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Abstract

In this paper, we consider the equations of linear elasticity in an exterior domain.
We exhibit artificial boundary conditions on a circle, which lead to a non-coercive
second order boundary value problem. In the particular case of an axisymmetric
geometry, explicit computations can be performed in Fourier series proving the well-
posedness except for a countable set of parameters. A perturbation argument allows
to consider near-circular domains. We complete the analysis by some numerical sim-
ulations.
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1 Introduction

To determine the influence of geometrical perturbations, we can perform a multiscale
asymptotic analysis of the equations of elasticity for a linear isotropic material with Hooke’s
law H. Recall that for any symmetric matrix e, H is defined by

He = \tr(e) Id +2u e,

where p and A are the Lamé constants of the material. In this work, we are more par-
ticularly interested in the numerical computation of corrective terms appearing in the
evaluation of stress concentration due to the presence of geometrical defects.

Let Qg be a domain of R? such that the origin 0 belongs to the domain. We consider
a domain ). pierced with some perturbations of size ¢ near well separated points z/ (see
Figure 1): for N defects it can be defined as

Q. =0\ Ué\lewﬁ, with  w! =27 +ew’.

The case of a single perturbation was presented in [12]. The case of two relatively close
inclusions is studied in [9, 8].

Figure 1: The perturbed domain when N = 2.

We assume that the domains w’ contain the origin 0. We denote by HZ, the unbounded
domains obtained by a blow-up around each perturbation:
H/, =R?\ wi.
The problem we focus on is written on the perturbed domain as:
—divo(u.) = —pAu. — A+ p)Vdive, = 0 in Qg
U u? onTy, (1.1)
ous)'n = g only,,



where u. denotes the displacement and o(u.) = He(u.) and e(u.) stand respectively for
the stress tensor and the linearized strain tensor defined by

o(u) = A tr(e(u)) Id + 2u e(u), e(u) = %[Du + DuT} with  (Du); ; = O;u;.

'y and T',, are the Dirichlet and Neumann boundaries of the domain respectively. I’
includes the boundary of the perturbation and g is supposed to be zero in a neighborhood
of the perturbation. This problem enters the general framework of local perturbations
for elliptic problems, which has been deeply studied. Among others, let us mention the
following works using potential theory [33, 5, 3, 4], and the reference monographs [27, 28]
for multiscale expansions. Following [11, 9], the solution of (1.1) is given at first order by

(o) — () = vl (F2) caid ()] vo@), a2

j=1

with ug the solution on the unperturbed domain, a; = o11(10)(0) and az = o12(ug)(0).
The profiles v and v} are obtained as solutions of an homogeneous Navier equation
stated on the unbounded domain HZ, with Neumann conditions on the boundary of the
normalized perturbation:

—pAvy— A+ p)Vdivv, = 0 in H,
o(ve)n = Gy on Jdw, (1.3)
vi — 0 at infinity,

with G; = (n1,0), G2 = (0,n7) and n; the first component of the outer normal to OH
with w = wj.

When the distance between the 2/ can not be assumed large with respect to ¢, e.g.
when ||z — 27| =~ £* for a € (0,1), the order of the error term in (1.2) is reduced (see
[11]).

Since Problem (1.3) is posed in an infinite domain (an exterior domain in the presented
case), its numerical approximation is not straightforward. Among the techniques known
to overcome this difficulty, let us mention infinite elements, introduced in the seventies
(see [34, 7]), which directly handle the problem with a standard Galerkin formulation.
The other (numerous) methods come back to a bounded domain for a classical finite
element resolution. This is the case of absorbing conditions (mainly for wave propagation),
[14, 16, 21, 32, 23] or integral representation, [25]. In both case, the domain is bounded with
a ball, on the boundary of which a new condition — which is non-local most of the time — is
imposed to get an equivalent formulation. The present work is in line with such techniques,
but we restrict ourselves to differential conditions and seek therefore approximate boundary
conditions on the artificial boundary. We choose here the boundary to be the circle 0Bg,
where R is assumed to be large. We show in the next section that the problem is reduced
to seek solutions of the following boundary value problem:

—pAu— A+ p)Vdivh = 0 in Br\w,

ou):n = G ondw, (1.4)

B 2(1V—1/)

1—v
0 1-2v

R(1+v)
E

“o(u) n+i Aru+u = 0 on 0Bg,

with G € H'/2(dw), w is a C™ perturbation of the unit ball and E, v the Young’s modulus
and Poisson’s ratio linked to the Lamé coefficient by relation (2.9). The main result of
this paper is the following theorem:



Theorem 1.1 There is a countable set of parameters S such that for any v & S we have
the following results :

1. Suppose w = By. Then there is a bounded and at most countable set R, such that
for all R ¢ R, and for all G € HY?(dw), problem (1.4) admits a unique solution
uc HQ(BR \w).

2. Suppose w is a small perturbation of By in the following sense: w = (Id + h)By with
h € C*® and a WH*-norm strictly less than 1. Then there exist €, and R, such that
for all R > R, for all G € HY/2(0w), for all ||h|y1.e < v, problem (1.4) admits a
unique solution u € H2(Bg \ w).

The non-standard condition on the outer ball in (1.4) is known as a Ventcel boundary
condition (i.e. involving second order tangential derivatives of the displacement field).
Existence and uniqueness of the solution of this boundary value problem are non trivial.
We show in Section 3 that Theorem 1.1 is a consequence of a careful analysis of another
reduced problem on the boundary 0Bpg of the following type :

1| =505 1
2 0 1—21;/

R(1+v)

Do+ ¢+ Ar(p) = — =

o(up) - n. (1.5)

We point out that this Dirichlet-to-Neumann map has been studied as a pseudodifferential
operator by Nakamura and Uhlmann in [30, 31] where the symbol in the pseudodifferential
framework is explicited. Anyway the expression given there was not adapted to our study
with parameter R, for which we need to be far more explicit.

Note that the determination of conditions of type (1.5) has connections with impedance
conditions for thin layer problems, [15, 6, 20], or wall laws for rough boundaries, [1, 22, 2].

In Section 2, we derive the artificial boundary condition (1.4). In Section 3 we show
existence of the solution of the boundary value problem in the sense of Theorem 1.1. The
strategy of the proof consists in reducing the problem to equation (1.5), which can be
analyzed after projection onto a family of finite subspaces of functions. An explicit study
of the uniform solvability is then performed for the projected linear systems. We give an
explicit form for the Dirichlet-to-Neumann map for the elasticity system in the particular
geometric configuration where w is a disk. Finally, we extend the result when w is close to a
disk by a perturbation method. In Section 4 we present the proof of the main Proposition
3.2 stated in Section 3. Last, we present in Section 5 numerical illustrations of our results.

2 Derivation of the artificial boundary condition

2.1 Singularities at infinity for the elasticity problem

We consider the profile problem (1.3) set in the perturbed plane Hy, = R?\ @. Let R
denote a positive real number and Br be the ball of radius R centered at the origin. To
derive artificial boundary conditions for the linear elasticity on 0B for large R, we need to
know the precise behavior of the solution v, of Problem (1.3) at infinity. In the following,
L denotes the operator L = pA + (A + p)Vdiv .

It is natural to introduce polar coordinates:

u(r,0) = u,(r,0)e, + ug(r,0)ey,

with e, = cosfle; + sinfey and eg = — sin feq + cos fes.



