
C O M P L E X  O R I E N T A T I O N S  OF R E A L  A L G E B R A I C  C U R V E S  

V. A.  R o k h l i n  

In this paper  we study the orientat ions obtainable f rom the complexif icat ion of a plane M-curve  o f  
even degree and their  influence on the topology of the curve.  

1. P re l imina ry  Survey. A curve of degree m in the presen t  paper  means a nonsingular  rea l  plane 
project ive algebraic  curve of degree m, i.e., a set  in the rea l  projec t ive  p lane  R1 =$, f ree  of s ingular i t ies ,  
defined by an equation of the fo rm 

P (z0, z,, z2) = 0, (1) 

where P is a homogeneous rea l  polynomial  of degree  m and x0, xl, x2 a re  homogeneous coordinates .  The 
components of such a set  a re  homeomorphic  to c i rc les ,  and if m is even, then they are  all two-s ided in 
RP 2, but if m is odd, then there  is a one-s ided component.  Two-sided components  a re  called ovals.  The 
number  of components does not exceed g + 1, where g = ( m - l )  ( m - 2 ) / 2 ,  but if Eq. (1) has s ingular i t ies  
(real or  imaginary) ,  then the number  of components of the set  defined by it in RP 2 is less  than g + 1. Curves 
of degree m with g + 1 components exist  for  any m and a re  cMled M-curves .  Details and r e fe rences  to the 
l i tera ture  can be found in a survey by D. A. Gudkov [1]. 

The fundamental problem of the topology of real  plane a lgebraic  curves  consis ts  of enumerat ing the 
isotopy types of M-curves .  At the p resen t  t ime this problem is solved only for  M-curves  of degree m -< 6 
(see [1]). For  m > 6, evidently both our  information about the topological p roper t i e s  of M-curves  and the 
proposed methods of construct ing them are  insufficient: the known isotopy types of M-curves  a re  very  few 
(see [11), and the topological proper t ies  of M-curves  found in the l i te ra ture  amount to an inequality of 
Pet rovsky [21 (see also [31), an inequality of Arnol 'd  [31, a congruence of Gudkov [41, and severa l  obvious 
coro l la r ies  of an inequality of Bez according to which a curve  of degree  m t si tuated in general  posit ion with 
respec t  to a curve of degree m can have no m o r e  than mm 1 points in common with it. Pe t rovsky ' s  theorem 
a s s e r t s  that for a curve of even degree 2 k (with any number  of ovals), we have 

[2(p --n) - - t l ~ 3 k Z - - 3 k + t ,  (2) 

where p is the number  of even ovals,  i.e.,  ovals lying inside of an even number  of o ther  ovals ,  and n is the 
number  of odd, i.e., remaining,  ovals. Arno l ' d ' s  theorem as se r t s  that, moreover ,  

p - +  0 f  <k -- t~ (k -- 2) -- (3) P "~ 2 n__4_nO<(k t)(k--2) 
+ 2 7 

p- >/n 3k (k--2 t) , n->~p 3k (k2-- t) i, (4) 

where p- is the number of even ovals bounding the outside of a component of the complement  of the curve 
(in RP 2) with negative Euler  charac te r i s t i c ,  pO is the number  of even ovals bounding the outside of a c o m -  
ponent of the complement  with zero  Euler  cha rac te r i s t i c ,  and n-  and n o a re  the same numbers  re lat ive to 
odd ovals .* Gudkov's congruence a s se r t s  that for  M-curves  of even degree 2k 

*In Arno l ' d ' s  paper  this theorem is formulated more  cautiously,  namely,  inequalities (3) and (4) a re  a c -  
companied by additional homological  conditions without which it is a s se r t ed  only that 

p_ ~ ( k - -  t) (k - -  2) {I¢- -  t )  ( k - - 2 )  3k ( k - - t )  . 3 k ( k - -  1) . 
2 , n - ~ .  2 ' P - - r - P ° ~ n - -  2 ' n - + n " ~ t ' - - - - - " ~  ~ - 1 "  

Actually, as is easy  to establ ish with the aid of the Smith Z2-sequence wri t ten out for  the branched cove r -  
ing Y ~ CP 2 cons ide redby  Arnol 'd ,  his homologieal  condition is always satisfied.  
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p - - n ~ k  2mod8. (5) 

The s implest  topological co ro l l a ry  of Bez ' s  inequality (obtained for  m I = 1) consis ts  of the fact  that if C1, 
! 

