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MAXIMAL IDEALS OF STEIN ALGEBRAS

by

Andrew Markoe
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A Frechet algebra (F-algebra) is a commutative topological algebra

hich is a Frechet space when considered as a linear topological space
J

whose pseudonorms “'“ j €N satisfy HngJ < HfHJHgHJ for all f,g €A,

If A 1is a Frechet algebra, Specm (A)

will denote the set of maximal

ideals of A and C-spec (A) will denote the topological space whose

underlying set is the collection of non-zero continuous complex valued

multiplicative linear functionals and whose topology is induced by the weak

topology on L(A,T) .

There is a natural injection C-Spec (A) - Specm (A) obtained by

sending a multiplicative functional to its kernel. An outstanding conjecture

f E. Michael [8] asserts that the range of this map is all maximal ideals

= i atural way; here
M such that A/m =T (observe that T A/Mm in a natu v;
i i ther words, E. Michael's
i i t merely isomorphism). In o 5
equality is meant, no
ject asserts that every multiplicative linear functional on a Frechet
conjecture as
i i to be true for finitely
; i The conjecture 18 known
algebra is continuous.
i Frechet algebras in which polynomials in
lgebras, l1.e.,
generated Frechet 2

f this paper to investigate
are dense, One purpose O .
finitely many elements

th 1idity of the conjecture for Stein algebras.
e vali

i i i lgebra if
het algebra A 1s said to be a Stein a
DEFINITION 1. A TFrec

there is a, not necessarily reduced, Stein analytic space (BBl muca
e )
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that A is isomorphic to T(X,@x)

as topological C-algebras,

The Stein analytiec space X

(if there is no confusion, reference to

the structure sheaf is omitted) appearing in the definition is unique up

to analytic isomorphism. Furthermore

C-Spec (A) has a natural structure

as an analytic space such that G (C-Spec (A)) = A . Thus in the sequel we

always let X = C-spec (A), 6(X) = A (here 6X) = r(x,@x) = global

sections of the structure sheaf). A 1is semi-simple (i.e.

I Speem (A) = (0)) if and only if X is reduced.

The above facts about Stein algebras may be found in O, Forster (3],

along with a proof of E. Michael's conjecture for Stein algebras with

dim X < @ ., We prove here (section 3) that E. Michael's conjecture is

valid for Stein algebras with dim S(X) < ® (S(x) denotes the singular
set of X). This is accomplished by characterizing the maximal ideals,

Speem (A) , of a Stein algebra A (section 2).

2 Maximal Ideals and U-Filters

Let X be a set and let U be a collection of subsets of X , closed

under finite intersections.

DEFINITION 2.

(1) A U-filter is a subcollection JF €V such that

L) VLV, €F=vV NV, €F,

(ii) V, €3, VEV and VyGV=VEF and

(iil) V€T =>v # ¢ .

(2) A v-filter basis is a sub-collection B C Vv

such that

3

(1) v VsV, €8, T vy ER with v, vy nv,
11) VeEB=2v 9.
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@) 1f B is a U-filter basis, then 3B) ={vevy:aweg h
s=atel S0 wit

WCV} 1is a y-filter called the y-filter generated by @

(4) The collection of b-filters ig ordered by < A maximal element
n
is called a V-ultra filter,

PROPOSITION 1. Given a y-filter & , there exists a U-ultrafilter 3F

The proof is an easy application of Zorn's lemma and is omitted,

EXAMPLES

(1) If U =RE) = all subsets of X , then U~filters are the

classical filters.

(2) If X 1is an analytic space and if U = U(X) = [V(fl,...,f

1)
[fl,...,fk} CZ@(X)} then U = U(X) 1is closed under finite intersections

and U-filters are well defined. This is the class of U-filters used in the
sequel,

We note that if X 1is not reduced, an element f €G6(X) 1is not a
complex valued function. In this case V(f) = Support GSx/f -@x)
={x € X: f(x) € M(x) = maximal ideal at x}. Also V(fl""’fk)
=V(E) N...N V(E .

In this connection it is useful to let r = r(x): GX,x 4'®x’x/m(x) =C
be the canonical homomorphism. Then xP r(x)f(x) is an analytic function on
the reduction of X , denoted by rf and V(f) = V(f) .

: iated
In the sequel A 1is a Stein algebra, X = c-Spec (A) 1is the associate

Stein space and U(X) is as defined in example (2) , above.

