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ANNALS OF MATHEMATICS
Vol. 68. No. 2, September, 1958
Printed in Japan

ON LEVI'S PROBLEM AND THE IMBEDDING OF
REAL-ANALYTIC MANIFOLDS

BY HANS GRAUERT

(Received March 19, 1958)

Introduction

In 1911 E. E. Levi [18] showed that the boundary of a domain of holo-
morphy is not arbitrary. It satisfies certain condition of convexity and
therefore is called pseudoconvex.' The pseudoconvexity is a loeal proper-
ty. To prove that a domain with twice differentiable boundary is pseudo-
convex it is only necessary to verify that some differential inequalities
are satisfied (see [3]).

For more than forty years it was an open problem of the theory of
several complex variables whether the Levi conditions are sufficient for
the domains of holomorphy. At first the problem was solved for special
domains. After refuting a counter-example of Blumenthal, H. Behnke
proved that Levi’s conjecture is true for (complex) 2-dimensional circular
domains [1]. The first general result, however, was not obtained until
1942 by K. Oka [22]. Oka showed : each pseudoconvex domain G of the 2-
dimensional complex number space C*1is a domain of holomorphy. The
problem was solved for the case of dimension n > 2 by K. Oka [23], H.
Bremermann [5] and F. Norguet [21]in 1954. K. Oka [22] even proved
that every unbranched (not necessarily schlicht) pseudoconvex domain
over the n-dimensional complex number space C* is a (holomorphically
convex) domain of holomorphy. For branched domains and domains in the
closed C», that is, in the n-dimensional complex projective space P*, the
problem is still unsolved.?

Using plurisubharmonic functions it can easily be proved that each
pseudoconvex domain GC C” can be exhausted by strongly pseudoconvex
domains G, C C G (see [23]). By a theorem of H. Behnke and K. Stein
[2], the limit of domains of holomorphy is again a domain of holomorphy.
So Levi’s conjecture has to be verified only for strongly pseudoconvex
domains (for definitions see § 1).

In this short paper relatively compact, stromgly pseudoconvex sub-
domains G of complex manifolds It are considered (without any assump-

1 There are several definitions of pseudoconvexity. See [17].
2 K. Oka has announced that the answer is also ¢ yes’’ for these cases.
460
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ON LEVI’S PROBLEM 461

tion on MWt). It is proved that these domains are holomorphically convex
(§ 2, Theorem 1). Because the domains of holomorphy G — C” are exactly
the holomorphically convex domains, Theorem 1 solves Levi’s problem for
complex manifolds. It may be of interest that Theorem 1 is wrong for
general pseudoconvex domains G C C M (see the example in [15]).

In § 2 conditions are also given in order that G is a Stein manifold
(Theorem 2). In § 3, Theorem 2 is applied to real-analytic manifolds to
solve a problem of H. Whitney. This problem arises from the following
theorem of Whitney :

If R is a real-analytic manifold of dimension n, which has countable
topology, then there exists® a regularly imbedded n-dimensional real-analyl-
ic surface S in a 2n-dimensional euclidean space R™ and an isomorphism
a: R «—— S which is differentiable of class C=.

The open question was : can « be chosen as a real-analytic mapping ?
As C. B. Morrey [19] proved in September last year, the answer is yes,
if R is compact. Morrey’s proof for this statement uses the theory of
partial differential equations and difficult estimates. In § 3 a short proof
of the statement is given which, however, is based on deep results of the
sheaf theory on Stein manifolds. Moreover, Whitney’s conjecture is veri-
fied also for non-compact real-analytic manifolds with countable topology.
An extension to real-analytic spaces is possible (for definitions see [9]):
Theorems 1 and 2 can be proved mutatis mutandis by the same method
for complex spaces. This will be done in a subsequent paper by the author
(see [15]).

1. Preliminaries

1.1. M will always denote a (connected) n-dimensional complex mani-
fold and G will denote an open relatively compact subset of 9 which has
plece-wise twice differentiable boundary. This means: to each boundary
point &, € 8G there exists a neighborhood T of x, and in U finitely many
twice continuously differentiable, real-valued functions ¢,, «--, ¢, such
that the exterior differentials d¢, do not vanish in Uand GNU = {xe U,
(@) <0,v=1, -+, k}. M induces a complex structure in G; therefore
G can be considered as a complex manifold. We state the following defini-
tions :

(1) Let M be a subset of a complex manifold M. Then the holomorphi-

cally convex envelope M of M is the set: {xe WM, |f(x)| < sup |f(M)] for
all holomorphic functions f in M}.