• . . ,  Cr; CI, . . . ,  C s are  pairwise  disjoint curves  of degree m and Ci lies inside of Ci-i f o r  i = 2 . . . . .  r 
and c j  lies inside of c j_  1 for  j = 2, . . ,  s, then 2(r + s) - m. Let us add that inequalities (2) and (4) are  
tr ivial  coro l la r ies  of a conjecture that had a l ready been formulated in 1906 by V. Rogsdale [5], and neither 
proved nor  disproved since then, according to which for  a curve of even degree 2k (with any number  of 
ovals) 

and that a weakened vers ion  

p~.~3k(k--l) ~ 3k(k---i) 
2 -~- l ,  n - , ( 6 )  

p - - n - - - - k  2mod4 ( 7 )  

of congruence (5) was original ly proved by V. I. Arnol 'd  [3]. 

2. Main Formula.  In this sect ion an M-curve  A of degree m is assumed given. Since its equation 
does not have singulari t ies  in CP 2, the set CA defined by the equation in CP 2 represen ts  a submanifold of 
the plane CP 2 in the complex-analyt ic  sense  diffeomorphic to a sphere  with g handles. It is well known that 
A separa tes  CA into two halves diffeomorphic to spheres  wi th  g + 1 holes and taken into each other  by com-  
plex conjugation conj: CP 2 --* CP 2 with inverted orientation. We denote these halves by X and Y, orient  
them in accordance with the natural orientation of the manifold CA, and orient  A like 0X or  0Y. Further ,  
we call an injective pa i r  of ovals of A, i.e., a pa i r  of ovals one of which lies inside of the other, positive if 
the orientations of the ovals induce an orientat ion of the annulus bounded by them in RP 2, and negative in 
the opposite case, and we denote the number  of positive pa i r s  by II+ and the number of negative pairs  by 
II-. It turns out that for an even number  m = 2k, we have 

1-[ + - -  l - I -  (k - -  i )  (k - -  2) 
- -  2 ( 8 )  

Proof• Denote by BC the disc bounded by the oval C in RP 2 and complete X to a sphere Z by adding 
nonintersecting copies of the disk B C. Let T be the sphere obtained f rom Y by the same procedure ,  and 
let ~p: Z --* CP 2 and ¢: T ~ CP 2 be mappings fixed on X and Y and super imposing copies of B C onto these 
dikes. Fur ther ,  let ~ and 77 be elements  of the (integral) homology group H,2(CP 2) determined by the map-  
pings go and ¢ and the natural  orientat ions of the spheres  Z and T (i.e., the orientations obtained f rom X and 
Y). We shall  establish Eq. (8) by computing the intersect ion index ~7 by two procedures .  