We recall the expression of the involved differential operators in the polar system

1 1 1 2
2 2
Au = (@ur + - Oty — ) Upr + o) Opuy — ) 89u9) e

1 1 1 2
+ (83719 + —0Opug — —Uus + —3 8§ue + = 89ur> ey,
T T T T

1 1
divu = Jyu, + —ur + —0gug,
r r
. 1 1 1 1
V(divu) = (03% + farur — gl T—269ue + r839u9> e

( o2 oy + le&;ur + :2892u@> ey
Then the operator L takes the form
Lu = <()\ +2u) [Eﬁur + %&ur - ;ur} + %agur — M;#@ ug + AE)%U@) e,
+ (u [a,%ug + L0 — gua] AT 2, AT SRR, + M@gm) e, (2.1)
r r r2 72
and the stress tensor is given by

o(u) = (2.2)

(A + 200) 0wy + 2 (uy + Dgug) 1t (3 (Opur — ug) + Orug)
7! (%(391% — ug) + &»U@) ()\ + 2/1) (89u9 + ur) + AOru, .
Singularities of elliptic problems appear to be of tensorial form, see [17, 13, 29], and

especially [24, 18, 19] for the elasticity system. Therefore, we seek solutions of Lu = 0
under the form

u(r,0) = r* B;Eg;] . (2.3)
Consequently, using (2.1) and (2.2), we have in polar coordinates
A R R S ] o)
(A +2p) ¢ + u(s* = L)oo + [(A + p)s + (A +3p)] 4] 7 '
O'(u) = 5= 1 |:)‘¢, (()‘ + 2:“)3 + >‘)¢)7" M(Qb; + (S - 1)¢9> :| (2 5)
(¢ + (s — 1)) (A +20)h + (As + (A +2u)dr] = T

Using (2.4), we reduce the second order system Lu = 0 into a bigger system of first order.
Introducing ¥, = ¢, 1y = ¢}, and U = (¢, ¢g, 1y, %g) |, We get the matricial formulation

U’ = AU,
with
0 0 1 0
0 0 0 1
A= |pemo-) 0 (b 3)— (s
T 1
0 p(1=s2)  (A+3uw)+(A+pu)s 0
pum 2p

The eigenvalues of A are +i(s &+ 1). Hence, the polar functions ¢,, ¢y belong to the space
generated by cos ((s £ 1)#), sin ((s £ 1)8). The continuity for # = 0, # = 27 requires s to



be an integer.
The integer s being fixed, we look for coefficients A,., B;., C,., D,., Ag, By, Cy, Dy, so that

¢r(0) = A,cos((s—1)0)+ Bysin((s — 1)0) + Cy cos((s + 1)0) + D, sin((s + 1)0),
pg(0) = Agcos((s—1)8)+ Bysin((s —1)0) + Cycos((s+ 1)0) + Dygsin((s + 1)8).

Writing Lu = 0, we get :

aA, + By 0
aB,— A = 0 . (A + )5+ (A + 3p)

th = . 2.6
Cr+Dp = 0 . T O s — (13w (26)
D,—Cy = 0

Consequently, the functions ¢, and ¢y satisfy:

or(0) = A,cos((s—1)0)+ B,sin((s — 1)0) + Cy. cos((s + 1)0) + D, sin((s + 1)6),
¢9(0) = aBycos((s—1)0) —aA,sin((s — 1)0) + D, cos((s + 1)0) — C,sin((s + 1)6).

Remark 2.1 [t can be shown that these singular functions describe the behavior at infinity
of the solutions of the elasticity system in the plane. The solution vy of (1.3) satisfies for
any N >0

vi@) = Y v (@) + O (), (2.7)

—N<s<0

[s]

where v, has the structure (2.3). The sum is extended to negative integers since vy
vanishes at infinity. Let us mention that such an expansion still holds for the derivatives
of vy at any order.

2.2 Artificial boundary condition on 0Bg

To approximate Problem (1.3), we introduce the bounded domain HE = H., N B, where
Br is the ball of radius R centered at the origin. We are looking for a boundary condition
to impose on the artificial boundary 0Bg. Since v, tends to 0 at infinity, a first (naive)
choice consists of setting an homogeneous Dirichlet condition on 0Br. However, thanks to
expansion (2.7), the resulting error is of order O(R~!), which is rather poor. To improve
this approximation accuracy, we seek a boundary condition which is satisfied by the leading
term in (2.7) so that the error becomes of order O(R™2).

More precisely, we find a linear relation between displacement and traction on the artificial
boundary 0Bg. If s = —1, the relation Lu = 0 reads

{u¢¥2(k+2u)¢’9 = 0,

2.8
O+ 206 + 200, = 0. 2

To determine artificial boundary conditions on 0Bg, we consider o(u) - n and notice that
n = e, on 0Bg. Using (2.5) and (2.8), we get for s = —1:

X _ —2 A(blg o —2 (br
o(u)-e, = r [Mﬁb;} 2ur Lbe]

Ap 0 "
_ 2|3 Or| o 2 |Pr
= r [ ( : ) _)\_'_2%] ng} 2ur [Cbe] .




Consequently

1 |- 0 2u
n+4— | A2 A;u+4 “u=0.

Lamé’s coefficients are linked to the physical parameters (Young’s modulus and Poisson’s
ratio) through the following relations:

y = vE
(1 }V)(l - 2v) with  E>0, —1<v<0.5. (2.9)
ST )

So that, this boundary condition of Ventcel’s type rewrites on 0Bg:

_ 5

o(u) n4+ ——— 2(1=v) | Aru+ ———u=0

2R(1+v) | 0 12 R(1 +v)
We notice that
TV <0 if ve(0,05)
1—v 2(1 — 12) e
Aro)i—o 0 —v

- if —1,0).
2(1—y2)>0 if ve(-1,0)

We finally get the following boundary value problem: for G € H'Y2(dw), looking for
u € H%(Bg \ w) such that

—pAu— A+ p)Vdive = 0 in Br\w,

ou)rn = G ondw,
(2.10)

- 2(11111) 0

1—v
0 1—2v

R(lbj‘V) 1 Au+u = 0 on 0Bg.

70’(11)-114’5

This last equation is written on the polar basis (e,,ep), i.e. u = (u,,up). Whatever the
sign of the parameter v, the obtained approximate boundary condition leads to a non-
coercive weak formulation. A similar problem has been investigated in [10] for the scalar
Laplace equation.

3 Solvability of the equations

3.1 The strategy

We look for a solution u € H?(Bg \ w) of problem (2.10) in the form
u=1ug+Vv,

where ug € H2(Bg \ w) lifts the Dirichlet data G € HY/?(0w), i.e. satisfies the following
problem with a Dirichlet condition on the artificial boundary :

—pAug — (A +p)Vdivuy = 0 in Br\w,
o(ug)-n G on Jw, (3.1)
ug 0 on 9Bg.



We define the Dirichlet-to-Neumann map Apr for all s > 0 by
Agr: HY2(0Bg) —  HY2(8Bg)

3.2
@ — 20 5(v) (3:2)
where v is the solution in H**1(Bg \ w) of
—pAV — A+ p)Vdivy = 0 in Bgr\w,
o(v):n = 0 on Jw, (3.3)
v = ¢ on0Bg.
Let ¢ be the solution in H3/?(dw) of
R(1+v 1|=557y O
BOED) gy on+ 2| 7700 0 oo+ ot Anip) — 0. (3.4
E 2 0 =Ty

Then u is solution in H2(Bg \ w) of (2.10) if and only if ug is solution in H?(Bg \ w) of
(3.1) and v is solution in H*(Bg \ w) of (3.3) with ¢ solution in H32(8Bg) of (3.4).

We aim at proving that Problem (3.4) is well-posed for any R > 0 except in a bounded
and countable set. We therefore have to reduce the problem to the following boundary
problem of unknown ¢ € H32(9Bg), and where ug is given:

1 [‘2(1”—@ R(1+v)

OB+ ¢+ Ar(p) = — o

o(up) - n. (3.5)

1—v
2 0 1—2v

In order to solve it, we shall give a concrete expression of Ag and work in polar coordinates.

