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Abstract - In continuation of [14] and in the spirit of [3], we analyze
the properties of spectral minimal partitions of the disk using the magnetic
characterization of minimal partitions, we recover and improve some of the
results which were proved in [14] towards the conjecture that the minimal
3-partition for the disk is the Mercedes Star.
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1. Introduction

In [17], the properties of spectral minimal partitions of a domain Ω ⊂ R2

have been analyzed and the links between this notion and the partitions
obtained as the family of the nodal domains of an eigenfunction associated
with an eigenvalue of the corresponding Dirichlet problem in Ω have been
clarified. We would like to propose some techniques for determining minimal
partitions in concrete cases starting with the first non trivial case k = 3.
We will concentrate our analysis on minimal 3-partitions in the case of the
disk and discuss the conjecture proposed in [14] that a minimal 3-partition
for the disk should be the Mercedes Star.

1.1. Minimal partitions

Before presenting this conjecture more explicitly, let us first recall nota-
tions, definitions and results extracted essentially of [17]. We consider the
Dirichlet-Laplacian H = H(Ω) on a bounded regular domain Ω ⊂ R2. We
are interested in the eigenvalue problem for H(Ω) and note that H(Ω) has
discrete spectrum Sp(H(Ω)), i.e. consists of eigenvalues {λk}∞k=1 with finite
multiplicities which tend to infinity, so that

λ1 < λ2 ≤ λ3 ≤ . . . ≤ λk ≤ . . . (1.1)

and such that the associated eigenfunctions uk can be chosen to form an
orthonormal basis for L2(Ω). We shall denote for any open domain D by
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λ(D) the lowest eigenvalue of H with Dirichlet boundary condition

λ(D) = λ1(H(D)). (1.2)

Without loss we can assume that the uk are real valued and by elliptic
regularity uk ∈ C∞(Ω) ∩ C0

0 (Ω) . We know that u1 can be chosen to be
strictly positive in Ω, but the other eigenfunctions uk must have non empty
zerosets. We define for any function u ∈ C0

0 (Ω)

N(u) = {x ∈ Ω
∣∣ u(x) = 0}, (1.3)

and call the components of Ω \N(u) the nodal domains of u. The number
of nodal domains of such a function will be called µ(u).

We now introduce the notion of partitions.

Definition 1.1. Let 1 ≤ k ∈ N. We call a k-partition of Ω a family
D = {Di}ki=1 of pairwise disjoint open regular domains such that

∪ki=1Di ⊂ Ω . (1.4)

It is called strong if

Int∪ki=1Di \ ∂Ω = Ω. (1.5)

We denote by Ok the set of such partitions.

We now introduce spectral minimal partitions.

Definition 1.2. Let 1 ≤ k ∈ N. For D = {Di}ki=1 ∈ Ok, we call energy of
the partition the expression

Λ(D) = max
i
λ(Di) , (1.6)

and introduce
Lk(Ω) = inf

D∈Ok
Λ(D). (1.7)

We call a k-partition D ∈ Ok a spectral minimal k-partition if Lk(Ω) =
Λ(D).

The existence and the regularity of spectral minimal k-partitions was proven
in [10, 12, 11, 17].

1.2. The case of the disk

If k = 2, the minimal value L2(Ω) is the second eigenvalue and any minimal
2-partition is represented as the nodal partition associated with some second
eigenfunction. For k > 2, the analysis of various domains like the rectangle
shows that Lk(Ω) is not necessarily an eigenvalue. For example, one can
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prove that this is the case, when k = 3, each time that the second eigenvalue
has multiplicity at least 2. This will be the case for the disk.

We are concerned in this paper by the unit disk D = {|x| < 1} ⊂ R2 and
we study the corresponding L3(D) and some associated1 minimal partition
D = (D1, D2, D3) . Of course we do not know a priori that D is unique
(up to rotations and reflections). But we have observed in [17] that D is
not created by a nodal set. The argument was as follows. By analysis of
the tables giving the zeros of Bessel functions [14] (see also Figure 10 where
the nodal partitions of the first eigenfunctions of the disk are represented),
the first eigenvalue whose eigenfunction has three nodal domains is λ15(D).
We have λ15(D) > λ4(D) and the eigenfunctions associated with λ4(D)
have four nodal domains, so (as a consequence of Theorem 2.3 which will be
recalled in Section 2) λ4(D) = L4(D). Hence

λ1(D) < L2(D) = λ2(D) = λ3(D) < L3(D) < λ4(D) = L4(D) . (1.8)

The aim of this paper is to rediscuss the following conjecture of [14].

Conjecture. For the disk D, there is a unique regular representative (up
to rotation) of the spectral minimal 3-partition D associated with L3(D). It
is given (see Figure 1) by three disjoint sectors with opening angle 2π/3, i.e.

