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ABSTRACT. This memoir is devoted to the study of formal-analytic arithmetic surfaces. These are
arithmetic counterparts, in the context of Arakelov geometry, of germs of smooth complex-analytic
surfaces along a projective complex curve, or of smooth 2-dimensional formal schemes fibered over
a projective curve. Formal-analytic surfaces involve both an arithmetic and a complex-analytic
aspect, and they provide a natural framework for arithmetic algebraization theorems, old and new.

Formal-analytic arithmetic surfaces admit a rich geometry — whether considered intrinsically,
or through their maps to arithmetic schemes, notably to arithmetic surfaces — which parallels the
geometry of complex analytic surfaces and its applications to the study of complex algebraic
varieties and algebraic surfaces. Notably the dichotomy between pseudoconver and pseudoconcave
formal-analytic arithmetic surfaces plays a central role in their geometry.

Our study of formal-analytic arithmetic surfaces relies crucially on the use of real-valued nu-
merical invariants. Some of these are intersection-theoretic, in the spirit of Arakelov intersection
theory on projective arithmetic surfaces. Some other invariants involve infinite-dimensional geom-
etry of numbers, and are defined by means of f-invariants attached to Euclidean lattices of infinite
rank.

Relating our new intersection-theoretic invariants to more classical invariants, defined in terms
of Arakelov intersection theory on projective arithmetic surfaces, leads us to investigate a new real
invariant, the Archimedean overflow, attached to an analytic map from a pointed compact Riemann
surface with boundary to a Riemann surface. The Archimedean overflow may be expressed in terms
of Green functions and harmonic measures, and thus may be related to the characteristic functions
of Nevanlinna theory.

Our results on the geometry of formal-analytic arithmetic surfaces admit diverse applications
to concrete problems of arithmetic geometry. Notably we generalize the arithmetic holonomicity
theorem of Calegari-Dimitrov-Tang regarding the dimension of spaces of power series with integral
coefficients satisfying some convergence conditions.

We also establish an arithmetic counterpart of theorems of Lefschetz and Nori on fundamen-
tal groups of complex surfaces. This counterpart provides a bound on the index, in the étale
fundamental group of a quasi-projective arithmetic surface, of the closed subgroup generated by
the étale fundamental groups of some arithmetic curve and of some compact Riemann surfaces
with boundaries mapping to the arithmetic surface.

In both these applications, the Archimedean overflow plays a central role. Actually these two
applications derive from arithmetic analogues, concerning pseudoconcave formal-analytic arith-
metic surfaces, of results established by Nori in the context of complex geometry, in his work on
Zariski’s conjecture.

Transposing Nori’s arguments in the arithmetic context requires the development of a more
flexible version of Arakelov intersection theory on arithmetic surfaces. This more flexible version,
and the construction of the Archimedean overflow as well, involve the use of a class of Green
functions on Riemann surfaces that satisfies both good functoriality and continuity properties, the
Green functions with CP2 regularity.
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Introduction

0.1. Formal-analytic surfaces as analogues of germs of analytic or formal surfaces
along a projective curve

0.1.1. This memoir is devoted to the study of formal-analytic arithmetic surfaces and to diverse
applications of these to the geometry of projective and quasi-projective arithmetic surfaces.

Formal-analytic arithmetic surfaces have been introduced in [Bos20, Section 10.6], to provide
a natural geometric framework to the algebraizations theorems of the Chudnovskys in [CC85a]
and [CC85b], of André (see [And04] for exposition and references), and of their developments in
[Bos01] and [BCLO9]. Special instances of formal-analytic arithmetic surfaces also occur implicitly
in the recent paper [CD'T21] by Calegari, Dimitrov, and Tang, and their work has been an important
inspiration for the authors of this memoir.!

At least implicitly, formal-analytic arithmetic surfaces have been considered in various other
contexts. Notably in the famous note [Bor94] by E. Borel, in the work of Harbater [Har84, Har88|,
and in the theory of Eisenstein series associated to loop groups over the integers, as developed by
Garland and Patnaik in [GP08].2

Moreover formal-analytic arithmetic surfaces are closely related to Berkovich spaces over Z, as
studied by Poineau [Poil0], [P0il3] and Lamanissier and Poineau [LP20]. They also constitute a
natural ground for applications of the new techniques of analytic geometry currently developed by
Clausen and Scholze [CS22] in the framework of condensed mathematics.

0.1.2. The point of view developed in this memoir is firstly that formal-analytic arithmetic
surfaces are interesting objects in themselves, which admit non-trivial global invariants, and sec-
ondly that these invariants constitute a natural tool to investigate classical questions of arithmetic
geometry.

Formal-analytic arithmetic surfaces constitute arithmetic counterparts of germs V of complex an-
alytic surfaces along a projective complex curve C, or in a more algebraic context, of two-dimensional
smooth formal k-schemes V with scheme of definition a projective curve C over some field k.

As made clear by the classical work of Grauert on modifications [Gra62] and its application to
singularities of surfaces [Lau71], or by the work of Artin on contractions [Art70], these germs of
complex analytic surfaces or these formal surfaces naturally arise in the study of algebraic surfaces
and two-dimensional algebraic spaces. Similarly formal-analytic arithmetic surfaces are natural tools
to investigate the geometry a la Arakelov of arithmetic surfaces, that is, of two-dimensional integral
quasi-projective flat schemes over Z.

In this memoir, we establish diverse results concerning morphisms between arithmetic surfaces
and their fundamental groups which illustrate this philosophy. These arithmetic results may be seen

1Understanding the relation between the arithmetic holonomicity theorem in [CDT21] and their earlier results
on formal-analytic arithmetic surfaces has been a major incentive for the authors to establish the main result in
Chapter 5 concerning the “overflow” invariant, Theorem 5.4.1.

2See the recent work by Dutour and Patnaik [DP22] for new developments and additional references.
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vi INTRODUCTION

as arithmetic counterparts of some of the results of Nori in [Nor83| concerning quasi-projective
complex surfaces.

The germs of analytic surfaces V along a projective complex curve C' that appear in [Nor83]
satisfy a pseudoconcavity condition — basically a positivity condition on the normal bundle NV or
on the self-intersection C' - C of C' in V — while in the work of Grauert and Artin on contractions,
they satisfy a pseudoconvexity condition, related to the negativity of NoV and C-C. The dichotomy
pseudoconvex /pseudoconcave turns out to govern also the arithmetic geometry of formal-analytic
arithmetic surfaces.

0.1.3. In brief, our aim in this memoir is to demonstrate that formal-analytic arithmetic surfaces
admit a non-trivial geometry, relevant for the study of classical objects of arithmetic geometry —
including notably quasi-projective arithmetic surfaces and their étale fundamental groups. This
geometry involves global real-valued invariants, as in the theory of heights and Arakelov geometry.
These invariants are suitably defined arithmetic intersection numbers, and 0-invariants of possibly
infinite dimensional Hermitian vector bundles, as defined in [Bos20].

To achieve this aim without too lengthy foundational preliminaries, we have voluntarily limited
the generality of the class of formal-analytic arithmetic surfaces investigated in this memoir, by
sticking to the class already introduced in [Bos20, Chapter 10].

Our objectives have rather been (i) to clarify the geometric meaning of our constructions, notably
by discussing in detail a series of results in complex analytic and algebraic geometry of which our
main results results are arithmetic counterparts, (ii) to spell out a few “concrete” consequences of
our general finiteness results concerning pseudoconcave formal-analytic arithmetic surfaces that may
be formulated in elementary terms, and (iii) to emphasize the role of a new archimedean invariant —
the “overflow” attached to a complex analytic map from a pointed compact Riemann with boundary
to another Riemann surface — which naturally arises when investigating the morphisms from formal-
analytic to quasi-projective arithmetic surfaces.

0.2. Formal-analytic surfaces over SpecZ: Definition

In this introduction, we present some of our main results concerning formal-analytic arithmetic
surfaces, focusing on the simple case of formal-analytic arithmetic surfaces over SpecZ.

0.2.1. We begin by introducing the main character of this memoir. A smooth formal-analytic
arithmetic surface over SpecZ is defined as a triple:

~

V=(V,(V,0),0),
where:

e Vs a formal scheme, isomorphic to Spf Z[[X]];

e V is a connected compact Riemann surface with non-empty boundary V', equipped with a
real structure,® and O is a real point? in ‘o/;

e ¢ is an isomorphism of complex formal curves, compatible with the real structures:

L ﬁ(c ; ‘70.
The gluing data provided by the isomorphism ¢ may be described in more elementary terms as

follows.

3that is, an antiholomorphic involution c¢. We shall call it “complex conjugation.”
dthat is, a fixed point of the complex conjugation c.
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We may choose an analytic coordinate z on some open neighborhood of O in V' that is compatible
with complex conjugation.® This coordinate establishes an isomorphism of complex formal curves:

Vo = Spf C[[z]].
Moreover the isomorphism:
V =5 Spf Z[[X]]
induces an identification:
Ve — Spf C[[X]].

Therefore the data of the isomorphism ¢ is equivalent to the one of a formal series ¢ € R[[X]]
such that:

(0.2.1) ¥(0) =0 and '(0) # 0;

namely to the isomorphism:

Spf C[[X] ~ Ve — Vo =~ Spf C[[]],
compatible with the real structures, is associated the series:
Y=z

In particular, when the Riemann surface with boundary V is a closed disk — say when the
pair (V,0) is (D(0;1),0) — we may take the standard coordinate z : D(0;1) <+ C as the analytic
coordinate near O in V| and we may associate a smooth formal-analytic arithmetic surface over
SpecZ to every formal series ¢ € R[[X]] satisfying (0.2.1) (see 0.3.4 below).

This discussion shows that formal-analytic arithmetic surfaces over Spec Z are easily constructed
“soft” mathematical objects, and one may wonder whether they are worthy of interest.

0.2.2. A first positive answer to this question is that, as already mentioned above, formal-
analytic arithmetic surfaces naturally arise as the counterparts, in the dictionary between number
fields and function fields, of the germs of analytic or formal surfaces fibered over a projective curve.

Let us explain this in more detail.

0.2.2.1. Let C be a smooth connected projective curve, say over the complex field C, and let
be a non-empty finite subset of C'. The complement

C:=C\%

is an affine curve, and its ring of regular function O(C') is a Dedekind ring.

In the classical analogy between number fields and function fields, the ring of integers Ok of a
number field K (resp. the scheme Spec Ok ) is seen as the arithmetic counterpart of the ring O(C)
(resp. of the smooth affine curve C’), the set of Archimedean places of K as the counterpart of X,
the Hermitian vector bundles over Spec Ok as the counterparts of the vector bundles over C', the
(real valued) Arakelov degree of these Hermitian vector bundles as the counterpart of the (integral

valued) degree of vector bundles over C, etc.

This analogy is pursued much further in Arakelov geometry, where a regular projective scheme
X over Spec Ok, with the projective complex manifolds® (X,(C))s.xsc endowed with suitable
Kéhler structures, appears as the counterpart of a smooth projective variety X fibered over C.

5Narnely it satisfies zoc =Z.

6We denote by o : K — C the field embeding of K in C. Their classes up to complex conjugation are in bijection
with the Archimedean places of K. By X, we denote the complex projective variety deduced from of O -scheme X
by the base change o : O — C.
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0.2.2.2. The formal-analytic arithmetic surfaces investigated in this memoir constitute a new
entry in the dictionary relating number fields and function fields. Their function field analogues are
the following geometric objects.

Consider a connected smooth complex analytic surface V and a surjective (necessarily flat)
complex analytic map:

7Tle—>C

with connected fibers, and a complex analytic section of 7y:

e:C — V.

Assume moreover that, for every x € 3, the connected curve 7, 1(:C) is non-compact, and that
we are given a reduced compact connected curve F in m,," () containing £(z). Then the divisor:

D:=¢(C)+ ) F,

zeXD

is compact and connected, and we may consider the germ V7' of complex analytic surface of V along
D. Tt is “fibered over C”, in the sense that it is equipped with the (germ of) analytic map:

(022) WleBn : V%n — C

In the dictionary between number fields and function fields, the smooth formal-analytic surfaces
over Spec Ok investigated in this memoir correspond to the germs of complex analytic surfaces V!
equipped with the map (0.2.2) — or to a formal variant of these, where germs of complex analytic
surfaces along the compact divisor D are replaced by formal surfaces admitting D as scheme of
definition.”

0.2.2.3. The following remarks should clarify this correspondence.

¢ an

£(0)
the affine curve €, and of its germs Vi along the vertical divisors Fy, z € ¥, “glued” along the
intersections:

The germ of surface V' along D may be seen as the “union” of the germ of V along

(0.2.3) Vi NV

In the above definition of smooth formal-analytic surfaces over SpecZ, the “algebraic” or “for-
mal” data:

VY ~ Spf Z[[X]]
and its structure map:
Vv — SpecZ

play the role of Vj(né) and of the restriction:

Tyle(@) SFC) — C.

The “analytic data” (V,O) play the role of (Vi", e, ), where ¢, denotes the germ of ¢ at . Finally
the isomorphism ¢ corresponds to the “gluing isomorphism” along (0.2.3).

"This formal variant makes sense, not only over the complex field, but over an arbitrary base field.
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0.3. Formal-analytic surfaces over SpecZ: Further definitions and main results

The above dictionary between number fields and function fields naturally extends to various
geometric objects involving germs of analytic surfaces fibered over C, such as vector bundles or
morphism to algebraic varieties.

The translation procedure for these diverse notions follows the same pattern as in 0.2.2.3. Their
arithmetic analogues are defined in terms of (i) an algebraic or formal part (that corresponds to
their restriction over C' in the geometric context), (i) of an analytic part (that corresponds to their
restriction over the germs in C' of z in the finite set ¥ that plays the role of Archimedean places), and
(iii) of some additional gluing data. In particular, as in “classical” Arakelov geometry the arithmetic
counterpart of vector bundles are Hermitian vector bundles over formal-analytic arithmetic surfaces.

At this stage, the possibility of such a translation is hardly surprising. It is more remarkable that
some basic notions of intersection theory on (possibly non-compact) complex analytic surfaces may
be translated to formal-analytic arithmetic surfaces, in the spirit of Arakelov intersection numbers
as defined in [Del87] and [GS90].

For instance, if L is a (germ of) analytic line bundle over V3! and if Z is a divisor supported by
D, we may define the intersection number L - Z since |Z] is compact. Similarly, in the arithmetic
setting, we may define the (real valued) Arakelov intersection number L - Z of a Hermitian line
bundle L over a formal-analytic arithmetic surface VY and of a suitably defined Arakelov divisor with
compact support Z on V.

As indicated in 0.1.2 above, our main results in this memoir concern formal-analytic surfaces %
that satisfy a suitable pseudoconcavity condition.

In this case, we shall firstly show that the “spaces of global sections” of Hermitian vector bundles
over V satisfy some finiteness property, and that their “absolute dimension” defined in terms of the
f-invariants constructed in the monograph [Bos20], satisfy remarkable estimates in terms of the
Arakelov intersection numbers mentioned above.

Secondly we will attach some intersection theoretic invariants to morphisms from formal-analytic
arithmetic surfaces to “classical” quasi-projective arithmetic surfaces, and demonstrate their rele-
vance to various questions involving quasi-projective arithmetic surface and their étale fundamental
groups.

In this section, we give a sample of these results, which constitute a second positive answer to
our previous question at the end of 0.2.1 concerning the significance of the notion of formal-analytic
arithmetic surface.

For simplicity, we focus on the simple case of formal-analytic surfaces over Spec Z. We have tried
to present precise and significant statements, without assuming any prior knowledge of Arakelov
geometry, of potential theory, or of the #-invariants introduced in [Bos20]. Hopefully the self-
contained character of this section will constitute an excuse for the terseness of its presentation.

We denote by V := (9, (V,0),t) a smooth formal-analytic arithmetic surface over SpecZ, as
defined in 0.2.1.

The structure map of V:
(0.3.1) Y ~ Spf Z[[X]] —> SpecZ
defines an isomorphism: R
|V| = SpecZ.
Its inverse defines a section (actually the unique section) of (0.3.1), which we shall denote by:
P :SpecZ — V.
We shall also denote by P its image, that is the definition scheme [V of V.
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0.3.1. If X is an arithmetic scheme, namely a separated scheme of finite type over SpecZ, we
define a morphism:

a:V— X
as a pair:

a = (a,a™),
where:

a:V—X

is a morphism of (formal) schemes, and where:
"V — X(C)
is a complex analytic map® such that the following compatibility relation is satisfied:
(0.3.2) Gc =a™o.L.
In (0.3.2), we have denoted by:
ac:a — Xc
the morphism of complex (formal) schemes deduced from & by the base change Z < C, and by
a*™ : Vp — Xc

the formal germ of a®™ at P.

For instance, a morphism: f : V- A} is a pair (f, ) where fis an element of I‘(‘A/, Op) ~
Z[[T]], and f2" an element of I'(V, O%") — that is, a complex analytic function on V, analytic up to
the boundary — that satisfy the compatibility relation:

(0.3.3) fo=f"o

These morphisms from V to Al define the Z-algebra (9(9) of reqular functions on V.

We may similarly define the field M(V ) of meromorphzc functions on V which is an extension
field of Q. Its elements are the pairs f := ( f f2) where f is a formal meromorphic function on 1%
— or equivalently an element of the fraction field Frac Z[[T]] of Z[[T]] — and f*" is a meromorphic
function on V' (defined up to the boundary) such that the compatibility condition (0.3.3) is satisfied.

Vector bundles and Hermitian vector bundles over V are defined by “gluing” a vector bundle
over V and a vector bundle or a Hermitian vector bundle over the Riemann surface V. Namely a
vector bundle bundle (resp. a Hermitian vector bundle) over V is the data:

E:=(E,E™ ¢)  (resp. E:=(E,E™, ¢]|I)

of a vector bundle E over 9, of a complex analytic vector bundle E*" over V', and of an isomorphism
of vector bundles over the complex formal curve V¢:

¢: Be = E®yC =5 (B3,

(resp. and of some C* Hermitian metric ||.|| on the vector bundle E*" over V). These data are
assumed to be compatible with complex conjugation.

8analytic up to the boundary 9V of the Riemann surface with boundary V.
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0.3.2. It is possible to develop a version of Arakelov intersection theory on a formal-analytic
arithmetic surface V as above. In spite of its rudimentary character, this arithmetic intersection
theory will allow us to associate some significant invariants to formal-analytic arithmetic surfaces
and to their morphisms with value in a “classical” quasi-projective arithmetic surface — namely in
an integral arithmetic scheme of dimension 2, quasi-projective and flat over Spec Z.

The main analytic tool for developing an Arakelov intersection theory on the formal-analytic
arithmetic surface V := (V, (V,0), ) are the Green functions for the point O in V that satisfy the
Dirichlet boundary condition. By definition, these are the real-valued C* functions g on V' \ {O}
such that:

(034) gov = 0,

which admit a logarithmic singularity at O. This last condition means that, if z is a local analytic
coordinate on some open neigborhood U of O in V, there exists h € C*° (U, R) such that:

(0.3.5) g=loglz—z2(0) ' +h onU\{O}.

If g is a Green function as above, invariant under the complex conjugation of V, then the pair
(P, g) may be seen as a compactly supported Arakelov divisor on V.

If moreover L = (L, L*, o, ||.|) is a Hermitian line bundle over V, we may define the height of
P with respect to L as the Arakelov degree:
(0.3.6) ht(P) := deg P*L € R

and the arithmetic intersection number of L and the Arakelov divisor (P,g) as the sum:

(037) L - (P, g) = htf(P) + /Vgcl (Z(c) € R.

The definitions (0.3.6) and (0.3.7) are similar to well known definitions concerning heights and
Arakelov intersection numbers on “classical” projective arithmetic surfaces.

In the right-hand side of (0.3.6), P*L is the Hermitian line bundle over SpecZ defined by the
free Z-module of rank one P*L and by the norm ||.||o on the complex line:

¥ pre
(P*L)c — L.
Moreover d/e\g P*L d?\notes the Arakelov degree of this Hermitian line bundle. If s denotes a generator
of the Z-module P*L, it is defined as:
deg P*T :=log ||s||5".

In the right-hand side of (0.3.7), we denote by ¢1(L¢) the first Chern form of the Hermitian line

bundle (L**,].||) on V, defined by:
er(L)yy = (2ri) 0 log s

where s is a non-vanishing complex analytic section of L over some open subset U of M.

0.3.3. Among the Green functions for the point O in V', defined by conditions (0.3.4) and (0.3.5),

there is a distinguished one, namely the equilibrium potential gy, o, namely the unique Green function
in the above sense that moreover is harmonic on V' \ {O}.

If V is embedded as a domain with C*° boundary in some Riemann surface (without boundary)
V+, we may extend gv,o by 0 on V* \ V. The extended function gy o is continuous on V* \ {O}
and satisfies the following equality of currents on V+:

i
;339%0 =00 — Uv,0,
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where 1,0 denotes a probability measure supported by the boundary 0V of V, the so-called har-
monic measure associated to the point O in V', which is actually defined by a positive C*° density
on the smooth compact curve 9V.

Moreover, by means of gy, o we may equip the tangent line TpV with a canonical norm, the
capacitary norm ||H§,a"po7 which may be defined as follows, in terms of a local analytic coordinate z
near O and of the function A in condition (0.3.5):

(0.3.8) 1(0/02)p 155, = e ")

The normal bundle of P in ]7, N, plj, is a line bundle over the section P. Its pull-back P*N, plA)
defines a line bundle over SpecZ. The complex line:
=R De|p,
(P*NpV)c — ToV

may be equipped with the capacitary norm ||H§/apo7 and we may attach to V the following Hermitian

line bundle over Spec Z:
NpV :=(P*NpV, ||||({,a%)

Its Arakelov degree c/k%Wplj turns out to be a fundamental invariant of V. It may also be
interpreted as the self-intersection of the Arakelov divisor (P, gv,0):

(0.3.9) d/t%ﬁpv = (P,gv,0) " (P,gv,0)-

As in [Bos20, Chapter 10], we shall say that Vis pseudoconcave when the following positivity
condition is satisfied:

(0.3.10) deg NpV > 0.

To a large extent, this memoir is an exploration of the consequences of this pseudoconcavity condition
concerning the morphisms from V to arithmetic schemes, and in particular to arithmetic surfaces.

0.3.4. Among the smooth formal-analytic surfaces V := (V, (V, O), ¢) over Spec Z, the ones such
that the Riemann surface V' is simply connected admit a simple description. Up to isomorphism,
these are the formal-analytic surfaces V(D(0; 1), 1)) associated to some formal series 1 in R[[X]] such
that:

(0.3.11) ¥(0) =0 and +'(0) # 0.
by means of the following construction.
By definition V(D(0;1),¢) is the formal-analytic arithmetic surface (177 (V,0), 1) where®:
V:=SpfZ[[X]], V:=D(0:;1), O=0,
and:
L= 1 : Ve ~ Spf C[[X]] = Spf C[[2]] ~ lﬁo;\l)o.
These formal-analytic arithmetic surfaces appear implicitly in [CDT21], through the associ-

ated algebra of regular functions O(V(D(0;1),%)). This algebra admits an elementary description,
as the ring of formal series @ in Z[[T]] such that the complex formal series & o ¢~! in C[[z]] —
where 11 denotes the compositional inverse of ¢ — is the Taylor expansion at 0 of some func-
tion a® holomorphic on some open neighborhood of D(0;1) in C, or equivalently has a radius of
convergence > 1.

The equilibrium potential gy, o attached to (V, 0) := (D(0; 1), 0) is the function (z — log™ [2|~1),
and the harmonic measure py, o is the rotation invariant probability measure on the circle 9D(0; 1).

9Recall that ‘D(0;1) denotes the closed unit disk of center 0 and radius 1 in C.
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The Hermitian line bundle NpV(D(0;1),1) may be identified with (Zd/0X,||.|l,) where the
metric |||, satisfies:

l4'(0)7'9/0X ||y = 1.
Consequently: -
deg NpV(D(0;1),4) = log |¢/'(0)| ",
and the pseudoconcavity condition (0.3.10) is satisfied if and only if:

[ (0)] < 1.

0.3.5. In this subsection, we present a first result concerning the geometry of pseudoconcave
formal-analytic arithmetic surfaces, in which the notions of arithmetic intersection theory introduced
in 0.3.2 and 0.3.3 naturally enter.

0.3.5.1. Consider V := (V,(V,0),t) a smooth formal-analytic formal surface over SpecZ as
above, and assume that V is equipped with a C*° volume form invariant under complex conjugation.

Let moreover:

~

E = (E’Eanﬁpa H”)
be a Hermitian vector bundle over V.

To these data, we may attach the topological Z-module F(lj, E’) of global sections of E over V
— it is a finitely generated projective Z[[X]]-module — and the space 'z (V, u; 2 ||.||) of complex
analytic sections s of E over V such that:

I5[125 = /V ()P du(z)

is finite.

Endowed with the norm ||.|| 2, the space I'p2(V, u; E**, ||.||) is a complex Hilbert space, equipped
with a canonical real structure. Moreover the topological Z-module T'(V, FE) and the Hilbert space
(Lr2 (Vo ps B 1)), (Il z2) may be related by means of the “gluing” isomorphisms ¢ and ¢ that define
Vand E respectively.

Indeed the completed tensor/\product I‘(]?, E)@Z(C may be identified with the space F(i}c, E(c)

of sections of the vector bundle E¢ over the complex formal curve l?c. In turn, the isomorphisms ¢
and ¢ determine a canonical isomorphism:

I(Ve, Be) = T(Vo, E2).

Finally, by assigning its formal germ at O to any L? holomorphic section of E*" over f/, we
define a “jet map”:

7T (Vs B, |Ll) — T(Vo, B2) ~ T(V, E)&sC.

This map is easily seen to be injective, and to be continuous when F(‘A/o, E{i/n) is equipped with its
o
natural Fréchet topology. It has actually a dense image, and is compatible with complex conjugation.

Accordingly the triple:
(0.3.12)

2

77(\7”“)*E =TV, E), (L (Vs 27 (1D, (- 22), 1),

consisting in the topological Z-module T'(V, E), the Hilbert space (I'zz2(V, yi; ™, -ID5 -ll2), and
the jet map 7 is an instance of a pro-Hermitian vector bundle over SpecZ as defined in [Bos20,
Chapter 5].

The pro-Hermitian vector bundles over Spec Z constitute an infinite-dimensional generalization

of the Hermitian vector bundles over Spec Z — that is, of Euclidean lattices — and the monograph
[Bos20] develops a theory of the 6-invariants hj) attached to these objects. These invariants take
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their value in [0, +00], and play the role, in an arithmetic setting, of the dimension over a base field
k of the space of global sections I'(C, E) of suitable “pro-vector bundles” F over a projective curve

C over k. In [Bos20, Chapter 7] is constructed a natural class of pro-Hermitian vector bundles E

whose f-invariant h)(E) is well-defined and finite after any “scaling” of its Hermitian structure, the
0-finite pro-Hermitian vector bundles over SpecZ.

0.3.5.2. Using the definition (0.3.12) of W(L; #)*F and the notion of #-finite pro-Hermitian vector
bundle over SpecZ recalled above, we may formulate the following more precise version of a basic

result on formal-analytic arithmetic surfaces established in [Bos20, Chapter 10].

THEOREM 0.3.1. Let V := (ﬁ, (V, P),) be a pseudoconcave smooth formal-analytic over Z, and
let u be a C*> positive volume form on V invariant under complex conjugation.

(1) For every Hermitian vector bundle E over V, the pro-Hermitian vector bundle 7% F is

(V,u)*
0-finite, and we may therefore define:

h) L2V, i E) == hy(r% | E).

(2) For every Hermitian line bundle M on ]7, when D € N goes to infinity, we have:

(0.3.13) 1.2V, M°7) = O(D?).

More precisely, when d/eTgP*M < 0, we have:

(0.3.14) m Ag . W, s 7Y = 0,

and in general:

(0.3.15) limsup D210 (Vs M°7) < E(M'A(P—;g‘}i))z.
D400 ’ 2 deg NpV

0.3.5.3. As already indicated in [Bos20, Section 10.2], and explained in more details in Section

1.4 of this memoir, the #-finiteness of 7TL§ 0

as arithmetic analogues of some classical results of Andreotti [And63] concerning pseudoconcave
complex analytic spaces.

*E and the asymptotic estimate (0.3.13) may be seen

As shown in [And63, §3-4] for pseudoconcave complex analytic spaces, the asymptotic estimate
(0.3.13) implies an algebraicity result concerning the image of morphisms from pseudoconcave formal-
analytic arithmetic surfaces to arithmetic schemes:

COROLLARY 0.3.2 (Compare [Bos20, Theorem 10.8.1]). For every pseudoconcave smooth formal-
analytic arithmetic surface V over SpecZ and for every morphism:

a:V— X

from V to some quasi-projective arithmetic scheme X, there exists a quasi-projective arithmetic
surface S and a closed embedding i : S — X such that o factors through i.

The more precise upper-bound (0.3.15) will allow us to establish the degree bound (0.3.20) in
Corollary 0.3.5 and consequently the bounds (0.3.22) and (0.3.23) in our main finiteness results,
Theorems 0.3.4, 0.3.6, and 0.3.8.

0.3.6. Consider a morphism:

a:=(a,a™):V— X,
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from the smooth formal-analytic surface V over Spec Z with values in some normal quasi-projective
arithmetic surface X, and assume that the morphism:

anle —)XQ,

from the germ of formal curve Vg ~ Spf Q[[T]] to the smooth curve Xg over Q, is not constant.

We may introduce the Arakelov divisor with compact support on X defined as the direct image
by « of the Arakelov divisor (P, gv,0) on V, namely:

(0316) Oé*(P, gV7O) = (a*Pv aingv,o)'
Its self-intersection:
a*(P> gV’O) : a*(P’ gV,O)

— which makes sense in the formalism of arithmetic intersection on the quasi-projective arithmetic
surface X developed in Part 2 — is a well defined real number.

When moreover the formal-analytic arithmetic surface V satisfies the pseudoconcavity condition
(0.3.10), the self-intersection (0.3.16) is positive, and we may attach to the morphism « the following
positive invariant, which plays a central role in this monograph:

Oé*(P, gV,O) : a*(PagV,O)
degﬁpg

(0.3.17) D(a:V— X):=

According to (0.3.9), the invariant D(« : Vo X ) is the quotient by the self-intersection of
the Arakelov divisor (P, gy,0) of the self-intersection of its direct image by «, and is therefore a
natural invariant from a formal perspective. Remarkably enough, it is possible to express it in
terms of classical quantities involving the “finite” and “archimedean” components & and a®" of the
morphism a.

For simplicity, we will only indicate here that this expression for D(« : V — X) shows that it
satisfies the lower bound:

D(a:V — X) > e(a),

where e(a) denotes the ramification index of ag, and write down its special form when V is the
formal-arithmetic surface V(D(0;1),) attached to a formal series ¢ € R[[X]] as in 0.3.4 and when
X is the affine line Al:

PROPOSITION 0.3.3. For every ¢ € R[[X]] satisfying conditions (0.3.11) and every morphism:

a: V(D(0,1),4) — A}

such that Qg is non-constant, the following equality holds:
1,1 4 .
(P gy, ) - ax(Pgy.) = 2/ / log o™ (e*™1) — ™ (e*™"2)| dty dis.
o Jo
In particular, when moreover 9(ﬁ(0, 1),%) is pseudoconcave,*® we have:

11
Y 1\ _ / —1\—1 an/ 2mity an/ 2mito
. . . Z —_ - .
(0.3.18) D(a:V — Ay) =2(log|y'(0)] 1) / / log [ (e*™1) — ™™ (e*™*2)| dty dis
o Jo

10T hat is, when |1/ (0)] < 1.
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0.3.7. Having the invariant D(« : V- X) at our disposal, we may formulate, in a simplified
setting, the central results of this memoir.

THEOREM 0.3.4. Let V be a pseudoconcave formal-analytic arithmetic surface over SpecZ, and
let U and V' be two integral normal arithmetic surfaces. Consider a commutative diagram:

(0.3.19) |4
Sl
V51

where o and B are morphisms from the formal-analytic arithmetic surface V to the arithmetic

schemes U and V', and where f is a morphism of schemes.

If ac is non-constant, and therefore so is B¢, then f is dominant and generically finite, and its
degree deg f satisfies the upper bound:

D(a:V —U)

(0.3.20) deg f < DE VoY)

The commutativity of the diagram (0.3.19) means, by definition, that the following two diagrams

are commutative:
Vv
'
a U,

y_o.
and
V(C)

ok

VS U(©).
Actually, the commutativity of any of these two diagrams implies the commutativity of the other
one.

Observe also that, combined with the estimates:
D(B:V = V)ze(f) 21,
the degree bound (0.3.20) implies the following one:
COROLLARY 0.3.5. With the notation of Theorem 0.3.4, the following inequality holds:
(0.3.21) deg f < D(a:V — U).

The fact that the right-hand side of (0.3.21) does not depend of V or § plays a key role in
the proof of diverse results concerning pseudoconcave arithmetic surfaces, for instance of Theorems
0.3.6, 0.3.7, and 0.3.8.

THEOREM 0.3.6. For every pseudoconcave smooth formal-analytic arithmetic surface V over
SpecZ, the field of meromorphic functions M(V) is either Q, or a finitely generated extension of Q
of transcendence degree 1.

Moreover, if f is an element of (9(17) not in Q, then f seen as an element of M(\j) is tran-

scendental over Q, and the degree of M(V) seen as a field extension of Q(f) satisfies the following
upper bound:

(0.3.22) M(V): Q(f)) < D(f : D — AL).
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In the main body of the text, we establish more general forms of Theorems 0.3.4 and 0.3.6
where V may be a smooth formal-analytic arithmetic surface over Spec Ok, with K an arbitrary
number field and O its ring of integers, and where the maps «, 3, or f are allowed to be, not only
morphisms, but more general meromorphic maps.

In particular, the second half of Theorem 0.3.6 still holds when f is an arbitrary element of
M(V) not in Q, with a suitable definition of the invariant D(f) in the right-hand side of (0.3.22).

0.3.8. By elaborating on the degree bounds established in Theorems 0.3.4 and 0.3.6, it is possible
to establish further results concerning pseudoconcave formal-analytic arithmetic surfaces and their
morphisms to quasi-projective arithmetic surfaces. We conclude this section by presenting two of
these results.

0.3.8.1. For every smooth formal-analytic surface V over Spec Z, the Z-algebra 0(17) is a domain.
Its fraction field Frac O(V) may be identified to a subfield of M(V), but in general may be distinct
from O(V).

According to Theorem 0.3.6, this fraction field is a finitely generated extension of Q, of tran-
scendence degree at most 1. The following theorem establishes a stronger finiteness result:

THEOREM 0.3.7. For every pseudoconcave smooth formal-analytic arithmetic surface V over

SpecZ, the Z-algebra O(V) is finitely generated.

0.3.8.2. As in 0.3.6 above, let:
o= (@,0™): YV — X

be a morphism from a smooth formal-analytic surface V= (9, (V,0),1) over SpecZ with values
in some normal quasi-projective arithmetic surface X, and assume that the morphism ag is non-
constant.

We may consider the étale fundamental group 7$*(V,0) and 7§t (X, a®*(0)). The former may
be identified with the profinite completion of the topological fundamental group 71 (V,O), and the
map:

VS Xe— X
defines a continuous morphism of profinite groups:
a, 18V, 0) — 784X, ™ (0)).

The following theorem is an arithmetic avatar of a generalization due to Nori [Nor83] of the
classical theorem of Lefschetz concerning the fundamental groups of hyperplane sections of projective
complex varieties.

THEOREM 0.3.8. With the above notation, if V is pseudoconcave, then a, (7S¢ (V,0)) is a sub-
group of finite index in 74X, ac(0)). Moreover:

(0.3.23) [TE4(X, a™(0))) : an (7 (V,0))] < D(a: V — X).

These results on the étale fundamental groups of arithmetic surfaces may be applied to integral
model of modular curves.

For instance, for every integer N > 3, we may consider the scheme Y(N)**h defined as in
[Kat76, Section 2.5]'! as representing the functor that maps a base scheme S to the isomorphism
classes of pairs (£,), where & is an elliptic curve over S and ¢ is an isomorphism of finite flat group
schemes over S:

t:(uny X Z/NZ)s — E[N].

Hiyhere it is denoted by M (I'(IN)2rith),
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It is a smooth affine curve over Spec Z, with geometrically irreducible fibers, and as a consequence
of Theorem 0.3.8, we may prove:

COROLLARY 0.3.9. For every integer N > 3 and every geometric point * of Y(N)*h  the étale
fundamental group 7${(Y(N)2 %) is finite.

0.4. Contents of the memoir

In this subsection, we briefly describe the contents of the successive chapters of this memoir.
The reader is referred to the introduction of each of these chapters for a more complete description.

In Part 1, consisting in Chapters 1 and 2, we present a series of results concerning algebraic and
analytic complex varieties which constitute “geometric models” for the arithmetic results established
in Part 2 and 3 of this memoir. Strictly speaking, the content of Part 1 is not used in Part 2 and 3.
However it provides motivations and principles of proofs for our later arithmetic developments.

In the results of complex algebraic geometry presented in Chapters 1 and 2, an important role
is played by auxiliary complex analytic surfaces satisfying a pseudoconcavity condition. Besides
Andreotti’s foundational work on pseudoconcave complex spaces [And63], a major source of in-
spiration for these geometric results — and consequently for the arithmetic results in this memoir
— has been Nori’s famous article [Nor83] on the fundamental group of complex quasi-projective
surfaces.

Most of the geometric ideas underlying our work already appears in Chapter 1, in a simplified
but significant setting. Chapter 2, which develops these geometric ideas in a more general framework,
is more technical and could be skipped at first reading.

Part 2 contains some foundational results, concerning Arakelov intersection theory on arithmetic
surfaces and Green functions on Riemann surfaces. These results will be required in the final chapters
of this work to transpose the geometric arguments in Chapters 1 and 2 to arithmetic surfaces.

Technically, we shall need a formalism of intersection theory & la Arakelov that allows us to
handle direct images of Arakelov cycles by dominant morphisms between arithmetic surfaces, and
also to consider arithmetic intersection theory on possibly non projective arithmetic surfaces. Such
a formalism is developed in Chapters 3 and 4.

The content of Chapter 5 is of a purely analytic nature. It introduces an invariant attached
to non-constant analytic maps from a pointed compact connected Riemann surface with boundary
to another Riemann surface, its “overflow”. This invariant will play a key role in the sequel, when
computing self-intersections of Arakelov-cycles on arithmetic surfaces attached to morphisms from
formal-analytic arithmetic surfaces. It enters in the expression for the invariant D(a : V — X)
introduced in Subsection 0.3.6 above of which (0.3.18) is a very special case.

One of the most significant results of the memoir is established in Chapter 5, namely the alter-
native expression for the overflow in Theorem 5.4.1 and its application to the relation between the
overflow and the Nevanlinna characteristic function.

Part 3 is devoted to the main subject of the memoir: the formal analytic-arithmetic surfaces —
which, as explained in Sections 0.1 and 0.2 above, should be thought of as arithmetic counterparts
of the (germs of) analytic surfaces investigated in Part 1 — and their applications to the study of
arithmetic surfaces.

Chapter 6 introduces these formal analytic-arithmetic surfaces, and develops some rudimentary
arithmetic intersection theory on them. Notably it introduces the dichotomy between pseudoconvex
and pseudoconcave formal analytic-arithmetic surfaces. Section 6.3 investigates a simple but signifi-
cant class of examples, the formal-analytic arithmetic surfaces V(D(0; 1), ) mentioned in Subsection
0.3.4 above, which are closely related to the constructions in [CDT21].
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Using some arguments of “infinite dimensional geometry of numbers,” we also show in Chapter
6 that, in this class of examples, almost every pseudoconcave formal analytic-arithmetic surface
admits no non-constant regular function. Contrariwise, the pseudoconvex ones admit a large supply
of regular functions, and are therefore similar to Stein manifolds in complex geometry. These results
are not used in the following chapters, but put in perspective our later results on pseudoconcave
formal-analytic arithmetic surfaces.

Chapters 7 investigates the morphisms from formal-analytic arithmetic surfaces to quasi-pro-
jective arithmetic surfaces. It contains a few technical, but important results: some computations
of intersection numbers attached to these morphisms, and generalizations of these computations to
meromorphic maps.

Chapter 8 establishes the main results of the memoir, concerning pseudoconcave formal-analytic
arithmetic surfaces and their morphisms to arithmetic schemes. We notably establish some finiteness
results concerning the field M(]Ni) of meromorphic functions on a pseudoconcave formal-analytic
arithmetic surface V. These results are established by transposing in the arithmetic setting the

arguments in Part 1, by using the new tools developed in Part 2.

Chapter 9 contains some more advanced developments of these results: the finite generation of
the algebra of regular functions on a pseudoconcave formal-analytic arithmetic surface, and some
finiteness results concerning étale fundamental groups of arithmetic surfaces that are the analogues
of the theorem of Lefschetz-Nori concerning étale fundamental groups of quasi-projective complex
surfaces presented in Chapters 1 and 2. We conclude the chapter by some applications to finiteness
results on étale fundamental groups of integral models of modular curves.

Leitfaden



XX INTRODUCTION

0.5. Acknowledgments

During the writing of this monograph, the authors benefited from the support of the ERC project
AlgTateGro (Horizon 2020 Research and Innovation Programme, grant agreement No 715747).

The authors are very grateful to Frank Calegari, Vesselin Dimitrov, and Yunqging Tang for
communicating them a first version of their paper [CDT21] in August 2021, and to Vincent Pilloni
for useful discussions of integral models of modular curves.

The notion of “overflow” for a non-constant analytic morphism of a pointed connected Riemann
surface with boundary to a Riemann surface was introduced, in the unramified case, during some
discussion in 2009 between Antoine Chambert-Loir and one of the authors about possible devel-
opments of their joint paper [BCLO09]. Suitably extended, this notion plays a central role in the
“concrete” consequences of the results in this paper, and the authors would like to thank Antoine
Chambert-Loir for this very helpful discussion.

0.6. Conventions and notation

0.6.1. Notation. For every z € R, we use the notation:
rT = max(0,z) and |z|:=max{n€Z|n <z}

For every a € C and r € R, we note:

D(a;r):={z€C||z—a|<r} and D(a;r):={z€C||z—a| <r}.
If A is an integral domain, we denote its field of fractions by Frac A.
When K is a number field, we will usually denote by {0 : K < C} the family of field embedding
of K in C, and by O its ring of integers.
If M is a module over some ring A, and if B is some commutative A-algebra, we denote by Mp
the “base changed” module M ® 4 B. Similarly, if ¢ : M — N is a morphism of A-modules, we let:
pyB = <p®AIdB :Mp — Np,

and if X is some A-scheme, we let:

Xp = X Xgpec 4 Spec B.

When K is a number field, with ring of integers Ok, and ¢ : K——C is a field embedding, these
base change constructions may be applied to A := Ok and B := C, considered as an A-algebra by
means of 0. Then we denote Mp (resp. Xp) by M, (resp. X, ).

If D is a Cartier divisor on a scheme or a complex analytic space X, we denote by 1p the
canonical section of the line bundle Ox (D) over X, which admits D as divisor. When moreover D
is effective, the normal bundle NpX is defined as the restriction to D of the line bundle Ox (D).

A line bundle L over a scheme X projective over some field k is nef when, for every closed

integral subscheme C' of dimension 1 in X, we have:
dege Lic = degy, c1(L) N [C] = 0;

see for instance [Ful98, Section 2.5 and Definition 1.4] for the definition of the operation ¢1 (L) N -
and of the degree deg,, of 0-cycles.

If X is an integral projective surface over k, then a nef line bundle L over X is big if and only
if:

L-L:=deg,ci(L)*N[X]>0;

see [Laz04, section 2.2]. The nef and big line bundles over X are sometimes called numerically
positive; see for instance [Szp81].
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A Hermitian vector bundle over a reduced analytic space M is a pair E := (E,|.||) where E is
a complex analytic vector bundle over M, and ||.|| is a continuous Hermitian metric on F over M.

A Hermitian vector bundle over a reduced, separated scheme X of finite type over Z is defined
as a pair E := (E, ||.||) where E is a vector bundle over X and ||.|| is a continuous Hermitian metric
on the complex analytic vector bundle Eg* over X (C); the metric ||.| is moreover required to be
invariant under complex conjugation. We shall denote by E¢ the Hermitian vector bundle (E&", ||.||)
over the analytic space X (C).

A Hermitian line bundle is a Hermitian vector bundle of rank one.

If L:= (L, |.||) is Hermitian line bundle with a C> metric |.|| over a complex manifold M, its
first Chern form ci(L) is the C* real (1,1)-form on M defined by:

e1(I)j = (2mi) 9D log |5,

where s is a non-vanishing complex analytic section of L over some open subset U of M.

We shall denote by M(V) the ring of meromorphic functions (resp. of formal meromorphic
functions) on some complex analytic space (resp. on some formal scheme) V.

We shall sometimes use the expression arithmetic scheme to designate a separated scheme of
finite type over SpecZ.

0.6.2. Riemann surfaces with boundary. As in [Bos20, 10.5.1], we define a Riemann
surface with boundary as a pair (V, V1) where VT is the germ of a Riemann surface along a closed
C* submanifold with boundary V of V', of codimension 0 in V'*. The interior of (V, V) is defined
as the interior V of V. It is a Riemann surface without boundary. The boundary of (V,VT) is
defined as

oV :=V\VT.

We say that (V, V) is compact (resp. connected) when V is. For simplicity’s sake, we will often
write V for the Riemann surface with boundary (V, V™), but will write:

a:Vt — N
for a complex analytic map to emphasize that « is analytic up to the boundary.