Remark 3.1 A careful analysis of the strategy before shows that we have the better fol-
lowing regularity properties for the unknown functions: ug € H?(Br \ w) as stated, but
¢ € HY2(0BR) and v € H3(Br \ w) by elliptic regularity, since (as a direct consequence of
Proposition 3.2 below) Ag is in fact an operator of order 1. Note also that the decoupling
in two problems (3.1) in the one side and (3.3)—(3.4) on the other side was necessary in
order to be able to introduce Ar as an operator (i.e. an unbounded linear application).

3.2 A decoupled system when the inclusion is a disk

We consider the case where w is the disk B; of radius 1 centered at the origin. The
boundary problem (3.3) defining the Dirichlet-to-Neumann map is then set in a ring. It
is natural to write the Dirichlet datum ¢ as a fourier series:

I ©n, Unl
= + cosnf + [ ] sinné. 3.6
4 [@8] n%:l [@fj ; 4 (3.6)

We will show in Propositions 3.2 and 3.3 below that the Dirichlet-to-Neumann map takes
the form

Ar(p) = AR(p) + R(), (3.7)
where the principal part A% is defined in polar coordinates by

AL () = 1;7 [%] Ly [(n =)+ (1 mwg] cosnd

0 m n>1 (ny — )Yl + (n — )¢l
LN [ =)+ (ny = 1)%] ‘
L+ n>1 [(1 —ny)eh + (n— )Yl sinnd, (3.8)



where
1-—2v

2(1 —v)’
and the remainder R(y) is controlled. In the following Proposition, we reformulate Prob-
lem (3.5) in terms of the unknown Fourier coefficients ", %, 47 and 9.

Proposition 3.2 Let ¢ € H3/?(0Bg). For alln > 1, let ®, = (o}, 9", 0% )T, corre-
sponding to the n-th coordinates of ¢ in (3.6), and let f, r be the 4-uplet of the decom-

’y:

position of —wa(uo) - with respect to the same basis. Similarly, let @ = (ph, p)T
correspond to the 0-th coordinates of ¢ in (3.6), respectively fo r be the 2-uplet of the

R(+v)

decomposition of — o(ug) - n with respect to the last basis.
Then equation (3.5) reads

P,®, + Rn,R(I)n = fn,R7 (39)
where P, is the matriz given by
formn >1,
1—2y 0 0 0 n—-y 0 0 1—ny
—n?| 0 1-2y 0 0 1 0 n—y ny—1 0
= — I _—
P 4 0 0 % 0 +d4+1+ry 0 ny—1 n—vy 0 ’
0 0 0 % l—-ny 0 0 n—-y
forn =0,
1= 10
Ph=0+1d Y = |7
0=0+ 2+[0 0] [0 1]’

and the remainder R, g is controlled uniformly in n € N for R large: there exist Ry > 0
and a constant C' (independent of n and R) such that for any n and R > Ry, we have

IRn.Rlloo < Cn2R™2+2  4f n>2
IR1,Rllc < CR™, (3.10)

IRo,rllc < CR™?,
PROOF. The proof of this fundamental result is postponed to Section 4. |

Note that (3.8) is a consequence of the expression of A% in terms of Fourier coefficients.
Using decomposition (3.6) and denoting ®,, = (@&, ¥, % 4f)T, this relation reads

0 50 %0 cosnf sinnf 0 0 0
Ar(p) = Fo [ 8} +Z[ 0 0 cosnf sinnb B ®n

n>1
with
n—ry 0 0 1 —ny
1 — _
Pl= — 0 n=y ny-1 0 when n > 1,
1+~ 0 ny—1 n—vy 0
1 —ny 0 0 n—-y
and
1=
POO—[V ] when n = 0.
0 O

These matrices have to be considered as a definition of operator A% in Fourier modes, and
AR can be written in the equivalent usual form (3.8) by summing up the Fourier modes.
Now we deal with the remainder term in (3.7):

R =Ar— A% (3.11)

Estimates (3.10) directly imply by summation in Fourier modes the following result:



Proposition 3.3 For all s € R, there exists Cs > 0 such that for any ¢ € C*°(0Bg) and
R > Ry,

IR(O)lnsoBr) < C—sR2|l@lln-s(085)-

In particular, we have by natural extension that for all p € H1/2(3BR)

||R(90)HH—1/2(53R) < 01/2R72||90HH1/2(6BR)‘

3.3 Wellposedness for the disk case

As a direct consequence of Propositions 3.2 and 3.3, we get, in the case where w is the
disk By, the following result of solvability for equation (3.5), and therefore for the system
(2.10). The expected regularity for each problem is the one stated in Subsection 3.1 when
we developed our strategy : u € H2(Bp \ w), ¢ € H¥2(0Bg) and v € H?(Br \ w).

Proposition 3.4 Let us recall that v = % We have

1. The matrix P, is generically (with respect to ~) invertible for all n, which means
that for each v € S, where S is an at most countable set of physical parameters, Py,
18 invertible with norm of the inverse uniformly bounded in n.

2. For all fivzed v ¢ S, there exists R such that equation (3.5) admits a unique solution
¢ for all R > R,.

3. For all v ¢ S, there exists R, such that the system (2.10) admits a unique solution
u for all R > R,.

4. For all v ¢ S, there exists a bounded and at most countable set R. such that the
system (2.10) admits a unique solution u for all R ¢ R..

Remark 3.5 The system (2.10) is expressed with the parameter v. But since v — vy =
% s a strictly decreasing function of v, it is equivalent to avoid a countable set in v

or v variables. It is more convenient to make the computations with parameter vy, so we
express the forbidden set in v-variable.

PROOF. First we notice that the range of values of 7 is (0,3/4) as v € (—1,1/2) since,

as already mentioned, the function v — vy = 2%1__211:) is decreasing on (—1,1/2).

Let us deal with point 1. First, we observe that F, is actually invertible. For each
fixed n > 1, we look at the full determinant of P,, and show that only a finite number of
values of « is forbidden. We can rewrite

A 0 0 B
0 A -B 0

P =
" 0 —-By Ay 0]’
By 0 0 A
with
n? n— n?(l—~y+2v?)+4n+4
4 1+~ 4(1+7)
—n? n— —n2(1+7~) +4ny +4
Ay = oy o iy ey il
4~ 147y 4v(1 +7)
1—
B = .
1+7

10



Then, we compute det P,, and obtain

2

2 3
det P, = (Ajdyg — B2)2 = — " ip.
¢ (414 = By) 1672(1 +7)2 ;” i
with
PO(’Y) = _327)
Pi(y) = 41-37+29%) =4(1—29)(1 —~),
P(y) = 41+v-29%) =4(1+27)(1—~),
Pi(y) = —1+479+29*=(=1+27)(1+7).

Let A, (7) := 169%(1 + ~)? det P,. The expanded expression of A, in terms of powers of
n is

An(y) = PP ((-1+v+29H)n° +4(1 +v —29H)n* + 4(1 — 3y + 29*)n — 327)2 .

We notice that A, () is a polynomial function in both n and 7 of order at most 4 in ~.
We want to check that A, is not identically zero and for this, we look first at the value at
~v = 0 for n fixed:

AL (0) = nt(—n? +4n + 4)°.

This is clear that A,, is never identically zero, and therefore is a polynomial with respect
to the variable v with at most 4 roots in the range (0,3/4). We denote this set by S,, and
pose S = {1/2} UJ, e+ Sn- Then S is at most countable.
Now for each v fixed in the complementary S¢ of S, we notice that the matrix P, is
equivalent (in the asymptotic sense n — oc0) to the matrix

1—2y 0 0 0
n? 0 1-2v 0 O
T4 0 0 %0
1

0 0 0 2

Recall that v € 8¢ (thus v # 1/2), the previous matrix is thus invertible and it implies
that there exists n, such that for all n > n,, P, also is invertible with inverse uniformly
bounded with respect to n. For each integer n in the finite set {1,2,--- ,n,}, P, is again
invertible since v € S, and the norm of the inverse can be bounded uniformly since there
is only a finite number of values. At the end, we get that the norm of the inverse of P,
can be bounded uniformly in n € N. This is the result of uniform boundedness of point 1.