D1 = {x = ρeiω ∈ D | ω ∈]0 , 2π/3[}, (1.9)

and D2, D3 are obtained by rotating D1 by 2π/3 , respectively by 4π/3.

Figure 1. Mercedes Star partition.

For short, we call this partition a Mercedes Star (MS). Despite many
efforts, this conjecture has not been proved yet. We note that our numerical
simulations (see [5] and [7]) reinforce this conjecture even though there is
no definite conclusion. Nevertheless, weaker versions of this conjecture were
proved in [14].

For example the following propositions have been proved in [14].

1We choose always, possibly changing by sets of capacity 0, a regular representative
which has been proved in [17] to exist.
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Proposition 1.1. If all the open sets of the minimal 3-partition of D are
simply connected in the punctured disk Ḋ := D \ {0} , then this partition is
the Mercedes Star.

Proposition 1.2. A minimal 3-partition of D cannot be invariant by in-
version.

Proposition 1.3. If a minimal 3-partition D of D is such that (∩3
i=1∂Di)∩

D consists of just one point and is symmetric with respect to (say) {y = 0} ,
then it is the Mercedes Star.

Our new but not decisive improvment is:

Proposition 1.4. If the boundary set (∩3
i=1∂Di) ∩ D of the minimal 3-

partition has only one critical point, then the minimal partition is the Mer-
cedes star.

The novelty of the result is that we have eliminated either the assump-
tion that the minimal partition was symmetric or the assumption that the
critical point was at the center. The main idea will be to exploit a magnetic
characterization of the minimal partition together with the symmetry of
the domain for finding a natural condition under which a minimal partition
takes the symmetry of the domain.

2. Previous results

Most of the basic general results are taken from [17]. Attached to a regular
partition D we can associate its boundary set N = N(D) which is the closed
set in Ω defined by

N(D) =
⋃
i

(Ω ∩ ∂Di). (2.1)

This leads us to introduce the set M(Ω) of the regular closed sets.

Definition 2.1. A closed set N ⊂ Ω belongs to M(Ω) if N meets the fol-
lowing requirements:

(i) There is a (possibly empty) finite set of distinct points Xi ∈ Ω ∩ N
and associated positive integers ν(Xi) with ν(Xi) ≥ 3 such that, in a
sufficiently small neighborhood of each of the Xi, N is the union of
ν(Xi) smooth arcs (non self-crossing) with one end at Xi (and each
pair defining at Xi a positive angle in (0, 2π)) and such that in the
complement of these points in Ω, N is locally diffeomorphic to a regular
curve.
We denote the set of these critical points of N by X(N).
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(ii) ∂Ω∩N consists of a (possibly empty) finite set of points Zi, such that
at each Zi, ρ(Zi), with ρ(Zi) ≥ 1 arcs hit the boundary. Moreover for
each Zi ∈ ∂Ω, N is near Zi the union of ρ(Zi) distinct smooth arcs
which hit at Zi the (two arcs constituting the) boundary with strictly
positive distinct angles.
We denote the set of these critical points of N ∩ ∂Ω by Y (N).

We split the set of interior critical points in two parts:

X(N) = Xeven(N) ∪Xodd(N) , (2.2)

where

Xeven(N) = {X ∈ X(N) | ν(X) is even} ,

and

Xodd(N) = {X ∈ X(N) | ν(X) is odd} .

Definition 2.2. We say that a closed regular set satisfies the equal angle
meeting property if the arcs meet with equal angles at each critical point
Xi ∈ N ∩Ω and also with equal angles at the Zi ∈ N ∩∂Ω. For the boundary
points Zi, we mean that the two arcs in the boundary are included.

Let us also recall the relations between graphs and partitions. If D is a
strong partition, we say Di, Dj ∈ D are neighbors if

Int (Di ∪Dj) \ ∂Ω is connected (2.3)

and denote this by Di ∼ Dj .
We will say that the partition is bipartite, if the partition can be colored
by two colors, two neighbours having different colors. We recall that a col-
lection of nodal domains of an eigenfunction is always bipartite.

It has been proved by Conti-Terracini-Verzini [10, 12, 11] and Helffer-
Hoffmann–Ostenhof-Terracini in [17] the following result.

Theorem 2.1. For any k, there exists a minimal regular strong k-partition.
Furthermore, any minimal spectral k-partition admits a representative which
is regular and strong.

Analogous (somewhat weaker in our particular case) results have been ob-
tained by (or referred in) Bucur-Buttazzo-Henrot [8], Henrot [18] and Caffa-
relli-Lin [9].