3 H. Whitney has proved this theorem mutatis mutandis also for differentiable manifolds.
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462 HANS GRAUERT

M is always a closed subset of M.

(2) M 2s holomorphically convex if, for every compact subset MCIN, the
envelope Mis compact.

(3) M is K-complete* if, to each point x,€ MM, there exist finitely many
holomorphic functions fi, « -, fi tn W such that x, is an isolated point of
the set A = {xe M, fiu(x) =f(x), v =1, -+, k}.

‘“ K-complete ”’ means that there are many holomorphic functions on
M. A compact complex manifold is never K-complete, but every Riemann
domain over the n-dimensional complex number space C* is K-complete.
The number % which appears in (3) cannot be chosen smaller than 7.

(4) M is a Stein manifold if M is holomorphically convex and K-com-
plete.

1.2. In [13] it is proved that the definition (4) is equivalent to the old
definition of Stein manifolds given by K. Stein and H. Cartan [7]. There-
fore we have the following statements (I is always a Stein manifold) :

(a) M has countable topology.

(B) Let x, y € M be distinct points. Then there is always a holomorphic
Sunction [ in M such that f(x) #= f(y).

(r) To each point x, € M there exist holomorphic functions fi, «++, fn i1
M such that the determinant 0(f1, ««+, fu)0(2:, <, 2,) does not vanish in
x, (where z,, -« -, 2, are holomorphic coordinates’® in a neighborhood of ).

Let us denote by B an arbitrary open subset of I (or of a differenti-
able manifold R). We call a holomorphic (differentiable) mapping
a: B — C* regular if « is one-to-one and if the functional matrix (8a/03), 3
= (%1 ++*, 2,), (Or (0/BY), £ = (&, =+ +, &,)), has the rank » in all points
be B. Then a(B) is an n-dimensional analytic (differentiable) surface S in
C*. S has no *‘ singularities ’. From the statements («)-(y) follows im-
mediately :

PROPOSITION 1. If M is a Stein manifold and B, relatively compact, is
contained in M then there exist a natural number k and a regular holomor-
phic mapping a: B — C*,

Far beyond this R. Remmert [24] has proved :

IMBEDDING THEOREM. Let M be an n-dimensional Stein manifold.
Then there exist a number k = k(n) and a regular, proper,® holomorphic
mapping «: M — C*,

Because « is proper and regular, «(3)is an n-dimensional (closed) ana-

4 In [3] the definition of K-completeness differs somewhat from (3). R. Remmert has
proved that (3) is equivalent to the definition in [13].

5 By holomorphic (real-analytic, etc.) coordinates, we always understand coordinates which
belong to the complex (real-analytic) structure (of ).

8 ““Proper ”’ in the sense of N. Bourbaki.
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ON LEVI’S PROBLEM 463

Iytic subset of C*. a(9R) contains only regular (= gewoshnliche) points.’
1.3. Let G I denote the domain of Section 1.1. We define :
(5) G is pseudoconvex if, to each point x, € 0G, there exist a neighborhood
U(x,) < W and in U finitely many twice continuously differentiable, real
valued functions ¢, «««, @i, such that do, + 0, GNU = {xe U, ¢(x) < 0,

£=1,--,k}, Lg)= 2 (0°%./02,0z,)a.a, < 0 on 8G N U for all vectors
(@, + = = ,0,) which satisfy Y, (0¢./02,)a,=0, (=1, - -+, k). G 1s called strong-
ly pseudoconvex, if for all x,€ 8G, we can find the neighborhood U(x,) and
the functions ¢, « -+, ¢, such that L(¢,) > 0 in U for all (a,, +--,a,) # 0
withy_, (0¢./0z,)a, =0 (k =1, -+, k).

It is known that the property L(¢,) = 0 or L(¢,) >0 does not depend on
the choice of the functions ¢, ---, ¢,. It is a local property of the
boundary oG itself. If G is holomorphically convex, then G is also
pseudoconvex (see[3]).

