EXCEPTIONAL ISOGENIES BETWEEN REDUCTIONS
OF PAIRS OF ELLIPTIC CURVES

FRANCOIS CHARLES

Abstract

Let E and E’ be two elliptic curves over a number field. We prove that the reduc-
tions of E and E’ at a finite place p are geometrically isogenous for infinitely many
p, and we draw consequences for the existence of supersingular primes. This result is
an analogue for distributions of Frobenius traces of known results on the density of
Noether—Lefschetz loci in Hodge theory. The proof relies on dynamical properties of
the Hecke correspondences on the modular curve.

1. Introduction

The goal of this article is to prove the following theorem. Say that two elliptic curves
over a field k are geometrically isogenous if they are isogenous over an algebraic
closure of k.

THEOREM 1.1

Let k be a number field, and let E and E' be two elliptic curves over k. Then there
exist infinitely many finite places p of k such that the reductions E, and E ; of E and
E’ modulo p are geometrically isogenous.

If k is the function field of a curve over a finite field and E, E’ are both non-
isotrivial elliptic curves, then the analogous result is proved in [7, Proposition 7.3]—
the situation there is quite different due to the existence of the Frobenius morphism
on the base. Using Faltings’s isogeny theorem (see [16]) and the Cebotarev density
theorem, it is possible to show that if E and E’ are not themselves geometrically
isogenous, then—after replacing k by a finite extension—the density of such primes
p is zero.

The above result is an arithmetic analogue of the following Hodge-theoretic the-
orem due independently to [29, Proposition 17.20] and [25] (see also [5]). If H is a
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Hodge structure of weight 2, then let p(H) be the Picard number of H, that is, the
rank of the group of Hodge classes—integral classes of type (1,1)—in H.

Let A be the unit disk in C, and let H be a nontrivial variation of Hodge structures
of weight 2 over A with Hodge number 4#%:% = 1. Let M be the minimal value of the
integers p(Hy) for s in A. Then the Noether—Lefschetz locus

NL(H):={s € A,p(Hs) > M}

is dense in A. Note, however, that p(Hs) = M if s is very general in A.

In the arithmetic setting, A is replaced by a suitable open subset of the spec-
trum of the ring of integers in a number field k. In that setting, variations of Hodge
structures are replaced by representations of the absolute Galois group Gy of k, and
the Noether—Lefschetz locus is replaced by the set of primes at which some power
of the Frobenius has invariants which do not have a finite orbit under the whole
group Gy. Theorem 1.1 then deals with the Galois representation Hom(H ' (Ex, Zy),
H I(EI’(_, Zy)). Indeed, by a theorem of Deuring [13], the reductions of E and E’ at
a prime p are geometrically isogenous if and only if some power of the Frobenius at
p fixes a nonzero element of Hom(H ! (Ex.Z¢), H 1 (E]’(_, Zy)). Since we do not know
of an analogue of the Hodge-theoretic argument in this setting, let us offer a different
heuristic for Theorem 1.1.

Assume for simplicity that k is the field Q of rational numbers and that F
does not have complex multiplication. Then the Sato—Tate conjecture (now a theo-
rem proved in [4], [8], [21], [28] over totally real fields; see also [2], [3] for related
developments) predicts that as p varies among the prime numbers, the traces 7, of the
Frobenius at p are roughly equidistributed between —2.,/p and 2,,/p. Assume that the
same holds for the traces t; associated to E’, and that £ and E’ are not geometrically
isogenous. Then one might expect (see [20] for the case of totally real fields) that the
distributions of the 7, and ¢ ;, are independent, so that the probability that 7, is equal
to t;, is of the order of ﬁ. By Tate’s isogeny theorem [27], f,, and t;, are equal if and

only if the reductions of E and E’ modulo p are isogenous. Since the sum over all
1

prime numbers p of the 7 diverges, it might be expected that there exist infinitely
many primes p such that the reduction of E and E’ modulo p are isogenous.

It seems very difficult to turn the heuristic we just described into a proof. While
our proof of Theorem 1.1 can likely be made effective, the lower bounds on the num-
ber of p satisfying the conclusion is very far from the bounds that could be expected
from the discussion above. The techniques we use here are much easier than the ones
used in the aforementioned proof of the Sato—Tate conjecture. However, we empha-
size that Theorem 1.1 does not entail any assumption on the base field nor on the
existence of places of multiplicative reduction for E or E’.
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Theorem 1.1 has consequences for the reduction modulo different primes of a
single elliptic curve.

COROLLARY 1.2

Let k be a number field, and let E be an elliptic curve over k. Then at least one of the

following statements holds.

(1) There exist infinitely many places p of k such that E has supersingular reduc-
tion at p.

2) For any imaginary quadratic number field K, there exist infinitely many places
p of k such that the reduction of E modulo p acquires complex multiplication
by K after a finite extension of the ground field.

Recall that an elliptic curve over a finite field either has complex multiplication
by a quadratic imaginary field or is supersingular. A folklore expectation, related to
the Lang—Trotter conjecture (see [23]), is that both statements of the corollary above
should hold unless E has complex multiplication. The existence of infinitely many
supersingular primes has been addressed by Elkies [15], who managed to prove that
statement (1) is always true when k admits a real place. Very little seems to be known
about (2) or the general case of (1).

Our proof of Theorem 1.1 relies on the Arakelov geometry of the moduli space
of elliptic curves. The basic strategy is very simple: given a positive integer N, the
set of finite places p of k such that the reductions E, and E;J of E and E’ modulo p
are related—after some base field extension—by a cyclic isogeny of degree N can be
expressed as the image in Spec Z of the intersection of an arithmetic curve in IP% X IP’%
with the graph of a Hecke correspondence ¢y . We need to show that we can obtain
infinitely many places this way as we let N vary.

Instead of the set-theoretic intersection, we can consider the intersection number
in the sense of Arakelov geometry. Knowing the height of the modular curves by work
of Cohen [10] and Autissier [ 1] makes it possible to show that the order of magnitude
of this intersection number is N log N, assuming that N has few prime factors for
simplicity. This reduces the proof of the theorem to bounding the local intersection
numbers at all places of k—finite or infinite. This turns out to be, in various forms, a
manifestation of the ergodicity of Hecke correspondences as proved in [9], though it
does not seem to follow directly from it.

As this sketch might suggest, our method of proof is related to the techniques of
Gross and Zagier in their celebrated result (see [19]). Instead of computing intersec-
tions of Hecke orbits for Heegner points, we are giving estimates for similar inter-
section numbers at arbitrary points of the modular curve. Our task is made much
simpler technically by the fact that we do not need to prove exact formulas for inter-
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section numbers on modular curves. As will be apparent in the article, our proof of
Theorem 1.1 should generalize to similar statements regarding the behavior of Hecke
correspondences on Shimura curves.

Our article has the following organization. Section 2 is devoted to setting up
notation and proving some basic—and certainly well-known—Ilemmas. In Section 3,
we show how Corollary 1.2 can be deduced from the main theorem, and we reduce
the main theorem to local statements. Sections 4 and 5 are devoted to the proofs of
these local statements.

2. Notation and preliminary results

2.1. Notation

Let X(1) be the coarse moduli scheme of generalized elliptic curves as defined in
[12]. It is a smooth arithmetic surface over Spec Z. The modular invariant j provides
an isomorphism

jiX1)—P.

Let H be the Poincaré half-plane, and let H be the union of H with the set of cusps
Q U {oco}. There is a canonical isomorphism between the Riemann surfaces X(1)¢
and H/T'(1). We will denote by 7 the standard coordinate on H. Let N be a positive
integer, and let Xo(/NV) be the Deligne—Rapoport compactification of the coarse mod-
uli scheme which parameterizes cyclic isogenies of degree N between elliptic curves.
It is a normal arithmetic surface over Spec Z. The two tautological maps from Xo(N)
to X(1) induce a self-correspondence tx of X (1), called the Hecke correspondence
of order N. Defineey = NII, y(1+ %), where p runs over the prime divisors of N.
The Hecke correspondence 7y has bidegree (ey,en).

