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ABSTRACT. We consider the spectrum of the family of one-dimensional self-
adjoint operators —d?/dt? + (t — ¢)?, ¢ € R on the half-line with Neumann
boundary condition. It is well known that the first eigenvalue p(¢) of this
family of harmonic oscillators has a unique minimum when ¢ € R. This paper
is devoted to the accurate computations of this minimum ©¢g and ®(0) where ®
is the associated positive normalized eigenfunction. We propose an algorithm
based on finite element method to determine this minimum and we give a
sharp estimate of the numerical accuracy. We compare these results with a
finite element method.

1. Introduction.

1.1. Notation. In this paper, we are interested in accurate estimates of some spec-
tral quantities of the family of one-dimensional harmonic oscillators with Neumann
boundary condition. Let us define this family. For any ¢( € R, we consider the
operator —d?/dt? + (t — ¢)? on (0, +00). Its Friedrichs extension from C§°([0,+00))
is denoted by H(({) and defined on

D = {u € H*(R")| t*u € L*(R") and «/(0) = 0}.

Thus we notice that the family H(¢), ¢ € R, has a common Neumann domain.
We denote by p(C) the k-th eigenvalue of the harmonic oscillator H () arranged in
the ascending order with the multiplicity taken into account. The spectral properties
of this family of operators have been studied in [12]. Let us recall some of them in
the following proposition.

Proposition 1. There exists (g > 0 such that uy is strictly decreasing from (—oo, (o)
onto (+00,0q) and strictly increasing from [(p, +00) onto [Og, 1). Furthermore, if
® denotes a normalized positive eigenfunction associated with p1((o), then
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1.2. Motivation . Even if an accurate computation of the spectral quantities of
the family of harmonic oscillators H(¢), ¢ € R, can be interessant by itself, the
parameters ©g and ®(0) appear frequently in the analysis of the superconductivity
modelled by Ginzburg-Landau theory. Let us recall now some results in this way.
Let  C R? be a bounded simply-connected domain with Lipschitz boundary. The
Ginzburg-Landau functional involves a wave function ¢ and a magnetic potential

A and reads
2
gmH[w,A]:/ {|(iV+mHA)w|2—m2\¢\2+%|w|4}dx+f~s2H2/ leurl A— 112 da |
Q R2

for any (1, A) € Wh2(Q; C)x {A = Ap+A with A € H'(R?,R?),div.A = 0}, where
Ao(x) = 1/2(—z2,x1). We use the notation H'(R?) for the homogeneous Sobolev
spaces. The function v is called the order parameter and its modulus informs us
about the localization of the superconductivity. The parameter k is a characteristic
of the material and we only consider superconductors of type II for which « is large.
The physical interessant states are the minimizers of the functional &, y and they
satisfy the Euler-Lagrange equation. When H is very large, the unique minimizer
is the trivial state (0,.4p), called the normal state, and there is no superconduting
property for the sample in this case. Decreasing the applied magnetic field, the
sample becomes superconducting. Thus we define the critical field H¢, as the value
of H where the transition between the normal and superconducting state takes
place:

He, (k) =inf{H >0 : (0, Ap) is a minimizer of &, i} .

The first rigorous definition of the critical field He, appeared in [28]. The calculation
of this critical field Hc, for large values of x has been the focus of much activity (see
[22, 2, 27, 28, 29, 25, 14, 15, 16]). In the works [14, 15, 16, 17], the definition of He,
in the case of samples with smooth section has been clarified and the asymptotic is
given by:

Proposition 2 (see [16]). Suppose Q is a bounded simply-connected domain in R?
with smooth boundary. Let Kpqx be the maximal curvature of 0. Then
K Cl o @2(0)

HCB (K‘) = @70 + E’imax + O("i_l/Q) with Cl 3
0

It was realized that the asymptotics of the critical field is completely determined
by the linear eigenvalue problem. Indeed, if we denote by (™) (h) the n-th eigenvalue
of the magnetic Neumann operator P, = (ihV + Ag)? defined on D(P,) = {u €
H?(Q)|v - (ihV + Ag)ujpn = 0}, then the asymptotics of 1™ (h) was established by
Fournais-Helffer in [15]:

Proposition 3 (see [15]). Suppose that ) is a smooth bounded and simply connected
domain of R?, that the curvature 9Q > s — rk(s) at the boundary has a unique
MATIMUM Komae Teached at s = sg and that the maximum is non-degenerate, i. e.
ko := —k"(s0) # 0. Then for alln € N, there exists a sequence {ﬁj(")};’il C R such

that ™ (h) admits the following asymptotic expansion (for h — 0):

k o
1 (h) ~ Ogh — KmaaCrh?? + 01@}/4\/%(271 — D)7/ 4 RIS/ 3T R/,

=0
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To carry through an analysis of the critical field H¢, in the case of domains with
corners, a linear spectral problem, studied in depth in [5, 6, 7, 8], is usefull. Let us
first give estimates for the Schrodinger operator in a model geometry: the infinite
sector.

