaces come from algebraic varieties.

Theorem 1.6 (Corollary 6.4). Let S be a finite-dimensional Stein space. Fiz a
class o € H*(S,Z) for some k > 1. There exist an affine algebraic variety V over C,
a holomorphic map f: S — V2, and a class B € H*(V3 Z) such that o = f*3.

The theorem we prove is more precise (see Theorem 6.3), and has a counterpart
with finite coefficients (see Theorem 6.1). We use the latter to endow H*(S,Z/m)
with a canonical exhaustive increasing filtration which is functorial for holomorphic
maps of Stein spaces, and which we call the Stein weight filtration (see §6.3).
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1.3. Previous works. Theorem 1.2 was already known for k < 1 (see [Ben24,
Remark 6.7 (v)]) and for k = 2 (see [BH26, Theorem 4.2]), but is new for k > 3.

Prior to this article, two other comparison theorems in Stein geometry had
appeared in [Ben25, Ben24]. To compare them with Theorem 1.1, we state them
in (1.3) and (1.4) below. Let S be a finite-dimensional Stein space, let X be
an O(S)-scheme of finite presentation, and let L be a constructible étale sheaf on X.

Let K C S be a compact subset that is Stein in the sense that it admits a basis
of Stein open neighborhoods in S (for instance, K could be the closed unit ball
in S = C"). Then the comparison morphisms

(1.3) colim HE (Xow), L) = colim H*((Xo)™, L™),

where U runs over all Stein open neighborhoods of K in S, are isomorphisms for
all k > 0 (see [Ben25, Theorem 6.1]).
Assume that S is reduced of dimension < 2. Then the comparison morphisms

(1.4) colim HE(Xogs)1), L) = colim H"((Xo(sy2)™, L™),

where a € O(S) runs over all nonzerodivisors, are isomorphisms for all & > 0
(see [Ben24, Theorem 6.6]). It is not known if the restrictive hypothesis on the
dimension of S can be removed.

Applied to X = Spec(O(S)), the comparison isomorphisms (1.3) and (1.4) com-
pute in topological terms the étale cohomology groups of the ring O(K) of germs of
holomorphic functions on a Stein compact set K C S (resp. of the ring M(S) of
meromorphic functions on S, assuming that S is reduced of dimension < 2). In con-
trast, applying Theorem 1.1 with X = Spec(O(S)) computes the étale cohomology
groups of the Stein algebra O(S) itself (see Theorem 1.2).

A crucial difference between the isomorphisms (1.3) and (1.4) on the one hand
and Theorem 1.1 on the other hand is that the former hold for all finitely pre-
sented O(S)-schemes X, whereas the latter fails in general for nonproper X (see
Remark 4.8 (ii)). As we now explain, this complicates the proof of Theorem 1.1.

The approach to the comparison theorems (1.3) and (1.4) taken in [Ben25, Ben24]
originates from Artin’s work [SGA4yr, X1, §4]. Its idea is to let £ : Xg — (X?")al
be the morphism from the small étale site of X to the site of local isomorphisms
of X (so L*® = ¢*LL and the comparison morphism is given by pullback by ¢), and
to consider its Leray spectral sequence

(1.5) EDT = HP (X, Rie,L*) = HPTI(X* L"),

If L = L2 and R%,0L* = 0 for ¢ > 0, then (1.5) degenerates and yields
isomorphisms HE (X, L) — H*(X" 1L2") for k > 0. To show that (1.3) (resp. (1.4))
are isomorphisms, we prove these assertions in the limit where U gets smaller and
smaller (resp. where a becomes more and more divisible). By design, if this strategy
of proof applies to X, it also applies to all its Zariski-open subsets. Consequently, it
cannot be used to prove a theorem that fails for nonproper X, such as Theorem 1.1.

1.4. Killing cohomology classes with finite coefficients on finite flat covers.
We therefore had to devise a different, more global approach to Theorem 1.1. We
henceforth focus on Theorem 1.2 to which Theorem 1.1 can be reduced (as we
explained in §1.1). To prove it in §4.3, we compute both sides of

(1.6) Hy, (Spec(O(S)), Z/m) — H"(S, Z/m)
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4 la Cech using finite hypercoverings (this technique is referred to as cohomological
descent and goes back to [SGA4y;, Vbis]). The categories of finite hypercoverings
of S and Spec(O(.9)) satisfying appropriate finiteness conditions are equivalent (this
follows from [Ben24, Proposition 2.7]). Refining these hypercoverings ad libitum, one
can deduce that (1.6) is an isomorphism for all k£ > 0 from the easy case k = 0, if one
knows how to kill classes in HE (Spec(O(S)),Z/m) and H*(S,Z/m) with k > 0 on
appropriate finite coverings. For HE (Spec(O(S)),Z/m), this is possible by a theorem
of Bhatt [Bhal2, Theorem 1.1]. That one can also achieve this for H*(S,Z/m)
results from the following theorem, which is the heart of the proof of Theorem 1.2.

Theorem 1.7 (Theorem 3.1). Let S be a finite-dimensional Stein space. For
all k,m > 1 and all o € H*(S,Z/m), there evist d > 1 and a holomorphic
map p: S — S that is finite flat of degree d such that p*a =0 in H*(S,Z/m).

A variant of Theorem 1.7, restricted to a Stein compact subset K C S, and
only requiring that p be finite surjective (instead of finite flat of degree d > 1),
was established in [Ben25, Proposition 3.4] as a key step towards the comparison
theorem (1.3). However, the argument in [Ben25] does not ensure the flatness of p,
which is essential in the application to Theorem 1.2. More importantly, its mechanism
of proof (induction on the cohomological degree based on Mayer—Vietoris exact
sequences) cannot work without a compactness hypothesis (the degree of the map p
constructed in [Ben25] depends on the cardinality of a well-chosen open covering
of K; this number can be chosen finite by compactness of K but grows with K).

We must therefore rely on an entirely different argument. Assume that there
exists a complex manifold £ with the homotopy type of (a sufficiently big skeleton
of) the Eilenberg-MacLane space K (Z/m,k). Then a € H*(S,Z/m) comes from
the tautological class aq € H¥(Q2, Z/m) by pullback by a continuous map f : S — €.
Assume moreover that  is Oka (in Forstneric’s sense [For09, Definition 1.2] recalled
in §2.1), so any continuous map from a Stein space to {2 is homotopic to a holomorphic
map. This allows us to choose f holomorphic, which reduces the problem of killing «
on a finite flat cover to the same problem for ag. Given a concrete description of €2,
one can hope to solve this problem in a direct manner.

Showing the existence of Oka manifolds with a prescribed homotopy type is hard,
and we do not know how to construct the required Oka approximations of Eilenberg—
MacLane spaces. Instead, we apply the above strategy to an Oka manifold Qy, .,
of the homotopy type of the Moore space M(Z/m, k) (see §2.3). In this case, the
class a may not come from the tautological class o, € H*(Q, m, Z/m) by pullback
by a continuous map f : S — € . However, the obstructions to the existence of f,
which lie in higher degree cohomology groups of S, can be killed using downward
induction on the cohomological degree, allowing the proof to proceed.

To construct the Q ., we rely on a theorem of Kusakabe [Kus24, Corollary 1.3]
(see also the proof of Forstneri¢ and Wold [FW20, Theorem 1.2]) stating that CV \ K
is Oka if K is a polynomially convex compact subset of CV for some N > 2.
When k > 3, for appropriate choices of N and K, the Oka manifold 2, ,, := CN\ K
has the homotopy type of M (Z/m,k) (see §2.4). In addition, if k¥ > 5, a careful
choice of the embedding of K as a polynomially convex subset of C ensures
that ay , € H¥(Q m,Z/m) can be killed on a finite flat cover of Q ,, (see §2.5).
This completes the proof of Theorem 1.7 for k > 5 (see §3.3).

When k € {3,4}, we do not know how to kill ay ., on a finite flat cover of Q.
The best we can do, by means of a delicate choice of the embedding of K as
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a polynomially convex subset of CV, is to ensure that ay,, lifts to an integral
cohomology class, after pullback by a finite flat cover of €1 ,,,. This allows us to
reduce Theorem 1.7 for k € {3,4} to the case where « is the reduction modulo m of
an integral cohomology class, which can be dealt with by further applications of Oka
theory (see §3.4). When k € {1,2}, we cannot rely on the above strategy. Instead,
we give direct proofs of Theorem 1.7 (the case k = 1 is trivial and, when k = 2, we
exploit the study of Brauer groups of Stein algebras carried out in [BH26]; see §3.2).

1.5. Killing integral cohomology classes on Zariski-open subsets. We con-
clude this introduction by sketching the proof of Theorem 1.5.

A crucial input is a consequence of the Bloch-Kato conjecture (proved by Rost
and Voevodsky [Voell]) according to which, if V' is an algebraic variety over C
and o € H¥(V®" 7Z) is torsion, then V is covered by Zariski-open subsets V' C V
with af(y+yan = 0 (Colliot-Thélene-Voisin [CTV12, Théoréme 3.1]; in the smooth
case, the argument is due to Bloch, see [Blo80, End of Lecture 5] and [BS83, Proof
of Theorem 1 (ii)]). We actually need a slight refinement of [CTV12, Théoréme 3.1]
where (V') is required to contain a prescribed countable subset = of V2" (see §5.1);
this is essential for the application to unramified cohomology).

As a first step towards Theorem 1.5, we find an affine dense open subset U
of Spec(O(S)) such that a|yan is m-torsion for some m (see §5.2; the argument uses
Oka theory in the spirit of the strategy explained in §1.4). Then a|yan € H* (U, 7Z)
is the image of a class § € H*~1(U*",Z/m) by the Bockstein morphism. If one
could lift § to a class 6 € H é“t*l(U, Z/m) along the comparison morphism

(1.7) HE U Z/m) — H 1 (U™, Z/m),

then one could further lift § to a class in the étale cohomology of some affine algebraic
variety V over C, where one could conclude by exploiting the above-mentioned
[CTV12, Théoréme 3.1] (see §5.4). Unfortunately, the morphism (1.7) may not be
surjective (Theorem 1.1 does not apply because the inclusion U C Spec(O(S)) is not
proper). To overcome this obstacle, we ensure, after reducing to the case where S
is a connected Stein manifold and through a careful choice of U, that § lifts to a
class in the cohomology of a constructible complex of étale sheaves on Spec(O(S))
(see §5.3). There, our comparison theorem (Theorem 1.1) is applicable.

1.6. Structure of the article. We construct and study some Oka manifolds
with prescribed homotopy type in Section 2, and we use them in Section 3 to
kill cohomology classes of Stein spaces with finite coefficients on finite flat covers,
thereby proving Theorem 1.7. This result is applied in Section 4 to prove our main
comparison theorem (Theorem 1.1), as well as a Gal(C/R)-equivariant extension.
Applications of the comparison theorem to the singular cohomology of Stein spaces
appear in Section 5 (where we prove Theorems 1.5 and study unramified cohomology)
and Section 6 (where we prove Theorem 1.6 and define the Stein weight filtration).

