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Abstract

This paper is devoted to the spectral analysis of the Laplacian with constant mag-
netic field on a cone of aperture & and Neumann boundary condition. We analyze the
influence of the orientation of the magnetic field. In particular, for any orientation
of the magnetic field, we prove the existence of discrete spectrum below the essential
spectrum in the limit @« — 0 and establish a full asymptotic expansion for the n-th
eigenvalue and the n-th eigenfunction.
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1 Introduction

1.1 Motivation

This paper is mainly motivated by the theory of superconductivity and the analysis of the
Ginzburg-Landau functional. An important result by Giorgi and Philipps (see [12]) states
that superconductivity disappears when a strong enough exterior magnetic field is applied.
This critical intensity above which the superconductor only exists in its “normal state” is
called Hc, and is directly related to the lowest eigenvalue of the Neumann realization of
the magnetic Laplacian (see [18, 7, 11]). In dimension two it has been proved (thanks to
semiclassical technics) by Helffer and Morame in [13] that the bound states are localized
near the points of the boundary where the curvature is maximal. Using the strategy of
the papers [17] and [14] one can prove that the order parameter of the Ginzburg-Landau
functional for an applied magnetic field close to Hc, concentrates near the points of the
boundary with maximal curvature (for 3D results one may consult the papers [18, 20]).
This fundamental result motivates the investigation of two dimensional domains with
corners (see [15, 19, 3, 4]). For instance it is proved in [3] that the Neumann Laplacian
(with magnetic field of intensity 1) on the sector with angle o admits a bound state as
soon as « is small enough. It is even proved that the first eigenvalues can be approximated
by asymptotic series in powers of a the main term being a/+v/3 for the first one. More
recently, new results have been established in dimension three. In the case of a wedge with
aperture o and a magnetic field in the bisector plane of the wedge, Popoff [22] establishes

*IRMAR, ENS Rennes, Univ. Rennes 1, CNRS, UEB, av. Robert Schuman, F-35170 Bruz, France
bonnaillie@math.cnrs.fr

TIRMAR, Univ. Rennes 1, CNRS, Campus de Beaulieu, F-35042 Rennes cedex, France
nicolas.raymondQuniv-rennesl.fr



a similar asymptotic expansion for the first eigenvalues and get the same main term for
the first eigenvalue (see also [23]). Another model singular geometry in dimension three
is the circular cone C, C R?® (see Figure 1). In this paper, we aim at investigating the
influence of the direction of the constant magnetic field on the spectrum and at answering
for instance the following question (in the regime a — 0):

“Which orientation of the magnetic field does minimize the first eigenvalues 7”.

1.2 Definition of the main operator

Let us now introduce our main notation. The right circular cone C, of angular opening
a € (0,m) (see Figure 1) is defined in the cartesian coordinates (z,y, z) by

CO‘ = {(377%2) € R37 z > 07 [BQ +y2 < ZZtaHQ %}

We consider B the constant magnetic field which makes an angle 5 € [O, g] with the axis

Figure 1: Geometric setting.

of the cone:
B(z,y,z) = (O,sinﬁ,cosﬁ)T,

We choose the following magnetic potential A:

1 1
A(x,y,z) = §B X X = i(zsinﬂ —ycos 3, xcos 3, —msinﬂ)T.

We consider £a = £, g the Friedrichs extension associated with the quadratic form
Qa(¥) = (=Y + A)Y|[E2(c,
defined for any complex valued function ¢ € H, (Cy; C) with
HA(Co; C) = {u € L(Cy), (—iV + A)u € L*(Cy)}.
The operator £a is (—iV + A)? with domain:

H2(Co; C) = {u € HA(Cu; C), (—iV + A)?u € L2(C,), (—iV + A)u-v =0 on 9Cy}.



We define the n-th eigenvalue A\, («, 8) of £a by using Rayleigh quotients:

)\n(aaﬁ) = sup o ) QA(‘IJ)
\p17_,.,\IIn—leH}A(cD‘;C) ?6[@17.,_,\1/7171]
WeHR (CosC), 1WlI12(c,)=1
_ . sup  Qa(P). (1.1)
U1, Un €HL (CaiC) We[Wy,... U]

”‘IIHLQ(CQ):l

Let ¢y (a, B) be a normalized associated eigenvector (if it exists).

1.3 Expression in spherical coordinates

The spherical coordinates are naturally adapted to the geometry. Let us express the
magnetic Laplacian in these coordinates by considering the change of variables:

B(t,0, ) = (z,y,2) = a~ Y?(tcosfsinay, tsinbsinap, tcosap).
We denote by P the semi-infinite rectangular parallelepiped
Pi={(t0,0) eR? t>0, 6 €0,2m), p € (0,1}
Let 1) € HA(Cq; C). We write 1(®(t,0,¢)) = a/44(t, 0, p) for any (t,6,¢) € P and, using

Appendix A and the change of gauge

_ ( 1 . >~
P(t, 0, p) = exp —ZTCOSG sin 8 ) ¥(t,0,p),

we have

1¥I1E2 .y = /7> [9(t,0, )| * sin ap dt d de,

and:

Qa(Y) = aQas(¥),
where the quadratic form 9, g is defined on the form domain H%\(P) by

Qa0 = [ (P +|Powf + Pl d (12)
with
P = Diy—tpcosh sinpg,
P, — tsii(w) <D0 N 12 sin? gz;p cos f8 n tchsin; sin 3 (1 B sigjg@))
1
Py = PR

where D = %8. The measure is given by
dji = t? sin awp dt d0 dop,
and the form domain by

H} (P) = {y € L*(P, dji), (—iV + Ay € L*(P, dji)}.



