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Abstract

We consider a magnetic operator of Aharonov-Bohm type with
Dirichlet boundary conditions in a planar domain. We analyse the
behavior of its eigenvalues as the singular pole moves in the domain.
For any value of the circulation we prove that the k-th magnetic eigen-
value converges to the k-th eigenvalue of the Laplacian as the pole
approaches the boundary. We show that the magnetic eigenvalues de-
pend in a smooth way on the position of the pole, as long as they
remain simple. In case of half-integer circulation, we show that the
rate of convergence depends on the number of nodal lines of the cor-
responding magnetic eigenfunction. In addition, we provide several
numerical simulations both on the circular sector and on the square,
which find a perfect theoretical justification within our main results,
together with the ones in [5].
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1 Introduction

Let © C R? be an open, simply connected, bounded set. For a = (a1, as)
varying in {2, we consider the magnetic Schrodinger operator

(iV 4+ Ag)? = —A+iV - Ay +2iA, - V + |A,?
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acting on functions with zero boundary conditions on 02, where A, is a
magnetic potential of Aharonov-Bohm type, singular at the point a. More
specifically, the magnetic potential has the form

To — a2 xr1 —a
(r1 —a1)? + (w2 — a2)?’ (x1 — a1)? + (22 — ag)?

Aq(z) :a<— ) + Vx

(1.1)
where z = (x1,29) € Q\ {a}, a € (0,1) is a fixed constant and x € C=(Q).
Since the regular part x does not play a significant role, throughout the
paper we will suppose without loss of generality that y = 0.

The magnetic field associated to this potential is a 2wra-multiple of the
Dirac delta at a, orthogonal to the plane. A quantum particle moving in
Q\ {a} will be affected by the magnetic potential, although it remains in a
region where the magnetic field is zero (Aharonov-Bohm effect [1]). We can
think at the particle as being affected by the non-trivial topology of the set
Q\ {a}.

We are interested in studying the behavior of the spectrum of the op-
erator (iV + A,)? as a moves in the domain and when it approaches its
boundary. By standard spectral theory, the spectrum of such operator con-
sists of a diverging sequence of real positive eigenvalues (see Section . We
will denote by A7, j € N = {1,2,...}, the eigenvalues counted with their
multiplicity (see (2.3)) and by ¢} the corresponding eigenfunctions, normal-
ized in the L?(Q)-norm. We shall focus our attention on the extremal and
critical points of the maps a — Aj.

One motivation for our study is that, in the case of half integer circula-
tion, critical positions of the moving pole can be related to optimal partition
problems. The link between spectral minimal partitions and nodal domains
of eigenfunctions has been investigated in full detail in [14} 17, 19} 18] 20} 21].
By the results in [19], in two dimensions, the boundary of a minimal partition
is the union of finitely many regular arcs, meeting at some multiple intersec-
tion points dividing the angle in an equal fashion. If the multiplicity of the
clustering domains is even, then the partition is nodal, i.e. it is the nodal set
of an eigenfunction. On the other hand, the results in [5, 6] [7), 18], 29] suggest
that the minimal partitions featuring a clustering point of odd multiplicity
should be related to the nodal domains of eigenfunctions of Aharonov-Bohm
Hamiltonians which corresponds to a critical value of the eigenfunction with
respect to the moving pole.

Our first result states the continuity of the magnetic eigenvalues with
respect to the position of the singularity, up to the boundary.



Theorem 1.1. For every j € N, the function a € 2 — A} € R admits a

continuous extension on ). More precisely, as a — 0S), we have that Af
converges to \;j, the j-th eigenvalue of —A in HJ ().

We remark that this holds for every o € (0,1). V : peut-étre faire
référence a (|1.1) car il n’y a pas de « dans le théoreme précédent ou ajouter
le mot "circulation" As an immediate consequence of this result, we have
that this map, being constant on 92, always admits an interior extremal
point.

Corollary 1.2. For every j € N, the function a € Q@ — A} € R has an
extremal point in €.

Heuristically, we can interpret the previous theorem thinking at a mag-
netic potential A, singular at b € 9€2. The domain 2\ {b} coincides with
), so that it has a trivial topology. For this reason, the magnetic potential
is not experienced by a particle moving in ) and the operator acting on the
particle is simply the Laplacian.

This result was first conjectured in the case j = 1 in [29], where it was
applied to show that the function a +— A{ has a global interior maximum,
where it is not differentiable, corresponding to an eigenfunction of multi-
plicity exactly two. Numerical simulations in [5] supported the conjecture
for every j. During the completion of this work, we became aware that the
continuity of the eigenvalues with respect to multiple moving poles has been
obtained independently in [24].

We remark that the continuous extension up to the boundary is a non-
trivial issue because the nature of the operator changes as a approaches
0€). This fact can be seen in the more specific case when a = 1/2, which is
equivalent to the standard Laplacian on the double covering (see [15, 16, 29]).
We go then from a problem on a fixed domain with a varying operator
(which depends on the singularity a) to a problem with a fixed operator (the
laplacian) and a varying domain (for the convergence of the eigenvalues of
elliptic operators on varying domains, we refer to [3,[11]). In this second case,
the singularity is transferred from the operator into the domain. Indeed,
when a approaches the boundary, the double covering develops a corner at
the origin. In particular, Theorem 7.1 in [20] cannot be applied in our case
since there is no convergence in capacity of the domains.

In the light of the previous corollary it is natural to study additional
properties of the extremal points. Our aim is to establish a relation between
the nodal properties of goé’- and the vanishing order of ]/\? — /\2\ as a — b.
First of all we will need some additional regularity, which is guaranteed by
the following theorem in case of simple eigenvalues and regular domain.



Theorem 1.3. Let b € Q. If )‘? is simple, then, for every j € N, the map
a € Q1 — AJ is locally of class C*° in a neighborhood of b.

In order to examine the link with the nodal set of eigenfunctions, we shall
focus on the case @ = 1/2. In this case, it was proved in [I5], [16} 29] (see
also Proposition below) that the eigenfunctions have an odd number of
nodal lines ending at the pole ¢ and an even number of nodal lines meeting
at zeros different from a. We say that an eigenfunction has a zero of order
k/2 at a point if it has k nodal lines meeting at such point. More precisely,
we give the following definition.

Definition 1.4 (Zero of order k/2). Let f : Q2 — C, b€ Q and k € N.

(i) If k is even, we say that f has a zero of order k/2 at b if it is of class
at least C*/? in a neighborhood of b and f(b) = ... = DF/2=1f(b) =0,
while D¥/2f(b) # 0.

(ii) If k is odd, we say that f has a zero of order k/2 at b if f(x?) has a
zero of order k at b (here 2% is the complex square).

The following result is proved in [29].

Theorem 1.5 (|29, Theorem 1.1]). Suppose that « = 1/2. Fiz any j € N.
If cp? has a zero of order 1/2 at b € Q then either )\3’» is mot simple, or b is
not an extremal point of the map a — Aj.

Remark 1.6. By joining this result with Corollary we find that there
is at least one extremal interior point (for the j-th eigenvalue) enjoying an
alternative between degeneracy of the corresponding eigenvalue and the pres-
ence of a triple (or multiple) point nodal configuration for the corresponding
etgenfunction.

Under the assumption that )\2 is simple, we prove here that the converse
of Theorem [I.5 also holds. In addition, we show that the number of nodal
lines of goé’- at b determines the order of vanishing of |)\§’~ — A}l asa —b.

Theorem 1.7. Suppose that « = 1/2. Fix any j € N. If )\? is stimple and
4,02’» has a zero of order k/2 at b € Q, with k > 3 odd, then

X4 =N < Cla—b|*D/2 asa— b, (1.2)

for a constant C' > 0 independent of a.