THEOREM 1. (Characterization of Maximal Ideals of a Stein Algebra)

Let A be a Stein algebra, X = C-Spec (A) .




y If F isa ¥ (X-ultrafilter, then M@ = (f € o): tf| =0
v

for some V € ¢} is a maximal ideal of 6(X) =4
2) If M 1is a maximal ideal of 6X) = A (i.e., m € Specnm (A))
)

then 8 = {V(fl,-..’fk): {

and M = M(3) where 3

fl,...,fk} Cm} is a U(X)-filterbasisg

3) If & is.a LX) ultrafilter, then N F is either empty or a

singleton.

(4) M(F) 1is a dense maximal ideal (T a U(X)-ultrafilter) if and

only if N & =¢ .

(5) M@ 1is a closed maximal ideal if and only if N F = {x} , and

in this case M(J) = m(x)

Before proceeding to the proof, we give two preliminary results.

LEMMA 1 (Corona Property) If X is a Stein space and if

[fl“"’fk} C6(X) such that V(fl""’fk) = @ , then there are
k

{81,---,gk] C6(X) with L fg =1.
i=1
We first work locally. If x € X , there is a Stein neighborhood

n
U of x » @ polydisc neighborhood A of O in some T and a coherent

ideal sheaf 71 C ®A

(S“PP(@)A/I),@A/I) . Here x is identified with O € Ao . Under this

such that we can identify (U,@U) and

lmnmification, the homomorphism r(x): 6 + T can be factored as

X,x
folloyg .

S
. d(1
S,x ™ Ba,0/ g —"5p ol R Ty

;

is a Y(X)-ultrafilter containing JF(8) .
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gince r(x)fi(x) + 0 for some i (depending on X), there is a gemm
d(I,) with X)L =
- e@A’O/Ra (I, (p (x) i(x))hi,x 1
1)

chere 18 @ ekt gi,x e'(SX,x B

» As the diagram shows,

p(g. ) =h

; « Hence
1,X 1,x

-1 = 0 . This means that
o, ()85 -1 2 fi(x)gi,x-l € Rad(1)/1, .

Laking representatives of these germs in G

By

A0 7 S3Y fi(x), gi,x , we

o % 1
j .
cbtain that (fi(x)gi,x'l € 1, for some integer j > 0 .

W * j J e <% J
Hence (fi(x)gi,x) + oeee + (i)fi(x)gi,x + (-1)7 € I, - In other

* Yo j_l b j j o .
vords, fi(x)(fi(X) Bi x toeee ¥ (l)gi,x) + -1 e I
= - j+l 3 j-]. * j j *
If we set Gi,x (-1 (£, ) I (I)gi,x) + 15 €6 I

X,x
=1 .
then fi (X)Gi,x E ®X,x k
Thus the sheaf homomorphism @k + 6, defined by (g,,...,8. )+ L f.g.
X X 1 k j=1 L1

is surjective. Since X 1is Stein, Cartan's theorem B holds, so that the

homomorphism remains surjective on the section level. This completes the

proof, We remark that lemma 1 is proved in (4] (VIII A Corollary 16).

The additional complications here are caused by the possible existence of

nilpotents.

LEMMA 2 If X is a Stein space, then an ideal I ©G(X) is dense if and

only if y(I) = ¢ (here V(I) = N{V(f): f €1}) .

OOF. 1f | ig demse and x € X , there is an f €6(X) with (rf)(x) #0

(pproximate 1 uniformly on the compact {x}) . Hemce V(I) =0 .

COnVersely, suppose V(I) = @ . Since X is Stein we can write

e - - :
' hlen where Xn is Stein and open, 6(X) 1is dense 1n @(Xn) an

; i X I act, there exist
S Xn+1 . Since V(I) = ® and since Xn+1 is comp 5

Hnitely mapy ¢ £ €1 with V(£

v =¢ N By the
l,-.-,k 1,--.,fk)nxn+1
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roperty for Stein Spaces th 1

corond P €re exist gl,...,gk € 0(X )
k n+1

il with
Elfilxnﬂ g, = l‘xn+1 + But o) g denge in @J(Xm_l) and -)En b
ompact in xn+l - Here there are sequencesg (gi (v)) COX) with

Liﬂ;gi(v) = 8; » uniformly oq in * Since 1 44 an ideal, (g figi (\))) c 1
:nd gonVELgEs Uil Cormly: a4 on En ? 88 Ve, g§inee 7 is an ideal,
sy £ EOM

Xn - Since the ¥
form a compact exhaustion of X , the conclusion follows.

, individually,
characterize Stein open subspaces of Stein Spaces; i.e., if either lemma ]

or lemma 2 hold for X and if X 1is an open subset of a Stein space,

then X is also Stein [#]

- Hence the hypothesis that A is a Stein

algebra in theorem 1 is very general.