Levi and Krzoska have proved :®

(8) Let G be strongly pseudoconvex. Then, if x € 0G 1s an arbitrary
point and U(x,) a sufficiently small holomorphically convex neighborhood,
U(x) NG is a domain of holomorphy. If UNG = {¢(x)<0, £ =1, «--, k}
with ¢, twice continuously differentiable in (a neighborhood of) U, de,+0,

and if h(x) are twice differentiable functions in U whose values and first
and second derivatives are sufficiently small, then UN {¢. — h. <0, £ =
1, - .-, k} is again a domain of holomorphy.

We can assume that U N G is contained in a local coordinate system of
M. Because every domain G*  C" is a Stein manifold if and only if G*
is a domain of holomorphy, we see that U N G is a Stein manifold. An-
other result of Levi and Krzoska is :

(e) Let G be strongly pseudoconvex. Then, to each point x, € 0G, there
exist a neighborhood U (x,) and holomorphic function f in (a neighborhood
of) Uwith df + 0 and {x e U, f(x) =0} NG = x,.

(¢) is used to prove (d).

1.4. A twice continuously differentiable real valued function A(x) in M
is called plurisubharmonic if the form L(h) = Y (8*h/02,0z,)a.a, is posi-
tive semidefinite everywhere in M. If I(A) is positive definite every-
where in M, then £ is said to be a strongly plurisubharmonic function.
The following statement can easily be verified :

(*) Let h be a strongly plurisubharmonic function in M, AC M an ana-
lytic set of dimension d > 0. Then the restriction h|A is not constant.

7 The theory ofAé-nalytic sets is developed in [25]. See [25] for definitions.

8 See [3]. In [3] only the first statement of (§) is proved. But the second statement follows
by the same argument.
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464 HANS GRAUERT

The concept of a twice differentiable plurisubharmonic function is a
special case of the concept of a general plurisubharmonic function. Gen-
eral plurisubharmonic functions are not differentiable but only upper semi-
continuous. They can also be defined on complex spaces.’ Plurisubharmonie
functions always satisfy the ‘“ maximum principle ’’: if they are not con-
stant, they do not take their maximum in the interior of their existence
domains. Every plurisubharmonic function on a connected compact com-
plex space is therefore constant.

Now let Z(x) be a strongly plurisubharmonic twice differentiable func-
tion in M, A c I a compact analytic set of dimension d > 0. We take a
connected component® 4* — A, which has dimension d. A* is a connected
compact complex space (see [12]); the restriction 2* = 2|A is again a
plurisubharmonic function (see [11, p. 180]). Because A* is compact, A*
is constant in contradiction to (*). So we have proved the following :

PROPOSITION 2. If a strongly plurisubharmonic function ewxists on IN,
then M contains no compact analytic subsets A of dimension d = 1.

2. Levi’s problem

In Levi’s problem one asks : is every pseudoconvex domain G c C” a
domain of holomorphy ? Because the domains of holomorphy are exactly
the holomorphically convex domains, one can also ask : is every pseudo-
convex domain G C C™ holomorphically convex ? In this form the problem
can be carried over to complex manifolds. We shall prove :

THEOREM 1. If GC c I is strongly pseudoconvex, then G is holomor-
phically convex.

The proof is divided into several steps.

2.1. Let Q be the sheaf of germs of holomorphic functions on M,
G’ D DG an open subset of M. The restriction generates a homomorphism
r* of the cohomology groups H'(G’, Q) into H (G, Q) (» =0,1, 2, ---).

PROPOSITION 3. If G is strongly pseudoconvex and G’, with
GC c G C CW, is sufficiently near to G, then r* is surjective for v > 0.

Proor. If W = {U,:=0, ---,4} is a finite open covering of G, we

¢ In [11] plurisubharmonic functions are defined on normal complex spaces. Complex
spaces, which occur here, are general complex spaces in the sense of Cartan-Serre (3-spaces;
see [12]). The definition of plurisubharmonic functions can be carried over so that the max-
imum principle is valid.

10 For the partition of an analytic set 4 in connected and irreducible components see [25].
The irreducible (and also the connected components) form a closed, locally finite covering
of A.
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ON LEVI’S PROBLEM 465

denote by *U the set U, — U..,U.. Because G is compact and the state-
ment (6) of §1 is valid, there exist finitely many Stein coverings (=cover-
ings whose elements are Stein manifolds) U® = {U®, ¢ =0, ---, %},
£ =1, -+, k, of G, such that U*U® 586G and W® = U® N G is a Stein
manifold. Furthermore we can assume that all the U™ are so small that
U® N 0G can be given by twice differentiable equations ¢, = 0 with ¢,
defined in U™ and that the statement () is valid. From this it follows
easily that there exists a sequence G,ccIM, v =0, 1, ---, k, of strongly
pseudoconvex domains with twice differentiable boundary, such that
G,=G, G.CGer1, G NUCP=G N U for e+0, 0G,N0G, ., N *UXP=0,
G,cUU®and W® = G,NU® is always a Stein manifold (see state-
ment (06)).