Let M be the line bundle of modular forms of weight 12 on X(1). The modular
form

A(r) = (27)2qMyz1 (1 - ¢").

with ¢ = e%”7 induces a global section of M. It has a zero of order 1 at the cusp
J ~1(c0) and does not vanish anywhere else. As a consequence, A induces an isomor-
phism j*@(1) > M.

If t € C, then the modular form (# — j) A induces a global section of M¢ that has
a zero of order 1 at j ~!(¢) and does not vanish anywhere else. More generally, let Y
be a horizontal divisor of relative degree d on X(1) with Yc = ), n; y;, and assume
that no y; is a cusp. Then the modular form IT;[(j(y;) — j)A]" is a section of M®¢
with divisor Y.
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The Petersson metric on modular forms induces a Hermitian metric || - || on M¢
such that

|A@) | = |A@)||Im(0)|°,

where | - | is the usual complex norm. This metric is L%-singular along the cusp
Jj ~1(o0), following the terminology of [6, Section 3]. The line bundle M endowed
with the Petersson metric on M is a Hermitian line bundle M on X(1).

When working with fields equipped with a non-Archimedean valuation such that
the residue field has characteristic p > 0, we will often use the absolute value |- | such
that | p| = p~! and the valuation v such that v(p) = 1. We will say that this absolute
value (resp., valuation) is normalized.

2.2. Intersection theory on modular curves

We will use generalized Arakelov intersection theory for arithmetic surfaces as in [6]
(see [6, Section 5] for the definitions and notation we are using; see also [1] for the
specific case we are considering). The height function with respect to M is denoted
by h7z, and arithmetic degrees are denoted by Ec\g. The starting point of the proof
is the formula giving the height of Hecke correspondences. The following is in [,
Théoréme 3.2] and was also proved in [10].

THEOREM 2.1

Let k be a number field with ring of integers Oy. Let Y be a horizontal 1-dimensional
integral subscheme of X(1)o, such that Yc does not meet j N (o0). Let d =
[k(Y) :k]. Then, as N goes to infinity, we have

hg(inY) ~ 6d[k : Qlen log(N). @2.1)

The estimate above can be rephrased in terms of intersections of divisors on
X(1)g, . Let k be an algebraic closure of k. Let P = ), n; P; be a zero-cycle on
X(1)o, , where the P; are closed points. The arithmetic degree of P is defined as

deg(P) =Y nilogN(Py),
1
where N(P;) is the cardinality of the residue field of P;. Let Y and Z be two divisors
in X(1). The arithmetic degree d/e\g(Y .Z) is defined as the arithmetic degree of the
intersection O-cycle Y.Z.
Finally, let o be an embedding of k into C. If Z is any purely horizontal divisor
on X(1)e, , then write Z¢ = Y, n; Q; with Q; € X(1)(C). Assume that j(Q;) # oo
foralli,andlet z; = j(Q;) € C C P!(C). Let d’ be the sum of the n;. We denote by
s% the global section of Mgd/ such that
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s%(0) =1L [(zi — j (D) A@]™.

Then the sections 5%, as o varies through all embeddings of k into C, extend to a
section sz of M®4" over X (1), - If Y is any purely horizontal divisor on X (1) with
Yc =) ;m;P;, then write

S%(Y) = HjS%(Pj)mj.

Let 01,...,0., be the real embeddings of k, and let 0, 41,07, +1.--+0r +rs>
O, +r, be the complex embeddings of k. We extend the o; to embeddings k— C. As
usual, sete; = 1if 1 <i <rjande; =2ifr; + 1 <i <r; 4 r,. Using the sections
5% to compute heights with respect to .M, Theorem 2.1 gives the following.

COROLLARY 2.2

Let Y and Z be two purely horizontal divisors on X(1)g, of relative degree d and
d’, respectively. Assume that Y is effective and irreducible and that for any positive
integer N, the divisors ty«Y and Z do not have any common component. Then, as
N goes to infinity, we have

ri+ra

deg(Z.tnoY) — Y eilog|sy (tnaY)| ~ 6dd’[k : Qley log(N).

i=1

3. Local statements and proof of the main results

In this section, we reduce the proofs of Theorem 1.1 and Corollary 1.2 to local state-
ments which provide estimates for the terms appearing in Corollary 2.2. The proof of
these local estimates will be the core of the article.

Let us briefly explain the motivation for the estimates below. We will prove The-
orem 1.1 by showing that, for suitable large N, each individual local term in Corol-
lary 2.2 is negligible before the right-hand side, which is of the order of ex log(N).
Let us consider the Archimedean term as an example. Let z and y be two complex
numbers that we consider as complex points of X(1). If N is a positive integer, then
write the Hecke orbit of y, tn«y, as

IN«Yy = J(T1) + - 4 J(Tey)
where the ;’s belong to the Poincaré upper half-plane H. We are interested in com-
paring the quantity
eN
> tog(|z — i@ a@)) G.1)
i=1

to ey log(N) as N goes to infinity.
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The equidistribution of Hecke points as proved in [9] suggests that the sum above
should be compared to the integral

e [ \Hlong_j(f)||A(T);|1m(f)|6)d); o

with T = x + iy and I = PSL,(Z). It is readily checked that the latter integral con-
verges, which suggests that the sum (3.1) is negligible before ey log(N). The argu-
ment above is not correct, as the function we are integrating has a singularity at the
point j~!(z). However, what the above computation shows is that the estimate we
are interested in amounts to controlling the best approximations of z by points in the
Hecke orbit of y. It might be possible to extend the estimates we obtain here so as to
study the behavior of the sum (3.1), but we will be content with weaker estimates. In
the following, we write |y« Y| to denote the support of the Hecke orbit of y.

The three propositions below contain the estimates that allow the argument above
to go through. The first one deals with the places of bad reduction. From now on, we
identify X (1) and P} via the j-invariant when convenient; in particular, we see k as
a subset of X(1)(k) for any field k.

PROPOSITION 3.1

Let | -| be a non-Archimedean normalized absolute value on Q, and let C be the com-
pletion of Q with respect to | - |. Let y and z be two distinct points of C C X(1)(C).
Assume that |y| > 1. Then there exists a positive integer n such that for any positive
integer N which is not a perfect square and is prime to n, the following inequality
holds:

Vo€ ltyxy], max(l,|z7" —o ') > max(1,]z7")). (3.2)

The following result should be seen as a very weak equidistribution result for
Hecke correspondences. For Archimedean valuations, it follows from [9]. For non-
Archimedean valuations and supersingular reduction, equidistribution has been
proved by Fargues (unpublished). For lack of reference, we provide a self-contained
argument for our easier result.

PROPOSITION 3.2

Let |-| be an absolute value on Q with residual characteristic p > 0, which we assume
to be normalized in the non-Archimedean case, and let C be the completion of Q with
respect to | - |. Let y and z be two distinct points of C C X(1)(C). If the absolute
value | - | is not Archimedean, then assume furthermore that |y| < 1. Let &1 and &5 be
two positive real numbers. Then there exists a positive constant 1) such that, letting

B, .={N eN\ (pN),

e eltnayl |z —al <n}| = eren}.
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where elements in the Hecke orbit of y are counted with multiplicity, then the upper
density of By ; is at most €5, that is,

1
limsup—}By,Z N {1,...,n}| <é,.
n—oo N

The last result goes beyond equidistribution. It shows that there cannot exist too
many Hecke orbits that contain very good approximations of a given point.