1.7. Conventions. We refer to [GR84, 1, §1.5] for the definition of complex spaces.
We require them to be second-countable and Hausdorff, but not necessarily reduced
or finite-dimensional. By a continuous map from a complex space S to a topological
space, we always mean a map from the underlying topological space of S, thus
disregarding nilpotent elements of Og. A complex space S is Stein if H*(S, F) =0
for all £k > 1 and all coherent sheaves F on S (see [GR79]).

An algebraic variety over C is a separated scheme of finite type over C.
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2. OKA MODELS OF MOORE SPACES

In this section, we construct the Oka manifolds €y, ., (see Proposition 2.5) and
study the behavior of their tautological cohomology classes ag m € H*(Qp.m, Z/m)
on finite flat covers (see Propositions 2.7 and 2.8).

2.1. Preliminaries on Oka theory. Theorem 2.1 is (a particular case of) a result of
Forstneri¢ [For09], which builds on earlier work of Gromov [Gro89]. Our goal in §2.1
is to dispel any doubts regarding its validity when the Stein space S is possibly
not reduced, for lack of an appropriate reference. Following Forstneri¢ [For09,
Definition 1.2], we say that a complex manifold € is Oka if for all convex compact
subsets K C CV and all open neighborhoods U of K in C", any holomorphic
map U — Q can be approximated uniformly on K by holomorphic maps CV — .

Theorem 2.1. Let S be a Stein space. Let p : T — S be a locally trivial holomorphic
fibration with Oka fibers. Then any continuous section of p is homotopic to a
holomorphic section of p.

Proof. By Proposition 2.3 below, we may assume that S is reduced. One can then
apply the more general [For09, Theorem 1.1]. O

We could not find a reference for the following lemma.

Lemma 2.2. Letp : T — S be a submersion between complex spaces. Let S’ C S be a
closed subspace defined by a coherent ideal sheaf T C Og withT? = 0. Let f': 8" =T
be a holomorphic section of p over S'. If HY(S', (f)*Tr/s ®o,, L) =0, then f’ can
be extended to a holomorphic section f: S — T of p.

Proof. Let (U;)ier be a Stein open cover of S. Let U/ C U; be the closed subspace
defined by Z|y,. After refining the cover (U;);er, we may assume that f'(U]) is
included in a chart V; ¢ T with V; ~ U; x W;, where W; is an open subset of C
with coordinates (zgl),...,z%)), and where ply, : V; — U; is given by the first
projection V; ~ U; x W; — Uj. Since U; is Stein, the map O(U;) — O(U) is onto.
We may thus lift the holomorphic section f'[y; : Uj — U; x W; of p over U], one

coordinate of W; at a time, to a holomorphic section ﬁ :U; = U; x W; of p over Uj.

On U ; := U/ N Uj, the assignment a(f")*db — a(frb— fj*b) (where a and b are
local holomorphic functions on U; ; and T') induces a morphism of coherent sheaves
(f’)*QlT/S|U£)j — I|U7{“7.~ View it as an element «; ; € HO(U{J7 (f)*Tr/s ®og I).
The family (a; ;) forms a cocycle. By vanishing of H' (S, (f')*Tr/s ®o, I), there
exist 8; € HO(U,, (f')*Tr/s ®o., I) with oy ; = ; — Bj. View f; as a morphism
of sheaves (f/)*QlT/S|Ui’ — I|U1{. Let f; : U; — V; ~ U; x W; be the holomorphic

section of p over U, such that (fi)*z,(j) = (ﬁ)*z,(;) - ﬂi((f’)*dz,(ci)) for 1 <k < N.
Our choices imply that the f; glue to a holomorphic section f : S — T of p. (]

Proposition 2.3. Let p : T — S be a submersion of complex spaces with S
Stein. Any holomorphic section f': S — T of p over 8™ can be extended to a
holomorphic section f: S — T.

Proof. Let N' C Og be the nilradical of Og. Let Sy C S be the subspace defined by
the coherent ideal sheaf N*+1 C Og, so Sy = S™4. Set fy := f’. Apply Lemma 2.2
inductively to construct holomorphic sections (f : Sy — T)g>1 of p over Sy such
that (fi)|s,_, = fe—1. Locally on S, there exists k > 0 with N'* = 0. It follows that
the fi stabilize, giving rise to the desired holomorphic section f: S — T of p. O
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2.2. Polynomially convex simplicial complexes. A compact subset K C C" is
said to be polynomially convex if K is equal to its polynomial hull

K :={z€C"||P(2)| < sup|P| for all P € Clz, ..., 2]}
K

If ¥ is a simplicial complex, we let X< denote the d-skeleton of ¥. The next
proposition is a consequence of a theorem of Vodozov and Zaidenberg [VZ71].

Proposition 2.4. Let ¥ be a finite simplicial complex of dimension < n. Then
there exists an injective continuous map f : X — C™t! such that:

(i) [ is piecewise linear on the first barycentric subdivision of ¥;
(it) f(E)NCT = f(X<4—1) in C" for 0 <d <n+1;
(iii) f(X) is a polynomially convex subset of C™+1.

Proof. Let C(%,C) be the Banach algebra of continuous complex-valued functions
on ¥. By [VZ71, Theorem 1], one can find f1,..., frnr1 € C(3,C) such that the
sub-C-algebra of C (X, C) generated by the f; is dense in C (%, C). The proof given
in [VZ71, p.747] is constructive and the choices made there ensure that the f; are
piecewise linear on the first barycentric subdivision of 3 and that the zero locus
of fagr1 on X<qis X<q—1. Set f:=(f1,..., fat1), so (i) and (ii) hold. The map f
is injective because C (X, C) separates the points of . The compact subset f(3)
of C"*1 is polynomially convex by [Sto07, Theorem 1.2.10], so (iii) also holds. [

2.3. Moore spaces. Fix k,m > 1. Consider a CW complex with one cell of
dimension 0, one cell of dimension k (yielding a k-sphere S*) and one cell of
dimension k + 1 with attaching map S* — S¥ of degree m. Let M(Z/m, k) be a
finite simplicial complex of dimension k + 1 that has the homotopy type of this
CW complex (see [Hat02, Theorem 2C.5]). The space M(Z/m, k) is called a Moore
space (see [Hat02, Example 2.40]). Using cellular (co)homology, one checks that

(2.1)  HY(M(Z/m,k),Z) =0 for i # k+1 and H""'(M(Z/m,k),Z) = Z/m,

that H;(M(Z/m,k),Z) = 0 for i # k and Hy(M(Z/m,k),Z) = Z/m, and that
HF(M(Z/m, k), Z/m) = Z/m. We also note that m;(M(Z/m,k)) =0 for 0 < i < k.

2.4. The Oka manifolds Qy ,,,. Fix k > 3 and m > 1. Set [ := L%J, so k =2l
or k =2l + 1. By Proposition 2.4, there exist injective continuous maps

fem : M(Z/m, 1) — C*2 and gy : M(Z/m,2) — C'*2,
piecewise linear on the first barycentric subdivision of M(Z/m, 1) and M(Z/m,2)
respectively, such that the equalities fi (M (Z/m,1))NCHL = fi (M(Z/m,1)<))
and gg.m(M(Z/m,2)) N CHY = g0 (M(Z/m,2)<;) hold, and whose images are
polynomially convex. We define Ky ., := fem(M(Z/m,1)) when k is odd and
Kiom = Gkom(M(Z/m,2)) when k is even. Set Q. := C*2\ Ky .

Proposition 2.5. For k > 3 and m > 1, the complex manifold Qy, ., is Oka (in the
sense recalled in §2.1) and has the homotopy type of M(Z/m, k).

Proof. The complex manifold Qj ,, is Oka by a theorem of Kusakabe [Kus24,
Corollary 1.3] (see also [FW20, Theorem 1.2]), because Ky ,, is polynomially convex.

The manifold €y, ,, is connected (resp. simply connected). To see this, fix a path
in C'*? between two points of Q. (resp. a based homotopy in CH?2 from a loop
in Q m to the constant loop). As fi., and gi.n, are piecewise linear, one can
perturb this path (resp. this homotopy) to ensure it avoids K}, ,, (by transversality).
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By a form of Alexander duality, for all 4 > 1, one has
(2.2) HA 37Ky, Z) = Hig1 (C2, Qi Z) = Hy(Qpom, Z)
(apply [Hat02, Proposition 3.4.6]). We deduce from (2.1) and (2.2) that
Hi(Qpem, Z) = 0 for i # k and  Hp(Q.m, Z) = Z/m.

It therefore follows from the characterization [Hat02, Example 4.34] of Moore spaces
that Qy ., has the homotopy type of M(Z/m, k). O

By Proposition 2.5 and (2.1), one has H*(Qy. n, Z/m) = Z/m. We let oy, be a
generator of H*(Qy..m,Z/m).

2.5. Finite flat covers of the  ,,,. Keep the notation of §2.4. Consider the
holomorphic map pgm : C*+2 — C'*2, which is finite flat of degree m, defined by

pk,m(zh e ,Zl+2) = (2’1, sy Rl Zﬂz)

Let IN(k,m and ﬁk,m be the inverse images of K ,,, and Qp , by prm. We still
denote by pr.m : Kim — Kim and pgm @ Qp.m — Qk,m the maps induced by py .

Lemma 2.6. For k > 3 and m > 1, the space I?k,m is a CW complex and the
pushforward (pi,m)« : Horvo—k(Kkm, Z) = Hojvook(Kkm, Z) is an isomorphism.

Proof. If k > 5, then K ,, C C*! and the map Dk,m - I?k,m — Kpm is a
homeomorphism. If k € {3,4}, then Ky, ., NCH = (Kim)<i = (Kgm)<2i42—k. 1t
follows that the CW complex structure on Kj ,, induces a CW complex structure
on [~(k7m, with the same (2] +2 — k)-skeleton, and with m cells of dimension 21+3 —k
in I?k,m for each cell of dimension 2] + 3 — k of K}, (all attached via identical
maps to the (20 + 2 — k)-skeleton). The last assertion now results from a cellular
homology computation. O

In the proof of Proposition 2.7 below, we use Alexander duality in the form
given in [Mas78, Corollary 11.16]. This reference features (co)homology theories
with or without compact support (HS, HY, H® and HZX, see [Mas78, §10.1]).
One has HS = H® and H} = HZ for compact spaces (see [Mas78, §10.2]). We
write HEM (for Borel-Moore) instead of H>. In view of [Mas78, §8.8 and §9.6],
the theories HS and HZ coincide with singular (co)homology on CW complexes.
This applies in particular to Kj ,, and I?kym (see Lemma 2.6) and to the C*
manifolds Qy ,,, and ﬁk,m (see [Mun66, Theorem 10.6]).

Proposition 2.7. If k>3 and m > 1, then (pr.m)*Qk,m € Hk(ﬁkm,Z/m) is the
reduction modulo m of a class &y m € H*(Qn, Z).