Proposition 4 (see [6]). Let G* be the sector in R? with opening o and Q% be the
Neumann realization of the Schridinger operator (iV + Ag)? on G*. We denote

by () the k-th smallest element of the spectrum given by the maz-min principle.
Then:

1. The infimum of the essential spectrum of Q% is equal to Oy.

2. For all a € (0,7/2], p1(er) < O and p1(m) = Op.

3. Let a € (0,2m), k > 1 be such that pi(a) < B¢ and ¥ an associated normal-
ized eigenfunction. Then W¢ satisfies the following exponential decay estimate:

Ve > 0,3C. o > 0, |[elVOrrel@)=alelye || 5 hay < C 4.

Thanks to the model situation given by the analysis of the angular sector, we
are able to determine the asymptotic expansion of the low-lying eigenmodes of the
Schrodinger operator on curvilinear polygons:

Proposition 5 (see [7]). Let Q be a bounded curvilinear polygon, 3 be the set of its
vertices, as be the angle at the vortexs. We denote by A,, the n-th eigenvalue of the
model operator ®sexsQ®, and p™ (k) the n-th smallest eigenvalue of Py,. Let n be
such that A, < ©g. There exists (mén))jzl such that ™ (k) admits the following
asymptotic expansion (for h — 0):

O (h) ~ by + > m{hl2,
j=1
If Q is a bounded convex polygon, there exists r, > 0 and for any e > 0, C; > 0

such that
Tn (\/ @0 — An — 8)
Vh '

For non constant magnetic field, the low-lying eigenvalues admit an asymptotic

expansion in power of v/h. These results highlight the importance of comparing
i (@) with ©¢ and then of computing precisely Oq. It is also natural to wonder for
which angle o we have pg(a) < . It was conjectured in [1, 8] that p; is strictly
increasing from (0, 7) onto (0,0) and is equal to ©¢ on [m,27). This conjecture
is based on numerical computations and could be strengthened with an accurate
estimate of ©g.
As in the case of smooth domains, spectral informations produce results about the
minimizers of the Ginzburg-Landau functional for domains with corners. We obtain
in particular a complete asymptotics of Hc¢, for large values of x in terms of linear
spectral data and precise estimates on the location of nucleation of superconductiv-
ity for magnetic field strengths just below the critical field:

) (h) = h,

< Cs exp (

Proposition 6 (see [10]). Let  be a curvilinear polygon and Ay = mingex, p1 (o).

There exists a real-valued sequence {n;}52, such that

K > »
He, (k) = A 1+ ann_J , for k — 4o00.
j=1
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Let i € (A1,00) and define &' = {s € E|u1(a) < p}. There exist constants ko, M,
C, e > 0 such that if k > ko, H/k > p~1, and (¢, A) is a minimizer of . 1, then

/ eV dist(2,5) (|¢($)|2 + L|(zV + KHAW@)P) dz
o kH

<c/ ()] da.
{z:vVrHdist(z,X")<M}
This Agmon type estimate describes how superconductivity can nucleate succes-
sively in the corners, ordered according to their spectral parameter uq(as) seeing
that py(as) < ©g. This reinforces the interest to compare precisely p;(a) and .

When we consider the Schrodinger operator in dimension 3, see [23, 24, 30], we
have to analyze some new operators: the Neumann realization of h>D? + h2D? +
(hD, + tcosf — ssin0)? on RY = {(r,s,t) € R® : ¢ > 0} where 6 € [0, 5] is the
angle that makes the magnetic field with the boundary at each point (approximated
by the tangent plane). We first make a Fourier transform in . When 6 = 0, we
are led to the so-called de Gennes operator H(¢) on the half-line (see [12] and this
present paper). If  # 0, we perform a translation in s and a rescaling. Thus we
are reduced to a Schrodinger operator with an electric potential on the half-plane

R3 = {(s,t) e R? : t > O}:
Ly = D? + D? + (tcosf — ssin ).

This operator is deeply studied in [9], both theoretically and numerically. The
authors prove an isotropic estimate and anisotropic estimate for the eigenfunctions.
They also analyze the asymptotics when 6 — 0. In particular, they prove the
following result:

Proposition 7. We have the following upper-bound for the n-th eigenvalue o, ()
Of Lg N
on(0) < Ogcosh + (2n — 1) sin b, Yn > 1. (1)

For alln > 1, there exists a sequence (ﬁ](»n))jzo such that 0,(0) is an eigenvalue for
0 small enough and admits the following asymptotic expansion (for 6 — 0):
1" (o)  4(0) g
Tn(0) ~ Op — (2n— 1) TG+0226§”)9J. (2)
7=0

If we denote by n(#) the number of eigenvalues of Ly below the essential spectrum,
we have with (1):
1—0Ogcosf 1
n(0) > “oend + 3 (3)
If we bound from below ©¢ by 1, 0.6, 0.591, we lower-bound shows that n(7/2000)
is greater than 0, 127 and 130 respectively. A greater approximation of ©y we have,
a greater lower-bound of n(#) we deduce.