In conclusion, in case of half-integer circulation we have the following
picture, which completes Corollary

Corollary 1.8. Suppose that o = 1/2. Fiz any j € N. If b € Q is an
extremal point of a — Aj then either )\? is mot simple, or g@é’- has a zero of
order k/2 at b, k > 3 odd. In this second case, the first (k —1)/2 terms of
the Taylor expansion of A at b cancel.

Remark 1.9. When the order of the zero of the eigenfunction is at least
3/2, the corresponding nodal set determines a regular partition of the do-
main, in the sense of [19], where such a notion has been introduced and
linked with the properties of boundaries of spectral minimal partitions. It
is interesting to connect the variational properties of the partition with the
characterization of the pole a as a critical point of the map a — A}. To
this aim we performed a number of numerical computations. Rather sur-
prisingly, the configurations of the triple (or multiple) point almost never
appear at the mazimum or minimum values of the eigenvalues, which are
almost always non-differentiability points, thus corresponding to degenerate
etgenvalues. In the case of the angular sector, we observe in particular that
any triple point configuration corresponds to a degenerate saddle point as

illustrated in Figurell| (see also Figures and .
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Figure 1: a+— \§, a € {(WWSO’ 1060)5 600 < m < 680,0 <n < 30}.

In the forthcoming paper [28] we intend to extend Theorem to the
case b € 0Q. In this case we know from Theorem [I.1[that A} converges to A;
as a — b € 0N) and we aim to estimate the rate of convergence depending on

the number of nodal lines of ¢; at b, motivated by the numerical simulations
in [5].



We would like to mention that the relation between the presence of a
magnetic field and the number of nodal lines of the eigenfunctions, as well
as the consequences on the behavior of the eigenvalues, have been recently
studied in different contexts, giving rise to surprising conclusions. In [4} [10]
the authors consider a magnetic Schrodinger operator on graphs and study
the behavior of its eigenvalues as the circulation of the magnetic field varies.
In particular, they consider an arbitrary number of singular poles, having
circulation close to 0. They prove that the simple eigenvalues of the Lapla-
cian (zero circulation) are critical values of the function o — A;(a), which
associates to the circulation « the corresponding eigenvalue. In addition,
they show that the number of nodal lines of the Laplacian eigenfunctions
depends on the Morse index of A;(0).

The paper is organized as follows. In Section [2| we define the functional
space DES(Q), which is the more suitable space to consider our problem.
We also recall an Hardy-type inequality and a theorem about the regularity
of the eigenfunctions ¢}. Finally, in the case of an half-integer circulation,
we recall the equivalence between the problem we consider and the standard
laplacian equation on the double covering. The first part of Theorem [I.1,
concerning the interior continuity of the eigenvalues A} is proved in Section
and the second part concerning the extension to the boundary is studied
in Section [d In Section [5, we prove Theorem [I.3] Section [6] contains the
proof of Theorem Finally, Section [7] illustrates these results in the case
of the angular sector of aperture 7/4 and the square.

2 Preliminaries

We will work in the functional space Dllél’f(Q), which is defined as the com-
pletion of C§°(Q\{a}) with respect to the norm

[ullpr2 ) = 1V + Ad)ul|2(0)-

As proved for example in [29, Lemma 2.1], we have an equivalent character-
ization

D2(0) = {ue H®) e 2@},

|z — al

and moreover we have that D;:(Q) is continuously embedded in H{(9):
there exists a constant C' > 0 such that for every u € Dilf(Q) we have

el gy < Cllulps o (2.1)



This is proved by making use of a Hardy-type inequality by Laptev and
Weidl [23]. Such inequality also holds for functions with non-zero boundary
trace, as shown in [26, Lemma 7.4] (see also [27]). More precisely, given
D C Q simply connected and with smooth boundary, there exists a constant
C > 0 such that for every u € Dif(Q)

u

< OV + Aa)ullr2(p)- (2.2)

|z —alll 2 (p)

As a reference on Aharonov-Bohm operators we cite [30]. As a consequence
of the continuous embedding, we have the following.

Lemma 2.1. Let I'm be the compact immersion of Dif(Q) into (Diz(Q))’

Then, the operator ((iV + Ay)?) "o Im : Dz’f(Q) — DZS(Q) is compact.
As ((iV + A,)?)~ ! is also self-adjoint and positive, we deduce that the

spectrum of (iV + A,)? consists of a diverging sequences of real positive

eigenvalues, having finite multiplicity. They also admit the following varia-
tional characterization

2
117520y

A\ = inf Sup ——5 - (2.3)
W;CDL () deW; ||(I)H%2(Q)
dim W,=j

Recall that A, has the form ([1.1)) if and only if it satisfies
1
VxA,=0 inQ\{a} and ?j{Aa-dmza (2.4)
T Jo

for every closed path o which winds once around a. The value of the circu-
lation strongly affects the behavior of the eigenfunctions, starting from their
regularity, as the following lemma shows.

Lemma 2.2 ([IZ Section 7]). If A, has the form (L.1) then o] € Coe(Q),
where a is precisely the circulation of A,.

If the circulations of two magnetic potentials differ by an integer number,
the corresponding operators are equivalent under a gauge transformation,
so that they have the same spectrum (see [15, Theorem 1.1] and [29, Lemma
3.2]). For this reason, we can set x = 0 in and we can consider « in
the interval (0, 1) without loosing generality. Moreover, in the same papers,
it is shown that, when the circulations differ by a value 1/2, one operator
is equivalent to the other one composed with the complex square root. In
particular, in case of half-integer circulation the operator is equivalent to
the standard Laplacian in the double covering.



Lemma 2.3 ([I5, Lemma 3.3]). Suppose that A, has the form (2.4)) with
a=1/2 (and x =0). Then the function

e_w(y)cp?(yQ +a) defined in {y € C: y*+acQ},
(here 0 is the angle of the polar coordinates) is real valued and solves the
following equation on its domain

—A( WG 4 a)) = ANy Pe W8 (2 + ).

As a consequence, we have that, in case of half integer circulation, ©f
behaves, up to a complex phase, as an elliptic eigenfunction far from the
singular point a. The behavior near a is, up to a complex phase, that of the
square root of an elliptic eigenfunction. We summarize the known properties
that we will need in the following proposition. The proofs can be found in
[12, Theorem 1.3], [15, Theorem 2.1] and [29, Theorem 1.5] (see also [13]).

Proposition 2.4. Let o = 1/2. There exists an odd integer k > 1 such
that ¢ has a zero of order k/2 at a. Moreover, the following asymptotic
expansion holds near a

’x . a|k/2
k

where x — a = |z — ale®®s, ¢2 + d2 # 0 and the remainder g satisfies

i (v —al,0a) = ¢'a [cx cos(kaby,) + di sin(kaby)] + g(|z — al, 04)

_Nlg(r, )b, @)
Y k2

where D,(a) is the disk centered at a of radius r. In addition, there is a
positive radius R such that ((p?)*l({O}) N Dr(a) consists of k arcs of class
C*. If k > 3 then the tangent lines to the arcs at the point a divide the disk
into k equal sectors.

3 Continuity of the eigenvalues with respect to the
pole in the interior of the domain

In this section we prove the first part of Theorem that is the continuity

of the function a — A} when the pole a belongs to the interior of the domain.

Lemma 3.1. Given a,b € Q there exists a radial cut-off function n, : R? —
R such that ng(x) = 0 for |z —al < 2|b—al, na(z) =1 for |x—a| > \/2]|b— a|

and moreover

/11%2 (\Vnalz—i-(l—ng)) de =0 asa—b.