A real structure on the Riemann surface with boundary (V, V1) is an antiholomorphic involution
of VT that preserves V.

A complex analytic vector bundle E on the Riemann surface with boundary (V, V™) is a complex
analytic vector bundle on the germ of Riemann surfaces Vt. A Hermitian vector bundle E :=
(E,||.]l) on the Riemann surface with boundary (V,V ™) is the data of a complex analytic vector
bundle E on VT and of a continuous Hermitian metric on E over V.

0.6.3. Arithmetic surfaces. We recall some basic definitions and some classical facts con-
cerning arithmetic surfaces that will be used freely in this article. We refer to [Sha66, Lic68,
Lip78, Art86, MB89] for proofs and additional references.

0.6.3.1. An arithmetic surface X is a scheme separated of finite type and flat over Spec Z, such
that every component of |X| has Krull dimension 2. An integral curve in X is a closed integral
subscheme of X of Krull dimension 1. An integral curve C' in X is either horizontal, when the
morphism C' — SpecZ is flat, hence quasi-finite, or wvertical, when the morphism C' — SpecZ
factorizes as

C — SpecF,——SpecZ
for some prime p.

Let X be a normal arithmetic surface. Its contains a maximal open regular subscheme X,
and the complement X \ X,e, is a finite union of closed points of X. As a consequence of the
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resolution of singularities for arithmetic surfaces, the local Picard group at each of these points is
finite ((MB89]). This admits the following consequences:

(i) Any Weil divisor on X is Q-Cartier. More precisely, there exists a positive integer N(X)
such that, for every Weil divisor Z on X, the divisor N(X)Z is a Cartier divisor.
(ii) The scheme X is Q-factorial.
(ii) If X is an affine normal arithmetic surface, an open subscheme V' of X is affine if and only
if the complement | X |\ V has pure dimension 1, or equivalently is a finite union of integral
curves.

By Nagata’s compactification theorem, any arithmetic surface X may be embedded as an open
subscheme in some arithmetic surface X that is proper over SpecZ. Any such proper arithmetic
surface is actually projective over SpecZ. Indeed a horizontal effective Cartier divisor'? D in a
projective normal integral arithmetic surface X is ample if and only if its support |D| meets every
vertical integral curve ([Lic68]).

0.6.3.2. Let X be an integral normal arithmetic surface. Then Xg is a smooth integral Q-scheme
of dimension 1. Its field of constants K, defined as the algebraic closure of Q in the field of rational
functions k(Xg) = k(X), is a number field. The scheme Xg is canonically a K-scheme, and as such,
is a smooth geometrically integral curve. If we denote by O the ring of integers of K, the image
of the inclusion O — k(X) lies in the subring Ox(X) of the field x(X) consisting of the regular
functions on X | since X is integral and normal. The inclusion O — Ox(X) defines a morphism
of schemes:
m: X — SpecOk.
The morphism 7 is smooth with geometrically connected fibers over some non-empty open subscheme
of Spec Ok.
Conversely, for any integral normal arithmetic surface X and every number field K, if a morphism
of schemes:
7'+ X — Spec Ok
has an integral geometric generic fiber Xz, then K “is” the field of constants of Xg, and 7’ is the
morphism 7 described above. This is the case for instance when the morphism 7’ admits a section.

When the integral normal arithmetic surface X is projective, the morphism 7 coincides with
the Stein factorization of the morphism X — SpecZ.

The Riemann surface X (C) whose points are the complex points of the Z-scheme X may be
identified with the disjoint union:
T x.©,
o:K——C
where X, denotes the connected smooth complex curve X x ¢, » C.

0.6.3.3. The results and techniques in [MB89] lead to the following descriptions of open or
closed affine subschemes of an integral normal projective arithmetic surface X.

For every non-empty open subscheme U of X, of complement the reduced closed subscheme
F :=|X \ U], the following conditions are equivalent:

(i) the scheme U is affine;

(ii) the scheme F is purely one-dimensional; every vertical integral curve of X meets F'; more-
over, if ' = HUV where H (resp. V) is a finite union of horizontal (resp. vertical) integral
curves, then every connected component of V' meets H;

(iii) there exists an ample effective Cartier divisor D in X whose support |D| coincides with F'.

When these conditions are satisfied, if Dy is an effective divisor on Xg whose support is Fg, the
ample effective divisor D in (iii) may be chosen such that Dgq is a positive multiple of Dy.

L2¢hat is, an effective Cartier divisor flat over Spec Z.
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For every closed subscheme Y of X, distinct of X, the following conditions are equivalent:

(i) the scheme Y is affine;
(ii) every irreducible component of |Y| is either a closed point or a horizontal integral curve
in X;
(iii) there exists an affine open subscheme U of X containing Y.
When these conditions hold, the affine open subscheme U in (iii) may be chosen such that the
complement | X \ U] is a finite union of horizontal integral curves in X.
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CHAPTER 1

Projective surfaces, pseudoconcave analytic surfaces, and
étale fundamental groups

Part 1 of this memoir is devoted to a series of results concerning complex algebraic and analytic
varieties that will constitute geometric models for the arithmetic results, concerning projective and
formal analytic projective surfaces, that will be established in Parts 2 and 3.

Most of the geometric ideas underlying our work are presented in this first chapter. Notably
we discuss diverse results concerning the geometry and topology of complex surfaces that appear
(some of them implicitly) in Nori’s famous paper [Nor83] on the fundamental groups of quasi-
projective complex surfaces. In this paper, Nori investigates the topology of these surfaces and of
their embedded curves by considering some auxiliary complex analytic surfaces satisfying a suitable
positivity condition, which turns out to be related to the pseudoconcavity of these surfaces, in the
sense of Andreotti and Grauert ([AG62], [And63]).

More specifically, in this chapter we elaborate on the “easy” part of [Nor83] — which avoids
the sophisticated arguments of deformation theory in complex analytic geometry that constitute
the bulk of [Nor83] — and we establish various extensions of Nori’s results whose proofs require
only basic techniques of algebraic and analytic geometry. These techniques also allow us to establish
some avatars of the finiteness and algebraicity results in [And63] concerning pseudoconcave complex
analytic surfaces.

The content of Part 1 is not explicitly used in Parts 2 and 3. From a strictly logical perspective,
Part 1 could be skipped by a reader interested in the arithmetic results of this memoir only. However
we believe that, independently of their own geometrical interest, the results presented in Part 1 shed
some light on the constructions and arguments developed in the arithmetic framework of Parts 2
and 3. Let us briefly discuss this in more detail.

In Part 1, a key role is played by complex analytic surfaces V containing a (possibly singular)
connected projective curve C. In most of our results, it is not the analytic surface V itself but its
germ V&' along C' that indeed matters. Actually our results admit variants involving the formal
germ 90 of V along C, and may be generalized to the situation where ]70 is an arbitrary smooth

formal complex surface containing C' as scheme of definition.®

The formal-analytic arithmetic surfaces investigated in this memoir are precisely the arithmetic
counterparts of these formal complex surfaces 17(; admitting a projective algebraic curve C' as scheme
of definition. The pseudoconcave formal-analytic arithmetic surfaces, to which our main results in
Part 3 are devoted, are the counterparts of those formal complex surfaces 17(; such that the normal
bundle of C' in 170 satisfies a suitable positivity assumption, and whose complex analytic avatars are
investigated in Part 1.

ITo stay closer to the geometric intuition and to the classical results in [And63] and [Nor83], we sticked to the
“analytic” point of view, and mentioned the “formal” results only incidentally. The comparison of the constructions
in the formal and analytic contexts actually leads to delicate questions; see Subsection 2.2.4.

3
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Moreover the elementary character of our algebro-geometric arguments in Part 1 — by opposition
to the transcendental arguments in [And63] and [Nor83] — explains why we are able to transpose
them in the arithmetic setting of Part 3.

A superficial reading of Chapter 1 should be enough to grasp the geometric ideas underlying this
memoir. Its simple framework — with the above notation, the projective curve C' in the complex
analytic surface V is supposed to be smooth — is however too restrictive when one wishes to pursue
in detail the comparison with the arithmetic situation investigated in Parts 2 and 3. More general
versions of the results of Chapter 1, which constitute a more complete analogue of our later arithmetic
results, will be established in Chapter 2.

1.1. Degree of morphisms between projective surfaces and Hodge index inequality

The following proposition is a straightforward generalization of an estimate established by Nori
in [Nor83, Proof of Lemma 5.1]. Its arithmetic conterpart in Arakelov geometry, stated in Theorem
3.5.10 below, will play a central role in this article.

ProprosSITION 1.1.1. Let X andY be two integral normal projective surfaces over an algebraically
closed field k, and let:

f:Yy —X
be a dominant morphism of k-schemes.

Let B be a divisor on' Y, and let A := f.(B) be its direct image in X. If the self-intersection
B - B is positive, then the degree deg f := [k(Y) : k(X)] of [ satisfies the following inequality:

A-A
1.1.1 deg f < ==
(1.1.1) ¢f< 5 g

In (1.1.1), A.A and B.B denote the respective self-intersections of the Weil divisors A and B on
X and Y respectively, defined by means of intersection theory on projective normal surfaces as in
[Mum61, II.(b)]; see also [Ful98, Example 7.1.16] and [Bos99, 2.4].

PROOF. Let us denote:
6 :=deg f.
For every divisor D on X, we have:
(1.1.2) (ffA-=0B) - f*D=f*A-f*D—-6B-f*D=6A-D -4 f.B-D =0.
Applied to D = A, (1.1.2) implies:
(1.1.3) (f*A—0B)-(f*A—6B) = -6 f*A-B+6*B-B=—6A-f.B+6°B-B=—-6A-A+§°B-B.
If H is an ample Cartier divisor on X, we have:
(1.1.4) f*H-f*H=6H -H>0.
Moreover, according to (1.1.2) applied to D = H, we have:
(1.1.5) (ffA—0B) - f*H=0
From (1.1.4), (1.1.5) and the Hodge index inequality on the projective surface Y, we obtain:
(ffA=6B)-(ffA-6B) <.
Together with (1.1.3), this proves (1.1.1) when B - B is positive. O

The following amplification of Proposition 1.1.1 will be useful in applications:
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PROPOSITION 1.1.2. Let U and V' be two connected normal quasi-projective surfaces over an
algebraically closed field k, and let:
f:V—U
be a dominant morphism of k-schemes. Let B be a divisor on V, whose support is proper over k,
and let A := f.(B) be its direct image.
If the self-intersection B - B is positive, then the degree deg f := [k(V') : k(U)] of f satisfies the
following inequality:
A-A
1.1.6 d < —.
(1.1.6) ¢f< 5 g
Observe that the self-intersections A - A and B - B are well defined since the support of B, and
therefore the support of A also, is proper over k.

PRrROOF. We may assume that U and V are open subschemes of some integral projective surfaces
X and Y. After possibly replacing X by the closure in X X Y of the closure of the graph of f, we
may also assume that the morphism f extends to a k-morphism from X to Y. Finally, after possibly
replacing X and Y by their normalization, we may also assume that they are normal. Then (1.1.1)
follows from Proposition 1.1.1 applied to the morphism f: X — Y. O

1.2. Applications: connectedness theorems and Nori’s theorem on étale fundamental
groups of nodal curves in smooth surfaces

1.2.1. With the notation of Proposition 1.1.1, let C' be a closed integral 1-dimensional subscheme
of Y such that the restriction of f to C defines an isomorphism:

(1.2.1) fic : C =5 (C).

Assume additionally that f is étale at every point of C or, equivalently, that f defines an
isomorphism:
between the formal completions of Y and X along C and f(C') respectively.

In this situation, the self-intersection numbers C.C and f(C).f(C') coincide, and the inequality
(1.1.1) applied to B = C asserts that, when the self-intersection C.C' is positive, then deg f = 1,
or equivalently the morphism f is birational. When this holds, f induces an isomorphism between

some Zariski open neighborhoods of C' and f(C) in Y and X respectively, and the following equality
holds:

() =c.
In particular f~1(f(C)) is connected. Conversely, since f is étale at every point of C, the connect-
edness of f~1(f(C)) implies that f is birational.

This discussion shows that, in the situation we consider, the inequality (1.1.1) applied to B =
C follows from the following connectedness statement & la Fulton-Hansen?: for every dominant
morphism f :Y — X of connected normal projective surfaces, and every closed integral subscheme
D of X of dimension 1 such that D.D > 0, the inverse image f~1(D) is connected.

We refer to [Bos99, Section 2] for a more complete discussion of related connectedness theorems,
due notably to Zariski and C.P. Ramanujam. Let us also indicate that arithmetic counterparts of
these theorems, established in the context of Arakelov geometry, play a key role in [Bos99] and
[BCLO9].

2see for instance [FL81] and [Laz04, 3.3-4] for presentations of these connectedness theorems and their applica-
tions and for references.
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1.2.2. Let us keep the notation of Proposition 1.1.1 and, for the sake of simplicity, let us assume
that the surfaces X and Y are both smooth. Let B be a closed integral subscheme of dimension 1
of Y such that the restriction:

fip+ B— f(B)
s a birational morphism.

The image A := f(B) of B defines a Cartier divisor on X. It coincides with the cycle theoretic
image f.B, and the inverse image f*A of A is an effective Cartier divisor on Y containing B as a
component. It may be written:

ffA=eB+R,
where e is a positive integer — this is by definition the ramification index of f along B — and R is
an effective Cartier divisor on Y that intersects B properly.

We have the following equalities of intersection numbers:
A-A=A-f,B=f"A-B=e¢eB-B+ R-B.
Together with Proposition 1.1.1, this shows that, if the self-intersection
BB :=degy NgY
1s positive, then:
A-A A-A R-B
=e —e+ ——.
B-B A-A-R-B degg NpY

(1.2.2) deg f <

1.2.3. To highlight the geometric significance of the degree estimate (1.2.2), let us present
its application by Nori to the fundamental group of nodal curves embedded in smooth projective
surfaces.

In [Nor83, section 5| considers the situation of 1.2.2, where moreover A := f(B) is a nodal
curve, with r(A) singular points, and f is étale at every point of B.

Then e = 1, and B also is a nodal curve, with r(B) < r(A) singular points. Moreover the
effective divisor R := f*(A) — B intersects B transversally precisely at the smooth points P of B
such that A is singular at f(P). Consequently:

R-B=2(r(A) —r(B)),
and therefore:
B-B=A-A—-R-B=A-A-2r(A)+2r(B) > A-A—-2r(A).

The conclusion of 1.2.2 shows that, when moreover A- A > 2r(A), then:
A-A
A-A-=2r(A)

This upper bound on deg f is the content of [Nor83, Lemma 5.1]. Remarkably the right-hand
side of (1.2.3) depends only of the geometry of the curve A embedded in the surface X, and not on
the morphism f. As pointed out by Nori, when applied to étale morphisms f, it may be rephrased
as the following result concerning étale fundamental groups:3

(1.2.3) deg f <

PROPOSITION 1.2.1 ([Nor83], Proposition 5.4). Let A be a connected nodal projective curve
embedded in a connected projective smooth surface X over some algebraically closed field k. Let us
denote by r(A) its number of singular points, and by:

jov:iA-S A X
the normalization of A composed with the inclusion in X.

3The derivation of Proposition 1.2.1 from the upper-bound (1.2.3) is similar to the derivation of Proposition 1.3.2
from the degree bound (1.3.7) below.
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If the inequality:
A-A>2r(A)
holds, then the image of the morphism of étale fundamental groups:
(1.2.4) (iov), : 75 (A, a) — (X, x)
induced by iov is a subgroup of finite index; moreover:
(1.2.5) (75 (X, @)« (i o w).(n$"(A4,7))] < M.

In (1.2.5), @ denotes a geometric point of A and z its image by i o v.

To put Proposition 1.2.1 in perspective, observe that, when A is smooth, r(A) vanishes, and
Proposition 1.2.1 asserts that, if the self-intersection:

is positive, then the inclusion morphism i : A~ X induces a surjective morphism of étale funda-
mental groups:

i TS (A a) = THH(X, x).

This surjectivity is a consequence of the Lefschetz theorems in SGA2, and actually holds for any
integral curve A in X with positive self-intersection. It also follows from the connectedness results
in 1.2.1 above; see [Gro68| and [Bos99].

Observe also that, in striking contrast with Nori’s finiteness result (1.2.5) and the surjectivity
of i,, the image of the morphism:

vy 1 TS (A, A) — 75 (A, a)

is a closed subgroup of infinite index when r(A) is positive.

1.3. Analytic maps from analytic thickening of projective curves to algebraic surfaces

When k = C, Nori establishes in [Nor83] various generalized versions of the finiteness results
on étale fundamental groups in Proposition 1.2.1. These generalizations concern topological funda-
mental groups, and rely on subtle arguments of deformation theory in complex analytic geometry.

It turns out that diverse variants of Nori’s results, concerning étale fundamental groups instead
of topological fundamental groups, may be established by some variations on the simple algebraic
arguments establishing the degree bound (1.2.3) and Proposition 1.2.1. These variants, like the
more difficult transcendental results in [Nor83], involve complex analytic maps from some auxiliary
(germ of) complex analytic surface containing a projective curve, with range the complex algebraic
varieties under study (which will play the role of X and Y in 1.2.2, or of X in Proposition 1.2.1).

In this subsection, we establish some simple but significant instances of these variants. They
will constitute “geometric models” for the upper bound on the degree of a morphism between
arithmetic surfaces and for the finiteness results concerning their étale fundamental group established
in Theorems 8.1.2 and 9.2.1 below.

The framework of this section and of the next one, where we consider an auxiliary analytic surface
containing a smooth projective curve, makes the derivation of our results especially straightforward.
As discussed in 1.4.3 below, this simple framework also highlights the relation between the geometric
results in this first part — and consequently of their arithmetic counterpart established in this article
— with the classical properties of pseudoconcave complex analytic spaces, introduced in the seminal
works of Andreotti and Grauert ([AG62], [And63]).
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1.3.1. We place ourself in a special instance of Proposition 1.1.2 with k¥ = C, and we consider
a dominant morphism:

f:VvV—U
of connected smooth quasi-projective complex surfaces.

We also consider a connected complex analytic manifold V containing a smooth connected
projective curve C, and we assume that we are given complex analytic maps « and § from V to U
and V respectively, that fit into a commutative diagram:

(1.3.1) V if

Y=

We finally assume that the image a(V) of v is Zariski dense in U — this holds if and only if «
is étale at some point of V), or equivalently outside a proper closed analytic subset of V — and that
the restriction of a to C':

ac:C—a(C)

is birational. This implies that f is dominant, that the image S(V) of 5 is Zariski dense in V', and
that the restriction of 8 to C:

Bic: C — B(C)
is birational.

Then we may define the ramification index e(«) of a along C by the equality of analytic divisors
on V:

(1.3.2) a*(a(C)) = e(a) C + R,

where R is an effective analytic divisor on V that intersects C properly. The integer e(«) is positive,

the intersection number R - C' is non-negative, and the following equalities of intersection numbers
hold:

(1.3.3) a(C) - a(C)=C-a*(a(C) =e(a)C-C+R-C.
As a consequence, when the self-intersection:
C-C =degy NcV
is positive, we have:
(1.34) a(C)-a(C)>e(a)C-C >0,
and, similarly:
(1.3.5) B(C)-B(C) = e(B)C-C > 0.

Finally, Proposition 1.1.1 applied to B = 8(C) and A = a(C), together with the relations (1.3.3)
and (1.3.5), establishes the following:

PRrRoOPOSITION 1.3.1. With the above notation, if the self-intersection C - C = degs NcV is
positive, then:
a(C)-a(C)  e(w) R-C
1.3.6 deg f < = + :
(139 IS 7@C-C " eB) T B depo Nev

and consequently:

a(C) - a(C) R-C
3. < — = _—
(1.3.7) deg f < 5 + dege NoV
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1.3.2. In turn, the degree bound (1.3.7) implies the following result concerning étale fundamen-
tal groups.

PROPOSITION 1.3.2 (compare [Nor83], Weak Lefschetz Theorem, B and C). Let V be a smooth
connected compler analytic surface containing a smooth connected projective curve C, and let:

a: VY —U

be a complex analytic map, with Zariski dense image, from V to some smooth connected complex
algebraic surface U.

If the morphism a)c : C — «(C) is birational and the self-intersection C - C' = dego NcV is
positive, then the image of the morphism between étale fundamental groups:

(1.3.8) oo 1 75 (C ) — 71U, z)
induced by o : C — U is a subgroup of finite index; moreover:

o o a(C) - a(C R.-C
(1.3.9) [m$'(U, 2) : ajox(75(C, 0))] < % =e(a)+ dogg NV

In (1.3.8), ¢ denotes a complex point of C, and z its image in U. In the right-hand side of
(1.3.9), the ramification index e(«) and the effective analytic divisor R — which meets C properly
— are defined as above by (1.3.2).

The degree bound (1.3.7) and Proposition 1.3.2 contain the results in 1.2.1 and 1.2.3 when k = C
as special cases.® Indeed, to recover the equality deg f = 1 in 1.2.1, simply apply the bound (1.3.7)
toV =Y, a=f, and § = Idy. To recover the results on nodal curves in 1.2.3, apply (1.3.7) and
Proposition 1.3.2 with V a “tubular neighborhood” of the morphism ¢ o v : A X, and with « the
canonical morphism from V to U := X, which is étale and coincides with v on C := /I; see Figure
777, Then e(a) = 1 and the self-intersection C'- C = A - A is easily seen to be A- A — 2r(A).

PROOF OF PROPOSITION 1.3.2. To establish the finiteness of [7{*(U,z) : oy (7§*(C, ¢))] and
the upper bound (1.3.9), we have to show that any open subgroup H of the profinite group G :=
7" (U, ) that contains the closed subgroup ajc.(7{*(C, c)) satisfies:

a(C) - a(C)
1.3.10 G:H < ———+—~.
(13.10) G < M
Any such subgroup H gives rise to a commutative diagram:

V

e

I

c 2y,

where V is a smooth connected complex algebraic surface, f is a finite étale morphism of degree
(1.3.11) deg f =[G : H],
and where (¢ is a morphism of complex algebraic varieties®.

After possibly shrinking ), we may assume that the inclusion C' < V induces an isomorphism of
fundamental groups. Since f defines a complex analytic unramified covering, the map 3¢ uniquely
extends to some complex analytic map:

B:V-—V
4Concerning 1.2.1, at least when X,Y and C are assumed to be smooth.

5Since the curve C is projective, by GAGA any complex analytic map from C to a complex algebraic variety
defines a morphism of complex algebraic varieties.
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such that the following diagram is commutative:

Vif
Yy —=U.

Since the image of a is Zariski dense in U, when moreover «|c is birational and the self-
intersection C - C' is positive, the upper bound (1.3.7) applies to f and therefore:

Combined with (1.3.11), this completes the proof of (1.3.10). O

1.4. Germs of pseudoconcave analytic surfaces

1.4.1. Sections of line bundles on germs of pseudoconcave analytic surfaces: dimen-
sion estimates and a new proof of the degree bound (1.3.7). Proposition 1.3.1 admits an
alternative proof which relies on the special properties of the analytic surface — more precisely of
its germ along the projective curve C' — when the condition:

is satisfied. The positivity condition (1.4.1) turns out to be closely related to the pseudoconcavity
properties of the germ of the analytic surface V along the projective curve C'; we shall discuss this
in more details in 1.4.3 below.

The central ingredient of this alternative proof will be the following finiteness result concerning
sections of analytic line bundles on the analytic surface V.

PROPOSITION 1.4.1. Let V be a smooth connected complex analytic surface containing a smooth
connected projective curve C such that the positivity condition (1.4.1) is satisfied. For every complex
analytic line bundle M over V, the complex vector space T'(V, L) of holomorphic sections of L over
V is finite dimensional. Moreover:

(1.4.2) dimc I'(V, M) < C(dege M),

where, for every n € Z, we let:

(1.4.3) C(n) = Z(n +1—ideg NcV)™ .
i>0

In particular, the following implication holds:

(1.4.4) dege Mjc < 0= T(V,M) =0,
and when the integer D goes to +00, we have:
. (dege M\C)2
1.45 dime T'(V, M®P) < = 2“—=2_D? 1 O(D).
(1.45) ime D(V, MEP) < T8CEE D2+ 0(D)

Proposition 1.4.1 will be a consequence of the following elementary fact concerning spaces of
sections of analytic lines bundles over a smooth projective complex curve: for every complex analytic
line bundle L over C, the complex vector space I'(C,L) of its complex analytic sections is finite
dimensional; moreover:

(1.4.6) dime T(C, L) < (14 deg, L)

The reader may compare the following proof to [CP16, Lemma 4.2] and [Bos20, 10.2.4].
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PROOF. The complex vector space F := I'(V, M) of analytic sections of M over V admits a
decreasing filtration (E%);>o defined by the order of vanishing along C, namely by:

E':=T(V,M(—iC)), for every i€ N.
For any nonnegative integer i, the space E‘*t! is the kernel of the restriction map:
LW, M(—iC)) — I'(C, M(—iC)|c).
As recalled above, the vector space I'(C, M (—iC)|¢) is finite-dimensional, of dimension bounded
above by:
(1+ dege M(—iC) )" = (1 + dege Mo — ideg NoV) ™.
This implies the estimate:

(1.4.7) dime E'/E™* < (1 4 dege Mo — i deg NoV)©

The positivity of deg NV implies that, when 4 is large enough, the right-hand side of (1.4.7)
vanishes. Moreover EY = E and the intersection of the E%’s is reduced to {0}. This proves that
I'(V, M) is finite-dimensional, as well as the upper bound (1.4.2).

From the definition (1.4.3) of C(n), it is readily seen that C(n) vanishes when n is negative,
which implies (1.4.4). Moreover we have:

c)=1
and, when n goes to +oo:

7’L2

TN
= 1— R
C(n) /0 (n+1—xdeg NcV)dz + O(n) 3 dege NoV +

O(n).
This implies the asymptotic estimate (1.4.5). O

COROLLARY 1.4.2. If v :V — Z is a complex analytic map, with Zariski dense image, from
V to an integral projective complex surface Z, and if L is a big and nef line bundle L over Z, the
following inequality holds:

(degy*L)?

1.4.8 L-L< .

PRrOOF. For any integer D, we may consider the “evaluation map”:
* D
D - F(Zv L®D) — F(V,’)/ L% )

defined by sending a section s of the line bundle L& over Z to its pull-back ~*s, which is an analytic
section of the complex analytic line bundle v*L®P over V. Since v has Zariski dense image, np is
injective, so that:

(1.4.9) dime I'(Z, L®P) < dime T'(V, y*L&P).

Moreover, since L is big and nef, when D goes to +o00, we have:

L-L
2

(1.4.10) dime I'(Z, L®P) D?.

The inequality (1.4.8) follows from (1.4.9) and the asymptotic relations (1.4.10) and (1.4.5) by
letting D go to infinity. O
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ALTERNATIVE PROOF OF THE DEGREE BOUND (1.3.7). We keep the notation of 1.3.1. As ob-
served in the proof of Proposition 1.1.2, we may introduce projective compactifications X and Y of
U and V such that f extends to a morphism from X to Y. The diagram:

Sl
Vs X
is clearly commutative.
As shown by (1.3.4), the self-intersection o(C) - a(C) is positive, and therefore the line bundle
Ox(a(C)) on X is big and nef. Since f is dominant, its pull-back:
L:= f*O0x(a(C))
is a big and nef line bundle over Y. Its self-intersection satisfies:
L-L=f"0x(a(C)) - f*Ox(a(C)) = (deg f) Ox (a(C)) - Ox (a(C)) = (deg ) a(C) - a(C).
Moreover the degree along C' of its pull-back by f is:
dege 5L = dege B f*Ox (a(C)) = dege a*Ox (a(C)) = a*(a(C)) - C = a(C) - a(C).

Therefore, applied to the map 8 : V — Y and to the line bundle f*L over Y, Corollary 1.4.2
establishes the inequality:

(a(0) - a(0))?
(deg f) a(C) - a(C) < dgC—NCV

Since a(C) - a(C) is positive, this is equivalent to (1.3.7). O

C
e

1.4.2. Sections of line bundles on germs of pseudoconcave analytic surfaces: appli-
cation to algebraicity. Remarkably enough, a simple variation on the above proof of Corollary
1.4.2 allows one to derive the following algebraicity result from Proposition 1.4.1:

PROPOSITION 1.4.3 (compare [Bos20], Theorem 10.2.8). Let V be a smooth connected complex
analytic surface containing a smooth connected projective curve C' such that dego Nco'V is positive.

If vV — Z is a complex analytic map from V to some complex quasi-projective variety Z,
then either f(V) coincide with f(C) — hence is a point or an irreducible projective curve — or is
contained, as a Zariski dense subset, in some irreducible closed algebraic surface in Z.

PrOOF. We shall actually only use the following weak form the dimension estimates of Propo-
sition 1.4.1:

(1.4.11) dime I'(V, M®P) = O(D?)  when D goes to +oc.

To establish Proposition 1.4.3, we may clearly assume that V is projective and reduced, and
that f(V) is Zariski dense in V/, which is therefore irreducible since V is connected. We shall prove
that

d:=dimV < 2.

This will complete the proof when d = 2, and we shall leave to the reader the easy proof that
f(V) = f(C) when d < 1.

To achieve this, let us choose an ample line bundle L over Z, and consider the evaluation maps:

np : D(Z,L%P) — TV, 4" Lig?),

as in the proof of Corollary 1.4.2. They are injective, and the estimates (1.4.9) still holds. Moreover,
since L is ample, we have:

_ deg a(D)n[Z]

(1.4.12) dimc T'(Z, L®P) i

D?  when D goes to +oc.
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The inequality d < 2 follows from (1.4.9) and from the asymptotic relations (1.4.11) and (1.4.12) by
letting D go to infinity. O

The derivation of the dimension estimates in Proposition 1.4.1 and its application to algebraicity
in Proposition 1.4.3 only involve the germ V&' of the analytic surface V along the projective curve
C. Actually they may be formulated in terms of the formal germ \A)c of V along C' and, in this
form, may be generalized to formal germs of surfaces along a projective curves, defined over an
arbitrary algebraically closed field k. Indeed the above proofs of Proposition 1.4.1 and 1.4.3, which
only involve a few basic results of algebraic geometry, immediately extends to this framework; see
[Har68, section 5], [Bos01, section 3.3], and [Bos20, section 10.2.4] for related results in this
context.

1.4.3. Positivity of deg, NcV and pseudoconcavity. In the complex analytic setting, sev-
eral of the results established in the previous paragraphs are actually consequences of classical
theorems of complex geometry, established by analytic techniques, concerning pseudoconcave com-
plex analytic manifolds. This alternative approach sheds some light on the geometric meaning of
the key positivity assumption (1.4.1), and we want to discuss it briefly.®

1.4.3.1. Consider a smooth connected complex analytic surface V containing a smooth connected
projective curve C, as in Proposition 1.4.1, and let us choose a C* metric ||.|] on the line bundle
Oy (C) over V. Let U be an open neighborhood of C' relatively compact in V. For every r in R,
we may consider the “tube of radius r around C' in V”:

Vi={zeU||lc()| <7}
There exists 7o in RY such that, for every r € (0,70], V, is a compact C> submanifold with boundary
of V, of interior:

Vei={z eU||1c(x)| <r}
containing C as a deformation retract, and of boundary:

Wy i={xeU||Lle()| =r}.

The following proposition is established by a straightforward computation that we leave as an
exercise for the reader:

PROPOSITION 1.4.4. If the metric ||.|||c on the line bundle NcV ~ Oy(C)|c over C, deduced by
restriction from ||.||, satisfies the pointwise positivity condition:

(1.4.13) ci(NeV, |l llje) >0 over C,

then there exists r1 € (0,70] such that, for every r € (0,71), the Levi form of the boundary 0V, of
V, is everywhere negative.

The existence of a C* metric ||.|| on Oy (C) satisfying the positivity condition (1.4.13) is easily
seen to be equivalent to the positivity (1.4.1) of deg~ Nc'V. Moreover the negativity of the Levi
form of 9V, is a pseudoconcavity condition: it asserts that locally, around every boundary points
of V,, there exists a holomorphic chart that maps V, to the complement of strictly convex domain
with C* boundary.

For these reasons, we shall refer to the positivity condition (1.4.1) on deg~ N¢'V as a pseudo-
concavity condition.

6We assume some familiarity with complex analysis in several complex variables at the level of the last chapters
in [Gun90], or of [FG02, Chapters I to V].
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1.4.3.2. From now on, we assume that the positivity condition (1.4.1) holds, that the Hermitian
metric ||.|| satisfies (1.4.13), and that r; satisfies the conclusion of Proposition 1.4.4.

An application of Hartogs’ extension theorem at boundary points of V,. shows that, for every
analytic line bundle M over V and for every r € (0,71), an analytic section of M over V, extends
analytically to some open neighborhood of V, in V. This implies that, for every r € (0,71), the
restriction map:

TV, M) —T(V., M)
is an isomorphism. Consequently, if we introduce the space of germs of analytic sections of M
along C:
F(ngn, M) = hﬂ LV, M),
r>0
then, for every open connected submanifold V' of V such that:

ccv vy,
the restriction map defines an isomorphism:
LV, M) = T(V&, M).

Similarly, E. E. Levi’s extension theorem? implies that the restriction map defines an isomor-

phism:
M) = MOV

between the algebra of meromorphic functions on V' and the algebra of germs of meromorphic
functions along C.

The negativity of the Levi form of 9V, also implies that, for every r» € (0,71), the complex
manifold V), is pseudoconcave in the sense of Andreotti [And63]. As shown in loc. cit., this implies
by purely analytic arguments that, for every complex analytic line bundle M over V, the space of
analytic sections I'(V,,, M) — which, as observed above, is independent of r € (0,71) — is finite
dimensional. It also implies the dimension estimates:

dime T(V,,, M®P) = O(D?) when D goes to +oco.
Andreotti also proves that the pseudoconcavity of V. implies that the field M(V,)(~ M(Vo4)) of
meromorphic functions over V, is an extension of finite type of C and satisfies:
deg treM (V) < dim 'V, = 2.

He deduces from this fact the “algebraicity” of the image of a complex analytic embedding of V, in
a complex projective space.

1.4.3.3. For later comparison with the arithmetic situation (see 6.3.2 below), let us empha-
size the contrast between the properties of pseudoconcave germs of analytic surfaces that we have
just discussed, and the ones of pseudoconvex germs, which one encounters when one replaces the
positivity condition (1.4.1) by the opposite condition:
(1.4.14) degs NcV < 0.

When (1.4.14) holds, we may choose the C* metric ||.|] on Oy(C') such that, instead of (1.4.13),
it satisfies:

(1.4.15) ci(NeV, |l llje) <0 over C,

and the computation leading to Proposition 1.4.4 shows that, for some r; € (0,rg], the Levi form
of 9V, is everywhere positive for » € (0,71). In other words, the V, have strictly pseudoconvex
boundary.

7concerning the extension of meromorphic functions across pseudoconcave boundaries; see for instance [Siu74,
Chapter 1].
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As shown by Grauert in [Gra62], this implies that the V. are holomorphically convex, and
actually that there exists a “contraction” of the curve C, namely a proper holomorphic map:
c:V—S8

with range a normal complex analytic surface S, that maps C to a point O of S and induces an
isomorphism of complex manifolds:

e 1 V\C — 8\ {0}.
Moreover, for every r € (0,71), the image:
S :=c(V,)

of V, is a Stein space, containing S, as a Runge subdomain for every r’ € (0,7). The pull-back of
functions by the contraction c establishes isomorphisms of algebras:

c:T(S,, 0s) == T'(V,,0y),

and therefore the algebras I'(V,., Oy) for r € (0,71) are “very large” — notably every pair of points
in V., not both in C, may be separated by a function in I'(V,., O)) — and increase strictly when r
decreases to zero.

This is in striking contrast with the finite dimensionality and the independence of r of the spaces
IT(V., M) and M(V,) in the pseudoconcave case discussed in 1.4.3.2 above.






CHAPTER 2
CNB-divisors and fibered analytic surfaces

In the analogy between number fields and function fields, the counterpart of algebraic varieties
over a number field K are varieties over the function field k(S) of some curve S over a base field
k, or equivalently the generic fibers of k-varieties that are fibered over S. From this perspective,
the geometric analogues of the arithmetic results established in this memoir specifically concern
analytic and algebraic varieties fibered over a projective curve. However, in this “fibered” context,
the simple framework of Subsections 1.3.1, 1.3.2, and 1.4.1 excludes significant examples. Indeed
the self-intersection of sections of surfaces fibered over a projective curve is in general negative, as
established by Arakelov [Ara71] and Szpiro [Szp81, Chapitre III].

It turns out that the results in Subsections 1.3.1, 1.3.2, and 1.4.1, dealing with a smooth con-
nected projective curve C' embedded in a smooth analytic surface V, may be extended to situations
where C is replaced by a general connected projective curve, possibly non-reduced, satisfying a
suitable positivity property that generalizes the positivity (1.4.1) of the self-intersection of C'.

These generalizations of our previous results will allow us to establish in Sections 2.2 and 2.3
the specific analogues of our later arithmetic results. They are established by some amplifications
of our earlier arguments in Subsections 1.3.1, 1.3.2, and 1.4.1, which still relies on basic properties
of algebraic curves and surfaces only.

The content of this chapter is more technical than the one of Chapter 1, and could be skipped
by a reader mainly interested by the arithmetic results of this memoir.

The reader with an interest in complex analytic geometry will observe that the analytic dis-
cussion in Subsection 1.4.3, where the positivity of deg, NcV is related to the pseudoconcavity
properties of the (germ of) analytic surface V, is not generalized to the more general framework of
this chapter, although it seems likely that it could be.

For instance one expects that, if an effective divisor D in a connected smooth complex analytic
surface V satisfies the condition CNB introduced in Subsection 2.1.1 below, then its support |D|
admits a basis of open neighborhoods in V that are pseudoconcave. This would follow from a suitable
generalization of the simple argument on Levi forms in Proposition 1.4.4.

However, at this stage, we do not know whether such a basis of pseudoconcave open neighbor-
hoods exists for a general CNB divisor. This difficulty with the analytic approach confers a special
interest to the algebraic approach in this chapter when dealing with general CNB divisors.

2.1. Compact, connected, nef and big effective divisors in analytic surfaces

2.1.1. The condition CNB and its consequences. As before, we denote by V a connected
smooth complex analytic surface. For every effective divisor D in V', we may introduce the following
conditions:

CNB: The support |D| of D is compact and connected. If we denote by (D;)icr the irreducible
components of D, then we have:

(2.1.1) for every ie I, D;-D > 0.

17
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Moreover:

(2.1.2) D-D > 0.

When |D| is compact and connected, the non-negativity condition (2.1.1) is equivalent to the
following one:
(2.1.3) for every effective divisor D in'V, D-D > 0.
When the first two conditions in CNB are satisfied, the validity of (2.1.2) is equivalent to the
existence of ¢ € I such that the inequality (2.1.1) is strict.

Observe also that, when the surface V is projective, an effective divisor D satisfies the conditions
CNB if and only if the line bundle Oy (D) is nef and big.! The name CNB for the above condition
stands for compact, connected, nef and big, although the general formalism of big line bundles and
divisors does not really makes sense on a general analytic surface.

From now on, we suppose that D is an effective divisor in V that satisfies the conditions CNB,
we denote by C' an irreducible component of D such that:

(2.1.4) C-D>0,

and we denote by p the multiplicity of C' in D. We may decompose D as a sum:
(2.1.5) D=uC+E,

where F is an effective divisor with compact support not containing C.

PROPOSITION 2.1.1. For every complex analytic line bundle M over V, the C-vector space of its
analytic sections T'(V, M) is finite dimensional. Moreover:

(2.1.6) dimc T'(V, M) < C(c1 (M) - D)
where, for everyn € 7:

(2.1.7) Cn):== Y  (1+|(n—iC-D)/u))*.

0<i<|n/C-D|

Observe that we still have C(n) =0 if n < 0, and C(0) = 1, and that:

’I’LQ

C(n) ~ 3.0 D when n — +o0.

Proor. Let us choose a point P in Cieg.

As in the proof of Proposition 1.4.1, we may consider the decreasing filtration (E%);cy of T'(V, M)
defined by: .

E':=T(V,M ® Oy (—iC)).
For every i € N, we may also consider the restriction map:
n': B'=T(V,M @ Oy(—iC)) — T'(C, (M @ Oy(—iC))c) = I(C, Mjc ® NcV®=9)
defined by:
n'(s) = s|c-

Its kernel is Et1.

For every k € N, we may introduce the closed subscheme of C', supported by P, defined by the
effective Cartier divisor kP in C'. We shall denote it kP, and consider the composite map:

7712 : Ei/EiJrl — T(C, M|C & N0V®(7i)) — (M|C ® N0V®(7i))‘kp,
IThe connectedness of |D| when Oy (D) is nef and big follows from the Hodge index inequality, by an argument

of C.P. Ramanujam which actually establishes that D is numerically connected. See for instance [Szp81, Chapter II]
or [Bos99, Proposition 2.2].
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defined by:
i ([s]) = (°(s)) k-
LEMMA 2.1.2. The map n}, is injective if the following inequality holds:
iC-D+ pk>ci(M)-D.

PROOF OF LEMMA 2.1.2. Let us consider a non-zero class [s] in E*/E"! that lies in kern.
The divisor of the analytic section s of M may be written:

(2.1.8) divs =iC + D + R,

where D and R are effective divisor, where D is supported by |E| and R meets D properly. The
scheme-theoretic intersection R N C' contains kP as a subscheme, and consequently:

R-C>k.
Consequently:
R-D=pR-C+R-E > uk.
Moreover, as already observed, the non-negativity condition (2.1.1) on D implies:
D-D>0.
Together with (2.1.8), this implies:
caa(M)-D=divs-D >iC- D+ uk. O

According to Lemma (2.1.2), we have:
i > |(e1(M) - D)/(C- D) +1 = E'/E'" = {0},
and:
i < [(c1(M)-D)/(C-D)| = dimc E'/E™ <14 [(c1(M)-D —iC - D)/pu].

Since the filtration (E%);ey satisfies EC = T'(V,M) and ;o B = {0}, this implies the finite
dimensionality of I'(V, M) and the upper bound (2.1.6) on its dimension. O

Proposition 2.1.1 notably implies the validity of the “weak dimension estimates” (1.4.11). In
turn, it leads to the following generalization of the algebraicity result in Proposition 1.4.3 by a
straightforward modification of its proof:

PROPOSITION 2.1.3. Let V be a smooth connected complex analytic surface containing an effective
divisor D satisfying condition CNB. If v : V — Z is a complex analytic map from V to some
complex quasi-projective variety Z, then either f is constant, or f(V) coincides with f(|D|) and is
an irreducible projective curve, or f(V) is contained, as a Zariski dense subset, in some irreducible
closed algebraic surface in Z.

The computations of intersection numbers in paragraph 1.3.1 also may be generalized to the
present setting.

PROPOSITION 2.1.4. LetV be a smooth connected complex analytic surface containing an effective
divisor D satisfying condition CNB, and let us keep the notation introduced in (2.1.4) and (2.1.5)
above. For every complex analytic map v : V — Z with Zariski dense image from V to a connected
smooth complex algebraic surface Z, such that v c : C — v(C) is birational, the following estimates
are satisfied:

(2.1.9) V(D) - v(D) = e(v) uC-D > pnC - D,
where e(7y) denotes the ramification index of v along C.
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PROOF. According to the projection formula, the following equality of intersection numbers
holds:

V(D) - (D) = y"7(D) - D.
Moreover we have:
and, according to the very definition of e(7y), the irreducible curve C' occurs with multiplicity e(v)
in the effective divisor y*v(C). This implies the following inequality of divisors on V:

Y Yu(D) = " y:C + "B > py*y.C > e(y) p C.

Together with the non-negativity condition (2.1.3) on D, this implies:

Y%(D)-D = e(y) pC - D,
and (2.1.9) follows. O

Using Proposition 2.1.4 together with the general degree bound in Proposition 1.1.2, we may
derive a generalization of the degree bound (1.3.7) in Proposition 1.3.1.

Indeed let us assume that f : V — U is a morphism of complex algebraic varieties, where U
and V are two smooth connected quasi-projective complex surfaces, and that we are given complex
analytic maps o and 3 from V to X and Y respectively, that fit into a commutative diagram:

(2.1.10) V if

Yy —2=U.
Let us assume that the image of a is Zariski dense in U — this implies that the image of 3 is Zariski
dense in V and that f is dominant — and that the restriction of a to C"
ac:C—a(C)
is birational. Then B¢ : C — B(C) also is birational, and Proposition 2.1.4 applied to v := 3
implies:
B«(D) - B.(D) = C-D>0.
Therefore Proposition 1.1.2 applies with A := a..(D) and B = f,(D). This proves that deg f satisfies
the following upper bound:

(D)-0.(D) _ au(D)-a.(D).

Oy
(2.1.11) deg f < B.(D)-B.(D) = uwC-D

This generalizes Proposition 1.3.1. In turn the upper bound (2.1.11) implies a generalization of
the results a la Lefschetz-Nori concerning étale fundamental groups in Proposition 1.3.2, where now
the conclusion reads:

(D) - a,(D)

(2.1.12) (WU, 2) oo (1D, ) < 2

2.1.2. Compatibility of CNB with modifications. Condition CNB turns out to be pre-
served by modifications:

PROPOSITION 2.1.5. Let D be an effective divisor in some connected smooth analytic surface V,
and let v : V' =V be a modification of V. If D satisfies CNB, then the divisor D' := v*(D) in V'
also satisfies CNB.