PROOF OF THEOREM 1

(1) Let F be a U(X)-ultrafilter and let M@ = {f €6 X): rflv =0
for some v €3} . Firstly, M(&) 1is an 06 (X)-ideal. This follows because
3 is closed under finite intersections. Also we see that M(JF) 1is a
Proper ideal C6(X) since every f € M(JF) has a zero (9§ § 35 .

To show that M(¥) is a maximal ideal, we first show that

(*) for all h ¢M(3) , there exists V € & with Vv(h) Nv =29,

Suppose for contradiction that (*) did not hold. Then there exists h £ M)
“uch that V(h) NV # @ for all V € F . Clearly then, F U {V(h) N V: V € F}
'sa V(X) filter basis. Since F is a U(X) ultrafilter, V(h) NV € 3J
for a1y V€% . This implies that h € M(¥) , a contradiction. Hence

(%) holds,

Iy v
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Now if h § M@ , by (*) there exist Eyoere £ € M(F)  such that
V(h:fl""’f ) =@ . The corona property (lemma 1) gives the existence of
Ik ]
; gl,...,gk € 6(X) such that gh 4+ T f;8;, =1 . This shows that
b

1=1
o(Oh + M@ =6(X) . Since this is true for all h § M(F) , M) is
maximal.

(2) Let m be a maximal 6 (X)-ideal. 1t is easy to show that

R = {V(fl,...,fk): {fl,...,f } cm} is a G(X)-filterbasis, once it is

observed that V(f;,...,f) # 6 for {f,.,f ) Cm . But m is maximal,

so the corona property implies that V(£ ,ene,6)) # 0 for {fl,...,fk} Cm.

Now if & 1is an ultrafilter containing B it is clear that m < M(3) .

By the maximality of m and M(@F), m = M(F)

(3) To prove (3) assume that 3F is a U(X)-ultrafilter and that

X,y €ENF. Were x =\= y there would exist £ €6(X) with rf(x) =0

2

ri(y) =1, since X is Stein. Hence F U {V(f) NV: V € 3} would be

a U(X)-filterbasis. Since F is an ultrafilter, V(f) NV € & for all

VEF . Since x,y €NJF this yields x,y € V() , contradicting

rf(y) =1 . Hence (3) is proved.

(4) By lemma 2, M(¥) is a dense maximal ideal if and only if

VIM(F)) = @ . But an easy calculation shows VM(®) = NF.

(5) If M(¥) is maximal and closed, N & cannot be empty. By (3)

there exists x € X with N F= {x} . The converse is also easily proved.

To show that M(3) = m(x) , just observe that M(F) C m(x) , if
Ng = {x} . Since M(F) is maximal and m(x) +©(X) it follows that
m(x) = M(E) .
Remarkg

—=Tarks When X 1is an open Riemann surface the maximal ideals of 6 (X)

have already been extensively investigated using U(X)-filters. M. Henriksen
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[5]Lmed the concept of A-filter to this end. §. Kakutani [6] also used

. concept equivalent to ‘that of W(X)-filter in this study.
0f course open Riemann surfaces are precisely the class of one

dimensional Stein manifolds. Here discrete sequences are the proper sub-

varieties, so A-filters are the mnatural ones to use in this case

(a = (xJu{pcXx: D is discrete}). 1In higher dimensions one must resort

to the use of higher dimensional subvarieties, as shown above.

3 E. Michael's Conjecture for Stein Algebras

In his thesis [8], E. Michael posed the following conjecture. If A

is a commutative Frechet algebra, then every multiplicative linear func-

tional is continuous. Already in [8], Michael affirmatively answered this

queétion for A =06(X) where X 1is a domain in En whose envelope of

holomorphy is schlicht. One purpose of this section is to indicate that,

in the light of more recent developments in complex analysis, Michael
essentially answered his question for semi-simple Stein algebras where
dim(C-Spec(A)) < « . Another purpose of this section is to indicate the
felationship to Stein algebras of R. Arens result [1] that Michael's
conjecture is true on every finitely generated Frechet algebra. Finally,
and most important, we prove a generalizationm of Forster's theorem [3]
that every (possibly non semi-simple) Stein algebra A with

dim (C-Spec(A)) < » satisfies Michael's conjecture. The generalization
18 to the case where it is only required that dim (S(C-Spec(A))) < =
(here S(X) denotes the singular set of the analytic space X).

i f:
Our first result is a characterization of reduced Stein spaces o

bounded dimension.