A natural question is whether a minimal partition is the nodal partition
induced by an eigenfunction. The next theorem [17] gives a simple criterion:
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Theorem 2.2. If a minimal spectral k-partition (we choose then a regular
strong representatitve) of Ω is bipartite then this partition is associated with
the nodal set of an eigenfunction of H(Ω) corresponding to an eigenvalue
equal to Lk(Ω).

To determine how general is the situation described in the previous theo-
rem, we introduce the notion of Courant-sharp situation as explained below.
Suppose that u is an eigenfunction of the Dirichlet-Laplacian in Ω attached
to the eigenvalue λk :

H(Ω)u = λku .

Courant’s Theorem says that the number of nodal domains µ(u) satisfies
µ(u) ≤ k . Then we say, as in [2], that u is Courant-sharp if µ(u) = k.
For any integer k ≥ 1, we denote by Lk the smallest eigenvalue such that its
eigenspace contains an eigenfunction with k nodal domains. In general we
have (by the variational principle)

λk(Ω) ≤ Lk(Ω) ≤ Lk(Ω) . (2.4)

The last result [17] gives the full picture of the equality cases :

Theorem 2.3. Suppose Ω ⊂ R2 is regular. If Lk(Ω) = Lk(Ω) or λk(Ω) =
Lk(Ω), then

λk(Ω) = Lk(Ω) = Lk(Ω) . (2.5)

In addition, if (2.5) holds, any minimal k-partition admits a representative
which is the nodal partition of some eigenfunction u associated with λk(Ω) .

3. Going to the double covering

Given some Ω ⊂ R2 such that 0 ∈ Ω. We consider the double covering2 Ω̇R

of the punctured Ω̇ := Ω \ {0} and denote by πR the projection of Ω̇R onto
Ω̇. Of course {0} does not play a specific role and we can do the same thing
with any point X ∈ Ω leading to some covering Ω̇RX of Ω̇X = Ω \ {X}.
Let D be a minimal k-partition of Ω. We now make the assumption that this
k-partition has the property that all its open sets are simply connected in Ω̇,
one can associate with this k-partition a (2k)-partition of Ω̇R , by considering
for each i the two components D±i of (πR)−1(Di) . This partition has the
symmetry property G(D+

i ) = D−i relatively to the deck transformation G
which associates with each point x of Ω̇R the other point G(x) of Ω̇R which
has the same projection on Ω̇.
Under this assumption, it is then clear by the definition of L2k(Ω̇

R), that

Lk(Ω) ≥ L2k(Ω̇
R) . (3.1)

2with its natural flat metrics
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A particular situation occurs when L2k(Ω̇
R) is attained by a (2k)-partition

which has theG-symmetry that is, which satisfies for k disjoint pairs (D+
i ,D

−
i )

(i = 1, . . . , k)
G(D±i ) = D∓i . (3.2)

One gets indeed in this case the reverse inequality

Lk(Ω) ≤ L2k(Ω̇
R) . (3.3)

Let us consider the particular case of the disk D and of k = 3. The
above argument leads to the proof of Proposition 1.1 in the following way.
Proof. (of Proposition 1.1) We first note that:

L3(D) ≤ Λ(MS) . (3.4)

As seen from inspection of the tables for Bessel functions (see the discussion
in [17], Section 8), one can verify that the 6-th eigenvalue of the Laplacian
on ḊR is Courant sharp and corresponds to a minimal 6-partition. The
corresponding eigenfunction is symmetric with respect to G. Its projection
gives the Mercedes Star and we would obtain under the assumption of the
proposition the reverse inequality to (3.4)

L3(D) ≥ L6(ḊR) = Λ(MS) . (3.5)

The proof of Proposition 1.1 is then immediate. 2

Remark 3.1. The argument does not work for k odd, k ≥ 5. By using a
notion of Courant-sharp for antisymmetric eigenfunctions for the Deck map
(or equivalently for the Aharonov-Bohm operator as we shall see later),
one can discuss the case k = 5 (see Figure 3). Although this is the 11-
th eigenfunction on the covering, this is indeed the 5-th G-antisymmetric
eigenvalue.

4. On the structure of minimal partitions

4.1. On the topological structure of minimal partitions

We recall now some consequences of Euler’s formula in the case of non
bipartite minimal 3-partitions. Using the Courant-sharp statement, all the
minimal 3-partitions are non bipartite if

λ3(Ω) < L3(Ω) , (4.1)

and this condition is in particular true in the case of the disk.

