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Abstract. We show that the Neumann realization for the Schrödinger operator with a constant mag-
netic field in a sector has at least one eigenvalue below the essential spectrum, when the
angle is sufficiently small. We establish the complete asymptotics of the lowest eigenvalue
as the angle tends to0. This study is applied to the analysis of the bottom of the spectrum in
the semi-classical case for domains with edges.c© 2001 Acad́emie des sciences/Éditions
scientifiques et ḿedicales Elsevier SAS

Etat fondamental de l’oṕerateur de Schr̈odinger avec champ magńetique dans
un domaineà coin.

Résum é. Nous d́emontrons que la réalisation de Neumann de l’opérateur de Schr̈odinger avec un
champ magńetique constant sur un secteurΩα ⊂ R2 d’angleα ∈]0, π] admet au moins
une valeur propre, en dessous du spectre essentiel, quand l’angle est suffisamment petit.
Nousétablissons un d́eveloppement limité de la plus petite valeur propre pourα proche
de 0. Cettéetude permet de donner des estimations du bas du spectre dans le cas semi-
classique pour des domainesà coin. c© 2001 Acad́emie des sciences/Éditions scientifiques
et médicales Elsevier SAS

Le résultat principal de cette Note est d’établir un d́eveloppement limit́e du bas du spectre, notéµ(α), de
la réalisation de Neumann de l’opérateur de Schrödinger, not́e PΩα , avec un champ magnétique constant
égalà 1, sur un secteur angulaire d’angleα pourα près de 0. L’expression de ce développement est donnée
au th́eor̀eme 3.1. La construction de chaque terme du développement est explicite et permet aussi de donner
des conditions suffisantes simples sur l’angle pour que le bas du spectre soit une valeur propre.

Pour justifier cette construction, nous effectuons des changements de variables et de jauge pour transfor-
mer la forme sesquilińeaire associéeà l’opérateur de Schrödinger sur un domaine dépendant deα, en une
nouvelle forme d́ependant deα mais sur un domaine fixe. Cette nouvelle forme,aα, donńee en (1), utilise
deux formes de poids par rapportà α diff érents :̀ définie en (2) et la forme associéeà la ŕealisation de
Neumann de l’oṕerateur−∂2

η . Revenant̀a la formeaα, une id́ee naturelle est de commencer par restreindre
la forme aux fonctions ind́ependantes deη afin de supprimer la singularité 1

α2 . Ceci nous conduit̀a étudier
une nouvelle formèmoy, déduite de la restriction dèaux fonctions ind́ependantes deη. La d́efinition de
`moy est donńee en (4) et sońetude est pŕeciśee au Lemme 2.1. L’état fondamental de l’oṕerateurLmoy
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assocíe donne un quasi-mode et permet de majorer le bas du spectre de l’opérateur de Schrödinger initial
par α√

3
.

Nousétablissons ensuite un développement limit́e complet. Pour cela, nous allons chercher une fonc-
tion u sous forme d’une śerie formelle

∑
k>0 α

2kuk et une śerie µ(α) ∼ α
∑
k>0 α

2kmk telles que :
PΩαu ∼ µ(α)u. Pour ŕesoudre cettéegalit́e, nous regardons chaque coefficient deα2k et utilisons les
Lemmes 2.1 et 2.2 afin de déterminer chaque coefficientuk etmk par ŕecurrence.
Cette ḿethode nous permet d’associerà la śerie formelle un quasi-mode et conduit donc une majoration
du bas du spectre. Pour montrer queµ(α) est effectivement le bon candidat pourêtre un d́eveloppement
limit é, nous estimons l’écart entre les deux premières valeurs propres comme en (15). Il resteà appliquer le
théor̀eme spectral pour montrer que la majoration préćedente nous donne en fait un développement limit́e
de la plus petite valeur propre.