Proof. Let 3 € H**1(Qk m, Z)[m] be the image of ay ,, by the boundary map of the
short exact sequence 0 — Z % Z — Z/m — 0. We must show that (px.,)*8 =0
in H**1(Qy..n,Z). Consider the diagram

~

HEY( Qe n, Z) | HJM  (Qem, Z) —— Hopoj(Kpm, Z)
(2.3) ¥ 0k m)” ’ Mok m)- L k)

H,H—l(ﬁk,ma 7) m[TNT Hgidgfk(ﬁk,mv Z) —— H2z+2—k(f~(k,m7 7),
k,m
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whose left horizontal arrows are Poincaré duality isomorphisms given by cap prod-
ucts with the fundamental classes of 2, and ﬁkm (see [Mas78, Theorem 11.4]),
whose right horizontal arrows are boundary maps of long exact sequences of pairs
(see [Mas78, (4a) p.86]) which are isomorphisms by vanishing of HJY, , (C'*2, Z)
and HJY,  (C2,7Z), whose right square commutes by [Mas78, (4c)p.86], and
whose right vertical arrow is an isomorphism by Lemma 2.6. One computes that

(pk,m)*(p’é,m(ﬁ) n [ﬁk,m]) =A4N (pk,m)*[ﬁk,m] =m:- (6 N [Qk,M]) =0,

where we used the naturality of the cap product (see [Mas78, (A1) p.325]), the fact
that pg n has degree m, and that § is m-torsion. It now follows from diagram (2.3)
(and in particular the commutativity of its right square) that (pg.,)*8 = 0. (I

Proposition 2.8. If k> 5 and m > 1, then (pr,m)* tk,m =0 in Hk(ﬁk,m,Z/m).

Proof. As k > 5, one has Ky, ,,, C C'*1 in C!*2. Tt follows that I?k,m = Ky m, hence
that Qk m = Qg (as subsets of C'*2). Using Proposition 2.5 and (2.1) yields

H*(Qpon, Z) = H*(Q n, Z) = HE(M(Z/m, k), Z) = 0.

The class ag,m € H k(ﬁk,m, Z) given by Proposition 2.7 therefore vanishes, and it
follows that (pg,m)*ag,m = 0. O

3. KILLING SINGULAR COHOMOLOCY ON FINITE FLAT COVERS
The main goal of this section is the following theorem.

Theorem 3.1. Let S be a finite-dimensional Stein space. For all k,m > 1 and
all o« € H*(S,Z/m), there exist d > 1 and a holomorphic map p : S — S that is
finite flat of degree d such that p*o =0 in H*(S,Z/m).

Remark 3.2. Tt follows from the proof of Theorem 3.1 that the integer d only depends
on m and on the dimension of S. It also follows from this proof that the finite
map p can be chosen to be locally of complete intersection, in addition to being flat.

After gathering general facts about Severi—Brauer spaces in §3.1, we prove
Theorem 3.1 in §3.2 when k € {1,2}, in §3.3 when k > 5 (this is the heart of the
proof), and in §3.4 for the slightly more involved cases where k € {3,4}.

3.1. Severi—Brauer spaces. Let S be a complex space. A Severi—Brauer space of
relative dimension N over S is a locally trivial holomorphic fibration 7 : X — §
whose fibers are isomorphic to PV (C). As the group of holomorphic automorphisms
of PN(C) is PGLy41(C), Severi-Brauer spaces of relative dimension N over S
are classified by H'(S,PGLy41(Os)). The following two lemmas are classical
in algebraic geometry (in particular, Lemma 3.3 is a complex-analytic version of
Chatelet’s theorem [Chad4, p. 35]), and we include their proofs for completeness.

Lemma 3.3. Let w: P — S be a Severi—-Brauer space over a complex space S. If w

has a holomorphic section, then m is the projectivization of a holomorphic vector
bundle on S.

Proof. Since Og == 7,Op, one has OF = m,0F. The Leray spectral sequence

EPY = HP(S,Rm,0%) = HP*(P,0%)
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therefore gives rise to an exact sequence

(3.1) HY(P,0p) — H°(S,R'7.0F) — H*(S,0%) — H*(P,0}).

That 7 has a holomorphic section shows that H?(S,0Z) — H?(P,O}) is injective.
If U is a contractible Stein open subset of S that trivializes 7 : P — S, then

Hl(w‘l(U),(’):,l(U)) = H'(PY(C) x U, Opxcyxv) = Z

(use the exponential short exact sequence [GR79, Lemma p. 142] on PV (C) x U).
We deduce an isomorphism R'm,.0F — Z given by the degree of line bundles on
the fibers of w. It now follows from (3.1) that there is a holomorphic line bundle £
on P restricting to Opn (c)(1) on the fibers of 7. One then checks locally (over open
subsets U of S as above) that m, L is locally free and that the natural holomorphic
map P — P(m.L) over S is an isomorphism (use cohomology and base change in its
form [BS76, III, Corollary 3.9]). O

Lemma 3.4. Let S be a finite-dimensional Stein space. Let w: P — S be a Severi—
Brauer space of relative dimension N. There exist d > 1 and a closed complex
subspace T C P such that ww|r : T — S is finite flat of degree d.

Proof. Fix e > 1. Let L := Op(—Kp,g) be the relative anticanonical line bundle
of 7, which restricts to Opn (¢)(N + 1) on the fibers of m. By cohomology and base
change (see e.g. [BS76, III, Corollary 3.9]), the sheaf £ := 7, ((LZ)®V) is locally
free and, letting f : E — S be the geometric vector bundle associated with &£, the
fiber E, of f over any s € S can be identified with H°(PY (C), Opn () (e(N +1)))®V
(this identification is well defined up to the natural action of GLy41(C)).

Consider the Zariski-open subset © of HO(PY (C), Op~ (c)(e(N +1)))®¥ consisting
of N-tuples (01,...,0n) such that {07 = --- = o5 = 0} is a complete intersection
in PV(C). As © is GLy1(C)-invariant, there exists an open subset E° C E
such that E° N E, is sent to © by the above identifications, for all s € S. The
restriction fO: E® — S of f is a locally trivial holomorphic fibration with fiber ©.

Let n be the dimension of S. By [BD18, Corollary 3.2], if e has been chosen big
enough, then the complement of © in HO(PY (C), Opy (¢ (e(N +1)))®" has complex
codimension > %, and it follows that m;(©) = 0 for 1 <7 <n — 1. As S has the
homotopy type of a CW complex of dimension < n (see [Ham86, Korollar]), one can
therefore use obstruction theory to find a continuous section g : S — E° of f9 (apply
[Ste51, Theorem 34.2]). As O is an Oka manifold (see [Forl7, Proposition 5.6.10]),
Theorem 2.1 shows that g can be chosen to be holomorphic.

The section g corresponds to a section (o71,...,0n) € H(S,E) = HO (P, £L&¢)®N,

Define T := {07 = -+ = oy = 0} C P. By construction, the complex sub-
space T of P is a relative complete intersection of codimension N over S and
hence |7 : T — S is finite flat of degree d := (e(N + 1))V. O

3.2. Classes of degree 1 or 2. Lemmas 3.5 and 3.6 below will be combined to
prove Proposition 3.7.

Lemma 3.5. Let S be a finite-dimensional Stein space. Fix 3 € H3(S,Z)[m] for
some m > 1. There exist d > 1 and a holomorphic map p : T — S that is finite flat
of degree d with p*8 =0 in H3(T,Z)[m].

Proof. Let Bran(S) and Bryop (S) be the analytic and topological Brauer groups of .S,
based on holomorphic and topological Azumaya algebras on S (see [BH26, §2.1]).
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There are natural isomorphisms
(3.2) Bran(S) =5 Briop(S) == H3(S, Z)tors

(see [BH26, Theorem 3.5]). Consider a holomorphic Azumaya algebra .4 on S whose
class in H3(S, Z)ors (see (3.2)) is equal to 8. Let N + 1 be the degree of A, so A is
classified by an element o € H'(S,PGLy+1(Ogs)) (see [BH26, §2.1]). Let 7 : P — S
be the Severi-Brauer space associated with « (see §3.1). By Lemma 3.4, there
exists a complex subspace T' C P such that p := 7|p : T'— S is finite flat of some
degree d > 1. It follows from Lemma 3.3 that p*a € H*(T,PGLy1(O7)) lifts
to HY(T, GLN+1(Or)). We deduce that the image of p*« in H?(T, O ) vanishes, so
the class of p* A in Br,, (T) vanishes (see [BH26, (2.1)]), and hence that p*8 =0. O

Lemma 3.6. Let S be a finite-dimensional Stein space. Fiz v € H?(S,Z). For
all m > 1, there exist d > 1 and a holomorphic map p : S — S that is finite flat of
degree d such that p*v is divisible by m in H?(S,Z).

Proof. The cohomology long exact sequence associated with the exponential short

exact sequence 0 — Z -5 Og 22, Of — 0 (for which see [GR79, Lemma p. 142])
and the vanishing of H2(S,Og) (because S is Stein) show that ~ is the first Chern
class of a holomorphic line bundle £ on S.

Let n be the dimension of S. By [Kri69, Theorem 1], the line bundle £ (which is
globally generated since S is Stein) is generated by n + 1 global sections og, ..., 0.
Let o : S — P"(C) be the holomorphic map defined by o(s) := [o0(s) : -+ - : on(s)],
50 0*Opn(cy(1) =~ L. The degree m™ finite flat holomorphic map r : P*(C) — P*(C)
given by r([zo: - :@p,]) = [xg" 1 - 2] is such that 7°Opn(c)(1) = Opn(c)(m).

Define p : S — S to be the base change of r by 0. Then p*L is the m-th tensor
power of some holomorphic line bundle on S, and the lemma is proved. (]

Proposition 3.7. Theorem 3.1 holds for k € {1,2}.

Proof. When k = 1, one can take p : S — S to be the unramified cyclic cover of
degree m that the class o € H'(S,Z/m) classifies. If k = 2, we let 3 € H3(S,Z)[m]
be the image of a € H?(S,Z/m) by the boundary map of the long exact sequence
of cohomology associated with 0 — Z = Z — Z/m — 0. Lemma 3.5 shows that,
after replacing S with a finite flat cover, we may assume that 8 = 0. Then « is the
reduction modulo m of a class v € H2(S,Z) to which one can apply Lemma 3.6. O

3.3. Classes of degree > 5. Recall that ay, ,,, was defined in §2.4 to be a generator
of H¥(Qpm,Z/m) ~Z/m. Let ogm : Qm — K(Z/m,k) be a continuous map
classifying ay . Let Fj o, be the homotopy fiber of ¢y, .

Lemma 3.8. Fiz k>3 and m > 1. Then mj(Fm) =0 for 1 <i <k and m;(F m)
is finite for i > k.

Proof. As ¢y, induces an isomorphism on H*(—,Z/m), it induces an isomorphism
on Hy(—,Z) by the universal coefficient theorem, hence on 7;(—) by the Hurewicz
theorem (noting that m;(Q ) = 0 for 0 < ¢ < k by Proposition 2.5 and §2.3).
As the homology groups of Qy, ,,, in positive degree are finite (see Proposition 2.5
and §2.3), so are its homotopy groups by [Ser53, Corollaire 2 p. 274]. The long exact
sequence of homotopy groups of a fibration completes the proof of the lemma. [

Proposition 3.9. Theorem 3.1 holds for k > 5.
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Proof. Let n be the dimension of S. We henceforth fix n and argue by downward
induction on k. If k > n, then H*(S,Z/m) = 0 because S has the homotopy type
of a CW complex of dimension < n (see [Ham86, Korollar]), so the result is proven
in this case. We assume from now on that 5 < k <n.

