Middle dimensional symplectic rigidity and its
effect on Hamiltonian PDEs

Jaime Bustillo

Abstract

In the first part of the article we study Hamiltonian diffeomorphisms
of R?™ which are generated by Lipschitz functions and prove a middle di-
mensional rigidity result for the image of coisotropic cylinders. The tools
that we use are Viterbo’s symplectic capacities and a series of inequalities
coming from their relation with symplectic reduction. In the second part we
consider the nonlinear string equation and treat it as an infinite-dimensional
Hamiltonian system. In this context we are able to apply Kuksin’s approx-
imation by finite dimensional Hamiltonian flows and prove a PDE version
of the rigidity result for coisotropic cylinders. As a particular example, this
result can be applied to the Sine-Gordon equation.

Keywords. Symplectic geometry, generating functions, symplectic capaci-
ties, Hamiltonian PDEs.

1 Introduction

Let R?" be the standard Euclidean space with coordinates (q1,p1,. .., qn, Pn)
and consider the standard symplectic form w = ). dg; A dp;. Gromov’s non-
squeezing theorem [6] states that symplectic diffeomorphisms of (R?",w) cannot
send balls of radius r into symplectic cylinders of radius R unless » < R. For
example if ¢ is a symplectic diffeomorphism, B2" is the ball of radius r and
B?% C R? s the two dimensional disc of radius R then

¢(B?") C B% x R*™ 2 implies r < R.

J. Bustillo: Département de Mathématiques et Applications, Ecole Normale Supérieure, CNRS,
PSL Research University, 45 rue d’Ulm, 75005 Paris, France; e-mail: bustillo@dma.ens.fr



Coisotropic Camel 2

The original proof relied on the technique of pseudo-holomorphic curves which
was later used to prove a wide range of results in symplectic geometry. Shortly
after, several authors [8, 4, 20] gave independent proofs of Gromov’s theorem
using the concept of symplectic capacities. A symplectic capacity is a function
¢ : P(R?™) — [0, +00] that verifies the following properties:

1. (monotonicity) If U C V then ¢(U) < ¢(V).
2. (conformality) c(A\U) = \2¢(U) for all A € R.

3. (symplectic invariance) If ¢ : R?" — R?" is a symplectic diffeomorphism
then c(p(U)) = ¢(U).

4. (non-triviality+normalization) ¢(B?") = 7 = ¢(B? x R*"72),

Together, the existence of a function with these properties implies Gromov’s theo-
rem. In this article we are going to work with Viterbo’s capacities in order to prove
a rigidity result for a particular type of Hamiltonian diffeomorphisms. More pre-
cisely we are interested in the middle dimensional symplectic rigidity problem.

One of the first questions regarding this problem appeared in [7] where Hofer
asked about the generalization of capacities to middle dimensions. He asked if
there exists a k-intermediate symplectic capacity ¢* satisfying monotonicity, k-
conformality, symplectic invariance and

F(BF x R"2F) < yoo  but (B x R? x R*2F) = 4007

This question was recently answered in the negative by Pelayo and Vii Ngoc in
[14]. In their article they proved that if n > 2 then B x R?"~2 can be symplec-
tically embedded into the product B2~ 2 x R? for R = v/2"~1 + 272 — 2. In
particular, by monotonicity and homogeneity, the value of the capacity on the left
has to be greater than or equal to a constant times the value on the right.

Another point of view for the middle dimensional problem comes from a re-
formulation of Gromov’s non-squeezing theorem. In dimension 2 symplectomor-
phims are the same as area preserving maps so in [5] Eliashberg and Gromov
pointed out that (using a theorem of Moser about the existence of area preserving
diffeomorphisms) Gromov’s theorem is equivalent to

area(II;p(B>")) > mr?  for every symplectomorphism .

Denote by 11 the projection on the first 2k coordinates. A possible generalization
of this statement to higher dimensions is

Vol(I(B2")) > Vol(II, B2") = Vol(B?*)  for every symplectomorphism ¢.
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This problem was studied by Abbondandolo and Matveyev in [2]. In their arti-
cle they proved that the volume with respect to w”* of II;,¢(B2") can be made
arbitrarily small using symplectomorphisms. This ruled out the existence of mid-
dle dimensional volume symplectic rigidity for the ball. Nevertheless they proved
that the rigidity exists in the linear case and, shortly after, Rigolli [15] proved
that there is local middle dimensional volume rigidity if one restricts the class of
symplectomorphisms to analytic ones.

We would like to point out another possible middle dimensional generalization
of the squeezing problem. In dimension 2 the value of any symplectic capacity
on topological discs coincides with the area, so one may also rewrite Gromov’s
theorem as

c(I1p(B*™)) > 7r?  for every symplectomorphism ¢,

where c is a symplectic capacity. One can then ask if this inequality is true with
I1; replaced by II;, and more generally look at subsets Z different from B2"
and replace 72 with the capacity of II,Z. We prove that this type of inequal-
ity is true for Z = X x R"* C CF x C"* provided that we restrict the
class of symplectomorphisms. The maps the we consider are Hamiltonian dif-
feomorphisms generated by functions H that are Lipschitz in space over compact
times intervals, or equivalently, functions that verify |V Hy(z)| < C(T') for every
(t,z) € [=T,T] x R?" with C(T) > 0 for every T € R. More precisely if we
denote by c and v the two symplectic capacities defined by Viterbo in [20], we
have the following theorem:

Theorem 1.1. Ler X C R?* be a compact set. Consider X x R"™% C Ckx Cn—*
and let H; : R?*™ — R be a Lipschitz Hamiltonian that generates the flow 1);. Then
foreveryt € R

o(X) < y(TMppe(X x R™FY).

As an intuition of what this capacities are, if K is a convex smooth body then
¢(K) coincides with the minimal area of a closed caracteristic on 9K . On the
other hand 7 is defined using Viterbo’s distance on Ham®(R?"); the energy of a
diffeomorphism is then defined to be the distance to the identity and ~(U) mea-
sures the minimal energy that one needs to displace U from itself. Both capacities
are always related by the inequality ¢(Z) < «(Z) which is recovered by Theorem
1.1 whent = 0.

For general sets the construction of Viterbo’s capacities (cf. [20]) starts by
defining for time-1 map ¢ = w{{ of the flow of a compactly supported Hamilto-
nian H,; two values: ¢(1,%) and c(u, ). These values correspond to the action
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value of certain 1-periodic orbits of the flow obtained by variational methods. The
metric on Ham¢(R?") is then defined as d(v,1d) = v(v)) = c(p, ) — ¢(1,).
All these quantities are invariant by symplectic conjugation so they can be used to
define symplectic invariants on open bounded sets as:

c(U) = sup{c(p, ¥), ¥ € Ham*(U)}

¥(U) = inf{~(¥), ¢ € Ham*(R*"), ¥(U) NU = 0}

If V is an open (not necessarily bounded) subset of R?" then c¢(V) (resp. v(V)) is
defined as the supremum of the values of ¢(U) (resp. v(U)) for all open bounded
U contained in V. If X is an arbitrary domain of R?" then its capacity ¢(X) (resp.
~v(X)) is defined as the infimum of all the values ¢(V') (resp. (1)) for all open
V containing X.

If £ > 0 one can prove that ¢(R%?* x R"%¥) = 0 = ~y(R?* x R**) for
the coisotropic subspace R?* x R"™% C C! x C"* (see Appendix A). By
monotonicity the same is true for coisotropic cylinders X x R*~* C CkxC"* so
the existence of Viterbo’s capacities all alone does not provide rigidity information
for the image of these sets by general symplectic diffeomorphisms.