Proof. Given any 0 < ¢ < 1 we set

0 0<|z|<e
loge — log |z|
= == < < 1
W) = | B <l < Ve (31)

1 T > +/e.

Choosing ¢ = 2|b — a| and 7,(z) = n(z — a), an explicit calculation shows
that the properties are satisfied. ]

Lemma 3.2. Given a,b € Q there exist 0, and 0, such that 0, — 0, €
C®(Q\ {ta+ (1 —1t)b, t € [0,1]}) and moreover in this set we have

aV (0, — 0y) = Ag — Ap.

Proof. Let a = (a1,a2) and b = (b1, b). Suppose that a; < by, the other
cases can be treated in a similar way. We shall provide a suitable branch of
the polar angle centered at a, which is discontinuous on the half-line starting
at a and passing through 6. To this aim we consider the following branch of

the arctangent
T T
arctan : R — (— ) .

279
We set
To — a by — as asby — baay
arctan xr1 > ay, ro > T
T1 —ay b1 — ax by — a1
/2 1 =ay, Ta > as
To — a2
0, = { w™+ arctan r1 < aq
T1 —ay
3m/2 1 =ay, T3 < as
Tg — a2 by — a2 asby — baay
27 + arctan T > ay, T2 < T .
T1 —ay b1 — a1 b1 — a1

With this definition 6, is regular except on the half-line

by — as azb; — baay

T2 T y, T1> a1

b1 —aq b1 — a1

and an explicit calculation shows that V6, = A, in the set where it is reg-
ular. The definition of 6 is analogous: we keep the same half-line, whereas
we replace (ag,az) with (by,b2) in the definition of the function. One can
verify that 6, — 0, is regular except for the segment from a to b. O



Recall that in the following ¢ is an eigenfunction associated to AJ, nor-
malized in the L?-norm. Moreover, we can assume that the eigenfunctions
are orthogonal.

Lemma 3.3. Given a,b € Q, let n, be defined as in Lemma[3.1) and let 04, 0y
be defined as in Lemma[3.3. Fiz an integer k > 1 and set, for j =1,...,k,

~ ta(0q—6p)

pj=e Nasph.

Then ¢; € DAS(Q) and moreover for every (ay,..., o) € RF it holds

K K k
(=)l D @iz < 1D @i@illiz) < kI aiella ),
j=1 j=1 =1

where e, — 0 as a — b.

Proof. Let us prove first that @; € DL?(Q) By Lemmasandwe have
that 0, — 6, € C>(supp{n,}), so that @; € H}(Q). Moreover ¢;(z) = 0 if
|z — a| < 2|b— a|, hence p;/|z — a| € L*(2). Concerning the inequalities,
we compute on one hand

k k k k
[ Z%@H%%Q) < kzangna@?H%%Q) < kzajz' = k| Zajﬁﬂé"”%%g),
j=1 j=1 j=1 j=1

where we used the inequality Zf j=1 iy < k Z?:l 04]2- and the fact that the
eigenfunctions are orthogonal and normalized in the L?(€)-norm. On the
other hand we compute

k k k
b ~ b—b
| Zaj90j||%2(9) — Zaj90j||%2(9) = Z az’%’/g(l - 772)%%‘ dr.
Jj=1 Jj=1 4,j=1

Thanks to the regularity result proved by Felli, Ferrero and Terracini (see
Lemma [2.2)), we have that ¢! are bounded in L>(£2). Therefore the last
quantity is bounded by

k k
kY- a? [ (1=n)de = CkI Y- a6l [ (1 =) do
j=1 j=1

and the conclusion follows from Lemma [3.1] O

We have all the tools to prove the first part of Theorem [I.I] We will use
some ideas from [20, Theorem 7.1].

10



Theorem 3.4. For every k € N the function a € Q — A} € R is continuous.

Proof. We divide the proof in two steps.
Step 1 First we prove that

lim sup A < 8.
a—b

To this aim it will be sufficient to exhibit a k-dimensional space Ej C sz(Q)
with the property that

[@10 0 < (A +0) |1@]72gq)  for overy @ € B, (3.2)

with €/, — 0 as a — b. Let Span{gofl’, el (pZ} be any spectral space attached
to )\11’, . ,)\i. Then we define

(9,1705)

By =span{@1,..., ¢} with @ = ey b

We know from Lemma |3.3|that Ej, C Di"(ﬂ). Moreover, it is immediate to
see that dimFEy, = k. Let us now verify 1’ with & = Z§=1 ajPj, o € R.
We compute

k
0220y = [ 130050V + Ap)(nae)? do
a j=1

k
= [, X2 sesli 4 AP G ) (33)
where we have used the equality
(iV + Aq) @; = =) (iV + Ap) (naip})
and integration by parts. Next notice that
(iV + Ap) (129?) = 1a(iV + Ay)} + i) Vija,
so that
(iV + Ap)* (1a9?) = 1a(iV + Ap) @} + 2i(iV + Ay} - Vila — 7 Atja.
By replacing in , we obtain

k
1911120y = /Q > aiay (Mgl + 26V + A)¢! - Vg — @1 Any) @ da
“ =1

k
<MD @Sl + Ba (3.4)
j=1

11



where

P = / Z cic; { N2 = D)k + 2i@ina(iV + Ayl - Vg
1,j=1

- @?@?naAna} dx. (3'5)

We need to estimate (,. From Lemma [2.2] we deduce the existence of a
constant C' > 0 such that HgoJHLoo < C for every j =1,...,k. Hence

/ Z i N (s — 1)pb b dw

i,j=1

<CZO& / (1—n?)dx.
Q

7j=1

Using the fact that Hcij ) < CH(ijpl 2 = C’)\g’- (see equation ([2.1])),

we have

1/2
<CZa </ \medac) .
Q

Next we apply the Hardy inequality (2.2) to obtain

‘/ Z azQJSOJWQVSOz Vnadx

,j=1

<CZ /\gobAb V| dx

711

|/ Z a,a]gozgojnaAb Vne dx

b

x—b

<CZO(

[[(z — b) Apll oo ()l Vall £2()
L2(Q)

<C Z o5 Vnall 2o
j=1

Concerning the last term in (3.5)), similar estimates give

/ Z ;0 PP Ang d

5,j=1

Z iy (|Vna20b e} + 1a Vo - V(£)@})) da
5,j=1

1/2
§C’Zo¢? (/ |V77a|2d:c> .
j=1 @

12



In conclusion we have obtained

k 1/2
1Bal < CIY. a5 22 { fa=mydes ([ 19 do) }
ot Q Q
k
= | Z%Sﬁ”%%meg
j=1

with e/ — 0 as a — b by Lemma By inserting the last estimate into (3.4))
and then using Lemma [3.3| we obtain (3.2) with &/, = (] + Ae,)/(1 — &4).
Step 2 We want now to prove the second inequahty

lim inf A\{ > A}
a—b
From relation (2.1)) and Step 1 we deduce

105 170 < Cll§ I\Dl 2y < OAJ-

Hence there exists ¢} € H () such that (up to subsequences) 0] = ¥
weakly in H}() and ©§ — ¢ strongly in L?(2), as a — b. In particular
we have

/|<,0]|2 dr=1 and /%(p] de =0if 1 # j. (3.6)
Moreover, Fatou’s lemma, relation and Step 1 provide

|!¢§/|x—bIIIL2(Q>Sli{fjng%Dg/W—aWL? < Climinf [ljllp12 )

—Chmmf\/;<0\/>

so we deduce that ¢} € D}%Q(Q)
Given a test function ¢ € C§°(Q\{b}), consider a sufficiently close to b
so that a & supp{¢}. We have that