PROPOSITION 3.3

Let | -| be an absolute value on Q with residual characteristic p > 0, and let C be the
completion of Q with respect to |-|. Let y and z be two distinct points of C C X(1)(C)
such that y is not the j-invariant of a CM elliptic curve. If the absolute value | - | is
not Archimedean, then assume that it is normalized and that |y| < 1. Let D be a large
, and define

enough integer depending on y, z, and the chosen | -
SP, = {N eN\ (pN) | Jo € |tnayl.la —z| < N7P).
Then

_1iwp
nll)rrgo#Sy’z N{l,....n}|=0.
Remark 3.4

It is possible to give an explicit bound on D; for example, D > 20 suffices in the
Archimedean case (see Propositions 5.16 and 5.22).

The three propositions above will be proved in the next section. We now explain
how they imply the main results of the article.

Proof of Theorem 1.1

We argue by contradiction and assume that there are only finitely many places p of k
as in Theorem 1.1. In particular, £ and E’ are not geometrically isogenous. We can
and will assume that E does not have complex multiplication—if both curves have
complex multiplication, the theorem is clear as there exist infinitely many primes of
supersingular reduction for both E and E’ and any two supersingular elliptic curves
are geometrically isogenous.

Let S be a finite set of finite places of k containing the places p such that the
reductions of £ and E’ modulo p are smooth and geometrically isogenous as well as
the places of bad reduction for E or E’. Up to enlarging k, we can assume that the
only places of bad reduction for E or E’ are the places of multiplicative reduction.

Let y (resp., z) be the rational point of X(1); corresponding to E (resp., E’).
Let Y and Z be the Zariski closures of y and z in X(1)e,, respectively. Let N be a
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positive integer. Since E and E’ are not geometrically isogenous, Z and fy4Y have
no common component. By definition of ¢, the geometric intersection points of Z
and ty4Y correspond precisely to the pairs consisting of a finite place p of k such
that there exists a cyclic isogeny of degree N between Ef () and E%(p), where x(p)
is an algebraic closure of the residue field of p.

We use the notation of Corollary 2.2 and get, as N goes to infinity,

ry+r2

deg(Z.ty+Y) = ) eilog|sy (tnY)| ~ 6[k : Qlew log(N).

i=1

Write Z.ty«Y = ) ; n; Pi, where the P; are closed points of X(1)g,. If p is a
finite place of k, then let us write deg,(Z.1n+Y) for the sum > i nilog N(P;) where
P; runs through the closed points lying over p. By definition of S, we have that
deg,(Z.tn+Y) = 0 if p does not belong to S. As a consequence, we get, as N goes
to infinity

ri+r2
D deg,(Z.anaY)— Y eilog|sF (tn«Y)| ~ 6[k : Qlew log(N). (3.3)
peS i=1

Given p in S, let |- |, be the corresponding normalized, non-Archimedean
absolute value on Q. If i is an integer between 1 and r; + r5, then let | - |; be an
Archimedean absolute value on Q extending the absolute value on k defined by the
embedding o; of k in C. We restrict our attention to those integers N which are prime
to the residual characteristic of the p € S. Let p be an element of S. We have

oo —z]p
Max(1, |a|,) Max(1, |z],)

deg,(Z.tnxY) = Z log

€ty <l

Here fy4y is seen as a set of ey distinct Q-points of X(1)—recall that E does not
have complex multiplication.

For any « € |ty « V|, the valuation of y with respect to p is negative if and only if
the valuation of « is. As a consequence, the above formula specializes to

deg,(Z.in+Y)= > Max(0,—logla —zlp)
QE[EN <]
if the valuation of y is nonnegative, and to
deg,(Z.iy+Y)= Y Max(0.—logle™" —z7"],)
QElty Y|

if the valuation of y is negative.
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Let A be the finite set consisting of the absolute values | - |, for p € § and of
the Archimedean absolute values | - |;. We apply Propositions 3.1, 3.2, and 3.3 to the
absolute values in A simultaneously. Let € be a positive real number that we will take
to be small enough. We first apply Proposition 3.1 simultaneously to the set A,y of
those non-Archimedean absolute values | - |, in A for which |y|, > 1. We can find an
integer n such that if N is any positive integer which is not a square and is prime to
n, then

Vaelineyl, |z —a o=z,

for any non-Archimedean absolute value | - |4 in Apy.

We now consider the absolute values | - |, that are Archimedean or satisfy
|v|a < 1. Applying Proposition 3.2 to those simultaneously, we can find a positive
constant 7 and a set of integers B of upper density at most ¢ such that for any | - |4
as above, and any positive integer N prime to the residual characteristic of | - |, we
have

N¢B — H(XE|[N*y|,|Z—Ol|a§7]}|EgeN.

Finally, applying Proposition 3.3, for any D large enough and any of the finitely
many absolute values |- |, in A4 that are Archimedean or non-Archimedean and satisfy
|v]a < 1, and taking into account that in the proposition we only considered those N
that are prime to at most | 4| different primes, we have

o o
limsup—[{l <N <n|Va€|ty«y|.VacAla—z|s = N"°}| > —.
n—oo N 214]

The discussion above shows that we can find infinitely many positive integers N
satisfying the following three properties:
(1)  for any absolute value | - |4 in Apye and any « in £y« y, we have

! _a_l|a = |Z_l|a;

|z~
2) for any absolute value |- |, in A \ Ay, We have
Ho € ltnsyl |z —ala <n}| <een:
3) for any absolute value |- |5 in A \ Ay and any « in 254y, we have

|a_Z|aZN_D-

Let us spell out the consequences of these estimates for the intersection numbers
we are considering. Let | - |, be an absolute value in A. If | - |4 is in Ay, then we can
write
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deg,(Z.tn+Y) = Z Max(O,—log P z_1|a) <eploglz|. (3.4)

QEIN Y

If | - |4 is non-Archimedean and does not belong to Ay, then we have

deg,(Z.tn«Y) = Z Max (0, —log | — z|p)

QEIN Y

<enlog(n™') + cen Dlog(N). (3.5)

If | - | is Archimedean and corresponds to an embedding o of k in C, then choose,
for each « in the Nth Hecke orbit of y, an element 7, € H such that j(zy) = o ().
We have

log|sZ(tn+Y)| = Z log(lo — zla | A(ta) |)-

aEltn <yl

As the imaginary part of 7, tends to 0o, the expression log(|o — z|4 || A(ty)]|) tends
to oo as well. Choose a compact set K € C such that log(|Ja — z|4]|A(te)]|) = 0 for
any o outside K. Then we have

loglsZ(nY)| = Y log(le —zla | A(wa) )
a€ltyyINK

= Z log(|e — z]a) + Of(en).

a€lty«y|NK

Going back to the above estimates, we find that
1og||s% (tn+Y) || > —egenyD1og(N) + (1 —¢)ey log(n) + O(en). (3.6)

We now plug in the estimates (3.4), (3.5), and (3.6) in the global degree estimate
(3.3) to find—after dividing by ey, comparing the higher order terms, and noting that
the ¢; are either 1 or 2—that

6[k : Q] < (IS \ Amu| +2(r1 + r2))eD. (3.7

Since ¢ can be chosen arbitrarily small, this is a contradiction. O

Proof of Corollary 1.2

Assume that E has only finitely many places of supersingular reduction. Let K be an
imaginary quadratic extension of Q. We need to show that there exist infinitely many
places p of k such that the reduction of £ modulo p has complex multiplication by K
after some finite extension of the ground field.
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Up to enlarging k, we can find an elliptic curve E’ defined over k with complex
multiplication by K. If p is any place of k, then the reduction of E’ modulo p is either
a supersingular elliptic curve or has complex multiplication by K. Since E has only
finitely many supersingular reductions, Theorem 1.1 applied to E and E’ gives the
result. 0

4. Basic estimates

The goal of this section is to prove Proposition 3.1 and Proposition 3.2. The (more
involved) study of good approximations at the places of good reduction will be dealt
with in the next section.