4d

PROPOSITION 2. Let X be a reduced Stein space. Then dim X <« 1if and

aly if the following condition is satisfied:
0

; there exists {fl,..-,fm} C 6(X) with V(f1

—

Ais--- £ - X,) compact for every
m

(A :"'-’l) €T .
1 m

PROOF. Suppose 11 holds. Then the map F = (fl,...,fm): X + T is holo-

morphic and has compact fibers.

Let X, € X . By proposition 2, p. 161 of Gunning and Rossi (4], there
{s a neighborhood U of F'l(F(xo)) and wn &> 0 , such that
F\U: U~ A(F(xo), (essxxzey) <1s propetr.
The dimension estimate in the proper mapping theorem (p. 162 [4]) shows
that dim F(U) = max{dim F: F(x) near F(x Y} . Since X is Stein and
F(x.) X 0
the level sets of F are compact it follows that dimXF = dimxX . Hence

2 dim,  F(U) = dim X .
(xo) 0

Conversely suppose that X 1is of bounded dimension. Let X be the

union of all irreducible components of X of dimension k . Then if

dim X = n, X = X, ki u wik) Xn and each X is a pure dimensional Stein space.

2k+2
ST Lt o2’ X 2 L :

extends holomorphically to X , so {f 5t 1 €k = h,
2

Hence there is a holomorphic homeomorphism

Each
C fk

2

l<j<ok+ 2} is a finite set of holomorphic functions on X which

Satisfy 171,

THEOREM 2 (Forster [3]) If X is a Stein analytic space of bounded

dlmension, then E. Michael's conjecture is true on 6(X) .
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pROOF.  Let X be the reduction of

« By local consldcratlons (c.f,,
proof of lemma 1, section 2) ®§

in a coherent Gx~module and the sheaf

t.
homomor phism ®‘ = @Q L surjective,

Since ¥
v
p implies that G(X) 4+ ¢ (%) {4 sur jective,

Since dim X < @, there exigy f

1,...,fm€®(f) satisfying II of the above
proposition. ‘Let gl,...,gm €O(X) with r(gi) = £
Suppose for contradiction that b:0(X) * T were a discontinuous

multiplicative linear functional.

ker ¢ would be dense in 6 (X)
snd one would be able tq approximate

1 uniformly on

M T ICID FRPNE I e,)) = v(E, - (81D 5een,E - B(g )
(which is compact by II).

Hence there is some h € ker ¢ with

V(h,gl - ¢(81),---,gm = ¢(gm)) =@ . By the corona Property (lemma 1)
and the fact that h anpg 8 - ¢(gi)

are in ker ¢ we get that
1 € ker ¢ .

This contradicts the maximality of the ideal ker ® , thus
completing the proof.

The assertion, before, that E. Michael had the essential ideas to

Prove Forster's theorem in the semi-simple case (i.e., X reduced) is

borne out by proposition 2 and the following result from [8]

PROPOSITION (c.f., Proposition 12,5 [8]).

Let X be a completely regular topological space and let A be a

8ub-algebra of C(X) containing 1. Then every non-zero multiplicative

linear functional is a point evaluation on X provided that A satisfies

I and 171 below,

= @
L for all ({f,,...,f} cA with V(f,...,f) ;
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l o l-' ‘s 4
there exists {gl,...,g,n] C A such that L,Eg. =1
i°i

1 There is a finite set :
I1 [hl,...,hm}c.'l\ with V(h, " Apeecho =)

n ™
compact f{or any ()\1, .. .,)\m) cc™ |

—

¢ have let 3 : -
Here w ¢ e V(fl,...,fn) = {_}C € X: fi(x) = 0, 1= ].,...,n} as

in the case A = 6 (X) .

- i !
gemark In Michael's paper [8] the hypothesis that every nonvanishing

¢ L& & vulen das
§ €A has £ also is included. This is unnecessary, being a con-

sequence of 1.

The proof of this proposition is very much like the proof of the
corollary to proposition 2, and is omitted.

Hence Michael was very close to having Forster's theorem; he only
needed the results on Stein spaces that were to come later (in particular,
cartan's theorems to get the corona property (1) and the embedding theorem
to get the characterization of bounded dimension (II).

R. Arens [l1] has shown that every finitely generated Frechet algebra
has the property in Michael's comnjecture. However, a Stein algebra A

with dim(C-Spec(A)) <« 1s finitely generated if and only if the local

embedding dimensions of c-Spec(A) are bounded (see [2] S. 137, Satz 3,

1
for details). Hence, this case is subsumed under that of Forster's theorem.