/ A dr = /ng?(iV+Aa)2¢d:L‘
= [ {~Av+ iV Ad+ 2, Vo T AP} do
- /Q {(N + Ap)2p8h — iV - (A + Ap)@fd — 2i(Aa - Vo + Ay - Vi)

HIA2 = 42650} do = [ {9 + 4650 =iV - (4o — Ap)io

—2ig(Aa — Ab) - Vo + (JAal’ = |42) 50} da,

13



where in the last step we used the identity
—21’/ Ap - Vgp?(;; dx = 22'/ (V- Abcp?qg + Abgo?VQE) dz.
Q Q

Since a,b & supp{¢} then A, — A in C*°(supp{¢}). Hence for a suitable
subsequence we can pass to the limit in the previous expression obtaining

/Q(iv + Ab)%;gﬁ dox = /Q)\;gojng dz  for every ¢ € Cg°(Q\{b})

where A7 := liminf,,; A]. By density, the same is valid for ¢ € DZ?(Q)
As a consequence of the last equation and of (3.6)), the functions ©; are
orthogonal in Di‘f(Q) and hence

Jo 16V + Ap) @ dz

A = inf sup
WicDL2 (@) dewy Jo |®?dz
dim Wy, =k
3 Jo GV + 4p) (S5 aje;) 12 da
hS sup
(@100 )0 Jo | 5oy oyt da
k 2y 00
© a2)O
_ sup =157

k 2
(01,)20 2j—1 a5

< A\ = liminf \{.
k a—b k

This concludes Step 2 and the proof of the theorem. O

4 Continuity of the eigenvalues with respect to the
pole up to the boundary of the domain

In this section we prove the second part of Theorem that is the con-
tinuous extension up to the boundary of the domain. We will denote by
p; an eigenfunction associated to Aj, the j-th eigenvalue of the Laplacian
in H}(Q). As usual, we suppose that the eigenfunctions are normalized in
L? and orthogonal. The following two lemmas can be proved exactly as the
corresponding ones in the previous section.

Lemma 4.1. Given a € Q and b € 0 there exist 8, and 0, such that
0o € C(Q\ {ta+ (1 —t)b, t € [0,1]}), O, € C(2) and moreover in the
respective sets of regularity the following holds

aVi, = A, aVo, = Ay.

14



Lemma 4.2. Given a € Q and b € 0%, let n, be defined in Lemma[3.1] and
let 0, be defined in Lemma[3.4 Set, for j =1,...,k,

il

;=€ Naipy.

Then for every (o, ..., o) € R* it holds
k k k
(1—<dl Z%‘@j”%%ﬂ) < Z%’@j”%%m <k Zaj%’”%mz)?
j=1 j=1 j=1
where e, — 0 as a — b.

Theorem 4.3. Suppose that a € Q converges to b € 9Q. Then for every
k € N we have that A}, converges to A.

Proof. Following the scheme of the proof of Theorem we proceed in two
steps.
Step 1 First we show that

limsup A\f < Ag. (4.1)

a—b

Since the proof is very similar to the one of Step 1 in Theorem we will
only point out the main differences. We define

k
Ey = {(I) =) ajpj, aj € R} with ;= € %nqp;.
j=1
We can verify the equality

(iV + Ag) (€% na5) = i€V (nap;),

so that we have

k k
900y = [ 1300V ) dw < Ml Y agiosliBacay + B
@ j=1 j=1

with

k
Ba= Y aja; (/Q IVnal*ipj + 20aVn0 - Veojoi + (nh — 1)Vep; - V%) d.
i=1
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Proceeding similarly to the proof of Theorem [3.4] we can estimate
k
2
1Bal < eall D ajeillaq)
j=1
with €/ — 0 as a — b. In conclusion, using Lemma we have obtained

€q + ke
@2 ()\k + 1:“) H<I>||%2(Q) for every ® € Ej,
a

Dl?

with g4, — 0 as a — b. Therefore (4.1)) is proved.
Step 2 We will now prove the second inequality

liminf A\f > Ag.

a—b

Given a test function ¢ € C§°(Q2), for a sufficiently close to b we have that
{ta+ (1 —t)b, t €[0,1]} C Q\ {suppe}.

Then ¢ € Dij(Q) and Lemma implies that e'%¢ € C5°(Q). For this
reason we can compute the following

/ V(e ) . Védr /Q —ioh 0 (CA (el geioln)) dy.  (4.2)
Since

—A(em " pe’%) = (iV + Aa)?¢ — 2iAa -V — iV - Aatp — |Aal*6,
the right hand side in can be rewritten as
/Q ((N + A2 (e D) g+ e (2 A, - Ve + iV - Ag — \Aa|2q—5)) dz
At this point notice that

(IV + Aa)? (€7 = e (07 + Ag) %6 +iV - Ay + 2iAy - Vip§
+HAp*pf + 24, - Ab¢?> :

By inserting these information in (4.2)) we obtain

/ V(e Pp?) Vodr = A / ~0% 8 da + B, (4.3)
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with
B = /Q e (iV - Ayel} + 214y - Vigh + | AP0 + 240 - Apf) da
+/Qe*m9b¢; (240 - Vo +iV - Aud — |4a*6) da.
Integration by parts leads
B, = /Qe—m@b@g (_¢3|Aa — Ap|? +2iV¢ - (Ag — Ap) +idV - (Aq — Ab)) dr,

so that |B,] — 0 as a — b, since A, — Ap in C°(supp{¢}). Therefore we
can pass to the limit in (4.3)) to obtain

/ Vi Vodr = )\jo/ gpjd; dx  for every ¢ € C5°(Q),
Q Q

where 7 is the weak limit of a suitable subsequence of e‘iaebgp? (which
exists by Step 1) and A° :=liminf, 4 A]. The conclusion of the proof is as
in Theorem [3.41 O

Remark 4.4. As a consequence of Theorem we obtain that e*m@“cp? —
Yj in H(Q) as a — b € 0. Indeed, an inspection of the previous proof
provides the weak convergence e*io‘eacp? — pj in H} () and the convergence
of the norms

iab 2 2 2
lem ™ el ) = 105 lpr2@) = AT = X = il @)

as a — b € 0, for every j € N.

5 Differentiability of the simple eigenvalues with
respect to the pole

In this section we prove Theorem We omit the subscript in the notation
of the eigenvalues and eigenfunctions; with this notation, A% is any eigenvalue
of (iV 4 Ag)? and ¢ is an associated eigenfunction.

Proof of Theorem[I1.3. Let b € Q be such that A is simple, as in the assump-
tions of the theorem. For R such that By (b) C €, let € be a cut-off function
satisfying £ € C*(Q), 0 <& <1, {(z) =1 for z € Bg(b) and &(x) = 0 for
x € Q\ Bag(b). For every a € Bg(b) we define the transformation

D,:Q—Q, Ou(z) =¢&(z)(x—b+a)+ (1 —&(x))z.

17



Then ¢% o &, € Di‘f(Q) and satisfies, for every a € Br(b),

(iIV + Ap)% (9% 0 Dy) + L(p" 0 By) = N 0 D, (5.1)

and

[ 167 0 @2l det(@))] do = 1, (5.2)

Q

where L is a second-order operator of the form

2 2 2

ii 0%v i\ Ov
Lo = —”zz:la () duidz,; + ;b (x)axl + c(z)v,

with a¥ b%, ¢ € C°°(£, C) vanishing in Bg(b) and outside of Bar(b). Notice
that
P! (x) =1+ VE(x) ® (a—b)

is a small perturbation of the identity whenever |b — a| is sufficiently small,
so that the operator in the left hand side of is elliptic (see for example
[9, Lemma 9.8]).