Let ¢ : S — K(Z/m,k) be a continuous map classifying a € H¥(S,Z/m).
Consider the problem of finding a continuous map v : S — €, ,, such that ¢, 09 is
homotopic to p. Obstruction theory provides successive obstructions for this problem,
which live in H**1(S, 7;(Fy 1)) (see [Ste51, Theorem 34.2]). These obstructions
vanish for ¢ < k by Lemma 3.8 and for ¢ > n because S has the homotopy type
of a CW complex of dimension < n (see [Ham86, Korollar]). As m;(F} ) is finite
for k < i < n (see Lemma 3.8), one can kill them after replacing S with a finite flat
cover of positive degree, by repeated applications of the induction hypothesis.

We may therefore assume that there exists a continuous map 9 : S — €, such
that ¥*ay m = a. As Q. is Oka by Proposition 2.5, it follows from Theorem 2.1
that there exists a holomorphic map x : S — ., that is homotopic to 1, and
hence such that x*ag » = . By Proposition 2.8, letting p : S — S be the pullback

by x of the finite flat holomorphic map pg m : Qkm — Qk,m concludes the proof. O
3.4. Classes of degree 3 or 4.
Proposition 3.10. Theorem 3.1 holds for k = 4.

Proof. Fix a € H*(S,Z/m). Arguing as in the proof of Proposition 3.9 (and
using Proposition 3.9 to kill the relevant obstructions on finite flat covers of S),
we reduce to the case where there exists a holomorphic map x : § — €4 ,, such
that x*au,,m = o. By Proposition 2.7, replacing S with the pullback by x of the
finite flat holomorphic map pa,, : S~247m — Q4. allows us to assume that « is the
reduction modulo m of a class v € H*(S,Z).

Let n : BSL2(C) — K(Z,4) be a continuous map classifying the second Chern
class co. As H*(BSL2(C),Z) = Z[cs], and given the computation of H*(K(Z,4),Q)
in [Ser51, Proposition 4 p.501], the map 7 induces an isomorphism on H*(—,Q),
hence on H.(—,Q), hence also on 7,.(—) ® Q by [Ser53, Théoréme 3]. In addition,
by the Hurewicz theorem, the map 7 induces an isomorphism on 7;(—) for ¢ < 4.
Letting F;, be the homotopy fiber of 7, the long exact sequence of homotopy groups
of a fibration shows that m;(F;) =0 for 1 <4 < 4 and that =, (F,) is finite for ¢ > 4.

Let ¢ : S — K(Z,4) be a continuous map classifying v. The successive obstruc-
tions to lifting ¢ to BSLy(C) (see [Ste51, Theorem 34.2]) live in H*™!(S, m;(F},))
for i > 5, where m;(F},) is finite. By Proposition 3.9, one can kill these obstructions
on finite flat covers of S. This allows us to reduce to the case where v = ¢3(&) for
some rank 2 topological complex vector bundle £ on S. Use Grauert’s Oka principle
[Gra58, Satz II] to endow & with the structure of a holomorphic vector bundle
(the reference [Grab8] assumes S to be reduced, but one can reduce to this case by
applying Proposition 2.3 to a trivial fibration whose fiber is a Grassmannian).

Let m : P(€) — S be the projectivization of £&. Use Lemma 3.4 to find a
complex subspace T' C P(€) such that 7|y : T'— S is finite flat of some positive
degree. The vector bundle 7*& is tautologically an extension of two holomorphic line
bundles £ and £’ on P(E). It follows that (7|7)*c2(E) = c1(L|r)er (L' |r) in HY(T, Z).
Replacing S with T and € with (7|7)*E, we may assume that v is the product of
two classes in H2(T,Z), hence that « is the product of two classes in H?(T,Z/m).
The proposition now follows from the k = 2 case dealt with in Proposition 3.7. O



13

Proposition 3.11. Theorem 3.1 holds for k = 3.

Proof. Fix a € H3(S,Z/m). Arguing as in the first paragraph of the proof of Propo-
sition 3.10, we may assume that « is the reduction modulo m of a class v € H3(S,Z).

Set 2 :=C2%\ {(0,0)}, so Q has the homotopy type of S3. Let 6 : Q — K(Z,3)
be a continuous map classifying a generator § € H3(£,Z) ~ Z. In view of [Ser51,
Proposition 4 p.501], the map # induces an isomorphism on H*(—,Q), hence
on H,(—,Q), hence on 7,(—) ® Q by [Ser53, Théoreéme 3]. In addition, by the
Hurewicz theorem, the map 6 induces an isomorphism on m;(—) for ¢ < 3. Letting Fy
be the homotopy fiber of 6, the long exact sequence of homotopy groups of a fibration
shows that m;(Fy) = 0 for 1 < ¢ < 3 and that m;(Fp) is finite for ¢ > 3.

Let ¢ : S — K(Z,3) be a continuous map classifying v. The successive obstruc-
tions to lifting ¢ to Q (see [Ste51, Theorem 34.2]) live in H*™(S, 7;(Fy)) for i > 4,
where 7;(Fp) is finite. Killing these obstructions on finite flat covers of S using
Proposition 3.9, we may assume that there exists a continuous map ¢ : S — €
with ¢*0 = . As Q is Oka (see e.g. [For17, Proposition 5.6.1]), one can apply The-
orem 2.1 to find a holomorphic map x : S — €2 that is homotopic to ¥, so x*d = ~.

Let g, : © — Q be the holomorphic map (21, z2) — (21, 25"), which is finite flat
of degree m. One has (¢;,)*0 = md. Let p: S — S be the pullback of g, by x.
Then p*y € H3(S, Z) is a multiple of m and hence p*a = 0. O

4. THE COMPARISON THEOREM

After providing the necessary background on analytification and Grothendieck
topologies in Stein geometry in §4.1 and §4.2, we use Theorem 3.1 to prove our
key comparison theorem (Theorem 4.5) in §4.3. We deduce its constructible and
Gal(C/R)-equivariant extensions in §4.4 and §4.5 respectively. The construction of
the analytic weight filtration is derived in §6.3.

4.1. Analytification in Stein geometry. Let S be a Stein space and let X be a sep-
arated O(S)-scheme locally of finite presentation. In [Bin76, Satz 1.1], Bingener func-
torially associates with X its analytification: a complex space X" over S endowed
with a morphism iy : X?* — X. Concretely, if X = {f1 =--- = fyy =0} C Ag(S)
is affine, then X2 = {f; = ... = fyy = 0} C S x CV. In general, the construction
proceeds by gluing analytifications of affine charts. The space X" is naturally in
bijection with X (C), where X is viewed as a C-scheme (see [Ben24, Lemma 2.3]).
Analytification is compatible with fiber products (see [Bin76, p.3]) and restriction
of scalars (see [Ben24, Lemma 2.2]). The analytification of a finitely presented quasi-
coherent sheaf F on X is the coherent sheaf F*" := %, F on X®" (see [Bin76, p. 3]).

Let S be a Stein space. A coherent sheaf G on S is said to be globally finitely
presented if it admits a presentation of the form (’)?N/ — O?N — G — 0 for
some N, N’ > 0 (we warn the reader that the reference [Ben24, §2.3] calls such
sheaves finitely presented). A finite holomorphic map p : T'— S is said to be globally
finitely presented if the coherent sheaf p,.Or is globally finitely presented.

The next proposition, in the spirit of [For67], follows from [Ben24, Proposition 2.5
and Remarks 2.6] (see [BH26, (2.2)]). It will be used in the proof of Proposition 5.6.
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Proposition 4.1. Let S be a Stein space. There is an exact monoidal adjoint
equivalence of categories

(4.1) finitely presented quasi-coherent | _, | globally finitely presented
’ sheaves on Spec(O(5)) coherent sheaves on S

with left-to-right functor F — F?" and right-to-left functor G — CT(\ST) If S is
finite-dimensional, then (4.1) restricts to a rank-preserving equivalence between the
categories of vector bundles on Spec(O(S)) and holomorphic vector bundles on S.

The following proposition is used in the proof of Theorem 4.5.

Proposition 4.2. If S is a Stein space, then the two functors X — X?®" and
T — Spec(O(T)) induce an adjoint equivalence

(4.2) finite O(S)-schemes X | _, globally finitely presented
' of finite presentation ) finite holomorphic mapsp: T — S [~

If the O(S)-scheme X s flat (resp. surjective) then so is p.
If p is flat (resp. flat and surjective) then so is the O(S)-scheme X.

Proof. This is proved in [Ben24, Proposition 2.7], except for the parenthesized
assertions. If f: X — Spec(O(S5)) is a surjective morphism of finite presentation,
then f2": X — S is surjective by [Bin76, Satz 3.1 (2)]. Now let p: T'— S be a
surjective globally finitely presented finite flat holomorphic map with induced finite
flat morphism of finite presentation f : Spec(O(T)) — Spec(O(S5)). The image Z
of f is a closed and open subscheme of Spec(O(S)). As the surjective map p
factorizes through the open subspace Z®" of S, one has Z?" = S. It therefore follows
from the equivalence (4.2) that Z = Spec(O(S)) and hence that f is surjective. O

Remark 4.3. In the setting of Proposition 4.2, if p is not assumed to be flat, the
surjectivity of p does not necessarily imply the surjectivity of f. Here is an example.
For n > 1, let S,, be the zero-dimensional Stein space with O(S,,) = C[e]/(g™).
Let S be the disjoint union of the (Sy)n>1. Let p: T := Sred s S be the reduction
of S. As T is the zero locus of € in S, the surjective finite holomorphic map p is
globally finitely presented. Since the element ¢ € O(S) = [],,~; Cle]/(e") is not
nilpotent, it does not vanish on all points of Spec(O(S)). It follows that the closed
immersion f : Spec(O(T)) = Spec(O(S)/e) — Spec(O(S)) is not surjective.

Let S be a Stein space. To address the difficulty mentioned in Remark 4.3, we
say that a finite holomorphic map p : T — S is algebraically surjective if the induced
scheme morphism Spec(O(T')) — Spec(O(S)) is surjective.

Finally, the next lemma gives criteria for a finite holomorphic map between Stein
spaces to be globally finitely presented.

Lemma 4.4. Let S be a Stein space.
(i) If two finite holomorphic maps p : T — S and p' : T' — S are globally
finitely presented, then so is their fiber product (p,p’) : T xsT' — S.
(ii) If two finite holomorphic maps p : T — S and q : T' — T are globally
finitely presented, then so is their composition p o q.
(iii) If S is finite-dimensional, then any holomorphic map p : T — S that is
finite flat of some degree d > 1 is globally finitely presented.
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Proof. Assertions (i) and (ii) follow from Proposition 4.2 (since they become clear
on the left side of the equivalence (4.2)). Assertion (iii) holds because p.Or is
locally free of degree d, hence globally finitely presented by Proposition 4.1. O

4.2. Grothendieck topologies. We refer to [SP, Definition 03NH] for the definition
of a site. Let S be a Stein space. Let X be a separated O(S)-scheme locally of finite
presentation. As explained in [Ben25, §4.2], the analytification of étale schemes
over X induces a morphism of sites £ : (X**)g — X from the site of local
isomorphisms of X" (see [SGA4yy, XI, §4.0]) to the small étale site of X (whose
objects are the separated étale X-schemes of finite presentation, endowed with
the étale topology). We define the analytification of an étale sheaf (or complex of
sheaves) L on X to be L*" := ¢*L. As the topoi associated with (X?"). and X?" are
equivalent (see [SGA4;, III, Théoréme 4.1]), pulling back by & induces, for all & > 0,
a comparison morphism

(4.3) HE (X, L) — HF(X L),

If X = Spec(O(S)), so X** =S, we consider the commutative diagram of sites

Scl ch Sf

(4.4) ' v {
Spec(O(S))et <— Spec(O(S))n — Spec(O(S))s.