Let us denote by { the covering (W%, ¢ =0, ---,14,} of G,. We have
for the cycles : Z¥(WE+Y, Q) = Z* (WY, Q) if v > 0. Therefore the re-
striction generates an epimorphism H (&P, Q) —» H (B¢, Q). By the
Leray theorem H*(WWX, Q) = H*(G,, Q). Therefore we obtain by restric-
tion an epimorphism H*(G,,,,Q)—>H*(G,, Q). This provesthat »*: H*(G, Q)
- HY(G, Q), v > 0, is surjective. If G’ is a domain with Gc G’ C G4,
then r*: HY(G’, Q) > H*(G, Q) also is surjective (if v>0). Since GC C Gy,
Proposition 3 is proved.

2.2. Let {U,¢:=0,1,---,k} and {U,,c=0,1, ---, k} be two Stein
coverings of G with U.c cU,and W, = U.NG, U,NG = Stein manifolds.
If {U;} is sufficiently fine, then as in Section 2.1, we can find-a strongly
pseudoconvex domain G’ = G, such that GCccG',G'c UU, and W', =
G'N U, are Stein manifolds. We denote the Stein covering {W.} of G by
W and the Stein covering { W} of G’ by B and set

Wy..n=W,nW. N..NnW, Wi . .,=W,nW_ n..0nW..
rw, ..., Q)= HY (W, ... Q) and (W7, ..., , Q)) can be considered as the
complex vector spaces of holomorphic functions on W, ..., (or on Wi ...,

Provided with the topology of compact convergence they are Fréchet
spaces (with countable topology)."! Therefore the spaces of cochains
C(W, Q) =PN(W, ---.,Q), and the space of cocycles Z*(B, 0),
Z5(W, Q) are Fréchet spaces. We set H, = Z(W, Q)P C(W, Q),
H,=7°(,Q), s> 0, and define (continuous and linear) mappings
w: H —H, and v: H, — H, by setting u: z@ c—r() + d(c) and
v: 2Pc > —r(2). Here ze Z5(W, Q), ce C*-(W, Q), and r denotes the re-
striction, 6 the coboundary operation. Since H(T, Q) = H(G', Q),

11 The concepts which occur here are taken from [4].
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466 HANS GRAUERT

H(B, Q) = H¥(G, Q), the mapping u is an epimorphism by Proposition 3.

Let F,, F, be two Fréchet spaces, a a continuous linear mapping
F, — F,. Then « is called completely continuous if a neighborhood U(0),
0 e F,, exists, such that «(U)cC F, is relatively compact. Since
w, .. L,CC W, .. o it follows from the theorem of Montel on normal

families that the restriction generates a completely continuous mapping
nws, ... o Q)->1T(W, .. o ) Therefore v is also completely continu-
ous.

L. Schwartz has proved the following theorem :**

Let F,, F, be two Frechet spaces (with countable topology), u: F, - F, a
continuous epimorphism, v : F, — F, a completely continuous linear map-
ping. Then the vector space F,ju + v(F}) has finite dimension.

In our case F.Ju+v(F,) = H,/u+v(H,) is equal to H (T, Q)~H G, Q).
So we have proved :

PROPOSITION 4. If Gc CW s strongly pseudoconvex, then the complex
vector spaces H*(G, Q), v > 0, have finite dimension.

2.3. Now it is possible to prove Theorem 1. Let a, € 6G be an arbitrary
point, U(x,) a sufficiently small holomorphically convex neighborhood of
x,. Then by (6) the open set U N G is a Stein manifold ; by (¢) a holo-
morphic function exists in U, such that df + 0, G NS = x,, where S =
{x € U, f(&) = 0}. As in Sections 1and 2 we construct a strongly pseudo-
convex domain G’ with Gcc G, W = G’ N U = Stein manifold, such
that G’ is so near to G that S = SN G' N Uis a closed subset of G’. S,
as a closed analytic submanifold of the Stein manifold W7, is a Stein
manifold.