Remark 1.2. We want to point out that Theorem 1.1 is not true for general sym-
plectomorphisms and its limits are well understood. An example of a symplec-
tomorphism which is not generated by a Lipschitz function and does not verify
the statement of Theorem 1.1 is given by the symplectomorphism ¢ given by
(21, oy 2n) = (Zkt1s- -y 2Zny 21, - - -, 2k ). We have

o(X x R"F) 0 (CF x iR"F) = R"* x X N (C* x iR"¥)

and either the k-projection is contained in Z = RF if m < n/2 orin Z =
R x R*~2" otherwise. In both cases v(Z) = 0 by Appendix A, so if for
example X is a closed ball, then the statement is not verified. In this example ¢ is
generated by a quadratic Hamiltonian. Moreover we prove in Proposition 2.9 that
if [VH(z)| < A+ B|z| then its flow 1, verifies the statement of Theorem 1.1 at
least for small times.

One may use the rigidity result of Theorem 1.1 to define a non-trivial invariant.
Consider the following quantity:

16(U) = inf{y (g (V) | ¢ € G}

where G is a subgroup of the group of symplectic diffeomorphisms. For G =
Sympl(R?™) we know by Remark 1.2 that 'yg is zero on coisotropic cylinders of
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dimension k. On the other hand, if the elements of G are Hamiltonian diffeo-
morphisms generated by Lipschitz functions then Theorem 1.1 implies that 'y’é is
bounded from bellow on coisotropic cylinders of dimension k. As an example of
G one can take the subgroup of Hamiltonian diffeomorphisms ¢!’ where H, p!f
and (¢f?)~! are Lipschitz on the space variable over compact time intervals (see
Appendix B). For this subgroup Theorem 1.1 gives

o(X) SAEX x R"™F) < y(X).

We end this discussion with a brief comment on the proof of Theorem 1.1.
This theorem is a consequence of a stronger result about rigidity of the symplectic
reduction of sets. Recall that by definition a coistropic subspace W C R?" verifies
W« C W where W% stands for symplectic orthogonal. One can then consider
the space W/W* which is symplectic by construction. Denote by 7y : W —
W /W the quotient map. The symplectic reduction of a subset Z C R?" by W is
defined as Redy (Z) = mw (Z NW). Theorem 1.1 is a corollary of the following
theorem:

Theorem 1.3 (Coisotropic camel Theorem). Let X C R?* pe a compact set.
Consider the subsets X x R"™% C CF x C"* and W = CF x iR"*. Let
H : R x R?" — R be a Lipschitz Hamiltonian function that generates a flow 1.
For every t € R we have

c(X) < v(Redw (4(X x R"7F))).

N
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Figure 1: This figure represents the image of the coisotropic cylinder by a com-
pactly supported Hamiltonian diffeomorphism . The transverse plane represents
the complementary coisotropic subspace. Theorem 1.3 gives information about
the capacity of the projection of the intersection with W.
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Explicitly the reduction by W is I, (¢+ (X x R*™™) N (C™ x {R™™)) which
is the projection of a bounded set, unlike the one in Theorem 1.1. In particular
Theorem 1.3 is not trivial for compactly supported Hamiltonians (see Figure 1).
The proof of this theorem is achieved by a series of inequalities between Viterbo’s
capacities of sets and the symplectic reduction of these sets. The advantage of us-
ing Viterbo’s capacities is that they are constructed using generating functions and
symplectic reduction can be seen as an explicit operation on generating functions
which can be then studied in detail. We first prove the theorem for compactly
supported Hamiltonian diffeomorphisms and then reduce the Lipschitz case to the
compactly supported one.

There is an unpublished proof of this theorem by Buhovski and Opshtein for
the case X = (S'(r))* a product of circles of radius r and Redy (¢3(X x
R"=*)) C Z(R) a symplectic cylinder of radius R which relies on the theory
of pseudoholomorphic curves.

Hamiltonian PDEs. The second part of this article deals with middle dimen-
sional symplectic rigidity in infinite dimensional Hilbert spaces.

Let E be a real Hilbert space and let w be a non-degenerate 2-form. Here we
will understand non-degenerate in the sense that the map £ € F — w(&,-) € E*
is an isomorphism. In contrast with the finite dimensional case, little is known
about the rigidity properties of symplectomorphisms in this context. The most
general attempt to prove a non-squeezing theorem has been [3] where the result is
proved only for convex images of the ball. The first result pointing in the direction
of the infinite dimensional equivalent of Gromov’s theorem dates back to [9].
Kuksin gave a proof of the theorem for a particular type of symplectomorphism
that appear in the context of Hamiltonian PDEs. He did this by approximating
the flows by finite dimensional maps and then applying Gromov’s theorem. Since
then there has been a great number of articles proving the same result for different
Hamiltonian PDEs via finite dimensional approximation. We refer the reader to
[11] for an excellent summary of the prior work.

The goal of the second part of this article is to extend Theorem 1.1 to the
infinite dimensional case. We restrict ourselves to semilinear PDEs of the type
described in [9]. Let (-, -) be the scalar product of E, {gof} be a Hilbert basis,

J : E — FE be the complex structure defined by J go;-—L = :Fgoj-F and J = —J.

The symplectic structure that we consider is w(+, -) = (J-, -) and the Hamiltonian
functions are of the form

Hy(u) = %(Au,u) + h(u),
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where A is a (possibly unbounded) linear operator and h; is a smooth function.
The Hamiltonian vector field is

Remark that the domain of definition of the vector field is the same as the domain
of A which is usually only defined on a dense subspace of E. If €'/ is bounded,
then solutions can be defined via Duhamel’s formula and if VA is C! and locally
Lipschitz, then the local flow is a well defined symplectomorphism [10]. Under
compactness assumptions on the nonlinearity, flow-maps can be approximated on
bounded sets by finite dimensional symplectomorphisms. Specific examples of
this type of equations are (see [9] for more details): Nonlinear string equation in
T,
U = Uy + p(t, T, )

where p is a smooth function which has at most polynomial growth at infinity.
Quadratic nonlinear wave equation in T?,

it = Au+ a(t, z)u + b(t, z)u?,
Nonlinear membrane equation on T2,
i = =A%+ p(t,z,u),

Schrodinger equation with a convolution nonlinearity in T",

0 _
—iu = —Au+V(zx)u+ ﬁG(U,U,t,x) x& U=ux¢,
where ¢ if a fixed real function and G is a real-valued smooth function.

For concreteness we will study the nonlinear string equation but the main
result will still be true for the previous equations provided that the nonlinear part
Vh; in the Hamiltonian formulation is bounded over compact time intervals.

Consider the periodic nonlinear string equation
U= Ugy — f(t,2,u), u=u(t,x),

where x € T = R/27Z and f is a smooth function which is bounded over
compact time intervals and has at most a polynomial growth in u, as well as its
u— and t—derivatives:

o* o

Wﬁf(t,x,u) < Cp(L+[ul)Me, for for a+b=4k andall k>0,
u
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with My = 0. Here C}, are positive constants bounded for bounded ¢ and Mj.’s
are nonnegative and time independent. The hypothesis on M is the one that will
allow us latter to apply Theorem 1.3 to the finite dimensional approximations. For
example this hypothesis is verified by f(¢,z,u) = sinu which gives the Sine-
Gordon equation. Let us describe the Hamiltonian structure of this equation. We
denote by B the operator B = (—%/dx? 4 1)'/? and remark that we may write
the equation in the form

1 = —Bwv,
= (B - B Yu+ Bl f(t,z,u).

Define ¥ = FL x E_ =H 2 (T) x H 2 (T) the product of Hilbert spaces where
the scalar product of H 2 (T) is given by

1 2
(ug,ug) = 2/ Buy (z)ug(z)dx.
T Jo

Here J(u,v) = (—v,u), the operator is A = (B — B™') x B and Vh;(u,v) =
(B=1f(t,x,u),0) which has bounded norm over compact time intervals since
My = 0 by hypothesis.

Let {gpj | j € Z} be the Hilbert basis of £, on which B is diagonal given by
the Fourier basis and denote by {¢; = —J ij | j € Z} the associated Hilbert

basis of £_. Moreover denote F, (resp. E_’f_ and E¥) the Hilbert subspace gen-
erated by {7 | |j| < k} (resp. {9} |15 > k + 1} and {; |[j| > k + 1}) and
I : E — Ej (resp. Hi and IT¥) the corresponding projection. We use the fi-
nite dimensional approximation together with Theorem 1.3 to prove the following
result:

Theorem 1.4. Denote by ®' : E — E the flow of the nonlinear string equation.
For every k € N, every compact subset X of Ejy, and every t € R we have

o(X) <y @' (X x EY)).