1.3. Main results. An estimate of ©¢ by 0.59010 was already given in [13], using
the Weber functions but there is no mention of the accuracy of this estimate. Using
an integral representation [11], Chapman approximates ©g by 0.59 without any
estimate of the error. In the literature, we can find some estimates of ©¢ but there
is no mention of the accuracy of the computations. To our knowledge, we do not find
any computation of ®(0). The aim of this article is to give accurate estimates of ©g
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and ®(0) and of the error between exact values and numerical computations. The
numerical method implemented here is very standard since we use finite difference
and finite element methods.

To estimate the numerical accuracy, we first establish in Section 2 error esti-
mates on eigenmodes: Theorem 2.1 quantifies the gap between the eigenvalue ©g
and the energy associated with a quasi-mode for the operator H({). In Theo-
rem 2.2, we prove H'-estimate between the normalized eigenfunction ® associated
with © for the operator H((p) and a normalized quasi-mode for H({). We deduce
in Theorem 2.3 an estimate of ®(0). In Section 3, we construct an adequate quasi-
mode combining the finite difference method and analysis of the ODE theory for
the differential equations depending on parameters. We implement this method in
Subsection 3.5 and obtain an accurate approximation of ©¢ and ®(0):

Theorem 1.1.
|80 — 0.590106125] < x107° and |®(0) — 0.87304| < 5 x 107°.

Section 4 presents computations with the finite element method. From a nu-
merical point of view, we also mention papers [4, 3] which deal with the numerical
computations for the bottom of the spectrum of —d?/dt? + (t — ¢)? on a symmetric
interval using a finite difference method.

2. Error estimates on eigenmodes. This section concerns the analysis of the
operator H({) and error estimates between ©( and the energy associated with a
quasi-mode for H(().

Notation. For any ¢ € R, we define qf and qg on D by

)= [ - Ou@Pd = [ ¢t @
R+ R+
Let ¢ € R and ¢¢ be a normalized positive function of D. We define f1(¢) and r¢ by

i(C) = (H(Qee, p¢),  re =H(Q)we — i(Q)ec-
We denote also

¢ 71(C) +2(C — Go)as (we) + (€ — Go)?,

i = (Il +20¢ -Gl ) 0
With these Notation 2, we have

H(¢)pe = (Q)pe +1¢ with (re;¢) = 0.

Theorem 2.1. Let ¢ € R and ¢¢ be a normalized positive function of D. With
Notation 2, we assume

n¢ < p2(Co)-
Then we can compare ©g and i(¢):
ac—4(¢ — 0)%dt (ve)?
p2(Co) — 1¢

Proof. The upper-bound is trivial. By definition of the minimizer, ©¢ = u1({p) <
p1(¢) and by the min-max principle p1(¢) < (¢) = (H(¢)g¢, ¢¢). Thus:

O0 = 111(Co) < 11(€) < fi(Q).

<O < ().
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To prove the lower-bound, we bring to mind the Temple inequality (see [26],
[19, Theorem 1.15]): Let A be self-adjoint and ¥ € D(A), || = 1. Suppose
that A is the unique eigenvalue of A in an interval (o, 3). Let n = (¥, A¥) and
g2 = ||(A—n)Y|% If &2 < (8 —n)(n — «), then
2 g2
- <A<n+ : 7
il i (7)
We apply this inequality with A = H({p), ¥ = ¢¢. Since Oy is the first eigenvalue
for H(¢p), we can choose o = —00, 8 = u2({p). We rewrite H({y) with H({):

H((o) = H(C)+2(¢—¢o)(t— Q) + (¢ —¢o)*

)

Since ¢¢ is normalized and (r¢, ¢¢) = 0, we obtain n = (p¢, H((o)pc) = ne with
definition (5). The assumption €2 < (3 — n)(n — «) is then obviously fulfilled.

Consider now &2.

<= AJW@Hﬂ@f@xr{wmw—2@7®Mﬂwwﬂﬂ2&

2
< (||r<|Lz<R+>+2|<<o| qﬁ(sag)) 4 - o) (00 8)
Temple inequality (7) gives
e )
- < Co) <ne -
¢ p2(Co) — ne H1350) = ¢

Let us now prove an estimate on the eigenfunction.

Theorem 2.2. Let ( € R and ¢¢ be a normalized and positive function of D. With
Notation 2, we assume n¢ < pa(Co). Then

(ac + (¢ = @ (¢~ o+ 4aS(20)))

— D7 2p+ < 2v2 ,
o = Blizmey < 22 o) — F0)

~ 448 201 2 1/2
It~ ¥ sy < (“< e +FL(C)||@—<P<||%2(R+)> .