S’ can be regarded as a positive divisor in G’. Therefore to S’ belongs
a complex-analytic line bundle F' which has a canonical holomorphic cross-
section % vanishing only on S’ of the first order.® Let F* denote the tensor
product F' ) --- @ F (k factors) and F'* the sheaf of germs of holomor-
phic sections of the complex-analytic line bundle F*. We set F* = Q,
F*(S’) = restriction of F* to S’, F*(S’) = sheaf of germs of holomorphic
sections of F*(S") over S'. We consider, as usual, cross-sections in F'*
(and F*(S")) as holomorphic cross-sections in F'* (or in F*(S")).

The correspondence s, —>s, X i, defines a sheaf homomorphism

12 See [8], the corollary in Exposé XVI (by Serre). The ideas which occur in this proof are
taken from Exposé XVII (by H. Cartan).

13 For definitions of complex line bundles and their relationship to divisors, see [16, pp.
40-53 and 110-113].
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ON LEVI’S PROBLEM 467

o, F'*—F*+1 The quotient sheaf F**'/q,(F*) is the trivial extension *F**!
of _E_"“(E’) to G’. We have the ex_z;,ct seqt;ence : a
0 > F* — F*+ _,*I_;v_mx -0

to which corresponds an exact ecohomology sequence :
0 - H(G', F*) - HYG', F**'y > H(G', *F**') > H(G', F'*) >

- - G, F*) > HYG *F*) — - .
Because H*(G', *F*+') = H*(S’, F**(S’)) and H'S’, F**'(S")) = 0 (see
[7, Théoréme B]),—We obtain the ;(act sequence : B

«

HO(G ’, Ek+]) - HO(S” Ek+](s’)) ‘B*; HI(G/, Ek) *i Hl(G’, Ek+1) —> O .
It follows that : dy., < d,, where d, = dim H'(G’, F'’*). By Proposition 4,
d, = dim HY(G’, Q) is finite. Therefore all the dimensions d, are finite
and, for k& > k,, we have d,., = di; thus «, is an isomorphism, and the
image of 3, is zero. We obtain the exact sequence :

HO(G/’ Ek+1) q*; HO(S’, Ekn(sf)) >0 .

Because ¢, is nothing else but the restriction of the cross-sections of F™**!
over G’ to cross-sections of F**! over S, each holomorphic cross-section s

of F*+ over S’ can be continued to a holomorphic cross-section § of F+
over G'.

By [7, Théoréme A], there exists a holomorphic cross-section s in F'**!
which does not vanish at xz,. Let s be its continuation to G’. F**' has a
canonical holomorphic cross-section A2**! which vanishes exactly on S’ of
order & + 1. The quotient f = s?/k’c+1 is a meromorphic function in G'.
f has exactly S’ for polar surface, is holomorphic in G and does not have at
@, € S a point of indeterminacy : lim,_, | f(x)| = + .

Because we can construct such a funetion f for each point a, € G, the
axiom in Definition (2) of § 1 is satisfied : G is holomorphically convex.

2.4. We prove :

PROPOSITION 5. Let M be a holomorphically convex complex manifold.
Then M s K-complete if and only if WM contains no compact analytic sub-
sets of dimension greater than zero.

ProoOF. Let B be a compact analytic subset of M, dim B > 0, and let
B* be a connected component of B, dim B* > 0. Furthermore, let, x, € B*
be an arbitrary point. Since every holomorphic function f is constant on
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468 HANS GRAUERT

the compact complex space B*, every set A = {x € W, f,(x) = fi(x), v =
1, ---, k} contains B*: M is not K-complete.

Now let 9t contain no compact analytic sets B, dim B > 0. We denote
by x, € M an arbitrary point and by M the holomorphically convex enve-

lope {300} . Since M is compact, we can find an open subset D with
MccDccI Toeach point 2 € 8D there exists a holomorphic func-
tion £ in M with | f(x) | > sup | f(w,)]|. We can find finitely many holomor-
phic funections f.(x), v = 1, « -+, k, in W such that |f.(x)| > |/ ()] for at
least one v in each point x € 8D. Let A be the analytic set {x e M, fi(x)=
fix), v =1, -+, k}. Then the intersection A* = AN D is contained in D
as a relatively compact subset. A* is a compact analytic set and consists
of isolated points, because dim A* = 0. Therefore x, is an isolated point
of A* and also of A: M is K-complete.
From Proposition 2 follows :

THEOREM 2. Let GC C I be a strongly pseudoconvex domain and p(x) a
strongly plurisubharmonic function in G. Then G is a Stein mawifold.