As an example of what type of information we get from this theorem, con-
sider the subspace E which consists on constant functions. In this case Theorem
1.4 gives us information on the global behavior of solutions with constant initial
velocity provided that the projection on Ej of this solutions is contained in a com-
pact set X, for example in the closed ball of radius . On the other hand, if we
interchange the roles of E_’ﬁ and E*¥ we get information about solutions whose
initial position is given by a constant function. In particular we see that the energy
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of these solutions cannot be globally transfered to higher frequencies since the
projection on Fjy cannot be contained in a ball BIQ{ with R < 7.

Theorem 1.4 may also be seen as an existence result. We consider again the
case k = 0. By reordering the Hilbert basis we may project onto the symplec-
tic plane of frequency ! of our choice. Suppose that X is a ball of radius R in
Vect{gof, o}~ R?, we will ask if the projection is contained in a ball of radius
rin Vect{]", p; }. Let U(t) = (u(t),v(t)) € E = H? x H? be a solution of
the nonlinear string equation, that is, such that

=—Bv and U= uz, — f(t, z,u).

Use the symplectic Hilbert basis {goj[ | j € Z} to write

Zuj —|— vj(t)p; = Z(uj(t) - Uj(t)J)goj.
J
We will denote by U;(t) the complex number u; (t) iv;(t). Moreover denote
by E' the Hilbert subspace of E generated by {go [j| > 1}. f0 <r < R
Theorem 1.4 gives ®'(Bg x EL) € B, x E' so we get:

Corollary 1.5. Foranyl > 1, any R > r > 0 and any ty € R there exists a
(mild) solution U(t) = (u(t),v(t)) of the nonlinear string equation in H2 x H?
such that

’Uj(O)ZO for ]#l and ‘Ul(0)|§R but |Ul(t0)‘>7’

2 The Coisotropic Camel: Viterbo’s approach

We provide here a proof of the Coisotropic Camel Theorem which depends on
Viterbo’s spectral invariants, hence on generating functions instead of holomor-
phic curves. We start by proving the result for compactly supported Hamiltonian
diffeomorphisms.

2.1 Generating functions and spectral invariants.

The classical setting. To a compactly supported Hamiltonian diffeomorphism
1 of R?" one associates a Lagrangian submanifold L,, C T*S?" in the following
way. Denote by R27 x R2" the vector space R?" x R?" endowed with the symplec-
tic form (—w) ® w. The graph T'(¢) := {(x, ¥ (z)); x € R?"} C R2" x R is a
Lagrangian submanifold Hamiltonian isotopic to the diagonal A := {(z,z); = €
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R?"} ¢ R27 x R?". Identifying R2" x R?" and T*R?" via the symplectic iso-
morphism

atgptp

2 72

and noting that I'(1)) and A coincide at infinity, we can produce a compact version
of the Lagrangian submanifold I'(¢)) € R2" x R?", which is a Lagrangian sphere
Ly C T*S?", This Lagrangian submanifold L, is Hamiltonian isotopic to the
0-section and coincides with it on a neighbourhood of the north pole, so it has a
generating function quadratic at infinity (called g f¢: in the following) by [12, 16,
17]. This is a function S : S?* x RN — R which coincides with a non-degenerate
quadratic form Q : RV — R at infinity:

3C >0 suchthat S(z,€) = Q(€) Vae S ¢ > C,

and such that

I:(ijﬁqup)'_)( 7p_p,(j_Q)7

05 98 oo
Ly ={(@ 52), @€ € 57 xRY, e 6 = 0} c s

with 0 being a regular value of (z,£) — %(:c,f). A direct consequence of
the definition is that Xg := {(z,§) %(w,g) = 0} is a submanifold and that
the map ig : g — T*S?" given by (x,¢) — (z, g—i(:c,ﬁ)) is an immersion.
When S is a g fqi that generates an embedded submanifold one can prove that

is is a diffeomorphism between X5 and L, so every S has a unique critical
point associated to (N,0) given by ig'(N,0). Denote by E* = {S < A},

-1
iy : (B E~®) < (BT, E~), H*(ET®,E~) '~ H*($?") (T is the
Thom isomorphism). One can select spectral values c(«, S) for « € H*(S?") by:

c(a, S) = inf{\ |} (Ta) # 0}.

The gfqi associated to v is unique up to certain explicit operations [18, 20] so
there is a natural normalization (requiring that S(ig*(IN,0)) = 0) that ensures
that the value ¢(«, S) does not depend on the gfqi , so we denote it henceforth
c(a, ). It is a symplectic invariant in the sense that if ® € Symp(R?") then
c(a,® o1 o ®71) = c(a,v). Taking for o generators 1 and p of HY(S??)
and H?"(S?") respectively, we therefore get two spectral invariants c(1, 1)) and
¢(, 1) of Hamiltonian diffeomorphisms, and a spectral norm (1)) := ¢(u, ) —
¢(1,%). These invariants can be used in turn to define symplectic invariants of
subsets of R?". First if U is an open and bounded set:

c(U) = sup{c(u, ¥), ¢ € Ham"(U)}, 2.1)
7(U) = inf{(), ¢ € Ham*(R*"), y(U) NU = 0} 22)
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If V is an open (not necessarily bounded) subset of R?" we define c(V) (resp.
~v(V)) as the supremum of the values of ¢(U) (resp. v(U)) for all open bounded
U contained in V. If X is an arbitrary domain of R?" then we define its capacity
c(X) (resp. (X)) to be the infimum of all the values ¢(V') (resp. v(V)) for all
open V containing X.

Symplectic reduction [20, §5]. Let us first state a general result for the spectral
invariants of the reduction of some Lagrangian submanifolds. The first claim is
proposition 5.1 in [20]. We include a proof for the sake of completeness.

Proposition 2.1. Let N and B be two connected compact oriented manifolds, S
a gfqi for a Lagrangian submanifold in T*(N x B), b a point in B and Sy, :=
S(-,b,-). Let « € H*(N) and up € H*(B) the orientation class of B. Then,

cla®1,8) <cla,S) < cla® pg,S).

Moreover, iff((x,b,f)Nz K(z,8) forall (z,b,§) € Nx BxRN, c(a®1,K) =
clo, K) = cla® g, K).

Proof. Let as before E* := {S < A}, and E} := {S, < A}. Consider the
commutative diagram

H*(N x B) —Ls H*(E>, E~%°) — H*(E*, E-)

| L]

H*(N) —5 H* (B, E; ) —— H*(E}, E; ™)

where the map H*(N x B) — H*(N) is induced by the injection N — N X
{b} — N x B, and coincides with the composition of the projection on H*(N) ®
H(B) and the obvious identification H*(N) @ H°(B) — H*(N). Since the
diagram is commutative, i37'(«) # 0 implies i}7 (v ® 1) # 0, s0 c(a ® 1,5) <
c(a, Sp). To get the second inequality, we need to introduce spectral invari-
ants defined via homology. The Thom isomorphism is now 7' : H,(S*") =
H.(ET>® E~), and

c(A, ) = inf{\ | TA € Im (ix,)}.

The homological and cohomological invariants are related by the equality c¢(«, S) =
—c(PD(ar), —S) [20, Proposition 2.7]. In the homology setting, the commutative
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diagram becomes

H.(N x B) —Ls H,(E®, E=°) <2 H, (B} E~)..