Ce ŕesultat compl̀ete les travaux sur la détermination du bas du spectre dans le planR2 ou le demi-
planR× R+ et permet d’́etudier l’oṕerateur de Schrödinger avec un champ magnétique non constant et
un param̀etre semi-classique dans des domaines avec un nombre fini de coins en reprenant les techniques
de Helffer et Morame [6]. En effet, les techniques utilisées par ces auteurs sont d’utiliser une partition de
l’unit é afin de se ramener aux modèlesR2 etR× R+. Or, si nous souhaitons obtenir des informations sur
le bas du spectre dans des domainesà coin, l’utilisation de ces m̂emes techniques conduit naturellementà
l’ étude de l’oṕerateur de Schrödinger dans un secteur angulaire. L’étude meńee pŕećedemment permet donc
d’obtenir l’estimation donńee au Th́eor̀eme 4.1. Signalons enfin que cetteétude constitue unéetape dans
l’analyse de l’apparition de la supraconductivité (cf. les travaux de Bernoff-Sternberg [2], Del Pino-Felmer
et Sternberg [10]).

1. Introduction

Let Ωα ⊂ R2 be an angular sector with angleα ∈]0, π], ν the unit outer normal of the boundaryΓ = ∂Ωα
when it is well defined. Our goal is to determine the bottom of the spectrum of the Neumann realization of
the operatorPΩα defined by :

PΩα = −∇2
A,

with∇A = ∇− iA and A : = 1
2

(
y
−x

)
, on the domain :

DN (PΩα) : = {u ∈ L2(Ωα)|∇Au ∈ L2(Ωα),∇2
Au ∈ L2(Ωα), ν · ∇Au|Γ = 0}.

We denote byaΩα the sesquilinear form associated to the operatorPΩα , which is defined onH1
A(Ωα) : =

{u ∈ L2(Ωα)| ∇Au ∈ L2(Ωα)} and byµ(α) the bottom of the spectrum ofPΩα . The Persson’s Lemma
[9] may be generalized for unbounded domains ofR

2 and Neumann realizations. Its application gives that
the bottom of the essential spectrum of−∇2

A is equal toΘ0 : = µ(π), which corresponds to the bottom of
the spectrum relative to the half plane. After a change of variables, a scaling and a gauge transformation,
we get a new operatorPα which is now defined on a constant domainΩ: = R

+ ×
]
− 1

2 ,
1
2

[
(instead of a

constant operator−∇2
A on anα-dependent domainΩα). ThisPα is associated to the sequilinear formaα,

which is defined on :

VN : =
{
u ∈ L2(Ω)|

√
t(Dt − η)u ∈ L2(Ω),

1√
t
Dηu ∈ L2(Ω)

}
,

by :

aα(u, v) : =
∫

Ω

(
2t(Dt − η)u(Dt − η)v +

1
2α2t

DηuDηv

)
dt dη , ∀u, v ∈ VN . (1)
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Notice that the bottom of the spectrum ofPα, λ(α), satisfies the relation :

µ(α) = αλ(α) .

Remark1. – From the expression of the formaα, we immediately see thatα 7→ αµ(α) is increasing and
α 7→ µ(α)

α is decreasing. It would be interesting to show thatα 7→ µ(α) is monotonous from]0, π] onto
]0,Θ0].

2. Analysis of the two key-operators

In the expression ofaα in (1), two forms (and two associated operators) appear. The first one is` (with
associatedL) which will be defined just below and the second is associated to the Neumann realization of
−∂2

η in ]− 1
2 ,+

1
2 [. We define the sesquilinear form̀, on :

VN` : =
{
u ∈ L2(Ω)|

√
t(Dt − η)u ∈ L2(Ω)

}
,

by :

`(u, v) =
∫

Ω

2t (Dt − η)u (Dt − η)v dt dη, ∀u, v ∈ VN` . (2)

Let P ⊗ S(R+) be the space of polynomial functions inη whose coefficients are inS(R+). We define the
operator

L : = 2(Dt − η)t(Dt − η)

onP⊗ S(R+), and verify :

∀u ∈ P⊗ S(R+), ∀v ∈ VN` , `(u, v) =< Lu, v >L2(Ω) . (3)

The formaα contains a term in1
α2 , so when trying to minimize the associated quadratic form, it is quite

natural to begin with studying the restriction of the form to functions which are independent ofη. We
define the form̀ moy which appears naturally when we restrict` to functions independent ofη. Then the
sesquilinear form̀moy is defined on :

VNmoy : = {f ∈ L2(R+)|
√
tf ∈ L2(R+),

√
tDtf ∈ L2(R+)},

by :

`moy(u, v) =
∫ ∞

0

2
(
Dtu Dtv +

1
12
uv

)
t dt , ∀u, v ∈ VNmoy . (4)