We consider £, g the Friedrichs extension associated with the quadratic form Q, g:

Lop = t %(Dy— tpcosfsin B)t*(Dy — tp cosfsin 3) (1.3)
1 2, 2 sin(2a) '\ . ) 2
+m <D9 + %Sln () cos B+ T 1-— W sin Asin 0
1
——————D,si D,.
+a2t2 sin(ap) 7 sin(ap) Dy

We define Xn(oz, ) the n-th eigenvalue of L, g by using the Rayleigh quotients as in (1.1)
and 1, («, 8) a normalized associated eigenvector if it exists. We have

An(a, B) = aln(a, B).

1.4 Main result

In the case of the circular cone C, with a magnetic field parallel to the axis (8 = 0), it
is proved in [8] that the lowest eigenvalues always exist as soon as « is small enough and
that they admit expansions in the form:

)\n(aa 0) oz:O «Q Z Fygj,na%a with Yon = W7 (14)
Jj=0

where we have used the following notation.

Notation 1.1 We write A\(«) ~ Zakak when for all J > 0, there exist g > 0,C >0
a—
k>0
such that for all o € (0, ), we have

J
‘)\(a) — Zakak‘ < Ca’ltt
k>0

Let us now study the influence of the direction of the magnetic field (8 € [0,7/2]). Before
stating our main result concerning the discrete spectrum of £, g let us give a rough estimate
(which is sufficient for our purpose) of the infimum of the essential spectrum. Using
Persson’s lemma [21], the bottom of the essential spectrum is given by the behavior at
infinity of the operator. In our case, this behavior is described by a Schrodinger operator
on Ri with a constant magnetic field. Consequently, with a proof similar to the one of [8,
Proposition 1.2], we have

Proposition 1.2 For all a € (0,7) and 8 € [0,5], we have:

a8 1= inf oess (Lo > inf 0) >0,
Sa,6 7= Inf Tess(La,5) ol a ()

where 6 — o(0) is the bottom of the spectrum of the Neumann-Schridinger operator on
R3 with a constant magnetic field which makes an angle 0 with the boundary (see [18, 5]).

The main result of this paper is the following theorem.
Theorem 1.3 Let 8 € [0,5]. For all n > 1, there exist ag(n) > 0 and a sequence
(Vjn)j>0 such that, for all a € (0,a9(n)), the n-th eigenvalue of £, 5 exists and satisfies:

. ) 4dn — 1 ;
An(a, B) it aZ’yﬁnoﬂ, with 70’8771 = WV 1+ sin? 3. (1.5)

J=0



Remark 1.4 We notice that the main term 7o, in the asymptotic expansion is minimal
when B = 0. From the superconductivity point of view this implies, thanks to the analysis
of [18], that superconductivity persists longer when the magnetic field is parallel to the azis
of the cone (when « is small enough). We can notice that formula (1.5) explicitly displays
how the magnetic field combines with a singular geometry in dimension three. Other
singular geometries involve different kinds of asymptotical behaviors in small angles limits
(see [22, 23]). In general the couple geometry—magnetic field can not be easily determined
from the eigenvalue asymptotics. Let us mention the forthcoming work [0] where the case
of general conical domains with small aperture will be analyzed and where the influence of
the geometry of the cross section will be investigated.

Remark 1.5 By using the spectral theorem and the quasimodes constructed in Section
2, the corresponding eigenfunctions admit the same kind of expansions in powers of .
Contrary to the case analyzed in [8], the eigenfunctions are not axisymmetric when 8 # 0
and all the powers of o show up in the expansions, see (1.4) and (1.5).

1.5 Strategy of the proof and organization of the paper

Let us explain the strategy of the proof of Theorem 1.3. The first and simplest part of
the investigation aims at constructing appropriate quasimodes for £, g. This can be done
by looking for eigenpairs (A,%) in the sense of formal power series in « (see Section 2).
Thanks to the spectral theorem this implies the existence of some eigenvalues possessing
determined asymptotic expansions (see Proposition 2.1). The main problem is to prove
that the formal solutions of the eigenvalue equation are exactly the expansion of the first
eigenvalues. In [8] we faced the same question, but the analysis was considerably simpler
due to the axisymmetry (8 = 0). Indeed in the case § = 0 it is possible to prove the
axisymmetry of the eigenfunctions (for a small enough) by using a Fourier decomposition
with respect to the variable § and some rough estimates of Agmon. In fact we will improve
these estimates of Agmon in Section 3 by proving that the length scale on which the
eigenfunctions live is ¢ ~ 1 or equivalently z ~ «!/2. From a heuristic point of view, the
confinement can be seen by decomposing the cone as a family of ellipses submitted to
a non trivial magnetic field. When § # 0, the strategy of the Fourier decomposition of
[8] fails and we shall do something else. If one considers the expression of L, g given in
(1.3) we notice that the second term is penalized by the factor (#?sin?(a))~t. Jointly
with our accurate estimates of Agmon, this implies a penalization of D which means that
the eigenfunctions do not depend on € at the main order (see Section 4 and especially
Lemmas 4.5 and 4.7 the proof of which relies on fine commutators computations). Once
the asymptotic independence from 6 is established we can replace the first term in (1.3)
by its average with respect to 6 (whereas the term in front of sinf in the second term is
obviously small). Therefore the spectral analysis is reduced to an operator which does not
depend on # anymore (see Section 5 and especially Propositions 5.2 and 5.3). Finally it
remains to apply the analysis of the axisymmetric case of [8] (see Proposition 5.4).