In (4.4), the objects of the site Spec(O(S))s are the finite O(S)-schemes of finite
presentation, with coverings given by surjective morphisms. The site S¢ has as
objects all complex spaces over S that are finite and globally finitely presented, with
coverings given by holomorphic maps that are algebraically surjective in the sense
defined in §4.1 (to verify that S is a site, use Lemma 4.4 (i) and (ii)).

The objects of the site Spec(O(S))n are the separated O(S)-schemes of finite
presentation. It is endowed with Voevodsky’s h topology (see [SP, Definition OETS]):
the coarsest Grothendieck topology for which Zariski coverings, as well as surjective
proper morphisms of finite presentation, are coverings (see [SP, Lemmas 0ETU,
OETV and OETW]). The objects of Sy are the Hausdorfl and locally compact topo-
logical spaces over S. It is endowed with the qc topology (see [SP, Definition 09X0]).

The morphisms in (4.4) are the obvious ones, and Sqc — Spec(O(S))y is well
defined since analytifications of h coverings are qc coverings (see [SP, Lemma 09X5]).

4.3. The étale cohomology of a Stein algebra.

Theorem 4.5. Let S be a finite-dimensional Stein space. The morphisms
H (Spec(O(8)), Z/m) — H(S,Z/m)

are isomorphisms for all k > 0 and all m > 1.

Proof. We refer to [SP, Definition 01G5] for the definition of a hypercovering
of an object of a site. By (4.2), there is an equivalence of categories between
hypercoverings X, — Spec(O(S)) in Spec(O(S))s and hypercoverings Ty — S
in St (given by T, = X2* and X, = Spec(O(S,))). Note that X, — Spec(O(S))
and T, — S are hypercoverings for the h and qc topology respectively (see (4.4)).

Take the colimits over all such hypercoverings (the transition maps being given
by refinements of hypercoverings) of Cech-to-derived spectral sequences (for which


https://stacks.math.columbia.edu/tag/03NH
https://stacks.math.columbia.edu/tag/0ETS
https://stacks.math.columbia.edu/tag/0ETU
https://stacks.math.columbia.edu/tag/0ETV
https://stacks.math.columbia.edu/tag/0ETW
https://stacks.math.columbia.edu/tag/09X0
https://stacks.math.columbia.edu/tag/09X5
https://stacks.math.columbia.edu/tag/01G5
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see [SP, Lemma 01GY]) for the h and qc topologies. This yields spectral sequences
(4.5) E%? = colimy, H?(X., H{(Z/m)) = H""(Spec(O(S)),Z/m) and
(4.6) EY? = colimr, HP (Ts, Hi,(Z/m)) = HESU(S, Z/m),

where H{(Z/m) and H{.(Z/m) respectively are the presheaves X — H{(X,Z/m)
and T~ HJ.(T,Z/m). Using [SP, Lemma OEWH] (which, in the excellent noe-
therian case, is due to Suslin and Voevodsky [SV96, Corollary 10.10]) and [SP,
Lemma 09X4], one can rewrite the spectral sequences (4.5) and (4.6) as

(4.7)  EY? = colimyx, H? (X4, HE, (Z/m)) = HY ¥ (Spec(O(S)),Z/m) and
(4.8)  EPY = colimg, HP(T., HY(Z/m)) = HPTI(S,Z/m),

where H?,(Z/m) and H(Z/m) are the presheaves given by X — H{ (X,Z/m)
and T — HY(T,Z/m). In addition, there are natural morphisms from (4.5) to (4.6),
and hence from (4.7) to (4.8), induced by vertical arrows in (4.4).

Fix p > 0 and ¢ > 0. For any morphism X — Spec(O(S5)) in Spec(O(95))s, any
class in H, (X,Z/m) can be killed after pullback by a covering X’ — X in the
site Spec(O(S))s (this assertion can be deduced from [Bhal2, Theorem 1.1] using a
limit argument based on [SP, Theorem 09Y Q)] to reduce to the excellent noetherian
case). It therefore follows from the construction of refinements of hypercoverings
given in [SP, Lemma 01GJ] that

(4.9) colimx, H?(Xo, HE, (Z/m)) = 0.

Similarly, for any morphism 7" — S in St, any class in H9(T,Z/m) can be killed
after pullback by a finite flat holomorphic map 7" — T of some degree d > 1,
by Theorem 3.1. As T’ — T is a covering in the site S (by Lemma 4.4 (iii) and
Proposition 4.2), we deduce from the construction of refinements of hypercoverings
given in [SP, Lemma 01GJ] that

(4.10) colimy, HP(Ty, HI(Z/m)) = 0.

For any morphism X — Spec(O(S5)) in Spec(O(S))s, Proposition 4.2 implies that
closed and open subsets of X are naturally in bijection with closed and open subsets
of X" and hence that the natural morphism HY, (X,Z/m) — H°(X®*",Z/m) is an
isomorphism (the argument appears in [Ben24, Remark 3.11 (iii)]). It follows that
the natural morphism

(4.11) colimx, H?(X,, HS, (Z/m)) — colimp, H? (T, H°(Z/m))

is an isomorphism for all p > 0.

Combining (4.9), (4.10) and (4.11) shows that the morphism between the spectral
sequences (4.7) and (4.8) induces an isomorphism between their second pages, and
hence also between their abutments. This completes the proof of the theorem. O

4.4. Constructible coefficients.

Proposition 4.6. Let S be a finite-dimensional Stein space. Let 1L be a constructible
étale sheaf on Spec(O(S)). Then the comparison morphisms

HE (Spec(O(9)),L) — H*(S,L™)

are isomorphisms for all k > 0.
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Proof. By [SP, Lemmas 0977, 095R and 03RX], the sheaf L. has a resolution
(4.12) 0—+L—=Lyo—L;—...

by constructible sheaves L, that are finite direct sums of sheaves of the form .M,
where 7 : X — Spec(O(S)) is finite and of finite presentation and M is a constant
constructible étale sheaf on X. In view of the spectral sequences

B = H{ (Spec(O(S)), Ly) = HE(Spec(O(S)), L)
and
EP? = HY(S, L") = HPT(S 12",

induced by (4.12), we can assume that L is of the form .M with 7 and M as above.

Set T := X?". As #®*" : T — S is finite, the complex space T is Stein. In addition,
one has X = Spec(O(T)) by Proposition 4.2. The higher direct images of = and 72"
vanish (see [SP, Proposition 03QP] and [Ive86, III, Theorem 6.2]). Using the Leray
spectral sequences

B} = HY, (Spec(O(S)), R?m.M) = HE,(Spec(O(T)), M)
and
EY? = HP(S,RY(m*™) M*™) = HPTI(T, M),

one can thus reduce to the case where L is constant constructible (after replacing S

with 7" and L with M)). We may finally assume that L = Z/m for some m > 1, in
which case the statement to be proved is exactly Theorem 4.5. O

Theorem 4.7. Let S be a finite-dimensional Stein space. Let f : X — Spec(O(S5))
be a proper O(S)-scheme of finite presentation. Let I be a constructible étale sheaf
on X. Then the comparison morphisms

HE (X, L) — H (X, Lan)
are isomorphisms for all k > 0.

Proof. Consider the Leray spectral sequences

(4.13) EY? = HY (Spec(O(S)), Rf,L) = HEMY(X, L)
and
(4.14) EDY = HP(S,RI(f™), L) = HPTI(X™ L").

The sheaves R?f,L are constructible by [SP, Theorem 0GLO0] and the natural
morphisms (R?f.L)* — R?(f2"),L*" are isomorphisms by [Ben25, Theorem 4.9].
The natural morphism from (4.13) to (4.14) is therefore an isomorphism on page 2
by Proposition 4.6, hence an isomorphism between the abutments. ([

Remarks 4.8. (i) Theorem 4.7 does not hold in general if S is not finite-dimensional
(even for k =1, X = Spec(O(S)) and L = Z/2, see [Ben24, Remark 4.13 (iii)]).

(ii) Theorem 4.7 fails in general if f is not proper (even for S of dimension 0
and f an open immersion, with k =0 and L = Z/2, see [Ben24, Remark 3.11 (i)]).

(iii) Theorem 4.7 does not hold in general if f is assumed to be of finite type
but not of finite presentation (even for S of dimension 0 and f a closed immersion,
with kK =0 and L = Z/2, as the example of [Ben24, Remark 2.9] shows).

(iv) Theorem 4.7 fails in general if the sheaf L is not constructible (even for k = 0
and X = Spec(O(5)) with S of dimension 0, see [Ben24, Remark 6.7 (iii)]).
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4.5. A G-equivariant comparison theorem. Let G := Gal(C/R) ~ Z/2 be the
group generated by complex conjugation. A G-equivariant complex space is a complex
space endowed, as a locally ringed space, with an action of G such that the complex
conjugation acts C-antilinearly. It is said to be Stein if so is the underlying complex
space. For any G-equivariant Stein space S, there is an analytification functor
associating with an O(S)%-scheme locally of finite presentation X a G-equivariant
complex space X" over S (see [Ben25, §6.3]).

Theorem 4.7 readily extends to the G-equivariant setting. This extension is not
used in this article, but is relevant for applications to real-analytic geometry (as
in [Ben25, §7] or [Ben24, §10]).

Theorem 4.9. Let S be a finite-dimensional G-equivariant Stein space. Let X be
a proper O(S)%-scheme of finite presentation. Let I be a constructible étale sheaf
on X. Then the natural morphisms

HE(X,L) — HE(X™, L)
are isomorphisms for all k > 0.

Proof. The G-equivariant morphism of sites € : (X*")q — (Xo(g))er induces a
morphism between the Hochschild—Serre spectral sequences

(4.15) Ey* = H?(G, H§ (Xo(s), L) = HE (X, L)

and

(4.16) ERT = HP(G, HY(X*, ™)) = HE (X", L*)

(see [Sch94, Remark 10.9]). It induces an isomorphism between the second pages
of (4.15) and (4.16) by Theorem 4.7, hence also between their abutments. O

5. APPLICATION TO THE CONIVEAU

Theorem 5.9 below is an application of our main comparison theorem (Theo-
rem 4.7) to the coniveau of integral cohomology classes on Stein spaces.

5.1. Coniveau of torsion cohomology classes, in algebraic geometry. By
way of preparation for the proof of Theorem 5.9, we include the following refinement
of Colliot-Théléne and Voisin’s [CTV12, Théoréme 3.1]. In its proof, the reduction to
the smooth case uses Hoobler’s trick [Hoo06] (see also [Ker09, Proof of Theorem 7.8]).