For point 2, we first fix v € S. For any n > 0, we notice that the term R, g has a
norm going to 0 uniformly in n when R goes to infinity (recall that this term also depends
on 7y) as mentioned in (3.10). This means that, according to point 1, there exists R, such
that for all R > R, the matrix P, + R, g is invertible for all n € N with norm of this
inverse uniformly bounded with respect to n. At the end, we have been able to solve the
full problem (3.5) mode by mode with a control (uniform in n) of the norm of the inverse.
This gives the result.

For point 3, we just use the reduction in the beginning of Section 3 allowing to reduce
the problem on the boundary, and we get the result.

For point 4, we fix v € S and look at the problem mode by mode. For fixed n > 0, we
can notice that for M sufficiently large (for example M > max{2n—2,4}), the determinant
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of the matrix RMP, + RM Ry,r built in the proof is a non-zero polynomial in R. This
implies that for each n, only a finite number of radius give rise to a non solvable equation
(3.9). Again this means that for R ¢ R, where R, is an at most countable set of radii,
the problem P,®, + R, r®, = fyn r is solvable for all n > 0, with norm of this inverse of
P, +R,, r uniformly bounded with respect to n (recall that f,, rp was defined in Proposition
3.2). As before we get that for R ¢ R, the problem (3.5) is solvable and so is the problem
(2.10). Notice that point 2 implies that for each v ¢ S, R is a bounded set. The proof is
complete. |

3.4 A perturbation result for quasi circular inclusions

We aim at extending the previous result obtained for w = Bj to close domains w. Now,
applying Point 3 of Proposition 3.4, we consider a real R > 1 such that the system (2.10)
admits a unique solution u on the domain Br \ B; as soon as v ¢ S. Consider a domain
w close to By and ask if the system (2.10) admits a unique solution u on the domain
Br \w for the same set of parameters S. Our aim is to prove that the perturbed Dirichlet-
to-Neumann map depends continuously (as operator) on smooth perturbations on the
domain.

We adapt directly [10, Theorem 3.1} and consider a C* vector field h supported in B, for
p € (1, R) and the application T}, : RZ — R? defined by T}, = Idg2 + h. Clearly, T}, is a
diffeomorphism when the norm of h is small, then the perturbed domain Bpr \ wp, with
whp = Th(w), is just Tp(Br \ w).

For any s > 0, let us first define the Dirichlet-to-Neumann operator

App: HTVY2(0BR) — HY2(0BR)
R(1+v
& (1+v)

Z o(vp) - n,

where vp, € HST1(Bg \ wp) solves the boundary values problem (3.3) with w = wp,.
We are now in position to state the result of this section.

Proposition 3.6 In the previously described geometric setting, and for all s > 0, there
exists Cs such that if ||h|w1.00(5,) <1 then

IARR = ARl £(s+1/2(08 ) 1517208 5)) < CsllPllwre sy)- (3.12)

Proor. The difference with the situation presented in [10] is that one deals with the
elasticity system instead of the Laplace equation. Hence the transported weak formation
for (3.3) is more complicated: one has to transport the symmetrized gradient instead of
the usual gradient. Its reads

1
en(u) = 5 (Du- DT+ (DTY)T- Du').
For example, the starting point is to write the perturbed bilinear form as
a(v,p) :/ en(v) : H : ep(p) det DT,
Br\B1
with v = uo Ty. Then, one adapts straightforwardly step-by-step the proof of Theorem

3.1 in [10]. This is left to the reader. ]
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3.5 Proof of the Theorem 1.1

Now we can complete the proof of Theorem 1.1. First notice that point 1 corresponding to
the case when w = Bj is a rephrasing of point 3 and 4 of Proposition 3.4. We can anyway
repeat the argument for point 4 in a slightly more direct formulation, which will be useful
for the proof of part 2.

PROOF OF POINT 1 OF THEOREM 1.1 WHEN R — 0o (ALTERNATIVE).
As seen when the general strategy was explained in Section 3.1, solvability of the problem
(1.4) is equivalent to solve equation (3.5) on OBg. We introduce the following operator

Do+ ¢+ A%(p),

1 [—52s 0
’P%(,O _ = 2(1—v) -
2 0 1—2111/

and we work now with parameter v instead of parameter v. Then from point 1 of Propo-
sition 3.4 and Remark 3.1, we know that for any v € S, fixed from now on, the problem
P%cp — _Mg(uo) .n

E
is well posed with a unique solution ¢ € H*/2(0Br) C H?(0Bg). This is due to the
fact that PY is elliptic of order 2 and invertible from H**%/2(9Bg) to H*~'/2(0Bg) for all
s € R, according to the Fourier mode decomposition given in Proposition 3.2. Recall that
ellipticity of P% is a consequence of the fact that Ag is of order 1. Another consequence
is that 731% has compact resolvent, and therefore a discrete spectrum as an unbounded
operator in L?(0BR) (this explains partly the countability argument and the introduction
of the countable set R). The invertibility of 73% is then equivalent to say that 0 is not
in the spectrum of 73%. If we introduce the so-called resolvent at 0 defined by abuse by
(PY)~' : L2(0Bg) — L*(0Br), we can write

_ R(1+4+v
o= P (-0 otun) m).
recalling that —WU(UO) -n € H/2(8BR). Since the spectrum is discrete, and 0 is not

in the spectrum, there exists e, such that for all bounded operator Qg : H?(0Bg) —
L2(0Bg) with norm strictly less than €., there exists also a unique solution to the problem

R(1+v)

(Ph+ Qr)p = — 7

o(up) - n.
For this it is sufficient to take ¢, = HP%HZ(IHQ (0BR),L2(0BR)) and the corresponding inverse
is then given by
(Ph+Qr)~" = (PR)'(Id + Qr(PR) )",

where the first inverse is well defined using Neumann series and HQ r(PY)! H <1

We apply this strategy to Qr = R = Ag — A% for which we showed in Proposition 3.3
that

-2
IRl £(r2(085) 12 085)) < Co(V)R

(recall that the norm of operator 77% is independant of R from its expression in Fourier
modes). We therefore get that for R such that Co(y)R™2 < &5, Problem (3.5) is well
posed, with a solution ¢ € H*2(0Bg) € H3/2(dBg). This concludes the alternative proof
of the part 1 of Theorem 1.1 concerning the existence of I, called R, in the statement.
[
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PROOF OF PART 2 OF THEOREM 1.1.
We apply exactly the same argument in the case when w = wy, is close to the unit ball in
the sense of Subsection 3.4. In that case, we want to solve on 0Bg:

1

__v
| 2= T G+ o+ Arplp) = —
2 0 1—2v

R(1+v)

i o(up) - n.

This can be rewritten as

R(1+v)

i 0(u0)~n, with Or = (AR—A%)+(AR7}L—AR).

(PR + Qr)p = —
We use Propositions 3.3 and 3.6 to get

QR £ (985). L2085y < CLNR 2 + Ch ol hllwio 5,),

where C1(v) and C/, are defined in Propositions 3.3 and 3.6 respectively. Choosing R,
such that C1(7)R;? < &y/2 and Collhllwiec(s,) < €4/2 give the result of part 2 of

Theorem 1.1, with R, = Ry and ¢, = C’;/125.y/2 there. [

4 Proof of Proposition 3.2

In this section, we give the proof of Proposition 3.2. This will be done in several steps.
The first one is to analyze equation Lv = 0 in Fourier modes and seek solutions which will
appear to have a special form. The second one is to explicit mode by mode the expression
of

r(l+v)

E

The third one is to use boundary conditions in (3.3) for r = 1 and r = R to get the
expression of the Dirichlet-to-Neumann map mode by mode (this will be splitted into
casesn > 2, n=1and n=0).

o(v)-n on 0B;.