To prove this result, we use an estimate of quasi-modes established in [21, Propo-
sition 4.1.1, p. 30] :

Proposition 8. Let A be a self-adjoint operator in a Hilbert space H. Let I C R be a
compact interval, ¥y, ..., ¥y € H linearly independent in D(A) and p1,...,un € 1
such that AV; = p;¥; 4+ r; with ||rj||ln < e. Let a > 0 and assume that Sp(A4) N
(I +B(0,2a)\ I) = 0. Then if E 1is the space spanned by ¥y,..., VU and if F is
the space associated to o(A) NI, we have

evN
/N
where X" is the smallest eigenvalues of S = ((V;, Wy)y) and d the non-symmetric

distance defined by d(E, F) = |Ug — Upllg||y, with Ug, I the orthogonal projec-
tions on E and F.

d(E, F) <
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Proof. Theorem 2.2 We apply Proposition 8 with N =1, A = H({), ¥1 = ¢¢, E
the space spanned by ¢¢ and F' the space spanned by ®.
We first connect the distance d with the norm [|@¢ — || 2(r+) by noticing that

1
d(E, F) = [loc = (p¢; Q) @l| 2@y = /1 = [{og, P> = ﬁllwc = Qflr2@r). (9)
Writing
H(Go)pe = iQ)pc +7¢  with e = (H(G) — H(¢))ec + ¢,
we estimate [|7¢[| 2(r+) using the orthogonality relation (r¢,¢¢) = 0:

el = [ 12C = G)E = hoelt) + (€ = Gt + ()

< ac+ (€= 60)* (¢ G+ afle0)) - (10)

Relations (9), (10) and Proposition 8 with a = (ua(¢o) — 1(¢))/2 give the L2-
estimate of (p, — ®).
Let us now estimate the L2-norm of (¢p; — @'). An integration by parts gives:

(H(Co)(® — @c)v d — 90<>L2(R+) > ||‘I>/ - 902“%2(%) . (11)

On the other hand,
(H(Co)(pe — @), 0c = @)pawey = (H(C)pe, )2y — 200(P, 0¢) 2 w+) + Oo
= UC—@0+@0\\‘I’—¢Q||2L2(R+)- (12)

We deduce from (11), (12) and Theorem 2.1 a upper-bound for the L?-norm of

P — <p’<:

a¢ = 445 (90)*(€ = Go)?
12(Co) — 1¢

19" — @l T @y < +ON® = eclliz@e):

We deduce now an estimate for ¢ — ® at point ¢t = 0.

Theorem 2.3. Using the same notation and assumptions as Theorem 2.2, we have
12(0) — ¢ (0)]* < 2[|® — @cllL2@e) 19— @llL2@®s)- (13)
Proof. As ® — ¢ € HY(RT), it suffices to write

90) = pcOF =2 [ 190 = oc)]|#'() (o) at.
We conclude with the Cauchy-Schwarz inequality. O

3. Construction of a quasi-mode by a finite difference method. Theo-
rem 2.1 gives bounds for Oy as soon as we get quasi-modes for the operator H(().
Of course, the closer ( is from (p, the better the bounds. A heuristic approach based
on finite difference method and the ODE theory gives a sequence of approximated
values for ¢¢. Then we use this sequence to construct a test-function with energy
as small as possible and thus try and give a good approximation of ©y. We organize
this approximation in several steps:
1. Comparaison with problem on a finite interval,

2. Write a finite difference scheme,
3. Study the dependence of the discrete solution on the parameter (,
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4. Construct a regular function on R* from the discrete solution,
5. Deduce an algorithm to approximate ©g,
6. Estimate the accuracy of the computations.

3.1. Comparaison with problem on a finite interval. Numerically, we have
to work on a finite interval. Let us compare the fundamental energy on a finite
interval and ©,.

Lemma 3.1. Let L > 0. We denote by p™N"™V (¢, L) and pN"P (¢, L) the smallest
eigenvalue of —d?/dt? + (t — ¢)? with Neumann condition at t = 0 and respectively
Neumann and Dirichlet condition att = L.

Then u™N-P(¢, L) is decreasing with respect to L and for any L > 0,

uNP (¢ L) > pa(¢) > Og. (14)
For L large enough, the function p™N-V(¢,-) is increasing on (L,+o0) and
pN(C L) < m(Q). (15)

Proof. The monotonicity of L — u™N'P(¢, L) is obvious: For L' > L, we extend the
functions of {u € H*(0, L)|u(L) = 0} by 0 on (L, L") and use the min-max principle.
To deal with u™'N (¢, L), we compute the derivative of u™¥*" (¢, L) with respect to
L:

™M (C L) = (L =€) = ™M (¢, L)) ue, (L), (16)
with u¢ 1 a normalized eigenfunction associated with puMN (¢, L). The positivity of
the first derivative is directly deduced for L large enough. O

3.2. Finite difference scheme. Instead of looking for a normalized eigenfunction,
we impose the value of @ at ¢t = 0. Therefore, we try to determine ((p, ®) € Rt x D
such that:

H(p)®(t) = ng)(t), vt > 0,
o(0) = 1, (17)
'(0) = 0.
Varying parameter (p, it is natural to look for a function ¢, and satisfying:
H(QOpet) = CPoc(t), V>0,
ec(0) = 1, (18)
ec(0) = 0.