4.1. Multiplicative reduction
We prove Proposition 3.1. It is a consequence of the following more precise result,
the proof of which is essentially contained in [26, Proposition 2.1].

PROPOSITION 4.1

Let v be a non-Archimedean valuation on Q, and let C be the completion of Q at v.
Let x be a rational number and write x = %, where a and b are relatively prime
integers. Let E be an elliptic curve over C, and assume that v(j(E)) is negative.
Write v(j(E)) = 5, where ¢ and d are relatively prime integers. Let N be a positive
integer such that

(1) N is not a perfect square;

2) N is prime to abcd.

Let E’ be the quotient of E by a subgroup of order N. Then

v(j(E") # x.

Proof
Since the valuation of j(F) is negative, E is isomorphic to a Tate curve. Thus, as
rigid analytic spaces,

*

C
E(C)~—
PE

for some g € C*, with
v(g) = —v(j(E)).

Let N be any positive integer. Let £ be an N th root of ¢, and let @ be a primitive N th
root of unity. Then the subgroups of E of order N are of the form

th (wsg_-r)Z

gz
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where r, s, and ¢ are positive integers such that rt = N and s < ¢. As in [26, Propo-
sition 2.1], the map x > x” induces an isomorphism
c* c* c*
a)tZ(ws%-r)Z = (a)sér)rZ - (a)rs%-rz)Z

so that the valuation of j(E’) is

o o2 r? ro,
v(j(E")) = —v(0"¢ )=—NU(Q)=?U(J(E))-

Now we can assume that N satisfies the assumptions of Proposition 4.1 and that
v(j(E")) = x. This means that

rbec =tad.

Since N = rt is prime to abcd, this implies that r = ¢, which is a contradiction since
N is not a square by assumption. O

Proof of Proposition 3.1

Let v be the valuation corresponding to the absolute value | - |. Let E be an elliptic
curve over C with j(E) = y, and let x be the valuation of z. With the notation of
Proposition 4.1, let n = abcd. Then if N is any positive integer prime to n which is
not a perfect square, then Proposition 4.1 shows that any « in |y« y| satisfies v () #
x = v(z). As a consequence, we have

|27 =l = 271
This proves the result. U

4.2. Equidistribution

The goal of this section is to prove Proposition 3.2. We use the notation of the propo-
sition. If the absolute value | - | is Archimedean, then the result follows from the main
theorem of Clozel, Oh, and Ullmo [9].

We now assume that | - | is non-Archimedean. Let p be the residue characteristic.
The assumptions on y and z ensure that we can find a complete discrete valuation ring
W whose fraction field is a subfield of C, and whose residue field is an algebraically
closed field of characteristic p, as well as two elliptic curves E and E’ over W such
that j(E) = y and j(E’) = z. Let = be a uniformizing parameter of W. If n is a
nonnegative integer, then let W, be the ring W,, = W/x"*!. Let v be the additive
valuation on W such that v(;r) = 1. Since the valuation of y is nonnegative, so is
the valuation of any « in a Hecke orbit of y. If the valuation of z is negative, this
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implies |z — «| = |z| and the result follows. As a consequence, we can assume that
the valuation of z is nonnegative.
Denote by H,, the group

H, =Homy, (E,E’)

that consists of morphisms from the reduction of E modulo 7! to that of E’.
The restriction maps H,+1 — H, are injective for any n > 0 (see, e.g., [11, The-
orem 2.1]). As a consequence, we consider the sequence (Hy),>o0 as a decreas-
ing sequence of subgroups of Hy. Grothendieck’s existence theorem implies that
the intersection H = (), Hx is equal to the group Homw (E, E’) of morphisms
defined over W considered as a subgroup of Hy. Let g be the natural positive definite
quadratic form on Hy defined by ¢(f) = deg(f). Let us state a basic estimate for
number of points in lattices.

LEMMA 4.2
Let €1 and &, be two positive real numbers. There exists a positive integer n such that
the set of integers

By, ={NeN,|¢g""(N)N Hy| > &N}

has upper density at most &;.

Proof

General results on the endomorphism groups of elliptic curves show that the groups
H,, are free modules of rank 1,2, or 4. If the rank of the H,, is at most 2, then let §
be a positive real number such that the balls of radius § in H,, ® R with respect to
q centered at the points of H, are pairwise disjoint. Write B(0, R) for the open ball
of radius R and center 0 in H, ® R, and write A(0, R, R’) for the open annulus in
H, ® R consisting of the elements x € H, ® R such that R < g(x) < R’. Write v for
the Euclidean volume in H, ® R. Then

v(B(0,8))|¢ 7 (N) N Hy| < v(A(0, VN =8, V/N +8)) = O(VN),

so that, for any fixed n, |~ (N) N H,| = O(+/N) as N goes to infinity. As a conse-
quence, we can assume that the H, have rank 4.

The intersection H of the H, has rank at most 2, as it is equal to the group of
morphisms between two elliptic curves over a field of characteristic zero. Since there
are only finitely many lattices of bounded index in Hy, the index of H, in Hy goes
to infinity with n.

Now we have, by the same volume computation as before,
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|{h € Ho | q(h) < N}| = O(N?).

Furthermore, it is an easy exercise to show that for any positive n, we have

o W€ Holq(h) = N
N—oo |[{th € Hy | q(h) < N}|

= [H() : Hn]

It follows that for any positive real number &, and any n large enough, the following
estimate holds for all N large enough:

|{heHy|qh)<N}| <eN> (4.1)

Fix such an integer n, and let £, and B, be as in the statement of the lemma. We can
write, for any integer N large enough,

{heHy|q) <N} = Y g 'l)NH.}= Y ek
keB, k<N keB, k<N
N N
_Sl—an mi” L+ l), (4.2)

with B,ﬁv = B, N{1,..., N}. The estimates (4.1) and (4.2) show that we can write
2eN? > ¢ |BN|?.

By choosing ¢ small enough so that 2e < 818%, the estimate above shows that, for
suitable n and for all N large enough, we have |B,Ilv | < ez N. This proves the result.
O

Proof of Proposition 3.2

We keep the above notation. Let N be an integer prime to p. Then the group scheme
E[N] defined as the kernel of multiplication by N is étale over W since N is prime
to p. Since the residue field of W is algebraically closed by assumption, E[N] is
isomorphic to the constant group (Z/N Z)?. In other words, the N -torsion points of
E are defined over W.

Let « be a point in the Hecke orbit ¢,y of y. Since E[N] is defined over W,
there exists an elliptic curve E, over W with j-invariant o together with a cyclic
isogeny E — E, of degree N. If n is a positive integer and F is an elliptic curve over
W, then denote by F,, the reduction of F' modulo gt

Proposition 2.3 of [18] states that we have the equality

v —2z) = Z H1son (Ea. )| Ison(ga, E,)|,

n>0
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where Iso, (Eq., Eg) denotes the set of isomorphisms from E, , to E,,. Let n be the
largest integer such that E, , and E; are isomorphic. Since the group of automor-
phisms of an elliptic curve over W/x"* 1 has cardinality at most 24, we have

+1=> ! ( ) (4.3)
n —v(o —2). .
12
Choose an isomorphism Eg , — E|,. The composition
En— Eqn— E,

is an element A, € g~ (N) N H,. The isogeny h, determines o as the j -invariant of
E / Ker(hy). This shows that for any positive integer n, we have

|{a elty«yl,v(@—2)>12(n + 1)}| < }q_l(N) N Hn|.