Proposition 4.1. Consider a non bipartite minimal 3-partition D = (D1,
D2, D3) of Ω associated with L3(Ω). Let us assume that ∂Ω has one compo-
nent. Let N = N(D) and let X(N) and Y (N) be defined as in Definition 2.1.
Then there are three possibilities (see Figure 2):
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(a) X(N) consists of one point X with ν(X) = 3 and Y (N) consists of
either three distinct Y1,Y2,Y3 points with ρ(Y1) = ρ(Y2) = ρ(Y3) = 1,
two distinct points Y1,Y2 with ρ(Y1) = 2, ρ(Y2) = 1 or one point Y
with ρ(Y) = 3.

(b) X(N) consists of two distinct points X1,X2 so that ν(X1) = ν(X2) = 3.
Y (N) consists either of two points Y1,Y2 such that ρ(Y1) = ρ(Y2) = 1
or of one point Y with ρ(Y) = 2.

(c) X(N) consists of two distinct points X1,X2 with ν(X1) = ν(X2) = 3, but
Y (N) = ∅.

The proof of Proposition 4.1 is given in [14].

(a) (b) (c)

X0
• •

•

•

X0
X1

•• •

•

X0

X1

•

•

Figure 2. Topological structure of minimal 3-partitions.

4.2. On the size of the subdomains

Let us mention some simple remarks about the size of the subdomains of a
minimal 3-partition D = (D1, D2, D3). A partition cannot be minimal,

• if there exists an isometry i such that i(D1) ( D2 (up to a relabelling),
(the λ(Di) should indeed be equal),

• or, if there exists an open set O1 such that O1 ⊂ D1 with λ2(D\O1) >
λ1(O1) .

These two remarks have the following applications (Figure 4 compares
the first eigenvalue on a subdomain and the second one on the complemen-
tary for geometries represented in Figure 3):

1. For a ∈ (−1, 1), we define Ca = D ∩ {y > a}. Let a∗ be such that
λ2(C−a∗) = λ1(Ca∗). We have a∗ ' 0.19. If (after rotation or relabel-
ing) Ca ⊂ D1, then a ≥ a∗.

2. For α ∈ (0, 2π), we denote Sα the angular sector of aperture α.
If there exists α such that (after rotation or relabeling) Sα ⊂ D1, then
α ≤ 2π

3 .
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D \C(a)

a
•
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α

R(a)

aD

Figure 3. Geometries Ca, Sα, R(a).
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Figure 4: Comparison between λ1(O1) and λ2(D\O1) when O1 is a portion
of disk Ca, an angular sector Sα, a ring R(a) or a disk of radius a.

3. For a ∈ (0, 1), we denote Ra the ring of interior radius a: R(a) =
D \ aD with aD the disk centered at the origin of radius a. Let a1

r

and a2
r be such that

λ2(R(a2
r)) = λ1(a2

rD), λ2(a1
rD) = λ1(R(a1

r)).

We have a1
r ' 0.55 and a2

r ' 0.42.
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If (after rotation or relabeling) R(a) ⊂ D1 then a ≥ a1
r . If aD ⊂ D1

then a ≤ a2
r .

A last remark is that by Faber-Krahn’s inequality, the area of any Di is
larger than π λ1(D)

Λ(MS) ' 0.899.

Unfortunately all these remarks do not permit to exclude type (b) or type
(c) configurations.

5. On the minimal partitions symmetric with respect to one axis
of reflection

In this section we recall some partial results of [14]. In particular we as-
sume that the 3-partition D3 satisfies some symmetry condition and then
show that this implies or excludes one of the topological types described in
Proposition 4.1. Suppose that associated with L3(D) for the unit disk D
there is (up to rotation and reflection) a minimal 3-partition which is now
invariant by the map

(x, y) 7→ σ(x, y) = (x,−y). (5.1)

We observe that the Mercedes Star has this symmetry. We would like to
analyze a weak form of the main conjecture.

Conjecture. Suppose that there exists some minimal 3-partition for the
disk which is symmetric with respect to Σ. Then, possibly after a rotation,
this partition corresponds to the Mercedes Star. This weak form of the
conjecture was also presented in [14] and important steps towards the proof
were proposed. First remember that Proposition 4.1 tells us that there are
just three topologically different candidates for a minimal 3-partition. We
have of course (3.4). Let us now analyze the different configurations.

5.1. Symmetric configuration of type (a)

Proposition 1.3 will be an immediate consequence of Proposition 4.1 and of
the following statement.

Lemma 5.1. Suppose we are considering a minimal 3-partition D which is
σ-symmetric and has the property (a) in Proposition 4.1. Then (0, 0) is the
critical point of the partition.