The system (18) is numerically solved by a finite difference scheme. Let h be step
of discretization. We determine recursively an approximation <,5§ of pc(jh) for any
integer j > 0. For this, 90/41 (jh) and cp'C (0) are classically approximated respectively

by (¢§+1 - 2<,5§ + @5_1)/h2 and (@S — @5)/h. The boundary condition at ¢t = 0

determines completely the sequence (¢§) j>0:

ey = 1

ASY!
—_ry
Il
—
i
Ne)
N—

Bioy = (2+jR3(h—20))@5 — &y, Vi>1
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3.3. Dependence on ( of the sequence (@ﬁ) The change of variables x =t —(
in the eigenmode equation leads to the second order differential equation:

u(x) — 2?u(x) — Cu(x) = 0. (20)

The Sturm-Liouville equation (cf [18, 20, 31, 12]) admits a basis of fundamental
solutions uéﬁ with u; = O(exp(—2?/2)) and u? = O(z=(H)/2 exp(22/2)) at in-
finity. By a change of variable, we deduce that the solution ¢, of problem (18) is
a linear combination of an exponentially increasing function denoting by fgr and
an exponentially decreasing function f{ . Moreover f; — 400 and f{ — 0 as
t — +oo. Thus, there exist constants a; and bs which depend continously on ¢
such that:

oc=acfs +bcf. (21)
We now use this dependence on ¢ to determine ©q. Indeed, for ¢ = (o, ¢, = P is
integrable and then b;, = 0. To determine Oy, it is then enough to find the smallest ¢
such that the solution ¢, is bounded. Furthermore, we know that the eigenfunction
® associated with the first eigenvalue ©¢ and normalized with ®(0) = 1, holds
strictly positive. The positivity of ® gives a criterion to select functions which
constitute a good quasi-modes. Indeed, if for some (, the sequence (4,55) has positive
and strictly negative coefficients, then the coefficient b¢ in the decomposition (21)
of the associated interpolated function ¢¢ is negative and consequently ¢ > (o. At
the opposite, the parameter b; is positive for ¢ < (p.

3.4. Construction of quasi-modes. Discretization (19) gives two behaviors for
(955) j (see Figures 1 and 2) and we modify coefficients of (gbﬁ) ; consequently:

181

16

14

12F

5 L L L L L L
5 6 0 1 2 3 4 5 6

FIGURE 1. (¢§)j for FIGURE 2. (@?)j for
¢ = 0.76818. ¢ =0.76819.

e The sequence (gbﬁ)j remains positive (see Figure 1). We determine n the
smallest integer where the sequence (c,bg) j reaches its minimum and we denote
L = nh. The restriction of ¢, on (0, L) makes a better quasi-mode and we
have u™'N (¢, L) < ji(¢, L) with fi(¢, L) the energy of (gZ)g)J computed on [0, L].
Nevertheless, as we can not compare - (¢, L) and 0y for any L, we modify
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the sequence by translation so that the minimum equals to 0 and dilation to
keep the normalization @$ = 1. We then define the new sequence:

~C_ ~C

¢ = forj=1,...,n—1,

¥i=\ &5 - (22)
0 for j > n.

The energy associated with a regular interpolation of (cpg)j gives a upper-
bound of O according to Lemma 3.1. The initial sequence (see Figure 1)
corresponds to by > 0 in the decomposition (21).

e The sequence (4,55) ; has positive and negative terms (see Figure 2). Let n be

the smallest integer such that @i} < 0. We set

~C .
¢_ ) & forj=1,...,n—1, 9
i {O for j > n. (23)