PROOF. The compactness and the connectedness of |D| imply the compactness and the con-
nectedness of |D’| = v=1(|D|) since v is proper with connected fibers. The validity of (2.1.2) and
(2.1.3) for the divisor D, together with the projection formula, implies its validity for D’. |
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Observe also that, with the notation of Proposition 2.1.5, the projection formula also implies
the equality:
(2.1.13) D'-D'=D-D.

Moreover, if C' is an irreducible component of D of mutiplicity u, then its proper transform C’ in
V' is an irreducible component of multiplicity p in D', and we have:

(2.1.14) C'-D'=C-D.

Proposition 2.1.5 and these observations allow one to generalize our previous results to situations,
where instead of complex analytic maps from the analytic surface V to a smooth algebraic surface,
one considers meromorphic maps.

To formulate this generalization, recall that, for every meromorphic map:

a:V--+X
of range a smooth projective complex surface X, there exists a modification:

VeV — Y
of V that is “adapted to a”, namely such that, composed with v, the meromorphic map a defines
an actual complex analytic map:

o =aov:V — X.

The meromorphic map « defines a correspondence I',, from V to X, proper over V, and for every
divisor D with compact support in V), we may consider the image I' . D of D by this correspondence.

It is a divisor in X, effective when D is effective, and in terms of a modification v adapted to « as
above, it may defined by the equality:

LoD = alv* (D).

ProproOSITION 2.1.6. Let V be a connected smooth analytic complex surface, and let D be an
effective divisor in V satisfying CNB, let C be an irreducible component of D such that:

C-D >0,
and let p be its multiplicity in D. Consider a commutative diagram::
Y
s 7
(2.1.15) 7 J{f
7
V- 2sX,

where X and Y are connected smooth projective complex surfaces, f is a dominant morphism, and
a and B are meromorphic maps.

If the image of o is Zariski dense in X, and if the restriction oy of a to C is birational onto
its image, then the degree of f satisfies the following upper bound:
IosD -TouD  TouD - -TyD
(2.1.16) S S D T,D = uC-D

PrOOF. The degree bound (2.1.16) follows from the estimates (2.1.11) — which generalizes the
estimates in Proposition 1.3.1 to general CNB divisors — applied to the commutative diagram:

i
V! o x
defined by some modification V' of V adapted both to a and 3, and to the CNB divisor D’ in V. [0
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2.1.3. Generalization to Q-divisors. Observe finally that, if D is an effective divisor in a
connected smooth analytic complex surface V and n a positive integer, D satisfies CNB if an only
if nD does. Consequently the condition CINB makes sense, not only for effective divisors in V, but
for any effective Q-divisor.

Moreover the results of 2.1.1 and 2.1.2 extend to this more general setting, notably the de-
gree bound (2.1.11), the index bound ¢ la Nori (2.1.12), the compatibility with modifications, and
Proposition 2.1.12. This is a formal consequence of the definitions and of the fact that the quotients
of intersection numbers in the right-hand side of the estimates (2.1.11), (2.1.12), or (2.1.16) are
unchanged when the divisor D is replaced by some positive multiple.

2.2. Application to analytic and algebraic varieties fibered over a projective curve

2.2.1. Complex analytic surfaces fibered over a projective curve and CNB divisors.
In this section we consider the following data: a connected smooth projective complex curve C, a
connected smooth complex analytic surface V, a surjective (necessarily flat) complex analytic map,
with connected fibers:
my VY — C,

a complex analytic section of my:

e:C—V,
and its image:
Cy :=¢(C).
Let also ¥ be a non-empty finite subset of C, and let :
C:=C\¥

be its complement. It defines a smooth connected affine complex algebraic curve. We shall assume
that, for every x € 3, the (possibly non-reduced) connected curve m,"(z) is non-compact and that
we are given a compact connected curve F,, C |m," (z)| such that:

EF,.NCy # 0.
From the data of the section €y and of the “vertical curves” (F,):es, we may carry out the
following construction.

Recall that our assumptions on the curves 7—!(x) and F, imply that the intersection form
restricted to divisors in )V supported by
F = U F,

reX
is negative definite. In turns, this implies that a divisor A supported by F is effective if A -V’ <0
for every irreducible component of F.?
This implies that there exists a unique Q-divisor V' supported by F' such that, for every irre-
ducible component W of F"

(2.2.1) (Cy+V)-W =0,
and moreover that V is effective. The support |D| of the divisor
D=Cy+V

is easily seen to be connected, again as a consequence of the negativity of the intersection form on
divisors supported by F'. In turn, this implies the equality:

V| =F.

2See for instance [MB89, Lemme 3.7], where (D.C) > 0 should read (D.C) < 0.
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Moreover we have:
D-D=Cy-D,
and consequently D satisfies condition CNB if and only if D - D is positive.
The construction of the divisor D starting from the section ¢ and the vertical curves (F,),ex is
a geometric counterpart of the construction in paragraph 6.2.2 below of the Arakelov divisor:
(P, (9v,,,P, )o: k)

attached to some formal-analytic surface:

~

1’; = (V, (Va-, Pa7 La)a‘—)@)

by means of the equilibrium potentials gy, p, associated to the pointed compact Riemann surfaces
with boundary (V;, P,). Accordingly the divisor D could be referred to as the equilibrium divisor
associated to € and (Fy)gzes.

PROPOSITION 2.2.1. If there exists an effective Q-divisor 1% supported by F' such that the divisor

(2.2.2) D:=ey(C)+V

satisfies CNB, then the divisor D satisfies CNB. Moreover, we have:
(2.2.3) V>V,

(2.2.4) Cy-D>Cy- D,

and:

(2.2.5) D-D>D-D.

and equality holds in (2.2.5) if and only if D = D.

PROOF. Let V an effective Q-divisor supported by F' such that the divisor D defined by (2.2.2)
satisfies CNB, and let:

A=V_-V.
Then, for every irreducible component of F, we have:
AV =—(D-D)-V' =—-D.V' <0.

Since A is supported by F, it is therefore effective. This implies (2.2.3), and the inequality (2.2.4)
immediately follows. In particular, we have:

(2.2.6) Cy-D > 0.
Moreover, according to (2.2.1), we also have:
D-A=0.
Consequently: o
D-D=(D-A)-(D-A)=D-D+A-A.

Since A - A is non-positive and vanishes if and only if A = 0, this establishes the inequality (2.2.5)
and the last assertion of Proposition 2.2.1.

Finally the inequalities (2.2.1), (2.2.6), (2.2.5), and the positivity of D-D imply that D satis-
fies CNB. O

COROLLARY 2.2.2. The following conditions are equivalent:
(i) Cy UF is the support of a Q-divisor satisfying CNB;
(i) D-D > 0;

(i1i) D satisfies CNB.
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2.2.2. Compatibility with modifications. In the present “fibered” situation, the compati-
bility of condition CNB with modifications discussed in 2.1.2 may be complemented by the following
remarks.

Let v : V' — V be a modification if V. Then the morphism:
my i=mpov:V — C

is surjective with connected fibers, and the proper transform Cy: of C) in V' is the image of a
section:

g:C—)V
Ofﬂ'vl.

The indetermination locus of v~! meets C' in a finite subset A. Let us define:
A= AUA,
and for every x in A (resp. in A):
F!:=v YF,) (resp. F. :=v !(x)).

The F!, z € A/, are compact connected curves in |y, ()| such that:

F.NCy #0.
The effective Q-divisor D’ := v*(D) in V' may be written:
D' =Cy + V'
where V' is a divisor of support:
= F.
TEA'

Moreover the projection formula together with (2.2.1) imply that, for every irreducible component
W' of F’, we have:

(Cyr + V") - W' =0.
This shows that the divisor D’ in V' coincides with the equilibrium divisor associated to the section
¢’ and the family of vertical curves (F.)cas in V.

In particular, we have:
D .D =Cy-D.
Moreover, as already observed:
D' .D'=D-D,
and therefore D’ satisfies CNB if and only if D satisfies it.
2.2.3. Applications: morphisms from fibered analytic surfaces to fibered algebraic

surfaces. In this subsection and in the next one, we keep the notation of paragraph 2.2.1 and we
assume that the Q-divisor D has positive self-intersection:

D-D=C-D>0,
and therefore satisfies CNB.

Observe that, if X is a connected smooth projective complex surface and if

V-2sX
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is a commutative diagram where « is a meromorphic map and 7x is a morphism of complex algebraic
varieties,? then a|c,, is trivially birational onto its image. Moreover the image of « is easily seen to
be contained in some algebraic curve in X if and only if a factorizes through m¢,,. In other words,
the image of « is Zariski dense in X if and only if « is not constant on fibers of my.

Applied to the present setting, Proposition 2.1.6 for Q-divisors takes the following form:

THEOREM 2.2.3. Consider a commutative diagram:

Wf

(2.2.7) y-2sX
P b
—C

where X and Y are two projective complex surfaces, with X smooth and connected and Y integral,
where a and B are meromorphic maps, and where f and wx are morphisms of compler algebraic
varieties.

\

If « is not constant on the fibers of wy, then f is dominant and its degree satisfies:
Fa*D : Fa*D o Fa*D : Fa*D

2. < =
(2.2.8) deg f < Gy D D

Actually Proposition immediately establishes Theorem 2.2.3 when the surface Y is smooth. By
considering a resolution of Y, this implies Theorem 2.2.3 in general.

Similarly, the amplification of Proposition 1.3.2 concerning CNB divisors discussed at the end of
Section 2.1.1, implies the following result a la Lefschetz-Nori concerning étale fundamental groups:

THEOREM 2.2.4. Consider a commutative diagram:
y—2sU
(2.2.9) J/W lﬂu

Idc

where U is a connected smooth quasi-projective complex surface, a a complezx analytic map, and my
a morphism of complex algebraic varieties.*

If « is non constant on the fibers of my, then the image of the morphism between étale funda-
mental groups:
(2.2.10) |y UFx 7Oy U F,c) — w$t(U, x)
induced by the map:

Q|CyUF - CyUF —>U

is a subgroup of finite index; moreover:
ax(D) - (D) (D) (D)

¢cv-D  D-D

(2.2.11) [ (U, 2) : ey o (1 (Cy U F )] <

In (2.2.10) and (2.2.11), ¢ denotes a complex point of C, and z its image in U.

3or equivalently, by GAGA, of complex analytic manifolds. The morphism 7x is necessarily non-constant, hence

surjective and flat.
4The morphism 7y is necessarily surjective and flat.
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2.2.4. The field of meromorphic function M(V). The map between fields of meromorphic
functions:
™yt M(C) — M(V), fr— fomy
allows one to identify the field M(C) = C(C) of rational functions over C' with a subfield of the
field M(V) of meromorphic functions over V. Then C(C) is easily seen to be algebraically closed

in M(V). Moreover any meromorphic function f € M(V) defines a meromorphic map “fibered
over C,” namely:

fo = (my, f): V- Pl :=C x Pg.
THEOREM 2.2.5. The following alternative holds: either M(V) = C(C), or M(V) is an extension
of finite type and of transcendence degree one of C(C).
Moreover, for every f in M(V)\ C(C), M(V) is a finite extension of the purely transcendental
extension C(C)(f) of C(C), and its degree satisfies the following upper bound:
_ DyesD TyouD _ TpouD TpoD
- Cy-D N D-D '

(2.2.12) (M(V) : C(C)(f)]

The right-hand side of (2.2.12) is clearly unchanged when V is replaced by some connected open
neighborhood V' of Cy, U F.This immediately implies that, in Theorem 2.2.5, we may replace the
complex analytic surface V by its germ V& along Cy U F:

COROLLARY 2.2.6. Theorem 2.2.5 still holds when the field M(V) is replaced by the field
M(Vg‘\‘}uF) of germs of meromorphic functions onV along Cv,UF. Moreover there exists a connected
open neighborhood V' of Cyy U F in V such that any germ of meromorphic functions in MOVE F)
extends to a meromorphic function in V'.

As mentioned in 1.4.2 above, the results in this part admit variants in formal geometry. We
shall leave this to the interested reader, and will only mention that Theorem 2.2.5 still holds when
the field M(V) is replaced by the field M(Ve,ur) of formal meromorphic functions, in the sense
of [HMS68], on the formal completion 9(;qu of V along the projective curve C), U F. The field
M(VE, ) naturally embeds into the field M(]/}Cvu r), and an intriguing question is whether these
two fields always coincide.’

PROOF OF THEOREM 2.2.5. It is enough to show that, if f € M(V) does not belong to C(C)
— or equivalently is not constant on the fibers of m, — then, for every g € M(V), the subfield
C(C)(f,g) of M(V) is a finite extension of C(C)(f), of degree at most:
ch*D'ch*D _ ch*D'ch*D

c,.D DD
Indeed this will implies that any finitely generated extension of C(C)(f) in M(V) is a finite

extension of C(C)(f) of degree at most (2.2.13), and consequently that M(V) itself is a finite
extension of C(C)(f) of degree at most (2.2.13).

Let us consider f and g in M(V) as above. There exists a modification of V,

(2.2.13)

vV —V,
that is adapted both to f and g, namely such that the meromorphic functions f’ := f o v and
g = govonV define actual analytic maps:
f vV —PY{(C) and ¢ :V' — PY(C).

5This question may be reduced to the following one: does the equality M(ﬁcvup‘) = C(C) imply the equality
M(V(a/f;uF) = C(C) ? We refer the reader to [CG81], [Hir81], [Ste86], and [GPR94, Section VII.4] for results and

references concerning the validity of such a “formal principle” in similar situations.
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We may consider the complex analytic map:
(2.2.14) v = (my, f,g) -V — C x P1(C) x P}(C),

where m := mpov. Since D' := v*(D) in V', we may apply Proposition 2.1.3 to v'. Moreover, since
/' is not constant on the fibers of my/, the image of

f& = (myr, f'): V' — C x PY(C) =: P,

is Zariski dense. Consequently, we are in the last case in the conclusion of Proposition 2.1.3, and
there exists an irreducible closed surface H in C' x P!(C)? which contains 7/(V) as a Zariski dense
subset.

If we denote by:
p12: C x PL(C)? — C x P}(C) =: P{
the projection on the first two factors, we may consider the commutative diagrams:
H

/ ipm}{
f/

V' —==PL,

and:
H
7
(2.2.15) P lpmw
Vv e, P,

where v := 4’ o v~!. Then, by construction, the maps fo and + induce isomorphisms of C-algebras:
& C(Pe) — C(O)(f)
and:
7"+ C(H) — C(O)(f.9);
and we have:
[C(C)(f,9) - C(O))] = degprzjr - H — Py

The degree bound (2.2.7) in Theorem 2.2.3 applied to the diagram (2.2.15) shows that this degree
is bounded from above by (2.2.13). O

2.3. Examples and complements

In this section, we complete the results of the previous section concerning analytic surfaces
fibered over a projective curves endowed with a CNB divisor. Notably in Subsection 2.3.1, we discuss
the construction of such analytic surfaces, starting from an arbitrary algebraic surface fibered over
a projective curve, equipped with a section. We also pursue the study of the field of meromorphic
functions on these analytic surfaces.

2.3.1. Deleting infinitely near points and CNB divisors.
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2.3.1.1. In this subsection, we consider the following analytic data: a connected smooth projec-
tive complex curve C, a connected smooth projective complex surface X, a surjective (necessarily
flat) morphism of complex (algebraic or analytic) varieties:

x : X — C,
an (algebraic or analytic) section of mx:
e:C — X,
and its image:
Cx =¢(C).

The connectedness of the projective variety X and the existence of the section € imply the connect-
edness of the fibers of wx.

Moreover we choose a point x of C' whose fiber X, := w3 (z) is smooth.
2.3.1.2. We may construct a system of modifications of X:
1 2 n
X=X X1 & X% X" X ...
by defining:
v X — X

to be the blowup of X"~ ! at some point z,,_1, for every n > 1, where the points (z,,),>0 are chosen
as follows:

e g is a point in X, distinct of the intersection e(x) of X, with Cx;
e for every n > 1, x,, is a point of the exceptional divisor of v™:

Zy = ™) Han_1)
distinct from the intersection of Z™ with the proper transform Z"~! of Z"~! by 1™, where
by convention Z° := X,.
The section € of 7x lifts to a section:
e":C— X"
of the morphism:
wxn i=7xovio-ouv”: X" — C.
Let us denote by )?;L the proper transform of X, by:
vio-io” X" — X,
The divisor X7 := 7y h () may be written:
Xp=Xr+ Y Ep
1<i<n
where E) = Z™ is the exceptional divisor of ", and where E} is the proper transform of Ei"_1 by
v"™ when i < n. (Observe that E_; = Z"~1 and that when i < n—1, v™ is actually an isomorphism
over E" 1))
By construction, the E* are smooth rational curves in X'. Moreover the possibly non-vanishing
intersection numbers between the divisors Cxn 1= exn(C), X2, and EP’, 1 <14 <n, are as follows:

Cxn-Cxn=Cx-Cx, Cxu-X0=1, XI-XI'=-1 XI E}=1,
El-E'Yy=1 and E'-E'=-2 if1<i<n-—1,
and:
EY-E) =—1.
See Figure 777 This is easily established by induction on n.
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2.3.1.3. For every n > 1, we may consider the compact connected curve in X7':
1<i<n—1
If V), is a connected open neighborhood, in the analytic topology, of Cx» U F, in X", we may apply
the construction in 2.2.1 to V :=V,,, my 1= mxy,, ¥ = {2}, and € := ",

A straightforward computation shows that the “equilibrium divisor” D =: D™ defined by this
construction is:

D" =Cxn+nX!+ >  (n—i)E.
1<i<n—1

Its self-intersection satisfies:
D" . D" =Cxn-D"=Cx - -Cx +n.
Consequently, if n satisfies the inequality:
n>14(-Cx-Cx)™,

then the self-intersection D™ - D™ is positive, and D" is a CNB divisor in V,,. This contrasts with
the fact that the self-intersection Cx - C'x is in general negative. Indeed it follows from [Ara71] and
[Szp81, Chapitre III] that, if C'x - Cx is positive (respectively vanishes), then the smooth fibers of
mx : X — C are rational curves (resp. myx is isotrivial).

2.3.2. Non-constant morphism to fibered algebraic surfaces. In this subsection, we use
the notation of 2.2.3-4; so we denote by m, : V — C' a connected smooth complex analytic surface
fibered over C, and by D := Cy + V its “equilibrium divisor”, which satisfies CNB.

A variant of the proof of Theorem 2.2.5 allows one to derive the following result from the degree
bound in Theorem 2.2.3.

THEOREM 2.3.1. Consider a commutative diagram:

y-2sX
-
c e ¢,

where X is a smooth connected projective complex surface, a is a meromorphic map, and wx 1S a
morphism of complex algebraic varieties.

If a is not constant on the fibers of my, then the map between fields of meromorphic functions:
a* : C(X) — M(V)
is a finite extension of fields, and its degree satisfies the following upper bound:

< Foz*D . FO/*D _ Fa*D . Fa*D
- Cy-D D-D

(2.3.1) [M(V) : 0 C(X)]

PrROOF. The field C(X) is clearly an extension of transcendence degree one of C(C'). According
to Theorem 2.2.5, the field M(V), which contains a*C(X), is therefore an extension of finite type
and of transcendence degree one of C(C'). This implies that M (V) is a finite extension of a*C(X).
To complete the proof of (2.3.1), we shall show that, for every ¢ € M(V), the degree of the extension
a*C(X)(p) = a*C(X)[p] of a*C(X) satisfies the following inequality:

ToxD TowD TouD TouD
N . : " < sk ax _ Lox auk )
(2.3.2) 0" CX)(p) s " CX)] < —5— D-D
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To achieve this, we consider an integral complex projective surface Y whose field of rational
functions C(Y), as a C-algebra, is isomorphic to a*C(X)(¢). We may assume that the composite
map:

C(X) 25 a*C(X)(p) = C(Y)
is induced by a morphism f :Y — X of complex algebraic varieties. Moreover the map:

~

CY) —= a"C(X)(p) — M(V)
is induced by some meromorphic map:
B:V--+Y.
The maps «, 3, and f fit into a commutative diagram (2.2.7), and (2.3.2) follows from the conclusion
(2.2.8) of Theorem 2.2.3, since:

deg f = [a"C(X)(p) : «*C(X)]. |
For later reference, we state the following straightforward consequence of Theorem 2.3.1:

COROLLARY 2.3.2. Consider a commutative diagram:

VR

Ide

where U is a smooth connected complex surface, o is a complex analytic map, and 7y is a morphism
of complex algebraic varieties.

If a is an open immersion, then the pull-back by « establishes an isomorphism:

a* 1 C(U) =5 M(V).

2.3.3. The universal meromorphic map ¢ : V --» V8, In this subsection, as in 2.3.2, we
use the notation of 2.2.3-4. Moreover we suppose that the field M(V) is not reduced to C(C).

2.3.3.1. Under the above assumption, according to Theorem 2.2.5, the field M(V) is an extension
of finite type and of transcendence degree one of C(C). Moreover the field C(C) is easily seen to be
algebraically closed in M(V), and the restriction of meromorphic functions on V to the section ey
defines a place:

eyt M(V) --» C(C)

of the field M(V) with values in C(C) that restricts to the identity on C(C).

Consequently there exists a smooth projective geometrically irreducible curve C over C(C), a
C(C)-rational point P of C, and an isomorphism of field extensions of C(C):

i:k(C)=C(C)C) = M(V)
such that the place €}, of M(V) coincides, via the isomorphism 4, with the place of x(C) defined by
the rational point P; in other words:
e* o1 = P*.

Moreover the triple (C, P, ) is uniquely determined, up to a unique isomorphism, by the above
conditions.

We may choose a smooth projective model over C' of the curve C over C(C') — namely a smooth
connected projective complex surface S, equipped with a surjective morphism of complex varieties:

s : S — C,

such that the generic fiber of mx is isomorphic to C. Then the C(C)-rational point P of C ~ S¢(¢
defines a section of mg:
€g . C — X.
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Moreover the isomorphism of field extensions of C(C):
i:C(S) ~k(C) = M(V)
is induced by a meromorphic map ¢ : V --+ S which fits into a commutative diagram:

V-2s8

1d
C—C,
The map ¢ is non-constant on the fibers of my, and satisfies:
ES = pOoeEy.
The family (S,7s,es, %) so constructed is unique up to a birational isomorphism of S fibered
over C.
We shall denote:
Vil .— g
for this projective variety over C' — which is well defined up to fibered birational isomorphism —
and the meromorphic map:
p:V--» Vol
will be called the universal meromorphic map from V to a projective complex variety fibered over
C: it is readily seen to satisfy the universal property signified by this terminology.

2.3.3.2. Let us consider a commutative diagram:

y—2s X

Idc

where X is a smooth connected projective complex surface, « is a complex analytic map, and 7x is
a morphism of complex algebraic varieties.

According to Corollary 2.3.2, if « is an open immersion, we may choose X for V*€ and the
map:
a:V— X =
is the universal meromorphic map. However we will show in Subsection 2.3.4 that in general the
universal meromorphic map ¢ : V --» V*8 may be ramified along the section &y,.

2.3.3.3. Once a model V& has been chosen, we may introduce a modification:
v:V —V
that is adapted to the meromorphic map ¢ : V --» V28 and denote by:
¢ =pov:V — pale
the associated complex analytic map. Then we may consider the following Q-divisor in X:
LoD = @Lv*D.
It is an effective Q-divisor which may be written:
LoD = Cpais + W,

where Cyaig is the image of the canonical section eyyaig of Tyaig, and where W is a vertical Q-divisor
in V*&. Using that D and therefore v/*D satisfy the condition CNB and the projection formula,
one easily sees that the Q-divisor I'y..D is actually big and nef.
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This implies that the set of closed integral curves in V*# disjoint from its support [Ty D] is
finite. We shall denote by E the union of these curves; it is the largest closed reduced subscheme of
Valg of pure dimension one that is disjoint from T« D|.

2.3.3.4. The previous discussion admits a straightforward variant where the complex manifold
V (resp. the field M(V)) is replaced by the germ of analytic manifold Vglﬁ  of V along CNF (resp.
by the field M(Vgl% ) of germs of meromorphic functions along C' U F).

In this way, we define a universal (germ of) meromorphic function:

(2.3.3) 0 Vobe - Vodel™®

1 L - . .
from V&E - to a smooth projective complex surface fibered over C', which induces an isomorphism

of field extensions of C(C):
* al a. ~ al
" C(Vedp] ) = MVeSr)-
The existence of this universal meromorphic map and the fact that the divisor I',. D in Vglﬁ ris

big and nef allow one to establish some finiteness result concerning the subalgebra A of M(Vglﬁ )

consisting in the germs of meromorphic function on VZ}S r that are holomorphic on Vglﬁ 7\ wil(E).

From now on, for simplicity we shall denote:
5 1
Vi=VaEp.
Moreover we shall denote by E the largest closed reduced subscheme of Vals of pure dimension one
that is disjoint from [Ty, D].
Recall that the complement of the non-empty finite set ¥ in the projective curve C defines an
affine complex curve:
C:=C\%.
We shall denote its ring of regular function by:

C[C] =1 T(C, O¢ (n%)).

o

Clearly A is a C[C]-algebra.

The following proposition is established by analyzing when the divisor of the pull-back ¢*f in
M(V) of a rational function f € C(V?#) is contained in 7=1(3). The details of its proof will be left
to the reader.

PROPOSITION 2.3.3. The isomorphism of field extensions of C(C):
" OV 5 M(Y)
restricts to an isomorphism of C[é]—algebms:
¢ T(VE\ (B Umgu, '(2)), Opa) — A.
Recall that Zariski [Zar54] has shown that, for any smooth projective complex surface X and

any effective divisor C' in X, the C-algebra:

is finitely generated.%
Applied to X := Valg and C := EU 71'51 (X), this implies:

alg

o

COROLLARY 2.3.4. A is a C[C]-algebra of finite type.

6The paper [Zar54] is reproduced in [Zar73, p. 261-274]. The proof of this finiteness generation result, incom-
plete in the original publication [Zar54], is completed in [Zar73, p. 275].
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2.3.4. The universal meromorphic map ¢ : V --» V*8 may be ramified. In this subsec-
tion, we construct some examples that show that the “universal meromorphic map”

pp V- V8

constructed in Subsection 2.3.3 may be ramified along the section Cy, of .

2.3.4.1. Algebraic data. As in 2.3.1, let us consider a connected smooth projective complex
curve C, a connected smooth projective complex surface X, a surjective (necessarily flat) morphism
of complex (algebraic or analytic) varieties:

mx : X — C,
an (algebraic or analytic) section of 7x:
e:C — X,

and its image:
Cx = 5(0)

Let moreover X be a non-empty finite subset of C', and for every x € X, let F, be a compact
connected reduced curve F strictly contained in |7%"(z)| such that:

F,NnCx #10,
and let:
F:=J F.
TEY

To these data, we may associate an equilibrium Q-divisor D supported by Cx U F by the
construction of Subsection 2.2.17, namely the unique Q-divisor of the form:

D=Cx+V
with V' is supported by F', such that, for every component W, we have:
(2.3.4) D-W=0.
We shall make the following further assumptions:

e the Q-divisor D has integral coefficients; in other words, D is a divisor in X
e the divisor D satisfies CNB; equivalently, the intersection number D - D = Cx - D is
positive.
The construction in 2.3.1 allows one to construct instances of such objects from any projective
surface fibered over C' endowed with a section.
2.3.4.2. Constructing analytic surfaces fibered over C. We consider the following additional data:
e a positive integer e;
e a connected open neighborhood V), in the analytic topology, of Cx N F in X, such that V
contains no fiber 7=1(z), z € C;

e a smooth effective analytic divisor® R in V, meeting C'y transversally, such that the fol-
lowing two conditions are satisfied:

(2.3.5) RCX\F,
and:
(2.3.6) C-R=-C-D mod e.
7applied to the complex surface V defined as an open neighborhood in X of Cx U F' that does not contain any

of the fibers 71 (z) for z € ¥.
8or equivalently, a closed complex submanifold of dimension 1 in V.
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For every positive integer e, a neighborhood V of C'x U I’ and a divisor R in V satisfying the
conditions above clearly exist.

We shall denote by:
1V —X
the inclusion morphism.

Consider the complex analytic line bundle Oy(R + Cx + D) over V. According to (2.3.4),
(2.3.5) and (2.3.6), the degree of its restriction to every component of Cx N F' is divisible by e.
Consequently, after possibly replacing V by a smaller neighborhood of C'U F' in X, we may assume
that there exists a complex analytic line bundle £ over V and an isomorphism of complex analytic
line bundles over V:

(237) S: Ov(R+ Cx + D) = L%

Using £ and s, we may construct the cyclic cover:
c:W—YV

obtained by taking the e-th root out of s; see for instance [EV92, Sections 3.3-14]. Here W is normal
complex analytic surface, equipped with an action of the cyclic group G := Z/eZ, and ¢ defines an
isomorphism of complex analytic spaces:

(2.3.8) W/G — V.

We shall denote by o : W —— W the automorphism of W defined by the action of the generator [1]
of Z/eZ.
The cover c is totally ramified over C'x, and therefore establishes an isomorphism:
C\CW : CW L> CX
between C'x and the image C)y of some complex analytic section eyy of the complex analytic mor-
phism:
my i=mxotoc: W — C.

We may finally consider a resolution®:

v:w—Ww
of W and the morphism:
myi=rmwor: W —C.
The proper transform C; of Cw by v is the image of an analytic section of 7y

e C— w.
Let ¥’ be the finite subset of C'\ ¥ such that:
RNCx =ex(¥),
and let: _
Yi=Yux.
For every x € i, we define:
F,:=(cov) ' (F,) ifzex
=v Hex(z)) if x e

9The normal analytic surface W has a finite set of singular points, included in ¢ 1((RU C' U F)sing), where
(RUC U F)sing denotes the finite set of singular points of RUC U F.
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Then, for every x € i, ﬁm is a compact connected curve in 7717\,1 (z), which itself is non-compact,
and contains e3;;(x). Moreover the Q-divisor in W:
1

D= o (cov)™D

is easily seen to be the equilibrium divisor associated to the the section e3;; and to the family (F)
and to satisfy CNB.

2.3.4.3. We have constructed the following morphisms of complex analytic or algebraic varieties
fibered over C":

zes’

(2.3.9) W-ew -5y -5 X,
and we may consider the induced maps between fields of meromorphic functions:
(2.3.10) C(X) =5 MOV) S MOW) 5 M(W).

The map ¢* is indeed an isomorphism as a consequence of Corollary 2.3.2 applied to « :=¢.

The main result of this subsection is the following proposition.

PROPOSITION 2.3.5. If the analytic divisor R is Zariski dense in X, then the cover ¢ induces an
isomorphism of fields of meromorphic functions:

(2.3.11) i M(V) = M(W).

PRrROOF. The action of G on the complex analytic surface W induces an action of G on the field
M(W). Moreover, according to the isomorphism (2.3.8), the fixed field coincides with the image of
M(V) by c*:

MW)E = M(V).

This shows that M(W) is a cyclic extension of ¢* M(V) of degree ¢’ dividing e, of Galois group:
{o*i € Z/'L}.
In particular, there exists ¢ € M(W) such that:
MW) = MV)l¢]
and:

(2.3.12) otp = 2™

If ¢ > 1, then ¢ # 0, and ¢° belongs to ¢* M(V) = ¢*1*C(X), and may therefore be written:

s06/ — C*L*w
for some 9 in C(X)*. In particular, the following equality of analytic Weil divisors in W holds:
(2.3.13) e'div = "1 *div .

The map c is totally ramified over every component of R. Consequently the point in ¢~!(R) are
fixed under the action of G on W. Together with (2.3.12), this implies that the support |div| of
div ¢ contains ¢~!(R). Using (2.3.13), we conclude that the support |div )| of div¢ contains R.

This contradicts the Zariski density of R in X, and establishes the equality ¢’ = 1. ]

It is clear that we may find V and R as in 2.3.4.2 such that R is Zariski dense in X. It is enough
to construct ¥V and R satisfying (2.3.5) and (2.3.6) such that RN Cx is non-empty, and such that,
for some z € RN Cx, the germ of R at z is not the branch of an algebraic curve through z. Then
RNV would actually be Zarishi dense in X for every open analytic neighborhood V' of Cx U F
in V.



36 2. CNB-DIVISORS AND FIBERED ANALYTIC SURFACES

COROLLARY 2.3.6. If the analytic divisor R is Zariski dense in X, then the map:
(2.3.14) Locor: W — X

is “the” universal meromorphic map from W to a projective complex variety fibered over C.

Observe that the universal meromorphic map (2.3.14) is ramified, with ramification index e,
along £y5.
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CHAPTER 3

Green functions with C>* and L} regularity and arithmetic
intersection numbers

Part 2 of this memoir is devoted to various results concerning Arakelov intersection pairings on
arithmetic surfaces and Green functions on Riemann surfaces. These results will be used in Part 3
to transpose in an arithmetic setting the results in complex algebraic, analytic, and formal geometry
presented in Partl.

This chapter and the next one provide a presentation of Arakelov intersection theory adapted
to our needs. In this chapter, we develop the version of Arakelov intersection theory in [Bos99],
that relies on the use of L? Green functions, in a possibly non-projective situation. Moreover we
show that it satisfies some nice functoriality properties. These tools allow us to establish in Theorem
3.5.10 an arithmetic version of the degree bound a la Nori in Proposition 1.1.1 that has been our
geometric starting point in Chapter 1.

The necessity of adapting Arakelov intersection theory on arithmetic surfaces to a possible non-
projective setting has led us to give a self-contained presentation of the theory, and this chapter is
in principle accessible with no previous familiarity with Arakelov geometry.

3.1. The Arakelov degree of 0-cycles and the height of 1-cycles

3.1.1. The Arakelov degree of 0-cycles. Let X be an arithmetic scheme, that is a separated
scheme of finite type over Z. A 0-cycle on X is a finite formal sum:

7z = Z TLZ‘Pi
iel
where the P; are closed points of X and the n; are integers. The residue fields:
k(P;) = Ox.p,/mx.p,
are finite, and the arithmetic or Arakelov degree of Z is defined as the real number:
deg Z := > m;log|w(Py)].
iel

If Y is another arithmetic scheme and f : X — Y a morphism of schemes, then the images f(F;)
are closed points of Y, and the direct image f.Z is the 0-cycle defined by the equality:

foZ =Y [K(P) : k(F(P))] F(Py),

iel
Then we have, as a straightforward consequence of the definition of the Arakelov degree:
(3.1.1) deg f.Z = deg Z.
When X is SpecZ, every 0O-cycle on X is of the form:

divg:= va(q) [p]

39
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for some ¢ € Q* — where the sum runs over the prime numbers p and where v, denotes the p-adic
valuation and [p] the closed point pZ of SpecZ — and we have:

(3.1.2) degdivg = va(q) logp = log|q|.

p

The Arakelov degree of O-cycles is clearly uniquely determined by its compatibility with direct
images (3.1.1) and the relation (3.1.2). Observe also that, if X is a Fp-scheme for some prime p, then
the O-cycle Z on X considered as a Fp-scheme admits a “geometric degree”, defined as in [Ful98,
Definition 1.4]:

degp Z:=Y ni[s(P;): F,) € Z,
iel
which is related to its arithmetic degree by the equality:

(3.1.3) d/eTgZ = degp Z.logp.

3.1.2. The Arakelov degree of 0-cycles rationally equivalent to zero on proper one-
dimensional schemes. In this paragraph, we denote by C' be a scheme proper over Spec Z, integral
and of dimension one.

The (support of the) image the morphism f : C' — SpecZ is a closed integral subscheme
of SpecZ, and therefore either SpecZ, or a closed point [p] of SpecZ. Accordingly the following
alternative holds: either C' is finite and flat over SpecZ, or C' is a proper Fj-scheme for a uniquely
determined prime p.

(1) When C is finite and flat over Spec Z, then C'is affine, the ring T'(C, O¢) is an order in some
number field K, and if Ok denotes the ring of integers of K, then Spec Ox may be identified with
the normalization of C.

In this case, the relation (3.1.2) admits the following generalization. For every r € x(C)* = K*,
the Arakelov degree of the O-cycle on C' defined by the divisor! div r satisfies:

(3.1.4) degdivr = Z log |o(r)],
ceC(C)

where C'(C) denotes the set of complex points of the scheme C; this set may be identified with the
set, of cardinality [K : Q], of the field embeddings ¢ : K — C. Indeed if q := Nk ,qr denotes the
image of r by the norm map from K to Q, and if f denotes the morphism of schemes from C' to
SpecZ, then we have:

fedivr =divg

al = [T lotr)l,

ceC(C)
and therefore (3.1.4) follows from (3.1.1) and (3.1.2).

and:

(2) When C is a proper F,-scheme, then the ring I'(C, O¢) is a finite extension F, of F, and
C is a geometrically integral projective curve over F,. Moreover the relation (3.1.3) and the basic
properties of the degree of 0-cycles on proper schemes over a field (see [Ful98, 1.4]) imply that, for
any r € k(C)*, we have:

(3.1.5) deg divr = 0.

It is defined, as in [Ful98, 1.2-3], by the equality: divr := Zzeco ordg 7.z, where Cy denotes the set of closed
points of C.
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3.1.3. The height of 1-cycles with support proper over SpecZ. Let us keep the notation
of 3.1.2 and assume that C' is a (necessarily closed) subscheme of some reduced, separated scheme
X of finite type over SpecZ. Assume moreover that X is endowed with a Hermitian line bundle
L= (L, |1

Let us consider a non-zero rational section s of the line bundle L over C, and its divisor div s.

In case (1), the set C(C) of complex points of C' may be identified with a subset of X (C), and
accordingly the Hermitian metric |.|| on L2" defines a Hermitian metric |||, on the fiber L, for
every x € C(C). We may therefore consider the positive real numbers (|[s(2)||z)sec(c), and the
relation (3.1.4) shows that the real number:

(3.1.6) htp(C) = degdivs — > [s(z)l|.
zeC(C)
does not depend on the choice of s. It defines the height of C' with respect to L.

In case (2), the relation (3.1.5) shows that deg div s does not depend on the choice of s. We
shall denote it by deg L. According to the relation (3.1.3), we have:

deg Lic = degeyr, L.logp = degoys, L.logg,
where degc /g, L (resp. degg JF, L) denotes the usual “geometric” degree of the line bundle L over
X seen as a proper F,-scheme (resp. a geometrically integral projective curve over Fy).
It is convenient to use some uniform notation, covering both cases (1) and (2), and to let in case
(2):
ht7(C) := deg L.
We will also use the alternative notation:

deg (T|C) := htz(C).

In the framework of [BGS94], this real number would actually be denoted by deg (¢1(0)|C).
Observe that it depends “additively” on L. Namely, if L; and Ly are two Hermitian line bundles
over X, we have:

(3.1.7) deg (L1 ® Ly|C) = deg (L1|C) + deg (L|C).

The definition of d/e\g (L|C) extends by linearity to an arbitrary 1-cycle C' in X whose support
|C| is proper over SpecZ. Namely, any such 1-cycle is a finite formal sums:

il
where the C; are closed integral subschemes of X of dimension one, proper over SpecZ, and the n;
are integers, and we define:
(3.1.8) deg (Z|C) = > nideg (L|C).
iel
ProrosiTION 3.1.1. Let f: X — Y be a morphism of reduced separated schemes of finite type

over Spec Z. For every 1-cycle D over X such that |D| is proper over SpecZ and every Hermitian
line bundle L overY, the following equality holds:

(3.1.9) deg (f*L|D) = deg (L|£.D).

In the right-hand side of (3.1.9), we denote by f.D the direct image of D by f, defined as in
[Ful98, 1.4]. Tt is a 1-cycle on Y whose support is easily seen to be proper over SpecZ.
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PROOF. We may assume that D is an integral scheme C' as in 3.1.2 above. When C is an
horizontal curve, namely in case (1), the equality (3.1.9) is a straightforward consequence of the
definitions. When C is vertical, namely in case (2), it follows from the projection formula in [Ful98,
Proposition 2.5 (c)] applied to morphisms between one-dimensional projective schemes over a finite
field. O

3.2. Green functions with C* regularity and x-products on Riemann surfaces

3.2.1. Green functions with C* regularity on a Riemann surface. Let M be a Riemann
surface, and let D be a divisor on M. Recall that we denote by 1p be the canonical section with
divisor D of the analytic line bundle O (D).

3.2.1.1. Definitions. A Green function with C* reqularity for the divisor D on M is a C*
function:

g: M\ |D| —R
such that the equality:
Tplly=e?
defines a metric on the restriction of O (D) to M\ |D| that extends to a C* metric ||.||4 on Op (D)
over M.

This condition may be equivalently formulated by requiring that g has logarithmic singularities
at the points of |D|. Namely, for every open subset U of D and every invertible function f on U
such that:

lef = D|U’
there exists h in C*°(U, R) such that:

(3.2.1) g=log|f|"* +h over U\|D|.

Observe that this implies that, like the function log | f|~!, the function g is locally L! on U, and
that the distribution on U it defines satisfies the equality of currents on U:

L 99g = —6p + - 0.
™ s

This shows that a Green function g as defined above is locally L' on M and that, considered as a
distribution on M, it satisfies the equality:

(3.2.2) % 999 + 6p = w(g)

form some C* real 2-form w(g) on M.

Conversely, according to the ellipticity of the operator 9 acting on distribution on M, any real
distribution g on M that satisfies the equality (3.2.2) for some C* real 2-form w(g) on M defines a
Green function with C*° regularity for the divisor D on M.

Recall that the first Chern form of a Hermitian line bundle L = (L, ||.||) with C* metric over
M is the 2-form over M defined locally by the equality:

— 1 )
(3.2.3) er(Le) = 5 -00log ||,

where s denotes a local non-vanishing complex analytic section of L. With this notation, if g is a
Green function with C*° regularity for a divisor D on M, we also have:

w(g) = c1(Om(D), . llg)-
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3.2.1.2. Capacitary metrics. Let P be a point of Riemann surface M, and let g be a Green
function for the divisor P in M. The attached Hermitian metric ||.||; on Oas(P) defines, by restriction
to the fiber

O(P)lp >~ Tp]\f7

a Hermitian metric on the one-dimensional complex vector space TpM. By definition, this metric
is the capacitary metric ||.[[5*P.

If z is a local holomorphic coordinate on some neighborhood U of P in M, we have the following
equality of distributions on U:

g=1loglz—2(P)|"* + f

for some function f in C*2(U), and the definition of the capacitary metric [.[[5*" may be expressed
by the following formula:

16/02) pll5™ = e~

3.2.2. The *-product of two Green functions with C* regularity.
3.2.2.1. Let Dy and D5 be two divisors on a Riemann surface M such that:

|D1| N |Da| =0,
and let g1 and go be Green functions with C* regularity for Dy and D5 respectively.
The *-product of g; and go is defined as the real current of degree 2 on M:

91 % g2 = g20p, + g1w(g2),
where, as above, w(g2) is defined by:

w(g2) = %3592 +0p,-

When additionally the intersection suppg; Nsuppgs of the supports of g1 and gs is compact, the
x-product g; * g2 is supported on a compact subset of M, and we may consider the integral:

/ g1xg2 €R.
M

It is actually symmetric in g; and go; namely:

(3.2.4) / g1 * g2 =/ 92 * g1
M M

This equality is a direct consequence of Green’s formula — itself a consequence of Stokes formula
— which asserts that, for any two distributions ¢ and ¥ on M with disjoint singular supports such
that supp ¢ Nsupp ¢ is compact, the following equalities holds:

(3.2.5) /M ©idO) = —i /M Do N O = —i /M oY A Op = /M ) i00.

The integral of the x-product also satisfies the following two properties.

SP;: If the support of g1 and go are disjoint, then:

/ g1 % g2 =0;
M

SPs: For any two functions f1 and fs in C°(M,R) such that the intersections supp f1Nsupp ga,
supp fo Nsupp g1 and supp f1 Nsupp fo are compact, the following equality holds:

(3.2.6) /M(gl + f1) * (92 + f2) :/ 9 *92+/M frw(g2) +/M faw(gr) — %/M df1 A O fa.

M



44 3. GREEN FUNCTIONS WITH C* AND L? REGULARITY AND ARITHMETIC INTERSECTION

For any pair of divisors D; and Dy on M with disjoint support, the function that attaches
the integral [,, g1 * g2 to a pair (g1,g2) of Green functions for the divisors D; and Dj such that
supp g1 N supp g is compact is easily seen to be characterized by the properties SP; and SPs.

3.2.2.2. The last term in the right-hand side of (3.2.6) is, up to a factor m, the opposite of the
Dirichlet scalar product of fi and fo:

(f1, f2)Dir == i/M df1 N Ofa,

which is defined for any pair of functions (f1, f2) in C*° (M, R) such that supp fi Nsuppfs is compact.

Actually, for every such pair of functions, we have:

. = . = 1 i — _
Z/ Oft NOfa = Z/ (5f1 NOfs — sdft /\df2) = */ (Ofi NOf2 +0f2 NOf1),
M M 2 2 Jm
and, if z = x 4 iy is a local holomorphic coordinate on M, we may write locally:

(05 A9~ 3 nds) = (05 AT+ 052 nOR) = 5 (50 4 SOE

2\ 9z Oz 83/8y>dx/\dy'

The bilinear form (.,.)pir on C°(M,R) is clearly symmetric and nonnegative. When M is
compact and connected, it induces a structure of real pre-Hilbert space on the quotient C*° (M, R)/R.

3.2.3. Functoriality of Green functions with C* regularity on Riemann surfaces.
The functoriality properties of Green functions with L? and C*® regularity will play an important
role in the next chapters. For comparison, in this subsection we present a short description of the
functoriality properties of Green functions with C> regularity.?