Proof. First we observe that X = Xodd consists of one point X0 = (x0, 0)
and we pick the x-axis as the symmetry axis.
We also know that L3(D) is the ground state energy of H(Dj) and the
second eigenvalue of the Dirichlet problem in Di,j = Int (Di ∪Dj).
For any x ∈ [−1,+1], let us introduce the segment `(x) defined by
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`(x) := {x ∈ [−1, x], y = 0} .
We can assume w.l.o.g. (possibly after a rotation by π ) that the segment
`(x0) belongs to N , so that x0 ∈]− 1, 1[ .
The corresponding domains D1 , D2 , D3 satisfy

σD1 = D2 , σD2 = D1 , σD3 = D3 .
We label the partition such that D1 ⊂ {y > 0} .
Another consequence of [17] (see also [5] for an extensive use of this property)
is that

L3(D) = λ3(D(x0)) ,
with D(x) = D \ `(x) . We can indeed show that D is a minimal 3-partition
of D(x0) and that L3(D) is an eigenvalue of H(D(x0)) corresponding to an
eigenfunction with D as nodal partition. We can then use the results recalled
in Section 2.
We now consider different cases depending on x0:

Case 1. x0 ≥ 0 : In this case, we can indeed apply Proposition 1.1.

Case 2. x0 < 0 : This is proved in [14] by Verzini’s trick. We emphasize that
this trick supposes the invariance by rotation of the domain.

2

Numerically, we consider the mixed Dirichlet-Neumann Laplacian in the
half-disk D+ = D ∩ {y > 0}:

Neumann-Dirichlet Laplacian Dirichlet-Neumann Laplacian
−∆u = λu in D+,

∂nu = 0 on (0, x)× {0},
u = 0 elsewhere,


−∆u = λu in D+,

∂nu = 0 on (x, 1)× {0},
u = 0 elsewhere.

We denote by λND2 (x) and λDN2 (x) respectively the second eigenvalue. We
use the finite element library Mélina (see [20]) and compute these second
eigenvalues for x ∈ {k/40, 0 ≤ k ≤ 40}. Figure 5(a) gives the numerical
simulations. We notice that the two curves are symmetric according to
x = 0 due to the symmetry of the disk. Figure 5(b) gives the position of
the abscissa yDN (x) of the intersection point between the nodal line and the
axis {y = 0} according to the position of the critical point x of the mixed
Dirichlet-Neumann Laplacian. We notice that yDN (x) = x only for x = 0.

5.2. Exclusion of symmetric configuration of types (b)-(c)

Next we consider the cases (b) and (c). There are two possibilities to place
the two points in Xodd once we have fixed the x-axis as the reflection line.
These two possibilities are:

(i) Xodd = {(x0, y0), (x0,−y0)} .

(ii) Xodd = {(x1, 0), (x2, 0)} .
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Figure 5. Mixed Dirichlet-Neumann problem on the half-disk.

These two possibilities correspond to the cases when the associated permuta-
tion τ (defined by σDi = Dτ(i)) is either the identity (case (i)) or exchanging
1 and 2 (case (ii)). Let us prove the following result:

Proposition 5.1. A symmetric 3-partition of type (b) or (c) cannot be
minimal if it satisfies (i).

Proof. Consider as before D+ = {(x, y) ∈ D | y > 0} . Define also H+

as −∆ on D+ with Dirichlet boundary condition on ∂D+ ∩ {y > 0} and
Neumann on ∂D+ ∩ {y = 0} . We can associate with H+ also minimal
spectral partitions. This point of view is explained in detail in [15]. Looking
up the tables of eigenvalues of the disk and the corresponding eigenfunctions
(see [5], [14] or Appendix A) reveals that

λ1(D) = λDN1 (D+) < λ2(D) = λDN2 (D+) < λDN3 (D+) = λ4(D).

According to Theorem 2.3, we have

λDN3 (D+) = LDN3 (D+) = LDN3 (D+).

But by inspection cases (b) and (c) lead to three domains in D+ and then

λDN3 (D+) ≥ L3(D).

Since λDN3 (D+) = λ4(D), we have hence a contradiction. 2

Remark 5.1. Notice that Proposition 5.1 holds true for more general sym-
metric domains like the square (see [5]) or angular sectors (see [6]).



On spectral minimal partitions: the disk revisited 333

Assume that σΩ = Ω and there exists a spectral minimal 3-partition D of
type (b) or (c) such that σD = D and

λDN3 (Ω+) > Λ3(D),

where Ω+ = Ω∩ {y > 0} and λDN3 (Ω+) is the third eigenvalue of the Lapla-
cian with Dirichlet condition on (∂Ω+) ∩ {y > 0} and Neumann condition
on (∂Ω+) ∩ {y = 0}. Then the singular points are on the symmetry axis.

Another result is

Lemma 5.2. The origin cannot belong to N(D) for a minimal 3-partition
D of type (b).