Theorem 5.1. Let V be a quasi-projective algebraic variety over C. Fiz k > 0 and
a torsion class o € H*(V21 7). Let = C V® be a countable subset. There exists a
dense open subset V' C V such that 2 C (V)™ and ol =0 in H*((V')™, Z).

Proof. Let V be a projective compactification of V. Let D C V be an ample divisor
containing V' \ V and such that D* N= = @. After replacing V with V' \ D and «
with O‘|(V\ p)sny WE Ay assume that V is affine.

Let m > 1 be such that ma = 0. Denote by 9,,, the boundary maps induced by the
short exact sequence 0 — Z % Z — Z/m — 0. Choose a class 3 € H*1 (V" Z/m)
such that 0,,(8) = a. Let B € HE"1(V,Z/m) be the inverse image of § by Artin’s
comparison isomorphism Hi ' (V,Z/m) = HF=1(V Z/m).

Fix N > 0 and a closed embedding V C AY. Let i : V — V be the henseliza-
tion of AY along V (see [SP, Lemma 0A02]). By Gabber’s affine base change
theorem (see [Gab94, Theorem 1]), there exists 7 € Hft_l(f/,Z/m) with i*5 = 3.
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The scheme V is a directed limit of affine étale Al -schemes (see the proof of [SP,
Lemma 0A02]). By [SP, Theorem 09YQ)], there exist a smooth affine algebraic vari-
ety W over C, a morphism of C-schemes f : V- W, and a class 0 € Hft_l(VV, Z/m)
such that f*6 = 4. Let & € H*(W®",Z/m) be the image of § by the comparison
morphism HE™H(W,Z/m) — H*'(W*» Z/m). Replacing V with W, the class a
with 0p, () and E with (f 04)*"(E), we reduce to the case where V' is smooth.

By [CTV12, Théoréme 3.1], there exists a dense open subset V™ C V such
that afy+)m = 0. Set ZT := V\ VT, so a lifts to a class a™ € HE, (V,Z).
By the Bloch—Ogus—Gabber effacement theorem (see [BO74, (4.2.3)], [CTHK97,
Theorem 2.2.7] or [Sch24, Theorem 1.1], and Remark 5.2 below) applied over k = C to
the cohomology theory H* = H*((—)*",Z), there exists a dense open subset V' C V
with 2 C (V)2 such that at (hence also ) vanishes in H*((V')2*, Z). O

Remark 5.2. Keep the notation of the proof of Theorem 5.1. The Bloch—Ogus—
Gabber effacement theorem as stated in [BO74, CTHK97, Sch24] applies when =
is a single point (in [BO74]) or a finite set (in [CTHK97, Sch24]). However, in the
situation we consider (over k = C for H* = H*((—)*",Z)), making very general
choices in the proofs of [BO74, CTHK97, Sch24] allows them to go through when =
is countable. It is easier to check this for the proof of [CTHK97, Theorem 2.2.7]
given in [CTHK97, §§3-4] (in [CTHK97, §3], use that a countable intersection of
dense open subsets in an algebraic variety over C contains C-points).

5.2. Coniveau of integral cohomology classes, up to a multiple. As a
first step towards Theorem 5.9, we show that any integral cohomology class of
degree > 2 on a finite-dimensional Stein space has a multiple of coniveau > 1, in a
strong sense (see Propositions 5.5 and 5.6). Lemmas 5.3 and 5.4 are used to prove
Proposition 5.5 for odd and even degree classes respectively. Lemma 5.4 appears
in [BV24, Proposition 3.1] but the proof there only applies to finite CW complexes.

Lemma 5.3. Let T be a finite-dimensional CW complez. Fiz o € H*(T,Z) for
some k > 1 odd. Then there exist m > 1 and a continuous map f : T — SF such
that ma = f*w (where w € H*(S¥,Z) denotes the canonical generator).

Proof. Let K(Z,k) be an Eilenberg-MacLane CW complex with tautological class
B € H*(K(Z,k),Z). Let K(Z,k)<q be the d-skeleton of K(Z,k). For m > 1, we
let po : K(Z, k) — K(Z, k) be a cellular map (well defined up to homotopy) induced
by multiplication by m on Z, so that (u,,)*8 = mp.

Let v : S¥ — K(Z, k) be a continuous map classifying w (so v* = w) and let F,
be the homotopy fiber of v. Since k is odd, Serre’s results on the homotopy groups
of spheres [Ser51, Proposition 3 p.494] and the long exact sequence of homotopy
groups in a fibration show that m;(F, ) is finite for all i, and vanishes for 1 < i < k.

We claim that, for all d > 0, there exist an integer my > 1 and a continuous
map gq : K(Z,k)<q — S* such that v o gs = (my)| K (Z,k)<q- The proof is by
induction on d. Assuming that my_; and g4_1 have been constructed, we need to
extend the lift g4_1 of v to a lift g4 : K(Z,k)<q — S*, after maybe replacing g4_1
with gg—1 © py for some m’ > 1 (then set mgq := m'mg—1). The obstruction for
doing so lives in HY(K (Z, k), m4_1(F,)) (see [Ste51, Theorem 34.2]). As my4_1(F),)
is finite, this obstruction class can be killed after pullback by i,/ for m’ sufficiently
divisible (the argument appears at the end of [BV24, Proof of Lemma 2.2]).

If d is the dimension of T', one can find a continuous map ¢ : T' — K(Z,k)<q
classifying a, so ©*(8|k(z,k).,) = @ Set f:= gqo @ and m := my. To conclude the
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proof, one computes that
[fw=fv'p= 90*921/*5 = ¢*(ﬂmd|K(Z,k)§d)*B = mw*(mK(z,k)gd) = ma. O

Let Gr(r, N) be the Grassmannian of quotients of dimension r of CV, and let &, y
denote the tautological rank r vector bundle on Gr(r, N).

Lemma 5.4. Let T be a finite-dimensional CW complex. Fiz r > 1 and classes
a; € H¥(T,Z) for 1 <i < r. Then there exist integers m > 1 and N > r, and a
continuous map f: T — Gr(r,N) such that ma,; = f*¢;(En) for 1 <i<r.

Proof. Let BGL,.(C) be the classifying space of complex vector bundles of rank r,
constructed as the colimit of the Gr(r, N) for N > r. Let &, be the universal vector
bundle on BGL,(C) (so & |ar(r,n) = Ern). Let A : BGL,.(C) — [];<,<, K(Z,2i)
be a continuous map classifying the Chern classes of &,.

As H*(BGL,(C),Z) = Zlci(&r), ..., ¢r(&r)], and in view of the computation
of H*(I],<;<, K(Z,2i),Q) in [Ser51, Proposition 4 p.501], the map X induces an
isomorphism on H*(—,Q), hence on H,(—,Q), hence on m,(—) ® Q by [Ser53,
Théoréme 3]. It also induces an isomorphism on 7;(—) for ¢ < 2, by the Hurewicz
theorem. Letting F)\ be the homotopy fiber of A, the long exact sequence of homotopy
groups of a fibration shows that m;(F}) is finite, and vanishes for ¢ € {1, 2}.

Arguing as in the proof of Lemma 5.3 (using the map A instead of v), one finds an
integer m > 1 and a continuous map f : T'— BGL,(C) such that ma; = f*¢; (&)
for 1 <i <. Since T is finite-dimensional and the inclusion Gr(r, N) C BGL,(C)
is a (2N — 2r 4 1)-equivalence, the map f factorizes through Gr(r, N) for N big
enough, which concludes the proof of the lemma. ([l

Proposition 5.5. Let S be a finite-dimensional Stein space. Fiz o € H*(S,7) for
some k > 1. Set ¢ := Lg] There exist m > 1, an algebraic variety V over C that is
homogeneous under a linear algebraic group G, a vector bundle € of rank c on 'V, a
section o € HO(V, E) transverse to the zero section with zero locus j : V' <V, a class

¢ € HE=2¢((V")21. Z), and a continuous map f: S — V3 with ma = f*(5°%).C.

Proof. Recall that S has the homotopy type of a finite-dimensional CW complex
(see [Ham86, Korollar]), so the use of Lemmas 5.3 and 5.4 below is legitimate.
Assume first that k& = 2c+1 > 1 is odd. Endow V := AZ"\ {(0,...,0)} with
its natural action of G := GL.41,¢c. Set € := (’)é‘;c and o := (21,...,7.) € O(V)®¢
(so V' = A} \ {0}). The manifolds (V')®* and V" have the homotopy type of S*
and S* respectively, and we let ¢ € H'((V')*,Z) and w € H*(V** Z) be the
canonical generators (so w = (j*).(). Lemma 5.3 shows that there exists a
continuous map f : S — V" such that ma = f*w = f*(5*").¢ for some m > 1.
Assume now that & = 2¢ > 2 is even. By Lemma 5.4 (applied with r = ¢
and (a1,...,a,) = (0,...,0,«a)), there exist m > 1 and N > r, as well as a
continuous map f:S — Gr(r,N), such that ma = f*¢.(§,n). Let V and &
be the algebraic variety and the algebraic vector bundle whose analytifications
are Gr(r,N) and &, n. Note that V is homogeneous under the natural action
of G := GLy,c. As & is globally generated, the Bertini theorem shows that a general
section o € H(V,£) is transverse to the zero section. Let j : V/ < V be its zero
locus. Set ¢ :=1€ HO((V")2,Z), so (j*")«( = ¢(Ern) and ma = f*(52).¢. O
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We define Koszul-regular immersions of schemes as in [SP, Definition 063J].
A Koszul-regular immersion has codimension c if its conormal sheaf (see [SP,
Definition 01R2]) is locally free of rank c.

Proposition 5.6. Let S be a connected Stein manifold. Let = C S be a countable
subset. Fiza € H*(S,7) for some k > 2. Set ¢ := Lg] There existm > 1, a Koszul-
regular closed immersion ¢ : X < Spec(O(S)) of codimension ¢, and a cohomology
class B € H*=2¢(X?,7Z), such that X® NZ = &, such that (** : X — S is the

inclusion of a submanifold of codimension c, and such that ma = (1*").[.

Proof. Let (m,V,G,&,0,5,V',(, f) be as in Proposition 5.5. Since V2" is Oka (see
[Forl7, Proposition 5.6.1]), we may choose f holomorphic (see Theorem 2.1). As V2"
is G®*"-homogeneous, the C* map S x G®* — V2" given by (s,g) — g- f(s) is a sub-
mersion. By the transversality theorem [GP74, p.68], the map fy:s— g- f(s)
is transverse to j*" for almost all g € G*". Replacing f with f, for a well-
chosen g € G*®, we may assume that f is transverse to j2* and that V' N f(2) = @.

Set F := f*&™ and 7 := f*o® € H°(S,F). By transversality of f and j*",
the section 7 is transverse to the zero section and its zero locus h : T — S is
a codimension ¢ submanifold of S. Define 3 := (f|7)*¢ € H*=2¢(T,Z). Again by
transversality of f and j*", one has ma = f*(52").( = h(f|7)*¢ = hsf.