The f i r s t  p rocedure  is based on the fact  that ~ can be interpreted as the algebraic  number of points 
in the intersect ion of the oriented singular spheres  go: Z ~ CP 2 and ¢: T ~ CP 2. This number  cannot be 
determined direct ly,  since the intersect ion consis ts  of whole disks, and we begin by applying a deformation 
to ~, making the in tersect ion more  regular .  Let u be some tangent vec tor  field on RP 2 with a finite num- 
ber  of zeros ,  not having zeros  on A and normal  to A on A. Since the field iu is normal  to RP 2 in CP 2 and 
normal  to CA on A, it can be normal ly  extended to some field v on RP 2 U X (the l~tter, of course,  will have 
zeros  inside of X); let 7: RP 2 U X ~ CP 2 be a geodesic t rans la t ion defined by the field 5% where 6 is a 
sufficiently small  positive number,  and go': Z -* CP z be the mapping defined by the formula ~'(x) = 7(~(x)). 
For  go' the algebraic number  of points of intersect ion with ¢ is determined direct ly and can be found in the 
following way• Since the sum index of the singulari t ies  of u in each of the disks BC is equal to 1 and mul-  
tiplication by i an t i - i somerphica l ly  maps the tangent bundle of RP 2 onto its normal  bundle in CP 2, the sum 
index of v on each of the disks BC is equal to - 1 .  Consequently, the contribution added by the pair  of disks 
BC and BC' to the algebraic number  of intersect ion points that we are  interested in is equal to +1 if C = C', 
equal to +2 if the pa i r  C,C' is negative, and equal to - 2  if the pa i r  C,C' is positive, and this number  itself 
is equal to g + 1 + 2( I I - - I I+) .  Since go' is homotopic to go, the index ~7 is also like that, and thus 

~l ----- 2k' --3k + 2 + 2 (II- --II+). (9) 

The second procedure  reduces to two remarks .  F i rs t ,  the c lass  of ~ + ~ is real ized by the surface 
CA and therefore  coincides with 2kc~, where c~ is a natural  genera tor  of the group H2(Cp2). Second, since 
the homomorphism conj , :  H2(CP 2) ~ H2(CP 2) represents  multiplication by - 1  and takes ~ to - 7 ,  we have 

= 7. F rom these r emarks  it follows that ~ = k~, 7 = kc~, and ~7 = k 2. Comparing the last  equation with 
(9), we obtain (8). 
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3. R e a l  C o r o l l a r i e s .  S ince  the  n u m b e r s  iI  + and I I -  d e p e n d  on the  o r i e n t a t i o n s  r e c e i v e d  by  the  o v a l s  
of  A f r o m  a c o m p l e x  r e g i o n ,  the  i n f o r m a t i o n  c o n t a i n e d  in Eq.  (8) d i r e c t l y  r e l a t e s  not  to t h e  r e l a t i v e  d i s p o s i -  
t i on  of t h e s e  o v a l s  in  R P  2, which  is  a s u b j e c t  of the  t o p o l o g y  of  r e a l  a l g e b r a i c  c u r v e s ,  bu t  to  the  r e l a t i v e  
d i s p o s i t i o n  of  the  s u r f a c e s  CA and R P  2 in C P  2. At  the  s a m e  t i m e  we can  d r a w  p u r e l y  r e a l  c o r o l l a r i e s  f r o m  
Eq. (8). 

In order to do this we note that the definitions of the numbers II + and If- can be repeated assuming 

as a basis a perfectly arbitrary orientation of A. This leads to the idea of calling the orientation of an M- 

curve of degree 2k quasi-complex if the corresponding numbers II + and H- satisfy relation (8). The ex- 
haustive real information included in Eq. (8) is contained in the fact that an M-curve of even degree pos- 

sesses a quasi-complex orientation. 

It turns out that this information is not new with respect to the topological properties of M-curves 

enumerated in Sec. i. More precisely, let a topological M-curve of degree 2k mean an arbitrary collec- 

tion of 2 k 2 - 3 k  + 2 p a i r w i s e  d i s j o i n t  c i r c l e s  l y i n g  t w o - s i d e d  in R P  2, and  l e t  us  e x t e n d  to t h e  n o n a l g e b r a i c  
c a s e  the  d e f i n i t i o n s  of  even  and  odd o v a l s ,  the  n o t a t i o n  p,  n . . . .  , H +, I I - ,  and  .the d e f i n i t i o n  of  q u a s i - c o m -  
p l e x  o r i e n t a t i o n ;  i t  t u r n s  ou t  t ha t  e v e r y  t o p o l o g i c a l  M - c u r v e  of  d e g r e e  2k s a t i s f y i n g  the  r i g h t  ha l f  of  i n -  
e q u a l i t y  (4) and c o n g r u e n c e  (7) p o s s e s s e s  a q u a s i - c o m p l e x  o r i e n t a t i o n .  