T I

H.(N) —" H (B, E; ™) <2~ H(E}, E; )

As before, if A € H,(N) verifies T(A) € Im (iy.), then T(A ® [b]) € Im (ix.),
soc(A®[b],S) < c(A,Sp) forall A € H,(N) (and all S). Thus,

c(@, Sp) = —¢(PD(), =5p) < —¢(PD(@) @ [b], =) = —¢(PD(a @ pi), —5)

and —c(PD(a ® pp), —S) = c(a ® pup, S) so we get c(a, Sp) < c(a @ ug, S).
Finally, if K (z,b,£) = K (z,§) forall (z,b,§) € N xBxRN then E* = E}x B
soi%(a®pB) = (ita)®pA. This gives c(a®1, K) = c(a@up, K) = ¢(a, K). O

Remark 2.2. To understand the context of the previous statement, notice that
when a Lagrangian submanifold L C T*N x T*B has a gfqi S, and has trans-
verse intersection with a fiber 7N x T B for some b € B, the function Sy is a
g fqi for the reduction Ly of LNT*N x Ty B (which is an immersed Lagrangian
of T*N).

Following [20, §5], we work on R?™ x T*T* ~ R?™ x R* x T* endowed
with coordinates (z,p,q). Let m : R?™ x RF x RF — R?>™ x R*¥ x T* be
the projection and consider a Hamiltonian diffeomorphism ¢ € Ham®(R?*™ x
T*T*) with coordinates (¢, 1, ¥,) generated by Hj. It is easy to see that H; o
generates a lift ) € Ham(R2™ x R* x R¥) such that

iip(zvpvéﬂ) p(z pv) Up(2,p,q)

Va(2,,G+1) = 0:(2,0,0) = ¥:=(2,p,9)  (with (2,p,¢) = 7(2,p,]))
(0

Again, the graph of @Z is a Lagrangian submanifold F(@Z) C R2m x R2k x R?™ x
R?* that under Z becomes a Lagrangian submanifold of T*R?>™ x T*R?* whose
points are denoted by I - (z P, q) equal to

(Z(2,¥2(2,p. ), p—l—l/)péz,p, Q)7 Y ;Z .2 4) ,G—03(2,p, ), ¥p(2,p,0)—p)-
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Now @q(z, p,G+1) = &q(z,p, ¢) + 1 implies that I';; descends to an embedding
Ty : R?™ x RF x TF — T*R?*™ x T*R* x T*T*, given by

p+1/}p Q+wq
2 2

f‘l/)(zvp7Q) = (I(Zawz)) )q_¢q7 wp_p)'
This embedding fw is Hamiltonian isotopic to the zero-section, and coincides
with the zero-section at infinity. As in the classical situation, I'(¢)) := Im Ty, can

be compactified to a Lagrangian submanifold
Lw C T*(S2m « Sk % Tk),

which is Hamiltonian isotopic to the zero-section, and coincides with the zero-
section on a neighbourhood of { N} x S* x T* and of S?™ x {N} x T*. After
normalization (by S(igl(N ,IN,0,0)) = 0), the gfqi of Ly provides spectral
invariants c(a ® B ® 7,1) for « € H*(S*™), B € H*(S*) and v € H*(T*).
As in (2.1), these invariants can be used to define c(a ® 8 ® v, X), for subsets
X C R?™ x T*T*.

Proposition 2.3. If X is a compact subset of R*™ then
(X)<e(p@pu®l,X x {0} xTF).

Proof: Let U be a bounded neighbourhood of X, ¢ € Ham“({/). By compactness
of X and by definition of the spectral capacities c, it is enough to find, for any
neighbourhood V of 0 in R¥, a ¥ € Ham®(U x V x T*¥) such that c(u, ¢) <
c(p@pel,v).

Let H : R x R?™ — R be a generator of ¢, and x € C°(V) with x(0) = 1
and %(0) = 0. The Hamiltonian yH of R?™ x R* x T* generates a compactly
supported Hamiltonian diffeomorphism that we will note ¥ = (¢, ¥, ¢). It is
easy to see that

U(z,p,q) = (V=(2,p),p,q + C(2,p))
with C(z,p) = 01 g—;f(p)H(t, z)dt, and that C'(z,0) = 0 and ¢,(z,0) = ¢(2).
The embedding I'y : R?™ x RF x T* — T*R?™ x T*R* x T*T* it thus given
by

F\P(zvpv Q) = (I(Z,¢Z(Z,p)), b, _C(Zap)v Q+ %C(Zap)’ 0)

By definition, when we compactify ImT'y we get Ly which, by the previous
expression, is easily seen to be transverse to 7*S%™ x TyS* x T*T*. Now

f‘\II(Zvovc.I) = (I(z,cp(z)), 0’ 07 q, O)
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so Ly NT*S?™ x ToS* x T*TF = L, x {(0,0)} x Opx and the reduction is
L, x Ope which is also Hamiltonian isotopic to the zero-section. Therefore, by
remark 2.2, if S'is a g fqi for Ly, Spis a gfqi for L, x Opx. On the other hand,
if K is a gfqi for L, then K(z,q,6) = K(2,€) is also a gfqi for L, x Opr.
Moreover, both Sy and K have 0 as the critical value associated to {N} x {q}, so
by uniqueness of gfqi ¢(pn® 1, K) = ¢(u ® 1, Sp). By proposition 2.1,

(i K)=c(p®1,K) =c(up®1,5) < c(pep1,S),

which precisely means that ¢(u, ¢) < c¢(p @ p® 1, ¥). O

The next proposition is a modified version of [20, proposition 5.2]. Since the
proof there is a bit elliptical, (it refers to the proofs of several other propositions
of the same paper) we give more indications in section 2.3 below.

Proposition 2.4. Consider a compact set Z C R*™ x RF x T*, a point w € TF
and the reduction Z,, := (Z N {q = w})/R¥. Then

(p@u®l,2) <y(Zy).

2.2 Non-squeezing and symplectic reduction.

Together, propositions 2.3 and 2.4 provide the non-squeezing statement we are
looking for. Recall that if Z C R?™ and W is a coisotropic subspace of R?" then
the symplectic reduction of Z is defined by Redw (Z) = 7w (Z N W) where
mw : W — W/W¥ is the natural projection.

Theorem 2.5. Let X C R?*™ be a compact set and consider X x R*™™ C
C™ x C" ™ and denote by W := C™ x iR"™ ™. For every compactly supported
Hamiltonian diffeomorphism ) of C" and every t € R we have

c(X) < v(Redw (1 (X x R"™™))).

Proof. Since 1) has compact support, we can view it as a symplectomorphism of
C™ x T*T"™™ ~ R?™ x R"™™ x T"~™_ In this setting X x R™™"™ is seen as
X x {0} x T"~™ and ¢ (X x {0} x T*)q coincides with Redyy (¢(X x R*™™)).
Now applying proposition 2.3, invariance, proposition 2.4 and monotonicity we
get the chain of inequalities:

(X)<e(pop®l, X x {0} xTF) = c(p®@ p @ 1,(X x {0} x TF))
< (X x 0} x T)g) = y(Redy (4(X x R*)).
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Corollary 2.6 (Lagrangian Camel theorem). Let L := S'(r)™ x R*™™ C C™ x
C"=" be a standard Lagrangian tube. Assume that there is a compactly supported
Hamiltonian diffeomorphism ¢ of C" such that ¢ (L)N (C™ xiR"™™) C Z(R) X
iR™™ ™ where Z(R) is a symplectic cylinder of capacity R. Then r < R.

Proof. Theorem 2.5 gives ¢(S*(r)™) < v(Z(R)) = nR? and ¢(S*(r)™) = mr?
by [19, remark 1.5]. L]

2.3 Proof of proposition 2.4.

Let Z C R*™ x R* x T* and Z,, := (Z N {q = w})/R". We need to show that
c(p@pu®l1,2) <v(Zy). Let V.C R?™ be an arbitrary neighbourhood of Z,,,

and
U= (R¥ x RF x TF\ {w}) U (V x RF x TF).

Obviously, Z C U and U,, = V, so by monotonicity of ¢, it is enough to prove
that c(p®@pu®1,U) < v(Uy). Notice moreover that any Hamiltonian diffeomor-
phism of R?™ that displaces V' = U, also displaces its filling Uy = R2™\ F°,
where F° is the unbounded connected component of R?*™\U,,. Thus v(U,,) =
v(Uy), so we may as well assume that R?\U,, is connected and unbounded,
which we do henceforth. Let ¢ € Ham®(U) and ¢ € Ham®(C™) be such that
©(Uy) NU,, = (). We need to prove that

c(p®p®1,9) <v(p).