Lemma 3.1 bounds from above Oy by the energy of the function constructed
from (gog)] For the initial sequence, b¢ < 0 in the decomposition (21).
We would like to find a sequence such that b = 0 and our algorithm could then
be seen as a shooting method.
Let us now be more explicit about the interpolation of the sequence (<p§)j to
construct the quasi-mode ¢¢. We denote by L = nh. If we make an interpolation of
((pg) ; by a piecewise linear function, this function does not belong to H*(R™) and

is necessarly not in the operator domain D. So we interpolate (cpg) jon [0,L] by a
piecewise polynomial function ¢¢ of degree 2 defined by:
V=0, ,n=1,Vt€ [ih G+ D], @c(t) = a;(t—jh)* +7;(t = jh)+ &5, (24)
with 79 = 0 and for j =0,...,n—1:
¢ ¢
Tjt+1 = 27¢j+1 — Y — T
J h J (25)
Pit1 — P T
h? h’
We notice that 7; = ¢}(jh). We extend ¢¢ by 0 on (L, +o00). With such a con-
struction, ¢ is continuous, its derivative is continuous, piecewise linear and the
second derivative is constant on [jh, (5 + 1)h] for j = 0,...,n — 1. Furthermore,
any computations (norm, energy, ...) are explicit. With the change of variables
x =1t — jh, we have:

aj

locle@ey = Z/ a2 + 7ja + @5 da
. 0

3 h2
hZ(a + By + 02+ 2ay) + By + (7). (20

Let us compute the energy of ¢¢:

n—1

el quey = Z / o 7 do =Y

( h*af + 2ha;T; + 7 ) (27)
7=0
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To compute / (t — O)*|pc ()| dt, we define §; = jh — ¢. Put x =t — jh gives:
R+

n—1 h
| = fecrar =Y [ @6 0sa® + ma+ i da.
=070

Consequently

4
[ e=olecrar - hz(a + 20y (or + )

hS
+Z(
2

3

e R RN ) M

Tj2 + 205j§0§ + 20&j7’j5j)

(27]90] + 2a]g0<5 +7'2§ )

5
It = Oeclitaesy = hz(a s+ agy)

h4

+= 5 (75 + ;65 )? +2O‘J(§0§ + 7;65))
h ¢ ¢

+5 (@905 + (75 + ;65) (05 + 7;5))
2

h
+5 3 ((‘P] + 7505 )? "‘29%5 (75 + ;65))

SO+ 7i0) + (65782 ) (29)

Expressions (26), (27) and (29) present the main advantage to be exact. Let ji(()
be the Rayleigh quotient of ¢¢:

H‘Pg” R+)+H( )‘PCH2L2(R+)
||<PC||L2(]R+)

fi(¢) =

(30)

To apply Theorem 2.1, we have to estimate the residus ||r¢ ||2LQ(R+) withre = (H(¢)—

£(¢))pc. As we extend ¢ by 0 on (L, +00), we have just to compute the norms on
(0, L). We notice that for any j =0,...,n — 1 and t € [jh, (j + 1)h], we get:

re(t) = =205 + ((t = Q) = Q) (s (t = h)* + 75t = jh) + 45).

As in (26), (27) and (29), the computation of ||r¢|[z2r+) is explicit. For j =
0,...,n—1, we define:

rog = @502 — Q) — 2ay, ryo= 20565+ 15 (0% — Q)
T2,j = (p§ + 2Tj5j -+ aj(éjz — ‘LUL(C)), 7"3’]' = T -+ 20‘]'5]"
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A change of variables gives:

) ey LN Ko )
lIrellze@ey =R Z (9%‘ TN T 7(204jr2,j +73;)
i=0
ho B ,
+ g(%""u +73,7T2,5) + 3(2043'7"0,]' +2r3 5715 + 73 ;)

h3 h?
+ 5(7”3,#0,]' +ra1m1,5) + g(QTz,jro,j + 73 ,) 4 hry o + T?),j)' (31)

3.5. Algorithm and results. We described how interpolate the sequence (gajg) to
construct an appropriate quasi-mode and proposed criteria to estimate ©g. Let us
now explain the algorithm to determine ©g accurately.

Algorithm 3.2.

1. We choose a step h for the discretization for finite difference method.
2. We initialize a value for { with n decimals.

3. We construct the sequence (¢§)j by (19).
4

CIf (gpf) ; has negative coefficients, we return to the first step with a smaller
value for . Otherwise, we modify (<p§)j according to (22).

5. While (<p§) ; has only positive coefficients,
(a) we define the function ¢ by relations (24) and (25),
(b) we compute the L?-norm of ¢ thanks to (26) and deduce the value of
©¢(0) after normalization,
(c) we compute the energy fi(¢) associated with ¢, thanks to relations (26),
(27), (29) and (30),
(d) we estimate the residus ||r¢||2r+) = |[(H(C) — fi(C))¢¢||L2m+) with rela-
tion (31),
(e) we raise ¢ of 10~ (1),
6. We go back to the first step with the last value of { with the n 4+ 1 decimals
for which the sequence (gog) has only positive terms.

Table 1 sums up the results obtained with this algorithm: we choose h = 1/26000.
In each part, results given at the last line correspond to a function ¢, which takes
negative values and for which b; < 0 in decomposition (21). The normalized eigen-
function ® is such that b = 0, but it is impossible to recover a quasi-mode with
be = 0. Our method consists then to detect the transition bs > 0 to bs < 0 when ¢
is increasing. This transition means that we go from ¢ < {y to { > (y. We observe
that the gap ¢ — ji(¢) becomes smaller and smaller when ( is close to (p. This is
coherent since (2 = u((p). Table 1 gives also the behavior of <p§ (0) when ¢ become

close to (y. The last colum gives a; = QDJC(O)\/Z which aims to approximate the
constant a; in the asymptotics expansion (2).