2 Formal series in «

The aim of the section is to prove the following proposition.

Proposition 2.1 Let 8 € [0,5]. For all n > 1, there exist ap(n) > 0 and a sequence



(Vin)j>0 such that, for all o € (0, ap(n)):
J , dn — 1
dist | « Z'yjmoﬂ, odis(Lag) | < Ca’*?, with Yon = W\/ 1 + sin? 3,

j=0

where o4is(L£q,8) denotes the discrete spectrum of £q 3.

Proof: We write a formal Taylor expansion in powers of a:
,Ca,@ ~ Z Oéij,
j=>-2
where:

Ly =t"(¢™' DyppDy + ¢~ Dj),
L_1 = cosfBDy,

22 cos? sin
© ﬁ+<p B(

Lo = t~%(D;—tpcos O sin §)t?(D; —ty cos O sin 3) + 1

sin @ Dg+ Dy sin 6).

Remark 2.2 We notice that the operator Pg = ¢ 'Dy@D, + ¢ 2D defined on the
space L% ((0, 3) x [0,27), ¢ dp df) with Neumann condition at ¢ = 1/2 is nothing but the
Neumann Laplacian on the disk of center (0,0) and radius 1/2.

We look for quasi-eigenpairs in the form:

A YN, Y~y addy,

j==2 J=0

so that, in the sense of formal series:

Lo ~ X,

2

Term in a=°. We have to solve the equation:

L_athg = A—ato.
We are led to choose A_y = 0 and ¥y(¢, 6, ¢) = fo(t).

1

Term in o~ . Then, we write:

L_otp1 = (A_1 — L_1)vo = A_1¢o.

For all fixed ¢ the Fredholm alternative gives A_; = 0 and we choose 91 (¢,0, ) = fi(t).



Term in o’. The crucial equation is:

L_9tps = (Ao — Lo)vo — L1901 = (Ao — Lo)to.

For fixed ¢ the Fredholm alternative implies:

(Mo = Lo)¥o, 12(pdpag) = 0

A computation gives:
(t_QDtQtQDtQ + 2_5(1 + sin2 B)tQ) f() = )\0f0.

We can use Corollary B.2 with ¢ = 27°(1 4 sin? 3) and we are led to take, for each n > 1,

4n —1 .
Ao = W\/l—i—snﬂﬂ,

and for fo the corresponding attached eigenfunction. We take 13 in the form o = t%ﬁj +
f2(t) where 15 is the unique solution of:

P2 = (Ao — Lo)¥o

such that (122, 1>L2(@d¢ ag) = 0.

Further terms. Step by step, we can determine all the coefficients of the formal series
and the conclusion follows from the spectral theorem as we have done in [3]. [

3 Accurate Agmon estimates for € [0, %]

3.1 Basic estimates

Before entering into the details of our asymptotic analysis we shall recall basic consider-
ations related to a priori localization and regularity of the eigenfunctions. As a classical
consequence of Persson’s theorem (see [21]), we can first state rough Agmon’s estimates
(see [1, 2]).

Proposition 3.1 Let a € (0,7) and B € [O, g] There exist €,C > 0 such that for all
eigenpair (X, V) of £4.p satisfying A < sq 5 = inf 0ess(L£a,3) we have:

/ e V/20s =Nl 4y ) [2 dx < O,
Ca
Qa (Vo) < Oy

Remark 3.2 As we can notice in Proposition 3.1 the constants C and € a priori depend
on a. We will improve these estimates in the next section.

It is also well-known that the eigenfunctions are in H? (C,) since C, is Lipschitzian and
convex (see for instance [16]). In fact by using the methods of [10] (see especially Chapter
6, Section 18 to determine the behavior of the singularities exponents) we can establish the
following proposition (by using the elliptic estimates related to the Neumann Laplacian
on Cy).



Proposition 3.3 For all k > 3 there exists ag > 0 such that for all a € (0,a0), any
eigenfuntion belongs to HE (C,).

loc

Then by using the localization estimates of Proposition 3.1 and a standard bootstrap
argument, we infer:

Proposition 3.4 For all k > 3 there exists ag > 0 such that for all o € (0, ), B € [0, g],
there exist e > 0 and C' > 0 such that for all eigenpairs (X, 1) such that X < sq 3, 1 belongs
to H*(C,) and:

el e,y < Cll-
3.2 Refined estimates of Agmon

The following propositions provide an improvement of the localization estimates satisfied
by the eigenfunctions attached to the low lying eigenvalues: we distinguish between the
cases € [0,7/2) and 5 = 7/2.

Proposition 3.5 Let Cy > 0. For all 8 € [O, g), there exist ag > 0, g > 0 and C' > 0
such that for any o € (0,0q) and for all eigenpair (X, ) of £q p satisfying A < Coa, we
have:

/ 2200 2|3y x) [2 dx < Ol (3.1)

(o3

Proof: Thanks to a change of gauge £, g is unitarily equivalent to the Neumann
realization of:
L4 = D2 + (D, + zsin 8)* + (Dy + z cos 8)°.