The associated operator

Lmoy = 2
(
Dt tDt +

t

12

)
is self-adjoint and its domain can be characterized as beingW1

2(R+) : = {u ∈ H1(R+)| tu ∈ H2(R+)}.
Its spectrum is discrete and the eigenvalues are simple and given by2n−1√

3
, n > 1. Moreover each eigen

subspace is included inS(R+). So, we deduce by standard Fredholm theory and regularity (cf. [3]), the
following lemma :

LEMMA 2.1. – Let(λmoy
1 , umoy

1 ) the fundamental state ofLmoy. For all f ∈ S(R+) orthogonal toumoy
1 ,

there exists an uniqueu ∈ S(R+) such that :{
(Lmoy − λmoy

1 )u = f,∫∞
0
u(t) umoy

1 (t) dt = 0.
(5)

Furthermore, ifu is given by (5), then for all functionsv ∈ VNmoy :

`moy(u, v)− λmoy
1 < u, v >L2(Ω)=< f, v >L2(Ω) . (6)
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An elementary study of the Neumann realization of−∂2
η leads to the following lemma :

LEMMA 2.2. – Let f be a polynomial inη with coefficients inS(R+) such that for allt ∈ R
+,∫ 1

2
− 1

2
f(t, η) dη = 0. Then there exists an uniquẽu ∈ P⊗ S(R+) such that :


−∂2

η ũ = 2tf,
∂ηũ|

η=− 1
2 ,

1
2

= 0,∫ 1
2
− 1

2
ũ(t, η) dη = 0.

(7)

Then, for allv ∈ VN , we have :

1
2

∫ ∞
0

∫ 1
2

− 1
2

1
t
∂ηu∂ηv dη dt =

∫ ∞
0

∫ 1
2

− 1
2

fv dη dt. (8)

3. Asymptotics

THEOREM 3.1. – There exists a real sequence(mj)j∈N, withm0 = 1√
3

such that, asα tends to 0 :

µ(α) ∼ α
∞∑
j=0

mjα
2j . (9)

Let us emphasize that the proof gives an explicit algorithm for determining the coefficientsmj as we shall
see now. Let us give the main lines for the proof of this theorem.

3.1. Upper bound

We look for two sequences :(uk)k∈N ∈ (P ⊗ S(R+))N and(mk)k∈N ∈ RN such that for alln ∈ N∗, if

we defineU (n) =
n∑
k=0

α2kuk andµ(n)(α) =
n∑
k=0

α2kmk, then, moduloOn(α2n+2), we have :

aα(U (n), v) ≡ µ(n)(α) < U (n), v >L2(Ω), ∀v ∈ VN .

We expand the equation in powers ofα and express that the coefficients ofα2k (k > −1) should cancel.
The cancellation of the coefficient of1α2 gives :∫

Ω

1
t
∂ηu0∂ηv dt dη = 0, ∀v ∈ VN . (10)

The unique condition coming from this relation is thatu0 depends only ont.
The vanishing of the coefficient ofα2k, for k > 0, gives :

`(uk, v) +
∫

Ω

1
2t
∂ηuk+1∂ηv dt dη =

∫
Ω

 k∑
j=0

mjuk−j

 v dt dη, ∀v ∈ VN . (11)

This determinesuk andmk recursively. Let us give some details for the treatment of the first term :
• Restrict the relation (11) fork = 0 to functions only depending ont.

• Determineu0 andm0 by solving the spectral problemLmoyu0 = m0u0 and choosing the fundamen-
tal state(λmoy

1 , umoy
1 ).
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• Return to the initial relation (11) withk = 0 and obtain informations aboutu1 thanks to Lemma 2.2.

• Determineu1 andm1 by looking at the relation (11) withk = 1 and Lemma 2.1.
This method can be applied to the other coefficients and leads to the following proposition :

PROPOSITION3.1. – For all n > 1, we can findmn andun = u0
n + ũn, with u0

n ∈ S(R+), satisfying
the relations :

mn = < ũn, Lu
moy
1 >L2(Ω) . (12)


−∂2

η ũn = 2t

(
n−1∑
k=0

mn−1−kuk − Lun−1

)
,

∂ηũn|
η=− 1

2 ,
1
2

= 0,
∫ 1

2
− 1

2
ũn dη = 0.