Of course, a dichotomy method should be faster but we aim at determining decimals
step by step.

3.6. Estimates of the second eigenvalue. To apply Theorem 2.1, we need an
estimate of the second eigenvalue ps((p) of H({y). For this point, we do not need
to be very accurate and so we consider the matrix A¢ defined by the discretization
of H(¢) for ¢ € [0.76818,076819]. If we denote by Agj the coefficients of the matrix
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AS, we have:

13

1
§,1 = E+C2> Agz— W
A =2+ ((G-Dh—02 A, =,
A;j+1:—h—127 forj=2,...,n—1,
A§L,7l = }%2 + ((TL - l)h - C)Z’ Afz,nfl = 7}%2’
Ag, = 0 elsewhere.
- —¢ 4 7 -

¢ A(¢) lIr¢ll min & ©;(0) ¢ = Q) a1
0.761 0.611266093453 | 4e-01 le-01 0.900663817 -3e-02 0.796379904
0.762 0.608936310293 | 1e+00 le-01 0.898608815 -3e-02 0.793804657
0.763 0.606516822831 | 1le+00 le-01 0.896392500 -2e-02 0.791059093
0.764 0.603984720795 | 6e-01 9e-02 0.893963620 -2e-02 0.788090938
0.765 0.601304928182 | 3e-01 8e-02 0.891237476 -2e-02 0.784814707
0.766 0.598417489656 | 5e-01 6e-02 0.888054169 -le-02 0.781071025
0.767 0.595197681398 | 5e-01 4e-02 0.884029104 -7e-03 0.776482855
0.768 0.591201356836 | 1e-01 2e-02 0.877276977 -1le-03 0.769255460
0.769 0.592445239556 | 3e+03 | -Te+4 | 0.873788252 -1le-03 0.766599012
0.7681 0.590667836454 | 8e-02 le-02 0.875868145 -Te-04 0.767846771
0.7682 0.590132204890 | 1e+02 | -1le+3 | 0.873060749 -1le-06 0.765212036
0.76811 0.590609794273 | 1le-01 le-02 0.875688760 -6e-04 0.767670650
0.76812 0.590550467623 le-01 9e-03 0.875497051 -5e-04 0.767483314
0.76813 0.590489644618 | Te-02 8e-03 0.875290014 -5e-04 0.767282062
0.76814 0.590427028617 | 6e-02 8e-03 0.875063165 -4e-04 0.767062869
0.76815 0.590362189929 | 6e-02 7e-03 0.874809290 -3e-04 0.766819274
0.76816 0.590294414679 | 1le-01 5e-03 0.874515187 -2e-04 0.766539474
0.76817 0.590222359089 | 5e-02 4e-03 0.874151227 -le-04 0.766197069
0.76818 0.590142134621 | 3e-02 2e-03 0.873603510 -4e-05 0.765690971
0.76819 0.590133901819 | 4e+02 | -5e+2 | 0.873050163 -2e-05 0.765203308
0.768181 0.590133151271 | 2e-02 2e-03 0.873518101 -3e-05 0.765613199
0.768182 0.590123767394 | 2e-02 le-03 0.873415005 -2e-05 0.765519795
0.768183 0.590113720068 | 2e-02 8e-04 0.873273227 -9e-06 0.765392273
0.768184 0.590107683499 | 1e+02 | -3e+1 0.873043550 -1le-06 0.765189013
0.7681831 0.590112657421 | 2e-02 8e-04 0.873254393 -7e-06 0.765375421
0.7681832 0.590111566559 | 1e-02 Te-04 0.873233650 -6e-06 0.765356887
0.7681833 0.590110458701 le-02 6e-04 0.873210676 -5e-06 0.765336392
0.7681834 0.590109315459 | 9e-03 5e-04 0.873184140 -4e-06 0.765312764
0.7681835 0.590108138271 | 9e-03 4e-04 0.873152040 -2e-06 0.765284248
0.7681836 0.590106879933 | 3e-03 2e-04 0.873106158 -8e-07 0.765243626
0.7681837 0.590106497981 | 6e+01 | -4e+0 | 0.873043197 -3e-07 0.765188319
0.76818361 0.590106749563 | 5e-03 2e-04 0.873099864 -7e-07 0.765238067
0.76818362 0.590106611147 | 4e-03 2e-04 0.873092511 -5e-07 0.765231577
0.76818363 0.590106470242 | 3e-03 le-04 0.873083998 -4e-07 0.765224070
0.76818364 0.590106331385 | 2e-03 le-04 0.873073907 -2e-07 0.765215181
0.76818365 0.590106179248 | 1e-03 5e-05 0.873057934 -6e-08 0.765201133
0.76818366 0.590106139402 | 6e+00 -6e-1 0.873043147 -4e-09 0.765188160
0.768183651 0.590106163301 1le-03 4e-05 0.873055378 -4e-08 0.765198886
0.768183652 0.590106145104 | 9e-04 3e-05 0.873051762 -2e-08 0.765195712
0.768183653 0.590106127974 | 5e-04 le-05 0.873046229 -3e-09 0.765190857
0.768183654 0.590106128318 | 5e+00 -Te-2 0.873043140 -2e-09 0.765188149
0.7681836531 | 0.590106125876 | 2e-04 6e-06 0.873044775 -1le-09 0.765189581
0.7681836532 | 0.590106125048 | 5e-01 -4e-3 0.873043139 -4e-12 0.765188147