PROPOSITION 3.2.1. Let M and N be two Riemann surfaces, with N connected, and let f : N —
M be a non-constant complex analytic map.

1) If D is divisor on M and g a Green function with C*° regularity for D on M, then the C*
function f*g on N\ f~Y(|D]) = N\ |f*D| is a Green function with C* regularity for the divisor
f*D on N.

Moreover the following equality of C*° 2-forms on N is satisfied:
w(f*g) = frw(g).

2) If E is a divisor on N and h a Green function with C* regularity for E on N, and if fisuppn
is proper® and if w(h) vanishes on some neighborhood of the ramification locus Ram(f) of f, then
the distribution f.h on M is a Green function with C* regqularity for f.E on M.

Moreover the following equality of C* 2-forms on M is satisfied:
w(fuh) = fuo(h).
3) Let (D, g) and (E,h) be as in 1) and 2). If the following additional conditions are satisfied:

(3.2.7) D) NIE =0
and:
(3.2.8) supp g N f(supp h) is compact,

then the following equality holds:
(3.2.9) / (f*g) = h :/ g x (fih).
N M

2We refer the reader to 3.4.2.1 and 4.4.1 below for some background concerning the pull-back and push-forward
operations on forms and currents by analytic maps between Riemann surfaces.
is implies that is proper, and therefore that the divisor f«FE on is we efined.
3This implies th | i d theref hat the divi E M i 11 defined
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Observe that, in 3), f*g and h are Green functions for the divisor f*D and E, which have disjoint
support according to (3.2.8); moreover, according to (3.2.7) and to the properness of fisuppn, the
intersection:

supp (f*g) Nsupph = f~*(supp g) N supp h
is compact. This shows that the left-hand side of (3.2.9) is well defined.

Moreover, g and f,h are Green functions for the divisors D and f, F; these divisors have disjoint
supports as a consequence of (3.2.8); moreover supp g Nsupp ( f.h) is contained in supp gN f(supp h)
and is therefore compact by (3.2.7). This shows that the right-hand side of (3.2.9) is well defined.

The proof of Proposition 3.2.1 will be left as an exercise for the interested reader.

Concerning Part 3) of Proposition 3.2.1, observe that the operation of push-forward does not
preserve in general the class of Green functions with C* regularity. Actually this operation does
not preserve C* functions when ramification occurs.

For instance, if e is a positive integer, the push-forward of the function:
I1?:D(0;1) — R, 2z~ |z]?
by the complex analytic map:
fo:D(0;1) — D(0;1), z+— 2°
is the function:
fesl- PP = el [¥°.
It is not C* if e > 1.

3.3. Arakelov divisors on arithmetic surfaces and arithmetic intersection numbers
In this section, we denote by X an integral normal arithmetic surface.

3.3.1. Arakelov divisor and Hermitian line bundles. An Arakelov divisor (resp. an
Arakelov-Cartier divisor) on X is a pair (D,g), where D is a Weil (resp. Cartier) divisor on X
and g a Green function with C'*° regularity, invariant under complex conjugation, for the divisor D¢
on the Riemann surface X (C).

Recall that, to the Green function g is associated a C° metric ||.||; on the analytic line bundle
Ox(c)(Dc) over the Riemann surface X (C). Accordingly, when moreover D is a Cartier divisor, we
may associate to (D, g) the Hermitian line bundle with C* metric:

(3.3.1) Ox(D,g) := (Ox(D),]l.lly)-

We shall denote by Z'(X) and Z{,, ., (X) the additive groups of Weil and Cartier divisors on X,
and by Z (X) and Zlcart (X) the additive groups of Arakelov and Arakelov-Cartier divisors on X.
The quotient group Z'(X)/Z%,,.(X), and consequently Z' (X)/?lcart(X), is finite.

To any invertible rational function f in x(X)*, we may associate the following Arakelov-Cartier
divisor:

div f = (div £,log |fc| ") € Zu(X).
The map:
div : k(X) — Z'(X)
is a morphism of abelian groups. Its image div#(X)* is the group of Arakelov divisors rationally
equivalent to zero, and its cokernel defines the Arakelov-Chow group of X:

CH' (X) =7 (X)/div k(X)*.
We shall also consider its subgroup of finite index:

CH oy (X) 1= Z gy (X) AV £(X) .
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If we denote by Pic(X) the group of isomorphism classes of Hermitian line bundles with C>°
metrics on X, we define an isomorphism of abelian group:

(3.3.2) &1 Pic(X) <5 OHg (X)
by mapping the isomorphism class of a Hermitian line bundle with C*°-metric L:= (L,|.||) to the
class ¢ (L) of the Arakelov-Cartier divisor:

divy s == (divs,log [sc|| ™)
of an arbitrary non-zero rational section s of L. The inverse isomorphism ’81_1 sends the class of
some Cartier-Arakelov divisor (Z,g) € Zlcart (X) to the isomorphism class of Ox(Z, g).

An Arakelov divisor (D, g) will be said to be compactly supported when the support |D| of D
is proper over SpecZ and when the support supp g of the Green function g is a compact subset of

X(C). The subgroup of Z' (X) (resp. of 7éart(X )) defined by the compactly supported Arakelov
(resp. Cartier-Arakelov) divisors on X will be denoted by Zi (X) (resp. by Zlcm’c(X )

3.3.2. The Arakelov intersection pairing: definitions and basic properties.
3.3.2.1. Definitions. If L := (L,||.||) is a Hermitian line bundle over X, with a C> metric |.||,

and if (D, g) is an Arakelov divisor in Zi (X), we define the Arakelov intersection pairing of L and
(D, g) as the real number:

(3.3.3) I-(D,g) = deg (LID) + / ger(Te).
X(C)
If (D',¢') (resp. (D,g)) is an Arakelov divisor in Zéart(X) (resp. in Zi(X)), we define their

Arakelov or arithmetic intersection number as the real number:

(334) (Dlagl) : (Dvg) = @X(Dlagl) : (Dvg) = d/e\g (6X(Dlvg/)|D) + ~/X((C) gw(gl)'

The arithmetic intersection pairing:
(3.3.5) o Zea (X)X ZH(X)e — R

defined by (3.3.5) is clearly bilinear. Since Zém (X) has finite index in Z (X), the pairing (3.3.5)
uniquely extends to a bilinear pairing:

(3.3.6) 2 (X)X ZN(X)e — R,
In concrete terms, the pairing (3.3.6) may be described as follows. If (D’,¢’) and (D, g) are

Arakelov divisors in 71(X ) and 71(X ) respectively, we may choose a positive integer N such that
the divisor ND’ is Cartier, and then, by definition, the intersection pairing of (D’,¢’) and (D, g) is
the real number:

(337) (Dlag/) ’ (Dag) = N71 (NDlaNgl) ’ (Dag) = Nﬁl@X(NDCNg/) : (D7g)
~ N71eg (Ox(NDNg)ID) + | NE0

3.3.2.2. Properties of the Arakelov intersection pairing. By construction, the intersection pairing
is compatible with linear equivalence in the first variable. Namely, we have:

PROPOSITION 3.3.1. For every f € k(X)* and every (D, g) € Z' (X)e, we have:
(3.3.8) divf-(D,g) =0.

The following proposition describes how the intersection pairing of tow Arakelov divisors depends
of their Green functions.
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PROPOSITION 3.3.2. For any two Arakelov divisors (D, g) € Z' (X)e and (D', ¢') € VA (X), and
any two functions invariant under complex conjugation f € C(X(C),R) and f' € C*(X(C),R),
the following equality holds:

(339) (D'.g'+f)-(D,g+f)=(D'.g)(D.g) + /X<<c>

Fwlg) + / fold) =7 o

X(©

PROOF. According to the bilinearity of the Arakelov intersection pairing, the validity of (3.3.9)
follows from the following three equalities:

(3.3.10) (D’,g’)~(07f)=/X(C)fw(g’),
(3.3.11) (0, 1)- (D, g) = /X o)
and:

(3.3.12) 0, 1) -0, f) =~ F", )i

The equality (3.3.10) follows from the definition (3.3.3) of the intersection pairing and from the
relation:

a(Ox(D',¢')c) = er(Ox(c)(De)s I1lg) = wlg)-
Formula (3.3.11) is established by the following chain of equalities:

(3:3.13) ©.0)-(D.9) = @ Ox(0.01D) + [ o001
(3.3.14) :/x@) f/6DC+/)((C?g;68f/
(3.3.15) :/X((C) (f’6DC+f’%859)

(3.3.16) =/X(C) [ w(g).

Indeed (3.3.13) follows from the definition (3.3.3) of the intersection pairing and from the relation:
_ i
(3:3.17) 1(Ox(0, f)e) = ex(Oxc, [l 5) = ~00f".

The equality (3.3.14) follows from the definition (3.3.3), applied with L the restriction of Ox (0, f')
to the components of D and with s = 1. The equality (3.3.15) follows from Green’s formula (3.2.5),
and (3.3.16) from the definition (3.2.2) of w(g).

Finally, using again (3.3.3) and (3.3.17), we obtain:

(0.1 (0.f) = / FLoaf =~ F oo, 0

x@© T

Recall that if D and D’ are two Cartier divisors on X, the intersection D - D’ is a O-cycle on
|D| N |D’| which is well defined and depends symmetrically of D and D', up to rational equivalence
supported by |D| N |D’|.

Using again that Z}, ,(X) has finite index in Z'(X), this allows one to define the intersection
D - D’ of any two Weil divisor D and D’ on X: it is a 0O-cycle with Q-coefficients supported by
|D|N|D’|, which is well defined and depends symmetrically of D and D', up to rational equivalence
supported by |D| N |D’|.
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When moreover |D|N|D’| is proper over SpecZ and its generic fiber | Dg|N|Dg)| is empty,* then
|D| N'|D'| is a finite union of vertical curves in X proper over SpecZ, and therefore as observed
in 3.1.2 (2) above, rational equivalences supported by |D| N |D’| preserve the Arakelov degree of
0-cycles. Accordingly, in this situation, the Arakelov degree d/eTgD - D’ is well defined and satisfies:

degD D' =degD' - D.

PROPOSITION 3.3.3. For any two Arakelov divisors (D', ¢') € Zl(X) and (D, g) € Vi (X)¢ such
that D@ and Dqg have disjoint supports, the following equality holds:

(3.3.18) (D',q)-(D,g) :d/eED'~D+/ g*g.
X(©)

PROOF. The bilinearity of the intersection pairing easily implies that, to establish the equality
(3.3.18), we may assume that one of the following additional conditions is satisfied: (i) the divisor
D’ is a Cartier divisor; moreover D’ and D meet properly, namely the intersection |D’|N|D)| of their
supports is a finite set of closed points; or (ii) the Arakelov divisors (D', ¢’) and (D, g) are of the
form (V’,0) and (V,0), where V' is a vertical Cartier divisor in X, and V a vertical divisor in X,
proper over SpecZ.

In case (ii), (3.3.18) is a straightforward consequence of the definitions. In case (i), we may
argue as follows.

Applied to the restriction L of Ox (D, g’) to the components of D and to s = 1, the definition
(3.3.3) gives:

(3.3.19) d’e\g@(p’,g’)w):d’é@)’-p—/ log | 1pllg dpe =d’e\gD’-D+/ g 6pe.
X(©) X(©)

Consequently, using successively the definition of the arithmetic intersection pairing, the relation
(3.3.19), and the definition of ¢ * ¢’, we obtain:

(D'.g") - (D, g) : d/eE(O(D’,g’)ID)+/X(C)961(OX<C)(D&),-II’g)

= deg D' - D+/ (9" 6pe +gw(g))

X(C)
:d/e\gD'-D—l—/ g*g. O
X(C)

COROLLARY 3.3.4. For any two Arakelov divisors (D, g) and (D', g') in 71(X)c, we have:
(3.3.20) (D'g')-(D,g) = (D,g) - (D', ).

PrOOF. Using the bilinearity of the arithmetic intersection pairing, one readily sees that the
symmetry property (3.3.20) follows from its validity in the following two special cases: (i) when
|D|g N|D'|q is empty; and (ii) when (D', ¢’) = (D, g). In case (i), (3.3.20) follows from Proposition
3.3.3 and from the symmetry (3.2.4) of the integral of the *-product. In case (ii), it is clear. |

3.3.2.3. The Arakelov intersection pairing on projective arithmetic surfaces. In the special case
where the integral normal arithmetic surface X is projective, and therefore Z' (X) and Zi(X )
coincide, one recovers the “classical” arithmetic intersection theory on integral normal projective
arithmetic surfaces from the above constructions.

Indeed from the properties of the Arakelov intersection pairing established in 3.3.2.2, one im-
mediately derives:

4This last condition holds precisely when the divisors D¢ and D¢ on the Riemann surface X (C) have disjoint
supports.
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ScHoLIuM 3.3.5. If X s an integral normal projective arithmetic surface, then one defines a
symmetric bilinear pairing:
- CH (X)xCH (X) — R
by putting:
(D, g)]- (D', 9')] == (D, g) - (D', g)
for any two Arakelov divisors (D, g) and (D',g’) on X.
This pairing is the unique bilinear pairing such that the following equality holds:
[(D.g)]-[(D',g')] = deg D - D" + / g%,
X(C)
for any two Arakelov divisors (D, g) and (D', g') on X such that Dg and Dg have disjoint supports.
The starting point of Arakelov geometry has been the definition of the arithmetic intersection

number attached to a pair of Arakelov divisors on some regular projective arithmetic surface, as in
Scholium 3.3.5.

The original contributions of Arakelov [Ara74] and Faltings [Fal84] focused on the arithmetic
intersection pairing attached to Arakelov divisors (Z,g) defined by Green functions g satisfying
a suitable normalization condition.® The general definition, allowing arbitrary Green functions
with C* regularity as defined in 3.2.1 above, appears in the work of Deligne [Del87] and Gillet-
Soulé [GS90].

3.3.3. Functoriality properties. Let f : X’ — X be a morphism between two integral normal
arithmetic surfaces.

The inverse image of Hermitian line bundles with C*° metrics defines a morphism of groups:
£+ £ Pie(X) — Pio(X),
and therefore, by means of the isomorphisms:
1 Pic(X) =5 CHopy (X) and €1 : Pic(X') <5 CHgup (X)),
a pull-back map between Arakelov-Cartier Chow groups:
(3.3.21) [*: CHeg(X) — CHean (X)),

When X and X’ are proper over SpecZ (that is, projective arithmetic surfaces), this map is
compatible with the Arakelov intersection product. Namely, for every pair (a, ) of elements of

@éart(X ), the following equality holds:

[fa- [*B=deg fa-pB,
where deg f denotes the degree® of f; see for instance [BGS94, 2.1.1, 2.2, and Proposition 2.3.1,
(iv)].

When f is dominant, the pull-back map (3.3.21) “lifts” to Arakelov-Cartier divisors. Namely,
using the functoriality of Green functions with C*°-regularity by pull-back stated in Proposition
3.2.1, we may define a map:

* 1 1 * *
f :ZCart(X)—>ZCart(X/)7 (Dvg)’_>(f va(Cg)v
which is easily seen to be compatible with rational equivalence and to induce the map (3.3.21).

One may wonder whether, as with usual Chow groups, the Arakelov-Chow groups also admit
some covariant functoriality, namely whether to a map f : X’ — X as above is naturally attached

5Narnely7 the 2-forme w(g) was required to be a multiple of the 2-form B4, defined by (5.3.4) below, on each of
the connected components X4 (C) of X (C), which was assumed to have positive genus.

6Recall that deg f vanishes when f is not dominant, and that deg f := [x(X’) : f*k(X)] when f is dominant,
hence generically finite.
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a map f. from OH (X') to CH (X). At the level of Arakelov cycles, it should be defined by a
formula of the type:

(3.3.22) F«(D',g") == (f D, feug'),
say when f is proper, or when the Arakelov cycle (D', ¢') on X’ is compactly supported.

The right-hand side of (3.3.22) does not make sense in general, even if f is assumed to be
dominant and proper (and therefore f¢ to be a finite morphism) because of the limited functoriality of
Green functions with C* regularity discussed in Subsection 3.2.3.7 This lack of covariant functoriality

of the “classical” Arakelov-Chow groups defined by using Green functions with C* regularity will be
addressed in the next sections of this memoir, by introducing Green functions with weaker regularity.

3.4. Green functions with L? regularity on Riemann surfaces

In many applications of arithmetic intersection theory and heights on arithmetic surfaces, it is
crucial to extend the original scope of the theory and make it possible to use Green functions — or,
equivalently, Hermitian metrics on line bundles — with a weaker regularity than the smoothness we
required in the discussion above. Diverse more flexible formalisms involving possibly non C* Green
functions and Hermitian metrics have been notably developed in [Bos99], [Kith01] and [ BGKKO0T].

In the next two sections, we discuss the formalism introduced in [Bos99], based on the use of
Green functions with L? regularity. We extend the results in loc. cit, by developing this formalism
on possibly non-projective arithmetic surfaces, and by investigating its functoriality properties.

3.4.1. Green functions with L? regularity and *-products.

3.4.1.1. When one is interested in defining the Arakelov intersection numbers (3.3.4) and (3.3.7)
in the largest possible generality, a natural regularity class for the Green functions — namely the
L? regularity — is suggested by the characterization of the map

(91,92) — / g1 * go
M

by properties SP; and SP» in 3.2.2.1.

Recall that a distribution ¢ over a differentiable manifold is said to be locally L} when the current
dy is locally L? (and therefore ¢ itself if locally L?, and actually locally LP for every p € [1, +00)).
A Green function with L? regularity (or shortly a L? Green function) for a divisor D on a Riemann
surface M is defined as in 3.2.1 by allowing the function h appearing in (3.2.1) to be locally L? over
U, instead of being C*°.

If go is a Green function for D with C* regularity, then the L? Green functions for D are
precisely the distributions on M of the form:

g =90 + f7
where f is a locally L? function on M.

By the elliptic regularity of the operator 90, the L? Green functions are exactly those real
distributions g on M such that the current w(g) defined as in (3.2.2) by:

-
w(g) == ;889 +dp

belongs to the space of locally L2 currents of degree 2 over M.

"However it defines an Arakelov cycle on X when for instance the 2-form w(g’) vanishes on some neighborhood
of the ramification locus of f¢.



3.4. GREEN FUNCTIONS WITH L? REGULARITY ON RIEMANN SURFACES 51

3.4.1.2. In this paragraph, for simplicity, let us assume that the Riemann surface M is compact
and connected.

Observe that in property SPs, if f; and fy are assumed to be of class L? instead of C*°, while
g1 and go are still Green functions with C* regularity, then in the equality (3.2.6) — namely:

[@rms@em= [ armt [ fotw+ [ po -1 [ onndr

— the right-hand side is still well-defined, since both [, f1 w(g2) and [, faw(g1) clearly are, and
the Dirichlet scalar product:

<f15 f2>Dir = Z/M afl /\5.]02

also is, because both df; and dfs are L2.

As a consequence, the equality (3.2.6) may be used to define the integral of the *-product of
any two L? Green functions for Dy and Dy, written respectively as g1 + f1 and go + fo with f; and
fo some L? functions on M. This definition is readily seen to be independent of the choice of the
C> Green functions g; and gs for Dy and Ds. Moreover, the equality (3.2.6) holds for any two L?
Green functions g; and go for D; and D, and any two functions f; and f in the Dirichlet space
L2(M) of real L? functions on M.®

Observe also that the validity of (3.2.6) implies that, when it is defined, the integral of the
x-product of L2-Green functions still satisfy the symmetry (3.2.4).

Since the space L3(M)/R may be identified with the completion of the space C>°(M,R)/R
with respect to the Dirichlet scalar product? (.,)pi, this discussion shows that Li-regularity is
the weakest possible regularity condition on Green functions that makes it possible to define the
intersection number of arbitrary Arakelov divisors (Z, g) with g of this regularity.

3.4.1.3. More generally, when M is possibly non-compact, a straightforward extension of the
previous arguments allows one to define the integral of the x-product:

/ g1 * g2
M

when g; and g, are L? Green functions attached to some divisors Dy and D, with disjoint supports
in M such that the intersection supp gisupp go is compact.

Actually Properties SP; and SP5 remain valid in this generality, where g; and go denote some
Green functions with L? regularity, and where in SPs, f; and fo are real valued locally L? functions.
Moreover, for any pair of divisors D1 and Dy on M with disjoint support, the function that attaches
the integral fM g1 * g2 to a pair (g1, g2) of L3- Green functions for the divisors D; and Dy such that
supp g1 Nsupp g2 is compact is still characterized by the validity of this extension of properties SP;
and SPs.

3.4.2. Functoriality of Green functions with L? regularity. It turns out that Green
functions with L? regularity on Riemann surfaces enjoy remarkable functoriality properties: contrary
to Green functions with C*° regularity, they constitute a class of Green functions that is preserved
by the operation of direct image by non-constant complex analytic maps.

3.4.2.1. Functoriality of forms and currents on complex analytic manifolds. Recall that to any
complex analytic map f : X — Y of complex analytic manifolds are attached a pull-back map f*,
that sends C*° differential forms on Y to C* differential forms on X, and a push-forward map f,
deduced from f* by duality. The map f, sends a current T of degree d on X such that the restriction

8Note that, for any such f1, f2, g1 and g2, the last three integrals in (3.2.6) are well-defined, as the integrals of
the product of currents in L% and L%l, or of two L2 1-forms.
9See for instance [Bos99, 3.1.2]
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Jisupp(r) Of f to the support of T' is a proper map, to the current f.T of degree d—2dim¢ X +2dimc YV

on Y defined by:
/af*Tz/ ffaT
Y X

for any C* differential form « with compact support on Y of degree 2dim¢ X — d.

The maps f* and f. are compatible with the decomposition of differential forms and currents
into forms and currents of type (p, q), p,q € N, and with the operators d,  and 9. The constructions
of f* and f, are functorial in f.

3.4.2.2. In this paragraph, we denote by M and N be two Riemann surfaces, with N connected,
and by f: N — M a non-constant complex analytic map.

The following propositions describe the functoriality of currents on M and N of degree 1 (resp.
0 and 2) with regularity L? (resp. L? and L? ) with respect to the map f. They follow from basic
properties of currents on manifolds, combined with the fact that the map f is locally of the form
(z = w = z°) for some positive integer e in suitable local analytic charts z and w on N and M. The
details of the proofs are left to the reader.

PROPOSITION 3.4.1. 1) If a is a locally L? 1-form on M, then its pull-back’® f*a is a locally
L? 1-form on N.

2) If B is a locally L* 1-form on N and if the restriction fisupp 8 18 proper, then the current f.[3
is a locally L? 1-form on M.

3) If a and B are as in 1) and 2), and if suppa N f(supp fB) is compact, then the following

equality holds:
/ f*a/\B:/ aA fif.
N M

PROPOSITION 3.4.2. 1) If o is a locally L? function on M, then its pull-back'' f*p is a locally
L? function on N.

2) If ¢ is a locally L? function on N and if flsuppw @8 proper, then the distribution f.y is a
locally L? function on M.

PROPOSITION 3.4.3. 1) If x is a locally L? | current of degree 2 on M, then its pull-back f*x
may be defined as the unique locally L? | current of degree 2 on N such that, for every L3 function
1 on N with compact support, the following equality holds:

(3.4.1) /Nz/)f*x: /M fpx.

The equality (3.4.1) is actually satisfied for every locally L? function 1 on N such that Jisupp v
is proper and supp x N f(supp ) is compact.

2) If w is a locally L? | current of degree 2 on N and if fisuppw 18 proper, then the current f.w
is a locally L* | current of degree 2 on M. Moreover, for every locally L? function ¢ on M such that
supp ¢ N f(suppw) is compact, the following equality holds:

(3.4.2) /N frpw = /wa*w.

COROLLARY 3.4.4. For every locally L? function @ on M, the following equality holds:
(3.4.3) d0(f*p) = [ (90p).

In the left-hand side of (3.4.3), the function f*¢ is defined as in Proposition 3.4.2, 1). In its
right-hand side, the current f*(99y) is defined by Proposition 3.4.3, 1) applied to x = 99p.

10defined pointwise, almost everywhere on N.
Hdefined pointwise, almost everywhere on N.
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3.4.2.3. From the functoriality properties of L? functions and of L2, currents of degree 2 in
Propositions 3.4.2 and 3.4.3, one easily deduces the following functoriality properties of Green func-
tions with L? regularity on Riemann surfaces:

PRrOPOSITION 3.4.5. Let M and N be two Riemann surfaces, with N connected, and f : N — M
a non-constant complex analytic map.

1) If D is divisor on M and g a Green function with L? regularity for D on M, then the function
f*g on N, pointwise defined almost everywhere on N, is a Green function with L? regularity for the
divisor f*D on N.

Moreover the following equality of L? | currents of degree 2 on N is satisfied:
w(f*g) = frw(g).

2) If E is a divisor on N and h a Green function with L3 regqularity for E on N, and if flsupp h
is proper'?, then the distribution f.h on M is a Green function with L? regularity for f.F on M.

Moreover the following equality of L? | currents of degree 2 on M is satisfied:
w(fuh) = fuco(h).
3) Let (D,g) and (E,h) be as in 1) and 2). If the following additional conditions are satisfied:

(3.4.4) YD) N|E =6
and:
(3.4.5) supp g N f(supp h) is compact,

then the following equality holds:
(3.4.6) / (fg)=h =/ g* (fuh).
N M

3.4.2.4. The following proposition relates direct images of currents of the form log |p|, where
¢ denotes a meromorphic function, and norm maps associated to algebraic morphisms of complex
curves.

PROPOSITION 3.4.6. Let f : N — M be a finite morphism between some smooth irreducible
complex algebraic curves, and let:

Ne(vy e C(N) — C(M)
be the norm map associated to the finite extension of fields of rational functions:
fr:C(M) — C(N).
For every o in C(M)*, the following equality of locally L' distributions holds:
(3.4.7) filog || =log |Ne(wy se(an) (#)]-

This easily follows from the fact that both sides of (3.4.7) are locally L' and from the expression
(4.4.1) recalled in Subsection 4.4.1 below for the direct image of a continuous function.

3.5. Arakelov intersection theory with L? Green functions on integral normal
arithmetic surfaces

3.5.1. Construction and properties of the Arakelov intersection pairing. In this sub-
section, we denote by X an integral normal arithmetic surface.

12This implies that f| g| is proper, and therefore that the divisor f«E on M is well defined.
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3.5.1.1. Arakelov divisors with L? Green functions. Using Green functions with L? regularity
instead of Green functions with C* regularity in the definitions in 3.3.1, we define the group Z' (X))
of Arakelov divisors on X with L? Green functions.

We may also consider its subgroups Zéart(X )L? of Cartier-Arakelov divisors with L? Green

=1
functions and Z_(X )L? of compactly supported Arakelov divisors with L? Green functions, and
their intersection: ) ) ) , ) ,
= L = L A7 L
ZCart,c(X) b= ZCart(X) IOZC(X) .

To this extended notion of Arakelov divisors are as associated the following L? variants of the
Arakelov-Chow groups of X:
CH (X)X = Z"(X)" /div s(X)*
and: ., . .
CH gt (X)) = Z g (X)) /div (X))

3.5.1.2. We may extend the Arakelov intersection pairing defined in 3.3.2 above to Arakelov
divisors with L? Green functions. Indeed, from Proposition 3.3.2 and the validity of property SPs
in the L7 setting discussed in 3.4.1.3, we immediately derive:

PROPOSITION AND DEFINITION 3.5.1. The Arakelov intersection pairing 3.3.6 admits a unique
extension:

(3.5.1) 2N XM < ZN(X)
such that the equality (3.3.9), namely:

(D' +f) - (Dog+ f)=(D'rg) (D.g) + /

X

— R

2
Ll
C

£ wlg) + / Fold) — 7 o,
© X(C)

remains valid for any two Arakelov divisors (D, g) € 7i(X)L? and (D', ¢') € VA (X)) and any two
functions invariant under complex conjugation f € L3(X(C)). and f' € L2(X(C))oc-

In turn, Proposition 3.3.2 readily implies:

COROLLARY 3.5.2. Propositions 3.3.1 and 3.3.83 and Corollary 3.3.4 remain valid when VA (X)
and 7i(X) are replaced by 71(X)Lf and Zi(X)Li.

3.5.1.3. The Arakelov-Chow group CiHl(X)Lf when X is projective. When X is an integral
normal projective arithmetic surface, the constructions in 3.5.1.2 specialize to the generalization of
the classical arithmetic intersection theory on projective arithmetic surfaces introduced in [Bos99].
Indeed they immediately imply the following variant of Scholium 3.3.5:

PROPOSITION 3.5.3 (see [B0s99, Section 5.3]). If X is an integral normal projective arithmetic
surface, then one defines a symmetric bilinear pairing:

L CH (XM xCH'(X)Y SR
by putting:
[(D,g)]- [(D',g')] == (D,g) - (D',g)
for any two Arakelov divisors (D, g) and (D',g') in 71(X)L%.
This pairing is the unique bilinear pairing such that the following equality holds:
(Do) (D9 =3 D D'+ [ g,
X(©

for any two Arakelov divisors (D,g) and (D',q') in Z' (X)X such that Dq and D have disjoint
supports.
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The intersection pairing in Proposition 3.5.3 satisfies an analogue of the Hodge Index Theorem
concerning the intersection pairing on the Néron-Severi group of a smooth projective surface over
field, that has been proved in the setting of the original arithmetic intersection theory of Arakelov
[Ara74] by Faltings [Fal84] and Hriljac [Hri85]. We refer the reader to [Bos99, Section 5.5] for
details and references.

In this memoir, we will use the following simple form of this arithmetic Hodge Index Theorem:

PROPOSITION 3.5.4. Let X be an integral normal projective arithmetic surface. If H is an
element of 71(X)L§ such that:

(3.5.2) H-H>0,
then, for every C in 71(X)L% such that:
H-C=0,

the following inequality holds:
c.-c<o.

Recall that Arakelov divisors H in Z (X)L1 that satisfy the condition (3.5.2) of positive self-
intersection are easily constructed. Indeed, if Hy := (H,g) is an Arakelov divisor on X such that
the degree deg Hg of the divisor Hg on the projective curve Xg is positive, then for every A € Ry
large enough, the Arakelov divisor H := (H, g + \) satisfies (3.5.2), since:

HF:FQ FO —2)\degHQ

3.5.2. Functoriality properties. In this subsection, we denote by f : X’ — X a dominant
morphism between two integral normal arithmetic surfaces, and we denote by deg f its degree,
namely the positive integer defined as the degree of the field extension:

(3.5.3) (X)) — w(X).

To the map f are associated a pull-back and a push-forward map between suitable spaces of
Arakelov divisors with L? regularity on X and X', namely the following morphisms of Z-modules:

(354) f* :Zéart(X)L? H?éart(Xl)Li (Zag) — (f*Zv f(ég)
and:
(3.5.5) Fo: Zy(XE s ZUXDE (Z,g) v (f.2, feug)-

When moreover the morphism f : X’ — X is proper, we may also define the following maps:

(356) f* : 7éart,c(X)L§ — 7éart,c(X/)L§7 (Z7 g) — (f*Z7 f(ég)
and:
(3.5.7) fo 2N XNE S ZN XM, (Zog) — (£ 2, feeg)-

PROPOSITION 3.5.5. If f is proper, then, for every Z in Zlcart (X)Lf7 the following equality holds:
(3.5.8) fof*Z =deg f Z.
ProOOF. This follows from the validity of similar formulas, concerning Cartier divisors in “clas-

sical” algebraic geometry, as established in [Ful98, Proof of Proposition 2.3 (c)], and concerning L?
functions and Green functions. O
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The maps (3.5.4) and (3.5.7) are compatible with linear equivalence. To formulate this compat-
ibility, recall that to the field extension (3.5.3) is associated a norm map:

Nexy/nix) - K(X') — K(X),
which defines a morphism of multiplicative groups from x(X’)* to k(X)*.

PROPOSITION 3.5.6. 1) For every rational function ¢ € k(X)*, the following equality holds in
—1
ZCart (X/)
(35.9) Fave = div (f ).
2) When the morphism f is proper, for every rational function ¢’ € k(X')*, the following equality
holds in Z " (X):
(3510) f*ﬁgo, :mNK(X/)/K(X)(QO/)

PROOF. The relations (3.5.9) and (3.5.10) are straightforward consequences of the definitions,

and for (3.5.10), of the similar relation in algebraic geometry — established in [Ful98, Proposition
1.4 (b) and Example 20.1.3] — and from Proposition 3.4.6. O

COROLLARY 3.5.7. The map (3.5.4) defines a pull-back morphism between Arakelov-Chow groups:
w51 2 —1 2 * *
(3.5.11) f* 1 CHean(X)" — CHean(X))5Y, [(Z,9)] 7 (£ 2. fE9))-

When moreover f is proper, the map (3.5.7) defines a push-forward morphism between Arakelov-
Chow groups:

(3.5.12) fo: CH (XY — CTH (X)X, [(Z,9)] — [(f.7, feug))-

The pull-back and push-forward maps defined in (3.5.4) and (3.5.7) and the Arakelov intersection
pairing satisfy the usual projection formula:

PROPOSITION 3.5.8. For every Z in Zéam (X5 and every 7 in 7i (XY, the following equality
holds:

(3.5.13) 727 =7 1.7

When moreover f is proper, the equality (3.5.13) holds for every Z in Zlcmyc(X)L% and every
Z inZ' (X",

PROOF. Consider some Arakelov cycles Z := (Z,g) in Zéart(X)Lf and Z' = (Z',¢') in Zo(X")L1

Both sides of (3.5.13) are unchanged when Z is replaced by a linearly equivalent Arakelov-
Cartier divisor; this follows from Propositions 3.3.1, which remains valid when the Green current g
has L? regularity as observed in Corollary 3.5.2, and from Proposition 3.5.6, 1).

Accordingly, to establish (3.5.13), we may assume that |Z] and f(]Z’|) do not meet in Xg. Then
|f*Z| and |Z'| do not meet in X¢), and according to the extension of Proposition 3.3.3 mentioned in
Corollary 3.5.2, we have:

(3.5.14) f*?-?’z(f*Z7f(’§g)-(Z’7g’):d/eTgf*Z-Z’—&—/ figxg
X'(C)

and:

(3.5.15) Z-1.7 =(2,9)- (.2, feug)) = deg Z - [.2' + / g% feug.
X(C)

The equality (3.5.13) will follow from the following two equalities:
(3.5.16) deg f*Z -7 =deg Z - f.2'
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and:

(3.5.17) | raxd=[ gried.
X/(C) X(C)

The equality (3.5.16) follows from the equality of 0-cycle:
Hfz-2)=2 1.7,

that holds up to linear equivalence supported by the scheme |Z| N f(|Z’|), which is proper over
SpecZ with empty generic fiber. This equality is an instance of the projection formula in algebraic
geometry, as established in [Ful98, Proposition 2.3 (c)].

Finally (3.5.17) follows from Proposition 3.4.5.

The second part of the proposition, valid when f is proper, is established by a similar argument,
which we leave to the reader. O

COROLLARY 3.5.9. When f is proper, for every Z; in Zéart(X)L? and every Zy in ZCart,c(X)Lf,
the following equality holds:

_ Proor. This follows from the first part of Proposition 3.5.8 applied to Z = Z, and to 7 =
f*Zs, and from Proposition 3.5.5 applied to Z = Z5. |

Since a suitable positive multiple of an Arakelov divisor is an Arakelov-Cartier divisor, it is
possible to define f*Z as a “Q-Arakelov divisor” on X’ for any Arakelov divisor Z on X. The
intersection pairing and the direct image maps also extends to Q-Arakelov divisors, and Propositions
3.5.5 and 3.5.8 and Corollary 3.5.9 remain valid in this more general setting.

3.5.3. Application: bounding the degree of morphisms between arithmetic sur-
faces. Using the formalism of arithmetic intersection theory developed in the previous sections, the
statements and the proofs of Propositions 1.1.1 and 1.1.2 may be transposed to the framework of
arithmetic surfaces and Arakelov intersection theory.

THEOREM 3.5.10. Let U and V' be two integral normal arithmetic surfaces, and let:
FiV U
be a dominant morphism of schemes. Let B := (B, gg) be an Arakelov divisor in 7i(V)L?, and let:

— — =1
A= [.B = (f.B, feugn) € Z.(U)H
be its direct image by f.

If the self intersection B - B is positive, then the degree deg f := [k(V) : f*k(U)] of f satisfies
the following inequality:

3.5.19 deg f < =2
( ) eg f =

PRrROOF. As indicated above, the proof of Theorem 3.5.10 follows the same lines as Propositions
1.1.1 and 1.1.2. Since Theorem 3.5.10 plays a central role in this memoir, we provide some details.

Firstly we may assume that U and V are respectively open subschemes of some integral normal
projective arithmetic surfaces, and that f extends to a morphism from Y to X, which we will still
denote by f. Mutatis mutandis, this follows from the construction in the proof of Proposition 1.1.2.

After possibly multiplying B and therefore A by some positive integer — which leaves the
right-hand side of (3.5.19) unchanged — we may also assume that A is an Arakelov-Cartier divisor.

Let us denote:
0 :=deg f.
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For every Arakelov-Cartier divisor D on X, we have:

ffA-f*D=6A-D and B-f*D=f.B-D,
as a consequence of Corollary 3.5.9 and of the projection formula in Proposition 3.5.8. Consequently
we have:

(3.5.20) (f*fA—6B)-f*D=f*A-f*D—-6B-f*D=8A-D -6 f.B-D=0.
The projection formula also implies the equality:
FAB=4 B
Therefore, applied to D = A, (3.5.20) implies:
(3.5.21) (f*A—6B)-(f*A—6B)= -6 f*A-B+6°B-B=—-6A-f.B+0°B-B=-0A-A+5*B-B.
Let us choose an Arakelov-Cartier divisor H over X with positive self-intersection. Again as a
consequence of Corollary 3.5.9, we have:

(3.5.22) f*H-f*H=6H- -H>0.
Moreover, according to (3.5.20) applied to D = H, we have:
(3.5.23) (f*A—6B)- f*H =0.

From (3.5.22), (3.5.23) and the Hodge index inequality on the arithmetic surface Y (cf. Propo-
sition 3.5.4), we obtain:
(ffA=6B)-(ffA-éB) <.
Together with (3.5.21), this proves (3.5.19) when B - B is positive. O
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Green functions with regularity

A Green function with L? regularity associated to a divisor D on a Riemann surface M is a
locally LP function for every p € (1,+00), but is possibly not essentially bounded on every non-empty
open subset of M. Accordingly its value at a specific point of M \ |D| is not defined in general.

For this reason our initial definition of the Arakelov intersection number by the equality (3.3.4),
namely:

(D) (D.g) = deg Ox (D', 9)1D) + [ gul).
X(©
does not make sense in general when the Green function ¢’ is only assumed to have L? regularity.

In this chapter, we introduce a class of regularity for Green functions and Hermitian metrics,
the CP2 regularity, that is intermediate between the C*° and the L? regularity. The above expression
for the intersection pairing of Arakelov divisors with by C*>® Green functions will still valid when
working with Arakelov divisor CP® Green functions. At the same time, C*? regularity will be much
more flexible than C* regularity. Notably, like L? regularity, it will be compatible with direct image
by finite analytic morphisms between Riemann surfaces. Moreover the Green functions associated
to compact Riemann surfaces with boundary, which will play a key role in the next chapters, turn
out to have CP? regularity.

4.1. The spaces C*2(M) and M (M)
In this section, we denote by M be a Riemann surface.

4.1.1. Definitions.
DEFINITIONS 4.1.1. We denote by CP2 (M) the space of continuous functions f : M — R such
that the current 100 f is a measure on M.

We denote by M€ (M) the space of real Radon measures p on M that may be written locally
on M as i00f for some continuous function f.

The space CP2 (M) may be thought of as a complex analogue of the space CP(U) of continuous
functions with bounded variation on an open subset U of R. Indeed a continuous function on U has
bounded variation if and only if the current df is a measure.

The superscript c¢p in M (M) stands for continuous potential.

4.1.2. Basic properties. In this subsection, we state some basic properties of the spaces
CPA(M) and M®P(M). These properties are consequences of the basic properties of the operator 90
on a Riemann surface, and their proofs will be left to the reader.

PROPOSITION 4.1.2. A continuous real-valued function f on M belongs to CPA(M) if and only
if the current i00f belongs to MP(M).
If M is compact and connected, we have an exact sequence of R-vector spaces:

0 — Re—C*2 (M) 224 mer () L R —s 0,

59
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If M is connected and not compact, we have exact sequences of R-vector spaces:
0 — H(M)—C*2 (M) 223 MP(M) — 0
and -
0 — P2 (M) 23 mer(ar) L R 0,
where H(M) denotes the space of real-valued harmonic functions on M, and C>2 (M) (resp. MSP(M))
the subspace of CP*(M) (resp. of M (M)) defined by its elements with compact support.

PROPOSITION 4.1.3. A function f in CP>(M) is locally L? on M. A measure p in M (M) is
a locally L? | current on M. Moreover, when supp f Nsupp p is compact, the pairing:

/Mfu

of f and p in which f is considered as a function on M and p as a measure coincides with the
pairing of f and u considered as L? and L? | currents respectively.

In particular, when M is compact, the Dirichlet scalar product of two elements f; and fy in
CPA(M) satisfies:

(fi, fo)pw =1 [ Of /\5f2:/ fliagfzz/ f2i00f1.
M M M

where the last two integrals are to be understood as the pairing of the continuous function f, and
the real measure i00f3, with {a, 8} = {1,2}.

The following additional properties of the spaces C*2(M) and MP(M) will be useful when
constructing C* (M) Green functions.

PROPOSITION 4.1.4. (1) The R-vector space C*2(M) is a subalgebra of the R-algebra CO(M) of
continuous functions on M.

(2) Let I be an interval of R and let f be an element of C®2 (M) with values in I. If x : [ — R
is a function of class' C'UP then the composition x o f belongs to CP*(M).

(3) If p is a measure in MP(M) and p is a function in C°>(M) such that the measure i00p is
absolutely continuous with respect to the Lebesgue measure?, then the measure py lies in MP(M).

4.2. Green functions with C’® regularity and *-products
In this section, we denote by M be a Riemann surface.

4.2.1. Green functions with C"® regularity and Hermitian line bundles with C"*
metric.

4.2.1.1. We define a Green function with C*> regularity or, for short, a C*® Green function for
a divisor D on M is defined as in 3.2.1 by allowing the function h appearing in (3.2.1) to be locally
CPA over U, instead of being C>°.

According to the ellipticity of operator 90 on M, a real distribution g on M is a C*® Green
function for D on M if and only if the current:

w(g) = %859 +6p

is a measure in M°P(M).

According to Proposition 4.1.3, a Green function with CP® regularity is a Green function with
L? regularity.

1namely a Cl-function with locally Lipschitz derivative.
2or, equivalently, if i0dp is defined by a 2-form that is locally L.



4.2. GREEN FUNCTIONS WITH CP» REGULARITY AND %PRODUCTS 61

4.2.1.2. Let L = (L,|.||) be a Hermitian line bundle over M. We will say that the Hermitian
metric is CP® when it satisfies the following equivalent conditions, where ||.||o denotes a C* metric
on L:

(i) there exists a function f € C®»(M) such that ||.|| = e=f]|.|/o;
(ii) for every non-vanishing C* section s of L over some open subset U of M, the continuous
function ||s|| on U belongs to C*2(U).

When this holds, the “first Chern form” ¢;(L) of L, defined locally by the equality (3.2.3), is a
measure in M°(M). With the notation of (i), we have:

(T) = (L lo) + ~005.

The data of a Green function with C** regularity for a divisor D in M is equivalent to the data
of a C*” Hermitian metric on Oy (D). As in 3.2.1.1, the Green function g is associated to the metric
II.]lg such that:

Lpllg =€ on M\|D|.

Moreover the definition of the capacitary metrics in 3.2.1.2 still makes sense for Green function
with CP2 regularity.
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4.2.2. Approximating Green functions with regularity by C** functions.

4.2.2.1. The following approximation results will play a key role when dealing with the -
products of Green functions with C*2 regularity.

PROPOSITION 4.2.1. Let D = ) pnpP be a divisor in M with finite support, let g be a cha
Green function with compact support for D in M, and let p be a measure in MP(M).

(1) There ezists a sequence (gn)n>1 in C22(M) such that:

a. for any neighborhood V' of |D| in M, we have:
gn=9 onM\V

for n large enough;

b. the sequence of measures (iag(gn — g)) converges weakly to 0;

c. for every P in |D| such that np >0 (resp. np < 0), the sequence (gy) is increasing (resp.
decreasing) on some neighborhood of P in M.

(2) For every sequence (gy) in C>2(M) satisfying conditions a. and b., the limit:

4.2.1 li .
(4.2.1) | g

exists in R. It is independent of the choice of the sequence (gy) in CP»(M) satisfying conditions a.
and b..

Regarding condition b., observe that the current:
(4.2.2) i00(gy, — g) = 109g, — Tw(g) + Tp
is indeed a real measure on M. The sequence of measures (i@g(gn — g)) is said to converge weakly

to 0 when, for every ¢ in CO(M), we have:

4.2. li i00(a.. — a) = 0.
(4.2.3) G [ #100(gn —9) =0

This holds precisely when the sequence of total masses (||[i0d(gn, — g)|||) of the signed measures
(4.2.2) is bounded, and when (4.2.3) holds for every ¢ in C°(M).