To prove the differentiability, we will use the implicit function theorem
in Banach spaces. To this aim, we define the operator

F: Br(b) x D2(Q) x R = (D34(Q)) x R

5.3
(a,v,\) ((z’V+Ab)2v+£v—)\v,/ 02| det ()| dz — 1). (5:3)
Q

Notice that F' is of class C* by the ellipticity of the operator, provided that
R is suficiently small, and that F(a,¢® o @4, A*) = 0 for every a € Bg(b),
as we saw in , . In particular we have F(b,¢? A\P) = 0, since
®;, is the identity. We now have to verify that the differential of F' with
respect to the variables (v, )), evaluated at the point (b, A’), that we
denote by d(, ) F (b, ¢",AY), belongs to Inv(Dy”(Q) x R, (D3*(Q)) x R).
The differential is given by

iV 4+ Ap)? = NIm —?
d(v,)\)F(ba ‘Pb»)\b) = < ( 2[917201) dr 80 )

where I'm is the compact immersion of DAS(Q) in (D}%Q(Q))
introduced in Lemma [2.7]

' which was
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Let us first prove that it is injective. To this aim we have to show that,
if (w,s) € D}qf(Q) x R is such that

(iV + Ap) 2w — Now = s° (5.4)
2/9@% dx =0, (5.5)

then (w,s) = (0,0). Relations (5.5) and (5.2) (with a = b and ®; the
identity) imply that
w # kg®  for all k # 0. (5.6)

By testing (5.4) by ¢ we obtain
§= / ((iV + Ap)w - (iV + Ap)b — Noweb) de.
Q

On the other hand, testing by w the equation satisfied by ¢°, we see that
s = 0, so that (5.4) becomes

(iV + Ap)?w = Now.

The assumption A’ simple, together with (5.6]), implies w = 0. This con-
cludes the proof of the injectivity.
For the surjectivity, we have to show that for all (f,r) € (D}qf(ﬂ))’ x R

there exist (w, s) € ’Di{f (©2) x R which verifies the following equalities
(iV + Ap) 2w — Now = f + s¢° (5.7)
2/ Pwdr = r. (5.8)
Q

We recall that the operator (iV + Ap)? — APIm : DAS(Q) — (DAS(Q))’ is
Fredholm of index 0. This a standard fact, which can be proved for exam-
ple noticing that this operator is isomorphic to Id — A((iV + Ap)?)~1(Im)
through the Riesz isomorphism and because the operator (iV + Ap)? is in-
vertible. This is Fredholm of index 0 because it has the form identity minus
compact, the compactness coming from Lemma Therefore we have
(through Riesz isomorphism)

Range((iV 4+ A4p)2 — XIm) = (Ker((iV + Ap)? — XIm))* = (span{¢®})*,

(5.9)
where we used the assumption A simple in the last equality. As a conse-
quence, we obtain from ({5.7)) an expression for s

s:—/ fobda.
Q
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Next we can decompose w in wo 4wy such that wy € Ker((iV+A4;)%2 —A0Tm)
and wy is in the orthogonal space. Condition (5.7]) becomes

(iV + Ap)*w; — Nw; = f — gpb/ fobda (5.10)
Q

and (|b.9) ensures the existence of a solution w;. Given such w;, condition
(5.8) determines wq as follows

T
wo = (—/ @buq dr + ) SOb,
Q 2

so that the surjectivity is also proved.

We conclude that the implicit function theorem applies, so that the maps
aeQ— XN eRandae Q— p?o®, € D;?(Q) are of class C* locally in
a neighbourhood of b. O

By combining the previous result with a standard lemma of local inver-
sion we deduce the following fact, which we will need in the next section.

Corollary 5.1. Let b € Q. If A’ is simple then the map ¥ : Q x D}%z(Q) X
R — R x (DES(Q))’ x R given by

U(a,v,\) = (a, F(a,v,\)),

with F defined in (5.3)), is locally invertible in a neighbourhood of (b, p°, \b),
with inverse ¥~ of class C*.

Proof. We saw in the proof of Theorem that, if A® is simple, then
dy \) F'(b, ©?, A) is invertible. It is sufficient to apply Lemma 2.1 in Chapter
2 of the book of Ambrosetti and Prodi [2]. O

6 Vanishing of the derivative at a multiple zero

In this section we prove Theorem Recall that here a@ = 1/2. We will
need the following preliminary results.

Lemma 6.1. Let A > 0 and let D, = D,(0) C R2. Consider the following
set of equations for r > 0 small

(6.1)

—Au = \u in D,
u=rk2f+g(r) on 0D,
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where f,g(r,-) € H(OD,) and g satisfies

i lg(r, N e ap,)
r—0 frk/2

=0 (6.2)

for some integer k > 3. Then for r sufficiently small there exists a unique
solution to (6.1)), which moreover satisfies

ou

lull2(p,) < Cr* 22 gnd ' — < Cr('f—l)/27
31/ L2(8Dr)
where C' > 0 is independent of r.
Proof. Let z; solve
_AZI =0 in D1
2= f+r7F2g(r,.) on dD;.

Since the quadratic form
/ <|Vv|2 - )\T2v2) dx (6.3)
Dy

is coercive for v € H{(Dj) for r sufficiently small, there exists a unique
solution z to the equation

(6.4)

—Azg — Mrlz9 = M2z in Dy
z9=0 on 0D1.

Then u(z) = r*/%(z1(x/r) + 29(x/r)) is the unique solution to (6.1). In
order to obtain the desired bounds on u we will estimate separately z; and
z9. Assumption ((6.2)) implies

21l ) = I +r R 2g(r, Werzepy) < Clflla @D, (6.5)

for r sufficiently small. We compare the function z; to its limit function
when r — 0, which is the harmonic extension of f in D;, which we will
denote w. Then we have

—A(z1 —w) =0 in Dy
21 — W = r‘k/zg(r, ) on dDq,

and hence ([6.2]) implies

lg(r, M e op
< Cllz1 = wllgrap,) =C 0Py

— 0.
L2(Dy) rk/2

S
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Then we estimate zo as follows

lz2l22py) < c/ V2ol di < 0/ (|V2)? — Ar222) dar
D D,
< C|A 21l 2oy llz2l 2Dy

where we used Poincaré inequality, the coercivity of the quadratic form (6.3])
and the defintion of z9 (6.4)). Hence estimate (6.5 implies

HZ2||L2(D1) < CT2HfHH1(aD1) —0 asr—0.

This and (6.5 provide, by a change of variables in the integral, the desired
estimate on |ul[z2(p,). Now, the standard bootstrap argument for elliptic

equations applied to (6.4) provides
|22/l 52Dy < C(H)‘TQZIHLQ(Dl) + |22l 2(py)) — 0,

and hence the trace embedding implies

’ 82’2

£
So, we have obtained that there exists C' > 0 independent of r such that

< CValm(p,) < Cllz2llg2p,) — 0
L2(8Dy)

<C.
L2(8D1)

0
H&/(Zj + 2’2)

Finally, going back to the function u, we have

’ Ou k—1)/2 < Opk-1)/2
%
where we used the change of variable z = ry. O

L2(dDy)

:T(

2 (a4 2)
L2(8D,~) 8V ! 2

Lemma 6.2. Let ¢ € sz(Q) (a € Q). Then

1
i lollze@ep,) < Clélpre g (6.6)
|la|t/ lal A, ()

where C' only depends on ).