Applying the equivalence of categories of Proposition 4.1 to F and 7 yields a
vector bundle G of rank ¢ on Spec(O(S)) and a section v € H%(Spec(O(9)),3).
Let ¢ : X < Spec(O(S)) be the zero locus of v. The Koszul complex

c 2
(5.1) 0-ANF' 5. HNFSF 50s—0r -0

associated with 7 is exact (use [SP, Lemma 062F] in the local rings of S). Applying
the above equivalence of categories to (5.1) gives rise to the Koszul complex

c 2
(5.2) 0 NG 5. BN G5 GV S Ospec(orsy = Ox =0

associated with v. Since this equivalence is exact (see Proposition 4.1), the com-
plex (5.2) is a resolution of Ox. This means that ¢ is a Koszul-regular immersion,
of codimension ¢ because the conormal sheaf of ¢ is G¥|x.

It follows from Proposition 4.1 that (5.1) is the analytification of (5.2), hence
that T'= X" and h = (*". This completes the proof of the proposition. O

5.3. Applying the comparison theorem. Recall that we denote by 0, the
boundary maps induced by the short exact sequence 0 — Z — Z — Z/m — 0.
The proof of the next proposition is complicated by the fact that the comparison
morphism Hétfl(U, Z/m) — H*~Y(U*",Z/m) that appears in its statement may
not be an isomorphism.
Proposition 5.7. Let S be a connected Stein manifold. Let Z C S be a countable
subset. Fix k > 2 and o € H’“(S7 Z). There exist m > 1, a dense open subset U
of Spec(O(S)), and a class 6 € HE"H (U, Z/m) with image § € H*=2(U*", Z/m) by
the comparison morphism HE (U, Z/m) — H*=Y(U**,Z/m), such that = C U™
and O0p, (8) = a|gan in HX(U™, 7).
Proof. Set ¢:= | %]. Let m, as well as ¢ : X — Spec(O(S)) and 3 € H*~2¢(X*" 7)
be as in Proposition 5.6. Set U := Spec(O(S)) \ X, so U** = S5\ X",

Let Cl4. : Z[—2¢] =5 (1**)'Z be the Thom isomorphism in Dt (X" Z). After
pushforward by (" and composition with the natural morphism (:**),(:**)'Z — Z,
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it gives rise to the Gysin morphism GysZ. : (1*%),Z[-2¢] — Z in D1(S,Z).
Let K € D%(S,Z) be defined by the distinguished triangle

Z
(5.3) 7@ (1) Z[—2c] ESCING SN RN
As ma = (1*1),.3 (see Proposition 5.6), the class (o, —3) € H*(S,Z ® (:**),Z[—2c])
lifts, in the long exact sequence of cohomology of (5.3), to a class v € H* (S, K).
Since the restriction of (5.3) to U?" reads

(5.4) 77— 7/m 1L,
one has K|yan = Z/m, and § := y|pan € H* (U, Z/m) satisfies 0, () = pran.
It remains to show that & lifts to a class 6 € HEH(U, Z/m).

Let Clan : Z/m[—2¢] =+ (:**)'Z/m be the modulo m Thom isomorphism

in DT (X Z/m), and denote by Gys,an : (t*)«Z/m[—-2¢|] — Z/m the induced
Gysin morphism in D% (S,Z/m). Consider a morphism

,GysZan
Z® (™), z[-2d ) 7 K ——
(5.5) ) ' 7 Y ox
(19). Z/m[~2¢] ——" > 7,/ m K—

of distinguished triangles in DT (S, Z) whose upper row is (5.3), where p denotes
reduction modulo m morphisms, where K is defined by the bottom row of (5.5),
and where px : K — K is constructed using axiom (TR3) of triangulated categories.
Set 7 := pr(y) € H*=1(S,K). The restriction of (5.5) to U*" reads

f m f 14 Z/m +1
(5.6) p y1d
0——Z/m M Z/m +

It follows from (5.6) that y|yan = |gen = § in H*=L(U,Z/m).

Let Cl, : Z/m[-2c] — ¢'Z/m be the morphism in D% (Xg,Z/m) defined in
[Riol4, Définition 2.3.1] (we consider a shift of the morphism in loc. cit., we iden-
tify Z/m with the Tate twist Z/m(1) by sending 1 to e, and we note that the
regular immersions of [Riol4] are our Koszul-regular immersions). Consider the
induced Gysin morphism Gys, : t.Z/m[—2c] — Z/m in D+ (Spec(O(S))st, Z/m).
Let L € Dt (Spec(O(S))et, Z/m) be defined by the distinguished triangle

(5.7) WZ/m[-2d SX5 Zjm - L 25

Lemma 5.8. The bottom row of (5.5) is the analytification of (5.7) in the sense

of §4.2. In particular, one has L*" = K.

Proof. Tt suffices to verify that the analytification of Cl, (which we view as an
element of Hgt‘iX(Spec(O(S)), Z/m)) is equal to Clan (viewed in H3%.(S,Z/m)).
By uniqueness of Thom classes, we may work locally at some point s € X?* C S.

Let U C Spec(O(S)) be an affine open neighborhood of s in which X is defined
by a Koszul-regular sequence (fj)i<j<c in O(U). For 1 < j < ¢, consider the
codimension 1 Koszul-regular immersion ¢; : D; := {f; =0} < U. Let Q C U*" be
an open neighborhood of s such that the (D" N(2)1<;<. are codimension 1 complex
submanifolds of € intersecting transversally along X" N .



23

Let Cl,,; € HE p (U,Z/m) be the class of ¢; (see [Riol4, Définition 2.3.1]) and
let CIL?n|Q € Hpunng(,Z/m) be the modulo m Thom class of o DFP N Q= Q.
Then Cl,|y is tﬁe product of the (Cl,,)i1<;<. by [Riol4, Remarque 2.3.6], and a
topological computation shows that Cl,an|q is the product of the (CIL?“|Q)1§j§c- It
remains to show that the restriction to  of the analytification of Cl,; is ClL?n‘Q.

This follows from the concrete description of Cl,; given in [Riol4, §2.1] and from
the similar description of Thom classes of codimension 1 complex submanifolds. [J

We resume the proof of Proposition 5.7. As the closed immersion ¢ is Koszul-
regular, it is of finite presentation (to see it, use local Koszul resolutions), so the étale
sheaf 1,Z/m is constructible (see [SP, Lemma 095R]). In view of (5.7), Theorem 4.7
(applied on X = Spec(O(S)) to the constructible sheaves ¢,Z/m and Z/m) and the
five lemma imply that the comparison morphism

HE(Spec(O(S)),L) — H*(S,L*) = H*71(S,K)

(where we used Lemma 5.8) is an isomorphism. Let 5 € Hr ' (Spec(O(S)),L) be
the preimage of 4 by this isomorphism. The restriction of (5.7) to U reads

(5.8) 0= Z/m % z/m

Define 6 := 4|y € Hi ' (U, Z/m). Then the image of § by the comparison morphism
HEY U, Z/m) — H*1Y (U, Z/m) is F|yan = 6. The proof is complete. O

5.4. Coniveau of integral cohomology classes. We now state and prove the
main result of this section.

Theorem 5.9. Let S be a finite-dimensional Stein space. Let = C S be a countable
subset. For allk > 2 and o € H*(S,7Z), there exists a nowhere dense closed analytic
subset Z C S such that ZNE = & and a|g\z = 0 in H*(S\ Z,Z).

Proof. We first reduce to the case where S is a manifold. By [Ben25, Lemma 2.1],
there exist a Stein manifold S’, a holomorphic map 7 : S — S’ and a continuous
retraction 7 : S” — S of i. Set o’ := r*a € H*(S',Z). Let 2 C S’ be the union
of i(Z) and of one point in the image by i of each irreducible component of S.
By the manifold case of Theorem 5.9, there is a nowhere dense closed analytic
subset Z' C ' with Z'NE' =@ and o/[gnz = 0 in H*(S'\ Z',Z). To conclude,
define Z :=i~1(Z").

Assume now that S is a Stein manifold. We may furthermore assume that S
is connected. Let (m, U, 8, 0) be as in Proposition 5.7. After shrinking U, we may
assume that U is affine. Writing O(U) as the directed colimit of its sub-C-algebras of
finite type and applying [SP, Theorem 09YQ)], one finds an integral affine algebraic
variety V over C, a morphism of C-schemes g : U — V, and a class € € H, é“t_l (V,Z/m)
with g*& = 6. Let ¢g® : U — V3 be the holomorphic map given by the universal
property of V2" (see [SGA1, XII, Théoréme 1.1]).

Let ¢ € H*=1(V2" Z/m) be the image of the class & by the comparison mor-
phism HE "NV, Z/m) — H*=1(V* Z/m), so (¢**)*e = §. By Theorem 5.1, there
exists a dense open subset V’ C V with ¢**(Z) C (V')*" and Op(e)|vr)en = 0
in HE((V")an Z). Set U’ := g~ 1(V’), so (U')** = (¢**)~1((V')*"). One computes

af(rysn = Om ()| (rymn = (g% |(rymn)* (Om ()| (vryan) = 0 in H¥(U')*™,Z).
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Note that U’ is a dense open subset of U, hence also of Spec(O(S)). Let a € O(S)
be a nonzero element that vanishes on the complement of U’ in Spec(O(S)), but
that is nonzero at all points of E. Define Z := {a =0} C §. As S\ Z C (U’)*", the
class a|g\z € H"(S\ Z,Z) vanishes, which concludes the proof of the theorem. [

Remark 5.10. The analogue of Theorem 5.9 with finite coefficients does not hold
in general, even for k = 2. Indeed, if S is a Stein manifold and a € H%(S,Z/m)
vanishes on the complement of a nowhere dense closed analytic subset Z of S, then «
is the class of a divisor of S supported on Z, and hence is the reduction modulo m
of a class in H?(S,Z). As a consequence, any « that does not lift to an integral
cohomology class cannot vanish on the complement of such a Z.

5.5. Cohomology and unramified cohomology of Stein spaces. Let S be a
Stein space. For k > 0, define H%(Z) to be the Zariski sheaf on Spec(O(S)) asso-
ciated with the presheaf U — H*(U®*Z). Equivalently, one has H%(Z) = R*i.Z,
where i : S — Spec(O(S)) is the canonical continuous morphism from S (with its
usual topology) to Spec(O(S)) (with the Zariski topology). We define the unramified
cohomology groups of S with integral coefficients to be

Hy,(S,Z) := H°(Spec(O(9)), H§(Z))-

Theorem 5.11. Let S be a finite-dimensional Stein space. For all k > 2, the
natural morphism H*(S,Z) — HF (S,7) vanishes identically.

Proof. Fix a € H*(S,Z) and = € Spec(O(S)). Let p C O(S) be the prime ideal
associated with z. By Lemma 5.12 below, there exists a discrete (hence countable)
subset = C S such that any element of p vanishes at some point of Z. By Theorem 5.9,
there exists a closed analytic subset Z C S such that ZNZE = @ and a|s\z =0
in H*(S \ Z,Z). Choose a € O(S) vanishing on Z but not on any point of =
(so a ¢ p). Define U := Spec(O(S)[%]) C Spec(O(S)), so U™ = S\ {a = 0}. One
has z € U (because a ¢ p) and a|yan = 0 (because U™ C S\ Z). Since x was
arbitrary, this shows that the image of o in HF (S, Z) vanishes. O

Lemma 5.12. Let S be a finite-dimensional Stein space. Let I C O(S) be an ideal.
There exists a discrete subset = C S such that any a € I vanishes at a point of =.