The associated quadratic form is:
0a0) = [ D0 +1(Ds +25in B0 + |(D, +rcos 0P dody
Ca

Let us introduce a smooth cut-off function y such that y = 1 near 0 and let us also
consider, for R > 1 and ¢y > O:

Bp(z) = goal/?y (R7'2) |2.
Agmon’s formula gives:
Qa(ePry) = Ale®2y || + | VORe®ry|%.
There exist g > 0 and Cp > 0 such that for a € (0,a9), R > 1 and gy € (0,1), we have:
Qp(e®ry) < Coalle®r |,
We introduce a partition of unity with respect to z:
X1(2) +x3(2) = 1,
where x1(z) =1 for 0 <z <1 and xi(z2) =0 for z > 2. For j = 1,2 and v > 0, we let:
Xin(2) = x;(77"2),

so that:
Xl <Oyt



The “IMS” formula provides:
Q4" x149) + Qi (™ x250) — C2y 2 [leR9)|* < Coalle® . (3.2)

We want to write a lower bound for £ A(eq’R X2.~Y). Integrating by slices we have for all
u € Dom(Q,):

Qa(u) > / / D, + zsin B)ul? + |(D, + = cos f)ul? dzdy | dz
AW ( —— Juf? +1(D, + cos BJu
> D,a|* + (D, + xzcos B)a* dzdy | dz 3.3
/. (/{ﬁ D+ (D, + o ) (33
«
> cosﬁ/ cos 3 tan — / lu|? dz dy dz,
2) {Vz?+y?<ztan §}

where we have used the change of gauge (for fixed z) @& = ¢™**" 8y and we denote by 1u(p)
the lowest eigenvalue of the magnetic Neumann Laplacian D2 + (D, + x)? on the disk of
center (0,0) and radius p. By using a basic perturbation theory argument for small p (see
[11, Proposition 1.5.2]) and a semiclassical behaviour for large p (see [11, Section 8.1]) we
infer the existence of ¢ > 0 such that for all p > 0:

p(p) > cmin(p?, 1). (3.4)

We infer:

Q4 (e®Rxo 1) > / ccos fmin(z?a? cos 3,1 le®Rxo1|? dz dy dz.
z>0

\/w/:z:2+y2<ztan 2

We choose v = sal(cos B)~Y2a~12. On the support of X2,y We have z > 7. It follows:

Q4 (e x2410) > ccos Bmin(ey 2o, 1)[[e®P 1)
For « such that o < 5(2), we have:
Q€ x2,1) > cagy? cos Blle® xa ]|

We deduce that there exist ¢ > 0, C' > 0 and Cy > 0 such that for all g9 € (0,1) there
exists ap > 0 such that for all R > 1 and a € (0, a):

(e cos B — O)allxzqe® 9 ||* < Coallx1,e® 9|,
Since cos f > 0 and ¢ > 0, if we choose €p small enough, this implies:
Ix2e® 0 [* < Cllxa e o> < Ol
It remains to take the limit R — +o00 and to apply the Fatou’s lemma. |

Remark 3.6 Proposition 3.5 is a refinement of [8, Proposition 4.1] (see also [8, Remark
4.2]) and provides the optimal length scale z ~ o~ Y2 (or equivalently t ~ 1) for all
B e [0, g) (in the sense that it exactly corresponds to the rescaling used in the construction
of quasimodes).



In order to analyze the case 8 = § we will need the following two lemmas the proof of
which can be adapted from [11, Sections 1.5 and 8.1]. The main point in these lemmas is
the uniformity with respect to the geometric constants. The first one is a consequence of
perturbation theory.

Lemma 3.7 Let 0 < §p < 1. There exist pg > 0 and ¢y > 0 such that for p € (0, pp) and
0 € (09, 01) we have:

:ul(57 p) > cOp27
where p1(6, p) denotes the first eigenvalue of the Neumann Laplacian with constant mag-
netic field of intensity 1 on the ellipse & , = {(u,v) € R?:u? 4 5v? < p2}.

The second lemma is a consequence of semiclassical analysis with semiclassical parameter
h=p2

Lemma 3.8 Let 0 < §g < d1. There exist p1 > 0 and ¢1 > 0 such that for p > p1 and
0 € (09, 01) we have:
H1 (57 p) 2> Cl.

Proposition 3.9 Let Cy > 0 and 8 = 5. There exist ag > 0, g9 > 0 and C > 0 such that
for any o € (0,a0) and for all eigenpair (X\,v¥) of £, 3 satisfying A < Coor, we have:

/ 200 2|3y ) [2 dx < Ol (3.5)
COL

Proof: The structure of the proof is the same as for Proposition 3.5. The only problem
is to replace the inequalities (3.3) (since it degenerates when 3 = 7) and (3.4) (since there
is no more reason to consider a magnetic operator on a disk). The main idea to get around
the absence of magnetic field in the direction of the cone is to integrate the quadratic form
by slices which are not orthogonal to the axis of the cone (see again (3.3)): this leads to
consider a Laplacian with a constant (and non trivial) magnetic field on ellipses.

For that purpose, we introduce the following rotation (see Figure 2):

rT=u, Y=coswv—sinww, 2z=snwov+ cosww, (3.6)

where w € (0, g) is fixed and independent from «. The (u,v,w)-coordinates of B are

—— >

Figure 2: Rotation of the cone.
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(0, cosw, —sinw). Let us describe the ellipses obtained for fixed w. The cone C, is deter-
mined by the following inequality:

%+ y2 < tan? (%) 22

which becomes:

2
i 1+ tan® (%))
2 s _ cosw sinw ( 5 P
w T Qo <v cos? w — tan? (%) sin? w w) s Haw

where:

2 2 (a) oip2
daw = cOs” w — tan (5) sin“ w,

tan? (&
o = 2(2) . (3.7)
’ cos?w — tan? (%) sin® w
Let ag € (0, (arctan(1/ tan?w)), we notice that
0 < &g := cos’ w — tan? (%) sin?w < daw < cos’w =: 0y, Vo € (0, ap).