F o r  the  p r o o f  we f i r s t  p r o v i d e  the  c u r v e  wi th  an a l t e r n a t i n g  o r i e n t a t i o n ,  i . e . ,  an  o r i e n t a t i o n  wi th  r e -  
s p e c t  to wh ich  an i n j e c t i v e  p a i r  of  o v a l s  i s  p o s i t i v e  if  and  on ly  if  one  ova l  i s  even  and the  o t h e r  i s  odd.  I t  
i s  c l e a r  t ha t  wi th  th i s  o r i e n t a t i o n  I I + - I I  - = n, wh ich  in p a r t i c u l a r  s e t t l e s  the  c a s e  w h e r e  n = ( k - l )  ( k - 2 ) / 2 .  
In the  g e n e r a l  c a s e ,  we t ake  into c o n s i d e r a t i o n  the  d i f f e r e n c e  6 = n -  ( ( k - l )  ( k - 2 ) / 2 )  and  no te  t h a t  c o n g r u -  
ence  (7) i s  e q u i v a l e n t  to 5 b e i n g  even ,  and  the r i g h t  h a l v e s  of  (3) and  (4) a r e  e q u i v a l e n t  to the  i n e q u a l i t i e s  
6 ~ n + and - 6  -< n - ,  w h e r e  n + i s  the  n u m b e r  of e m p t y  odd o v a l s .  If 6 > 0, t hen  we i n v e r t  the  o r i e n t a t i o n  of 
5 /2  e m p t y  odd ova l s ;  t h i s  r e d u c e s  I I + - I I  - by  6 and c o n v e r t s  the  a l t e r n a t i n g  o r i e n t a t i o n  of  the  c u r v e  to a 
q u a s i - c o m p l e x  o r i e n t a t i o n .  If 6 < 0, t hen  the  a l t e r n a t i n g  o r i e n t a t i o n  i s  t r a n s f o r m e d  into  a q u a s i - c o m p l e x  
one in two s t e p s .  F i r s t ,  we i n v e r t  the  o r i e n t a t i o n  of e v e r y  o v a l  e x c e p t  the  o u t e r m o s t  and  the  e m p t y  ones  
t ha t  a r e  odd; t h i s  e n l a r g e s  the  d i f f e r e n c e  I I + - I I  - by  2 ( q - n - - n ° ) ,  w h e r e  q i s  the  n u m b e r  of  even  o v a l s  tha t  
a r e  not  o u t e r m o s t ,  and  m a k e s  i t  equa l  to n + 2 ( q - n - - n ° ) ,  wh ich  is  l a r g e r  than  ( k - l )  ( k - 2 ) / 2  s i n c e  q -  
n - - n  ° -> n -  ( for  e v e r y  f in i t e  c o l l e c t i o n  of p a i r w i s e  d i s j o i n t  t w o - s i d e d  c i r c l e s  in  R P  2) and  2n-  > n -  -> - 5 .  

Second ,  we i n v e r t  the  o r i e n t a t i o n  of ~ e m p t y  e v e n  o v a l s  tha t  a r e  no t  o u t e r m o s t  and  v e m p t y  odd ova l s ;  t h i s  
r e d u c e s  l] + - I I -  by  2 (2 r  + v) and  m a k e s  the  o r i e n t a t i o n  of  the  c u r v e  q u a s i - c o m p l e x  if  2~ + v = (6/2)  + q -  
n - - n  °. The  p o s s i b i l i t y  of c h o o s i n g  such  a ~ and v fo l lows  f r o m  the  f ac t  t ha t  i t  i s  on ly  s u b j e c t  to t he  i n -  
e q u a l i t i e s  ~ -< q+ and v -< n +, w h e r e  q+ i s  the  n u m b e r  of e m p t y  even  o v a l s  t h a t  a r e  not  o u t e r m o s t ,  and  the  
f ac t  t ha t  2q + + n + i s  known to e x c e e d  (5/2)  + q - n - - n ° ;  the  l a t t e r  i s  obv ious  i f  we t a k e  into c o n s i d e r a t i o n  
the  f ac t  t ha t  2q÷ q- n ÷ ~ q+ -~ n ÷ - q+ -~ n - -  n- - -  n °, t ha t  q+ + n -> q (for  e v e r y  f i n i t e  c o l l e c t i o n  of  p a i r w i s e  