Proof. Set ¢(y) = ¢(|aly) defined for y € Q = {x/]a| : = € Q}. We apply
this change of variables to the left hand side in and then use the trace
embedding to obtain

1 ~ - -
Wnﬁbﬂﬂ(amap = éll20p,) < Cllélar o,y < Cllollar(py)-
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We have that ¢ € H}le(fl), where e = a/|a|. Therefore we can apply relation

(2.2) as follows

161l 22(py) < ly — €ll oo (Dy) < C(iV + Aol z2(py),

‘ ¢
‘y—6| L2(D3)

IVl 2(pay < GV + Ae)ll 12(0,) + 1 4ab ]l L2(Ds)

¢

<GV + A)dlzaon) + 11 = ) Al | o

L2(D3)
< OV + Ae)dll L2 (Do)

We combine the previous inequalities obtaining

1 . -

W”Wﬂ(ap‘a,) < OV + Ae)dll L2y < CHGZ)Hij(Q)y

where in the last step we used the fact that the quadratic form is invariant
under dilations. O

To simplify the notations we suppose without loss of generality that
0 € Q2 and we take b = 0. Moreover, we omit the subscript in the notation
of the eigenvalues as we did in the previous section. As a first step in the
proof of Theorem we shall estimate |A% — \°| in the case when the pole a
belongs to a nodal line of ¢° ending at 0. We make this restriction because
all the constructions in the following proposition require that ¢ vanishes at
a.

Proposition 6.3. Suppose that \° is simple and that ©° has a zero of order
k/2 at the origin, with k > 3 odd. Denote by I' a nodal line of ©° with
endpoint at 0 (which exists by Pmposition and take a € I'. Then there
exists a constant C' > 0 independent of |a| such that

A= A0 < Clal*?  as|a| =0, ael.

Proof. The idea of the proof is to construct a function u, € Di{z (Q) satis-
fying

(iV 4 Ag)*uq — Nug = gq, [tallL2() =1~ €a (6.7)
with

9all 2oy = lal*/? and ea| = Ja| 5422 (6.8)

and then to apply the Corollary 5.1} For the construction of the function u,
we will heavily rely on the assumption a € T'.
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Step 1: construction of u,. We define it separately in D, = D)4/(0)
and in its complement 2\ D)y, using the following notation

uext O\D
Uy = { . \Dia (6.9)
Ugq D|a|
Concerning the exterior function we set
(80
ugzt = e O‘( O)SDO, (610)

where 0, 0y are defined as in Lemma [3.2]in such a way that 8, — 6 is regular
in Q\ D)y (here )y = 0 is the the angle in the usual polar coordinates, but
we emphasize the position of the singularity in the notation). Therefore u&*t
solves the following magnetic equation

(Z.V+Aa)2u2xt — )\Ougxt Q\D\a|
ug:vt — ew(e‘l_eo)wo 6D‘a| (611)
uea:t =0 o90.

a

For the definition of u’* we will first consider a related elliptic problem.
Notice that, by our choice a € T, we have that e "% 0 is continuous on
ID)q). Indeed, e~"% restricted to 9D)q| is discontinuous only at the point
a, where ¢ vanishes. Moreover, note that this boundary trace is at least
H 1(€)D|a|). Indeed, the eigenfunction ¢ is C* far from the singularity and
e’ ig also regular except on the point a. Then, the boundary trace is
differentiable almost everywhere.

This allows to apply Lemma thus providing the existence of a unique

function ™, solution of the following equation
— Ayt = N0y Dy, 612
int __ _—iaby, 0 oD ( : )
Yy =e @ la|-
Then we complete our construction of u, by setting
ufznt — eiaﬁaq/)gnt, (613)
which is well defined since 6, is regular in D),. Note that u™ solves the
following elliptic equation
(iv + Aa)Zuflnt = )\Ouflnt D|a‘ 6.14
int _  ext oD ( : )
ug' = ug la|-
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Step 2: estimate of the normal derivative of u’* along 0Dy . By as-
sumption, ¢" has a zero of order k/2 at the origin, with k > 3 odd. Hence
by Proposition the following asymptotic expansion holds on 9D\, as
la] — 0

, k/2
e (o] ) = 12

[ck cos(kaby) + di sin(kaby)] + g(|al,bp), (6.15)

with
- lg(lal, et @)
la| =0 |alk/2

Hence Lemma applies to ¥ given in (6.12), providing the existence of
a constant C' independent of |a| such that

=0. (6.16)

8wznt

< k=1)/2 (6.1
" < Clal (6.17)

H%m”/?(z)‘al)SC\a!(k“)/z and H

L2(dDy,))
Finally, differentiating (6.13]) we see that

(ZV+A ) int __ — za@avwmt

so that, integrating, we obtain the following L?-estimate for the magnetic
normal derivative of u/™ along OD)q

1Y + Ao)ull™ - vl 20D, < Clal*/ (6.18)

Step 3: estlmate of the normal derivative of ué®® along ODq. We
differentiate ) to obtain

(iV + Ag)us™ = Agqug™ + ie'Ce=0) g0, (6.19)
On the other hand, the following holds a.e.
VQOO — ’L’AOQOO + €iQGOV(€_iQQO§0O),

so that ' ‘ ‘
,L-eza(Ha—Go)VSOO — _AOuCeLmt + ieza%v(e—zaGo@O)‘

Combining the last equality with (6.19)) we obtain a.e.

(ZV+A ) ext _ ia@av(e—iaHO(pO)
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and hence |(iV + A,)uc®| < Cla[*/?>~1 on 0Dy, a.e., for some C' not depend-
ing on |al, by (6.15) and (6.16)). Integrating on 0D|, we arrive at the same

estimate as for v, that is

) - k-1
16V + Au - vl 120p,,) < Clal'T". (6.20)

Step 4: proof of (6.8). We test equation (6.11)) with a test function
€ D*(Q) and apply the formula of integration by parts to obtain
Aa

/ [V + Aus (Y + A2)6 — Nug3) da
Q\D‘a‘
—; / (iV + Ag)us™ - v do.
aD‘a‘

Similarly, equation (6.14)) provides

/D {(ZV + Aa)ué"tm _ )\Ouz'lntq;} dr —

la|

fi/ (iV + Ag)u™ - v do.
OD)q

Then, we test the equation in with ¢, we integrate by parts and we
replace the previous equalities to get

/ Ga dx = 1/ (1V + Ag) (™ — u'™) . vodo.
Q D),

To the previous expression we apply first the Holder inequality and then the
estimates obtained in the previous steps (6.18]) and (6.20]) to obtain

/ gaqul‘
Q
HI@V + Aa)ug™ - vl 200, ) 19l 2200, < C|a|(k71)/2||¢||L2(6D|a‘)-

< 16V + Al - vl 2op I8l 20,0

Finally, Lemma [6.2] provides the desired estimate on g,. Then we estimate
€q as follows. Since [[ug™||r2\p,,)) = ”SOOHLQ(Q\D‘GI) we have

lallz2@) = 1 = [lu 1320, = 1€° 13200, | < Clal*2, (6.21)

where in the last inequality we used the fact that |]<,00||%2( Dia)) < ClalF*?

by (6.15) and (6.16), and that [lug™|72p, ) = 05" [72(p,, ) < Clal**2, by
6:17).
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Step 5: local inversion theorem. To conclude the proof we apply the
Corollary [5.1] Let ¥ be the function defined therein (recall that here b = 0).
The construction that we did in the previous steps ensures that

U(a,p® o Py, \*) = (a,0,0)
\I/(a, Ug © Dg, )\0) = (a7 9a © Dq, fa)a

with g4, €, satisfying . We proved in Theorem that

’)‘a - )‘O‘ =+ HSOa o®, — ngHng(Q) —0
0

as |a] — 0. Moreover, it is not difficult to see that

l[tq © Py — QOOH’D}L{(?(Q) —0

as |a| — 0. Hence the points (a,® o @4, A%) and (a,u, o 4, A°) are ap-
proaching (0, % A%) in the space Q x Di’f(Q) x R as |a] — 0. Since ¥
admits an inverse of class C™ in a neighbourhood of (0, ", A%) (recall that
MY is simple), we deduce that

H((pa _ ua) o (I)aHD}A,g(Q) + ‘)\a _ )\0‘ < C(Hg"“H(Dij(Q))’ + ‘6a|) < C’a‘k/%

for some constant C' independent of a, which concludes the proof of the
proposition. O

At this point we have proved the desired property only for pole a be-
longing to the nodal lines of ©°. We would like to extend this result to all
a sufficiently closed to 0. We will proceed in the following way. Thanks to
Theorem [1.3] we can consider the Taylor expansion of the function a — A*
in a neighbourhood of 0. Then Proposition [6.3| provides & vanishing condi-
tions, corresponding to the k nodal lines of ¢". Finally, we will use these
conditions to show that in fact the first terms of the polynome are identi-
cally zero. Let us begin with a lemma on the existence and the form of the
Taylor expansion.