62 4. GREEN FUNCTIONS WITH C"® REGULARITY

PROOF. (1) The sequence (g, ) may be constructed by a standard truncation procedure. Namely,

for every point P in |D|, choose a complex analytic chart:
zZp UP ;> D(O,l)
defined on some open neighborhood Up of P in X, such that zp(P) = 0. We may assume that the
open subsets (Up) pe|p| of X are pairwise disjoint. For every P in |D|, the restriction of the Green
function g to Up may be written:
gup = nplog |zp| ™' + hp

for some function hp in C*2(Up).

For any real number r with 0 < 7 < 1, we define a function g, in C*2(M) by letting:

gr(z) :== npmin(logr—*, log |zp| ™) + hp(z) if x € Up,
= g(z) if . € M\ [Ipep Up-

Indeed, over Up, the following equality of currents holds:
198G, = ny—99log~ —— + Loohp
T 7r lzp| 7

and, consequently, over M, we have:

(. *
—00(gr —9) = > np(dp — Zpur),

Pe|D|

where p, is the measure on the open unit disk D(0, 1) defined by:
1
pr(p) = /O p(e* ™ r) dt.

Clearly, the measure i99(g, — g) converges weakly to 0 as 7 goes to 0, and, for every decreasing
sequence (r,,) in (0,1) converging to 0, the sequence (g, ) := (gr, ) satisfies Conditions a., b., and c..

(2) Consider a sequence (g, )n>1 in C? (M) satisfying conditions a. and b.. Let us choose some
complex analytic charts (2p)pe|p| as in (1) and, for every P € |D|, choose ¢p in C*2(Up) such
that:

Wup = 100pp.

According to a., there exists a positive integer N and a compact subset K of UPelDl Up such
that, for any n > N, g coincides with g, on M \ K. In particular, if n and n’ are two integers with
n,n' > N, the function (g, — gn)|v, is compactly supported, and therefore, according to Green’s
formula:

(4.2.4) / (gn' — gn) b = / (gn' — gn) 100pp = / ©p i00(gn' — gn).
UP UP Up

According to condition b., the compactly supported measure i09(g, — g») on Up converges
weakly to 0 when min(n,n’) goes to infinity. Together with (4.2.4), this proves that fUp (gn' — Gn)pt
converges to 0 when min(n, n’) goes to infinity, and therefore that the sequence ( I, Up gn,u) converges
in R.

Since, for every n > N, we have:

e 5

/ gn,u—i—/ gu,
pe|D|”UP M\Upe|p Upr

this proves the existence of the limit (4.2.1). Its independence of the choice of a sequence (gn)n>1
satisfying a. and b. is clear. O
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4.2.2.2. With the notation of Proposition 4.2.1, we may define the quantity fM g p as follows:

(4.2.5) /Mgu = lim | Onit

One should beware that, in spite of the existence of the limit in the right-hand side of (4.2.5),
the Green function g might not be integrable with respect to the positive measure |u|. However,
this kind of pathology is seldom encountered in practice, thanks to the following consequence of
Proposition 4.2.1:

COROLLARY 4.2.2. With the notation of Proposition 4.2.1, assume that every element P of |D|
admits a neighborhood U in M such that either py, the restriction of p to U, or —py is a positive
measure. Then the Green function g is integrable with respect to |u|, and the integral fMgu of g
with respect to p coincides with the limit of the sequence (fM n u) .

PROOF. It is enough to show that, if P is any point of | D|, the Green function g is integrable with
respect to || on some neighborhood U of P in M. To prove this, we may assume that the divisor
D is actually P itself. In this situation, the Corollary follows from Proposition 4.2.1 (2) applied
to a sequence (g,,) satisfying conditions a., b., and c¢. and from Lebesgue’s Monotone Convergence
Theorem. |
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4.2.3. The *-product of Green functions with regularity.

PROPOSITION 4.2.3. Let D be a divisor in M with finite support, let g be a C°®® Green function
for D with compact support, and let ¢ be a function in C*>(M). Then the following equality holds:

i
/978&0:/ sow(g)—/ ©op,
M T M M

where the left-hand side is defined by the limit procedure (4.2.5) with p = %8590.

PrROOF. Choose a sequence (g, ),>1 satisfying conditions a. and b. in Proposition 4.2.1. For any
positive integer n, we have:

(4.2.6) /M In %3&/) = /M © %859n = /M @ %ag(gn -9+ / ¢ (w(g) —dp).

M
According to b., the quantity sz £99(gy — g) in (4.2.6) converges to 0 when n goes to infinity. [

PROPOSITION 4.2.4. Let Dy and D5y be two divisors on M with disjoint supports, and let g1 and
g2 be two Green functions with C*> regularity for Dy and Ds. If supp g1 Nsupp gs is compact, then
the following equality holds:

(4.2.7) / 91 *92:/ 920D, +/ g1w(g2)-
M M M

The left-hand side of (4.2.7) is defined by means of the construction in paragraph 3.4.1, since
g1 and go are Green functions with L? regularity.

In the right-hand side of (4.2.7), the first integral is well-defined since go is continuous on
M \ |Ds|, which contains |D;|. The second integral is defined by the equality (4.2.5). Corollary
4.2.2 shows that it is the actual integral of an integrable function when the measure w(gs) has a
well-defined sign on some neighborhood of any point of |D;].

PROOF. Using the validity of Property SP; in the L? framework discussed in 3.4.1.3 above
and Proposition 4.1.4, one readily sees that, to prove (4.2.7), one may assume that g; and g2 are
compactly supported. Then the validity of (4.2.7) easily follows from its validity when ¢ and g, are
Green functions with C* regularity, and from Property SPs and Proposition 4.2.4. We leave the
details to the interested reader. |
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4.3. Examples

4.3.1. Equilibrium potentials on compact Riemann surfaces with boundary.

4.3.1.1. As in [Bos20, 10.5.1], we define a Riemann surface with boundary as a pair (V,V™)
where VT is a (germ of a) Riemann surface (without boundary) along a closed C*> submanifold with
boundary V of VT, of codimension 0 in V+.

The interior of (V, V1) is defined as the interior V of V, and its boundary is:
oV =V \VT.

We say that (V, V) is compact (resp. connected) when V is.

For simplicity’s sake, we shall often write V for the Riemann surface with boundary (V, V™),
but shall denote by:

a:Vt — N

a map from (V, V1) to some manifold N to emphasize that « is a germ of map along V. For instance,
when N is a complex analytic manifold, an analytic map « as above will be a map analytic up to
the boundary.

4.3.1.2. Let V be a connected compact QRiemann surface with boundary such that 9V is non-
empty, and let P be a point of the interior V of V.

One defines the Green function gy p of P in V as the unique function:

gvp:VI\{P} —R
satisfying the following conditions:

(i) gv.p is continuous on V*+ \ {P} and vanishes on V* \ V;
(ii) gv,p is harmonic on 1% \ {P};
(ii) gv,p admits a logarithmic singularity at P; namely, if z denotes a uniformizing parameter
on V at P, the difference gy p — log|z|~! is bounded on some (pointed) neighborhood of
PinV.
See for instance instance [Tayll, 5.1-2], or [Bos99, Appendix] for a construction in a more
general setting.
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The function gy, p is a Green function with regularity for P in VT, supported on V and

the measure

P
pv,p = w(g, P) = ;359\/,13 +0p

is supported on the boundary V. In particular, the restriction of gy p to the Riemann surface 1%
is a Green function with C* regularity for P in V. A straightforward application of the maximum
principle for harmonic functions shows that gy p is positive on V.

The measure py, p is the so-called harmonic measure attached to the point P in V. It is a
probability measure defined by a positive C* density on the smooth compact curve V.

The capacitary metric on TpV associated to gy, p will be denoted by:

IV = 11155 -

EXAMPLE 4.3.1. When (V, P) = (D(0,1),0), we have:

gv,p = logt |z
and therefore:

1(0/02)p 15,

D(0,1),0
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4.3.2. An integrability result. Let Q be an open neighborhood of D(0, 1) in C and let u be
a measure in MP(Q).

We may apply Proposition 4.2.1 to the Green function with CP regularity for the point 0 in C:

g :=log™ |z\*1,

introduced in Example 4.3.1, and to its truncations:

gn :=min(g,logr, "),

where (r,,) denotes a decreasing sequence in (0, 1), of limit 0. We obtain the existence of the limit:

L log |z| ' du(z) ;== lim (/7 B log |27t du(2) +logr;1u(5(0,rn))>.
D(0,1) n= 00 A JD(0,1\D(0,rn)

Moreover, if 1 is positive, then log |z|~1 is p-integrable near 0.

4.3.3. Continuous subharmonic functions. Any continuous subharmonic function on a
Riemann surface M, and consequently the difference f of two such functions, is an element of
CP2(M), by the very definition of C*2(M).

Moreover, if z is a local coordinate on M, the function log |2|~! is locally integrable with respect
to the measure |u| where:

7 —
W= —00f.
T

This directly follows from Corollary 4.2.2.

4.3.4. Some wild CP2 functions on 15(0, 1). Let us emphasize that there exist instances of
CPA functions f for which the above property of integrability of log |z||* with respect to the measure
|00 f| does not hold. Such functions may not be written locally as the difference of two continuous
subharmonic functions.

For instance, let o be a real number with 1 < o < 2 and consider the function ¢, : D(0,1) — R
defined by:

0al(z) = (log|z| 1) “cos(log |2|7!) if z € b(O, 1)\ {0},
and:
¢a(0) = 0.

Then log |z|~! is not integrable with respect to || near 0, where:
i
Mo = *aawav
T

Relatedly, for every o with 1 < v < 2, the measure pi,, on ﬁ(O, 1) defined by:
fia = |2|7*(log || ~1) ™ cos(log |2| ") dxdy

is an element of M(D(0,1))% such that log|z|~! is not integrable with respect to |fiq| near 0, and
cannot be written, on any open neighborhood €2 of 0 in D(0, 1), as the difference of two positive
measures in M(§2)°P.

We leave the proofs of these assertions to the interested reader.
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4.4. Functoriality of C’® Green functions

4.4.1. Functoriality of functions and measures on Riemann surfaces. In paragraph
3.4.2.1, we recalled the functorial constructions — the pull-back f* of C*°-forms and the push-
forward f, of currents — associated to a morphism of f: X — Y (complex) manifolds.

The pull-back map f* extends to differential forms with continuous coefficients. Dually, the
push-forward f,T of a current with measure coefficients on X is well-defined as a current with
measure coefficients on Y.

We are interested in the properties of f* and f. in the situation where X and Y are Riemann
surfaces and the holomorphic map f is “nowhere locally constant,” namely, it is non-constant when
restricted to any connected component of X. In this case, the maps f* and f, satisfy the following
additional properties.

Consider a continuous function ¢ on X such that fis.pp is proper. Then the push-forward f.¢
is (the current defined by) a continuous function on Y, namely the function defined by:

(4.4.1) fep(y) = /X POf(y)-
Here f*(y) denotes the divisor on X inverse image by f of the divisor y in Y, namely:
f*(y) = Z eac .’E,
z€f~1(y)

where e, is the ramification index of f at x. If ¢ has compact support, then f.p has compact
support.

Dually, if iz denotes a measure on Y, we may define its inverse image f*u on X as the measure
such that, for every continuous function ¢ on X with compact support, the following equality holds:

(4.4.2) /wa*u=/yf*@u-

The construction of f*u is compatible with the weak topology on the space of measures, as
defined by duality with the space of continuous functions with compact support. Moreover, when p
is a 2-form with continuous coefficients on Y, the pull-back measure f*pu coincides with the pull-back
of 41 as a differential form. Finally, when the measure p defines a L2, current, the measure f*u
defined by (4.4.2) coincides with the L?, current f*p defined by the construction in Proposition
3.4.3 1) applied to the L%, current p.

4.4.2. Functoriality for C"* functions and M measures. The constructions above sat-
isfy the following;:

PROPOSITION 4.4.1. Let f : X — Y be a holomorphic map between two Riemann surfaces.
Assume that f is nowhere locally constant.

(i) The pull-back maps f* defined above satisfy:
FHCP2(Y)) € PR (X)
and
JTMP(Y)) € M (X).
Moreover, for any ¢ € CP2(Y), the following equality holds in MP(X) :
1 (i00y) = 00 f 7.
(ii) For any ¢ € C*2(X), (resp. any p € MP(X)) such that the restriction of f to the support

of ¢ (resp. to the support of u) is proper, the direct image f.p (resp. fiu) belongs to
CPA(Y) (resp. MP(Y)).
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(iii) Assume that f is proper of degree d. For any ¢ € C*2(X), we have:
[T =dep.
Note that, as a consequence of Proposition 4.4.1 above, for any v € CP2(Y), the following
equality holds in M (X) :
F*(1089) = 991",
Similartly, with the notation of Proposition 4.4.1, (i¢), the following equality holds in M (X)) :

[+ ((100p) = 10 (f.p)-

This is a special instance of the compatibility of 99 with the direct image of currents.

Together with the definition of C®* Green functions, Proposition 4.4.1 implies immediately:

COROLLARY 4.4.2. Let f : X — Y be a holomorphic map between two Riemann surfaces.
Assume that f is nowhere locally constant.

(i) If E is a divisor on'Y and g is a C®® Green function on'Y for E, then f*g is a C*> Green
function on X for the divisor f*E. Moreover, the following equality holds in M (X):

frwlg) = w(fg).

(ii) If D is a divisor on X and g is a C®® Green function on X for D such that the restriction
of f to the support of g is proper, then f.g is a C*® Green function on X for the divisor
f«D on'Y. Moreover, the following equality holds in MP(Y):

few(g) = w(fig).

In (i), the pull-back of f*g is defined a priori as a C*® function on the complement X \ f~!(|E|)
of the support of f*F.

In (i7), the properness of f on the support of g implies that the restriction of f is proper on a
neighborhood of |D|, which implies that the divisor f.D is well-defined.

Observe also that these constructions of direct and inverse images of Green current with
regularity are compatible with the constructions of direct and inverse images of Green current with
L? regularity in Proposition 3.4.5.
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Observe also that part (¢) of Corollary 4.4.2 holds for Green functions with C* regularity instead
of CP» Green functions. However, part (ii) does not when f is not étale. Indeed, the direct image
of a C*° function by a ramified map is not C*° in general. For instance, the push-forward associated
to the ramified covering

f:D(0,1) — D(0,1), z+ 2°
satisfies
Fol 12 = el.]e,

and is not C*® if e > 2.

4.5. Application to intersection theory on arithmetic surfaces

Let X be an integral normal arithmetic surface.
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4.5.1. Arakelov divisors with C’® Green functions. By using Green functions with C**
regularity instead of Green functions with C*° regularity in the definitions in 3.3.1, we define the

group 71(X )ch of Arakelov divisors on X with C"® Green functions.

This group lies in between the groups of Arakelov divisors with C> and L? Green functions:
7' (X)cZ(X)" c ZH(x)H

Similarly we may define its subgroups Zéart(X )EE, 7i (X)L, and 723&“,6()( )EY, and the associated

Arakelov-Chow groups:

CbA . —1

CH (X)) =7 (X)¢" /div s(X)*

and

——1 ba  —1 bA

CHCart(X)C = ZCart(X)C /le KJ(X)X'
These groups also lies between the previously defined Arakelov-Chow groups CH' (X) and CH' (X )Lf7
and Wéart(X ) and @éart(X )E¥ respectively.

The isomorphism (3.3.2) extends to an isomorphism:
(4.5.1) 1 Pic(X)S 5 OH (X)),
where Pic(X )CbA denotes the group of isomorphism classes of Hermitian line bundles with C** metric
on X. As for the isomorphism (3.3.2), the inverse of (4.5.1) sends the class of some Cartier-Arakelov

divisor (Z,g) € Zéart(X )€"* to the isomorphism class of the Hermitian line bundle:

O(Z,g) := (Ox (D), |-ly)-

4.5.2. Heights, arithmetic intersection, and C"* regularity. The following proposition
asserts that the relation (3.3.3) — which was our starting point when developing the arithmetic
intersection theory for Arakelov divisors defined by Green functions with C*° regularity — still
holds in the C*? framework.

PROPOSITION 4.5.1. For every Arakelov divisor (D', ¢') (resp. (D,g)) in 7lcmt(X)CbA (resp. in

7(1: (X)CbA), the following equality holds:
(45.2) (D'.g') - (D, g) = deg (Ox (D', ¢')|D) + /X(@ gw(g)-

The left-hand side of (4.5.2) is defined by the construction in 3.5.1.2. Indeed (D’,¢’) and (D, g)
belong to Zéart (X)L% and 7i (X)L% respectively. The integral in the right-hand side of (4.5.2) is
defined by the construction in 4.2.2.2. According to Corollary 4.2.2, it is an “actual” integral when
the measure w(g’) has a well-defined sign near each point of |D¢|.

PROOF. The relation (4.5.2) is valid when ¢’ and g have C* regularity. Using Propositions 3.5.1
and 4.2.3, one readily sees that it extends to the general case. O

4.5.3. Functoriality properties. The functoriality properties of C®* functions in Section 4.4
immediately imply that the pull-back and push-forward maps constructed in 3.5.2 between groups of
Arakelov divisors (resp. Arakelov-Chow groups) with L7 regularity define by restriction some pull-
back and push-forward maps between groups of Arakelov divisors (resp. Arakelov-Chow groups)
with CP2-regularity.
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In the next chapters of this memoir, unless otherwise specified, by “Green function,”
mean “Green function with C®? regularity,” by “Arakelov divisor,”
with C*» Green function.”

we shall
we shall mean “Arakelov divisor

CbA

For simplicity, we will write 71(X) anrt( ), Z ( ), mstead of Z (X)CbA, Zéart(X) )
71(X)L?, and C’iHl(X) and C’iHéart(X) instead of cH' (X )C and C’HCart(X)CbA.






CHAPTER 5

The Archimedean Overflow Ex(a : (V, P) — N)

In this chapter, we introduce an invariant, the “overflow” Ex(« : (V, P) — N), attached to a
pointed compact connected Riemann surface with (non-empty) boundary (V, P), a Riemann surface
N, and a non-constant map, analytic up to the boundary:

a:V — N.

This invariant will play a key role when computing self-intersections of Arakelov-cycles on arith-
metic surfaces attached to morphisms from formal-analytic arithmetic surfaces. In this chapter, we
investigate it from a purely analytic perspective. The central result of the chapter — and arguably
of this memoir — is the alternative expression for Ex(a : (V, P) — N) in Theorem 5.4.1 in terms of
a Green function on the Riemann surface.

In the special case when « is étale at P and N is compact, the invariant Ex(«, g) has been
introduced in 2009 in some unpublished work of A. Chambert-Loir and the first named author.
Propositions 5.1.2 and 5.2.2 were also established in this special case.

5.1. The invariant Ex(«, g)
5.1.1. Definition of Ex(a, g). In this section, we consider the following data:

(i) two Riemann surfaces M and N, with M connected, and a non-constant complex analytic
map:
a: M — N;
(ii) a point P in M, and a Green function g (with C*2
the divisor P in M.

regularity) with compact support for
We denote by e the ramification index of v at P: if we let @ := «a(P), e is the multiplicity of P
in the effective divisor a*(Q) on M.

DEeFINITION 5.1.1. With the notation above, we let:
(5.1.1) Ex(a,g) :== / 900+ (Q)—eP —|—/ g aw(g).
M N

Observe that the first integral in the right-hand-side of (5.1.1) is a well-defined real number
since support of the divisor a*(Q) — eP does not contain P by definition of the ramification index e.
The second integral also is a well-defined real number; indeed g is a Green function with compact
support and CP regularity for the divisor Q in N, and a,w(g) = w(a.g) is a measure in M (N).

The definition (5.1.1) of the invariant Ex(«, g) may be rewritten as follows:

(5.1.2) Ex(a, g) = /M 9 (0a+(Q)—ep + a*ow(g)) .

71
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5.1.2. The invariant Ex(a, g) and Deligne pairings. When the Riemann surface N is com-
pact and connected, and therefore defines a connected smooth projective complex curve, the in-
variant Ex(a, g) occurs naturally when one investigates the metric properties of certain canonical
isomorphisms that are attached canonically to the pointed Riemann surface (M, P) and the map
a: M — N.

We keep the notation of the previous paragraph and we assume that IV is compact and connected.

Consider the canonical isomorphism:
Lyt TQN L> T‘p]\4®e

defined as the composition of the “obvious” isomorphisms:

~

ToN = O(Q)|Q = O(Q)m(p) = OZ*O(Q)|p = O(GP + R)|P = O(P)% — TpM®e.
If z (resp. w) is a uniformizing parameter on M at P (resp. on N at @) such that a*(w) = 2¢, then:

L1 ((8/310)@) = (8/3z)|®;

We may also consider the complex line (O(Q), O(Q)), defined as the Deligne pairing with itself
of the line bundle O(Q) on the projective curve N. By the very definition of the Deligne pairing,
we have a canonical isomorphism:

12:(0(Q),0(Q)) — 0(Q)jq — TN.

Since g is a Green function for P on M, we may equip the line TpM with the capacitary metric
[[.1[5#P, and the line Tp M®¢ with its e-th tensor power ||.||5*P®°.

Since supp ¢ is compact, we may consider the Green function a,g for @ in N, and equip O(Q)
with the associated Hermitian metric ||.||q, 4, defined by the equality:

[toes =0 exp (- [ ot

for every y € N'\ Q.In turn, to the Hermitian metric ||.|o,q on the line bundle O(Q), is associated
a Hermitian metric ||||Be; on the complex line (O(Q), O(Q)) by the construction in [Del87], which
immediately extends to the present setting, where the Hermitian metric on line bundles over complex

projective curves are not necessarily C* but have C** regularity.

The following proposition describes the compatibility between the isomorphism of complex lines:
L1 Ol <O(Q), O(Q)> l} Tp]\4®‘3

ol and ||.]|*P®¢ on these lines.

Qg

and the Hermitian norms ||.|
PROPOSITION 5.1.2. For any v € (O(Q), 0(Q)), the following equality holds:
(5.1.3) lex 0 12(0) ][5 = exp (—Ex(a, 9) [|ll7*

asg*

The equality (5.1.3) is a straightforward consequence of the definitions of the Hermitian norms
[[I5*> and [|.[|2¢}. Proposition 5.1.2 provides a motivation for the introduction of the invariant
Ex(a, g), and explains why it arises in the computations of arithmetic intersection numbers in the
following sections. However we will not use Proposition 5.1.2 explicitly in the sequel, and the details

of its proof will be left to the reader.

5.2. The invariant Ex(a : (V,P) = N)

In this section, we consider a connected compact Riemann surface with boundary V with non-
empty boundary 9V, and P a point in its interior V.

We denote by gy, p be the Green function associated to the point P of the Riemann surface with
boundary V' and by py,p its harmonic measure, as defined in 4.3.1 above.
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DEFINITION 5.2.1. For every non-constant complex analytic map:
a:Vt — N

from VT to a Riemann surface N, we define the overflow of the morphism « from the pointed
compact Riemann surface with boundary (V, P) to N as the real number:

(5.2.1) Ex(a: (V,P) — N) :=Ex(«, gv,p).
If we denote by e the ramification index of « at the point P, according to (5.1.2), we have:
(5.2.2) Ex(a: (V,P) > N) = / gv,p (5a*(a(P))—eP + OL*OZ*[LVJD) .
1%

The expression (5.2.1) shows that, like the Green function gy, p and the measure py, p, the overflow
Ex(a: (V, P) — N) is nonnegative. Using that the measure:

gv,pw(gv,p) = gv,p v,p

is zero, one readily checks that Ex(a : (V, P) — N) also admits the following expression in terms of
x-product:

(5.2.3) Ex(a: (V,P) = N) = / (" agv,p — €gv.p) * gv,p-
\4

Recall that a morphism of complex analytic spaces is called finite when it is proper with finite
fibers. Finite morphisms between Riemann surfaces are classically known as “ramified coverings.”

PROPOSITION 5.2.2. With the notation of Definition 5.2.1, the overflow Ex(« : (V,P) — N)
vanishes if and only if the complex analytic map o V = «a(V) is a finite morphism totally
ramified* at P.

In particular, when e = 1, that is when « is étale at P, the overflow Ex(a : (V, P) — N) vanishes
if and only if ay, is an open embedding of Riemann surfaces.

The non-negativity of the invariant Ex(a : (V, P) — N) and the above characterization of its
vanishing when e = 1 motivates the terminology overflow (or excess) for this invariant. The notation
Ex stands for excess or exundatio.

The proof of Proposition 5.2.2 will rely on the following lemma.

LEMMA 5.2.3. The complex analytic map oy V- oz(‘o/) is a finite morphism if and only if
the following equality holds:

(5.2.4) a(dV)Na(V) = 0.

PROOF. Since « is nonconstant and V' is compact, the fibers of |y are finite. Therefore I
V- a(f/) is a finite morphism if and only if it is proper holomorphic map, namely if and only if,
for any compact subset K of a(V), a=}(K) NV is compact.

The equality (5.2.4) is readily seen to be equivalent to:

(5.2.5) a Ya(V))nov = 0.

o

Assume that (5.2.4) holds, and let K be a compact subset of N contained in (V). Then
a~Y(K)NV is closed in the compact manifold with boundary V, so that it is compact. The equality
(5.2.5) implies:

a Y (K)nov =0
so that a~1(K) NV is actually contained in V. This proves that a~1(K) NV is compact.

1namoly7 a finite analytic morphism of degree the ramification index e of a at P.
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o

Conversely, assume that the intersection a(0V) N (V) is nonempty, and let x (resp. y) be a
point of V' (resp. dV) such that a(z) = a(y). Since a(dV) is nowhere dense in N, we may find a

o

compact subset K of the open set a(V) of N such that K contains a(x) and K \ a(9V) is dense in
K; for instance, a small disk containing a(z) in its interior will do.

Since K \ (V) is dense in K and the map « is open, the set a=1(K)\ 9V is dense in o~ !(K).
In particular,

o Y(K)NV =a Y(K)\ oV

is not compact, as its closure in V' contains y € 9V. O

PROOF OF PROPOSITION 5.2.2. If we denote by e the ramification index of a at P, we may
write:

(526) EX(Oé : (‘/, P) — N) = / gv,p 504*(04(P))—6P +/ axgv,p O Ly, P.
\% N

The function gy, p is positive on V and vanishes on V- \ V. Consequently the function o, gv,p
is positive on a(V'), and vanishes on N \ (V). Moreover the support of the measure py p is OV,
and therefore the support of the measure o, py, p is a(0V).

This implies that the integral:
/ 9v,P 0o (a(P))—eP
1%

vanishes if and only if the support of the divisor a*(«(P)) —eP is disjoint of f/, and that the integral:

/ 049V, P O [V, P
N

vanishes if and only if the intersection:
(V) Na(V)
is empty, and therefore, according to Lemma 5.2.3, if and only if oy : V — a(V) is a finite
morphism.
Finally the expression (5.2.6) for the overflow Ex(a : (V, P) — N) shows that it vanishes if and
only if iy, : V= a(V') is a finite morphism and:

al*‘o/(a(P)) =eP.
This last condition precisely means that the finite morphism oy is totally ramified at P. O

5.3. Green functions for the diagonal of a Riemann surface

In addition to its definition by formulas (5.2.2) or (5.2.6), the overflow Ex(a : (V,P) — N)
admits an alternative expression that will be established in the next section, and turns out to be
useful in applications, as demonstrated by its role in the derivation of the “arithmetic holononomicity
theorem” of [CDT21] in Section 8.3.2.

Besides the Green function gy, p and the harmonic measure py p, this alternative expression
involves a suitable notion of Green function for the diagonal of a Riemann surface N, possibly
non-compact, which we introduce in this section.
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5.3.1. Let N be a Riemann surface equipped with a real C* 2-form £.
We define a Green function for the diagonal of N associated to the 2-form (8 as a function:

g: N x N — (—o0,+00]
that satisfies the following three conditions:

(i) The function g is symmetric; namely, for every (Q1,Q2) € N2, we have:

g(Qh QQ) = g(Q27 Ql)

(ii) On the complement N x N \ An of the diagonal Ay of N, gy takes values in R and
is C*=. Along AN, g admits a logarithmic singularity; namely, for every local complex
analytic coordinate z defined on some open subset U of N, there exists a function h in
C>=(U x U,R) such that, for every (Q1,Q2) in U%:

(5.3.1) 9(Q1,Q2) = log [2(Q1 — 2(Q2)| ™! + h(Q1, Q2).
This implies that g is locally L' on N x N and defines a distribution on N x N such
that the current: .
w(g) = %559 +0ay
is a C* 2-form on N x N.

(iii) Ifp1 and py denote the two projections from N x N onto N, then the 2-form w(g)—piB8—p30
vanishes on the fibers of p1 and ps.

When these conditions are satisfied, then for every point @ of N, the function ¢(@,.) is a Green
function with C*° regularity for the divisor @) in N, and we have:

w(9(Q,.)) = 2009(Q, ) +6p = (@, 1dw)"w(g) = 6.

The capacitary metric HH;?E; y on TN will be denoted by |.[|g*". With the notation of (5.3.1), we

have:
10/02)qll* = e M@
for every @ in U. In particular, this construction defines a C> metric |.[|*" on the tangent bundle
Ty of N. Alternatively, this metric may be defined as follows: the line bundle O(Ay) on N x N
may be endowed with the C* metric ||.||, defined by the equality:
||]1AN Hg = 6797

and the adjunction isomorphism:

O(AN)|AN ~ NANN X N ~ TN
becomes an isometry when O(Ay)|a, is endowed with the restriction of the metric |||, and Ty
with the capacitary metric [|.[|5*P.

5.3.2. Examples. (1) The function

gc : C? — (=00, +00], (2,2") > log|z — /| 7}
is a Green function for the diagonal of C associated to the 2-form § = 0. The capacitary metric
[[-lg2P on Tt is the “standard” metric, which satisfies:

10/0z||g2F = 1.
(2) The function:
gei(c) : PH(C)? — (—o00, +od]
defined by:

202] — 212
(5.3.2) gpro)((20 : 21), (2 : 21)) = log
© o (1202 + [21[) 72 ([0 + |24 )12
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is a Green function for the diagonal in P!(C) associated to the Fubini-Study 2-form 3 = wrg, defined
by:
i dzANdz
ST o L P

The Green function gpi(c) is nonnegative everywhere, and it is invariant under the diagonal
action of U(2) on P!(C)?. The capacitary metric ||.||_ZS{’(W) on Tp1 (¢ is the U(2)-invariant metric such
that:

I@/02)0llc2r =1

gplc)

(3) When the Riemann surface N is compact and connected, and when the real C*° 2-form
satisfies:

(5.3.3) /N B=1,

then there exists a Green function g for the diagonal of N associated to 8 in the sense above. It is
unique up to an additive constant.

Indeed, if (ag)i<k<q is an orthogonal basis of Q!(N) endowed with its canonical Hermitian
scalar product (.,.) defined by:
(a, ) := z/ aNd,
2 /N

then the closed real C*° 2-form on N x N:

q

V= PIB AP+ g > (iak A psax — pia A pso)
k=1

defines the same cohomology class as the current 6, . Therefore, according to the 9d-lemma, which
applies on the compact Kahler manifold V x N, there exists a real distribution g on N x N, unique
up to some additive constant, such that:

2009 =7 — Sy
s

Using the ellipticity properties of the operator 09, one easily see that the distribution ¢ is defined
by a Green function for the diagonal of N associated to /3.2

/Ng(Pa )B

is independent of P in N. Indeed this integral is easily seen to define a C* function of P and the
associated distribution on N to coincide with p1. (g p5/3). This distribution is harmonic, and therefore
coincides with a constant function, since we have:

00 p1+(g p5B) = pr.(i0dg A p513))
=71 (v = 6ay) AD30)
=T p1(y Ap3fB) — 7B
= p1«(piB A p3B) — 7B

e ()0

2A similar but more elementary argument shows that, conversely, the normalization condition (5.3.3) is implied
by the existence of a Green function for the diagonal of IV associated to .

Moreover the integral:
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This shows that there exists a Green function g for the diagonal of N associated to 8 that
moreover satisfies the condition:

/ g(P,.) =0 forevery Q€ N.
N

This normalized Green function is uniquely determined by 3.

When S is the normalized volume form associated to some conformal Riemannian metric g
on N, the normalized Green function g coincides with the usual Green function associated to the
Laplace operator on the Riemannian manifold (V, g).

When the genus ¢ is positive and when (3 is the 2-form:
.4
1 _
(534) ﬂAr = 27q ’;71 o N\ O,

the normalized Green function ¢ is the Arakelov-Green function of N, introduced by Arakelov
in [Ara74].

5.4. Overflow and Green function for the diagonal

In this section, we consider a connected compact Riemann surface V' with nonempty boundary
OV, and P a point of its interior V. We also consider a Riemann surface N(without boundary)
endowed with a smooth 2-form 3, and a Green function gy for the diagonal of N associated to 3.

5.4.1. An alternative expression for Ex(a : (V,P) — N). To formulate the alternative
expression for the overflow that constitutes the object of this section, we need to introduce some
notation.

Let o : VT — N be a non-constant holomorphic map, and let e be the ramification index of «
at P. Then the e-the jet a!l(P) of o at P may be identified with a non-zero element of the complex
line:

HOIII((;(TPVYGBG7 Ta(p)N) ~ TPV\/’®6 ® Ta(p)N.

If 2 (resp. w) is a uniformizing parameter on M at P (resp. on N at ) such that a*(w) = z¢, then:
al(P) = (dzp)®° @ (9/0w))q.
The complex line TpV"®¢ ® T, (pyN may be endowed with the Hermitian norme ||.||$*" deduced by

duality and tensor products from the capacitary metric ||.||7'% on TpV and the capacitary metric

HHE?VP on Ta(p)N

THEOREM 5.4.1. With the previous notation, for any nonconstant holomorphic map o : V: — N
of ramification index e at P, the following equality holds:

(5.4.1) Ex(a:(V,P) = N)) = 2/ gvpa*B— g ((21), a22)) dpv,p(21) dpv, p(22)
v (V)2
— log||alI(P)]c.

The second integral in the right-hand side of (5.4.1) is well-defined. Indeed the function:
(OV)? — (=00, +00], (21,22) = gn(a(z1), a(22))

is integrable with respect to measure py p @ py,p on (V)% Actually, as a consequence of the
logarithmic behavior of gy along the diagonal, this function is locally L! on the compact C* surface
(0V)2,3 and the measure uy, p @ py, p is defined by a continuous density. This integrability will also
be a consequence of the proof below.

3This follows for instance from the following elementary result: if y; and 2 are two C°° immersion of (0, 1) into
C and nj and ng, two positive integers, then log |1 (t1)™1 — y2(t2)™2|~! is a locally L' function of (¢1,t2) € (0,1)2.
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ProOF. For simplicity, we write g (resp. ) for gy p (resp. uy,p). These quantities satisfy the
following equality of currents on V7 :

(5.4.2) %859 =pu—dp.
Moreover we have: )
%5591\1 =7 —dan;
where 7y is a smooth 2-form such that, for any @ € N,
(Idy, Q)" = 8.
For every z in V, we have the following equality of currents on V7:
Ay = A 0y = (o, () 0a

= (@,0(@)" (7 — £0Dgx)

= a"f~ L00(a, a(x)) g

Consequently, for every  in V' \ a=!(a(P)), we have:
/ ga*a,d, :/ ga*p— giag(a,a(m))*ggv
v v vt T
(5.4.3) = / ga*p — / (o, ()" gN 1859
1 v+ n
(5.4.4) = / ga*f — / (a,a())"gn (6P — 1)
v v

= / gors— gn(a(z), a(z)) du(z’) + gy ((P), a(x)).
v z'edV
The equality (5.4.3) follows from Green’s formula, and (5.4.4) follows from (5.4.2).
The intersection of a~!(a(P)) with supp u = 9V is finite, and therefore:
o~ (a(P))) =0,

since p is defined by a continuous density on the smooth curve V. As a consequence:

/Vga*a*'u:/av (/Vga*a*éz)du(x)

(5.4.5) =/ga*3— gzv(a(af’),a(w))du(x’)du(x)+/ gn (a(P), o)) du(x).
1% (8V)2 1%

Moreover we have:

5a—1(a(p))_ep = a*a*5p - €5p
= (a,a(P))*da, —€dp

~ (o, P))" (—;aagN +7> e (—;aag +u>
= 18530 + O{*ﬁ — €L,
iy
where:
¢ :=eg— (a,a(P))"gn

is defined a priori as a locally L! function on V*. It is actually continuous on a neighborhood of P,
and its value at P is:

(5.4.6) o (P) = log |l (P) .
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Finally g vanishes on VT \ 10/7 in particular on OV = supp p, and therefore:

i ¥a) *
/géa*(a(P))—eP:/ gfc?c?cp+/gaﬁ
1% v+ T %

:/ @1859—}—/ ga*p
v+ T v
=/ w(5p—u)+/ga*ﬁ
v+ v
(5.4.7) :—cp(P)—/ (a,a(P))*gNu+/ go'B
v 1%
The equality (5.4.1) follows from adding (5.4.5) and (5.4.7), together with (5.4.6). O

5.4.2. Examples. We may specialize Theorem 5.4.1 to the situation where IV is the Riemann
surface C or P*(C), and gy is the Green function introduced in 5.3.2, (1) or (2)..

When N = C, Theorem 5.4.1 takes the following form:

PROPOSITION 5.4.2. For any nonconstant holomorphic map o : V* — C of ramification index
e at P, the following equality holds:

(5:48) Bx(a: (V,P) > ©) = [ logla(z1)~a(ea)| duv.n(a1) div.p(ez) ~log [ (P25
(ov)
In the last term of the right-hand side of (5.4.8), we have used that, as the range N of « is C,
the e-th jet all(P) of a at P is an element of the line:
HOInc(TPV®e, Ta(p)(C) ~ (TpVV)®€,
cap cap,®(—e)

and that the Hermitian norm ||. ||y on this line is the norm [|.[|}, 5 on (TpVV)®¢ deduced from

the capacitary norm ||.||{/% on TpV by duality and tensor power. In terms of some local analytic

coordinate z on M defined on an open neighborhood of P, we have:

1 d°a(P)
le] _ = RKe
" (P) = el dze |

Consequently, as a special case of Proposition 5.4.2, we obtain:

PROPOSITION 5.4.3. For any nonconstant holomorphic function o : D(0,1)T — C of ramifica-
tion index e at 0, we have:

Ex(a : (D(0,1),0) — C) = / log (™) — a(e™2)| dt, dty — log |a®)(0)/e!].
[0,1]
Applied to N = P!(C) and to the non-negative Green function gp (cy defined by (5.3.2), Propo-
sition 5.4.1 immediately implies:

PROPOSITION 5.4.4. For every non-constant function o : V™ — PY(C) of ramification index e
at P, we have:

(5.4.9) Ex(a: (V,P) = PHC)) < 2 / gv,p a*wrs — log [[al9 (P)||c*P.
v
When « is a meromorphic function defined on some open disk E(O, R), Proposition 5.4.4 applied
with V' a closed disc D(0,7) contained in D(0, R) provides an upper-bound of the overflow Ex(a :
(D(0,7),0) — PL(C)) in terms of the characteristic function T}, of Nevanlinna-Ahlfors-Shimizu*
attached to «.

4See for instance [Ah130], [Ah135], and [Gri76, Chapter 1].
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PROPOSITION 5.4.5. For R € (0,400], let a : D(0, R) — P'(C) be a non-constant meromorphic
function for some R € (0,+00]. Assume that a(0) is not oo, and let e be the ramification index of
a at 0. For every r € (0, R), the following estimate holds:

(D : _ _log [29(Q)/€!]
Ex(a: (D(0,r),0) — P (C)) < 2T,(r) — elogr — log T+ (O]
where:
(5.4.10) T (r) = /E(o,r) log(r/]z|) a*wrs.

When « is holomorphic on ﬁ(O, R), a straightforward application of Green’s formula shows the
the characteristic function T, admits the following expression:

1
To(r) = (1/2)/ log(1 + [a(re*™™)[?) dt — (1/2)log(1 + |a(0)[?).
0
Consequently, applied to a holomorphic function, Proposition 5.4.5 takes the following form:

COROLLARY 5.4.6. Let « : ﬁ(QR) — C be a non-constant holomorphic function for some
R € (0,400], and let e be the ramification index of o at 0. For every r € (0, R), the following
estimate holds:

(5.4.11) Ex(a : (D(0,7),0) = C) < /01 log(1 + |a(re?™™)|?) dt — elogr — log|a(®)(0)/e!].

The estimate (5.4.11) immediately implies the following one, which is also a simple consequence
of Proposition 5.4.3:

1
(5.4.12)  Ex(a: (D(0,7),0) = C) < 2/ log ™t |a(re?™™)| dt +log 2 — elog r — log |a(?)(0) /e!].
0

EXAMPLE 5.4.7. Let P € C[X] be a polynomial of degree d > 1. We may write it:
P(X)=agX%+ -+ a.X® + a,
withe 1 < e < d, and a4 and a. in C*. From the definition (5.2.2) of the overflow or from its
expression in Proposition 5.4.3, one easily obtains:
Ex(P: (D(0,r) = C)) = (d — e)logr — log |a./a4| + o(1), when r — +oc.
This expression may be compared with the upper bound (5.4.12), which applied to @ = P takes
the following form:

Ex(P: (D(0,r) — C)) < (2d — €) logr — log |ac/aq| +log2 + o(1), when r — +oc.
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CHAPTER 6

Formal-analytic arithmetic surfaces and arithmetic
intersection numbers

In this chapter, we introduce the arithmetic counterparts of the fibered (germs of) analytic
surfaces studied in Chapter 2 in a geometric context. These are the smooth formal-analytic surfaces
over Spec O, with K some number field, already considered in [Bos20, Chapter 10|, and defined
by gluing at Archimedean places some “formal pointed curve over Spec Ok” — a typical instance
of which is Spf Ok |[[T]] — with connected compact Riemann surfaces with boundary.

Specifically this chapter is devoted to diverse foundational results and to some basic examples
concerning general smooth formal-analytic surfaces.

Notably we define the Og-algebra O(V) and the field M(V) of regular and meromorphic func-
tions on some smooth formal-analytic surfaces over Spec O. We introduce some rudiments of
arithmetic intersection theory on these formal-analytic surfaces. The equilibrium potentials associ-
ated to the pointed compact Riemann surfaces with boundary defining V turn out to play a central
role in this rudimentary intersection theory, which allows us to define the pseudoconvezity and the
pseudoconcavity of a smooth formal-analytic surface V.

We also discuss some simple examples of smooth formal-analytic surfaces over SpecZ, notably

the smooth formal-analytic surfaces V(D(0,1),%), which are defined by gluing Spf Z[[T]] to the
closed disk D(0,1) by means of some formal series 1 in the group:

Gror(R) := R* X + X*R[[X]]

of “formal diffeomorphism of R fixing 0.” These formal-analytic arithmetic surfaces turn out to play
an important role in applications since these are precisely the smooth formal-analytic surfaces over
SpecZ such that the underlying compact Riemann surface is simply connected.

In particular we prove that the algebra of regular functions on ﬁ(ﬁ(O, 1),4), namely:

OV(D(0,1),%)) := {@ € Z[[T]] | @oy~" has a radius of convergence > 1}

is “very large” when V(D(0,1),¢) is pseudoconvex — namely when [¢/(0)| > 1 — and consists only

of the constant functions with values in Z when V(D(0,1),1) is pseudoconcave — namely when
|’(0)] <1 — and % is generic.

Our proof of the “generic smallness” of O(V(D(0,1),%)) in the pseudoconcave case relies on
some curious measure theoretic arguments involving the subgroup:

D(R) == X + X?R[[X]],

of Gior(R). Equipped with the topology induced by the natural topology of Fréchet space on R[[X]],
defined by the simple convergence of coefficients, D(R) is a Polish group. Since it is not locally
compact, it does not admit any non-trivial invariant Borel measure. However it contains:

D(Z) := X + X?Z[[X]]

as a closed subgroup, and remarkably the quotient D(R)/D(Z) is compact and admits a canonical
probability measure i that is invariant under the left action of D(R).

83
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The canonical measure i on D(R)/D(Z) turns out to be very useful when investigating the
generic properties of the formal-analytic surfaces V(D(0,1),1). Actually the isomorphism class of
the formal-analytic surface V(D(0,1),1) depends only on the class of ¢ in:

Gror(R)/D(Z) ~ (R* x D(R))/D(Z),
and, for a given value of |¢'(0)[, this isomorphism class is given by some element of the quotient

D(R)/D(Z).

In this chapter, we denote by K a number field, and by O its ring of integers.

6.1. Definitions

6.1.1. Smooth formal-analytic surfaces. As in [Bos20, 10.6.1], a smooth formal-analytic
arithmetic surfaces over Spec O is defined as a pair:

~

V=V, (Ve,O0,to)sKsc)
where:
e V is a Noetherian affine formal scheme over Ok:
V= SpfB — Spec Ok
such that the restriction of 7 to the reduced scheme of definition \17| of V is an isomorphism:

(6.1.1) 9, ¢ [V = Spec Ok,

and such that the topological algebra B = 1"(]7, Oyp) is formally smooth over O, and 7
has one-dimensional fibers;

e for every complex embedding o of K, V, is a connected compact Riemann surface with
nonempty boundary,® O, is a point in the interior V,, of V,,, and

Lo - 90 L> ‘70)00

is an isomorphism between the smooth formal complex curve ﬁg =V ®o0y,0 C, defined
by the topological C-algebra B@@KJ(C, and the formal completion V, o, of V, at the
point O,.