1
i i theorem. But
We can now give a nice generalization of Forster's

first the following result is needed.

i ace X
PROPOSITION 3 Let V be 2 closed analytic subspace of the Stein SP "

hism and let m be a
let p: GX -+ @V denote the restriction homomorp

v) .
dense maximal ideal of ©(X) such that o(™ 040
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then p(m) 1is a demse maximal ideal of ©(V) and the quotient fields

are naturally isomorphic as C-algebras,
[ ' i L]
pROOF . By Cartan’s theorem B, p: 6X) 26() is sur jective. This easily

implies that p(M) 1is an 6 (V)-ideal,

1f J 1is an G(V)-ideal

, With o(M) C J , then p-l(J) is an 6 (X)

;deal. Also mC p (J) , so since m is maximal, either m = p_l(J) or

-—

eX) =p (J) . Hence either J = pm) or J =®() . Since p(m) ¥ 6(),

this proves that p(m) is maximal.

Now, V(p(m)) =V(m) NV=06NV=4¢g

(by lemma 2, since m 1is dense).

Again by lemma 2, p(m) is dense.

To show that the quotient fields are naturally isomorphic, observe

the exact sequence

0+ o L (p@mYm + 6@ /m B6 @ /om 0 .

= . - |

Now, m C ¢ 1p(m) , so by maximality, either m =p p(m) or
6(X) = p-lp(m) . But the latter possibility contradicts the hypothesis
that p(m) # 6 (V) .

Hence 0 - 0 =m/m »6(X)/m 26 (W)/pm) -+ 0 1is an exact sequence of

C-algebras.

COROLLARY If V is a closed analytic subspace of the Stein space X and
if ©6(V) has no discontinuous multiplicative functionals, then a sufficient
condition for a multiplicative © (X) -functional ¢ to be continuous is that

o&u¢)+@w).

Y ’ .
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pROOF. Let m = ker ¢ . Suppose for contradiction that m were dense.

then M satisfies the hypotheses of the proposition, so that op(m) is a

Jense maximal ideal in © (V) with 6(V)/p(m) =6 X)/m = T . Thus there is

a discontinuous multiplicative functional on ©(V) ; a contradiction.

THEOREM 3 If X 1is a Stein space and if dimS(X) < = , then every multi-

plicative linear functional on 6 (X) is continuous.

PROOF. Assume for contradiction that ¢ is a discontinuous multiplicative

functional on G (X) .

Since dim S(X) is bounded, proposition 3 applies to SX) = Vv (by

theorem 2).

Thus we must have p(ker ¢) =6(5(X)) where p: X)) »+06(SEX)) 1is
the restriction homomorphism.

In particular, there is an f0 € ker ¢ with p(fo) = 1 . Hence
V(fo) nNsx =9 .

Let X = LJXi be the decomposition of X 1into irreducible components.
Since V(fo) NnsEX =9, if we let V., = V(fo) N X, then the V., are
disjoint closed analytic subspaces of X .

Now we use theorem 1 to obtain a y(X)-ultrafilter JF with
ker ¢ = M(Z) .

For any V €&, VI vi + @ for infinitely many i . For otherwise
there exists v0€3 and an n>0 with Voﬂvi=¢ for i>n . Then let ‘
o= Vl U = sk Vn . Thus W 1s a closed analytic subspace of X and
dim ¥ < » ., Furthermore given any V €3, g+vnv, N V(E ) » This 15
because £l € ker ¢ , SO V(fo) €% (3 being an ultrafilter). But

Vn"oﬂv(fo) =wnav nwu (vnv) nignvi)wnvonw. Thus

« Vv N



a
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v N Vo nw + @ for any V CJF . Hence (or any [ € ker ¢ , rf has a

gero on W . This means that o (ker ¢) 1 6(W) where p: 6(X) 20 is

the restriction homomovphism. Thus the conditions of the corollary to

sition 3 are satisfied, so is continuous. This contradicts the

hypothesis of this paragraph. Hence for all VEF , VﬂVi+¢ for infinitely
mu}' i 3

In particular V(fo) €3F, so Vi # 0 for infinitely many i .

since the Vi are disjoint we can construct F € @(V(fo)) with rF =i

V.
i

if \’i + ® . Since V(fO) is a closed subspace of X , and since X 1is

Stein there exists an F € 6(X) which restricts to F on V(fo) .

We now obtain the following contradiction: F - ®(F) € ker ¢ so

there exists VEF with rF=¢(F) on V . But VﬂVi=|=¢ for infinitely many i .

dence, by the construction of F we cannot have rF = ¢(F) on all the

vn Vi - This contradiction proves the theorem.

Remark By induction, the above result remains valid for any Stein space
X such that the kth iterate of the singular set is of bounded dimension,
However, the techniques used here do not seem to extend to the case where

€very iterate of the singular set remains unbounded in dimension,
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