Lemma 6.4. If \° is simple then the following expansion is valid for a € Q
sufficiently close to 0 and for all H € N

H
A=\ = Z \a|hPh(19(a)) -+ 0(\a\H), (6.22)
h=1
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where a = |a|(cos¥(a),sin?(a)) and
h . .
V) = Z Bjncos’ ¥ sin = 9 (6.23)

for some Bjp, € R not depending on |al.

Proof. Since X is simple, A is also simple for a sufficiently closed to 0.
Then we proved in Theorem @ that A} is € in the variable a. As a
consequence, we can consider the first terms of the Taylor expansion, with
Peano rest, of /\?

ol

j h—j H
hz:ljz(:)J h— j) 87a 0" Jag‘ otz " +ollal™),
where a = (a1, ag). Setting
1 "
Bip=- T
Jli(h =) P a10"Iagla=0
and a; = |a| cos¥(a), az = |a|sin¥(a) the thesis follows. O

The following lemma tells us that on the k nodal lines of ¢°, the first
low-order polynomes cancel.

Lemma 6.5. Suppose that \° is simple and that ©° has a zero of order k/2
at 0, with k > 3 odd. Then there exist an angle ¥ € [0,27) and non-negative
quantities g, . .., €x_1 arbitrarily small such that

~ 2l k—1
P, (19+2+8l)—0 for every integers | € [0,k — 1], h € {1,2}

where Py, is defined in (6.23)).

Proof. We know from Proposition that ¢" has k nodal lines with end-
point at 0, which we denote I';, I = 0,...,k — 1. Take points a; € I7y,
1=0,...,k—1, satisfying |ag| = ... = |ag_1| and denote

a; = |ag|(cos ¥(ay), sin ¥(ap)).

First we claim that

k—1
Pr(¥(a;)) =0 for every integers | € [0,k — 1],h € [1, 2} .
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Indeed, suppose by contradiction that this is not the case for some [, h
belonging to the intervals defined above. Then for such I, h the following
holds by Lemma [6.4

A% — 20 = COlay|" + o(|ay|™)  for some C # 0.

On the other hand we proved in Proposition [6.3] that there exists C' > 0
independent of a such that, for every [ =0,...,k — 1, we have

A% — X0 < Clay|*?  as |ay] — 0.

This contradicts the last estimate because h < (k — 1)/2, so that the claim
is proved. )
Finally setting ¥ := ¥(ag), Proposition implies

-~ 2n
ﬂ(al):zu%%l I=1,... k-1

with g, — 0 as |q;| — 0. O
The next lemma extends this the previous property to all a close to 0.

Lemma 6.6. Fiz k > 3 odd. For any integer h € [1, (k—1)/2] consider any
polynom of the form

h
P,(9) = Z Bjpcos’ 9 sinI 9, (6.24)
§=0
with B, € R. Suppose that there exist 9 €[0,27) and g, . . ., ep_1 satisfying
0 <¢ < m/(4k) such that

~ 27l
P, (19 + % + El) =0 for every integer l € [0,k — 1].

Then P, = 0.

Proof. We prove the result by induction on h.
Step 1 Let h = 1, then

P (¥) = Bosind + B cos

and the following conditions hold for [ =0,...,k — 1:

~ 2wl ~ 2wl
Bo sin (19 + % + 61) + 1 cos (19 + % + al) =0. (6.25)
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In case for every [ =0,...,k — 1 we have

- 27l ~ 27l
sin(ﬁ—f—z—i—sl);«éo and cos(ﬂ—i—l:—i—al);éo,

system ((6.25) has two unknowns [y, ;1 and k > 3 linearly independent
equations. Hence in this case Sy = 1 = 0 and P; = 0. In case there exists

{ such that ol
sin ('3 Z—i—el) =0

then of course cos (19 + 27l /k + al) # 0, which implies 1 = 0. We claim

that in this case
ol

sin (@ + + 51/> #£0 (6.26)

for every integer I € [0, k—1] different from [. To prove the claim we proceed
by contradiction. We can suppose without loss of generality that

~ 2l <~ 2l
19—1—1—1—61:0 and 9+ i +ey =m.
k k
Then
l——£(1§+5) and l’—ﬁ(ﬁ—ﬁ—s)
27 : 27 :
so that &
V=2 pfl—cr
2 * 27
The assumption 0 < g; < 7/(4k) implies
ko1 k1

/
s gl Tisgty
Being k£ > 3 an odd integer, the last estimate provides I’ — | ¢ N, which is
a contradiction. Therefore we have proved . Now consider any of the
equations in for I’ # 1. Inserting the information $; = 0 and
we get B9 = 0 and hence P} = 0. In case one of the cosine vanishes one can
proceed in the same way, so we have proved the basis of the induction.
Step 2 Suppose that the statement is true for some h < (k — 3)/2 and
let us prove it for h + 1. The following conditions hold for [ =0,...,k—1

h+1

(< 2ml (= 2wl
Z 3 cos’ ('19 + % + 51> sin/t1- (19 + % + 51) =0. (6.27)
j=0
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We can proceed similarly to Step 1. If none of the sinus, cosinus vanishes
then we have a system with h + 2 < (k + 1)/2 unknowns and k linearly
independent equations, hence P11 = 0. Otherwise suppose that there exists

[ such that o]
sin (194— % —1—61) = 0.

Then we saw in Step 1 that

2rl’
k

~ 2 ~
cos(z?+]7{jl+sl>7é0 and sin(19+ +6l/>7$0

for every integer I’ € [0,k — 1] different from [. By rewriting Py in the
following form

Phy1(9) = sindPy(9) + Bui cos™ 0,

with Py as in (6.24]), we deduce both that 11 = 0 and that

/

= 2ml
P, (ﬁ+ T +€l/> —0
for every I’ € [0,k — 1] different from [. These are k — 1 conditions for a
polynome of order h < (k—3)/2, so the induction hypothesis implies P;, = 0
and in turn Ppy; = 0. t

End of the proof of Theorem|[I.7} Take any a € Q sufficiently close to 0,
then by Lemma

H
AT =X =3 fal"Py(9(a)) + oflal™).
h=1

By combining Lemmas and we obtain that P, = 0 for every h €
1, (k—1)/2], therefore |A\* — \°| < C|a|*+1)/2 for some constant C' indepen-
dent of a. O

7 Numerical illustration

Let us now illustrate some results of this paper using the Finite Element
Library [25] with isoparametric Pg lagrangian elements. We will restrict our
attention to the case of half-integer circulation o = 1/2.