If G is strongly pseudoconvex and contains compact analytic subsets,
one can prove that (7 is a modification of a holomorphically complete space.
This will be shown in a subsequent paper by the author (see [15]).

3. Real-analytic manifolds

3.1. F. Bruhat and H. Whitney [6] have proved :

() Let R be a real-analytic paracompact (connected) manifold of (real)
dimension n. Then there exist a paracompact (complex) n-dimensional
complex manifold M, a real-analytic (real) n-dimensional closed surface
R M and a bi-real-analytic mapping =: R — R'. M has a covering with
local coordinate patches (U, 2", -+-,2%), ce I, such that UNR =
{(3@eU,z”=real,y=1,--,n}, €l

Since M is paracompact and locally compact, we can assume that the
covering {U, ¢ € I} is locally finite and that all U, 9t are contained rel-
atively compact. The paracompact (connected) manifolds are exactly the
manifolds with countable topology. Therefore we can also assume that
the index set I = {0, 1, 2, ---}. In general, if MM has no countable topol-
ogy, the statement () is not true. The Alexandroff line, which carries a
natural real-analytic structure, provides a counter-example.™

3.2. We denote by p(x) the function — [(2°> — ) + - - - + (22 —2")].
p(x) is strongly plurisubharmonic in U, and p(x) = 0, dp(x) = 0, if

14 Tecture of H. Kneser in the conference on complex manifolds in August, 1953, in Ober-
wolfach, Germany.
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ON LEVI’S PROBLEM 469

rzeR; p(x) >0ifxe U — R

We call a function p(x), defined in an open subset U C IR, a (strong) p-
function if p(x) is differentiable of class C= and satisfies the following
conditions : (1) p(x) = 0, (2) p(x) =dp(x) =0 on UNNR, (3) p(x) is
(strongly) plurisubharmonic on U N R’ (i.e., satisfies the differential in-
equalities). As we saw, all the functions p(x) are strong p-functions. If
() and p,(x) are p-functions and a(x) > 0 is a differentiable function of
class C= in U, then «a(z)-p,(x), p(x) = pi(x) + p(z) are also p-functions.
If p(x) is a strong p-function, then p(x) is also a strong p-function. From
these properties we obtain immediately, using a partition of unity :

PROPOSITION 6. Let r(x) be a real twice continuously differentiable func-
tion in M. Then there exists a strong p-function p(x) in N, such that
o(x) + r(x) is strongly plurisubharmonic on R'.

3.3. Let U= U') be an open neighborhood of R’'. Because M is
regular, we can find coverings {V, ¢=0,1,2,3,---}, {W, ¢=
0,1,2,8, ---} of Msuch that W.c c V,c cU.. Denoteby d, the distance of
W, from 6V, with respect to the coordinates 2, ---,2%. {V.} is locally
finite. Hence there is a neighborhood V = V(R')CU, such that, if
we V.nV, [B) + -+ + @V <12d (fx= (-, ) =
@ + 1y, ..., 2 + ). Let a = (a, ---, ay’) be an arbitrary point
of W.NNR'. Then in U,N V the boundary of the cone K’ = {3 e V.NV,
PPy = 237 |y — 22, |af® — af’|P > 0} consists only of the points
{30 e V.NV, pP(x) = 0}. pP(w) is strongly plurisubharmonic in K$; by
setting p(x) = 0 for x ¢ K, p°(x) = exp [— pP(x)] for x e K¢, we
construct a p-function in V(R’) which is greater than 0 in K°. There ex-

ists a sequence of points a, € W, NR’, such that K Y1 s locally finite
and 6(V UK(a ))ﬂ oV =0, if V is properly chosen Therefore, if
¢, > 0 are sufficiently large real numbers, p*(x) = > ¢,p f::) is a p-func-

tion in V(R’) which is strongly plurisubharmonic wherever it is different
from 0 and it has the following property : the intersection of the closure
of the tube T' = {x € V, p*(®) < 1} with 8V is empty. We have proved :

PROPOSITION 7. Let U = U(R') be an arbitrary open neighborhood. Then
there exists a meighborhood V=V(R)CU and in V a plurisubharmonic
Sfunction p*(x), such that p*(x) is strongly plurisubharmonic wherever dif-
ferent from 0 and 8V NT = 0, where T = {x € V, p*(x) < 1}.