Choose n as in Lemma 4.2, and then also let n be a positive real number such that
|z — | < n implies that v(z — ) > 12(n + 1) for any « in W. Since for any positive
N,exy > N, Lemma 4.2 shows that the set

By.={N €N\ (pN),

{05 €ltyxyl. |z —af < 7)}| 281€N}

has upper density at most ;. This proves the result. U

5. Bounding the best approximations
The goal of this section is to prove Proposition 3.3. We handle the case of non-
Archimedean valuations and Archimedean valuations separately. The non-
Archimedean case is proved in Proposition 5.15, and the Archimedean case—which
reduces to the study of the usual absolute value on C—is Proposition 5.22. We need to
show that, given two points y and z of X(1)(C), there exist sufficiently many Hecke
orbits of y that do not contain elements that are too close to z—with precise estimates
to be given below. Our argument is the following. We will show that the only way two
different Hecke orbits of y can both contain very good approximations of z is if y is
very close to a CM point whose ring of endomorphisms has small discriminant. Since
distinct CM points of small discriminant cannot be too close to one another, this will
allow us to find Hecke orbits of y that do not contain very good approximations of z.
Before getting to the actual proofs, we record some elementary results. If L is
a quadratic lattice—that is, a free Abelian group of finite rank endowed with a posi-
tive definite, integral-valued quadratic form—then let disc(L) denote its discriminant,
which is well defined as an element of Z.

LEMMA 5.1
Let E and E’ be two isogenous CM elliptic curves over an algebraically closed field
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of characteristic zero. Consider End(E) and Hom(E, E') as quadratic lattices with
respect to the quadratic form f +— deg(f). Then we have

|disc(End(E))| < |disc(Hom(E, E"))|.

Proof
Let f : E — E’ be a cyclic isogeny, and consider the morphism

«:Hom(E,E') —>End(E), ¢ o/,

where $: E’ — E is the isogeny dual to ¢. Then for any ¢ € Hom(E, E’), we have
deg(a(¢p)) = deg(f)deg(¢). In particular, we have

|disc(cr(Hom(E, E")))| = deg(f)?|disc(Hom(E, E"))|.

If n is a positive integer, then let [n] denote multiplication by n on E. Then for [n]
to belong to the image of «, it is necessary that the kernel of f be included in the
kernel of [n]. Since the kernel of [n] is isomorphic to (Z/nZ)? as an Abelian group,
for [n] to belong to the image of o, the group (Z/nZ)? needs to contain an element
of order deg( /). In particular, deg( /') must divide n and the cokernel of & must have
cardinality at least deg( /). Finally, writing

|disc(«(Hom(E, E")))| = |disc(End(E))||Coker(c) |2 > |disc(End(E))| deg(f)*

proves the result. O

We record a proof of the following elementary lemma without any regard to the
optimality of the constants involved.

LEMMA 5.2
Let L be a rank 2 lattice with positive definite quadratic form q and discriminant §.
Then for any positive integer n, we have

8n

|{N§n|31€L,q(l):N}|§l+4«/ﬂ+\/S

Proof

By an abuse of notation, we write ¢ for both the quadratic form and the associated
bilinear form. Lagrange reduction for rank 2 lattices shows that we can find a basis
(e, f) for L such that 2|g(e, )| <g(e) <q(f).Leta and b two integers. Then

1
qlae +bf) =a’q(e) + b>q(f) + 2abq(e. f) > E(azq(e) +b%q(f)).
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In particular, g(ae + bf) < n implies that a®>q(e) < 2n and b?q(f) < 2n. This
implies in particular that the set {(a,b) | g(ae + bf) < n} has cardinality at most

2J2n 22n
70" )

8
<144v2n + "

Va@q(f)

[{(@.b) [ g(ae +bf) <n}| < (1+

The discriminant § of L is

§=q(e)q(f)—qle. /)* =qle)q(f).

Since of course we have

N <n|3leL,ql)=N}|<|{(a.b)|qlae+bf) <n}

El

this finishes the proof. O
Putting the two lemmas above together, we find the following statement.

PROPOSITION 5.3
Let E and E’ be two CM elliptic curves over an algebraically closed field of char-
acteristic zero. Let § be the discriminant of the lattice End(E). Then for any positive
integer n, we have

[{N <n|3¢ e Hom(E, E’),deg(¢) = N}| < 1 +4+/2n + %

5.1. The non-Archimedean case

We start with the case where | - | is supposed to be non-Archimedean, and we let v be
an additive valuation associated to | - |. Let p be the residual characteristic of v, and
assume that | - | and v are normalized, so that |p| = p~! and v(p) = 1.

We begin with a discussion of some deformation-theoretic results. Let W be a
complete discrete valuation subring of C with algebraically closed residue field. Let
7 be a uniformizing parameter of W. If n is a nonnegative integer, then let W, be the
ring W, = W/x" 1. Let e be the ramification index, so that v(7) = e~!. Now let E
be an elliptic curve over W. We write E, for the reduction of E modulo 7" *!. Let
G, be the group

G, = Endw, (E).
If n <0, then we write G, = Gy. As in Section 4.2, we consider the sequence

(Gn)n>o as a decreasing sequence of subgroups of Gg. Write ¢ for the positive defi-
nite quadratic form on G¢ defined by ¢(f) = deg(f).
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PROPOSITION 5.4
Assume that Eg is supersingular, and let n be a nonnegative integer. The multiplica-
tion by p maps Gy, into Gy 4., and the induced map

Gn/Gnie = Gnie/Gnize
is injective.

Proof
We reproduce an argument in the proof of [17, Proposition 3.3]. Serre-Tate theory
and deformation theory of formal groups shows that we have a natural injection

Gn/Gnie = H*(E,(x"TY)/(pr"th),

where E is the formal completion of E at the origin (see also [24, Section 2]). Now
since (p) = (7¢), multiplication by p induces an isomorphism

HZ(E, @/ (pr"t)) - HZ(E\, (et /(prtRethy).

This proves the proposition by considering the commutative diagram

Gn/Gpre = H2(E,(x"TY)/(pn"*"))

|

Gnie/Gnyze —— HZ(E, (mrtetly/(pant2eth)) 0

While lifting endomorphisms of elliptic curves, we will consider the following
property.

Definition 5.5
Let @ ¢ 7Z be an algebraic integer. Note that « satisfies condition (P) if the index of
the ring Z[w] in its integral closure in Q[«] is prime to p.

If ¢ is an endomorphism of an elliptic curve over a scheme, then it makes sense
to ask whether ¢ satisfies condition (P).

LEMMA 5.6

Let E and E, be two elliptic curves over a field, and let ¢ : E1 — E be an isogeny
of degree prime to p. Let o be a self-isogeny of E; satisfying condition (P). Then
poao (Eﬁ\: E, — E5 satisfies condition (P).
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Proof
We have $ o¢p=NIdg, and ¢ o $ = NIdg,. As a consequence, there is an endo-
morphism of rings

End(E;) ® Z[1/N] — End(E2) ® Z[1/N].  x+>¢oxo %d?

In particular, since N is prime to p, if « satisfies condition (P), then %qﬁ oao ¢A> does
as well, and so does ¢ o @ o $ O

LEMMA 5.7

Let o be an algebraic integer such that Qo] is an imaginary quadratic field. Let d be

the discriminant of the characteristic polynomial of o; that is, d = t> — 4N, where t

is the trace of o and N its norm.

(1) Assume that p is odd. Then « satisfies condition (P) if and only if p? does not
divide d.

2) Assume that p = 2. If a satisfies condition (P), then 16 does not divide d.