These data are moreover assumed to be compatible with complex conjugation; see loc. cit.. In
particular, the compact Riemann surface with boundary:

Vo= [ W
g:K—C

is endowed with a real structure, that is with an antiholomorphic involution — which we shall refer
to as complex conjugation — which exchanges (V,,0,) and (V&, Oz). The isomorphism:

(LU)G:K‘—>(C : H i}a L> H ‘70,0(,
o:K—C

o: K—C
is compatible with the canonical real structure on:

]7(; :Zﬁ@z@: H ]/}0.
o:K—C
and the real structure on:

deduced from the real structure on V.

Lin the sense of 0.6.2; it would be more properly denoted by (V5, V(,+)
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The isomorphism inverse of (6.1.1) defines a section of 7, that will be denoted:
P :SpecOg — V.

Endowed with P, Visa pointed smooth formal curve over Spec Ok in the sense of [Bos20, 10.4.1].

For every field embedding o : K — C, the support of the complex formal curve 90 (resp. ‘70706)
is the set {O,}, (resp. the set {O,}), and the isomorphism ¢, sends P, to O,. It will be notationally
convenient to identify these two points, and from now on, we will write P, instead of O,.

If 7 denotes the largest ideal of definition of B, we define the normal line bundle of V as:
NpV := P*(T/1?).

It is an invertible sheaf over O, and there exists a (non-canonical) isomorphism of topological
Ox-algebras:

B =5 Symg, (NpV)Y;
see [Bos20, Section 10.4] for more details.

The smooth formal-analytic surfaces over Spec O will often be refered to as smooth formal-
analytic arithmetic surfaces when the base scheme Spec Ok is clear from the context, or, for short,
as smooth f.-a. arithmetic surfaces.

6.1.2. Vector bundles and spaces of sections.

6.1.2.1. As discussed in [Bos20, 10.6.1], there is a natural notion of a vector bundle:

E = (E\a (E07 @U)U:K‘—)C)a

and of a Hermitian vector bundle:

~

(6.1.2) E = (E, (Bs, 0o |l lo)oixsc)

over a smooth f.-a.arithmetic surface V as above.

They are defined by a vector bundle E over the formal scheme 9, a complex analytic vector
bundle E, (resp. a Hermitian vector bundle (E,, |.||,)) over the Riemann surface with boundary?
V., and by some gluing data (¢, )s.x—c that consists of isomorphisms:

o By = E®oyx.o C 31k (E0'|‘7<7,P(,-)

of vector bundles over the complex formal curves V,. These data are assumed to be compatible with
complex conjugation.

The usual tensor operations — such as the direct sum, the tensor product, or the exterior powers
— make sense for Hermitian vector bundles over smooth f.-a.arithmetic surfaces, and satisfy formal
properties similar to the properties of Hermitian vector bundles over reduced analytic spaces or over
reduced schemes of finite type over SpecZ.

In particular, to any smooth f.-a.arithmetic surface VY as above, we may attach the Picard group

Pilc(f/), defined as the set of isomorphism classes of Hermitian line bundles over V, endowed with
the commutative group law defined by the tensor product. We may also introduce its subgroup

Picena (V) defined by those Hermitian line bundles whose metrics are restriction to V¢ of metric
with CP? regularity on:
Vd = H |7

o:K—C

2See 0.6.2 for the definitions of complex analytic and Hermitian vector bundles over Riemann surfaces with
boundary.



86 6. FORMAL-ANALYTIC ARITHMETIC SURFACES AND ARITHMETIC INTERSECTION NUMBERS

6.1.2.2. Consider a formal-analytic arithmetic surface V and a Hermitian vector bundle E on
V as above. We assume that the Riemann surface V¢, is endowed with a positive smooth volume
forme p invariant under complex conjugation, and, for every field embedding o : K — C, we let:

Ko = K|V, -

To ]7, E, and p is associated a pro-Hermitian vector bundle over Spec Ok, in the sense of
[Bos20, Chapter 5]:

(6.1.3) Pua (V55 B) i= (T, B), (P12 (Vo tioi o |- lo)s o)k )

see [Bos20, 10.6.2]. Here I'12(V,, piy; Es, ||.||o) denotes the Hilbert space of holomorphic sections s
of E, over V, such that

5[2 s = / ()12 dpo ()

o

is finite, and 7, is the “Taylor series expansion”:
o : D12 (Vo o Eo |l le) — T(Vorp, s Eo) = T(Voyp, s Bo) = T(V, E)B0,c,0C

that sends a L? holomorphic section s of E, over f/o to its jet of infinite order at P,.

In this paper, we will use the notation:

2 = ~ )
(6.1.4) wfw)*E =TV, E)

for the pro-Hermitian vector bundle defined by (6.1.3). When it is 6-finite, as defined in [Bos20,
7.7.2], we will denote its hy-invariant by:

f) (e Ry).

This non-negative real number may be seen as an arithmetic analogue of the dimension of the space
of analytic (resp. regular sections) of an analytic vector (resp. over of a vector bundle) over a germ
of analytic surface (resp. over a formal scheme) fibered over a smooth projective curve, as considered
in Chapter 2.

The new notation (6.1.4) is intended to avoid any confusion with the Og-module:

J) %

(6.1.5) KV, u; E) := hY (7T(L]~}

TV, E) = {(g, (s)eicsc) €TV, E) x [ T(ViH Eo)|Vo: K < C, fis(s,) = §®01}
o:K—C

attached to a vector bundle E on 17; here 7j, denotes again the Taylor series expansion at P,:
o (V5 Ey) — T(V, E)®0, ..C,

on the space of sections of F, that are analytic up to the boundary of V.
The projection maps:
I(V,E) — T(V,E)
and:
Ir(V,E) — (V) E,)
are injective, and the elements of F(ﬁ, E) may be described as those sections of the formal vector

bundle E on V that extend to sections of the vector bundles FE,, analytic up to the boundary of the
Riemann surfaces V.
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6.1.2.3. The construction of the direct image pro-Hermitian vector bundle 7= ( ) E associated

to a Hermitian vector bundle F over V admits the following minor generalization which will be useful
in the next chapters.

We may define a Hermitian torsion free coherent sheaf E over Vas a pair (6.1.2), where the
(Ey,|.|lo)) are still Hermitian vector bundles over the Riemann surfaces with boundary V,, but

where now E is a torsion free coherent sheaf on the formal scheme V.
Recall that, for every torsion free coherent sheaf E on V, the bidual coherent sheaf EVV is a
vector bundle over V, the biduality morphism:
L E— EVY
is an injective morphism of Og-modules, and its cokernel coker ¢ is a coherent Og-module supported
by a finite set of closed points in |V| ~ Spec Ok.
In other words, coker ¢ is the Og-module associated to a finite O(V)-module C. In particular,

for every embedding ¢ : K — C, the vectors bundles E‘\T/ v and EU on the formal curve ]70 may be
identified.

Associated to the vector bundle EVV over \A), we may define the Hermitian vector bundle over V:

~VV

(6.1.6) E = (B, (Be, @0, | |o) sk sc)
The short exact sequence of topological Og-modules:
(6.1.7) 0—T(V,E)-5T(V,EY) —C—0
shows that F(ﬁ,@), like F(]A),EVV), is an object of the category CTCp,, with the notation of
[Bos20, Chapter 4]. Since the direct image of fvv, namely:

1 ~VV

(V M)*E = (F(Va E)a (FLZ( U,,U,o-, o) ” ” ) ﬁo‘)o:K*—)(C),
is a pro-Hermitian vector bundle over Spec O, this shows that the direct image of E, defined as:

7k B = (PO, YY), (C1a (Vo g3 B |- lo)s o) ),

is also a pro-Hermitian vector bundle over Spec Ok .
Actually the short exact sequence 6.1.7 show that the properties of the pro-Hermitian vector
~VV

bundles W(I‘; u)*E and 7 (9 ) E are closely related. For instance, we have:

PROPOSITION 6.1.1. For every Hermitian torsion free coherent sheaf E over ]7, the pro-Hermi-
~VV ~
tian vector bundles w(; M)*E is O-finite if and only if ’R'(V ) E is -finite. When this holds, using

the notation (6.1.5), their 6-invariants satisfy the following estimates:

~\/V ~\/\/

(618) ho(v /1'7 ) 10g|C| < hG(V M3 ) < hG(V /1’7 )

Proposition 6.1.1 is a direct consequence of the following result of independent interest concern-
ing pro-Hermitian vector bundles over Spec Ok .

PROPOSITION 6.1.2. Let F := (F, (FE™® |||, i0)o: Kq@) be a pro-Hermitian vector bundle over

(e

Spec Ok IfF is an open Ok -submodule of finite index in F then:

=/ ~ .
(6.1.9) F o= (F (F oy io) ok e)
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=/ =
is a pro-Hermitian vector bundle over Spec Ok . Moreover F is 0-finite if and only if ' is, and
when this holds, the following estimates are satisfied:

=/ = =/ ~ o~
hg(F ) < hg(F) < hg(F) + log |[F/F"|.
Observe that the right-hand side of (6.1.9) indeed defines a pro-Hermitian vector bundle since,

for every embedding o : K — C, ﬁ; = ﬁ'@oma@ may be identified to £, := ﬁ@oK,UC by the
completed base change of the inclusion map F’ — F.

Proposition 6.1.2 is a simple consequence of its special case when F is a Hermitian vector
bundle, established in [Bos20, Corollary 2.3.4], and of the charcaterizations of strongly summable
and #-finite pro-Hermitian vector bundles in [Bos20, Section 7.7].

6.1.3. The algebra (9(]7) and the field M(T}) We may apply the construction of the space
of sections I'(V, ) to the vector bundle Oy over V defined by:
Oﬁ = (OA, (O?/l: ) QDO')O':KHC%
where ¢, is the tautological isomorphism:
Op®04,0C = 1,05, .
This defines an Og-algebra:
OW)=TW,05) coW)x [[ o™},

o: K—C

the algebra of regular functions on ]7, whose elements may be described as those formal functions
on V that extend to functions analytic up to the boundary on the Riemann surfaces V. It is readily
seen that the canonical morphism:

Ok — O(V), ar—(n"a,(0(a))o:xc)

is injective, and that (9(17) is an integrally closed domain.

In the same spirit, we may consider the field M(]A)) of formal meromorphic functions on ﬁ, as
defined in [HM68],®> and the fields M (V) of meromorphic functions up to the boundary on the
Riemann surfaces V,, and define the field of meromorphic functions on V as follows:

M) = {(f,Jo)rrc) e MO x TT M) Vo K < C it (f5) = foo1}.
o:K—C

Here 7), denotes the Laurent expansion at P,:

=~ +
o : M(V,") — Frac O p < Frac Oy, p

and f ®,1 is an element of the C-algebra M(]j) ®0eo C, which is canonically embedded in
Frac (O§®OK,UC), which in turn is isomorphic to Frac Oy , by ¢}

In brief, an element of the field M(\NJ) is a formal meromorphic function on V that extends to
meromorphic functions up to the boundary on the Riemann surfaces V'

The Og-algebra O(V) naturally embeds into M(V), which is therefore an extension of the

fraction field Frac O(V), hence of the number field K.

3The field M(V) coincides with the fraction field of the domain O(V) := I'(|V], Og). For instance, when Ok = Z,
the formal scheme V is isomorphic to Spf Z[[T]] and M(V) to Frac Z[[T]].
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6.2. Arakelov divisors and intersection numbers on f.-a.arithmetic surfaces

In this section, we still denote by V= (17, (Vo Ogyte)o:iksc) & smooth f.-a. arithmetic surface
as defined in 6.1.1.

6.2.1. The group 7i (]7) We define an Arakelov divisor with compact support on Vasa pair
(D, g) where:

e D is a 1-dimensional algebraic cycle on |V|;
e gis a Green function (with C*® regularity) for the divisor D¢ on the Riemann surface V+
that is invariant under complex conjugation, and whose support satisfies:

(6.2.1) suppg C V¢ := H V.
o:K—C
Thee above condition on D simply means that D is of the form: D = nP for some n € Z.

For every field embedding o : K — C, we shall use the notation:
9o = Gyvi-

The support condition (6.2.1) on g is equivalent to the vanishing of the each of these functions g,
on V7 \ V. In particular the restriction Jo|ve Of go to the the compact submanifold V,, satisfies the
“Dirichlet boundary condition”:

gjav, = 0.

The Arakelov divisors with compact supports on V define an additive group which will be
denoted by 7i (V). There is a canonical morphism of commutative group:

(6.2.2) 72 (V) — Picena (V)
that maps the Arakelov divisor (D, g) in 7i (V) to the isomorphism class of the Hermitian line bundle
over V: _
O(Dv g) = (O\A)(D)a ( ?} (Da)v ||Hga 5 @a)o’:K‘—)C)»
where the isomorphism ¢, is the tautological isomorphism induced by ¢..

Let us emphasize that the properties of the morphism (6.2.2) differ strikingly from those of the

analogue morphism:

ZL(X) — Picena (X),

relating Arakelov divisors and Hermitian line bundles on a regular projective arithmetic surface X.
For instance, when Ok = Z, the morphism (6.2.2) is easily seen to be injective. Moreover its image

is expected to be a “very small” subgroup of Picgna (17) when V belongs to the class of pseudoconcave
f.-a.arithmetic surfaces, which are investigated in the next chapters.

6.2.2. The Arakelov divisor (P, gy; ) and the line bundle NpV. The divisor
Pr = Z P,
o:K—C

in VE‘ admits a distinguished Green function gy; that satisfies the support condition (6.2.1), namely
the Green function defined by the equilibrium potentials for the points P, in the connected compact
Riemann surfaces with boundary V:

Vv = 9Ve,Ps-
The Green function 9. is invariant under complex conjugation, and the pair (P, g%) defines an

element of Zl(f/), canonically attached to V.
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To this Arakelov divisor is attached the Hermitian line bundle 5(P, gy.) on V. Its restriction
to P = |9| may be identified with the Hermitian line bundle:

(6.2.3) NpV = (Npﬁ, (\|.||‘@%PU)U:K%)

cap

defined by the normal bundle N pVof PinV equipped with the capacitary norms ||.[[j;"p on the

complex lines:
T,
(NpV)y =3 Np,V, =Tp,V,,
introduced in 3.2.1.2 above.

The group 7;(?) admits a simple description in terms of the Arakelov divisor (P, gg; ).

Let us define CbA(VC)R,Dir as the subspace of CbA(VCJr) consisting in the C**-functions ¢ : V(CJr —
R that are invariant under complex conjugation acting on Vg and satisfy the following “Dirichlet
boundary condition:”
supp ¢ C V.

The following proposition is then a straightforward consequence of the definitions:

PROPOSITION 6.2.1. The morphism of commutative groups:

Z&C** (Ve)rpie — Zo(V),  (n,9) — n(P,g5.) + (0, )

is an isomorphism.

6.2.3. Arithmetic intersection theory on V. Let L be a Hermitian line bundle on V. Its
restriction to |V| = P is a Hermitian line bundle on a one-dimensional scheme proper over SpecZ,
and admits a well defined arithmetic degree:

deg (I|P) = ht(|V]) := deg P*L.

More generally, a divisor D in % supported by |ﬁ| may be written D = nP, with P € Z, and we
have: - -
deg (L|D) := ndeg P* L.

CbA

For every Hermitian line bundle L on ]7, defined by a metric of regularity , and any Arakelov

. 2 2 . . A . .
divisor in Z.(V), we may define their arithmetic intersection number as in 4.5:

(6.2.4) L-(D,g):= d/e\g(f|D) + /V+ ga(Le) €R.

C

The product gci(Lc) is a product of a function in CP2 (V") and of a measure in MP(V"), and is
supported by the compact submanifold V. The integral in the right-hand side of (6.2.4) is therefore
well-defined, and could also be written:
/ ga(Le).
Ve

We may specialize the definition (6.2.4) of arithmetic intersection numbers to Hermitian lines
bundles whose isomorphism class belong to the image of the morphism (6.2.2). Thus we define, for

any two Arakelov divisors (D, g) and (D’,¢’) in Zi(lj)

(6.2.5) (D'.¢)- (D, g) == O(D'.g') - (D. g) = dog (O(D', ¢')| D) + /V gu(g).

As in 4.5, one proves that the R-valued arithmetic intersection pairing on 7(1: (17) defined by
(6.2.5) is symmetric.
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Observe that, for every (D, g) € Zi(f/) and any ¢ € C*2(Vc)r Dir, We have:

(0,0) - (D, g) = / ow(g)

Ve

(6.2.6) = / gOp. — 7771/ gi00¢p.
Ve Ve

In particular, for every ¢1 and ¢y in CbA(V@)R’Dir, we have:

(6.2.7) (0,1) - (0,602) = =7 {01, 02) Dir-

The fact that the measure w(gy; ) is supported by 9V implies that arithmetic intersection
numbers involving the Arakelov divisor (P, g5, ) admit simple expressions:

PROPOSITION 6.2.2. For every n € Z and every Arakelov divisor of the form (nP,g) in Zi(f)),
we have:

(6.2.8) (P.g,) - (nP,g) = ndeg P*NpV.
In particular:
(6.2.9) (P.g3.) - (P.gy,) = deg P"NpV,
and, for every o € CbA(VC)KDir, we have:
(6.2.10) 0,9) - (P,g3.) = 0.
PROOF. According to the definition (6.2.5) of the arithmetic intersection number, we have:

(P.g5,) - (nP,g) = ndeg P-O(P, g5, ) + /V 9w(g,)
C

As observed in 6.2.2, the restriction of 5(P, g%) is canonically isomorphic to NPINJ, and therefore:
deg P*O(P, g;.) = deg P*N pV.

Moreover the product gw(gy;.) is zero. This establishes (6.2.8). The relations (6.2.9) and (6.2.10)
are special case of (6.2.8). O

COROLLARY 6.2.3. For every ny and ng in Z and @1 and @2 in CbA(VC)RyDir, we have:
(6.2.11) (mP,n1 gy, +¢1) - (n2Pyna g + 2) = nana deg P*NpV — o1, 02) Dir-

In particular, for every ¢ in C*»(V¢)g pir, we have:
(6.2.12) (Pogp. +¢) (Pogp, +¢)= deg P*NpV — 7 g, o)pir-
This shows that the self-intersection of an Arakelov divisor in 7(1: (V) of the form (P, h) satisfies:
(6.2.13) (Poh) - (Ph) > (P gp.) - (P gp,)

and that equality holds in (6.2.13) if and only if h = gg; .
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6.2.4. pseudoconcavity and pseudoconvexity. The following proposition may be seen as
an analogue, concerning f.-a.arithmetic surfaces, of the results concerning CINB divisor on analytic
surfaces fibered over a projective curve in Proposition 2.2.1 and Corollary 2.2.2.

Let us denote :
SH(VC)R,Dir = {QD € CbA(Vc)]R’Dir ‘ iaggo% > 0} .

The functions in SH(Ve)r pir are continuous on V¢, subharmonic on f/(c, and vanish on V. Con-
sequently, they are non-positive on V.

PROPOSITION 6.2.4. The following two conditions are equivalent:
(i) There exists a non-negative Green function h for Pc in Vg such that (P, h) belongs to
Zi(ﬁ) and such that, for every (D, g) € Zi(g)
(6.2.14) D>0 and g>0 = (P,h)-(D,g) >0.
(ii) deg P*NpV > 0.
When these conditions are satisfied, the set of Green functions h as in (i) is 95, — SH(Ve)r,Dir-

In particular, (i) holds with h = 9., and every Green function h for Pc as in (i) satisfies: h > 99,

PRrROOF. The implication (i) = (i) follows from the non-negativity of gy and the equality
(6.2.8). This equality shows that, conversely, when (ii) holds, then h = g; , satisfies (i).

The Green functions h for Pc such that (P, h) belongs to Zi (V) are precisely of the form:
h=gp, +e

with (2 in CbA(V((;)]R,Dir.

If h satisfies (i), then, for every non-negative function v € C**(V¢)r pir, we have:

0 S (P7 h) : (071/)) = —77_1@’ <p>Dir = _77_1 1/}265@
Ve

This is readily seen to imply that ¢ belongs to —SH(Vc)r,Dir-

Conversely, when ¢ belongs to —SH(Ve)r pir, it is non-negative and therefore h := gyt

also. Moreover, for any Arakelov divisor (D, g) € Zi (V) such that D > 0 and ¢ > 0, we may write
D = nP with n € N, and according to (6.2.8) and (6.2.6), when (ii) holds, we have:

(Pg5, +¢) (D, g) =ndeg P"NpV +(0,¢) - (nP, g)
=ndeg P"NpV+ Y g(Py) —w*l/ giddp
Ve

o: K—C
> 0. O

DEFINITION 6.2.5. We shall say that the smooth f.-a. arithmetic surface Vs pseudoconcave
(resp. pseudoconver) when:
(6.2.15) degNpV >0 (resp. deg NpV < 0).

Proposition 6.2.4 and the inequality (6.2.13) show that Vis pseudoconcave if and only if there

exists a non-negative Green function & for Pc in VI such that (P, h) belongs to 7i(ﬁ) and satisfies
the condition of “numerical effectivity” (6.2.14) and the “bigness” condition:

(P,h) - (P,h) > 0.

Moreover, when Vis pseudoconcave, these conditions are satisfied by h = 99,
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6.3. The arithmetic surfaces V(D(0;1),1))

In this section, we discuss some simple examples of smooth f.-a.arithmetic surfaces V and of the
associated algebra 0(17) Our aim is to demonstrate, on some simple but significant examples, the
crucial role played the numerical conditions (6.2.15) on the “size” of the ring O(V).

For simplicity, we restrict ourselves to f.-a. arithmetic surfaces over Z, and leave it to the
interested reader to extend the results of this sections when Z is replaced by the ring O of integers
of an arbitrary number field K.

Recall that, by definition, a smooth f-a. arithmetic surface V = (17, (V,0,1)) over Z is the
data of a formal scheme V over Spec Z, isomorphic to Spf Z[[X]], of a connected compact Riemann
surface with non-empty boundary V equipped with a real structure, of a real point O in ‘O/, and of
an isomorphism of complex formal curves, compatible with the real structures:

i: 9@ L) ‘70.
The section P : Spec Z — Spf Z[[X]] is the inverse of the tautological isomorphism |Spf Z[[X]]| ~
SpecZ.
The elements of the ring O(V) (resp. of the field M(V)) may be described as pairs o := (&, o)

where @& and o™ belong respectively to O(V) and O (V) (resp. to M(V) and M(V)) and satisfy
the following gluing condition:

6.3.1. The f.-a.arithmetic surfaces ]7(D,1/}).

6.3.1.1. Let D be a compact domain with C> boundary® in C, that is invariant under complex
conjugation and contains 0 in its interior, and let ¢ be a formal series in R[[X]] such that:

(6.3.1) () =0 and ¢'(0) #0.

To (D, ), we may attach the smooth f.-a.arithmetic surface V= (17, (V, P,i)) over Z defined as
follows: R
V:=SpfZ[X]], V:=D, 0=0,
and:® —~
i := 1 : Spf C[[X]] — Spf C|[[2]] ~ Dy.
We shall denote it by V(D, ).

By definition, the ring O(V(D, 1)) may be identified with the subring of formal series & in Z[[X]]
such that & o~ is the Taylor expansion in 0 of an analytic function on some open neighborhood
of D.

Similarly, the field M(V(D, ¥)) may be identified with the field of Laurent series & in Q((X)) that
belong to its subfield Frac Z[[T1]], such that @ o1~ is the Taylor expansion in 0 of an meromorphic
function on some open neighborhood of D.

6.3.1.2. For instance, for any r € R, we may define the Borel f.-a. arithmetic surface of radius

r, denoted by B(r), by the above construction applied to D := D(0;7), the closed disk of radius r,
and to the “identity” series ¥ = X:

B(r) := V(D(0;7), X).
Then the equilibrium potential for Pc = 0 in D(0;7) is the function:
9D(0sr).0 = (27 log™ [2/r]),

4that is, a compact C*° submanifold with boundary of dimension 2.
5In other words, for any f € C[[2]] ~ Op, % f = fop.
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and therefore the associated capacitary metric ||.||%‘(%,r) 0 satisfies:
||8/8ZH%12°O;T)70 =r L

Consequently the Hermitian line bundle N pB(r) over SpecZ may be identified with:
(z 9/0X,0/0X]| = 1),

and therefore satisfies:

(6.3.2) deg NpB(r) = log .

The “size” of the ring O(B(r)) clearly depends on the sign of (6.3.2). Indeed when
deg NpB(r) = 0,
or equivalently when r > 1, it is easily seen to be reduced to the ring of polynomials:
O(B(r)) = Z[X].
In contrast, when d/eg NpB(r) > 0, that is when r < 1, the ring O(B(r)) is “very large”: it contains all

formal series in Z[[X]] with bounded coefficients and therefore has the cardinality of the continuum.

6.3.1.3. More generally, to any formal series ¢ in R[[X]] satisfying the conditions (6.3.1), we
may attach the f.-a.arithmetic surfaces V(D(0;1),1). When ¢ = X/r, it is isomorphic to the Borel
f.-a.arithmetic surface B(r).

The Hermitian line bundle NpV(D(0;1),1)) may be identified with (Zd/0X,||.||,) where the
metric |||, satisfies:

14'(0)7'9/0X ||y = 1.
Consequently:
(6.3.3) deg NpV(D(0;1), %) = log [¢/(0)| .

According to the uniformization theorem, every simply connected pointed compact Riemann
surface with boundary (VT, P) is isomorphic to (D(0,1)*,0). This implies that a smooth f.-a.
arithmetic surface V over SpecZ is isomorphic to a f.-a.surface V(D(0;1),%) for some formal series
1 in the group:

Gior(R) := R*X + X2R[[X]]

if and only if the underlying compact Riemann with boundary is simply connected.

6.3.2. The arithmetic surfaces \7(5(0; 1),4): the pseudoconvex case. In this paragraph,
we want to prove that, when the arithmetic degree (6.3.3) is negative, then the ring of regular func-

tions O(V(D(0;1),)) is large. This will extend the discussion above concerning the ring O(B(r))
associated to the Borel f.-a. arithmetic surface B(r) when r < 1.

To achieve this, we will rely on the following elementary proposition:
PROPOSITION 6.3.1. Let v be a formal series in R[[X]] such that:
»(0)=0 and X:=¢'(0) #0.
For every integer e > 1, there exists a formal series in Z[[X]]:
a=X°+ Z o X"
ne€e+1
such that the coefficients of the formal series in R[[T]):
Aoy N (T)=: AT+ Y  a,T"
n>e+1
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satisfy the estimates:
(6.3.4) lan| < |A7"/2  for everyn > e+ 1.

PRrROOF. For every n > e+1, the n-th coefficients a,, of the formal series a0t)~! may be written:
An = )\_nan + Pn(aeJrh o 7an71)7
where P,, denotes some polynomial with real coefficients in n — e — 1 variables, depending of e and
1; in particular P,y is a constant depending only on e and . We may construct the coefficients
(an)n>et1 inductively by choosing v, as an integer such that:
‘an + A" Pn(ae-‘rl) R aan—17’(/)17 < 7,(/)1'7,)' < 1/2

This immediately implies the estimates (6.3.4) O

We will use the following straightforward consequence of the estimates (6.3.4):

COROLLARY 6.3.2. The radius of convergence of the series & o ¢~ (T) is at least |Al. When
IA| > 1, the series Gop~t defines a complex analytic function on some open neighborhood of D(0;1);
moreover:

N e gy LT
(6.3.5) max |aoy M (2)| < AT+ D AT/2= o M
z€D(0;1) n>et+1 ‘ |
Corollary 6.3.2 shows that, when |A\| > 1, the series & defines a non-constant « := (&, a®")

element a := (&, a®") in the ring O(V(D(0;1),)). If e is chosen large enough, the image
o(D(0;1)) = @ 0 4~} (D(0; 1)
is a compact subset of the open disc ﬁ(O; 1).

The previous construction therefore implies the following proposition:

PROPOSITION 6.3.3. Let V := (I/}7 (V, P,i)) be a smooth f.-a. arithmetic surface over Z such that
V' is simply connected. If it satisfies the condition:

(6.3.6) deg NpV <0,
then, the algebra O(V) contains a non-constant element o := (@, o) such that &(P) = 0 and a® (V')
is contained in D(0;1).

Observe that the conclusion of Proposition 6.3.3 implies that the ring O(V) is large. Indeed, for
« as in the conclusion of Proposition 6.3.3, for every r € (0,1) such that:

a™(V) € D(0; 1),

we may define an injective morphism of rings:

C’)(g(r)) — (’)(f/), B:= (B, M) — Boa:= (Eo a, B o a™).
It is likely that Proposition 6.3.3 still holds for every smooth f.-a.arithmetic surface over Spec Ok
— where K denotes an arbitrary number field — that satisfies the pseudoconcavity condition (6.3.6).
This would constitute an arithmetic analogue of the theorem of Grauert concerning pseudoconvex
neighborhoods of projective curves discussed in 1.4.3 (c) above.

6.3.3. The arithmetic surfaces 9(3(0,1),1[1): the pseudoconcave case. In this para-
graph, we are going to show that, if A € R satisfies:

0< A <1,

then for most choices of the formal series v in AX + X2R[[X]], the algebra O(V(D(0,1),%) is as
small as possible, namely is reduced to Z.
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6.3.3.1. To formulate our result, we need to introduce some notation.
For any commutative ring A, we may consider the subset:
D(A) = X + X2A[[X]]
of the algebra of formal series A[[X]]. Endowed with the composition o of formal series with vanishing
constant terms, it defines a group (D(A), o). For every n € N, we may consider its normal subgroup:
H,(A) = X + X" T2 A[[X]].
The quotient group:
Dn(A) := D(A)/H,(A)
may be identified with the group X + X2?A[[X]]/(X"*2) of formal series truncated at order n + 1,
endowed with the composition. The groups D,,(A) are nilpotent, and D(A) may be identified with
the limit:
D(4) = lim D, (A)
of the following diagram of surjective morphisms of groups:

Do(A)={e} +— D1(A) «— -+ «— Dp(A) +— Dy 1(A) «— -~
For every n € N, D, (R) is a nilpotent Lie group of dimension n. We shall denote by p, the

measure on D, (R) image of the Lebesgue measure by the diffeomorphism:
n+1
tn :R" = D, (R), (ag,...,an+1)— X + Zain mod X" 12,
i=2
It is easily seen to be a left and right Haar measure on the Lie group D, (R).

For every n € N, the discrete subgroup D,,(Z) of D, (R) is cocompact, and the map

n
0,1)""" — Dp(R)/Dn(Z), (az,...,an) — [X + > a;X"]
i=2
is bijective. This shows that the measure fi,, on D, (R)/D,(Z) deduced from p,, satisfies:
fin(Dn(R)/Dn(Z)) = 1.
The measure [i,, is the unique probability measure on the compact space D, (R)/D,(Z) invariant
under the left action of D, (R).
The group:
D(R) = lim Dy (R),

as the projective limit of a countable projective system of Lie groups, is a Polish topological group.
This topology coincide with the topology induces by the natural topology of Fréchet space on
R[[X]] ~ RY. The topological group D(R) contains:

D(Z) = lim D, (Z)

as a closed subgroup, and the quotient space:
D(R)/D(Z) ~ lim D,,(R)/Dy,(Z)
n

is compact. We shall denote by i the unique probability measure on the compact space D(R)/D(Z)
whose direct image by the projection:

coincides with fi,, for every n > 1. The measure i is easily seen to be the unique probability measure
on D(R)/D(Z) that is invariant under the left action of D(R). This notably implies that the mesure
(V) of any non-empty open subset V of D(R)/D(Z) is positive.
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We shall say that a Borel subset B of D(R), invariant under the right action of D(Z) has full
measure in D(R) when:

p(g(B)) = 1,
where ¢ : D(R) — D(R)/D(Z) denotes the quotient map.
For every A € R*, we shall denote:
[A] :== AX.
The map (g + [\] o g) establishes a bijection from D(R) onto AX + X2R[[X]].

Our result concerning the generic triviality of the algebra O(l?(ﬁ((), 1),4)) in the pseudoconcave
case reads as follows:

THEOREM 6.3.4. For every A € R such that |\| > 1, the set:
T = {9 € DR) | OV(D(0,1), [N o g)) = Z}

is a Gg subset, invariant under the right action of D(Z), dense and of full measure in D(R).

In other words, when |A\| > 1, the algebra O(V(D(0,1),) contains only constant functions for
“almost all” choice of ¥ with ¢’(0) = A, both in the sense of measure theory and of Baire category.

6.3.3.2. In order to prove Theorem 6.3.4, we need to introduce some further notation.

For every commutative ring A, we define a left action of the group D(A) on the algebra A[[X]]
by:

(6.3.7) g =pogl
for g € D(A) and ¢ € A[[X]]. For every e € Nyg and a € A\ {0}, we also define:
O(e,a) := aX® + XL A[[X]].

The sets O(e,a) are invariant under the action of D(A), and we have:

(6.3.8) XA[X]]\ {0} = 1T O(e, a).

e€Nsg,acA\{0}

Observe that, when k is a field of characteristic zero, the action of D(k) on XE[[X]]\ {0} is free,
and the sets O(e, a) for (e,a) € Ny x k* are precisely the orbits of this action; see 6.3.3.3 (b) below
when k£ = R.

For every p € R, we define a pseudo-norm ||.||, on R[[X]] by the formula:

IS X, = supladst (€ [0, +20])
ieN €N

Moreover, for every R € R, we let:
By(R) :={p e R[X]] | [[ell, < R} .

Observe that a formal series ¢ € R[[X]] defines a function analytic on some open neighborhood of
D(0, |A|71) if and only if there exists p in (|71, +00) such that:

lell, < +o0.
For e in N~g, a in Z\ {0}, and p and R in Ry, let us consider the following subset of D(R):
Fle,a,p,R) = {g € D(R) | g.0(e,0)(Z) N B,(R) £ 0}
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Our previous observation concerning the analyticity of elements of R[[X]] and the decomposition
(6.3.8) when A = Z imply the following description of the complement of 7Ty:

DRI\Ta= |J {9€D®)|3acg(XZ[X]\{0}), llall, < +oc}

p> (Al

= U {9eD®) | g(XZ[X]]\{0}) N B,(R) # 0}
p>|A|~1,R>0

= U  FleanpR),

(e,a,p,R)EE(N)
where:
E(N) = Nag x (Z\ {0}) x (A", +00) x R}

In turn, this immediately shows that D(R) \ 7, may be written as a countable union:

(6.3.9) DR\ = |J  FleapR),
(e,a,p,R)EE’(N)
where:
E'(A) :=Nsg x (Z\ {0}) x {|\|7" +1/i;i € Nsg} x N.

This decomposition of D(R) \ 7, shows that Theorem 6.3.4 is a consequence of the following
proposition and of Baire’s theorem:

PROPOSITION 6.3.5. (a) For every (e,a, p, R) in N5 x (Z\ {0}) x RZ, F(e,a,p, R) is a closed
subset of D(R), invariant under the right action of D(Z).

(b) If moreover p > 1, then:
i(g(F (e, a,p, R))) =0,
and F(e,a,p, R) has an empty interior in D(R).

6.3.3.3. Proof of Proposition 6.3.5. (a) The invariance of F(e,a, p, R) under the right action of
D(Z) follows from its definition.

To prove that F(e,a,p, R) is closed in D(R), observe that the left action of D(R) on R[[X]],
defined above by (6.3.7), is continuous and that, for every (p, R) € R% x R,, B,(R) is a compact
subset of the Fréchet space R[[X]].

Let us consider a sequence (g,,) in F(e,a, p, R) that admits a limit g in D(R). There exists a
sequence () in O(e,a)(Z) such that the formal series gy,.n := ¢pn 0 g, * belong to B,(R). After
possibly passing to a subsequence, we may assume that (¢, 0 g, ') admits a limit / in B,(R). Then
(on) = ((pn 0 gy 1) 0 gn) converges to p := 1o g in R[[X]]. Since O(e,a)(Z) is closed in R[[X]], this
limit ¢ belongs to O(e, a)(Z). Finally,

gp=ypog =1,
belongs to ¢g.0(e, a)(Z) N B,(R), and therefore g belongs to F(e, a, p, R).

(b) Observe that, for every (e,a) in N5g x (R {0}), the map:
I.. : D(R) := X + X°R[[X]] — O(e,a)(R), ¢ +— ay)®

is bijective. This already implies that the action by composition of D(R) on O(e, a)(R) is free and
transitive.

By truncation, for every n € N, the action of D(R) on O(e, a)(R) defines an action of D, (R) on
O(e,a)n(R) := (aX® + Xe+1R[[X]])/(X”+eH).
Moreover, by truncation, for every n € N, the map I, , induces a bijection:

I:,a : Dp(R) = O(e,a),(R),



6.3. THE ARITHMETIC SURFACES V(D(0;1),¢) 99

which is clearly compatible with the action of D, (R) by composition on O(e, a),(R), which is also
free and transitive.

We shall denote by p&® the measure on O(e, a),(R) image of the Lebesgue measure on R™ by
the diffeomorphism:
e+n
SR 0(e,a)n(R), (Gts .oy Gern) — aX 4+ > a; X' mod X",
i=e+1
LEMMA 6.3.6. For every (e,a) in Nsg x (R\ {0}) and every ¢ € O(e,a)n(R), the image of the
Haar measure p, on Dyp(R) by the diffeomorphism
0.0:D,(R) — O(e,a),(R), g+ g.p

is the measure (e|al)™"u

e,a
n -

PROOF. Since D, (R) is unimodular, this is equivalent to the fact that the image of p, by the

diffeomorphism:
e Ly:D,(R) =5 O(e,a)n(R), gr—>@og
is the measure (e|a|)™"u%®. In turn, this is equivalent to the fact that the direct image by the
diffeomorphism:
J(e,a,n, ) == (15*) Lo (e tp)ou, : R" — R™

of the n-dimensional Lebesgue measure is (e|a|)™™ times the n-dimensional Lebesgue measure. To
establish this, we shall show that the Jacobian of J(e, a,n, @), namely det DJ(e, a,n, ¢), is constant
on R™ and satisfies:

(6.3.10) det DJ(e,a,n,p) = (ea)”.
According to the change-of-variables formula for the Lebesgue measure, this will complete the proof.

To compute the differential of the diffeomorphism e~1.¢, we may identify D,,(R) and O(e, a),(R)
to X + X2R[X].,, and to aX®+ X" 'R[X].,, respectively, were R[X].,, denotes the R-vector space
of polynomial of degree < n. Then the differential of @~ 1.0 at some point g of D,,(R) maps an
element §g in X2R[X],, to:

D(e7".0)(9)0g = (¢" 0 g) 6g € (XTR[X]]) /(X"FH) = XTIR[X] <.
This shows that, after identifying R™ and R[X]<,, by means of the standard basis:
(1,X,...,x" Y,
the differential DJ (e, a,n, ) at the point ¢, 1(g) is given by the mutiplication:
R, — R, Pr—— Xy 0og)P mod X"
Since X ~¢T1(¢’ 0 g) is an element of ae + XR[[X]], the determinant of this map is (ea)". O

For every (e,a) in N5g x (Z\ {0}), we may introduce the following subset of O(e, a)(Z):
Ale,a) == {aXe + Y @X € Z[X]] | Vi € Naes1,0 < ; < e|a\}.
i>e+1
For every n € N, we shall also denote by A(e,a), the image of A(e,a)) in O(e,a),(R) by the
truncation morphism. In other words:

e+n
Ale,a)n == {{axe + ) aiXZ} e Z[X])/ (X"t | Vie {e+1,...,e+n},0< a; < e|a|}.
i=e+1

LEMMA 6.3.7. With the previous notation, we have:
D(Z).A(e,a) == | ] 7.A(a,e) = O(e,a).

Y€D(Z)
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PROOF. For every element:
p:=aX®+ Z a; X'
i>e+1
in O(e,a)(Z) and for every integer k > 2 and every b € Z,, the image of ¢ under the action of the
element X + bX* of D(Z) is:
(X +bX"*).0:= po (X +bXF)°=D
=po(X —bX") mod Xtk
=aX®+ Z a; X'+ (Goyn_1 — aeb)XeJrk_1 mod X,

e+1<i<e+k—2

This identity allows one to produce an element + in D(Z) such that ¢ is contained in v.A(a, e)
by defining y~! as the limit of elements of the form

(X 4+ bpXF) o0 (X 4+ by X?),
with bg,...,br in Z, when k > 2 goes to infinity. |

According to Lemma 6.3.7, we have:

(6.3.11) q(F(e,a,p, R)) = q(F(e,a,p, R)),

where:

Fle,a,p,R)) = {g € D(R) | 9.Ale,a)(Z) N By(R) # 0} .
For every n € N, we shall denote by:
Pn : D(R) — D, (R) := D,(R)/H,(R)
the quotient (or truncation) morphism. It fits into the following commutative diagram:

q

D(R) —— D(R)/D(Z)

Therefore the following inequalities hold:

(6.3.12)  f(g(F(e,a,p, R))) < i(p, " (Pn © a(F(e,a, p, R))) = fin((Pn © a(F(e,a, p, R))))

- ﬂn((qn o pn(ﬁ(& a, p, R)))) < un(pn(ﬁ(ea a, p, R)))
Moreover the image of O(e, a)(R) N B,(R) in O(e, a),(R) by the truncation map is contained in:

e+n

ot I =Re~", Rp™)).

i=e+1

L

Consequently we have:

e+n
po(Fle;a,p,R)C {9 eD,R) | gp (] [—Rp‘@Rp‘i])},

pEA(e,a)n(Z) i=e+1

and therefore:
e+n

pn(Pn(Fle,a,p, R)) < Y g ({9 eD,R) |gp e ] [—Rp‘i7Rp‘i])}> -

PEA(e,a)n (Z) i=e+1



6.3. THE ARITHMETIC SURFACES V(D(0;1),¢) 101

Using Lemma 6.3.6, we finally obtain:
" e+n ]
pin(pn(F (e, 0, p, R))) < |A(e, a)n(Z)| (elal)™ ] (2Rp™)
(6.3.13) =

_ (ZR)np7 E:;;’+1z — (2R)npf(n+2e+2)(nfl)/2.
If p > 1, the right-hand side of (6.3.13) goes to 0 when n goes to infinity. Together with (6.3.11)

and (6.3.12), this establishes the vanishing of fi(¢(F(e,a, p, R))) when p > 1. In turn this vanishing
implies that the interior u(q(F(e,a, p, R))) in D(R)/D(Z) is empty, as observed above in 6.3.3.1.






CHAPTER 7

Maps from formal-fnalytic arithmetic surfaces to arithmetic
schemes

In this chapter, we define the morphisms from a smooth f.-a.surface V to an arithmetic scheme!
X over Spec Ok, for K some number field, and we discuss some basic constructions involving these
morphisms.

When X is a normal arithmetic surface, we investigate the relations of the rudimentary arith-
metic intersection theory on V introduced in Section 6.2 with the more classical arithmetic intersec-
tion theory on quasi-projective arithmetic surfaces, as presented in Chapters 3 and 4. These relations
involve the Archimedean overflow Ex(a : (V, P) — N) studied in Chapter 5 and its counterpart “at

finite places” Ex(@:V — X).

Finally we extend these results to the situation where the morphisms from Vto X are replaced
by suitably defined “meromorphic maps.”

We denote by K a number field, and by O its ring of integers.

7.1. Morphisms from formal-analytic arithmetic surfaces to Ox-schemes

7.1.1. Definitions and basic properties.

7111 IV = (17, (Vo Ouyto)oicc) denotes a smooth f.-a. arithmetic surface over Spec O
as defined in 6.1.1, and if X is a separated scheme of finite type over O, we may define a morphism
f: V— X

over Spec Ok as a pair:
f = (f7 (fa)o:K‘—)(C)
where:
f:Vv—X
is a morphism of formal schemes over Ok and, for every complex embedding o of K,

fo : Vo — X,(C)

is a complex analytic map.

These data are moreover assumed to be compatible with the gluing data (t5)s.x—c. Namely,

~

for every embedding ¢ : K — C, the morphisms from the smooth formal curve V, to the complex
scheme X, deduced from f (by the base change o : O — C) and from f, (by considering its
“formal germ” at P,) are required to coincide; see [Bos20, 10.6.3].

As a consequence, these data are compatible with complex conjugation.

‘We shall use the notation:
e Vg — X(C)

Lthat is, a separated scheme of finite type over Spec Z.

103
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for the complex analytic map from:
vie= 1] v
o:K—C
to:
xe©) = [ x.(©
o:K—C
defined by the maps f,.

If E (resp. E:= (E,|.||)) is a vector bundle over X (resp. a Hermitian vector bundle over X,
supposed to have a reduced generic fiber Xk ), we may form its pull-back f*FE (resp. f*FE), defined
by the “formal” pull-back f*E on V and the “complex analytic” pull-back f*FE, (resp. f:FE,) on
V., and some canonical gluing data; see [Bos20, 10.6.3 ].

7.1.1.2. To every morphism f : VY — X asin 7.1.1.1, we may attach the Zariski closures of the
images of the morphisms of ringed spaces:

f:\A)—>X, fK:]A)K—>XK, fgzﬁa—>XU, and fU:VU+—>XU,

which we shall denote by Ef, ime, imfg and im f,. Each of these is defined as the smallest closed
subscheme of the range of the morphism through which the morphism factors; see [Bos20, 10.6.4].

These schemes are integral. Moreover, imf is flat over O, ime is geometrically irreducible over
K, and the following relations hold:

imfx = (imf), and mf, =imf, = (imf) .

We say that f is a constant morphism when the following equivalent conditions are satisfied:

dimimf =1, dimimfx =0, or dimimf, =0.
This holds precisely when f factors through the morphism:
SV V— Spec Ok,

or equivalently, when f may written as f = @ o 7y; for some Ok-point () of X. Concretely, this
holds if and only if the morphism:

fx : Vi ~ SpEK[[T)] — Xk

is constant in the obvious sense.