3.4. Since M has countable topology, by a partition of unity we can
construct a real function r(x) = 0 in M such that, for every real number
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K > 0, the set {xe M, r(x) < K} is relatively compact in M. Let p,()
be a p-function in the sense of Proposition 6. Then p(x) = r(x) + pi(x) is
strongly plurisubharmonic in a neighborhood U(R’). By Proposition 7 we
can find a p-function p,(x) and a neighborhood V = V(R')C U, such that

TNoV =0 where T = {we V, pyx) < 1}. We define the function
@) = p(x) + (1 — p(2))™" = p() + 1 + po() + pi(x) + -~ .

Then ¢(x) is strongly plurisubharmonic, every set 7, = {x € T, ¢(x) < p}
is contained as a relatively compact subset in 7' and X. We have UT, =
T,T,ccT, if p, < p,. By [20], there exists a dense set D of real num-
bers p, inf g(x) < p, such that for p € D the tube T, has twice differen-
tiable (smooth) boundary. By Theorem 2 all these T', are Stein manifolds.
In [14] the following result is proved by a generalized approximation
theorem of Runge (see also [10]):

Let T be a complex manifold, D a dense set of real numbers p, p > po. T,
a continuous family of relatively compact subdomains of T, such that
T,CT, if p, < pyy UT, =T, and T, is a Stein manifold if p€ D. Then T
itself is a Stein manifold.

So our tube T is a Stein manifold. By the imbedding theorem of
Remmert there exists a regular proper holomorphic mapping ¢ of T into
a complex number space C* of sufficiently high dimension. Thus ¢or is
a real-analytic, regular and proper imbedding of R into C* = R*,.

THEOREM 3. Let R be a real-analytic n-dimensional manifold with
countable topology. Then there exists a real-analytic, regular and proper
mapping ¢ of R into a euclidean space R* of sufficiently high dimension.”

3.5. Let us denote by G, a sequence of domains, which are contained
as relatively compact subsets in the euclidean space R* such that
G,ccG,., UG, = R*. If ¢, is any sequence of positive numbers, r(x)
an s-times continuously differentiable real function in R*, then there
exists a real-analytic function y(x) = Ea,,l cee 3, @1+ ... -2’ such that

SUD zeg,,,-¢,17(t)—¥(x) | < ¢, and the same inequalities hold for the deriva-

tives up to order s if s<oo(= Weierstrass approximation theorem).’* If
¢: R — R*is a real-analytic, regular, proper imbedding of a real-analytic
manifold R, then by a partition of unity it can easily be proved that, to
every s-times continuously differentiable function »(x) in R, there exists

an s-times continuously differentiable function f'(w) in R* such that r(x)=

15 In the case that R is compact, it is not necessary to use the imbedding theorem of
Remmert and the limit theorem for Stein manifolds. Proposition 1 is enough.
16 This statement is a stronger form of the Weierstrass approximation theorem.
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;'ogb(:v). By the Weierstrass approximation theorem we obtain :

PROPOSITION 8. Let R be a real-analytic manifold with countable topol-
ogy, {U}, {V.} open locally finite coverings of R, such that V.c cU,, and
let Oz, -+, Oz, be real-analytic coordinates in U, Then, if r(x) is @
real, s-times continuously differentiable function in R and c, is a sequence
of positive numbers, there exists a real-analytic function y(x) in N which
satisfies the inequalities :

|6°(y(x) — r(x))/00a - - 80| < ¢ in V.

(where 0 <o =y, + +++ + v, <5,8< o).

H. Whitney [26] has proved : every n-dimensional real-analytic mani-
fold with countable topology can be differentiably, regularly, locally-
properly” imbedded in the euclidean space R*". By Proposition 2 we ob-
tain :

THEOREM 4. Let R be a real-analytic n-dimensional manifold with
countable topology, ¢*: R — R* a continuously differentiable, regular, lo-
cally proper (or proper) mapping. Then there exists a real-analytic, regular,
locally proper (or proper) mapping ¢: R — R*. If k = 2n, alocally proper
mapping ¢ exists even if we have not assumed a mapping ¢*.

THE INSTITUTE FOR ADVANCED STUDY
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