4.1 First step : solutions of Lv =0 in Fourier modes

We shall look for solutions v in polar coordinates in the form of a Fourier series:

il PR o i 6 R

r
n>1 L7 n>1

We first stick to the case when n > 1. It will appear later that we have to separate
the study between the cases n = 1 and n > 2. Using the expression (2.1) of the elasticity

operator in polar coordinates, the coefficients (¢, c?, dr, d%) satisfy

1 1

2
" ' pn A+3p
(A+2p) <CZ + o - rgcl;> — 3T T3

& = 0, (4.2
" nd,, , (42)

nd? +

r

1 1 2 A A
(A +2p) <d2” + =di — dr> — &dz + + B'uncz At Mncfll = 0, (43)
T

rz " r2 r2 r

r r r2

1 1 A+2 A A+3
i <de” + fdz, - 2dz> - #nde - ﬁncw AT 'uncg = 0. (4.5)
r T

1 1 A+ 2 A A+3
u<62”+cf;’—2ci>—E’”‘n%%“‘ndm M, = 0, (4.4)
r T

r r " 72
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This is a system of four differential equations which are coupled two by two. We introduce

7 1—2v 3
YT N2 21— E(’4> (4.6)

Then relations (4.2)—(4.5) rewrite

e+ de! = e — B+ 2l ) = 2 (B + 2dd + ) = o, '
(&4 32— bl - e+ 2) —2 (4 2+ ) = 0,
! = = 5ell) < (vl - =) =0
7 (b4 el = b+ B - ) - B (2h - Ly —dy) = (48)

Mimicking the form of solutions in Fourier series for the Laplace problem, we look for
solutions of the form

e (r) = Bpre and d° (r) = Bor?, (4.9)
dr (r) = Byre and A (r) = Bor®, (4.10)

where the parameters «, 5 and @&, B have to be determined. Plugging these expressions
into (4.7)—(4.8), we obtain

{ ((a2 )ﬂr—kn(a—l)ﬁg) yn (nBr + (a+1)Bg) = 0, (4.11)
v ((@® =1)By +n(a—=1)8;) —n(nfp+ (a+1)5,) = 0, '

(62 = 0B, = (@ = 1)) = (0B — @+ 1)) = 0. o)
7 ((@ = 1)y —n(G - 1)5,) —n (nfy— G+ 1F) = o

In a matricial form, these equations read

o] o mof]-f e

B a?—1—n? n(a—1—vy(a+1))
S A AT e

with

and

M(a) = a? —1—n? —n(a—1—v(a+ 1))] '

[—n(’Y(Of —1) = (a+1)) v(e? —1) —n?

Thus, the determinants of the later two matrices M(a) and M(a) involve the same bi-
quadratic expression in « and are given by

det M () = det M () = 7 (a* — 20%(1 + n?) + (n® — 1)) (4.14)

These determinants cancel for
=4n+1.

At this point we notice that we have 4 roots when n > 2 and only 3 in the case when
n = 1 for which o] ™ = o]~ = 0. We study the two cases separately.
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4.1.1 Casen>2

Consider the 4 roots aii. For each of them and modulo a multiplicative constant, the
coordinates Brn , 0 n ,Brn , éti[ of vectors satisfying (4.13) are defined by

1 o (an*)* —1 oy —1q(agt +1)
2 —1 n? » Prn n(y —1) ’
ot 2
Bon = 69 o i = B
After simplification, we have
o _ o EE2 ieo_ o+l o2
o n(y—1)7 " n n(y —1)
For each choice a = +n + 1, we choose explicitly coefficients 59 i ﬁ
++ ++ 2 ++ 2
o, = n+l, on = 1= apoy o —1—”(7711),
o = onol b = b o= b (4.15)
— “+ 2 “+ -
a, T = —n+l, 59’71 = 1+m7 r,rer = 1—“(7711),
a,” = —n-—1, 6;; = 1, o = L

Then the functions ¢, d? , d" ¢ take the form

n)n) Tny Tn

cn(r) = Bog Ay Trmh 4+ B At g AR ene g gk ARt
dy(r) = Bo Ay e+ By RATeT T g AT g A
di(r) = =B, By r vt — BB trtl - gEoBroentl - phEBEentL
() = By Byl 4 pe B et 4 i BTl 4 BB

After simplification using (4.15), we obtain

cn(r) = AT B AT AT g AT (4.16)
do (r) AT By P A T AR g AL (417)
dy(r) = =By r " = BB e e BTt - g B (418)
e (r) = By r T BB e e B BBy ”+1 (4.19)

For each n > 2, the system (4.7) and respectively (4.8) are systems of two linear equations
of second order, therefore with a vector space of solutions of dimension four. On the other
hand the solutions described in (4.16)—(4.17), respectively (4.18)—(4.19) span each a vector
space of dimension four as the four real numbers A** move. We have therefore found all
the solutions of respectively (4.7) and (4.8) for n > 2.

4.1.2 Casen=1

In this subsection, we keep the subscript n although n = 1. In this case, we have 3 roots
aft =2 a% =0 and a, - = —2. Associated to each of them we can choose coordinates
of eigenvectors in the following way :

++ ++ 2 ++ 2y
oy = 2, on = 1- =T i B

00 _ 00 _ 00 _

o, = 0, BM = 1, = 1, (4.20)
o, = =2 By, =1, Brn = L



Then (for n = 1) the functions ¢, d%, d, c? take the form
CZ(” — B*fAff —n—1 4 BQ%A%O n—1 + 6++A++Tn+1
dy(r) = Bp  ApTrT"Th 4+ B ANTTE o BT AT e,
do(r) =~ ByrnTh B BNl g gl
Ay = By Byrnl 4 B0 Byl B(;HB*JW”H

After simplification using (4.20), we obtain

Ar) = A,Tr P AN+ B AT, (4.21)
d°(r) AT 2 A B AT (4.22)
di(r) = =B, r?+B) - BBt (4.23)
a(r) = By rl+BY+ BB (4.24)

Let us first prove that we have found the full space of solutions of (4.7) and (4.8) for n = 1.

Lemma 4.1 The space of solutions of systems (4.7) and (4.8) are a 3 dimension space
and any solution reads (4.21)—(4.24).

PROOF. We prove this result for system (4.7). The proof is essentially similar for the
system (4.8).
We use the change of variables r = e” and define

n(r)=f(nr),  d(r)=g(nr).