(13)

 (Lmoy − λmoy
1 )u0

n = −
∫ 1

2
− 1

2
Lũn dη +

n∑
k=1

mku
0
n−k,∫∞

0
u0
n(t) umoy

1 (t) dt = 0.

(14)

By construction,U (n) andµ(n)(α) are such that the Rayleigh quotient ofU (n) is less thanµ(n)(α) +
Cα2n+2. A change of variables gives exactly the upper bound for the Theorem 3.1. The spectral theorem
shows that there is at least one eigenvalue with the asymptotic expansion (9).

3.2. Lower bound

One proves that (9) is actually an asymptotic expansion. The proof uses a priori estimates on the decay
of the first eigenfunction (cf. [1]), a lower bound ofµ(α) with an error less thanα2 and a lower bound
of the splitting between the two smallest eigenvalues. This last lower bound is established by using new
operators. Indeed, by studying the behavior of the first eigenvector ofPα, we show that the eigenvalues,
λ(α) andλR(α), are exponentially closed, whereλR(α) is the first eigenvalue for the operatorPα on the
domainΩ0,R : =]0, R[×] − 1/2, 1/2[ with a Dirichlet condition on the boundaryt = R. After that, we
compare the new operatorPRα with the operatorPR,ρ which is the self-adjoint extension coming from the
quadratic formqR,ρ(u) =

∫
Ω0,R

(2t|(Dt − η)u|2 + ρ|Dηu|2) dt dη, with ρ = 1
2α2R . These comparisons

and the behavior of the eigenfunctions give a lower bound of the gap between the two first eigenvalues of
−∇2

A :

PROPOSITION3.2. – Letµ1(α) andµ2(α) the two smallest eigenvalues ofPΩα . Denoting byλmoy
1 and

λmoy
2 the smallest eigenvalues forLmoy, then there existsα0 such that forα ∈]0, α0] :

µ2(α)− µ1(α)
α

> (λmoy
2 − λmoy

1 )− Cα 1
2 . (15)

This estimate shows that there is at most one eigenvalue with the asymptotic expansion (9) and achieve the
proof of Theorem 3.1.

4. Estimate in the semi-classical case

As in [6], we can give a lower bound and a upper bound for the fundamental state of the Schrödinger
operator with a non constant magnetic field and a non smooth domain.

We considerA a magnetic potential with a non constant and positive fieldB, andΩ ⊂ R2 a bounded
open locallyC∞ except at vertexS1, · · · , SN with corresponding anglesα1, · · · , αN . For each vertexSk,
the boundary is locallyC1-diffeomorphic to a sectorΩαk . We defineb = inf

x∈Ω
B(x) andb′ = inf

x∈∂Ω
B(x).
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THEOREM 4.1. – Under these assumptions, there existsh0 > 0 and two positive constantsC andC ′

such that, forh 6 h0 :

−Ch5/4 6 µ(h,B,Ω)− h inf
(
b,Θ0b

′, inf
j=1,··· ,N

µ(αj)B(Sj)
)
6 C ′h3/2.

To prove this last theorem, we use the same technics as Helffer-Morame [6]. A partition of unity permits
to treat independently the contribution of every vertex and the size of the partition’s support is of orderhγ ,
with γ = 3

8 for the lower bound andγ = 1
2 for the upper bound. If the support is inΩ, we compare with

the modelR2, if the support meets the boundary, we make a change of variables in order to compare either
with the modelR× R+, either with the sector’s modelΩα.

5. Conclusion

The relation (9) gives an expansion at any order and goes far beyond the works of Brosens-Devreese-
Fomin-Moshchalkov (cf. [5]) who mention only the first termα√

3
and a paper of Schweigert-Peeters (cf.

[11]) who propose on the basis of numerical computations a two-terms formula. As usual in the physical
literature, the best one can hope through their technics is an upper bound ofµ(α) because they propose only
quasi-modes. An open problem is to prove the monotony ofµ(α). Computations by physicists (cf. [11])
seem indeed to suggest thatµ(α) is increasing withα. Jadallah [7] and Pan [8] give contributions for the
study ofµ(α) in the particular caseα = π

2 and we tend to a more systematic analysis for every angles [4].
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