Proof. Choose a finite collection (ay, ..., a,) of elements of I such that the dimension
of T := {ag = -+ = a, = 0} C S is minimal. Since S is Stein, the exact

sequence (’)?T M Os — Or — 0 remains exact after taking global sections.

As I # O(S5), we deduce that T is nonempty.

Let 2 C S be a discrete subset containing at least one point from each irreducible
component of T'. Suppose for contradiction that a € I does not vanish at any point
of 2. Then T" := {a = ay = --- = a, = 0} C T contains no irreducible component
of T, so dim(7”) < dim(T"). This contradicts our choice of T. O

Remarks 5.13. (i) Let S be a finite-dimensional Stein space and fix k > 2. We do
not know whether HEF (S, 7Z) vanishes (this would strengthen Theorem 5.11).
(ii) We do not know whether H%(Z) is torsion-free for all finite-dimensional Stein
spaces and all k& > 0. This would be a Stein analogue of [CTV12, Théoréme 3.1].
(iii) The Leray spectral sequence of the morphism 4 : S — Spec(O(S)) reads

(5.9) HP(Spec(O(S)), HL(Z)) = HP*9(S,Z).
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It is an analogue in Stein geometry of the coniveau spectral sequence of [BO74,
CTV12]. Theorem 5.11 suggests that the behaviour of (5.9) may be very different
from that of the algebraic coniveau spectral sequence.

6. COHOMOLOGY OF STEIN SPACES FROM ALGEBRAIC VARIETIES

6.1. Finite coefficients. By the following theorem, singular cohomology classes
with finite coefficients on a finite-dimensional Stein space have an algebraic origin.

Theorem 6.1. Let S be a finite-dimensional Stein space. Fix k > 0 and m > 1.
Letting f : S — V3 run over all holomorphic maps from S to the analytification of
some quasi-projective algebraic variety V. over C (with transition maps induced by
analytifications of morphisms of algebraic varieties) gives rise to an isomorphism

(6.1) colim H*(V* Z/m) =~ H*(S,7/m).
f:S—Van

In addition, in (6.1), one can restrict to those f: S — V* with V affine.

Proof. Fix f : S — V® as in the theorem. By Jouanolou’s trick (see [JouT73,
Lemme 1.5]), there exist a vector bundle E on V and an E-torsor 7 : V/ — V
with V"’ affine. By Oka theory (see Theorem 2.1), the map f lifts to a holomorphic
map f': S — (V/)2*. This shows that the f : S — V?" with V affine form a cofinal
family, so we may and will henceforth restrict our attention to such f.

If V is an affine algebraic variety over C, there is a natural bijection between
holomorphic maps f : S — V" and morphisms g : Spec(O(S)) — V (if V is defined
by the vanishing of some F; € C[X1,..., Xy] in AY, both are given by N elements
of O(S) annihilating the F;). We deduce a commutative diagram

Jepucolim (V. Z/m) — H (Spec(O(S). Z/m)

(6.2) V !
colim Hk(Var Z/m) —————— H*(S,Z/m).
f:S—Van
In (6.2), the upper horizontal arrow is an isomorphism by [SP, Theorem 09YQ]. So
are the vertical arrows by Artin’s comparison theorem [SGA4y1, XVI, Théoréme 4.1]
and Theorem 4.5 respectively. The theorem follows. (I

Corollary 6.2. Let S be a finite-dimensional Stein space. Fix o € H*(S,Z/m)
for some k > 0 and m > 1. There exist an affine algebraic variety V. over C, a
holomorphic map f: S — V® and a class 3 € H*(V* Z/m) such that o = f*3.

6.2. Integral coefficients. Our next result is an integral variant of Theorem 6.1.

Theorem 6.3. Let S be a finite-dimensional Stein space. For any k > 1, letting
f 8 — V2 run over all holomorphic maps from S to the analytification of
some quasi-projective algebraic variety V. over C (with transition maps induced by
analytifications of morphisms of algebraic varieties) gives rise to a morphism
(6.3) colim H* (Vv 7Z) — H*(S,7)
f:S—Van

which is surjective, and bijective in restriction to the torsion subgroups.

The statement remains true if one restricts to those f : S — V2 with V affine.


https://stacks.math.columbia.edu/tag/09YQ

26 OLIVIER BENOIST

Proof. By Jouanolou’s trick applied as in the first paragraph of the proof of Theo-
rem 6.1, it suffices to prove the first statement (in which V' may not be affine).

Let f: S — V2" be as in the theorem. Consider the long exact sequences of
cohomology of S and V2" associated with 0 — Z =% Z — Z/m — 0. Take the
colimit of these long exact sequences over all m > 1, with transition maps induced
by the morphisms of short exact sequences

0 717 Z/m 0
(6.4) [ v

0 7% 7, Z/mm' — 0,

as well as over all f:.S — V2. This yields a commutative exact diagram
%ollm colim HF=1(Van 7)) ——— cohm H*1(8,7)
m

V'ln
v v

colim colim H¥=1(Va" 7 /m) *>cohmHlC LS, Z/m)
f:S—=Van m
v v

k an k
(6.5) (olim HH(VE2) ——————H (f ,Z)
v

colim colim H¥(Va® Z) ———— cohrn H*(S,7)
fi5=Van m

v v
colim colim H*(Va® Z/m) ——— cohm H(S,Z/m).
f:S—=Van m
Note that, when we write szOh{/n colim, the two colimits commute, and when we
—Van m
write colim H*(—,Z), the transition morphisms are given by multiplication maps.
m
The second and fifth rows of (6.5) are isomorphisms by Theorem 6.1, and the first
and fourth rows are surjective as a consequence of Proposition 5.5 (except maybe the
first row when k& = 1). The theorem is now proved by a diagram chase in (6.5), taking
into account that the torsion subgroups of H* (V2" Z) and H*(S,Z) are exactly the
images of colim H*~1(V2" Z/m) and colim H*~1(S,Z/m) (except for the assertion
m m

concerning torsion subgroups when k = 1, which is trivial because H (V% Z)
and H!(S,Z) have no torsion). O

Corollary 6.4. Let S be a finite-dimensional Stein space. Fiz o € H*(S,Z) for
some k > 1. There exist an affine algebraic variety V over C, a holomorphic
map f:S — V™, and a class B € H*(V3 Z) such that o = f*3.

Remarks 6.5. (i) The morphism (6.3) is not surjective for k¥ = 0 in general (a
class a € H°(S,Z) taking infinitely many distinct values is not in its image).

(ii) Let us show that (6.3) is not injective in general. Serre constructed two quasi-
projective algebraic varieties V and V' over C such that V2* and (V')*" are both
biholomorphic to (C*)?, but such that H'(V* Q) and H!'((V")*® Q) are pure of
weights 1 and 2 in the sense of Deligne [Del71, Del74] (see [Har70, VI, Example 3.2]
for the construction of V' and V’). As morphisms of rational Hodge structures
are strict with respect to the weight filtration (see [Del71, Théoréme 2.3.5 (iii)]),
there cannot exist an algebraic variety W over C and morphisms h : W — V
and b/ : W — V' such that h*(H* (V" Q)) and (h')*(H ((V’)an Q)) are equal and
nonzero. This implies that (6.3) is not injective for S = (C*)2.
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6.3. The Stein weight filtration. Inspired by Deligne’s mixed Hodge theory, Gillet
and Soulé defined a weight filtration W, on the compactly supported singular coho-
mology of algebraic varieties over C, with arbitrary coefficients (see [GS96, §3.1.2]).
Their construction was extended to cohomology without support by Cirici and
Guillén [CG14, §6] (this is attributed to [GNA02] in the last lines of [GS96, §3.1.2]).

Let S be a finite-dimensional Stein space. Fix £ > 0 and m > 1. For j € Z,
we define WJ»StHk(S, 7,/m) to be the subgroup of H*(S,7Z/m) spanned by the f*«,
where f:S — V2" is a holomorphic map to the analytification of some quasi-
projective algebraic variety V over C, and where o € W; H k(van 7/m). In view of
Theorem 6.1, one can restrict to those V' that are affine in the above definition.

We call the increasing filtration Wt on H*(S,Z/m) the Stein weight filtration.
The following proposition gathers its basic properties.

Proposition 6.6. Let S be a finite-dimensional Stein space. Fix k > 0 and m > 1.

(i) Let p : T — S be a holomorphic map of finite-dimensional Stein spaces.
For j € Z, one has p*(WP H* (S, Z/m)) € W H* (T, Z/m).

(i) One has WS{H*(S,Z/m) = 0 and W5 H*(S,Z/m) = H*(S,Z/m).

(iii) LetV be a quasi-projective algebraic variety over C. Let f : S — V3 be holo-
morphic. If a € H*(V* Z/m) satisfies f*a € WjStH’“(S7 Z/m), then there
ezists a morphism g : V' — V of quasi-projective algebraic varieties over C
such that f lifts to f': S — (V)2 and (¢**)*a € W;H*((V')2", Z/m).

Proof. Assertion (i) is immediate from the definition. Assertion (ii) follows from
the corresponding properties of the weight filtration (see [CG14, Corollary 6.3]) and
from the surjectivity of (6.1). Assertion (iii) follows from the injectivity of (6.1). O

Remarks 6.7. (i) In [Tot02, §2], Totaro extended the construction of the weight filtra-
tion on the compactly supported cohomology of algebraic varieties given in [GS96]
to the case of complex spaces endowed with an equivalence class of compactifications.
The weight filtration on cohomology without support is also defined in this more
general setting (see [CG14, §6]). The Stein weight filtration defined above is not
a special case of this construction. Indeed, Stein spaces are not compactifiable in
general. In addition, when a Stein space is compactifiable, the weight filtration
may depend on the choice of compactification (as in Serre’s example described in
Remark 6.5 (i)), whereas the Stein weight filtration is entirely canonical.

(ii) As an example, let us compute WStH(C*,Z/m). For any elliptic curve F
over C, there exists a holomorphic map f : C* — E®" that is a topological covering
of group Z. This shows that WS*HY(C*,Z/m) = HY(C*,Z/m). In addition, if V'
is an algebraic variety over C and f : C* — V?" is holomorphic, we let V'’ be a
desingularization of the Zariski closure of the image of f. As f lifts to a holomorphic
map f/: C* — (V')* and V' is smooth, this shows that WtH(C*,Z/m) = 0.

(iii) We do not know whether WSt H*(S,Z/m) = H*(S,Z/m) holds for all finite-
dimensional Stein spaces. If one could restrict, in (6.1), to those f : S — V&
with V' projective, this equality could be deduced from [CG14, Corollary 6.3 2)].

(iv) Let S be a Stein manifold. We do not know whether W5t H*(S,Z/m)
always vanishes. If one could restrict, in (6.1), to those f : S — V2" with V smooth,
this could be deduced from [CG14, Corollary 6.31)]. In turn, this fact would follow
from the (unproven) assertion that O(S) is a filtered colimit of smooth C-algebras
(a Stein analogue of the Néron—Popescu desingularization theorem [Swa98]).
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