With Lemmas 3.7 and 3.8, we infer, in the same way as after (3.3) and (3.4), the existence
of ap > 0 and ¢y > 0 such that for all & € (0,9) and 1 € Dom (Q4)*:

Q;(¥) > / ¢z sinw min(sinw R w?, 1)/ ]2 du dv duw,
w>0

Sa,w,Ra,w

where 1),, denotes the function ¢ after rotation and translation (to get a centered ellipse).
Then, the proof goes along the same lines as in the proof of Proposition 3.5 after (3.4). We
can express w in terms of the original coordinates w = z cosw — ysinw and |y| < z tan (9)

2
so that z > v implies:
cosw

w > (cosw — tan (§)) >~

2 ?
as soon as « is small enough. Moreover we deduce from (3.7) that R2 , > tan® (§) /.
These considerations are sufficient to conclude as in the proof of Proposition 3.5. ]

From Propositions 3.5 and 3.9, we can deduce the following corollary.

Corollary 3.10 Let Cy > 0 and 8 € [O, %] For all k € N there exist ag > 0, C' > 0 such
that for all eigenpairs (A, ) of Lo g such that X < Cy, we have:

1l < Cllwll,  Qap(t™¥) < ClIWIP,  I* Dbl < Clll, D]l < Cally]).

4 Commutators and f-averaging

This section is devoted to the approximation of the eigenfunctions by their averages with
respect to 6. In order to simplify the analysis let us rewrite £, g, acting on L?(P, df) in
the following form

!For a given w, we get an ellipse E54.0,Ra., Which is subject to a magnetic field of intensity sinw, or
equivalently (after dilation) an ellipse &s.. R .,vems Which is subject to a magnetic field of intensity 1.

sin w

11



Notation 4.1 We will write:

Log=L1+ Ly+ L3,

with
L1 = t3Dy— At (Dy — Ay),
1 2
Ly = ——5——(Dp+ A A )
2 Zsin® (ap) (Do + Ap1 + Ap2)
1
—————Dsi D
Ls a?t?sin(ayp) ¥ sin(ap) Dy
where
Ay =tpcosf sinfj, (4.1)
t? t2 in(2
Ag = % sin?(ay) cos 3, Ago = Tw <1 — Sm;@i@) sin 3 sin6. (4.2)

We will use the corresponding quadratic forms:

- / PP, Q) = / PaPdi, Qi) = / Py dj,
P P P

where Py, Py and Ps are defined by:

1
(Do + Ap1 + Ap2), P;=—D,.

P =D; — Ay, P, = o

tsin(avp)
Let us recall the so-called “IMS” formula (see [9]).

Lemma 4.2 Let 1 be an eigenfunction for L, g associated with the eigenvalue \ and a be
a smooth and real function. As soon as each term is well defined, we have:

3

R(La,p0, aay)) = Quplay) =) _ |lfa, PiloII*.

=1

We will also need a commutator formula in the spirit of [25, Section 4.2] (see also [24]
where the same commutators method appears).

Lemma 4.3 Let vy be an eigenfunction for L, g associated with the eigenvalue X. As soon
as each term is well defined, we have the following relation

3 3
N Qa,p(av)) +Z (Pj, [Py, a*]ay) +Z a, Pjly, Pj(ai)),
Jj=1 j=1

where a is an unbounded operator.

Proof: Formally, we may write:

w

(Laph,a*ay) =Y (Ppp, Pja*ay)).

Jj=1



Then, we have:

3 3
Y (P Piatay) = Y (Py,a*Pja) + (Py, [P, a']ai)
j=1 =1
3
= > (aPy, Pap) + (P, [Py, a*|ay)).
j=1

We infer:

Mw

3 3
(P, Pia*ayy) = Qap(a)) + Y ([a, Pilv, Pjayy) + Y (Py, [Py, a*]aw)).
Jj=1 j=1

Jj=1

Remark 4.4 For instance we can apply Lemma 4.3 to a = tD; and a = tsin(ap)D;
thanks to Proposition 3.4.
4.1 G-averaging of t*y

Lemma 4.5 Let £k > 0 and Cy > 0. There exist ag > 0 and C > 0 such that for all
a € (0,a0) and all eigenpair (X\,v) of Lo g such that A < Cy:

1t — 59, || < Ca' 2|y,

with
2T

Pt ) = % ; »(t,0,p)do.

Proof: Let us apply Lemma 4.2 with a = t*"!sin(ayp). We get:

Qo (t**! sin(ap)y) = At sin(ap)y | *+([[Pr, 4" sin(aw) [y | *+(|[P3, t*+! sin(ag)]y 2.