Proof. If 0 ∈ N(D), then the double covering ḊR have a nodal pattern
with six domains. This is excluded by the proof of Proposition 1.1 and the
”Courant-sharp” result. 2

Remark 5.2. A natural question is what we obtain when {0} is replaced
by X ? We get a G-symmetric 6-partition on the double-covering. This leads
to Λ3(D) ≥ λ6(Ω̇RX ). As we can see from the numerics, this does not lead to
any conclusion except a weak lower bound for the energy of a partition of
type (b).

6. Aharonov-Bohm operators and symmetry

6.1. Aharonov-Bohm operators

This material appears already in [13] in the case with holes (see [1] for the
punctured case) and then is used intensively in [3, 4, 16, 6]. If Ω is an
open set such that 0 ∈ Ω, a possibility is to consider the Aharonov-Bohm
Laplacian in the punctured Ω̇ = Ω\{0}, with the singularity of the potential
at the center and normalized3 flux Φ. The magnetic potential with flux Φ
takes the form

A(x, y) = (A1(x, y), A2(x, y)) = Φ
(
− y

r2
,
x

r2

)
. (6.1)

We know that the magnetic field vanishes identically in Ω̇ and, in any cut
domain (such that it becomes simply connected), one has

A1 dx+A2 dy = Φ dθ , (6.2)

where
z = x+ iy = r eiθ . (6.3)

3This is the flux divided by 2π, i.e. 1
2π

∫
γ
A for a simple path γ turning anticlockwise

around 0.
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So the Aharonov-Bohm operator in any open set Ω̇ ⊂ R2 \ {0} will always
be defined by considering the Friedrichs extension starting from C∞0 (Ω̇) and
the associated differential operator is

HAB
{0} := (Dx −A1)2 + (Dy −A2)2 . (6.4)

From now on, we will assume that Φ = 1
2 .

In polar coordinates, the Aharonov-Bohm Laplacian reads :

HAB
{0} = − ∂2

∂r2
− 1

r

∂

∂r
+

1

r2

(
i∂θ +

1

2

)2

. (6.5)

This operator is preserving “real” functions in some modified sense. Follow-
ing [13], we will say that a function u is K-real, if it satisfies

Ku = u , (6.6)

where K is an antilinear operator in the form

K = eiθ Γ , (6.7)

and where Γ is the complex conjugation

Γu = ū . (6.8)

The fact that HAB
{0} preserves K-real eigenfunctions is an immediate conse-

quence of

K ◦ (HAB
{0} ) = (HAB

{0} ) ◦K . (6.9)

As observed in [13], it is easy to find a basis of K-real eigenfunctions. These
eigenfunctions (which can be identified with real antisymmetric eigenfunc-
tions of the Laplacian on the double covering Ω̇R of Ω̇) have a nice nodal
structure (which is locally in the covering the same as the nodal set of real
eigenfunctions of the Laplacian), with the specific property that the number
of lines in Ω̇ ending at the origin is odd. More generally a path of index one
around the origin should always meets an odd number of nodal lines.
All what we have done at the center can be done at any point X ∈ Ω. We
can define HAB

X and KX.

6.2. Quantification of the symmetry of the disk

Here we follow [4] (see also [3]). We consider now (more generally than the
disk) a domain Ω which has the symmetry σ, defined in (5.1), with respect
to {y = 0}. For simplicity, we assume that Ω is convex and write

Ω ∩ {y = 0} =]a, b[×{0} .
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We define
Σu(x, y) = u(x,−y) , (6.10)

For any X ∈]a, b[×{0} (X = (x, 0)), we observe that the Aharonov-Bohm
operator HAB

X does not commute with Σ but with the antilinear operator

Σc := ΓΣ . (6.11)

So if u is an eigenfunction of HAB
X , Σcu is also an eigenfunction.

Moreover, due to the commutation

KX ◦ Σc = Σc ◦KX , (6.12)

Σcu is also a KX-real eigenfunction if u is a KX-real eigenfunction. We now
show as observed in [13], we can reduce the analysis of the Aharonov-Bohm
Hamiltonian to the K-real space L2

K where

L2
K(Ω̇X) = {u ∈ L2(Ω̇X) , KXu = u } .

The scalar product on L2
K , making of L2

K a real Hilbert space, is obtained
by restricting the scalar product on L2(Ω̇) to L2

K and it is immediate to
verify that 〈u, v〉 is indeed real for u and v in L2

K .
Observing now that

Σc ◦ Σc = I , (6.13)

we obtain by writing

u =
1

2
(I + Σc)u+

1

2
(I − Σc)u ,

an orthogonal decomposition of L2
K into

L2
K = L2

K,Σ ⊕ L2
K,aΣ , (6.14)

where

L2
K,Σ = {u ∈ L2

K , Σcu = u }, and L2
K,aΣ = {u ∈ L2

K , Σcu = −u }.