d i s j o i n t  t w o - s i d e d  c i r c l e s  in  Rp2),  and tha t  6 < 0. 

Two S p e c i a l  C o r o l l a r i e s .  Two s p e c i a l  c o r o l l a r i e s  of the  e x i s t e n c e  of  q u a s i - c o m p l e x  o r i e n t a t i o n s  d e -  

s e r v e  a t t en t ion :  t he  i n e q u a l i t y  

II ~ (k-- I) (]~--2) (I0) 
2 

where II is the total number of injective pairs of ovals, and the congruence 

11 ~ (k-- I)(}-2) rood2. (11) 
2 

To derive them from Eq. (8) it is sufficient to note that II = II + + II-. 

Inequality (10) is also a consequence of the right half of inequality (4) and the inequality II -> n + n-, 
which is satisfied for every finite collection of pairwise disjoint two-sided circles in RP 2, and for topologi- 
cal M-curves of degree 2k congruence (11) is equivalent to congruence (7), since the latter is equivalent to 
the congruence n =- (k-l)  (k-2)/2 rood 2, and n and II are connected by the congruence II - n rood 2. 

4- A New Interpretation of Congruence (5). An odd oval of an oriented M-curve of even degree is 
called disoriented ff it forms a negative pair with the innermost of the ovals outside of it. The number of 
disoriented ovals is denoted by d, the number of positive pairs with disoriented outer oval by D +, and the 
number of negative pairs with disoriented outer oval by D-. Obviously 

Ii + --H- ---- n --2 (d + D- --D+). (12). 
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From this formula and the equation p + n = 2k2-3k + 2 it follows that the orientation's being quasi-complex 
is equivalent to the equation 

k z - - ( p  - -  n) = 4 (d ~- D -  - - D + ) .  (13) 

Equation (13) sheds a new light on Arnol 'd 's  congruence (7), Gudkov's congruence (5), and Rogsdale's 
conjecture (6). In part icular,  it shows that congruence (5) is equivalent in fhe Lcase of quasi-complex or ien-  
tation to the congruence 

d - p D - - - D  +~--0  rood2,  (14) 

and the left half of (6) is equivalent to the inequality d + D - - D  + -> 0. 

le 

2, 
3. 

4. 

5. 

L I T E R A T U R E  C I T E D  

D. A. Gudkov, "The topology of real  projective algebraic manifolds," Uspekhi Matem. Nauk, 29, No. 
4, 3-80 (1974). 
L Petrovsky, "On the topology of real  plane algebraic curves," Ann. Math., 39, No. 1, 187-209 (1938). 
V. I. Arnol'd, "On the disposition of ovals of real  plane algebraic curves, involutions of four-dimen- 
sional smooth manifolds, and the arithmetic of integral quadratie forms," Funktsional'. Analiz i Ego 
Prilozhen., 5, No. 3, 1-9 (1971). 
V, A. Rokhlin, "Congruence modulo 16 in Hilbert 's  sixteenth problem," Funktsional'. Analiz i Ego 
Prilozhen., 6, No. 4, 58-64 (1972). 
V. Rogsdale, "On the arrangement of the real  branches of plane algebraic curves," Am. J. Math., 
28, 377-404 (1906). 

334 