Since [Pi,a] = —i(k + 1)t*sin(ayp) and [Ps,a] = —it* cos(ay), we deduce, using Corol-
lary 3.10, that:
Qup(t" ! sin(ap)y) < Ca[|$]]* + |t* cos(ag)y . (43)
We notice that:
1P sintag)i)|P = 25 [ HD(sin(ae) di
= ;2 /Pt%\ iacos(a@)@b%—sin(agp)D@zﬂF di
> ||tF cos(ap)p||? + %% (/77 —iat®* cos(cup)ip sin(ap) Dy dﬂ) .
We infer that:
123 (% sin(ap)) |2 — [[¢ cos(ap)pp||* = —CI|t* | [[¢* Dyp|. (4.4)

It follows from (4.3), (4.4) and Corollary 3.10 that:

Qa(t* ! sin(ap)p) < Calle?.
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We deduce that :

/ (Do + A + Ag2) () dji < Call|,
P

and we get:

1 N -
3 | IPo ) =2 [ [dos + Ana)huf aj < Callul?
Using Corollary 3.10, we obtain

/P (Ags + Ag2)t*[? dji < Ca® /P 2412 di < Ca [y
Therefore we have:
| Do (t*)]1* < Cally|*. (4.5)

Let us consider D} on L?((0,2n), df) (with periodic boundary conditions). The first
eigenvalue is simple and equal to 0 and the associated eigenspace is generated by 1. The
function t*1) — tkye is orthogonal to 1. Then, due to the min-max principle, we have

1Do(#) 2 > exl[ts — o, |,

with ¢; > 0. This last inequality combined with (4.5) completes the proof. ]

4.2 f#-averaging of D,y
4.2.1 Estimate of tDy

Let us first establish an estimate of tDy).

Lemma 4.6 Let Cy > 0. There exist ag > 0 and C > 0 such that for all a € (0,a9) and
all eigenpair (X, ) of Lo g such that X < Cp:

Qap(tDyp) < C|ly|%.

Proof: Let a = tD;. We have a* = tD; + % Since 3/i commutes with Pj, we have
immediately

[Pj,a*} = [Pj7a]'
Lemma 4.3 provides:
3 3
Qo s(tDyp) = LDyl = > (P, [Py, tDawy) — > ([tDy, Pjleb, Py(ar))).
j=1 j=1
Let us compute [P}, tD;]. We have:
1 1 2
[P, tDy] = ;(Dt +A) = gPl + gAt,
1 1
PotD)] = ————(Dg—Apo)=-Po——(A A
[P, tDy) it sin(ago)( o 0:2) T Sin(ozgo)( o1+ Ap2),
1
[Ps,tDy] = ;Pg.

14



We infer with Corollary 3.10:
Qus(tDw) < Clv|I* + [Py (| Prav|| + [|24cav|]) + || Pr(aw) || (| Pro]| + [|12A0]))
B (anawn " (A1 + Aga)at D

(Aos + A9,2)¢H) + 2] Py | Pras]

2
tsin(ayp)
2

+ P (”Pﬂ”” ! th(a@

The estimates of Corollary 3.10 imply:
Qu,s(tDp) < C|Y 1> + Clll| (| Pragpl| + || Peayp | + || Psarp ).

It follows that for all € > 0, we have:

C
Qap(tD) < Cl[¥I* + 5 (7 [¥1* + £ Qa p(tD19)) -

For e = %, we get:

]_ ~
5 Qaa(tDr) < Cllw|)”

4.2.2 f-averaging of Dy

This subsection is concerned by the approximation of Dy by its average with respect to
0.

Lemma 4.7 Let Cy > 0. There ezist ag > 0 and C > 0 such that for all a € (0, ap) and
all eigenpair (X, 1) of Lo g such that X < Cy, we have:

1D = Dy < Cal [

Proof:  Taking a = tsin(ayp)Dy, we have a* = tsin(ap)D; + 2 sin(ap) = a+ 2 sin(ap).
Applying Lemma 4.3, we have the relation

3 3
Mlaws||® = Qa,play) + Y (Pyh, [Py, a”](a)) + > (la, P, Pj(aw))). (4.6)
Jj=1 j=1

Now we have to compute the commutators [Pj,a] and [P;,sinagp]. For j # 3, we have
[P;,sin ap] = 0. Moreover we have:

* . sin(o
[P1,a] = [P1,a"] = sin(ag)[P1,tDy] = ( ?) (P +24,;),
. sin(ay) 2
Prdl=Pa] = sin(ag)P D] = 0 (B E a4 Ana)).
[P3,a] = —isinapPs —icos(ap)Dy,
3
[Ps,a*] = [Ps,a]+ —[Ps,sinap| = —isinapPs — icos(ap)Dy — 3costoch

i

The expressions of the commutators, Corollary 3.10 and Lemma 4.6 imply

[(P1, [P1, a*]ay) + ([a, Pi]i, Py(av))]
< Ca? (||Pr|||(Py + 240D || + [|(Pr + 240)9¢| | Prt D)
< Co?(lp|?, (4.7)
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[(Pat), [P2, a”arp) + ([a, PoJt), Pa(av)))]

2(A971 + Ag’g

))tDtU)H + Ca®| PatDyp | H (Pz -

< ca|pul | (P - 2oy + doz |

tsin(ap)
< Ca||Ps(ap)|* + Calp]?.  (4.8)

tsin(ayp)

We have
(P39, [P, a*]ay)| < Col|| P3y|||| Psarp|| + Cal| P ||[| De(tDeh)|| + Carl| Paap || Detp |-

Corollary 3.10 and Lemma 4.6 provide

|(Psv), [P3,a"]ay)| < Cally|*. (4.9)

Then, we have a last commutator term to analyze:

([a, P3|, Psay) = (isin(ag)Pst), Psat)) + (i cos(ap) D), Pyai)).