The numerical method we used here was presented in details in [5].
Given a domain ) and a point a € €2, to compute the eigenvalues A} of
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the Aharonov-Bohm operator (iV + A4,)% on ), we compute those of the
Dirichlet Laplacian on the double covering Q% of Q\ {a}, denoted by u}z.
This spectrum of the Laplacian on Q% is decomposed in two disjoint parts:

e the spectrum of the Dirichlet Laplacian on €2, A;,
e the spectrum of the magnetic Schrédinger operator (iV + 4,)2, A

Thus we have
{15521 = Sz L e

Therefore by computing the spectrum of the Dirichlet Laplacian on 2 and,
for every a € Q, that on the double covering Q% we deduce the spectrum
of the Aharonov-Bohm operator (iV + A,)? on €. This method avoids to
deal with the singularity of the magnetic potential and furthermore allows
to work with real valued functions. We have just to compute the spectrum
of the Dirichlet Laplacian, which is quite standard. The only effort to be
done is to mesh a double covering domain.

Let us now present the computations for the angular sector of aperture
/4

T
DI {($1,$2) €R?, x1 >0, |z2] < 2 tang, z3 4 22 < 1}.

An analysis of the spectral minimal partitions of angular sectors can be
found in [§]. By symmetry, it is enough to compute the spectrum for a in
the half-domain. We take a discretization grid of step 1/N with N = 100 or
N = 1000:

2 2
aeHN::{(m n>,0<m<N,O<|n|<tanTr m+n<1}.

N'N m 8 N2

Figure |2| gives the first nine eigenvalues AJ for a € I19. In these figures, the
angular sector is represented by a dark thick line. Outside the angular sector
are represented the eigenvalues \; of the Dirichlet Laplacian on X /4 (which
do not depend on a). We observe the convergence proved in Theorem

Vi1, Aj—= A asa— 0¥,

In Figure [3] we provide the 3-D representation of Figures and [2(b)|
Let us now deal more accurately with the singular points on the sym-

metry axis. Numerically, we take a discretization step equal to 1/1000 and
consider a € {(m/1000,0),1 < m < 1000}. Figure {4 gives the first nine
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(a) a— A? (b) a— A3

X

(d) a— A} (e) a— AE

@ Q00
%0

o

(g) a— A2 (h) a+— A§ (i) a— A§

Figure 2: First nine eigenvalues of (iV + A,)? in Yy /4, a € Hygp.

eigenvalues of the Aharonov-Bohm operator (iV + A4,)? in X, /4. Here we
can identify the points a belonging to the symmetry axis such that A} is not
simple. If we look for example at the first and second eigenvalues, we see
that they are not simple respectively for one and three values of a on the
symmetry axis. At such values, the function a — ¢, j = 1,2, is not differ-
entiable, as can be seen in Figure [3] Figure [3]illustrates Theorem for a
domain with a piecewise C™° boundary: we see that the function a — A7,
J = 1,2, isregular except at the points where the eigenvalue A7 is not simple.

Going back to Figure (4] we see that the only critical points of A} which
correspond to simple eigenvalues are inflexion points. As an example, we
have analyzed the inflexion points for A§, A{, Af when a = (a;,0) with
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145
%0
95 150, 140
85
90 135
85
80 % 130
75
100« | kad

(a) a )\‘11, a € 00 (b) a — )\5, a € 00

Figure 3: 3-D representation of Figures and

450 -

400 -

300 -

150

100

50

d a a
0 I I I I 1(8) LB i) I ]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4: a + A, a € {(1555,0),0 <m < 1000}, 1 <5 < 9.

a; € (0.6,0.7), a1 € (0.75,0.85) and a; € (0.45,0.55) respectively. We will
denote these points by a(;), j = 3,4, 5. Figure@gives the nodal lines for three
different points a = (aq,0) on the symmetry axis y = 0 with a; = 0.6,0.63
and 0.65. This illustrate the emergence of a triple point when the pole is
moved along the line y = 0. In Figure [0, we have plotted the nodal lines of
the eigenfunctions @?(j) associated with )\?(j), 7 = 3,4,5. We observe that

34



each @?(j ) has a zero of order 3/2 at a(jy. Correspondingly, the derivative of
A} at aj) vanishes in Figure E|, thus illustrating Theorem In the three
examples proposed here, also the second derivative of Aj vanishes at a(j.

L

/\3,a7 0600_(1(3) /\3,a7 0630_(1(3) )\3,&— 0650_61(3)

Figure 5: Nodal lines of an eigenfunction associated with A\§, a = (a1, 0),
a1 = 0.6,0.63,0.65.

<)<,

3, a=(0.63,0) ~ agz (b) Af, a=1(0.79,0) ~ aw) (c) A5, a = (0.48,0) ~ a(s

Figure 6: Nodal lines of an eigenfunction associated with )\?(j ) j=3,4,5.

Let us now move a little the singular point around a(;. We use a dis-
cretization step of 1/1000. Figure represents the behavior of A} for a close
to a(;). It indicates that these points are degenerated saddle points. The
behavior of the function a — A%, j = 3,4,5, around a(; is quite similar to
that of the function (¢, z) — t(té — 22) around the origin (0, 0).

We remark that computing the first twelve eigenvalues of (iV + A,)?
Yr/4, we have never found an eigenfunction for which five or more nodal
lines end at a singular point a.

As we have already remarked, all the local maxima and minima of A} in
Figure [4 correspond to non-simple eigenvalues. Plotting the nodal lines of
the corresponding eigenfunctions, we have found that they all have a zero

35



0.63 0.64 0.65 0.66 0.67 0.68

2225

2215

050, 750 < m < 840,0 < n < 30}

271
o~

2705

270 . \

A s

2605 . / j .
269 / o

008 —

r A 5
o " o4s
.48 0.49 0.5 0.51 0.52 0.53

(c) ar A2, a € {(15, 1055) 450 < m < 530,0 < n < 30}.

Figure 7: A{ vs. a for a around the inflexion point a(j;, j = 3,4,5.
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of order 1/2 at a, i.e. one nodal line ending at a. Nonetheless, this is not
a general fact: in performing the same analysis in the case {2 is a square
[0,1] x [0, 1], we have found that the third and fourth eigenfunctions have
a zero of order 3/2 at the center a = (3, 1), see Figure which is in this
case a maximum of a — A§ and a minimum of a — Af, see Figures [8] [0
We observe in Figure [§| that the first and second derivatives of A\§ and of A§

seem to vanish at the center a = (%, %)

T T T T T T T T T
160 4 160
140 4 1401
1201 4 1201

100
80

60
20 20

L L L L L L L L L
0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9

L L L L L L L L L
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

(a) a— A}, a € {(1, 1a5),0 <n <200}, (b) a = A}, a € {(%,3),0<n <200},
1 < j <9 (square). 1 <7 <9 (square).

Figure 8: a — A} for a along the perpendicular bisector or the diagonal of
a square

6 a8 1o
09| 6 108
o0
og| & 108
o2
07] 07] 92 o7 104
50
50
0| 04| o8] 102
. 7
* os 100
7
4 E 4 98
7.
%
03| o, 03 03]
02 02 02 9
52 7
1 01 4 92
50
%0

o1 02 03 04 05 08 07 08 09 01 0z 03 04 05 08 07 08 08 01 02 03 04 05 08 07 08 09

(a) A3 vs. a (b) Af vs. a (c) A§ vs. a

Figure 9: Eigenvalues of (iV + A4,)? in [0,1] x [0, 1], a € TI50.
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(a) A3, a= (3, 3) (b) A%, a=(3,3)

Figure 10: Nodal lines of an eigenfunction associated with A%, j = 3,4,

J

a = (%a %)
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