We know that the Lagrangian submanifold L., in 7 S*™ is isotopic to the zero
section by a Hamiltonian diffeomorphism ® and has a g fqi K : S?™ x R — R,
This diffeomorphism ¢ induces a Hamiltonian diffeomorphism ®:=® xId on
T*S?™ x T*S* that verifies ®(0) = L, x 0 and K (z,y,7) := K(x,7) (defined
on S?™ x Sk x RY) is a g fqi for this submanifold. Now for a gfgi S of Ly, we
have

c(p@u®1, ) = c(u@p®1, S) < c(u®p, Sw) < c(p@p, Sw—K)—c(1®1, —K).

The first inequality above follows from proposition 2.1, while the second one is
the triangle inequality for spectral invariants [20, proposition 3.3] (because (u ®

p)U(1®1) = pu® p). The following lemmas ensure that ¢(p ® i, Sy — K) =

c(p ® p, —K), so (applying proposition 2.1):
c(pop®l,y) < c(u@p, —K)—c(1®1, —K) = c(p, —K)—c(1,—K) = (¢ "),

and v(¢~1) = (o) which gives the desired inequality.
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Consider a Hamiltonian path 1! from the identity to 1 in Ham(U) and a
Hamiltonian path ¥’ of 7*S?™ x T* S* x T*T* such that U*(0) = L. This path
gives rise to a family of gfqi S?, continuous in ¢, that generate L, for all ¢ and
that coincide with a fixed quadratic form () outside a compact set independent of
t [12, 16, 17]. The first lemma ensures that we can further assume S; normalized.

Lemma 2.7. G! := S' — c(p ® 1 ® v, SY) is a continuous family of normalized
generating functions for L. Moreover there exists a family of fiber preserving
diffeomorphisms o; such that G' o @ is a continuous family of normalized g f qi
Jor Lyg.

Proof. To start with, we know that both functions S (p,q,£) = S*(N,p, q,§)
and S (z,¢,&) = S'(z, N, q,€) generate the zero sections so they have just one
critical value. Moreover St(z’g} (N, N,q,0)) is a common critical value so they
are both the same. Using proposition 2.1 we get ¢(1®7, S§) < c(p®1®7, S*) <
c(p®vy,S)soc(p@l®y, St = St(igtl(N, N, q,0)) determines continuously
the critical value at infinity.

For the second part, define ¢; := c(pu ® 1 ® 7, S?) and recall that S equals
Q outside a compact set. Let x : R — [0, 1] be a compactly supported function

with x = 1 in a neighbourhood of 0, and X;(¢) := (1 — X(g))ct%, seen
as an autonomous vector field (¢ is not the parameter of integration). This vector

field X, is well-defined and complete because () is non-degenerate, so ¢; := CI%Q
is well-defined. Moreover, if ¢ lies far away in RY, P’ (£) remains on the set
{1 —x =1} forallr € [0,1], 50 Q 0 D% (§) = Q(§) + rcy. As a consequence,
(Q —ct) oy = @ outside a compact set, so Gy o ¢y := Gi(2,p, q, d+(§)) isagfqi
for L. Since moreover G is normalized, so is G o ¢;. Finally, the family ¢, is
obviously continuous in the ¢ variable. O

Lemma 2.8. Let St be a continuous family of normalized g f qi for the Lagrangian
Lyt Then c(p @ p, St — K) is a critical value of —K and as a consequence

c(p® p, Sw — K) = c(p @ p, —K).
Proof. Recall that points in L, are of the form

- P+ q + v
Fwt(zvpaq) = (I(Z,lbi), 9 p7q_¢¢tp 9 q?lb;)_p)

plus other points on the zero section that come from compactifying. Moreover,
the functions S’ formally generate the sets of points

P+
T2

q+vy

(I(z, Pl ,q — 1/12) for points (z, p, q) that verify 5 w,
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plus other points in the zero section. This set is denoted henceforth Lf, . Recall that
the notation S, — K stands for the function (z, p, &, 1) — St(z,p, w, &) —K(z,1).
It is enough to prove that all critical points (z,p, &, n) of St — K are such that
(z,m) is a critical point of — K, while (z,p, ) is a critical point of S!, with critical
value 0. Letting = := (z, p), such a critical point verifies

oSt 0K oSt 0K
—2=—— and —X=—=0,
dr Oz oE Iy

S0 it is associated to an intersection point of L!, and L, x 0 in the fiber of (z, p).
This intersection point therefore verifies:

q+¥ _
Y

or will be on the zero section coming from critical points of S* at infinity. We
claim that such a point of intersection must lie on Z(U,, X Uy,)¢ X T*S* . Indeed,
if Z(Uy x Uy) x T*S* N (L, x 0) # 0, then @~ Y(Z(U,, x Uy,)) N0 # 0.
But @ 1(Z(Uy, x Uy)) = Z(p 1} (Uy) x U,) does not intersect the zero section
because ¢ displaces U,,. This in turn implies that the intersection point is on the
zero section: if a point of Lf, isin Z(U,, x Uy, )¢ x T*S¥, (2,1%) € (Uy x Uy)¢ s0
z ¢ Uy or 9% ¢ Uy. In both cases, ¢'(z, p,w) = (z,p, w) because ¢ = 1, = w,
and +" has support in U, which intersects {¢ = w} along U,, x R¥. Thus, the
point fwt (z,p,w) is on the zero section, (z,p, w, &) is indeed a critical point of

q—l/)ézo and w (soqzlbé:w),

S; and as a consequence (z,7) is a critical point of — K. In addition (z, p, w) is
in U€ because z ¢ U,,.

Now we prove that all the points in U€ have critical value 0. Since Supp ¢; €
U and U° is connected, there is an open connected set W that contains U¢ and
that does not intersect Supp ¢/ (for all £). Then Oy C Ly soif 7 : W — L, is the
inclusion on the zero section, f := ig} o0j: W — Ygt is an embedding into the
set of critical points. The open set W is connected so S? o f is constant and all
the points in W have the same critical value. The fact that S* is normalized now
implies that this value is zero.

Finally, Sard’s theorem ensures that the set of critical values of —K has mea-
sure zero, so it is totally disconnected. By continuity of the invariants, c(p ®

p, St — K) is therefore constant, so c(u @ p, —K) = c(p ® p, St — K). O

2.4 Lipschitz setting

We proceed with the proof of Theorem 1.3. We will reduce the Lipschitz case to
the compactly supported case and then use Theorem 2.5 to conclude.
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Proof of Theorem 1.3. Let Hg be a Lipschitz Hamiltonian function, then there is
an A > 0 such that |[VH(z)| < A for every (s, z) € [0,t] x R?". Denote by v
the Hamiltonian flow at time ¢ associated to H. First, an easy computation using
the integral equation verified by the trajectories 1;(z) for z € R?" yields both

[i(2) — 2[ < [t|A and  |oy(2)] < 2] + [t]A.

Let X be a compact set of R contained in the ball of radius r centered at the
origin and suppose that z € R?" verifies for a fixed ¢t € R

z€ X xR"™™ and 4(z) € C™ x R ™.