‘We notice that:

(i cos(aup) Dytp, P3(t sin apDy)) = (i cos(cup) Dyab, sin(cup) Pst Dyap) — || cos ap Dyt ||

We deduce (with Corollary 3.10 and Lemma 4.6)

[(la, Py, Psarh)) + || cos apDll?| < CallllllPstDeb] + Call D] Pst D

<
< Cally|?. (4.10)

Using (4.6) and the estimates (4.7), (4.8), (4.9) and (4.10), we get

3
Q;(tsin(aw) Dyp) — || cos(ap) Do < Caly|®.
=1

J

Let us estimate

Qs (tsin(ag) D)) — | cos ap Dy = a2 / 1D, sin(ap) Dyl di — | cos ap Dy
P
2

(07

> / R (—i cos(ayp) sin(agp)Dﬂ/}D@th) dji,
P

Therefore, we infer, with Corollary 3.10:

Q3(tsin(ap) Dytp) — || cos apDyp||* > —C|| D ||| Dp Dep || = —carl|y]?.

We deduce that:
Qs (tsin(ag) Dyyp) < Cal|®
and thus:
1P+ 0.+ Aa) D i < Calo

The conclusion goes along the same lines as in the proof of Lemma 4.5 (by using also
Corollary 3.10). =
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5 Reduction to an axisymmetric electro-magnetic Laplacian

Let us introduce an appropriate subspace of dimension N > 1. Let us consider the family
of functions (¢q,;)j=1,...,n such that v, ; is a normalized eigenfunction of L, g associated
with Aj(a, ) and such that the family is orthogonal for the L? scalar product. We set:

En(a) = span ;.
j=1, N

In order to approximate the quadratic form on this subspace, we will need the following
approximation lemma:

Lemma 5.1 There exist ag > 0 and C > 0 such that for all a € (0, ) and all eigenpair
(M) of Lo such that X < Cp:

It — ]| < Coalli].

Proof: We hayve:
Qas(t?Y) < C|ly|?

so that: .
Qs(t?1)) = @!\Dw(tw)llz < Qu p(t?y) < Clly|I?,

and thus
1D (1) |1 < Co?[|4h]*.

We conclude the proof by the min-max principle applied to ti — tgp which is orthogonal
to the constant functions. ]

The following proposition reduces the analysis of the quadratic form Q, s to a model
operator which is axisymmetric.

Proposition 5.2 There exist C > 0 and oy > 0 such that for any o € (0,0) and all
Y € En(a), we have

Qu (1) > (1 — a) Q%™ (v) — Ca'?|9p| %, (5.1)

where:

oy (W) =

.1 . N .
/7)’Dt¢|2dﬂ+24 Pcosz(aw)tQSIHQBlwIQdqu/P |(Do+Ag,1 )0 ? dji+|| Psy |

t2 sin? ()

The next two sections are devoted to the proof of Proposition 5.2.

5.1 A preliminary reduction

By definition we can write:

Qus(®) = | P2 + /p (D + Ag + Ag)l? dji + | Py

£2 sin? (o)
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But we have:

1 -
/79 mW% + Ag 1+ Ag2)¥|* dji

1 1
> (1— ——|(Dyg+ A 2dp — 1/ —F|A 2dj.
> (1=0) [ el Ao o =™t [ Al

Since |Ag2|(tsinap) ™! < Cat, we infer thanks to Corollary 3.10:

1 -
/73 WKDQ + Ag 1+ Ag2)y|* dji

1 2 1~ 2
> (1—a) /P iy (Do + Ao)0l df = Caly|”

It follows that:
Qap(¥) > (1 — ) Q% (1) — Cally|?, (5.2)

where the reduced quadratic form Q;’i% is given by:

o) = 1Pl + | (D + Ao df+ | P2

12 sin? (o)

5.2 Averaging of Py

Let us estimate the difference:
1D = A9 = Dy = A0y 1>
We have:
10Dz = Acywl? = 1(D: = Aeyes, I
< [ 1D = 5y) = A = )] (1D = A + (D1 = Ay ) o
< IDuw = ,) = AW = 6,) | (I(D: = Awll + (D = 4wl
< (IDuw = ) + 141w = L) (Collll + 1Dagy | + 1 Asaty ) -

We have:

Dbyl < [1Debl] < Cllolls Ayl < [ty | < [lE0]] < O]l

By Lemmas 4.5 and 4.7, we infer:
[1(D: = Awl? = 1(D: = Adyg, || < Cal2|)2 (5.3)
Then, we can compute:
I(De = Ay, 1> = /P 1 Ditp,|? dfi + /P t*o” sin® B cos” ]y, |* dji.

Since f027r cos20dfh = % 027r df, we deduce:
1 . _
1Dy — A, |12 = /p D it /P 2% sin? By, 2 dj (5.4)
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We have:
|De, I = 1Dl?| < Cal2l?,  ltsin By |12 = [l sin B < Cal2 ]2 (5.5)
We deduce from (5.3), (5.4) and (5.5):
-1 . -
I(De = Ay? > /P Dl dji+ 5 /P 22 sin? Bl dft — Cal? 2.
By Lemma 5.1 we have:
ltpsin Bul® ~ tsin g |12] < C /P b = )| (1] + k1) dit < Callw|
We infer:
o1 . -
|(De = Ay > /P D dji+ /P 22 sin® Bly_|?dji — Cal/2 ]2

We deduce:

_ cla : _
D= Ao = [ Dt ai+ O3 [ 2 sind gl P d — Cal 2o,
with
1/2 o .
psinapdy 1
cla) = ) T :§+O(a2).
Jo! sinapde

Finally we deduce:

D= 400l > [ 10w ai+ S8 [ 2 gl i - cal/2ju P
P P

With (5.2), we infer:
Qus(¥) = (1 — ) QNF® (v) — Ca ||y,

where we have used that:
[ #sin 1ol i = [ 12 cost(ap)sin® Bluf i+ O(a?) o
P P
This concludes the proof of Proposition 5.2.