System (4.7) can be rewritten after simplification:

{(f”fg+g’)'7(f+g+g’)=0,

C

4.25
g —g—F+f)—(g+f+f)=0. (4.25)

Denoting by U = (f, g, f',¢')7, we write (4.25) on the form U’ = MU with

0 0 1 0

0 0 0 1

M= 1+~ 1+~ 0 v—1
1 11

1+ 142 11 9

We have det(M — XIdy) = X?(X —2)(X +2). We notice that we find again the solutions
e?® =12 ¢72® = =2 and the constant functions. Computing a Jordan decomposition for

M, we have

2 0 00 3y—1 1 1 0

B 1 . 10 =2 0 0 - 3—7 1 -1 0
M = PTP with T = 00 o0 1 and P = 23y—1) -2 0 1
0O 0 0 O 2B3—=vy) -2 0 -1

The vector V = P~1U satisfies the equation V' = T'V whose general solution is given by

aeQw

—2x
Viz) = | % , with  a,b,c,d € R

c
cr +d
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We infer
a(3y —1)e*® +be * + ¢
a(3 —7)e*® +be 2 — ¢
2a(3y — 1)e®® — 2be 2" + cx +d
2a(3 — v)e* — 2be™2 —cx — d

U(x) = PV(z) =

Coming back to the initial r-variable, the first two relations give the general expression
for ¢/ and d?:

[cg(r)} _ [a(?w —1)r? + br—2_+ c] _ [ a(l —y)Br? +br?

do (r) a(3—y)r? +br2 (1 7)59 T2t br‘2 —cl|’
since 3,1 = 1{_317 and B; = 1—:‘;’ This achieves the proof of the lemma. n

4.1.3 Casen=20

The system (2.1) then simply reads
r// 1 rl i r _
(A4 2p) + S6 — 3% )| = 0, (4.26)
1 1
1 <egﬂ +=ef 7“268> = 0. (4.27)

This is a decoupled system of two second order equations, for which the solutions are easily
shown to be

o(r) = Ay rt+ AT (4.28)
ed(r) = By rt 4 BS’+ T. (4.29)

Thus we have found the full vector space of solutions for n = 0.

4.2 Expression of the Neumann operator

In this section, we give the expression of the Neumann operator

r(l+v)
o (v) mir),

when v has the form (4.1) first, and then in the special case when v is a solution of Lv
and satisfies (4.16)—(4.19), (4.21)—(4.24) and (4.28)—(4.29). Using first (2.2) and (4.1), we

can write

¢ (r) + 2ndj (r)

)+ ()

A+ 2p)d; (r) + 245, (r) = 2nch(r)
(

(-~ 2enr) - L) + ')

] cosnb

] sin nd.
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Using definition (4.6) of ~, we have ﬁ =1 — 2~ and we deduce

o P ([

)r+ (1= 2y)ep(r) +n(1 = 2y)dy (r) cosn
+Z [ ndr( ) = ch(r) + b (r)r ] 0

B0+ (- 2 ) (1~ )]
*Zl[ L) L)+ | snne)- (40

n>1

Using (2.9) we also get that

1+v _1 and 1+v
E T E

(A +2p) = 217 (4.31)

and therefore
1 J];Vra(v) ‘n(r) = [2(1)7 g] < [66 (r)r (T)(l - zf(yz)eg(r)]
Z [ )+ 1_27)02(7")+n(1—27)d€( )]

cosnb

ndy,(r) — 4 (r) + & (r)r
d;’rr 1—2y)d;(r) —n(l -2 cflr .
Ly [ O I ) 20 ),

nes(r) — di(r) + %/ (r)r

For convenience we shall now write

c(n,r) = o /(r)r+ (1 - 27)c, ( )+l - 2y)d5 (r),
R A I N (432

si(n,r) = d/(r)r (1 - 27)61’” (r) = n(1 = 2y)ch(r),
w1 {0 D o (433
ci(r) = ey (r)r + (1 - 27) o(r), (4.34)
co(r) = eg (r)r — e (r), (4.35)

so that
1+Vrav -n(r) = QL 0 ei(r) ci(n,r cosn sinn
e ) = [ K{(J*Z{(n ) 9*,;[ ) smne).

(4.36)

In the following, we compute the coefficients c;i(n,r), sa(n,r), si(n,r), ca(n,r), c1(r),
and ca(r). Again we split the study depending on the cases n > 2, n =1 and n = 0.

4.2.1 Casen>2
In that case, replacing ¢}, and d’ by their expression (4.16)—(4.17) in (4.32)—(4.33), we get

ciln,r) = —2y(n+ 1A, r "+ ((—n +92— 27)577’: +n(l — 27)5;;) A+l
+2y(1 =) Ay ((n +2—2y)8 +n(1 - )5++) Attt

2
= —2y(n+ DA, r " 42y <n -1- n> A, Tl

2
+2y(1 = n) A" 4 2y (n +1- n) Aftpntl (4.37)
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so(n,r) = =2+ 1A, r "t - (5,% —f—ﬁen)A Fpmntd
+2(n — A" —n(B, /6’++)A+Jr el
STl 2(1 —n)A, Tt
+2(n — DA 4 2(n + 1) ATt (4.38)

and similarly with ¢? and d7, we get
2
si(n,r) = — ( —2y(n+ 1)B;_7‘_”_1 + 2y (n -1- n> B;+r_”+1

2

+2v(1 —n)B; r"! 4 2y < +1-— n> Bﬁr"“), (4.39)
n

co(n,r) = =2(n+1)B, r "t —2(n-1)B, Trt!
—2(1 —n)B "t 4 2(n + 1) B Tyt (4.40)

4.2.2 Casen=1

A similar computation replacing ¢, and d, in (4.32)-(4.33) by their expression (4.21)-
(4.24) gives in the case n = 1,

c1(n,r) = =4y A, "% 4 4y AT 2
so(n, 1) = —4A;"r2 4ATTr2
_— _2 2 (441)
s1(n,r) = 4yB;, "r * —4yBfTr
ca(n,r) = —4B, “r 2 + 4B, T2
Note that the constant terms A% and B’ do not appear.
4.2.3 Casen=0
Using the expressions (4.28)—(4.29) in (4.34)—(4.35), we deduce
ci(r) = —2yA, r 42 Abtr,
() =~ A, 21— ) )

co(r) = —QB;_T_l.

4.3 DtN map and Ventcel conditions for modes n > 2

Now we are in position to compute the expression of the Dirichlet-to-Neumann map for
each mode n > 2 and prove the corresponding part of Proposition 3.2. The strategy is the
following : We first get relations between the A¥*(n) thanks to the property in the inner
disk of radius 7 = 1. Then we get an expression of the component of ¢ with respect to the
predominant terms AT (n) thanks to the Dirichlet condition in (3.3), and we control the
remainder terms (Lemma 4.2). Eventually we give the expression of Ar(¢) with respect
to ¢ for mode n.

4.3.1 Neumann conditions on the inner circle

In this subsection we fix n > 2. In (3.3), we use the Neumann condition on the inner circle
Ow of radius r = 1, in order to get relations between the terms A¥*(n) (resp. B**(n)).
Neumann conditions also read
1+v
E

ro(v)-nl,=1 = 0.
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This implies that for » = 1:
ci1(n,r) = sa(n,r) =0 and s1(n,r) = ca(n,r) = 0.

Using (4.37)—(4.40), these equalities can be written in matrix form

_ A~ Ab _[B,~ B~
M, [A_+] = M}F [A++], and M, {B_J = M, [BH}, (4.43)

with the same matrices MF for the two linear systems defined by

o[ I e ]

We have .
det M, = det M, = 8y (n— > :
n

We deduce

o1 1 n-1 —yEZ-1-n)]
(M) = 4y(n— 1) {—(n%—l) —y(n+1) ] = 0Q).