Proof

Write d = r2d’, where d’ is square-free and r is an integer. If d is congruent to
1 modulo 4, then the ring of integers of Q[«] has discriminant equal to d’. As a
consequence, the index of Z[«] in this ring of integers is equal to . Similarly, if d’ is
congruent to 2 or 3 modulo 4, this index is equal to /2 since the corresponding ring
of integers has discriminant 4d’. This shows the result, since the p-adic valuation of
d’ is at most 1. O

LEMMA 5.8

Assume that Eq is supersingular, and let ¢ be an element of G, \ Z for some non-
negative integer n. Write N = ¢(q). Then there exists a nonnegative integer k with
p* < N and an element o € G,_y, such that the following hold:

(D) o satisfies condition (P);

2 pracZigl;

3) gq(e)<1+3N.

Proof
Let d = p*d’ be the index of Z[¢] in its integral closure, where d’ is prime to p.
Since the discriminant of Z[¢] is bounded above by N2, d is bounded above by N,
and hence pk <N.

Since Ej is supersingular, its ring of endomorphisms G is a maximal order in a
quaternion algebra over Q ramified at p and oo. In particular, Gy ® Z, is the unique
maximal order in the quaternion algebra over QQ,, so that any element of Gy ® Q
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with integral norm and trace lies in Go ® Z,. Note that for any o € Gg such that
Zpl@) C Zpla], o satisfies condition (P) if and only if

[Zple]: Zpl9]] = p*.

Let x be a generator of the integral closure of Z[¢] in Q[¢p] C Gy ® Q. Then
x € Go ® Zp. This means that there exists an integer n, prime to p, such that o := nx
belongs to Go. By construction, we have Z,[¢] C Z,[«] and « satisfies condition (P);
that is,

[Zple]: Zpl9]] = p*.

Up to multiplying once again & by an integer prime to p, we may assume that p¥o
belongs to Z[¢]. For any S € Z[¢], we have

[Zpla + B1: Zpl91] = p*.

so that & + B satisfies condition (P). As a consequence, we may replace « with o + 8.
In particular, we may assume that o = A + ¢ with0 <A, u <1, sothatg(a) <1+
N +2+/N <1+ 3N. Finally, we know that ¢ € G,, so that p*a € G,,. Proposition
5.4 shows that & € G,,_ge. O

We now state a lifting lemma for endomorphisms satisfying condition (P).

LEMMA 5.9
For some n > 4de, let ¢, : E,, — E, be an isogeny satisfying condition (P). Then the
pair (Ep—_se, Pn—ae) lifts uniquely to a pair (Ecm, ¢cm) over W.

Proof

On the tangent space Lie(E,), ¢, induces multiplication by an element w, in
W/n"*1. As an application of Lubin-Tate theory, it is proved in [ 18, Proposition 2.7]
that condition (P) guarantees that the pair (E,,¢,) lifts uniquely to a pair
(Ecm, ¢cm),' where Ecy is an elliptic curve over W and ¢cym : Ecm — Ecum is a
cyclic isogeny of degree N, as soon as the equation

X?— Tr(¢n) X + q(pn) =0

has a solution w in W that is congruent to w, modulo 7”1, Lemma 5.7 shows
that the discriminant Tr(¢,)? — 4¢(¢y,) is not divisible by p*. Hensel’s lemma as in
[14, Theorem 7.3] shows that there exists a solution w in W of the equation above

!"The assumption in [18] is actually that Z[¢,,] is integrally closed in its fraction field. However, for the proof to
go through, one only needs for the index of Z[¢;,] in its integral closure to be prime to p.
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that is congruent to w, modulo 7”T1=*¢_The discussion above shows that the pair
(En—se, Pn—ae) lifts uniquely to a pair (Ecm, pom) over W. O

As a consequence of Lemma 5.8, we deduce the following statement.

PROPOSITION 5.10

Assume that Eq is supersingular. Let n > 4e be an integer, and let ¢, : E, — E, be
an isogeny of degree N which is not in Z. Let k be the largest integer with p*¥ < N.
Then there exists an isogeny o . E,_re —> E,_e, satisfying condition (P), such that
the pair (Ep—(a+k)e tn—(a+k)e) lifts uniguely to a pair (Ecm, ¢cm) over W. Further-
more, we can assume that « has degree at most 1 + 3N.

We give a lower bound for the distance between CM elliptic curves.

PROPOSITION 5.11

Let My and M, be two positive integers. Let E1 and E, be two elliptic curves over
W with self-isogenies of degree M1 and M, respectively, both satisfying condition
(P). Assume that E1 and E, are not isomorphic, and let n be a nonnegative integer
such that E1 , and E; ; are isomorphic over W,. Then

P> <4AM M.

Proof

Let n be the largest integer such that Ey , and E, , are isomorphic. We can assume
that n > 0—that is, that the reductions of E; and E, modulo 7 are isomorphic over
the field k = W/x to the elliptic curve E/ k.

Let us first assume that E is an ordinary elliptic curve. Then since the endomor-
phism ring of £ has index prime to p in its integral closure, the index of End(E};) in
End(FE) is prime to p as well. Basic deformation theory then shows that both groups
are equal; that is, by Serre—Tate theory (see, e.g., [22]) E is the canonical lifting
of E. Similarly, E> is the canonical lifting of E as well, which is impossible since we
assumed that £} and E» are not isomorphic. As a consequence, we can assume that
E is a supersingular elliptic curve, and we fix an isomorphism from the reduction of
E1 over W, to that of E;.

Let I'; and I', be the formal Z ,-modules E1[p®] and E»[p>°] over W. If m is
any positive integer, then let End,, (I';) be the group of endomorphisms of I'; over
W, for i = 1,2. Choose an isomorphism y : E, — E3 ,. Using y, we make the
identification

End, (Fl) = Endn (Fz)
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Now let O; = Endw (T';), andlet D = End; (I";) = End; (I'2). As subgroups of D, we
have @1 # O, for instance, by [17, Proposition 2.1]. Both O and O, are saturated
in D, and we have O; [%] =Qpl¢i] fori =1,2. Since O; contains the endomorphism
group of Ej, it is integrally closed.

Gross [17] computed the endomorphism groups above and showed the equality,
for any positive integer m,

End,,(T;) = O; + p™ D.
As a consequence, we have, as subgroups of D,
O1+ p"D =05+ p"D;
in particular, we have
O01/p"01=02/p" 0>

as subgroups of D/p" D.

Since @1 and O, are commutative algebras, the formula above shows that the
commutator [¢1, ¢5] belongs to p™ D, so that its reduced norm is divisible by p2”.
However, since ¢, does not belong to (1, it does not belong to (91[%] since ¢, is
integral over Z, and O is integrally closed in its fraction field. Since O [%] is its own
commutant in the quaternion algebra D[%], this means that the commutator [¢y, ¢5]
is not zero. In particular, its reduced norm is at least p>". Now by assumption the
reduced norm of ¢; (resp., ¢») in D is M (resp., M>). As a consequence, the reduced
norm of [¢1, ¢-] is at most 4M; M. Finally, we get

4AM{ M, > p*". O

COROLLARY 5.12
Let E be an elliptic curve over W, and let n and N be positive integers. Assume that

p*" > 4N?Z.

Then there exists at most one elliptic curve Ecy over W admitting an isogeny of
degree at most N satisfying condition (P), and such that E, ~ Ecw .

We can now proceed to a proof of Proposition 3.3. Let us fix some notation. Let y
and z be as in Proposition 3.3. We may assume that the valuation of z is nonnegative.
The assumptions on y and z ensure that we can find a complete discrete valuation
ring W as above, as well as two elliptic curves E and E’ over W such that j(E) = y
and j(E') = z. By assumption, E is not a CM elliptic curve.
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Write once again E, and Ej, for the reductions of E and E’ modulo 7"*!,

respectively. Define H,, = Homy, (E,, E}), and consider (H,),>0 as a decreasing
sequence of sublattices of Hy endowed with quadratic form g given by the degree.
Write again G, = Endw,, (E,), and write g for the degree quadratic form on G, as
well.