5.3 Proof of Theorem 1.3
From Proposition 5.2 and from the min-max principle we deduce:

Proposition 5.3 Let N > 1. There exist g > 0 such that for all o € (0, p):
S\N(aa B) > (1 - a))‘]n\}Odel(av 6) - Cal/Qa (56)

where AT (o, B) is the N-th eigenvalue of the Friedrichs extension on L2(P, dji) associ-
ated with Qg’%de' which is denoted by L’?Q%dd :

sin? B cos?(ap)

21 v

L5 =72 Dyt* Dy +

2

2
t
Dy + —— sin®(a) cos B) +
a

1
_|_ -
12 sin? () ( 2

—————D,si D,.
a2t? sin(a) osin(ap) Dy
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The operator aﬁgoﬁde' is the expression in the coordinates (t, 6, ¢) of the Neumann electro-
magnetic Laplacian on L?(C,) with magnetic field (0,0, cos 8) and electric potential V,, 5(x) =
27%a?sin? B|z|2. This operator on L2(C,) reads:

2
<Dx_ycgsﬁ> _'_(Dy_i_xcgsﬁ) + D? 4+ 27402 sin? 8|22

We notice that the magnetic field and the electric potential are axisymmetric so that we
are reduced to exactly the same analysis as in [8]. In particular we can prove that the
eigenfunctions of L’m%de' associated with the first eigenvalues do not depend on 6 as soon
as « is small enough and satisfy estimates of the same kind as in Corollary 3.10. Therefore
the spectral analysis of [,g‘fde' is reduced to the one of

2

2
| sin® Beos?(ap) 2 sin?(ap) cos? B+

-2 2
72 Dyt?D; + 51 o

—————D,si D,.
a?t? sin(agp) psin(ap) Dy

After an averaging argument with respect to ¢ we infer the following proposition:

Proposition 5.4 Let n > 1 and B € [0,7/2]. There exists oy > 0 such that for all

a € (0,ap):
4n —1
)\;Lnodel(a’ﬁ) _ % 14+ Sin25 + O(al/Q).

Jointly with (5.6) and Proposition 2.1 this proves Theorem 1.3.

A Spherical magnetic coordinates
In dilated spherical coordinates (t,0, ) € P such that
(x,y,2) = D(t,0,p) = a*1/2(t cos 0 sin ap, tsinfsinagp, tcosay),

the magnetic potential reads

-1/2
a2 T

A(t,0,p) = (cos ap sin f—sin @ sin agp cos 3, cosf sinap cos 5, — cosf sinagp sin ) ' .

The Jacobian matrix associated with ® is

cosfsinap —tsinfsinap « tcosbcosayp
®(t,0,0) =a V2 | sinfsinap tcosfsinap «a tsinbcosap

COos 0 —a tsinap
We can compute
t cos 0sin awp tsin 6 sin ap t cos aup
(D®)"N(t,0, ) = /%7 | —sinf(sinap)™!  cosO(sin agp)~? 0
é cos  cos ayp é sin 6 cos ap —é sin avp

Consequently, the metric becomes

1 0 0
G=(Dd) T(D®)'=a 0 t2(sinap)™? 0
0 0 (at)~2
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The change of variables leads to define the new magnetic potential

At,0,0) = TD®A(L0,p)
12

= of1§ (O,Sin2 ap cos 3 —cosap sinap sinf sin g, cos 6 sinﬁ) (A.1)
2

t 1
= a_15 <0,sin2 ap cosff — isin2ag0 sin@ sin 3, cos sinﬁ) . (A2)

Let ¢ be a function in the form domain H} (Cqo) of the Schrédinger operator (—iV + A)?
and ¥(t,0, ) = a~V/*p(x,y, 2) (where o~ /* is a normalization coefficient). The change
of variables on the norm and quadratic form reads

61y = [ 16000, @ simnapdtasdg.

/ |(—iV + A)(z, y, z)|2 dzdydz

Ca

— / (G(=iVyipp + AV, (—iVig, + A)D) t?sinapdtdd de
P

~ 1 . t2sin? o cos 2 sin 2ap sinf sin ~
= a/ 0> + —5— 5 —i0p + L4 b_ 4 b (0
P 2 sin” ap 2 4o

2

2 ~
+ (—z’@o + %COSG sin 5) 0

2
poTS) ) 2 sin v dt df dep.

B Model operators

Proposition B.1 Let $,, be defined on L?(R,t>dt) by

1 9 9 w2
f)w = _ﬁatt at+t + tfz

The eigenpairs of $,, are (I¥,§9)n>1 given by
[ =dn— 2+ V1+4w?, (1) = P(1%) e /2,

with PY a polynomial function of degree n — 1.
Corollary B.2 For ¢ > 0 the eigenpairs of the operator

§ = — 20,20, + i

- t2 t t b
defined on L2(R,t?dt) are given by
[, = 01/2(4n _ 1)’ fn(t) _ Cl/4f91(01/4t) _ Cl/4P,,?(Cl/4t) e—c1/2t2/2.
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