Then, denoting M,, = (M, )~ M.}, we find

n—1 n
M, = [ v —(n4 1)] . (4.44)
With matrix M,, given by (4.44), relations (4.43) read
A~ Af- B, - B~
onfi] e [
Let us define )
 on|n—1 nR™
mm=r | (4.45)
then
A, R Af-Rrt B, "R"! B =Rt
|:AE+R—TL+1:| = My(R) |:A7-11—+Rn+1:| ) |:B;+R—n+1:| = Mn(R) |:B7—Z-+Rn+1:| . (4.46)

4.3.2 Dirichlet condition on r = R

The aim of this subsection is to give the relation between the n-th component of ¢ and
the terms A**(n), BT (n), and to control the other terms. For this we use the Dirichlet
boundary condition v = ¢ on 9Bg in (3.3). Decomposing the datum ¢ and the solution
v of (3.3) according to (3.6) and (4.1), we have

B =l (R =y, R =l dR)=yn (447)
Using expressions (4.16)—(4.17), we have

902 — A;_R_n_l + IBT—’:A7;+R—H+I o A;——Rn—l + ﬁ;‘:,jA;L‘—+Rn+l,
Uh = AR B PACT R 4 AR 4 g AT R
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Using (4.46), we deduce

#n L B | [Az- R4 (=1 B[4 R
W T 50—7:{ A+ R 19 ﬁéf:{ AF+ Rl
_ Af—Rr1
= My (Ido + M;'Ny M,(R)) [ At Rnﬂ] :
with
~-1 BiF -1 -1- 2 1 Bt 1 1- 2
= | ] - il P PR e B Nl
1 0.n 1 1-— n(—1) 1 B@,n L 1+ n(y—1)
We notice that
2(v+1) _onl =) |-ty Tty
det Mg =det Ny = ——= My = n(y=1) n(y=1) |
A AT 1y A T 9y r1 -1 -1
Defining N := MglN A, we compute
— 1
N Y=Lt nt ot | (4.48)
y+1]| —n 1—n
Thus we have
A;L’—_Rn_l _ B Z
[ L RHH} (Idz + Qn(R)) ™" My" L% : (4.49)
with
Qu(R) =N Mu(R),  [|Qu(R)|loc = n*R*". (4.50)

Similarly, using expressions (4.18)-(4.19), we have

1/}7" — _B**R*n 1 /B +B +R- n+1 + B+ R 1 /8++B++Rn+1
n
@g — B——R—n 1 4+ Be ;B +R—n+1 + B+ R 1 + B;+B++Rn+1

Using (4.46), we deduce

Yr -1 =B, [B, R ! L =B85 [By R
S T L s B T g | B R
_ Bf—Rn!
= Mp (Id2 + Mz'Np M, (R)) [31+Rn+1] ;
with
1 —g8FF 1 14+ 2 —1 —-BF -1 —14 2%
My = [ Jff} _ n(v21)] N [ _rf] _ D |
1 /Beﬁn 1 1- -0 1 69771 1 1+ "=
Thus
2 1 —1 2 -1 2y
det My = det Ny = —20 D 0y O =D 1= 5 (D)
(v—1) 20y +1 ~1 1
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We therefore have

B;——Rn—l _ _ ;"L

|:B++Rn+1:| = (IdQ + Qn(R)) ! j\jB1 |:Zﬁ9:| ) (451)
with the same matrix Q,(R) defined in (4.50) for coefficients A" Rn!.

Note that from (4.46), (4.49) and (4.51), we also have

(AR 1 ]

Aorgonrt| = Ma(R) (i + Qu(R) T MG (TR (4.52)
and

(B~ R-"1] o 6]

potgont| = Ma(B) (1de +Qu(B)) Mg! i (4.53)

From (4.49)—(4.53) and the expression (4.45) of M,(R), we get the following first rough
estimate:

Lemma 4.2 There exist Ry > 0 and a constant C' such that for any R > Ry and any
n > 2, we have with ®, = (¢, ", ol YO)T:

[AFFR™] < Onl|®n|o, | Bi PR < Cnl| oo,
AR < CPRP 2|8 o, B PR < C(P R @y oo
4.3.3 DtN operator and Ventcel boundary condition on »r = R

Now we are in position to give the expression of the Dirichlet-to-Neumann operator as an
operator acting on the mode n > 2 of ¢, and exhibit the Ventcel boundary condition (3.5)
in mode n as in Proposition 3.2.

Recall that Ag(p) = wg(v) -nj,—p. We use (4.36), with the explicit components
computed in (4.37)—(4.40). The first component for mode n of Ar(y) is then

1-n ] ([Af~ R Bf-Rn1]
2.1 _p A+ Rl cosnf — B+ Rt sin nf

—n—1 T A;_R_n_l B;—R—n—l )
tl2_q_, At gt cosnf — B+ gntl sin né

n

Af- Rt Bf~R" 1] |
X ([A++R"+1] cosnb — [B++R”+1] smn0>

(i e

x (Idy + Qn(R)) ™ <M21 [ii‘] cosnf — Mg' {?ﬁﬂ sin n9> . (4.54)

Let us now deal with the second component in mode n > 2 of Ag(¢). This is
n—11" ([Bf~R"! Af~Rr 1)
I B+ prt cosnb + A+ gt sin nf
—n—1]" ([B;-R™! A;"R1
T, B+ R+l cosnb + A=+ R+ sinnf
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T T
n—1 -n—1 B;brfRnfl A,tiRnfl ‘
- <{n + 1] + [ 1—n } M”(R)> (l:BT-i-+Rn+1:| cosnf + [ATJLF+Rn+1] smn9>

(g o an)
x (Idy + Qn(R)) ™ <M§1 [(pé] cosnf + M! L‘ig} sin n9> . (4.55)

Let us denote

1—n n—1
V1 = [3 +1— n:| and V2 = |:n+ 1:| . (4.56)
Thus a simple computation gives
VlTMgl = ﬁ[n_’y?l_n’ﬂ7 ‘/1TM§1 = ﬁ[_(n_v)vl_nfﬂa
WMyt = o5 L-nyn—n], WMgh = 5 [~ —ny),n—1].

The main term for mode n > 2 for the Dirichlet-to-Neumann operator is then
1 [cosnb ((n—y)¢h + (1 —ny)yy) +sinnd ((n — )¢y, + (ny — 1)¢)
1+ |cosnd ((ny — Yl + (n — 7)(,02) + sinnf ((1 —ny)ph + (n — 'y)wz) '

Defining for each n > 2 the vector ®,, = (7,97, % )T, we get that in the corresponding
basis, the matrix for mode n of Agr(yp) is given of the form A, + R, r, with

n—- 0 0 1—ny
1 0 n—vy ny—1 0
147y 0 ny—1 n—v 0

1 —nry 0 0 n—ry
From (4.55) and the expressions (4.45) and (4.50) of matrices M, (R) and Q,(R), we get

||Rn,R||oo < nyn2R_2"+2,

(4.57)

n

for a fixed constant C,.

We can now give the expression of the Ventcel boundary condition in mode n as a
matrix in the same basis. Using the decomposition (3.6) and relation (4.6), we can rewrite
the left-hand-side of (3.5) in the form (P, + Ry r)®,, with P, given by

= 0 0 0 n—-y 0 0 1—ny
-n?| 0 15 0 0 1 0 n—y ny—1 0
Be==mlo o 2 o [P0l o0 1 noy 0
2(1—v) _ _
0 0 0 17211: 1 —ny 0 0 n—y
Using (4.6), we have,
1—2v v 1_9 1—v 1
UV = = —_ P —
°20—~) 1-wv T T w T 2y
so that P, can be written in the following form
1—2y 0 0 0 n—-y 0 0 1—ny
—n’ 0 1-2y 0 0 1 0 n—y mny—1 0
Po=——1 o o Lol Tl 0 a1 a—r 0
0 0 0 % l—-ny 0 0 n—-y

This completes the proof of Proposition 3.2 in case n > 2.
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4.4 DtN map and Ventcel conditions for modes n = 1,0
We follow now the same strategy for the mode n = 1 and the constant term n = 0 in

(4.36).

4.4.1 Casen=1

The first step is to use Neumann conditions on the inner circle of radius » = 1.

1+v
FE

This implies that for n =1, r =1,

ro(v)-nl,=1 = 0.

c1(n,r) = sa(n,r) =0 and s1(n,7) = ca(n,r) = 0.