The Og-morphism from V to the affine line A}QK may be identified with the elements of the

Ox-algebra O(V), and the morphism:
f:V— b,
defined by an element f of 0(17) is constant if and only if f belongs to the subring O of (9(17)
Finally, we say that the image of an O g-morphism:
fiV—X

is algebraic when the following equivalent conditions hold:

dimimf <2, dimimfg <1, or dimimf, < 1.

7.1.2. Morphisms and sections of vector bundles.



7.1. MORPHISMS TO Og-SCHEMES 105

7.1.2.1. Asin 7.1.1.1, let us consider a scheme X separated and of finite type over Og. Let us
also assume that X is reduced and that the structure morphism wx : X — Spec Ok is proper and
flat.

For every Hermitian vector bundle E = (E, ||.||) over X — defined by a vector bundle E on X

and a continuous metric ||.|| on the complex analytic vector bundle E&" on:
x© =[] x(©
o:K—C

— the direct image mx . F is a vector bundle over Spec Og. Moreover, for every embedding o : K —
C, the complex vector space:

(rx+E)e ~T(X,, E,)
may be endowed with the norm ||.||c0,, defined by:

[5]lo0,0 := sup |[[s(x)]|.
z€X,(C)

In general, the norm ||.||,» is not a Hermitian norm. However we may consider the John norm
Ills,0c on I'(X,, E,) attached to ||.||co,s, namely, the smallest Hermitian norm such that

-lloo,o < Ml-l1705

see [Bos20, Appendix F|. This construction defines a Hermitian vector bundle over Spec Ok:

% B = (mx. B (||

J,U)O’:K‘—)C)'
The following proposition is a straightforward consequence of the definitions:

PROPOSITION 7.1.1 (compare to [Bos20, 10.8.1]). Let V be a smooth f.-a. arithmetic surface
over Ok, let p be a C*> positive volume form on Vg, invariant under complex conjugation, and let:

f:ﬁ—)X

be a morphism over Ok .

For every Hermitian vector bundle E over X, the pull-back of sections of E by f defines a
morphism:
I T L2 T
YE Ty — w(g#)*f E

of (pro-)Hermitian vector bundles over Spec O . If moreover:

[ e
V

o

for every embedding o : K — C, then the Archimedean norms of g are bounded above by 1.

7.1.2.2. If o : X — Y is morphism between two separated Og-schemes of finite type, and if
f = (f7 (fo’)a:K‘—>C) : 9 — X

is a morphism over (’)K~from a smooth f.-a. arithmetic surface V to X , then we may form the
composition oo f from V to Y:

ao f = (aof,(aaofg)m[((_}c):f)—)Y.

This construction satisfies obvious compatibilities with the pull-back of vector bundle, and with the
pull-back of sections of vector bundles discussed in 7.1.2.1.
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7.2. Morphisms to arithmetic surfaces, arithmetic intersection numbers, and overflow

In this section, we consider a a smooth f.-a. arithmetic surface V over Ok as defined in 6.1.1
above, an integral normal arithmetic surface:

wx : X — Spec Ok,

and a morphism over Spec O:

o= @ (o) oresc) : Y — X,
as defined in 7.1.1.
We shall denote by:

P :SpecOx — y
the canonical section of the structural morphism of V:

LSV V— Spec Ok,
and by:

Q:=aoP:SpecOx — X

the Ok-point of X defined as the image of P by @&. The existence of this O-point guarantees that

X is geometrically irreducible over K, and that the fibers of mx are geometrically connected when
moreover X is projective.

We shall also assume that « is non-constant, and we shall denote by e(a) the ramification index
of the morphism of smooth (formal) curves over K:

aKZVK—>XK.

7.2.1. The map «, : 72;(17) — 7}:()(). To any Arakelov divisor (D, g) = (D, (9o )o:kc) in

Z.(V), we may attach its direct image by the morphism « : V — X, defined as:
a*(Dv g) = (a*Dv (aU*gU)U!K;)(C)'
It is straightforward that it is an Arakelov divisor in Z (X)), and that this construction attaches a
morphism of Z-modules:
=1, —1
o Z,(V) — Z(X)

to any non-constant morphism « : V — X over Spec Ok

Observe that the “arithmetic part” of this construction — namely the map @, that maps a
divisor supported by |V| to its direct image in X — is nothing more than the map that sends a
multiple nP of the section P, for some n € Z, to the multiple n@ of the Ok-point @ := a®*(P) of
X image of P by a®".

This construction satisfies the following compatibility with the direct image functoriality for the
Arakelov divisors on quasi-projective arithmetic surfaces:

PROPOSITION 7.2.1. For every Ok-morphisms f : X — X', from X to an integral normal
arithmetic surface X' over Spec Ok, and every Arakelov divisor (D,g) in Zi(V), the following
equality holds in 7i(X)

(7.2.1) (f o a)u(D, g) = frau(D, g).

The arithmetic intersection theory on the f.-a. arithmetic surface V introduced in paragraph
6.2.3 and the “classical” arithmetic intersection theory on the normal quasi-projective arithmetic
surface X are related by the following projection formula:
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PROPOSITION 7.2.2. Let L := (L, (||.|lo)o:rcsc) be a Hermitian line bundle on X, defined by

Hermitian metrics ||.||») of regularity C®®. For every Arakelov divisor (D, g) in Z (v V), the following
equality of arithmetic intersection numbers holds:

(7.2.2) a*L-(P,g) =L-a.(P,g).

Propositions 7.2.1 and 7.2.2 are straightforward consequences of the definitions and of the basic
properties of direct images of (Green) functions.

7.2.2. The invariant Ex(@:V — X).

7.2.2.1. In this paragraph, we assume that X is regular. Then @ := a(P) is an effective Cartier
divisor in X, and its inverse image by & defines an effective (Cartier) divisor in V:

a*(Q) = a”(a(P)).
The divisor P appears with multiplicity e(«) in this divisor, and we may write:
(7.2.3) a*(Q) = e(a)P + R,

where R is an effective Cartier divisor in V that intersects P properly.

In particular, the intersection R - P is a well-defined effective 0-cycle with support on the arith-
metic curve P. Namely:

(7.2.4) R-P:= Y n,z,
zePy

where P, denotes the set of closed points of the scheme P and n, the length of the (’)A ,-module

Opgrnp. The multiplicity n, is positive if and only if the closed point = belongs to the bupport |R| of
R.

The 0-cycle R - P has a well-defined arithmetic degree:

(7.2.5) degR-P =" nglog|r(z)| = log|O(RN P),
zePy

where k(x) denotes the residue field of  and O(R N P) is the ring of regular functions on the 0-

dimensional subscheme RN P of P. The arithmetic degree deg R - P is non-negative and vanishes if
and only if R = 0.

EXAMPLE 7.2.3. Assume that V = Spf Og[[T]] and X = Ap, . Then @ identifies with a formal
series in Ok [[T]], which may be written:

a:ao—i—ZaTl

with e € Ny and a, # 0. Then Q is the divisor (X —ag = 0) in Af, , the ramification degree of ax
is e, and R is the divisor of:
T=0 = apsT

E>0
in Spf Ok|[[T]]. The cycle R - P coincides with the divisor of a. in P = Spec Ok, and therefore:
deg R - P =log [Nk /g ac|.

The 0-cycle R- P, or equivalently the arithmetic degree c/lé\g R - P, vanishes if and only if a. is a unit
in OK.
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7.2.2.2. When the arithmetic surface X is no longer assumed to be regular, but only normal,
the previous construction still make sense with the following modifications.

The divisor @ in X may not be a Cartier divisor, but it is always Q-Cartier; see 0.6.3.1. If N
denotes a positive integer such that N@ is a Cartier divisor in X, then we may define a*(Q) as the
effective Q-divisor:

5(Q) 1= 6" (NQ).

Then we may define R as an effective Q-divisor in % by (7.2.3), and R - P as a 0O-cycle with Q-
coefficients supported by P. We may finally define deg R - P by (7.2.4) and by the first equality
in (7.2.5).

DEFINITION 7.2.4. With the above notation, we define:
(7.2.6) Ex(@:V = X) :=degR- P.
In other words, we have:

(7.2.7) Ex(@:V — X) = deg (@*(a(P)) — e(a)P) - P.

The invariant Ex(a Vo X ) constitutes an arithmetic counterpart of the archimedean overflow
invariant Ex(a : V' — X)) introduced in Chapter 5; compare for instance (7.2.7) and the expression
(5.2.3) for Ex(av: V — X) in terms of *-product.

The invariant Ex(a& : VX ) is a non-negative real number in Q logZ~o. However, there are
instances where we may guarantee that the invariant Ex(a : V — X) is of the form:

Ex(@:V — X) =logn

for some positive integer n even when X is not assumed to be regular. This is an immediate
consequence of the following statement.

PROPOSITION 7.2.5. Assume that & is quasi-finite, namely, that the fibers of a over closed points
of X are finite. Let D be an effective Weil divisor on X and let N be a positive integer such that
ND is Cartier. Then there exists a positive integer n such that

1 —
—dega*(ND)- P =logn.
N
In particular, if l/Nd/é\g a*(ND)-P #0, then 1/Nd/é75 a*(ND) - P > log?2.

To prove Proposition 7.2.5, it is enough to show that the effective Q-divisor 1/Na*(ND) is
actually a divisor, namely, that it has integral coeflicients. In turn, this is equivalent to showing
that if £ is an irreducible Cartier divisor on 17, distinct from P, that appears as a component of the
effective Cartier divisor a@*(N D), then the multiplicity of F in &*(ND) is a multiple of N.

In order to simplify the argument we will only prove that the multiplicity of E in a*(NE) is
larger than N. This still proves that the intersection number 1/N d/ch a*(ND) - P is at least equal

to log(2) when it is nonzero, which is the only part of the statement that we will use in this book —
see 9.1.3. We leave the more precise statement to the interested reader.

PROOF. Let Z be the preimage of D in Y and let D’ be the associated effective Cartier divisor
in V obtained by discarding the lower-dimensional components and the embedded points of 7. By
construction, the schematic image of D’ is contained in D and F is a component of D’. The schematic
image of E in X is purely one-dimensional in X since & is quasi-finite. In particular, the schematic
image of NE is contained in N D, so that NE is a component of &*(ND). O
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We shall call Ex(a : Vo X ) the overflow or excess of the morphism a:V > X. It clearly
depends only on the morphism from V to the formal completion XQ of X along its section Q = a(P)
defined by @, and accordingly we will also denote it by Ex(a : V- XQ)

7.2.3. The self-intersection of a.(P,g) and a.(P, gy, )-

7.2.3.1. Let g := (¢o)o: Kk be a family of Green functions for the points P, in the Riemann
surfaces V' such that (P,g) is an Arakelov divisor in Zi(V). In other words, for every field em-

bedding o : K < C, g, is a Green function with C regularity that vanishes on V\ ‘O/L,, and the
family (go)s:x<sc is invariant under complex conjugation.

To each of the Green functions g, is associated a capacitary metric [[.[[*” on the complex line :
T, Vo = (NpV)o,
as defined in 3.2.1.2, and we may consider the Hermitian line bundle
NpgVi= (NpV, ([ 152) o)
over P ~ |V).

The following proposition expresses the self-intersection of the direct image . (P, g) in Zi (X)
in terms of the Arakelov degree of the metrized normal bundle Np,V and of the invariant Ex(a

V — X) and Ex(ay,g,) attached to the formal and archimedean components @ and o, of the
morphism a.

PROPOSITION 7.2.6. With the notation above, the following equality holds::

(7.2.8) (P, g) - (P, g) = e(a) d/e\gP*WRgi} + Ex(a: V- X)+ Z Ex(ae, 9o )-
o:K—C

Proposition 7.2.6 will be a consequence of the following lemma:

LEMMA 7.2.7. Let Q := a(P) be the Ok -point of X image of P by &, and let N be a positive
integer such the divisor NQ in X is Cartier. Then the following equality holds:

(7.2.9) Nfld/eg Q*O(NQ, Na*g) = e(a) d/e\gP*Np,gﬁ + Ex(a: Vo X)
+ Z / go aa“ Qo 76
o:K—C

PROOF OF LEMMA 7.2.7. With the notation introduced in 7.2.2.2, we have the equality of
Cartier divisors in V:

(7.2.10) a*(NQ) =e(a)NP+ NR,

and therefore an isomorphism of line bundles over v

(7.2.11) I:0*0x(NQ) — Op(e(@)NP) ® Op(NR).

Recall that NR is an effective Cartier divisor in V such that INR|N \17| is a finite set of closed points.

By restriction to the section P, the isomorphism I this defines an isomorphism of line bundles
over Spec Ok:

(7.2.12) Ijp: Q*Ox(NQ) = P*a*O3(NQ) —+ P*Og(e(a)NP) ® P*O5(NR)
= P*NpV&IN @ p*Op(P N NR).

For every field embedding o : K — C, the isomorphism I;p induces an isomorphism of complex
lines:

QN ~ e(a
I\P,a : (TQ,,XU) ~ OXJ(NQU)\QU — (TQ(,X(T)® ()N
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Its norm, with respect to the Hermitian metrics ||. ||Oé.tm and ([|.[|saP)®e ()N is readily seen to be:

9o

ol =exp (=N [ grduse 0)-r,).

This implies the following relation between of Arakelov degrees:

deg Q"O(NQ, Na2g)1 = deg (P*Np V2N 4 deg (NR)- P~ Y log||jp|
o:K—C

= deg (P*Np V)N 4 deg (NR)- P+ N Y / ooz, (Qu)—cPs
o:K—C

Using the additivity of the map: d/eg : Pic(Spec O ) — R and dividing by N, this becomes the
equality (7.2.9). O

PROOF OF PROPOSITION 7.2.6. According to the definition (3.3.4) of the Arakelov intersection
pairing on X, we have:

a.(P,g) - a.(P,g) = NTH(NQ,Nai"g) - (Q, ai"g))
= N'deg Q"O(NQ, Nat"g) + N~ / ai"g w(Nai"g)
— N"'deg Q*O(NQ, Na*g) + 3 / VoG torn(go)-
o:K—C Y Xo ©
Together with the equality (7.2.9) and the definition (5.1.1) of the invariants Ex(ay, gs), this
establishes (7.2.8). O

7.2.3.2. When g = gy , that is when the Green functions g, are the equilibrium potentials
gv,.p, associated to the points P, of the compact Riemann surface with boundary V,, then the
Hermitian line bundle Np,V is the Hermitian line bundle NpV introduced in (6.2.3), and the
invariant Ex(ay, g,) is the overflow Ex(a, : (V,,P,) — X,). Consequently, applied to g = o
Proposition 7.2.6 becomes the following result, which will play a key role in the remainder of this
memoir.

COROLLARY 7.2.8. For every non-constant morphism over Spec Ok,
a:=(a,(ay)erose) YV — X,

from a smooth f.-a. arithmetic surface V to an integral normal arithmetic surface X over Spec Ok,
the following equality holds:

(7213) au(P,g5.) - 0u(P.gy,) = e(a) deg P'NpV + Ex(@: V = X)
+ Y Ex(ag: (Vo, Po) = X))

o: K—C
In turn, the non-negativity of the overflow invariants implies:

COROLLARY 7.2.9. With the notation above, we have:
(7.2.14) au(P,g3,) - ax(P,g3;.) > e(a) deg PN pV.

7.2.4. The self-intersection of a. (P, g;; ) and the Green function for the diagonal.
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7.2.4.1. We may combine Corollary 7.2.8 and the expression in Theorem 5.4.1 for the archime-
dean overflow in terms of a Green function of the diagonal. To formulate the resulting expression
for the self-intersection of a. (P, gg;.), we need to introduce some notation.

For every embedding o : K — C, we assume that the connected Riemann surface X,(C) is
endowed with a real 2-form S, of class C*°, and that:
9x, : X5 (C) x X;(C) — (=00, +0o0]
is a Green function for the diagonal of X, (C) associated to ., as defined in 5.3.1. We assume that the
family (¢x, )o:k—c, and therefore the family (8,)q.x— ) is invariant under complex conjugation).

Recall that, attached to the Green function g, is defined the capacitary metric ||.[*” on the
complex tangent bundle T'x,. The family of Hermitian metrics (|.[[*")s. s is clearly invariant
under complex conjugation.

We shall also assume that the image of the Ok -point Q := a(P) of X lies in the reqular locus
of X. Then the normal bundle NoX is a well-defined line bundle over @, and equipped with the
capacitary metrics |||, on the complex lines:

(NoX)o ~Tx, .q,,

it defines a Hermitian line bundle over Q:

—=cap

NgTX = (No X, (1%, )osc).

ProproOSITION 7.2.10. With the notation above, the following formula holds:
(7.2.15)  .(P,gg.) - au(P,gp.) = deg Q"N ' X

= (2 f ovmarse [ oot 0 div, (o) di.r, ().

o: K—C

Observe that the image of the section @ actually lies in the open subscheme Xy, of X where
the structure morphisme nwx : X — SpecOg is smooth. Endowed with the Hermitian metrics
(II- HCdp)a:ch on the Riemann surfaces Xgm o(C) = X,(C), the relative tangent bundle T} over

Xsm defines a Hermitian line bundle Tcap over X,,. The Hermitian line bundle Q*Nz;pX may be

identified with Q*T ﬂap , and its Arakelov degree coincides with the height of @ with respect to T

deg Q'Ny'X = deg Q' Ty = hteer (Q)-

PROOF. Let us write e := e(a). The e-jet ale ]( k) of ax 171( — Xx at Py defines an
isomorphism of K-lines:

ad: (NpV) 5 To, Xk
For every embedding o : K < C, by means of the identification:
(T1s)®¢ : (NpV)E 25 (Tp, Vo)™,
the base change of 62[;;] by o becomes the isomorphism of C-lines:
ald(P,) : (NpV)Eex(Tp, V)" =5 To, X,

already considered, in a more general context, in paragraph 5.4.1. Its norm with respect to the
metric ||. H‘{/"Ip%: on (TPUV0)®€ and [|.[¢% on Tq, X, will be denoted by ol (P, P,)||s*p. With this
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notation, according to Theorem 5.4.1, the following equality holds for every embedding ¢ : K — C:

(7.2.16) Ex(ag (Vo Py) — Xo') = 2/ 9V, Py O5 By
v,

o

—/(8 )zgxa(aa(21)7aa(22))duvg,Pa(Zl)duva,Pa(@)—logHa[e( o[-
Voy:

alel is the inverse of the restriction to Spec K of the isomorphism

el

Observe that the isomorphism &
I;p in the proof of Lemma 7.2.7 in the special case N = 1. Therefore o
of line bundles over Spec Ok

all: P*NpV®° @ P*Op(P N R) =5 Q*NpX,

extends to an isomorphism

where R is defined as in 7.2.2.1. This implies the following relation between Arakelov degrees:

(7.2.17) deg Q*NoX = edeg P'NpV +degP-R— Y logllald(p,)[|c.
o:K—C
The equality (7.2.15) follows from the expression (7.2.13) for the self-intersection of o (P, g;_),
combined with (7.2.16), (7.2.17), and the definition (7.2.6) of Ex(a : V- X). O

7.2.4.2. Let v a formal series in:
Gior(R) := R*X + X2R[[X]],
and let:

be a morphism from the f.-a.arithmetic surface V(D(0, over Spec Z attached to ¢ as in 6.3.1.3.

(0,

a:V(D(0,1),9) — A}
D(0,1),¢)
V(D(0, 1),

V(
Equivalently, « is an element of the ring O(V ( ) of regular functions over 17@(0, 1),).

It is defined as a pair:

a = (a,a™)

where @ is a morphism from Spf Z[[T]] to AL — that is an element of Z[[T]] — and a" is an analytic
function:

o™ D(0,1)" — A}(C) =C,
that satisfy the gluing relation:
(7.2.18) a=a*™ o,

when a, a®*, and 1 are seen as formal series in C[[X]]. The morphism « is non-constant if and only
if a® belongs to Z[[T]] \ Z, or equivalently if and only if o®" is not a constant analytic function.

COROLLARY 7.2.11. For every ¥ € Gio,(R), and every non-constant morphism:
o= (@,0™):V:=V(D(0,1),¢) — A},
the following equality holds:

1 1
(7219) o (P7 g‘?h) oM (P7 ggh) = 2/ / log |aan(62m’t1) _ aan(62wit2)| dt dts.

PRrOOF. The function:
gc : Cx C — (—o0,+00], (21,2) — log|z1 — 2|~

is a Green function for the diagonal of C = AL(C), associated to the 2-form 8 = 0. The associated
capacitary metric on TA% satisfies:

10/02]gz” = 1.
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Moreover the equilibrium measure 15(0,1,0 associated to the equilibrium potential: 95(0,1),0 = (z —

log™ |2|~1) for the origin in the unit disk, is the normalized Haar measure on:
0D(0,1)={z€C||z|=1}=U(1).

Using these observations, it is readily seen that, applied to Spec O = SpecZ, to the f.-a.
arithmetic surface ¥V = V(D(0,1),9) and to X = Al equipped with the Green function gc, the
expression (7.2.15) for the self-intersection of av.(P, g3;,) becomes (7.2.19). O

7.2.4.3. Corollary 7.2.11 admits a variant, concerning a morphism « from )7(5(0, 1),9) to P,
obtained by using the Green function gpi(cy for the diagonal of P!(C) introduced in 5.3.2 (2) in
the expression (7.2.15) for the self-intersection of . (P, g%). As already observed in 5.4.2, the

first integral in the right-hand side of (7.2.15) is the value at 1 of the characteristic function T, of
Nevanlinna-Ahlfors-Shimizu associated to a.

The following formulation of this special instance of Proposition 5.4.2 emphasizes this relation
to Nevalinna theory, and facilitates the comparison of our results with the ones in [CDT21].

Consider the following data:

e a formal series ¥ in Ggor(R);
e a morphism of (formal) schemes:

a: SpfZ[[T]] — Pi;
e a meromorphic function, defined on the open disk D(0, R) of radius R € (0, +oc]:
o™ : D(0,R) — PY(C);
and assume that & and o®” are not constant and satisfy the gluing relation (7.2.18).
Let us denote by:
ht : P1(Q) — Ry
the usual height, defined by:
(7.2.20) ht(zo : 21) := log (2§ + x%)lﬂ
for every pair (zp,x1) of integers that are prime together.
For every r € (0,400), we may consider the following f.-a.surface over Spec Z:
Yy = V(D(0, ), ),
and the morphism:
ES (67 a\a%(o,r)+) : ﬁr — ]P’%.

COROLLARY 7.2.12. With the notation above, for every r € (0, R), the following equality holds:

(7.2.21) . (P, gi}r,c) o (P, ggﬁc) = 2ht(a(0)) 4+ 2 Tgan ()
1 1
_ / / g]Pl((C) (aan(r eQTritl)7 aan(r e?m’tz)) dtl dtg.
o Jo

In the right-hand side of (7.2.21), we denote by «(0) the point a(0) = a®*(0) of P1(Q), by Tyan
the characteristic function of o as defined in (5.4.10), and by gpi(c) the Green function for the
diagonal of P1(C) defined by (5.3.2).

To derive (7.2.21) from the expression (7.2.15) applied to the morphism a := a,. from V := D, to
X =P}, and to the Green function g := gp: (), observe that the Hermitian line bundle T::f is then
isomorphic to the second tensor power of the Hermitian line bundle Op:1 (1) over P} that defines the
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usual height (7.2.20), and that the equilibrium measure HB(0,1),r is the rotation invariant probability
measure on 9D(0, 7).

Observe that, since gp1(c) is non-negative, (7.2.21) implies the following upper bound:

(7.2.22) o (P, gy, ) ou(P, ggm) < 2ht(a(0)) + 2 Then (r).

7.3. Meromorphic maps from f.-a.arithmetic surfaces to proper arithmetic schemes

The results of the previous sections may be extended to the situation where, instead of a mor-
phism f:V — X from a smooth f.-a.surface V to a quasi-projective scheme or an arithmetic surface
X over Ok, we consider a meromorphic map:

(7.3.1) fiV-->X

from V to some projective scheme over Ok.

For lack of suitable available references concerning rational maps or morphisms defined on
general Noetherian formal schemes, we will follow a pedestrian approach to define the meromorphic
maps (7.3.1), by taking advantage of the two-dimensional nature of the formal scheme % underlying
the f-a.surface V.

In this section, we denote by:

Vi=(V,(Va, Pr,to)rircsc)

a smooth f.-a.arithmetic surface over Og.

7.3.1. Regular modifications of Y and meromorphic maps from V to projective Ok-
schemes.

7.3.1.1. We define a regular modification of Vasa morphism of formal schemes:
vV — Y
that may be written as a composition:
vi=vio-ov YV =V, Y, I Y Iy =
where v; is the blowing up of a finite set of closed points of the definition scheme |]7Z| of ]72

By definition, Vs a “regular formal arithmetic surface”, whose reduced scheme of definition
[V'| is purely one-dimensional and proper over Spec O-.

The scheme H/}/ | admits a unique irreducible component that is finite over Spec Ox. We shall
denote it by |V'|hor; the restriction of v defines an isomorphism:

V5 er * [V hor = V).

The other components of |]7| are (isomorphic to) projective lines over some finite fields. We shall
denote the union of these vertical components by [V'|yert-

We shall denote by Ind(r~!) the “locus of indetermination” of »~!, namely the finite set of
closed points of |V| in the image of the centers of the morphisms v;:

Ind(v~1) := U vio---ou_1(Cy),
1<i<n
where C; denotes the center of the blowing up v;.

The inverse image by r of Ind(v~!), considered as a closed subscheme of |17|, hence of ]7, is an
effective divisor on V', of support |V'|vert-
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7.3.1.2. A regular modification v : V' =V as above is an adic morphism of formal schemes. For
every coherent Op,-module F, the direct image v,F is a coherent Op-module. When F is locally
free, its direct image v, F is not always locally free. However it is torsion free, its bidual (v,F)V" is
a locally free Op-module, the tautological morphism:

7 v F — (L F)VY
is injective, and its cokernel coker 7 is an Og-module of finite length, supported by Ind(v—1).

By applying these observations to a line bundle L’ over % , one obtains:

PROPOSITION 7.3.1. For every reqular modification v : V' =V as above and every line bundle
L' over V', there exists a line bundle L over V, a divisor W in V' supported by |V'|vert, and an
isomorphism of lines bundles over V':
v L5 v L@ O (W).
When this holds, L is canonically isomorphic to (v, L')VY

7.3.1.3. We may introduce the category of reqular modifications of % by defining a morphism for
a regular modification vy : 171 —Vtoa regular modification vy : 1/2\2 —Vasa morphism of formal
schemes ¢ : 171 — )72 such that v 0 p = 1.
Actually, if such a morphism exists, it is unique and may be written as a composition of blowups
of closed points. Moreover, for any pair of regular modifications:
l/i:];i—>9, 1 =1,2,

there exists a regular modification v : V' =V and two morphisms ¢, and @5 from v to vy and
vo respectively. This notably implies that the category of regular modifications is equivalent to a
directed set.

7.3.1.4. Let X be a projective scheme over Spec Og. We define a meromorphic map:
FiV--»X
over Spec Ok as a morphlsm fK VK — Xk of (formal) schemes over K such that there exists a

regular modification v : V' =V and a morphism f K VK — X of (formal) schemes over Spec Ok:
such that:

J? }{ = J? KOVK.
When this holds, we will say that the regular modification v is adapted to f

The set of meromorphic maps from Y to X over Spec Ok may be identified with the limit:
lim More, (V', X)
v:V'=V

of the sets Moro,. (V X) of morphisms over Spec Ok, taken over the directed set of formal modifi-
cations v : V' — V.

The elements of the field M (V) of formal meromorphic functions on V, as defined in [HM68],
may be identified with the meromorphic maps:

f: V- IP’%Q X«

over Spec Ok that are distinct from the “constant” morphism oco. This follows from the desingural-

ization @ la M. Noether of divisors in the regular formal scheme 17; see for instance [Abh56] and
[Sha66, pages 38-44].

More generally, consider a morphism ]?K : 17[( — Xk of (formal) schemes over K, an affine open
neighborhood U of fx(Pk) in X, and an embedding of K-schemes:

(T1,...,2n) : U——AR.
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Then jK defines a meromorphic map f: ]A/ --+ X if and only if the elements 10 fK, ..., TN O fK
of O(Vk) are elements of the subfield M(V) := Frac ow V) of M(Vk) := Frac O(Vk).

7.3.2. Meromorphic maps from V to projective Og-schemes.
7.3.2.1. A meromorphic map:
f:V---X

over Spec Ok from the smooth f.-a.surface Vtoa projective Og-scheme X is defined by a general-
ization of the definition of morphisms in 7.1.1, namely as a pair:

fi= (J?a (fo)o:kc)
where: L
f:V---X
is a meromorphic map over Ok and where, for every complex embedding o of K,
fo : Vo — X,(C)

is a complex analytic map. Moreover, for every embedding o : K < C, the morphisms from
the smooth formal curve V to the complex scheme X, deduced from fK (by the base change
o: 0k — C) and from f, (by considering its “formal germ” at P,) are required to coincide.

The discussion in 7.1.1.2 of the relations between the diverse “Zariski closures of the image”
associated to a morphism f : Vo X easily extends to the meromorphic maps f : VY --» X so
defined. In particular, it makes sense to say that f : VY —-» X is constant, or that its image is
algebraic.

7.3.2.2. The construction of the pro-Hermitian vector bundle 2 E over Spec Ok associated

V,p)*
to a Hermitian vector bundle E on V discussed in 6.1.2.2, and the construction of the morphism of
(pro-)Hermitian vector bundles :

YE WX*E—>7T(V )*f E

associated to a morphism f from V to some projective Og-scheme X equipped with a Hermitian
vector bundle E that we discussed in 7.1.2.1 admit the following generalizations involving regular
modifications.

Consider a regular modification v : V' — V as above. The pair:

]7/ = (ﬁ/7 (Vo‘7 Oa’; LG‘)O’ZK‘—)C)

defines a generalized smooth formal-analytic surface. There is an obvious notion of a vector bundle:

E = (E, (Eo-, (po')O':K‘—}(C)?

and of a Hermitian vector bundle:

E = (E7 (E(rv Pos ||~H0')J:K<—>(C)
over ﬁﬂ defined as in 6.1.2.1, where E is now a vector bundle over V.
Let p be a positive volume form on V¢, invariant under complex conjugation, as in 6.1.2.2. Then

to a Hermitian vector bundle E over V', we may attach:

2 = ~, =~ R
(7:3.2) 7l B 1= (TOB), (1 (Ve s B L), oo ),

where 7, is defined as in 6.1.2.2, with obvious minor modifications. An extension of the proof in
[BosZO 10.6.2] shows that it is a pro-Hermitian vector bundle over Spec Ok, as in the case where
V' is V recalled in 6.1.2.2 above.
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The construction (7.3.2) of the direct image on Spec O of some Hermitian vector bundle over
V' is related as follows to the construction of the direct image of Hermitian torsion free coherent
sheaves and vector bundles over V.

Consider a Hermitian vector bundle:
. ~
E = (El7(Eaa<P07 ||-||J)U:KHC)

over V'. The direct image v.E' of the underlying vector bundle E' over V by the modification v is a
torsion free coherent sheaf over V. Moreover its “restriction” (v.E')k to Vi ~ Vi may be identified
with E% . We therefore define a Hermitian torsion free coherent sheaf over V by letting:

VE = (E' (Bs, 0, || ]lo)o: ke
The identification of coherent sheaves of Op-modules:
7'('9*1/*@’ ~ W9,*E\’
extends to an identification:
(7.3.3) L (WE) ~ 77(]‘;,,@*@/.

As explained in 6.1.2.3, the left-hand side of (7.3.3) is a pro-Hermitian vector bundle over Spec Ok,

and therefore 7l *E/ also is. Moreover, as shown by Proposition 6.1.1, the properties of the

(V')
pro-Hermitian vector bundle wfé/ u)*E/ — for instance its #-finiteness — are closely related to the
properties of 71'([";’”)*@, where:

E:=(wE)"

is the Hermitian vector bundle over V deduced from V*E/ by biduality.

7.3.2.3. Once the direct image (7.3.2) has been introduced, Proposition 7.1.1 immediately ex-
tends to the situation where f is a meromorphic map:

f=(F ™)V X

from X to a reduced flat projective O x-scheme X equipped with some Hermitian vector bundle E.

Indeed, if v : V' =V denotes a regular modification of % adapted to the meromorphic map:

o~ o~

f:V---X

and if:

;o= (Y — X
denotes the associated O g-morphism, then we may consider the Hermitian vector bundle f"*E over
(Lé, #)*f'*E over Spec Ok. It is readily seen to be “independent” of the
choice of the adapted modification v, the pull-back of sections of E by f’ defines a morphism:

V' and its direct image T

= 2 .
op Ty E — W(Lg,#)*f' E
of (pro-)Hermitian vector bundles over Spec Ok, and the last assertion of Proposition 7.1.1 still
holds.
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7.3.3. Meromorphic maps from VY to projective arithmetic surfaces and arithmetic
intersections numbers. Assume that X is an integral normal projective arithmetic surface over
Spec Ok, and consider a non-constant meromorphic map:

a: (@, (@)o:kc) : V-5 X.

As before, we shall denote by a®” the complex analytic map from V¢ to X (C) defined by the maps a,
and by e(«) the ramification index of the morphism ak : Vg — Xk.

In this paragraph, we discuss the extension to this framework of the constructions and results
of Section 7.2.

7.3.3.1. Let us choose a regular modification v : V =V adapted to @, and let us denote by:
&V —X
the morphism of (formal) schemes over Spec O that defines a.

Let (D, g) be an Arakelov divisor in 7(1:(]7) The inverse image v*D is a divisor in V supported
by |V’], and its direct image by the proper map @' : [V'| — X defines a divisor:

gD :=a.v*D

in Z1(X). Tt is readily seen to be independent of the choice of the adapted regular modification v,
and we may define:

Lox(D,g) = (TaxD,a"g) = (T'a. D, (0490 )o: k)
It is an Arakelov divisor in Z (X), and this construction defines a morphism of Z-modules:
Tow: Z,(V) — Z (X),
which is compatible with the positivity of Arakelov divisors.

If f: X — X' is a dominant, or equivalently surjective, morphism of integral normal projective
arithmetic surfaces over Spec O, then:

foa:=(fod, (fooas)mkxwc):V -+ X'
is a non-constant meromorphic map, and for every Arakelov divisor (D, g) in Zi (V), the following
. .l
equality holds in Z (X'):
(7.3.4) (0 0)u(D,g) = fou(D,g).

The proof is straighforward.
7.3.3.2. We shall denote by P’ the section of the structure morphism:

T V' — Spec Ok
defined as the proper transform of P. It is the inverse of the isomorphism:

. A, ~
W\A}’Hﬁ’h.or : |V |hor — SpeCOK.

The divisor v*P in V' may be written:
(7.3.5) V'P=P V'
where V' is an effective divisor supported by \]A/’\vm.

As before, we denote by @ the section &' o P of the structure morphism 7y : X — Spec Ok.
The inverse image &’*(Q) is a Q-divisor in V, and may be written:

(7.3.6) a*(Q) = e(a)P' + R,

where R’ is an effective Q-divisor in V' such that [R'| N P’ = |R'| N [V'|uer is a finite set of closed
points, and therefore |R’| N |v* P| is proper over Spec O.
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The direct image W‘Vl*(R/ - v*P) by the structure morphism Ty V| — Spec Ok of the 0-

dimensional intersection cycle of R’ and v* P, which is defined up to vertical linear equivalence, is a
well defined 0-dimensional Q-cycle in Spec O. It is readily seen to be independent of the choice of
the adapted regular modification v, and consequently its Arakelov degree:

(7.3.7) degR - v*P
also is.

Observe that the Arakelov degree (7.3.7) is non-negative. Actually, for any effective divisor D
in V' that does not contain P’, the Arakelov degree:

degD - v*P

is well-defined and non-negative. This non- negat1v1ty indeed follows from the fact that, for every
component W of [V|hor, the intersection number deg W - v* P vanishes.

The direct image @’ V' is a vertical effective divisor in X, and its inverse image a’*@’, V' is an
effective Q-divisor in V'. Here again |@™*a, V| N P’ is a finite set of closed points, the direct image
ﬂ‘ﬁl*(a’*&ﬂ/’ -v*P’) is a well-defined 0-dimensional Q-cycle in Spec Ok which does not depend of
the choice of v, and its Arakelov degree:

deg /\/*/\/ V/ V*Pl
also is non-negative.
DEFINITION 7.3.2. With the above notation, we define:

(7.3.8) Ex(a:V --» X) :=deg (R +a"*a.V') - v*P.

One easily checks that the invariant Ex(a : V- X ) also admits the following expressions:

(7.3.9) Ex(@:V --» X) = deg (@"@.(v*(P)) — e(a) P') - v*P
(7.3.10) = deg (@"@.(v*P) — e(a) v*P) - v* P,

which extend the equality (7.2.7) to the situation, and are formally similar to (5.2.3).

Observe that (7.3.9) makes clear the non-negativity of Ex(a : V --» X), and (7.3.10) its inde-
pendence of the choice of the regular modification v adapted to a.

7.3.3.3. As in 7.2.3.1, let us consider a family g := (g, )o-x—c of Green functions for the points

P, in the Riemann surfaces V" such that (P, g) is an Arakelov divisor in 7i (]7), and the associated
Hermitian line bundle:

NpgV = (NpV, ([.15:P)0:kc)
defined by the associated capacitary metrics |[.|[52P.

The following proposition is the generalization of Proposition 7.2.6 to meromorphic maps.
PROPOSITION 7.3.3. With the notation above, the following equality holds:

(7.3.11) LCow(P,g) - Tax (P, g) = e(a )degP*NPgV + EX(O[ Vs X Z Ex(, go)-
o:K—C

When the Green functions g, are the equilibrium potentials gy, p, , the equality (7.3.11) becomes
the following generalization of (7.2.13):

(7.3.12) Tau(P.g5,)  Tas(P,g5,) = e(a) deg P'NpV + Ex(a: V --» X)

+ Y Ex(ag: (Vo Py) = Xo)).
o: K—C
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PROOF OF PROPOSITION 7.3.3. We may choose a positive integer N such that the divisor N@Q
and Na, V' are Cartier. Then we may define a Hermitian line bundle L over X by:

(7.3.13) L:= O(NT4.P,Na*g) = O(NQ + Na.V’',Na*yg).

We want to show that N~2L - L equals the right-hand side of (7.3.11)?

In the present context, the relations (7.2.10), (7.2.11), and (7.2.12) in the proof of Lemma 7.2.7
are replaced by:

a”"(NQ) =e(a)NP'+ NR/,
I:8"0x(NQ) — Og,(e(a)NP") @ Oy, (NR'),
and:
Iipr - Q*Ox (NQ) > POy, (e(a)NP') @ P*Oy(NR)),
and the conclusion (7.2.9) of Lemma 7.2.7 becomes:

N~'deg Q"O(NQ, Na2"g) = e(a)deg P*Npr V' +deg PR + Y / Go Bt (@) —c P,
o:K—C Vo

Therefore:
(7.3.14) N~'deg Q*L = e(a) deg P*Nps ,V' + deg P’ - R' + deg Q - &,V

+ Z /905a31(Qa)—ePg~
v,

o:K—C
Moreover, we have:
N72L-L=N"'L-(Q+a.V’',a™y)

(7.3.15) = NT'Q" L+ N'deg L-aLV' + / aigw(asty).
X(C)

From (7.3.14) and (7.3.15), we get:
(7.3.16) N72L-L =e(a)deg P*Np/ V' +deg P’ - R +deg Q- @V’ +deg (Q +a.V') - a.V’
+ Z Ex(aa,go)'

o:KC
Using the isomorphism:
P*NpV 5 P*u*Og(P) =5 P*Oy(P' + V') =5 P*NpV' @ O(P'- V'),
we get the following equality between arithmetic degrees:
(7.3.17) deg P*Np: 4V = deg P*Np,V —deg P’ - V.

Using (7.3.16) and (7.3.17), we see that the validity of (7.3.11) follows from the following equality
between intersection numbers:

(7.3.18) deg (R +&™a.V') - v*P = —e(a)deg P’ - V' + +deg P’ - R + deg Q - &.V’
+deg (Q+alV')-alv'.

This is a straighforward consequence of the adjunction formula and of the relations (7.3.5) and (7.3.6).
|
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7.3.3.4. Let U be an integral normal arithmetic surface over Spec O, possibly non-projective.
There exists an open imbedding of U into some integral normal projective arithmetic surface X over
Spec Ok . One might define a meromorphic map:

a:=(a,a™):V--»U

as a meromorphic map: _
o = (@,a*): V- X
such that the morphism o/ : Vi — Xg does not factor through (X \ U)g. This definition may be
seen to be independent of the choice of the compactification X of U. However the self-intersection
Tors (P, g%) ‘T (P, g%) may in general depend of this choice.
This dependence forbids us to define the self-intersection I'as(P, gy;.) - Iax(P, g3;.) when the
range U of « is affine and the compactification X is not specified.






CHAPTER 8

Pseudoconcave formal-analytic arithmetic surfaces I: degree

~

bounds, algebraicity, and the field M (V)

This chapter is devoted to the properties of pseudoconcave arithmetic surfaces and of the mor-
phisms from those to arithmetic schemes. These properties constitute the main results of this mem-
oir, and are established by transposing in the arithmetic setting the arguments already introduced
in a geometric framework in Part 1, by using the tools developed in Part 2.

Notably we derive a bound on the degree of a morphism between arithmetic surfaces which is
an arithmetic analogue of the geometric bounds in Propositions 1.3.1 and 2.1.6, and where the role
of the auxiliary complex analytic surface V is played by a f.-a.arithmetic surface V.

We also complete the algebraicity results concerning smooth morphisms from pseudoconcave
f.-a.surfaces to arithmetic schemes established in [Bos20, Chapter 10] by proving in Theorem 8.3.1
some finiteness results concerning the field M(ﬁ) of meromorphic functions on a pseudoconcave f.-a.
arithmetic surface 9, which plays the role of Theorems 2.2.5 and 2.3.1. We conclude this chapter by
discussing how hese finiteness results contain as a special case the arithmetic holonomicity theorem
of [CDT21].

In the next chapter, we shall complement these results by deriving from them some arithmetic
analogues of the finiteness results concerning the universal meromorphic map ¢ : V --» V218 and
the algebra A introduced in Subsection 2.3.3, and of the Lefschetz-Nori theorems on fundamental
groups of algebraic surfaces established in Proposition 1.3.2 and Theorem 2.2.4.

In this chapter, we denote by K a number field, and by Ok its ring of integers.

8.1. The invariant D(«). Degree bounds on morphisms between arithmetic surfaces

8.1.1. The invariant D(«).

8.1.1.1. Definitions. Recall that a smooth f-a. arithmetic surface V over Spec O is called
pseudoconcave when the metrized normal bundle N pV satisfies the following positivity condition:

deg NpV > 0.
DEFINITION 8.1.1. Let V be a pseudoconcave f.-a.arithmetic surface over Spec Ok .
For every non-constant morphism over Spec O:
o= (@, ()girsc) : YV — X
from V to some integral normal surface X over Ok, we let:

a.(P,gy,) - (P g5.)

(8.1.1) D(a:V = X) = Yol
dengV

Similarly, for every non-constant meromorphic map over Spec Ok:

o = (a7 (ao)a:K%C) : ]7 -+ X

123
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from V to some integral normal projective surface X over Ok, we let:
Fa* (P’ g\j@) ) Fa* (P’ ggc)
deg N pV

(8.1.2) D(a: Vs X):=

8.1.1.2. According to Corollary 7.2.8, (7.2.13), and to (7.3.12), the invariants D(a cY = X)
and D(a V- X ) admit the following expressions:

(8.1.3) D(a:V = X) =e(a) + (degNpV) " (Ex(a Vo X)+ > Ex(ag: (Ve Py) » XU))

0:K—C
and:
(8.1.4)
D(a: V- X) =e(a)+ (d/e\gﬁpf/)fl(Ex(a V- X) + Z Ex(ay : (Vo, Py) — Xa))7

o:K—C
where, as usual, e(«) denotes the ramification index of ax : Vk — Xk.

Together with the non-negativity of the overflow invariants Ex(a : V — X), Ex(@ : V --» X),
and Ex(a, : (Vo, Py) = X, ), the relations (8.1.2) and (8.1.4) imply the following lower bounds:

(8.1.5) D(a:\NJAX) >e(a) and D(a:]N/——+ X) > e(a).
8.1.1.3. Ezamples. Thanks to the expression of the Archimedean overflow in Theorem 5.4.1, one

gets explicit formulae for the invariant D(a : V — X) when V is the f.-a.surface V(D(0,r), ) over
Spec Z associated to a formal series in Giop(R) := R*T + T?R[[T]], and when X is AL or P}.

Consider for instance the situation in 7.2.4.3. Namely suppose that we are given a series v in
Gtor(R), a morphism of formal schemes:

& : SptZ{[T)) — P,
and a meromorphic function, defined on the open disk D(0, R) of radius R € (0, +o0]:
o™ : D(0,R) — P(C).
We also assume that @ and o®” are not constant and satisfy the relation:
a=a*™ o).
For every r € (0, R), we introduce the smooth f.-a.surface over Spec Z:
Ve = V(D(0, 1), 9),

and the morphism:

oy = (67 O‘%(o,rﬁ) VY, — P
Then we have:

and consequently ﬁr is pseudoconcave if and only if:
> [¢'(0)]-

The invariant D (a : V. — IP}) is defined for every r € (r, R). According to (7.2.21) and (8.1.6),
it satisfies:

(8.1.7)  D(a : V, = PL) = 2 (log(r/|¢'(0)])) ™" (ht((0)) 4 Toan (7))

~ (log(r/¥/O)])) " /[ L9 (" T, )
0,1]2

)
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See (7.2.20) and (5.4.10) for the definitions of the height ht(«(0)) and of the Nevanlinna characteristic
function T,an. Observe also that (8.1.7) implies the following upper-bound:

(8.1.8) D(a,: YV, —Ph) <2 (log(r/W/(O)D)_l(ht(a(O)) + Toan(r)).