PROPOSITION 5.13
Assume that Eg is ordinary. For any nonnegative integer n, define

Sp={N >=0|3¢ € Homy, (E,. E,),deg(¢) = N }.

Then the upper density of S, tends to zero as n tends to oo.

Proof

We may assume that Eo and E| are isogenous, so that E| is ordinary as well. By
assumption, the lattices H,, all have rank 2. Since the two curves E and E’ are not
isomorphic, the intersection of the H,, is zero, so that the discriminant of the lattices
H,, tends to oo with n. Lemma 5.2 allows us to conclude the proof. U

PROPOSITION 5.14

Assume that Eg is supersingular. Let N1 and N, be two positive integers, the product
of which is not a perfect square. Let n be a nonnegative integer such that there exists
¢1, P2 € Hy,, with q(¢p1) = N1, q(¢p2) = Nj. Let k be the largest integer such that
p* < N\Na. Then there exists a CM elliptic curve Ecy, together with an isogeny
satisfying condition (P), of degree at most 1 + 3N1 N3, such that Ecyin—(4+k)e =
En—(4+k)e-

Proof

The composition ¢ = ¢; o ¢, is an element of G,. We have ¢(¢) = Ny N,. Since
it is not a perfect square, ¢ does not belong to Z. By Proposition 5.10, we get the
result. ([

Combining Propositions 5.14 and 5.11, we obtain the following.

PROPOSITION 5.15
If D is a positive integer, then define

SP ={NeN\pN|3n>0,p" >N and3¢p € Hy,q($) = N}.

If D > 9 + 4e, then the density of SP is zero.
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Proof

By Proposition 5.13, we may assume that E, is supersingular. Let M be a large
enough integer. We may assume that S? contains at least two integers Ny, N, such
that N1 N, is not a perfect square and VM <N{,N, <M. By definition, we can find
n >0 such that p” > MP/2 and ¢,, ¢, € H, with ¢(¢1) = N1,q(¢2) = N». We can
apply Proposition 5.14 and find an elliptic curve Ecy over W such that

(1) Ecy admits a self-isogeny o of degree at most 3M 2, satisfying condition (P);
(2)  En—@a+h)e = EcMan—@+kes

where k is the largest integer such that p¥ < N N,. Note that since D > 9 + 4¢, we
have

pz(n—(4+k)e) > p2n (NINZ)—Zep—Se > MDM—4ep—8e > aM°

for any large enough M, which shows, via Corollary 5.12, that Ecy; is the only elliptic
curve over W satisfying the two conditions above.

We now use the curve Ecy to bound the cardinality of SP N {~/M,..., M}.
Let N be any element of S? N {«/ﬁ, ..., M}. By assumption, we can find n with
p" > MP/2 and ¢N : Ey — E], of degree N. In particular, we find an isogeny of
degree N, which we denote by ¢ as well:

¢N . ECM,n—(4+k)e - Er/z—(4+k)e'

Let Ky be the kernel of ¢n. Then since N is prime to p, Ky lifts uniquely to a
subgroup K of Ecy. Define E(y, = Ecw/K and write ¥y for the quotient map
¥ : Ecm — E(y- Then we have that

(1) E(,; admits a self-isogeny of degree at most 3M 4 satisfying condition (P);
2) EéM,n—(4+k)e = Er/t—(4+k)e'

The second point is obvious by construction. For the first, note that

Voaoy: Eby — Eby
is a self-isogeny of E(,, of degree at most N2M? < M*. Lemma 5.6 shows that it
satisfies condition (P). Since D > 9 + 4e, we have once again
pz(n—(4+k)e) > MDM—4ep—8e > 4M°
for any large enough M. This shows that E(,, is the only elliptic curve over W

satisfying the two conditions above.
We just constructed an injective map

SPn{v/M,....M}— Hom(Ecwm, Ely). N> ¥y

such that g(yx) = N. Let §cm be the discriminant of Ecy. Proposition 5.3 implies
the inequality
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8M
|SDO{L””MH§1+4JMW+SE;+xML (5.1)

The elliptic curve E is not CM, and we proved E,_44+k)e =~ Ecmn—(4+k)e- Our
assumption on D guarantees that n — (4 + k)e tends to infinity with M, and Ecy
takes infinitely many values as n grows. Since there are only finitely many CM elliptic
curves over C with bounded discriminant, this shows that 8¢y goes to infinity with 7.
Equation (5.1) allows us to conclude the proof. O

Using (4.3), Proposition 5.15 gives us the following statement, which is a more
precise form of the non-Archimedean part of Proposition 3.3.

PROPOSITION 5.16
Define SyDJ as in Proposition 3.3. If D > 12 x (8 + 4e¢) = 96 + 32e, then S;?Z has
density 0.

5.2. The Archimedean case
We now transpose the results of our preceding question to the Archimedean setting,
following the same strategy—the reader will compare Proposition 5.14 and Corol-
lary 5.20, as well as Propositions 5.11 and 5.21. We work over the field of complex
numbers, and we let | - | be the usual absolute value on C.

We start with two elementary lemmas.

LEMMA 5.17
Let T be an element of H. Let N be a positive integer, and let a, b, ¢, d be integers
withad —bc = N. Let

az+>b

H— H, .
f — Zi_)cz—i—d

Let Q be a compact subset of H. Then there exists a positive constant ¢y depending
only on Q2 such that

(t,f(r))EQ2 == Max(|a|,|b|,|c|,|d|)§c1«/ﬁ.

Proof
We keep the notation of the statement. Then, for any v € H, we have
N Im(71)
I =
mf©) = e

As a consequence, the inequality

Im(7) > inf Im(z) >0
TeQ
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implies that |ct 4+ d| < A+/N for some constant A depending only on . Since the
imaginary part of 7 is positive, this implies the required estimate on ¢, and conse-
quently on d . Furthermore, since |ct + d| < A+/N, we can find a constant 1 depend-
ing only on Q such that |at + b| < u+/N, which provides the required estimates for
a and b as well. O

LEMMA 5.18
Let us keep the notation of Lemma 5.17, and assume that f # Idy. Then there exist
positive constants &;, ¢ depending only on 2 such that

f-rol=5
= dreH, f(rw)=r10 and |T—To|562\/ﬁ|‘[—f(‘f)|.
Proof

We leave it to the reader to show that, if ¢ = 0 and ¢, is chosen small enough, then
there is no v € H satisfying

&2
T— f(v)| < —=.
- f@|= 5
We now assume that ¢ # 0. In that case, f has two fixed points in C, 7o and 75. We

can write

lellT — ol — 7o

T /o] = lct +d|

Lemma 5.17 proves that |c| and |d | are bounded above by ¢;+/ N for some constant
c1 depending only on 2. It is readily shown—once again by choosing &, to be small
enough—that the existence of r € H with

e-f@l=3

implies that 7y and 7, are complex conjugates and are not real numbers. We can
assume that 7o is in H. As a consequence, we have |t — 7| > Im(7). Putting these
estimates together gives the result. O

PROPOSITION 5.19
Let y be an element of C C X(1)(C). Then there exist positive constants c3 and &3
such that for any integer N > 1 and any o € |ty Y| such that

€3

_ < -~
ly OtI_N,
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there exists a CM elliptic curve Eqy over C with a cyclic self-isogeny of degree N such
that

|y — j(Eo)| <c3v/Nly —al.

Proof
Let 7 be an element of H with j(t) = y. Let ¢, C be positive real numbers such that
for any z € C C X(1)(C) with |z — y| <&, we can find ¢’ with j(z') = z and

Clly—zlzlt=7[=Cly—z|

The preimage of x4y by Jj is exactly the set of elements g::s € H, with

a b oa fB
(c d)eSLz(Z)(O 5), (5.2)

where «, B, and § are three integers with no common factor and ¢ = N, o > 1,
0<p<s$.