TABLE 1. Results obtained with Algorithm 3.2.
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We compute the second eigenvalue and obtain pa({y) > 3.315. Theoretically, we can
bound from above s ((p) by the smallest first eigenvalue of the Dirichlet realization
of —d?/dt? + (t — ¢)? on the half-line. We obtain u2(¢g) > 1.

3.7. Accurate estimate for Oy and ®(0).

Lemma 3.3. We have this first coarse bound:
05<0y=¢ <1.

Proof. The upper-bound was proved in [12] and recalled in Proposition 1. Let us
prove the lower-bound. For any ( € R, we write

1= m(Q) < (H(Q)®, ®) = (H(C)®, ) +2(Cy— O) / (t— o) (1) 2t + (¢ — )%

R+
Choosing ¢ = 0 and using Proposition 1, we deduce the lower-bound. O

We apply Algorithm 3.2 for h such that 1/h € {100 x k,k = 10,...,40}. For
each value, we obtain characteristic values as in Table 1 and we complete this table
by computing the lower-bound of ©( given by Theorem 2.1, a lower-bound and a
upper-bound for ®(0) given in Theorem 2.3. To make these computations, we need
a lower-bound of |¢ — (o|. We start with the coarse estimate of Lemma 3.3 and we
improve this estimate at each step of the algorithm with the new bounds of ©y.
Using the upper-bound pa(¢p) > 3.315, we obtain

Proposition 9.
0.590106124587 < ©¢ < 0.590106124951,

0.872997 < ®(0) < 0.873090.

This proposition estimates ©g ~ 0.590106125 with an error less than 10~ and
of ®(0) ~ 0.87304 at 5 x 10~*.

4. Finite element method. In this section, we use a finite element method to
analyze the dependence of () with (. We compute the eigenvalues of the operator
—d?/dt?+(t—¢)? on [0, L] with Dirichlet condition on ¢t = L and Neumann condition
ont = 0. Let V a disrete variational space. We denote by (f1x({), Pk,c) the k-th
discrete eigenpair of the operator in V:

L L
/0 (e (B0 () + (t — O Buc(B)o(t)) dE = i(O) / Geclt(dr,  Yue.

The computed eigenvalues fix(¢) give a upper-bound of p(¢). We omit the subscript
k when k = 1.

Figure 3 illustrates the fact that the minimum of ¢ — p(¢) is achieved on the curve
¢ — (2. We observe also the convergence of ¢ — u(¢) to 2k — 1 as ¢ — +oo. For
these computations, we use a finite element method with 10 elements of degree Q¢
on [0, 10].

Let us now use the finite element method to approximate ©y and ®y. With this
method, we do not have exact estimate of the error but only a upper-bound for ©.
To determine accurately (y, we use a finite element method of degree Qg or Qg
and nbel elements. The computational domain is [0, L] and we impose Dirichlet
condition on ¢t = L. We compute the first eigenvalue [i({) and compare it with
¢%. These computations give also an accurate value for ®(0) and a;. Let @¢ be
the computed normalized positive eigenfunction associated with i(¢). Then, we
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FIGURE 3. pux(¢) for ¢ € [-1,5], k =1,...,4 and curve ¢ — (? in
dashed line.

compute @, = /(B¢ (0). Tables 2 and 3 give the results of these computations. In
particular we obtain approximation for ©g, ®(0) and a;:

Oy = 0.590106125, $(0) = 0.873043139, a1 = 0.765188147.

In Table 2, we study the influence of L. As soon L is larger than 7, the cut-
off do not interfere the computations which are then satisfactory. In Table 3, we
present the computations at a fixed number of degrees of freedom. We observe that
the numerical simulations are comparable for degrees larger than 4. Notice that
computed values [i(¢) in Tables 2 and 3 provide better upper-bounds for O than
in Proposition 9.

Acknowledgments. The author would like to thank the referees for their careful
reading and relevant remarks.
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