We have just to show that the restriction Π of 1
2(I + Σc) to L2

K

Π :=
1

2
(I + Σc)/L2

K
, (6.15)

is a projector. It is indeed clear that Π is (R-)linear and that Π2 = Π .
Now we would like to analyze the nodal patterns of eigenfunctions in the

various symmetry spaces.

Lemma 6.1. If u ∈ C∞(Ω̇X) ∩ L2
KX,Σ

is an eigenfunction of HAB
X with

X = (x, 0), then its nodal set contains [a, x]×{0}. Similarly, if u ∈ C∞(Ω̇X)∩
L2
KX,aΣ is an eigenfunction of HAB

X , then its nodal set contains [x, b]× {0}.
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6.3. Two critical points

We consider configuration of types (b) or (c) such that the interior critical
points X0 and X1 are on a circle. We consider coordinates such that X0 =
(x0, y0) and X1 = (x0,−y0). Then the y-axis is a symmetry axis. Let us
consider the magnetic potential attached to each singular point:

A+(x, y) = (A+
1 (x, y), A+

2 (x, y))

= Φ

(
−y − y0

r+
0

2 ,
x− x0

r+
0

2

)
with r+

0
2

= (y − y0)2 + (x− x0)2,

A−(x, y) = (A−1 (x, y), A−2 (x, y))

= Φ

(
−y + y0

r−0
2 ,

x− x0

r−0
2

)
with r−0

2
= (y + y0)2 + (x− x0)2.

We have

A−1 (x,−y) = −A+
1 (x, y), A−2 (x,−y) = A+

2 (x, y).

We define Ω̈ = Ω \ {X0,X1} and consider the Aharonov-Bohm operator
Laplacian in Ω̈ with the magnetic potential

A = A+ + A− = (A1, A2) ,

with

A1(x,−y) = −A1(x, y), A2(x,−y) = A2(x, y).

Proposition 6.1. Let D be a 3-partition of type (b) or (c) such that the
two interior critical points on a circle, but not diametrically opposite. If the
third eigenvalue of the Aharonov-Bohm Laplacian on Ω̈ is simple, then D
can not be minimal.

Proof. After a rotation, we are reduced to the two situations considered in
Proposition 5.1. The assumption of simplicity implies that the eigenfunction
is either Σc-symmetric or Σc-antisymmetric. 2

7. Proof of Proposition 1.4

Under the assumption that the minimal partition is of type (a), we can use
the magnetic characterization of a minimal-partition [16] and obtain that
this minimal 3-partition is the nodal partition of some K-real eigenfunction
of the Aharonov-Bohm Hamiltonian with a pole as the critical point. More
concretely in our specific case, if D = (D1, D2, D3) denotes the 3-partition
and if u1, u2, u3 denote the normalized positive groundstates of the Dirichlet-
Laplacian in D1, D2, D3 respectively, it is shown in [17] that one can find
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positive αi such that αiui − αjuj becomes a second eigenfunction on Dij =
Int (Di ∪Dj) for any (i, j) with i 6= j. We can now see that the function

defined in each Di by (−1)iαiuie
i θ
2 (where for defining ei

θ
2 we take a cut say

on ∂D1∩∂D2) extends to an eigenfunction of the Aharonov-Bohm operator.
Moreover, extending the proof of [17], one can show that it is actually the
third eigenvalue of this Aharonov-Bohm operator. There is an alternative
version using the double covering, and we find in this case that it is the nodal
partition (with 6 nodal domains) of a real eigenfunction of the Laplacian
which is antisymmetric with respect to the desk transformation.

Using the invariance by rotation of the disk we can without loss of gen-
erality assume that the critical point is on {y = 0}.

We now exploit the symmetry with respect to σ of the disk and the
existence of a quantization Σc of this symmetry by Σ which commutes with
the Aharonov-Bohm Laplacian and respects the K-real eigenfunctions. For
each eigenvalue, we can decompose (see Subsection 6.2 and (6.14) for the
definition of the invariant spaces) the corresponding K-real eigenspace in a
orthogonal direct sum of one Σc-invariant space and of one aΣc-invariant
space. We have discussed in [3] (see also [4]) the implication of this Σc-
symmetry or Σc-antisymmetry on the nodal sets of the eigenfunction.

By identification to a Dirichlet-Neumann problem, it can be observed
that the Σc-symmetric eigenvalues (resp. antisymmetric) are monotonic
increasing (resp. decreasing) as function of the pole X on [0, 1] × {0} (see
Figures 7-9).

Moreover by Hillairet-Lena-Norris-Terracini result [19], we know that
the k-th eigenvalue tends to the k-th eigenvalue of the Dirichlet-Laplacian
of the disk as the pole tends to (x = 1, y = 0).