Let us consider o € |ty «y| with |y — | < &. We can write ¢ = j(‘;;j:s) with

a,b,c,d as in (5.2) and |t — %| < C7'ly — a|. Now choose &, as in

Lemma 5.18—taking 2 to be a connected component of the inverse image by j of
the closed ball of center y and radius e—and assume that |y —a| < C %2 We can find
7o € H such that

_aro—l-b
Ccto+d

70 (5.3)

and |t — 19| < C'+/N|y — «|, where C’ is a positive constant depending only on y.
Since a, b, c,d are chosen as in (5.2), (5.3) shows that j(7g) is the j-invariant of an
elliptic curve E( with a cyclic self-isogeny of degree N. Now writing

|y = j(Ep)| =C Ve — 5| =C7'C'VNly —«af

concludes the proof. O
As in the non-Archimedean case, we get the following.

COROLLARY 5.20

Let y and z be two elements of C C X(1)(C). Then there exist positive constants
c3, €3 depending only on y and z such that for any two distinct positive integers
N1, Ny > 1, and any (a, B) € [t +Y| X |tny+ Y| such that

&3
—z) <
=zl = NiNy’

max (|o — z

tl
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there exists a CM elliptic curve Eo over C with a cyclic self-isogeny of degree at most
N1 N> such that

|y — j(Eo)| < c3v/NiNaJoa — B.

Proof

Since o belongs to |fy,« Y|, ¥ belongs to |ty «a|. Furthermore, since N; and N, are
distinct, the elements of |tx,« 8] are all elements of some |fy+y| for some positive
integer N with 1 < N < N1 N,.

As a consequence of Proposition 5.19, it is enough to show that, if |¢ — z| and
|B — z| are smaller than a constant depending only on y and z, then there exists
B’ € |tn,«B| such that |y — 8’| < ¢} — B[, where ¢} is a positive constant depending
only on y and z. Since y is the Hecke orbit 7y, «0, we can write y = j (?;ZIS)
where 14 is an element of H with j(ty) = « and a,b,c,d are as in (5.2)—with
N being replaced by Ny of course. Now we can find 74 € H with j(zg) = B and
|7e — 78| < Cla — B| for some positive constant C depending only on z.

Since homographies preserve the hyperbolic distance on H, the hyperbolic dis-

tance between y and = is equal to that between « and B. By writing 8’ =

ctg +d
(ZBI 7) and noting that the hyperbolic distance on H and the usual distance on

C C X(1)(C) are equivalent via j on neighborhoods of t and j(7) = y, we get the
inequality

[y =Bl =5l — B,

where ¢ depends only on y and z. By construction, B’ belongs to |tx, S|, which
allows us to conclude the proof. O

The following easy result shows that CM points of X (1) cannot be too close to
one another.

PROPOSITION 5.21

Let Q be a compact subset of C C X(1)(C). Let My, M, > 1 be two integers, and let
E1, E; be two CM elliptic curves over C with cyclic self-isogenies of degree My and
M, respectively. Assume that j(Ey) and j(E,) belong to Q. If E1 and E, are not
isomorphic, then

|J(E1) — j(E2)| = ca(M Ma) ™",

where c4 is a positive constant depending only on the compact set Q.

Proof
As before, and since we are working over a compact set, we only have to prove that
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if © is any compact subset of H, then for any 71, 7, € 2 such that j(r;) = j(E;) for
i =1,2, we have

|11 — 2| > C(My M)V (VM + M3)™!

for some positive constant C depending only on the compact set €2.
Since E has a cyclic self-isogeny of degree M, we have

ot + By
1 - 79
Y171 + 61
where the matrix

ar i
()/1 SI)EMZ(Z)

has determinant M, and is not a homothety. In particular, y; # 0. By Lemma 5.17,
|y1] is bounded above by K;+/M7, where the positive constant K; depends only on
the compact set 2. Now we can write

_a b tiVA
1 2)/1 s

with Ay = 4M; — (a1 + 8;)? < 4M;. Computing 7, the same way, we find that

VA VA
2y, 2y, I

|11 — 12| = [Im(71) — Im(12)| = ‘

where A; and A, are positive integers bounded above by 4 M; and 4 M5, respectively,
and, by Lemma 5.17, y; and y, are integers whose absolute value is bounded above
by ¢1+/M7 and c1+/M,, respectively, for some positive constant ¢; depending only
on 2. We can write

Vo A1 — Y1/ As 1 4 1
> > (401 MIMZ) .
2y172 2y112(Y2 /A1 + 1/ A2)

1 .. s .
Indeed, note that | /a — v/b| > NN for any two distinct positive integers a and bD

|t1 — 12| >

Combining the estimates of Corollary 5.20 and Proposition 5.21, we obtain the
following statement, analogous to Proposition 5.15.

PROPOSITION 5.22
Let D be a positive integer, and let y, z be points in C C X(1)(C). Define
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SP.={NeN|Jael|yuyl.la—z| <NP}.

Assume that y is not the j-invariant of a CM elliptic curve. Then for D > 20, S £ 2
has density zero.

Proof

Let M be a large enough integer. Fix y and z as above. We can assume that there
exist two distinct integers N1, N; € S;?Z with v/ M < Ni, N; < M. We get elements
a € |ty +y| and B € |ty,«y| With

lo—z| < N7P <n7P2 |p—z|<N;P <MD

In particular, we have |o — | <2M ~P/2_Since D/2 > 2, Corollary 5.20 shows that
we can find an elliptic curve Ecy with a cyclic self-isogeny of degree at most n2 such
that

|y = j(Ecw)| < c3M1~P/2 (5.4)

for some positive constant c3. Since 1 — D/2 < —4, Proposition 5.21 shows that Ecy
is uniquely defined.

We now use the curve Ecy to bound the cardinality of S fz N{l,...,M}. Let
N be any element of S £Z with /M < N < M. By assumption, there exists an ele-
ment ay of |ty4y| such that |ay —z| < M~P/2. Write y = j(r,). We can find a
homography f : 7+ gﬁig such that oy = j(f(ry)) and ad — bc = N. Applying
Lemma 5.17 with a compact neighborhood of a given preimage t, of z by j, we find
a constant ¢y such that |a|, |b|, |c|,|d| are bounded above by ¢y /7.

Using (5.4), we can find an element 7¢y; of H such that

l[tem — Ty | < CsM1=P/2

for some positive constant C3. Let t" = f(zcm), and let Efy, be the corresponding
elliptic curve. Then the bound on the coefficients of f* guarantees the inequality

j(@) —z| < KNMM'™P? = kMC~P)/2

for some positive constant K. At that point, we copy the end of the proof of Proposi-
tion 5.15. By construction, E(,, is a CM elliptic curve with a cyclic isogeny

VN Ecm — Ely

of degree N. Let o : Ecy — Ecy be a cyclic self-isogeny of degree at most n2. We
get a self-isogeny

Unoaoyn : Eiy — Eqy
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of degree N2?deg(c). In particular, E(y admits a cyclic self-isogeny of degree at
most M*. Again, since (3 — D)/2 < —8, Proposition 5.21 shows that E(y, is deter-
mined by this last condition—in particular, it is independent of N € Sy[fz N
(VM,....M}.

We just constructed an injective map
SP. N{¥M.....M} — Hom(Ecu, E(y). N Yy

such that g(yn) = N. Let §cm be the discriminant of Ecy. Proposition 5.3 implies
the inequality

8M
S L M| < 14 4V2M + = + VM. (5.5)
CM

Since y is not the j-invariant of a CM elliptic curve, the estimate (5.4) and Propo-
sition 5.21 imply that Ecy takes infinitely many values as n grows. Since there are
only finitely many CM elliptic curves over C with bounded discriminant, this shows
that 8¢y goes to infinity with n. Equation (5.5) allows us to conclude the proof. [
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