For such a z we will call ¢[o,t](z) a camel trajectory. Denote 7" the natural
projection on R~ of coordinates (¢;+1, - - -, ¢n). Using the fact the 771/, (2) =
0 we find

2| < [mlfz] =7+ mE (Yu(z) = 2)] <7+ 1A,

$0 [1h5(2)| < 7+ 2|t|A for all s € [0,t]. We see that all the camel trajectories are
contained in the ball centered at the origin of radius r + 2|t|A. We now build
a compactly supported Hamiltonian diffeomorphism that coincides with ¢ in
B(0, R) (for some R > r+2|t|A) and whose camel trajectories are also contained
in this ball. The conclusion will then follow by Theorem 2.5. Let x : R — R be
a smooth function with values on [0, 1] that equals 1 over the interval [0, R], van-
ishes over [2R, +oo[ and such that |y/| < 2/R and define G¢(z) = x(|z|)Hi(2)
(the value of R will be chosen later). It is a compactly supported function that gen-
erates a Hamiltonian diffeomorphism ¢,. Since we may suppose that H4(0) = 0
for all s we have |H4(z)| < A|z| for (s, z) € [0,t] x R. This gives

z
2|
The same argument that we used with ), tells us that all the camel trajectories of

¢ are contained in the ball of radius r + 10|¢t|A. Choose any R > r + 10[¢|A to
define x and the theorem follows. O

VG (=) = X (12]) 2 Holz) + X2 VHy(2)] < = A2R + A = 54

Proposition 2.9. Ler H; be a Hamiltonian such that |V Hy(z)| < A+ B|z|. Then
its flow 1 verifies the Coisotropic Camel property for |t| < 1571732'

Proof. By considering the Hamiltonian H;/B we may suppose B = 1. Using
Gronwall’s lemma we get the inequalities

[r(2)] < e'(jz] + A) = A and  [ihi(2) — 2] < (¢ = 1)(J2] + A).
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The camel points verify |z| < r+(ef —1)|z|+ (el —1) A so these inequalities allow
us to bound the trajectories if e! < 2 soif t < In2. Now if we consider the same
Hamiltonian G as in the previous proof we get that |VG;| < 5|z| + 5A so by the
previous argument (with B = 5) if ¢t < lnTz we can bound the camel trajectories
by a constant independent of R. For R big enough the camel trajectories of H and
G are contained in a set where the flows coincide, so they have the same camel

trajectories and we may conclude by theorem 2.5. O

The time bound in Proposition 2.9 is not optimal and one may get a better one
modifying the bound for |x’|, but this bound cannot be extended much more since
the statement fails for bigger ¢ (see Remark 1.2).

3 Hamiltonian PDEs

Let F be a real Hilbert space. A (strong) symplectic form on a real Hilbert space
is a continuous 2-form w : £ X E — R which is non-degenerate in the sense that
the associated linear mapping

Q:FE— E* definedby &~ w(&,-)

is an isomorphism. Let H : ¥ — R be a smooth Hamiltonian function. In
the same way as in the finite dimensional case one can define the vector field
Xp(u) = Q Y(dH (u)) and consider the ODE

= XH(U)

The situation encountered in examples is however a little bit different. In most
cases the Hamiltonian H is not defined on the whole space E but only on a dense
Hilbert subspace Dy (E) C E. This raises the question of what a solution is and
how to construct it.

3.1 Semilinear Hamiltonian equations

Denote by (-, -) the scalar product of E. Consider an anti-self-adjoint isomor-
phism .J : E — E and supply E with the strong symplectic structure

UJ(', ) = <j7 >
Denote J = (J)~! which is also an anti-self-adjoint isomorphism of E. Take a

possibly unbounded linear operator A with dense domain such that .J A generates
a C group of (symplectic) transformations

{4t e R} with e p < MM
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and consider the Hamiltonian function
1
Hi(u) = §<AU7U> + he(u),

where h : E X R — R is smooth. The corresponding Hamiltonian equation has
the form
U= Xpg(u) =JAu+ JVh(u).

In this case the domain of definition of the Hamiltonian vector field is the same as
the domain D(A) of A which is a dense subspace of E. This implies that classical
solutions can only be defined on D(A). More precisely by a classical solution we
mean a function « : [0, T[— E continuous on [0, T'[, continuously differentiable
on |0, T[, with u(t) € D(A) for 0 < ¢t < T and such that the equation is satisfied
on [0,T[. Nevertheless the boundedness of the exponential allows us to define
solutions in the whole space E via Duhamel’s formula:

Definition 3.1. A continuous curve u(t) € C([0,T]; E) is a (mild) solution of the
Hamiltonian equation in E with initial condition u(0) = wg if for0 < ¢ < T,

t
u(t) = e’ ug —|—/ et =)TA TV h (u(s))ds.
0

One can easily verify that if u(¢) is a classical solution, then it is also a mild
solution. For semilinear equations we know (see for example [13]) that if VA is
locally Lipschitz continuous, then for each initial condition there exists a unique
solution which is defined until blow-up time. If moreover Vi is continuously
differentiable then the solutions with ug € D(A) are classical solutions of the
initial value problem. Locally we get a smooth flow map ®; : O C EF — E
defined on an open set O. If every solution satisfies an a priory estimate

[u(®)lz < g(t,u(0)) < oo

where g is a continuous function on R x F, then all flow maps &; : £ — E
are well defined and smooth. This is the case for example if [|[Vhi(u)||g < C.
Remark that the choice of the linear map A is arbitrary. Indeed if JA gener-
ates a continuous group of transformations and B is a bounded linear operator
then J(A + B) is an infinitesimal generator of a group e!”/ (A+B) on E satisfying
|t/ (A+B)|| g < MeN+MIBII One can then consider the linear part J(A 4 B)
and set JVh; — JB as the nonlinear part. This indeterminacy is only apparent:
classical solutions verify Duhamel’s formula for JA and J(A + B) so both flow
maps coincide over the dense subspace D(A) which by continuity implies that the
two flows are equal.
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3.2 Nonlinear string equation

Consider the periodic nonlinear string equation
U= Ugy — f(t,x,u), u = u(t,x),

where z € T = R/27Z and f is a smooth function which is bounded over
compact time intervals and has at most a polynomial growth in u, as well as its
u— and t—derivatives:

o* o

%%f(t,m,u) < Cp(1+[u))Me,  for for a+b=Fk andall k>0,

with My = 0, C}, are positive constants bounded for bounded ¢ and nonnegative
Mjp.’s are t independent. We now describe the Hamiltonian structure of this equa-
tion. Denote by B the operator B = (—92/dxz% 4 1)'/2 and remark that we may
write the equation in the form

1 = —Bwv,
= (B - B Yu+ Bl f(t,z,u).

Define £ = H? (T) x H 2 (T) as the product of Hilbert spaces where the scalar
product of H > (T) is given by

1

2m
(uy,ug) = 27r/0 Buy (z)uz(z)dx.

If we define the function

2m u
ht(u,v):—;ﬂ/o F(t,z,u(z))dx, F:/o fdu.

we get
Vhi(u,v) = (B f(t,z,u(z)),0).

The gradient verifies ||Vh:||g < Cj over the compact time interval associated to
Cy. The polynomial growth condition on f guarantees that there exists a 0 < 6 <
1/2 such that VA has a C! extension to H%_G(']I‘) X H%_G(T). Moreover this
implies that VA is locally Lipschitz in £ over compact time intervals (see [9] for
details). A special case where such properties can be verified is f (¢, x,u) = sinu
which corresponds to the Sine-Gordon equation. In this case ||Vh:|| < 1 and the
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gradient is globally Lipschitz since sin : L? — L? is Lipschitzand B! : L? —
H is continuous so for U,V E HY/?

B~ sinu — B~ sinwl| iz < [Jsinu — sinv|| 2 < [Ju—v||2< [Ju — v|| g2

Moreover sin : L? — L? is smooth so VA is smooth and has a smooth Lipschitz
extension VA to L2. These properties will be useful when constructing the finite
dimensional approximation. Now putting A = (B — B~!) x B and defining
J : E — Eby J(u,v) = (—v,u) we can write the nonlinear string equation as
the semilinear PDE:

(@, ) = JA(u,v) + JVhi(u,v).
Consider the symplectic Hilbert basis {@f | j € Z} where

1

m(@ —p;j(z)),

1
+ —
VAR :
with
(@) V2sinjz, j >0,
() =
7 V2cosjz, j<0.

In this basis we have (B x B)gp}IE =i+ 1(p?E so if we denote \; = /j2 + 1
we get that
1 _ _
Apl = (N — /\7)90? and  Ap; = Xjp; .