In addition, if the eigenvalue is simple, then a KX-real eigenfunction is
either Σc-symmetric or Σc-antisymmetric.

Many of these considerations appear in [3] in the case of the square
but the situation is finally much simpler in the case of the disk due to this
reduction to the case where the pole is on one axis, which makes the problem
(1D) for the position of the pole.

We now use some numerical simulations realized with the finite element
Library Mélina (see [20]) : we consider a critical point X = (x, 0) and
mesh the double covering ḊRX in this way : we mesh the first sheet D
such that X is a vertex and the segment [x, 1] × {0} is at the boundary of
some elements of the mesh. We duplicate this mesh to obtain a mesh for
the second sheet. We have then to exchange the vertex along the segment
[x, 1]×{0} between the first and second sheet to obtain a mesh of the double
covering ḊRX (see Figure 6 and [3] for more details). Moving the pole, we
compute the eigenmodes of the Dirichlet-Laplacian on the double covering
ḊRX . Figure 7(a) gives the eigenvalues on the double covering whereas we
have extracted the Aharonov-Bohm eigenvalues in Figure 7(b). Figures 8-9
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represent the first eigenfunctions of the Dirichlet-Laplacian and their nodal
lines for X = (k/5, 0), 0 ≤ k < 5.

Ω̇X

X
•

Figure 6. ḊRX , X = (x, 0).
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Figure 7: First eigenvalues of theHAB
X in ḊX or Laplacian on ḊRX , X = (x, 0).

The numerics is used now for two points.
The first point is to verify that the four first eigenvalues of the Aharonov-
Bohm operator (see Figure 7(b), corresponding to λ2, λ3, λ6 and λ7 on the
covering, see Figure 7(a)) are simple except if the pole is at the center of
the disk. Figure 7(a) gives the first eigenvalues on the double covering of
the disk ḊRX according to abscissa of the puncturing point X = (x, 0) (it is
enough to look at x ≤ 0 by the rotation invariance) and Figures 8-9 represent
the nodal partitions of the first eigenfunctions for several poles X = (k/5, 0),
0 ≤ k < 5. We also see that these Aharonov-Bohm eigenfunctions belong
alternately to the Σc-symmetric or the Σc-antisymmetric spectrum, crossing
only when the pole is at the center. Hence the third eigenfunction should be
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Σc-symmetric (if x < 0). This implies the symmetry of the partition except
at the center. Moreover the third eigenvalue has multiplicity 2 at the center.
Then we can follow the proof of Lemma 5.1 to have the conclusion in Case
2 and we can eliminate Case 1 using the Σc-symmetry of the eigenfunction,
without referring to Proposition 1.1.

The second point is to observe numerically that the cardinal of the nodal
domains of the third eigenfunction is two except at the center. We recover
the previous conclusion in a less rigorous way but obtain a description of
the deformation of the nodal lines.

λ1 λAB1 = λAB2 λ2 = λ3 λAB3 = λAB4 λ4

5.79 9.89 9.89 14.69 14.69 20.20 20.20 26.39

λ5 λ6 λAB5 = λAB6 λAB7 = λAB8 λ7 = λ8

26.39 30.49 33.24 33.24 39.54 39.54 40.73 40.73

λAB9 = λAB10 λ9 = λ10 λ11 = λ12 λAB11 = λAB12

48.86 48.86 49.25 49.25 57.62 57.62 59.72 59.72

Figure 8: Nodal sets, on the first sheet, of the first 24 Laplacian eigenfunc-
tions in ḊR0 .
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λ1(ḊRX) λ2(ḊRX) λ3(ḊRX) λ4(ḊRX) λ5(ḊRX) λ6(ḊRX) λ7(ḊRX) λ8(ḊRX)

Figure 9: Nodal sets, on the first sheet, of the first eight Dirichlet-Laplacian
eigenfunctions on the double covering ḊRX , X = (x, 0), x = 0.2, 0.4, 0.6, 0.8.
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A. Nodal lines of the first eigenfunctions on the disk

λ2(D) = λ3(D) λ4(D) = λ5(D) λ6(D)
' 14.68 ' 26.37 ' 30.47

λ7(D) = λ8(D) λ9(D) = λ10(D) λ11(D) = λ12(D)
' 40.71 ' 49.22 ' 57.58

λ13(D) = λ14(D) λ15(D) λ16(D) = λ17(D)
' 70.85 ' 74.89 ' 76.94

λ18(D) = λ19(D) λ20(D) = λ21(D) λ22(D) = λ23(D)
' 95.28 ' 98.73 ' 103.50

Figure 10: Nodal partitions associated with the k-th eigenvalue of the
Dirichlet-Laplacian on the disk, k = 2, . . . , 23.
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