Using (4.41) we directly get

AT = AT and B, =BT when n =1,
so that
AR ?=RMAR?, B, R2=R*B/**  whenn=1 (4.58)
Now we apply the Dirichlet condition in (3.3) on r = R, which reads
a(R)=¢p,  di(R)=4;, AR =¢h  di(R) =) (4.59)
Using (4.21)—(4.24), we get
¢, = AR - AP 4+ BIFATTR?,
h = A,TRTT 4+ AR 4+ BITATTR?
v = “BiR? & BY - GLBRR
¢, = B, R + BY + B/ 'BIR

Adding the first two equalites and substracting the last ones give:

o+l = 247 R24STTATTR?
o —yr = 2B "R 24+ STTBITR?

with 2 0
—2(y +
St =gt gt = T 4.60
EA T o
Using (4.58), we deduce
Gt = STHAH2AST)TIRTDATTR?,
Pn=Un = STHA+2AST TR BITRY,
so that denoting the scalar Q1(R) = 2(S*t+)"!R™*, we can write
AR = (STHLHQuUR)) T (e ), (461)
BIFR = (STH(1+Qu(R) ™ (¢ —vh).
Note that, using (4.58), we get in that case
AR = R4 Qu(R) (ST (o + 00 w6

B, R = R+ Qu(R)™HSTH) (e — ¥h)-

We therefore have proven the following lemma :
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Lemma 4.3 There exist Ry > 0 and a constant C' such that for any R > Ry and n =1,
we have with ®, = (¢l 7, o8 Wo)T:

[ATTRY < O ®nlloo B R?| < C|Pnlo,
|4, R7?] < CR™Y P, [B,*R?| < R|®n|c.

Note that we don’t have any control on A%. It will appear later that it is not necessary.

Now we focus on what happens on the circle »r = R. We give the expression for mode
n = 1 of the components of Ar(p) = R(lgy)a(v) ‘nj,_p. We use (4.36), with the explicit
components computed in (4.41). The first component for mode n = 1 of Ar(y) is therefore

ci(n,r)cosf + si(n,r)sinf)
(A, R™2+ AT"R*) cos0 + (B, "R % — B,F"R?)sin6)
(ST 7ML= B+ QuR) ™ (0 + ¥ cos 0+ (15, — oh) sin)

where we used (4.58) and (4.61) for the last equality. An easy computation gives

1
2 (
5
=2
=2

2§ty = 1

= T3
so that the first component for mode 1 of Ar(yp) is given by

1- .

ﬁ(l — R (1+ Qu(R) ™ (¢ + ) cos b + (4, — h) sind) (4.63)

Working similarly, we get that the second component for mode 1 of Ar(¢p) which is given
from is given from (4.36) and (4.41) by

2((=B, "R+ B "R*)cos0 + (—A, R™>+ AlTR?) sing).

After similar computations this is equal to

(1 Qu(R) ™ (6 = vh) cost+ (e, + ) sin) (464)

Using the vector ®, = (@&, ¥, % o) for n = 1, we get that the matrix of Ag(ip) for
mode n = 1 in this basis is of the form A,, + R, r with

1—7x 0 0 11—
1 0 11—y -1 0
"T 14| 0 4-=1 1-v 0
11— 0 0 11—~
From (4.63) and (4.64), and the expression of matrix @, (R), we get that for n =1,
|Rn,R‘ < CWR747

for a fixed constant C,. Note that this coincides with the general expression for n > 2
given in (4.57). As a direct consequence, we get the same result as in case n > 2: Using
the decomposition (3.6), we can rewrite the left-hand-side of (3.5) for mode n =1 in the
form (P, + Ry r)®p, with P, given by

1—2y 0 0 0 n—- 0 0 1—ny
—n’ 0 1-=2y 0 0 1 0 n—vy mny—1 0
P = — I P
n 4 0 0 % 0 +d4+1+7 0 ny—1 n—v 0
0 0 0 % l—-ny 0 0 n—-y

This completes the proof of Proposition 3.2 in case n = 1.
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4.4.2 Casen=0

We follow the same strategy in this much simpler case. We first use Neumann conditions
on the inner circle of radius r = 1:
14+v
E

ro(v)-nl,—1 = 0.
Using (4.36), this implies that
ci(r)=0 and ca(r) = 0.
Using (4.42), we directly get
vA; =1 -v)A", By =0. (4.65)
This can be rewritten
A Rt = 1_77R2A§+R, By R '=0. (4.66)

Now we apply the Dirichlet condition in (3.3) on r = R, which tells that
eo(R) =, ef(R) = o).
Using (4.28)—(4.29) we get
0o =A; R+ AR, @b =By R+ BJfTR.

Using (4.66) we therefore get

1 _
oh = (1 + VVR—2> AR, ©) = B{ R,

and therefore
1_ 1
AJTR= (1 + 77R2> ©0, ByTR = ¢}, (4.67)

Thus we have proven the following Lemma

Lemma 4.4 There exist Ry > 0 and a constant C' such that for any R > Ry, we have

with ®o = (9, ¢4) -
AR < CllPo]le, By TR < C®ollos,
A Rl < CR7%|%00, By "R = 0.
Now we look at what happens on the circle r = R. We give the expression for mode
n = 0 of the components of Ar(p) = R(IEJFV)U(V) n,_g. We use (4.36), with the explicit

expressions computed in (4.42). The components for mode n = 0 of Ar(p) are (for r = R)

[21701 (r)] _ [217 (~2945 R +2(1 - 7>A§+R)]

5ea(r) 5(—2B;"R™)
Using (4.66) and (4.67), we get that for r = R,
Fvcl(r)} _ [W (1-R72?) Aar+R]
%CQ(T) 0
_ {1‘” (1-R™2) (1+ 2R lwﬂ
0
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We now introduce the vector ®g = (g, cpg, )T. With respect to this decomposition, we get
that the matrix of Ag(p) for mode n = 0 is of the form A, + R with

1—
v[7 )

and | Rolloe < CR™2,
0 0

Using the decomposition (3.6), we can rewrite the left-hand-side of (3.5) for mode n =0
in the form (P, + R, g)®,, with P, given by

1 L9
Py=1d ol — |
0 2+[0 o] [0 1]

This completes the proof of Proposition 3.2 in case n = 0.

5 Numerical results

000

Figure 2: Disk, ellipse with eccentricity 0.5, “generic” domains (R = 2 and Qg Meshes).

5.1 Fixed parameters — various geometries

In this section, we have set the mechanical paramaters as follows
A = 0.5769230769, 1= 0.3846153396.

We consider Problem (1.4) for various interior domains w, see Figure 2. The exterior
radius R is varying. In order to detect the forbidden values of R, we investigate the norm
of the inverse of the operator L associated with Problem (1.4).

The finite element resolution is performed using the library Mélina [26], with isopara-
metric Qg lagrangian elements (the mesh for the presented results is made up of 16 such
elements). In Figure 3, we have plotted the norm of the inverse of the operator Lg associ-
ated with Problem (1.4) with respect to the external radius R (in logarithmic coordinates)
in the case where w is the unit disk or en ellipse close to this disk. It turns out that, as
expected, no forbidden ratio is encountered for “large” values of R. A zoom near the small
values of R is shown in the left plot, where several singular radii are present. The forbid-
den radii are close to each other for the first two cases, which is in accordance with the
perturbation arguments developed in Subsection 3.4. In Figure 4, we show the dependence
of the forbidden radii with respect to the eccentricity of the ellipse.

In Figure 5, we present the same results for more generic geometry: the third and
fourth domains plotted on Figure 2.
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Figure 3: Norm of resolvent for the disk and for an “almost disk”.
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5.2 Fixed geometry — moving parameters

In this part, we fix the Young modulus: F = 1, and the Poisson ratio v is varying. We
present the results obtained for two values of v in Figure 6. Let us mention that more
forbidden radii are observed for v < 0 than for v > 0.

v=-05 v=0.25
11 ! ! : 7.4 i
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Figure 6: Norm of resolvent for a disk and different values v.
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