Now remark that J A has eigenvalues {=i, /)\32. — 1 = 4ij}. If we calculate e/4

we get that its action on each symplectic plane cpj'R @ ¢; Ris given by the matrix

Vit+l

costj — 5 sintj
J
J2+1

sintj costj

which gets closer and closer to a rotation as j goes to infinity. In particular we get
a bounded group of symplectic linear maps. We conclude that for all £ € R the
time ¢ map of the flow of the nonlinear string equation ®; : £ — F is defined on
the whole space E.
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3.3 Finite dimensional approximation

In this subsection we will follow [9] for the particular case of the nonlinear string
equation. We include the proofs for completeness. Recall that the Hilbert basis of
E is {4,03E | j € Z} and denote E,, the vector space generated by {go?E |17 < n}.
It is a real vector space isomorphic to R?"*2, Let E™ be the Hilbert space with
basis {gpji ||j| > n} sothat E = E, & E™ and write u = (uy, u") for an element
u € F. The fact that J and A preserve F,, for all n will allow us to define the finite
dimensional approximations just by projecting the vector field. LetII,, : £ — E,
be the natural projection and consider the Hamiltonian function

1
H,(u) = §<Au,u> + hp(u) where  hy,(u) := hy(IL,(w)).
The Hamiltonian equation now becomes
= Xg, (u) = JAu + JVhy(u),

where Vhy,(u) = II,,(Vh(I1,,(u))). Since Vh,, continues to be locally Lipschitz
and bounded, Xy, generates a global flow ®!. This flow can be decomposed as
®t = 4 o VI with Vi(u) = (¢f,(un),u™). Here ¢, is a finite dimensional
Hamiltonian flow on E,, generated by the time dependent function h,, o e'/4. We
remark that this function has a bounded gradient so ¢!, verifies Theorem 1.3 for
every t € R. The key point of the approximation is the following lemma which is
a slight modification of a lemma in [9, appendix 2]:

Lemma 3.2. Denote Fy = H%_Q(T) X H%_G(T) and let K be a compact subset
of Fyp. Let g : R x Fy — E be a continuous map and fix a T > 0. Then

sup 1g¢(w) — g¢(pu)||E
(t,u)e[-T,T|x K

converges to zero as n goes to infinity. Moreover, for every R > 0 there exists a
decreasing function eg : N — R such that eg(n) — 0 as n — oo and

IVhi(u) = Vhn(u)||le < er(n)
foreveryu € B(0,R) and |t| < T.

Proof. By contradiction suppose that there is a sequence {(sp, z,)} C [T, T] X
K such that ||gs, (2n) — s, In2n)||g > 6 > 0 for every n € N. By compactness
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we may suppose that there is a converging subsequence (s, , 2n, ) — (S, 2). This
sequence will also verify I, z,, — z. We have

1950y, (Zri) =G, My 2 )| < N1 g50,, (20) =95 (2| £ 195 (2) =G50, Wi 20 ) 2

and the quantity of the rhs converges to zero as nj goes to infinity by continuity
of g. In particular, for ny big enough we get ||gs,,, (2n,) — gs,, Un, 20, )2 <0,
a contradiction.

For the second claim recall that V h; has an extension to Fy for § small enough
(see [9]). Denote by Vﬁt the extension and let ¢+ : £ — Fy be the compact
inclusion so that Vhy(u) = Vhs(i(u)). Recall that Vh,(u) = IL, Vi (1T, (u)).
We have

IVhi(u)=Vhn(u)l| g < [Vhi(u) =TV i (u) | 2+ VA (0) =11 Vi (T u)| 2

< Vhe(i(w) = M Vhe(i(w)|| 5 + [V he(i(w) = Vhe(Ti(u)) |-

For every R > 0 the sets < Vh(i(Bg(0,R))) and i(Bg(0, R))) are pre-
compact in £ = Fj and Fj respectively, so we may take the sup in Bg(0, R) and
|t| < T and apply the first part of the lemma to conclude. O

Now we have all the tools we need for the finite dimensional approximation.

Proposition 3.3 ([9]). Fixat € R. For each R > 0 and € > 0 there exists an N
such that if n > N then

IV (w) = Vi) < e
forallu € B(0, R).

Proof. Duhamel’s formula and the fact that that '/ is a bounded operator give

IV (w) = Va()lle < C/O IVhs(@°(u)) = Vhn (5 (w)) || pds <

SC/ !Vhs(q’s(U))—Vhs(@Z(U))!Ed8+0/ [Vhs (®7,(w)) =V hn (97, (u)) || 2ds.
0 0

If uw € Bg(0,R) and s € [0,¢] then || Vh| g bounded implies that for all n € N
the element @2 (u) wont leave a ball of radius R'(R,t). We can now use Lemma
3.2 and the fact that VA is locally Lipschitz to get

V() - Vi)l < © / IV () = V()| mds + Cte(n).
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By Gronwall’s lemma we conclude that
IV (w) = Va()lle < e(n)C(t)

where C(t) depends continuously on ¢. The function €(n) is decreasing and con-
verges to zero so there exists an N € N such that if n > N then e(n)C(t) < €
which gives the result. O

3.4 Coisotropic Camel

We now move towards the proof of Theorem 1.4. Recall that to state Theorem 1.3
we had to divide the simplectic phase space into two Lagrangian subspaces that
determine the coisotropic subspaces that we work with. In the infinite dimensional
casewehave F = F, & F_ = H 3 x H? where Ey (resp. E_) is generated
by {go;r |j € Z} (resp. {¢; |j € Z}). Moreover denote Ej, (resp. E* and EF)
the Hilbert subspace generated by {gpji |1j] < k} (resp. {cp;r [lj| > k+ 1} and
{¢; [lil = k+1}) and 1Ty : E — Ej (resp. I1% and II*) the corresponding
projection. First, lets state the infinite dimensional version of Theorem 1.3.

Proposition 3.4. Fixa k > 1 and let X be a compact set contained in Ey. Define
C ={ue E|luc X and I1* v = 0}.
Then for every t € R we have
c(X) < 4(IE(VH(C) N {TTE = 0})).

This is not a statement about the actual flow of the nonlinear string equation.
Nevertheless using the fact that e!’4 restricts to a symplectic isomorphism on
each E,, we get Theorem 1.4:

Proof of Theorem 1.4. We always have the inclusion I, (V*(C) N {II% = 0}) C
I1,V*(C) so by Proposition 3.4 and monotonicity of the symplectic capacity v we
have

c(X) < y(I(VH(C) n{IT} = 0})) < +(ILVH(C)).

The linear operator e*/4 restricts to a symplectic isomorphism on each E,, which
commutes with II; and the capacity - is invariant under symplectic transforma-

tions so
YILVHCO)) = (e ¥ HMIe"AVEHC)) = 4(IT2H(O)).

which gives the desired result. 0
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The proof of proposition 3.4 relies on the finite dimensional result and it is
the finite dimensional approximation of the flow that allows us to go from finite
to infinite dimensions. For these reasons we start with the following lemma:

Lemma 3.5. 1. Fixak > 1andlet X be a compact set contained in Ey. Then
foreveryt € Randn > k we have ¢(X) < v(II;(VL(C) N {IIk = 0})).

2. The set Up{u € C |IIX Vlu = 0} C E is bounded by a constant R(t).
3. The set {u € C'|II* Vtu = 0} is compact and so is V(C) N {II%. = 0}.

Proof. Recall that Viu = (¢ (uy),u™) where ¢! is a finite dimensional flow
generated by a Lipschitz Hamiltonian function so it verifies Theorem 1.3. An
easy computation shows that V! verifies the statement if and only if ¢!, verifies
Theorem 1.3 on FE,.

For the second claim let u € E and decompose its norm as ||u|| < ||[TIzu|| +
|| TI% w||+||TI% w||. If u € C then by definition IT;u belongs to X which is compact
contained in a ball of a certain radius r and 1T u = 0 so |Ju|| < r + [|[TIXul]. Tt
is then enough to show that IT¥ V!u = 0 implies ||II% u| < ¢(t). Duhamel’s for-
mula and the fact that and sup ¢ (0,0 x 5l Vi (W) < sup( w0 el VA(W]
is bounded imply that ||V!u — u|| < c(t) where c(t) does not depend on n. We
get that ||T1% u|| = ||[TT% Viiu — IT% u| < ||Vifu — ul| < c(t) and the result follows
with R(t) = r + ¢(¢).

For the third claim we start by using the same argument as before to prove that
{u € C|IIX V'u = 0} is bounded. Now let {z,} C E be a sequence such that

gz, € X, H]izn =0, and Hinzn =0 foralln € N.

We claim that {z,} has a convergent subsequence. First remark that, by the
decomposition of Vy in Ex @ EV, for every u € E and N € N we have
vy V]@u = TINVu. Moreover, by definition of z,, if N > k then Mz, =0
and ITY V2, = 0. For N > k we have

T 20| = T 2 | = (T Viozn | = (T Vizn =TV za|| < [Vizn—Vzall.

Now {2z} is a bounded sequence so we can apply proposition 3.3 and for every
€ > 0 there exists a No(e) € N such that if N > Ny then ||V}, z, — Viz,|| <.
By the previous inequalities this implies that for N > Ny we have ||TIV z,|| <
€. On the other hand, {z,}, bounded implies that it has a weakly converging
subsequence (still denoted by {z,, } for simplicity) that converges when projected



Coisotropic Camel 27

onto any finite dimensional subspace E5. We conclude that for any § > 0, with
e=0/3and N > Ny(e), if p, ¢ € N are big enough we have

N N
|2p = 2qll < Mnzp — Mvzg|l + [TV 2 || + [TV 24| <6

which implies that z,, is a Cauchy sequence.
O

Proof of Proposition 3.4. Let V. be the open e neighbourhood of IT;(V¢(C) N
{TII* = 0}). We will show that for each ¢ > 0 there exists an n € N such
that IT;(V;E(C) N {ITIX. = 0}) C V.. Once this is proven, Lemma 3.5 part 1
and monotonicity of the capacity v imply that ¢(X) < (V) for every € > 0 so
c(X) < lime_,0v(V.). We then use that IT(V(C) N {IT¥ = 0}) is compact by
Lemma 3.5 part 3 to conclude that lime_,o v(Ve) = v(II(V{(C) N {ITIX. = 0}))
which is the desired result.

The proof is by contradiction. Suppose that there exist an ¢y > 0 and a se-
quence {z,} C E such that for all n € N

Mz, € X, TFz, =0, T"Viz, =0 and d(I1Vz,, Vo) > €.

We claim that {z, } has a convergent subsequence. We use the same argument as
in Lemma 3.5 part 3. For N > k we have

Y 20| = T 2 | = (T Viezn || = (T Vizn —TE Vizal| < [Vizn—Viizall.

By Lemma 3.5 part 2 we know that z, is a bounded sequence so we can apply
Proposition 3.3 and for every § > 0 there exists a No(9) € N such thatif n, N >
Ny then ||V 2z, — Viiz,|| < 6. By the previous inequalities this implies that for
n, N > Ny we have ||TI"V z,,|| < §. On the other hand, {z,,} bounded implies that
it has a weakly converging subsequence (still denoted by {z,} for simplicity) that
converges when projected onto any finite dimensional subspace E. We conclude
that for any 6 > 0, with e = §/3 and N > Ny(e), if p, ¢ > Ny are big enough we
have
120 = 2|l < [Mnzp — Tz + [T 2| + TV 24 < 6

which implies that z;, is a Cauchy sequence. Denote z its limit in £. The set X is
closed so IT;z € X and II¥ is continuous so IT¥ z = 0. This means that z is an
element of C'. Moreover remark that

V2 = Viznll < 1V:2 = Vi + V20 — Vizall
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so by continuity of V! and again proposition 3.3 we get that V!z, converges to
V'z in E. Using the hypothesis IT% V2, = 0 we find that I[I¥ V2 = 0 which
allows us to conclude that II,V*z belongs to V. This contradicts the fact that
d(I1xVitzn, Vo) > €9 > 0 for all n € N achieving the proof of the theorem. O
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A Some calculations of symplectic capacities
By definition we know that for every symplectic capacity ¢ we have
¢(B?") = mr? = ¢(B? x R*"?%)

The reader interested in the proof of this equality for the two different symplectic
capacities ¢ and ~y that were defined in [20] may look, for example, at [1]. We are
interested in the value of Viterbo’s capacities on coisotropic spaces R2¥ x R~ C
Ck x C** with n # k. Recall that ¢ and ~ are first defined on open bounded sets
U, then if V' is open and unbounded subsets then ¢(V') is defined as the supremum
of the values of ¢(U) for all open bounded U contained in V' and finally if X is
an arbitrary domain of R?" then ¢(X) is the infimum of all the values c(V') for all
open V containing X.

Proposition A.1. Consider the coisotropic subspace R** x R*~% C Ck x C"=F
with 0 < k < n. We have

c(R** x R"7*) = 0 = y(R* x R"%).

Proof. First remark that for every A # 0 we have \- (R2¥ x R"~F) = R?* x Rn—F
so by homogeneity of symplectic capacities we deduce that any capacity is either
0 or 400 on coisotropic subspaces. Since we have the inequality c(R?* x R"~*) <
7(R%k x R™F) it is enough to prove that v(R?* x R"¥) < 4-00. By definition

Y(R%* x R*™*) = inf{(V)|V isopenand R?** xR"*CV},

so it is enough to find an open set V containing R?* x R"~* with finite v value.
Recall moreover that for a bounded open set we have

¥(U) = inf{~(¢), ¢ € Ham*(R*"), »(U) N U = 0}
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In order to find the open set with finite displacement energy we will use [20,
Proposition 4.14] which states the following: for a C? compactly supported Hamil-
tonian H : [0,1] x R?" — R that generates a flow 1)1 we have y(1/1) < || H||co.

Find a smooth function f : R — R with values on ]0,1[ and f/(s) > 0 for
every s € R. Define the open set

V= {(Chapla .. yCImpn) € R?"  such that |pn| < f/(Qn)}

By hypothesis k < n so R?* x R"* C V. We claim that (V') < +oo. For this
we will consider the bounded Hamiltonian H (¢, p) = —2f(q,,) which generates
the flow

¢t(Q7p) = (thla <3 Qny Pn T t2f/(Qn))'

If (¢,p) € V then

[P + 21 (an)| = 2f"(qn) — [pn| > f'(an)

which implies that ¢1 (V) NV = (. Let U be an open bounded set contained
in V, we have ¢;(U) N U = (). Find a compactly supported smooth function
x : R?™ — R with values on [0, 1] and constant equal to 1 on a neighbourhood of
Utepo,1) ¥¢(U). Then x H verifies [[xH ||co < || H|co and by construction its flow
still displaces the open set U. We conclude by [20, Proposition 4.14] that v(U) <
||H||co. Since the bound does not depend on U this implies that (V) < || H]|co
which finally gives

V(R % R") < || Hloo < +o00

concluding the proof. d

B A Hamiltonian subgroup of the group of symplectic
diffeomorphisms

In this section we exhibit a subgroup of Sympl(R?") which is strictly bigger
than the group of compactly supported Hamiltonian diffeomorphisms and whose
elements are generated by Lipschitz functions.

Proposition B.1. Denote Ham® (R?™) the set of Hamiltonian diffeomorphisms
o such that Hy, of! and (p1)~1 are all Lipschitz in space over compact time in-
tervals. Then Ham (R?") is a subgroup of Sympl(R?"). Moreover Ham®" (R?™)
is strictly bigger than the group of compactly supported Hamiltonian diffeomor-
phisms.
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Remark B.2. The superscript d on Ham®(R?") stands for double Lipschitz
condition.

Proof. First recall the following formulas:

H#K _
il ol =g ™ and (o) = of!,
where
H#K(t,2) = H(t,2) + K(t. (¢") 7' (2)),
‘H(tv Z) = _H(ta th{—l(z))
The identity is clearly in Ham®*(R?") and it is an easy exercise to use these
formulas to prove that Ham?"(R?") has a group structure. For the second state-
ment, consider a Lipschitz autonomous Hamiltonian H with Lipschitz gradient

and use Gronwall’s lemma to prove that gpff (and therefore (cpfl — golft) is
Lipschitz. O
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