When @ is a morphism from Spf Z[[T]] to A} (equivalently when & is defined by a formal series
in Z[[T]]) and o takes its values in C, then using (7.2.19) we also get the following equality:
(8.1.9)  D(ay: V, — Aj) =2 (log(r/|w’(0)\))_1 / log [ (re*™" 1) — o™ (re*™*2)| dty dto.

[0,1]2

8.1.2. Pseudoconcave f.-a.surfaces and degree bounds on maps between arithmetic
surfaces.

THEOREM 8.1.2. Let V be a pseudoconcave formal-analytic arithmetic surface over Spec Ok,
and let U and V' be two integral normal arithmetic surfaces over Spec Ok . Consider a commutative

diagram of morphisms over Spec O :
B
/ lf

.

If « is non-constant, then B also is, f is dominant and generically finite, and its degree deg f
satisfies the upper bound:
D(a: VU )
D(B:V—=V)

Recall that by definition deg f is the degree of the finite extension of fields:

ffir(X)=KXk)—r(Y)=K(Yk).

Observe also that (8.1.10) immediately implies the following upper bound on deg f:
(8.1.11) deg f < D(a:V = U)/e(B) < D(a:V — U).

(8.1.10) deg f <

PrROOF. When « is non-constant, then [ also is clearly non-constant, and fx is non-constant.
This implies that f is dominant and generically finite.

If we let:
A= a,(P, 95,) and B := B.(P, 95.):
then we have: - -
A= f.B
by Proposition 7.2.1. Moreover, according to the definition and the positivity of D(« : VU ), we
have:

A-A=a.(Pygy) - a.(Pgy)
=D(a:V = U) degNpV > 0.
Similarly we have:
BB = B.(P,g3.) - B«(P,g5,)
=D(B:V —V)degNpY > 0.
Therefore the upper bound (8.1.10) follows from the upper bound (3.5.19):

deg f < =— =
egf_B_

established in Theorem 3.5.10. O

Sy
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Theorem 8.1.2 admits the following variant concerning meromorphic maps from pseudoconcave
f.-a.surfaces to projective arithmetic surfaces:

THEOREM 8.1.3. Let V be a pseudoconcave formal-analytic arithmetic surface over Spec Ok,
and let X and Y be two integral normal projective arithmetic surfaces over Spec Ok . Consider a
commutative diagram of morphisms over Spec Ok :

Y

3 7 |
(8.1.12) PR

yz \
V- 2sX,

where X and Y are integral projective arithmetic surfaces over Spec Ok, with X normal, where «
and B are meromorphic maps over Spec Ok, and where f is a rational map over of Spec Ok .

If a is non-constant, then B also is, f is dominant and generically finite, and its degree deg f
satisfies the upper bound:

(8.1.13) deg f < D(a:V --» X)/e(B).

Recall that the data of a rational map f : Y --+ X over Spec Ok is equivalent to the data
of a K-morphism of curves: fx : Yx — Xk and that the degree of f coincides with the degree
[K(Yk) : fj; K(Xk)] of this morphism. The commutativity of the diagram (8.1.12) may be defined
by the commutativity of the following diagram of (formal) schemes over K:

Yx

Bx lf}(
ﬁK YR X K.

PROOF. After possibly replacing Y by the normalization of the closure of the graph of f, we
may assume that f is a not only a rational map, but an actual morphism from Y to X. Indeed this
reduction does not modify fx and its degree, nor the character of 8, nor the ramification index e(f)
of BK : VK — YK

Then we may define:

A= Fa*(qu\jC) and B := Fﬁ*(P“ggC)
We still have:

A=f.B
by (7.3.4). Moreover:
A-A=D(a:V-->U) degNpV
and
B-B=D(8:V-->V)degNpV > e(8) deg NpV.

Therefore the upper bound (8.1.13) again follows from (3.5.19). O

8.2. Algebraicity of maps from pseudoconcave f.-a. arithmetic surfaces to arithmetic
schemes

8.2.1. Upper bounds on hg(f/,M@D) and algebraicity.
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8.2.1.1. The following algebraicity theorem is an arithmetic analogue of the algebraicity results
in a geometric framework established in Proposition 1.4.3 and Proposition 2.1.3.

THEOREM 8.2.1. Let V be a pseudoconcave smooth f.-a. arithmetic surface. For every quasi-
projective (resp. projective) Ok -scheme and any morphism « : V — X (resp. any meromorphic
map: «:V --+ X ) over Spec Ok, the image of « is algebraic.

When « is a morphism to a quasi-projective Og-scheme, that is the main result in [Bos20,
Chapter 10]; see loc. cit. Theorem 10.8.1. In this section, we explain how the proof in [Bos20] may
be extended to cover the case of a meromorphic map « form V to a projective Og-scheme. We also
derive an alternative proof of the degree bound in (8.1.11):

dengD(a:17—>U)
from the results of [Bos20], analogue to the alternative proof of the geometric degree bound (1.3.7)
given in paragraph 1.4.1.

8.2.1.2. As in the geometric situations studied in paragraph 1.4.2 and 2.1.1, the algebraicity
theorem 8.2.1 is a consequence of a finite result concerning the spaces sections of some Hermitian
line bundle M over a pseudoconcave f.-a.arithmetic surface ¥ and of its tensor powers M®P and of
the asymptotic behavior of the “dimensions” hg (V, M;M(@D) of these spaces.

Our main tool will be the following theorem, which is basically established in [Bos20, Sections
10.5 and 10.7], and constitutes an arithmetic conterpart of Propositions 1.4.1 and 2.1.1.

THEOREM 8.2.2. Let V := (9, (VU,PU,LU)U;K;)(C) be a pseudoconcave smooth f.-a. arithmetic
surface, and let p be a C* positive volume form on V¢ invariant under complex conjugation.
(1) For every Hermitian vector bundle E over 17, the pro-Hermitian vector bundle 2 Fois

(Vo)
0-finite, and we may therefore define:

hg,L2 (V’ 3 F) = hg (W(L\N),,u)*E) :

(2) For every Hermitian line bundle M on lN/, when D € N goes to infinity, we have:
®D

(8.2.1) hY 2V, M) = O(D?).
More precisely, when d/eEP*M < 0, we have:
(8.2.2) lim 1Y .V, M°7) =0,
D—+oco ’
and in general:
— 2
~ 1 (M- (P, g5,
(8.2.3) limsup D2 h ., (V,M;M®D) < 7%.
D—+00 ' 2 degNpV

In the right-hand side of (8.2.3), P denotes the canonical section of the structure morphism
7y + V — Spec Ok, (P, g5;.) is the Arakelov divisor on V defined in paragraph 6.2.2 by the equilibrium
potentials (gv, p,)o:k—c, and N pV the metrized normal bundle of P in V defined by (6.2.3). The
arithmetic intersection number M - (P, gy;) has been defined in paragraph 6.2.3; explicitly, we have:

M- (P,gy) = degP*M+/ gy c1(M) = deg P*M + Z / gv,.p, c1(My).
Ve o:K—C7 Ve
Theorem 8.2.2 follows from Theorem 10.7.1 in [Bos20] and from its proof. Indeed, the limit
estimates (8.2.2) and (8.2.3) follow from the proof of Theorem 10.7.1 in [Bos20, 10.7.4 pp. 286 —
287], and from the bound on the constant C,, in Lemma 10.7.2 provided by the Schwarz lemma on
a compact Riemann surface with boundary in [Bos20, 10.5.5].
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To handle the case of a meromorphic map « : V --» X in Theorem 8.2.1 only, we will use the
following partial generalization! of Theorem 8.2.2.

THEOREM 8.2.3. Let V = (ﬁ, (VU,PU,LU)U;Kc_)c) be a pseudoconcave smooth f.-a. arithmetic
surface, let i be a C*° positive volume form on V¢ invariant under complex conjugation, and let

vV Y

be a regular modification.
(1) For every Hermitian vector bundle E over V, the pro-Hermitian vector bundle 71'([’5, u)*E/ 18
0-finite, and we may therefore define:

= -/
ho (V' s E) := hg (m (55, H)*E).

(2) For every Hermitian line bundle M onV', when D € N goes to infinity, we have:

(8.2.4) 1Y (V' i %7y = 0(D?).

PROOF. Let E := (E’, (EL, o, |l-llo)o:kc) be a Hermitian vector bundle over V. We may
define the Hermitian torsion free coherent sheaf over V:

VE = (E, (Esy @0, ||-|0)o:xsc),

and its bidual:
E:=WE)" = (nE)", <E;,soa, I llo)e:ksc)-

-/
(V, e E may be identified with 7r( B ) v.E.

According to Proposition 6.1.1, the #-finiteness of 7T(V ) v.E follows from the one of 77(9 ) E,

itself established in [Bos20, Theorem 10.7.1], and stated in Theorem 8.2.2, (1), above. Moreover
the following inequality holds:

As already observed in 7.3.2.2, the direct image 7/

(8.2.5) h 2V 5 E') = hY (Vi E') < hG 12(V, 113 E).

Let I be a Hermitian line bundle over V’ .~According to Proposition 7.3.1, it may be written
v*L(W) for some Hermitian line bundle L over V and some divisor W in V' supported by the union
[V |vert of the vertical components of |V|. For every integer D, I'®” is isomorphic to 1/*Z®D(DVV)7
and the bidual of V*f@D is isomorphic to f®

Applied to E = f/®D, the inequality (8.2.5) reads:

1Q D ®D

(8.2.6) Wy (VL") <Y (VL ).

As proved in [Bos20, Theorem 10.7.1], and stated in Theorem 8.2.2, (2), when D € N goes to
infinity, we have:
1y 2V, T°7) = 0(D?).

Together with (8.2.6), this establishes (8.2.4). O

IThe proof of Theorem 8.2.3 will rely on [Bos20, Theorem 10.7.1], and not on the more precise version, including
the estimate (8.2.3), stated in Theorem 8.2.2.
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8.2.1.3. Let us complete the proof of Theorem 8.2.1 by establishing the algebraicity of the image
of a meromorphic map:

Q= (aa (aU)U:K‘—)C) V- X

over Spec Ok, when Y and X are respectively a pseudoconcave smooth f.-a.surface and a projective
scheme over Spec Ok . The following argument is a minor variant of the proof of [Bos20, Theorem
10.8.1], but we include it for the sake of completeness.

With the above notation, we want to prove that the Zariski closure ima of the image of @
satisfies:

dimima < 2.
To achieve this, we may assume that X coincides with ima, and therefore is an integral projective
flat scheme over Spec Ok .

Moreover we may chose a Hermitian line bundle L over X such that, if we let, for every integer

D:?
—®D —®D
hg,,](Xv L ) = hg(ﬂ‘)](*L )v
then the following condition is satisfied:
(8.2.7) liminf D~ Xp0 (X, T%7) > 0,

D—+o0

See [Bos20, 10.3] for an elementary construction of a Hermitian line bundle L satisfying (8.2.7).
Actually, as shown in [Bos20, Theorem 10.3.2], any Hermitian line bundle L over X that is arith-
metically ample in the sense of Zhang will do.

We may choose a regular modification
vV — Y
adapted to the meromorphic map @, and denote by:
@V —X
the morphism of (formal) schemes defining a.

Finally we may choose a positive smooth volume form g on V¢, invariant under complex conju-
gation, such that, for every complex embedding o of K, we have pu(V,) < 1.

As observed in 7.1.2.1, Proposition 7.1.1, and in 7.3.2.2, pulling back sections of Z®D on X
along the morphism o' := (a/, (aU)U;Hc_)C) defines a morphism:

o J —®D L? 147D
Np 1Ty L ~— — Tyl L

of (pro-)Hermitian vector bundles over Spec Ok with Archimedean norms bounded above by 1.
Moreover, since X is the Zariski closure of the image of @', the morphisms 7p are injective, and
consequently the following estimates hold:

(8.2.8) 19 (X, %) < Y L2V, 50”7,

The upper bound (8.2.1) applied to M = o*T%" shows that the right-hand side of (8.2.8) is O(D?)
when D goes to +00. Together with (8.2.7), this implies:
dimima’ = dim X < 2,

and finishes the proof.

2See paragraph 7.1.2.1 for the definition of the Hermitian vector bundle w‘)](*f@)D,
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8.2.2. An alternative proof of the estimate deg f < D(«: V- U). As already mentioned,
it is possible to establish the inequality
deg f < D(a:V — U)
in Theorem 8.1.2 by a proof similar to the one in paragraph 1.4.1. The reader may compare the
argument below with the argument in [Cha22, section 4 and 5].

8.2.2.1. Nef and big Hermitian line bundles on projective arithmetic surfaces. Recall that a

Hermitian line bundle L = (L, ||.]|), defined by a C*® metric ||.||, over an integral normal projective
arithmetic surface X is nef when, for every effective® Arakelov divisor (Z,g) on X, we have:
L.(Z,g)>0.

A Hermitian line bundle L is nef if and only if the two following conditions hold:
(i) for every closed integral one-dimensional subscheme C of X:

hz(C) = d/e\gf\c = 0;
(ii) the measure c;(L) on X (C) is semi-positive.
A nef line bundle is big if, additionally:
L-L>0.

Using that any divisor on X is Q-Cartier, we may define similarly nef, and nef and big, Arakelov
Q-divisors on X. The following proposition is a straightforward consequence of the basic properties
of the Arakelov intersection pairing.

PROPOSITION 8.2.4. . Let f : X' — X a dominant (hence surjective}imorphism between two
integral normal projective arithmetic surfaces. If an Hermitian line bundle L on X is nef (resp. nef
and big), then its pull-back f*L is a nef (resp. nef and big) Hermitian line bundle on X'.

The following “arithmetic Hilbert-Samuel formula” is a direct consequence of [Zha95, Theorem
1.4] by the arguments in the proof of [Bos20, Theorem 10.3.2].

THEOREM 8.2.5. Let L be a big and nef Hermitian line bundle over an integral, normal projective
arithmetic surface X over Og. When the integer D goes to +00, we have:

(8.2.9) (X, I%7) =T -T D*/2+ o(D?).

8.2.2.2. Part (1) in the following proposition is an arithmetic analogue of Corollary 1.4.2. Its
proof will be a variation on the algebraicity proof in 8.2.1.3 above, where instead of the crude
estimates (8.2.1) and (8.2.7), we shall use (8.2.3) and (8.2.9).

PROPOSITION 8.2.6. Let V be a pseudoconcave smooth formal-analytic arithmetic surface over
Spec Ok and let
a: Vo X
be a nonconstant Ok -morphism from V to an integral normal projective arithmetic surface X over
Spec Ok
(1) For every Hermitian line bundle L over X that is nef and big, the following inequality holds:

- 2
degﬁpf/

(8.2.10) L-L<

(2) The Arakelov divisor on X :
. (P, g3.) = (@(P), ag3,)

3An Arakelov divisor (Z, g) is effective when the divisor Z is effective and the Green function is non-negative.



8.2. THE ALGEBRAICITY OF MAPS FROM PSEUDOCONCAVE F.-A. ARITHMETIC SURFACES 131

is nef and big.

PROOF OF PROPOSITION 8.2.6. (1) We choose a C* positive volume form g on Vg, invariant
under complex conjugation, such that, for every complex embedding o of K, u(V,) < 1.

As in paragraph 8.2.1.3, for every nonnegative integer D, pulling back sections of L®P on X by
« defines a morphism of of (pro-)Hermitian vector bundles over Spec O with Archimedean norms
bounded above by 1:

o J +®D L? *57®D
Np :Tx L — TS ) L

Since « is not constant, the Zariski closure ima of the image of @ in X is an arithmetic surface,
and therefore is X itself. As a consequence, the morphisms 7p are injective, so that the following
inequality holds:

—®D - — oD
hg 5 (X, r? ) < hg,m(V,u;a*L@ ).
AS a consequence:

(8.2.11) lim sup D~2h)) J(X7Z®D) < limsup D 2R ;- WV, s a*f®D).
D—+oco ’ D—+oco ’

The inequality (8.2.10) now follows from the arithmetic Hilbert-Samuel formula (8.2.9) in Theorem
8.2.5 and from the upper bound on the right-hand side of (8.2.11) provided by Theorem 8.2.2.

(2) The Arakelov divisor a. (P, gy;_) is effective. Moreover, for every embedding o : K — C, the

measure:
w(agp.)x, ) = w(tosgv,,P,) = Aoy, P,
is positive.

To prove that a. (P, gy;_) is nef, it is enough to prove that the Arakelov degree along &(P) of the
Hermitian Q-line bundle attached to cv.(P, gy;_) is nonnegative, since a(P) is the unique component
of of the support of the cycle underlying a. (P, gy;). This follows from Lemma 7.2.7, which shows
that this Arakelov degree is > e(«) d/e\gP*Wp,glA/7 and therefore positive.

Corollary 7.2.9 shows that the self-intersection of av, (P, g%) is positive, and therefore establishes
that it is big. O

8.2.2.3. In this paragraph, we return to the notation of Theorem 8.1.2 and we derive the bound:
deg f < D(av:V — U)

from Proposition 8.2.6.

To achieve this, we may replace U (resp. V') by the normalization of the closure of U (resp.
of the graph of f) in some ambient projective spaces, and consequently assume that U and V are
projective over Spec Ok .

Let L be a nef and big Hermitian line bundle on X. The pull-back f*L of L on Y is nef and
big, and we may apply Proposition 8.2.6 (1) to the morphism 5 and the Hermitian line bundle f*L.
This establishes the estimate:

(8.2.12) FL-fL< L (P’fg))z.
- deg NpV

Using the equality o = f o 5 and the projection formula of Proposition 7.2.2; (8.2.12) becomes:

(T - a.(P,g3))° |

8.2.13 deg f) L-L < Y
( ) (deg f) S =N



132 8. PSEUDOCONCAVE FORMAL-ANALYTIC ARITHMETIC SURFACES I

By homogeneity, (8.2.13) holds when L is an arbitrary nef and big Q-Hermitian line bundle on
X. In particular we may apply it to the Q-Hermitian line bundle (O(a(P)),||.|lasn) associated to
the Arakelov divisor a. (P, g3;) on X, which is nef and big by Proposition 8.2.6 (2). In this situation,

ZZ:ZO(*(P,gi}) = Oé*(P,gf;) 'a*(P>g]7)7
and (8.2.13) becomes:
degﬁpg

deg f < = D(a:V—U).

8.3. The field of meromorphic functions on a pseudoconcave f.-a. arithmetic surface

8.3.1. A finiteness theorem. A simple consequence of the algebraicity theorem 8.2.1 and
of the degree bound in Theorem 8.1.3 is the following finiteness property concerning the field of
meromorphic functions on a pseudoconcave f.-a.arithmetic surface.*

THEOREM 8.3.1. Let V be a pseudoconcave smooth f.-a. arithmetic surface. The following alter-

native holds: either ./\/1(17) =K, or /\/1(17) is an extension of finite type and of transcendence degree
one of K.

Moreover, for every integral, normal, projective arithmetic surface X over Spec Ok, and every
non-constant meromorphic map:

a = (@ (ar)okesc) 1V --» X
over Spec O, then the degree of the field extension:
Oé* : K(XK);}MG;% Y= (a*gé% (arr(po')U:K%C)
is finite and satisfies:

(8.3.1) MOV): o K(Xk)] < D(a:V --» X).

In the special case when X = Péw the second part of Theorem 8.3.1 reads as follows:

COROLLARY 8.3.2. With the notation of Theorem 8.3.1, for every f € M(V)\ K, M(V) is
a finite extension of the purely transcendental extension K(f) of K, and its degree satisfies the
following upper bound:

(8.3.2) M) : K(f)] <D(f:V -+ P5 ).
PROOF OF THEOREM 8.3.1. (1) We first prove the second part of the theorem. To achieve this,

it is enough to show that, for any element g of M(V), the subfield a* K (Xx)(g) of M(V) is a finite
extension of o* K (X ) and satisfies:

(8.3.3) [0*K(Xk)(g9): " K(Xk)] < D(a: Vs X).
To prove this, we identify g to a meromorphic map:
g = (ga (go)a:K%C) : ]7 -2 ]P)%QKy
and we consider the meromorphic map defined as the product of o and g:
ﬁ = ((aa/g\)a (aaagU)J:K‘—MC) : ﬁ - X X O ]P)%QK
According to the algebraicity theorem 8.2.1, § factors through a closed integral arithmetic surface
Y in X xo, wa and the projection :
pri:Y — X

4Conversely the fact that the this field has transcendence degree over K of this field is at most one is readily seen

to imply Theorem 8.2.1, and the estimate (8.3.2) to imply the degree bound deg f < D(a: V --» X) in Theorem 8.1.3.
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is dominant, hence surjective and generically finite, since « is non-constant. By construction, K (Y)
may be identified, by means of *, with a*K(Xk)(g), which is therefore a finite extension of
Oé*K(XK) ~ K(XK)

Moreover the meromorphic map f is readily seen to lift to the normalization v : Y 5 Y of Y.
This defines a meromorphic map:

B:V--+ Y
which fits into a commutative diagram:
Y
3 7
(834) P / lprlou
/
V- 2sX

By construction, we have:
K (Yi) = K(Yi) = " K(Xx)(9),
and:
degpry 0w = [a* K(Xx)(g) : K (X))
Therefore the estimate (8.3.3) follows from Theorem 8.1.3 applied to the diagram (8.3.4).

(2) To complete the proof, observe that an element f of M(]Ni) is defined by an element fk
of FracO(Vk) ~ K((T)) not in K, and therefore is transcendental over K. As already observed
in Corollary 8.3.2, Part (1) of this proof applied to f seen as a meromorphic map from V to ]P’%OK
establishes that M(V) is a finite extension of K (f). O

COROLLARY 8.3.3. With the notation of Theorem 8.3.1, if the map & defines an isomorphism
of formal schemes®:
a:y-" )?Q,
where Q := a(P), and if the maps (s )y ks TeStrict to injections:

Ay, Vo = X,(C),

then o establishes an isomorphism of fields:
ot K(Xk) = M(V).
A weaker result follows from [BCLO09, Theorem 7.9], which implies that o*K(Xk) contains
every element f := (f, (f,)s:k—c) such that f belongs to O(V).

PROOF. The assumptions on @ and (& )y k¢ imply that a is a morphism from VY to X, that
the ramification index e(«) is 1, and that the overflow invariants Ex(a : V — X) and Ex(a, : (Vs, Py)
vanish. Consequently:

D(:V— X)=1. 0

8.3.2. Application: the arithmetic holonomicity theorem of [CDT21].

5We denote by )?Q the formal completion of X along Q.
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8.3.2.1. Let us recall the statement of the arithmetic holonomicity theorem, which is one of the
main ingredients of the proof of the unbounded denominators conjecture by Calegari-Dimitrov-Tang
[CDT21]. We follow the notation of [CDT21, section 2] with only minor modifications.

Let U be a connected open subset of C containing 0, and let 2z € Q[[T]] be a formal power series
such that:

2(0) = 0 and 2'(0) = 1.
We identify « with the morphism
z : Spf C[[T]] — U
that it defines.
Consider the subset H(U,x,Z) of the space Q[[X]] whose elements are those power series f €
Q[[X]] satisfying the following two conditions:

(i) the formal power series f ox € Q[[T]] lies in Z[[T]];
(ii) the formal power series f is holonomic on U, namely, there exists a nonzero linear differ-
ential operator L in C(X)[d/dz], without singularities on U, such that:

L() = 0.
The set H(U, z,Z) is readily seen to be a Z-subalgebra of Q[[X]].

We assume that the uniformization radius of the pointed Riemann surface (U,0) is strictly
greater than 1 or, equivalently, that there exists a holomorphic map

P D(O,l)+ — U

such that

¢(0) =0
and
(8.3.5) | (0)] > 1.

The following statement is [CDT21, Theorem 2.0.2].

THEOREM 8.3.4. Let p € Q(X)\ Q be a nonconstant rational function without poles in U which
defines an element of H(U,x,7Z) — namely:
pos € Z[T]].
Then the Q(p)-algebra H(U, z,Z) @z, Q(p) is a finite-dimensional Q(p)-vector space. Moreover:

1 T
Jo log™ |po p(e*™)|dt
log |¢'(0)]

Observe that the Z-algebra H(U, z,Z) does indeed contain the ring Z[p] of polynomials in p,
and therefore is a Z[p|-algebra. Its "base change” H(U,x,Z) @z, Q(p) is therefore a well-defined
Q(p)-algebra.

In the right-hand side of (8.3.6), e is the real number Z::B (nh)~L.

8.3.2.2. Keeping the same notation as above, assume for simplicity that U is invariant under
complex conjugation and that ¢ is “real”, namely:

(8.3.6) dimgp) H(U, z,7Z) @z Q(p) < e

p(z) = ¢(2)
for all z € D(0,1). These conditions are actually satisfied in the application of Theorem 8.3.4 to
the proof of the unbounded denominators conjecture, and will allow us to derive Theorem 8.3.4
from Corollary 8.3.2 with K = Q applied to the f.-a.arithmetic surfaces V(D(0,1),) introduced in
Chapter 6.
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When these conditions are not satisfied, Theorem 8.3.4 may be deduced from Corollary 8.3.2
with K an arbitrary imaginary quadratic field by a variant of the discussion below which we leave
to the reader.

Consider the universal cover:
v:(U,0) — (U,0)
of the pointed Riemann surface (U, 0). The map v defines an isomorphism between the formal germs:
U (70 L) (70.

Moreover, the map ¢ factors through v; namely there exists a unique holomorphic map:

7:D(0,1) —T

such that:
?(0)=0 and vog=.
The formal germs at 0 of ¢ and @ define isomorphisms:

$:Co=SpfC[[2]] =5 Uy and & :SpfC[[z] = Uo.

The data of U, z, ¢, v, p and their formal germs fit into the following commutative diagram of
locally ringed spaces:

C[[X]) =<<— Spf C[[T]|—— Spf Z[[T]]

fjo = Spf
Spf €[] L U
(8.3.7) l@
U

D(0,1) U

Recall that a smooth f.-a. arithmetic surface V = (9, (V,P,i)) over Z is defined by “gluing”
the formal scheme V over Z and the Riemann surface with boundary V according to the following
diagram of locally ringed spaces:

Vp <" Vs V.

An element of the algebra (’)(]7), or equivalently a morphism from V to Al is defined by a pair of

~

arrows (f, f2*) that fit into the commutative diagram below:

Vp <" VsV

| %

fal] 1
vt AL,
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From the diagram (8.3.7), we may extract the following two diagrams:

Spf C|[2]] <—— Spf C[[T]] —— Spf Z[[T]]

(8.3.8) £ o

DO,1) "

and

Ugq < SpE C[[T]] ——= Spf Z[[T]]
(8.3.9) f

U
The diagram (8.3.8) defines the smooth f.-a.arithmetic surface over Z:
]7(907 T) = v(D(Ov 1), @_1 ox) = (SprHT]], (D(0,1), 9/5_1 ox))
and the diagram (8.3.9) defines a smooth f.-a.arithmetic surface over Z in a generalized sense’:

V(U, z) := (SpfZ[[T]), (U, 5" o z)).

We may consider the Z-algebras of regular functions on the f.-a.arithmetic surfaces V(p, z) and
V(U,z):

OWV(p,x)) = {(a,5) € Z[[T]] x O(D(0,1) ) |a = Fop™" ox}

and

OV(U,x)) :={(@,7) € Z[[T]) x O™ (U)|a =707 " oz}
where B\ (resp. %) denotes the Taylor expansion of the holomorphic function 5 (resp. 7) at the point
0 (resp. O) of C (resp. U).

We may define injective morphisms of Z-algebras:
H(U,2,2) 25 O(W(U,2)) 5 OV(p,))
defined as follows:

(1) If f is an element of Q[[X]] that belongs to H(U,z,Z), we let
i(f) = (fewx,7)

where + is the holomorphic function on the universal cover U of U defined by the analytic
continuation of the germ of the holomorphic function on U at 0 — or equivalently on U at
0 — defined by f. The analyticity of f and the existence of its analytic continuation ~ on
U follows from the holonomy condition in the definition of H (U, z, Z).
The condition f ox =7 oD~ ! is clearly satisfied.
(2) For every (@,7) in O(V(U,z)), we let:
i2(a7 7) = (a7 Yo &)

1 =500, iy(@,7) is indeed an element of O(V(¢p,z)).

Since (yo @)V oo~
Observe that the injective morphism

iy oiy: H(U,x,Z) — O(V(p,z))

6Indcod, the Riemann surface U is not compact.
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maps a series f in H(U,z,Z) to the pair (&@,7) in O(V(p,z)) defined by & = f oz, and by the

analytic continuation v of f o ¢ to D(0,1) , which is a priori defined as the germ of a holomorphic
function at the origin.

Furthermore, note that the differential at 0 of $~! o  maps the generator 3/9T of the normal

bundle of P := SpecZ in Spf Z[[T]] to the vector ¢'(0)~19/dz in TyD(0, 1)+. Its capacitary norm
is:

/ —1 cap _ / —1
l¢' () 0/0zI|20 - = 1 ().

As a consequence, we have:
(8.3.10) degN pV(p, ) = log |7/ (0)],

so that (8.3.5), namely, the assumption |¢’(0)] > 1, following from our assumption on the uni-
formization radius of (U,0), is equivalent to the pseudoconcavity of the f.-a. arithmetic surface

V(p, ).
Applied to V= ]7(50, z) and to some f in O(]N)(go, z)), Corollary 8.3.2 takes the following form,
when we take into account the expression 8.1.9 for the invariants D(ar V= A%):

COROLLARY 8.3.5. Leta = (@, 8) be a non-constant element of O(V(y, z)). The field M(V(e, )
is finite extension of Q(«), and its degree satisfies:

IMV(p,)) : Q)] < (log ISO'(O)I)l/[O . log |B(e* ™) — B(e*72)| dtydts
Using the injective morphism of Z-algebras:
in 0d1 : H(U, 2, 2)——O(V(p, z))
defined above, and the associated injective morphisms of fields:
Frac H(U, z, Z) —s Frac O(V (¢, 7)) — M(V(p, ),

this implies the following improved form of [CDT21, Theorem 2.0.2]:

COROLLARY 8.3.6. Let f be a non-constant element of H(U,z,Z). Then the Q(f)-algebra

'H(U,%Z) ®Q[f] Q(f)

is finite-dimensional — in particular, it may be identified with the field Frac H(U, x,Z). The dimension
of this Q(«)-algebra is bounded above by:
(8:3.11) (os 1O [ 10870 e (7 0 )€™ deses

As mentioned in the discussion of examples in paragraphs 5.4.2 and 8.1.1.3, the expression
(8.3.11) admits the following upper bound in terms of the characteristic function T, ¢ la Nevanlin-
na-Ahlfors-Shimizu of f o ¢:

(log Isa’(O)I)l/[0 . log |(f 0 ) (€2™) — (f 0 0)(e*™2)| dtrdts < (log | (0)]) " Trop(1).

s






CHAPTER 9

Pseudoconcave formal-analytic arithmetic surfaces II: the

~

algebra O(V); fundamental groups of arithmetic surfaces

In this chapter, we establish some further properties of pseudoconcave formal-analytic arithmetic
surfaces and of their maps to quasi-projective arithmetic surfaces. These are obtained by combining
the theorems in Chapter 8 with various classical techniques of arithmetic geometry.

In Section 9.1, we establish some arithmetic analogues of the finiteness results concerning the
universal meromorphic map ¢ : V --» V218 attached to a germ of complex analytic surface V fibered
over a complex projective curve, and the algebra A introduced in Subsection 2.3.3. Notably we
show that the Z-algebra O(V) attached to a pseudoconcave formal-analytic arithmetic surfaces V is
finitely generated.

Section 9.2 is devoted to some arithmetic analogues of Lefschetz-Nori theorems on étale funda-
mental groups of complex algebraic surfaces presented in Part 1 as Proposition 1.3.2 and Theorem
2.2.4. In Section 9.3, these arithmetic Lefschetz-Nori theorems are used to construct quasi-projective
arithmetic surfaces that admit a finite étale fundamental group. Notably we show that this is the
case of certain classical integral models of modular curves.

9.1. A finiteness result for the algebra (’)(9) and a structure theorem for morphisms
to affine arithmetic surfaces

9.1.1. Universal morphisms to affine arithmetic schemes and finiteness.

9.1.1.1. The universal meromorphic map ¢ : Vs C. Let V be a pseudoconcave smooth f.-a.
arithmetic surface over Spec O such that the field M(V) of meromorphic functions over V is not
reduced to K.

According to Theorem 8.3.1, the field /\/l(f/) is a finitely generated field extension of K of
transcendence degree one. Moreover if the divisor of some element f € M(V) does not contain
|l7| = im P with a negative multiplicity, then the restriction of f to |17|, or equivalently its pull-back
by P, defines an element of K. The partially defined map:

(9.1.1) M) --» K, fr+—s P*f
defines a place of M(lj) over K.

As a consequence, there exist a smooth projective geometrically irreducible curve C over K,
endowed with a K-rational point O, and an isomorphism of K-algebras:

L K(C) = M(V)
whose composition with (9.1.1) is the place of K(C) over K defined by O. Moreover C is unique up
to unique isomorphism, and the point O in C'(K) is uniquely determined by this condition.
We may consider a projective normal arithmetic surface:
(9.1.2) C — Spec Ok
which is a model of C' — so that the K-scheme Cf is isomorphic to C — and the section O of (9.1.2)
that extends the rational point O in C(K) ~ C(K).

139
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The isomorphism ¢ defines a canonical meromorphic map:

p = ((ﬁa ((po)m—ﬂC) V-2 C

such that the composition @ o P coincides with O.

The map ¢ is easily checked to be a “universal meromorphic map” from V to a projective
Ox-scheme and to play the role of the universal meromorphic map ¢ : V --» V& studied in
Subsection 2.3.3 in the geometric case.

The construction in Subsection 2.3.4, suitably adapted to the arithmetic setting, is expected
to produce examples of pseudoconcave smooth f.-a. arithmetic surfaces V such that M(V) # K for
which the map ¢ may be ramified along P. We leave the details to the interested reader.

9.1.1.2. The main finiteness result. Observe that the fraction field Frac (’)(]7) of the domain
O(V) embeds in M(V), and, like M(V), is an extension of K of finite type, of transcendence degree

at most one. According to Theorem 8.3.1, if ¢ is an element of O(V)\ Ok, then the field Frac O(V)
is an algebraic extension of K (), and its degree satisfies the upper bound:

(9.1.3) [FracO(V) : K ()] < D(p:V — Ab ).

Note that the inequality above is enough in itself to prove the results of [CDT21].
In Subsection 2.3.3, we have introduced the (C[CD’]—algebra A, which is a geometric counterpart of
the Ok-algebra O(V) and we have shown that, in the pseudoconcave case, it is a finitely generated

o

C[C]-algebra, as a consequence of a finiteness result of Zariski [Zar54] concerning the algebra of
regular functions on quasi-projective varieties over a field.

In this section, we establish an arithmetic analogue of this finiteness result.

THEOREM 9.1.1. For every pseudoconcave smooth f.-a. arithmetic surface V over Spec Ok, the
Ok -algebra O(V) is finitely generated.

9.1.1.3. The universal map to an affine arithmetic surface. According to Theorem 9.1.1, the
scheme:

V.= Spec O(V)

is an affine scheme of finite type over Spec Ox. When O(V) # Ok, it is an integral normal affine
arithmetic surface over Spec Ok . Moreover the identification

0(9) =~ r(f)aﬂv Of;aff)
defines a tautological morphism over Spec Ok:
a:V —s ﬁaﬁ,

and this morphism « is easily seen to be universal among the Og-morphisms from V to affine
arithmetic Og-schemes.

We will actually prove Theorem 9.1.1 by first constructing the universal morphism « : y — paft
to affine arithmetic Og-schemes — tllis is the content of Theorem 9.1.10 — and then using it to prove

the relevant finiteness result on O(V) by proving that « induces an isomorphism

TV, 05 ) =5 O(V).

9.1.2. Preliminary results. We gather a few general results which might be of independent
interest.
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9.1.2.1. Monotonicity and discreteness properties of non-archimedean overflows.

ProPOSITION 9.1.2. Consider a commutative diagram of morphisms over Ok :

|
P
]N) i> 51
where S1 and Sa are integral, normal, affine arithmetic surfaces and p is birational. Then
(9.1.4) EX(:Y\l : 9 — Xl) > EX(:}/\Q : ]7 — XQ),
and equality holds in (9.1.4) if and only if there exists a neighborhood U of the Ok -point v, (P) in
X1 such that
Ppw) 0 (U) = U
is an isomorphism. Furthermore, if equality does not hold in (9.1.4) and 7> is quasi-finite, then:

(9.1.5) Ex(31:V — X1) > Ex(32 : V — X5) + log(2).

PROOF. Since p is birational, p defines an isomorphism between the generic fibers of S7 and Ss
over Ok. In particular, the ramification indices e(7y1) and e(7;) coincide. We denote this integer by
e :=e(y1) = e(72). By definition, for ¢ = 1 and ¢ = 2, we have:

Ex(7; : V—s Si) = deg(P.(7] (7:(P)) — eP)).
We have:
1 (1(P) = (35 0 p")(1(P)) =33 (72(P)) + 732 (p* (31 (P)) = 72(P)).
As a consequence, we may write:
(9.1.6) Ex(71) = Ex(72) + deg(PA3 (p* (31 (P)) — 72(P)).
Since the divisor p*(71(P)) — 72(P) is clearly effective, this proves (9.1.4). The inequality (9.1.5)
follows from Proposition 7.2.5.

Assume that equality holds in (9.1.4) and let S; be a normal, projective compactification of S.
Let S} be a projective compactification of Sy, and let S5 be the normalization of the closure of the
graph of p in S x S,. Let p denote the projection of Ss onto S;. We obtain a commutative diagram:

5,25,

ya
p P
f; o &CL S,

in which j; and j, are open immersions.

We argue by contradiction and assume that p — hence p — is not an isomorphism above a
neighborhood of ~1(P) in S;. By Zariski’s main theorem, there exists a nonzero effective Weil
divisor D on S5 that intersects v2(P) and such that p(D) is a closed point in ;1 (P).

Let D be the intersection of D with Sy. This is a nonempty effective Weil divisor that intersects
~v2(P). By construction, the effective divisor the divisor p*(71(P)) — 72(P) contains D, namely,

p*(M(P)) =72(P)— D
is effective. Applying (9.1.6), we find:
Ex(71) > Ex(32) + deg(PA3 D) > Ex(32),
which finishes the proof. O
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9.1.2.2. Blow-ups and contractions. The following statement is standard, at least for morphisms
of regular arithmetic surfaces. We offer a short proof for the sake of completeness — the smoothness
assumption below is not optimal.

PROPOSITION 9.1.3. Let @ : V — X be a nonconstant morphism from Vtoa smooth, quasi-
projective scheme over Spec Ok . Let x be a closed point of X lying over a finite prime p of Ok.
If the preimage of x in V is not finite, then it is equal to the fiber of V above p, and there exists a
unique lift &' of & to the blow-up

m: X — X

of X at x.

PROOF. We first compute the preimage of = in V. This may be done by a local computation as
follows: let p be the nonzero prime ideal of Ok which is the image of X, and let R be the completion
of Ok at p. Consider a morphism

SpfR[[X]] — SpfR[[Y]]
given by a power series

f=> aX'eR[X].

i>0

Let w be a uniformizer of R. This is a local model for @ near any point in the preimage of x. The
closed point of SpfR[[Y]] is defined by the ideal (Y, w). Its preimage in V is the closed subscheme
defined by the ideal (f,w) in R[[X]]. This closed subscheme is not finite if and only if all the a; are
divisible by w, in which case

(f,w) =w.

In particular, the preimage of x is the divisor defined by w, which is Cartier.

The remaining part of the proposition now follows from the universal property of the blow-up,
see e.g. [Sta20, Tag 085U], whose proof applies in the setting of formal schemes. O

A standard computation shows that &’ factors through the smooth locus of the structure map
X' — Spec Ok.

Let E be the irreducible Cartier divisor contracted to x — namely, the preimage of p in V.IfD
is a Cartier divisor on X containing x with multiplicity 1, we may write

Q*D =D +eE

for some positive integer e, where D is an effective Cartier divisor which does not admit E as a
component — namely, D is the strict transform of D. With the notation of the proof, w® is the
largest power of w that divides all the a;. It is immediate to check that if D’ is a Cartier divisor on
X' containing the image of p in Spec O ~ P with multiplicity 1 we have:

a*D' =D+ (e—1)E,

where D’ is effective and does not contain F as a component.

As a consequence of the previous paragraph, we may apply Proposition 9.1.3 repeatedly to
obtain the following result:

PROPOSITION 9.1.4. Let @ : V — X be a nonconstant morphism from Vtoa smooth, quasi-
projective scheme over Spec Ok . Then there exists a morphism m: X' — X which is a composition
of blow-ups of closed points, such that & lifts to a quasi-finite morphism &’ : V — X'.
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9.1.2.3. A finiteness result for exceptional curves. The following finiteness theorem is a special
case of a result on A-mod-affine A-schemes that will appear in the forthcoming work [BC] and holds
in arbitrary dimension. We provide a proof of the special case we are interested in.

THEOREM 9.1.5. Let V be a pseudoconcave formal-analytic arithmetic surface over Ok and let
a= (@, () ko) V— X

be a nonconstant morphism from V to an integral, normal, quasi-projective arithmetic surface X.
Then there exist only finitely many irreducible Weil divisors D on X such that both &~ (D) and the
(a2)~1(D™) are empty — i.e., such that a factors through X \ D.

PROOF. Let D be an irreducible Weil divisor D on X such that both @=!(D) and the various
)~1(D2) are empty as o runs through the complex embeddings of K.

(ag"
Let P be the Og-point of % corresponding to |]7|, let g3; denote the equilibrium potential on the
disjoint union of the Riemann surfaces V,,, and let £ be the Q-Hermitian line bundle on X defined

by the Arakelov divisor
(P, g5,) = (Q:(P), i g5.).-
Proposition 8.2.6 shows that £ is big and nef. Additionally, as gy, vanishes outside the images
of the Riemann surfaces V, the Arakelov degree of the restriction of £ to D is zero.
By the arithmetic Hilbert-Samuel formula of [Zha95, Theorem 1.4], we may find a nonzero
section o of £ such that o has norm strictly smaller than 1 at every complex point of X. In

particular, since the Arakelov degree of the restriction of £ to D is zero, ¢ vanishes identically on
D. This proves that D is contained in the divisor of o.

The set of Weil divisors considered in the statement of the theorem is contained in those Weil
divisors that are components of the divisor of o, which proves the result. O

COROLLARY 9.1.6. Let
a=(a,(a)sroc):V—X
be a nonconstant morphism from V to an integral, normal, affine arithmetic surface X. Let Doy be
the reunion of those irreducible divisors D on X such that o factors through X \ D. Then Dy is

the support of a Cartier divisor on X, and the open subset X \ Dey is the smallest open affine subset
U of X such that o factors through U.

PrROOF. Theorem 9.1.5 shows that Dy is a finite union of irreducible Weil divisors on X. As a
consequence of the general results on arithmetic surfaces recalled in 0.6.3, X \ D is affine.

Let U be an open affine subset of X such that « factors through U. As X is normal, the
complement of U in X is a Weil divisor D on X which is necessarily contained in Dey, so that U
contains X \ Dey. O

9.1.3. A universal morphism to an affine arithmetic surface. As before, let Vbe a pseu-
doconsave smooth f.-a. arithmetic surface over Spec Or. We will construct a universal morphism
from V to an affine arithmetic Og-scheme.

9.1.3.1. Existence of a quasi-finite morphism.

PROPOSITION 9.1.7. Assume that the algebra 0(17) contains a nonconstant element. Then there
erists a morphism

B:V-—Y
to a regular arithmetic surface Y that is quasi-finite, namely, the preimage of any closed point of Y
is finite in V.
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PrOOF. The elements of (9(]7) correspond bijectively to the morphisms from VY to AbK. Consider
a nonconstant morphism

v V— A}DK.
Applying Proposition 9.1.4, we may find a quasi-projective, regular arithmetic surface Y’ and a
morphism
Y — AéK
that is a composition of blow-ups of closed points, such that v lifts to a morphism
~ Y

Consider a nonzero element N of Og. It defines an effective divisor D in Y’. If all the images of
N by complex embeddings of K are large enough and N satisfies suitable congruence conditions,
then 7/ factors through Y\ D. Adding extra congruence conditions on N ensures furthermore that
D meets every vertical component of the fibers of Y/ — Spec Ok, so that D is ample — see the
discussion in 0.6.3, so that Y := Y’ \ |D| is affine. The morphism 3 :V — Y satisfies the condition
of the proposition. O

9.1.3.2. Consider the morphism S : V 5 Y of Proposition 9.1.7. As in Definition 8.1.1, we
introduce:

B(P,g3,.) - B«(P, g5,)

D(p) := ———
deg NpV

1 ~ o~ -~
D(B) = e(B) + =5 (Ex(ﬁ Y — V) + U;KZ% Ex(8y : (Vo, Py) —> YU)).

Consider a commutative diagram of morphisms over O
Y/
(9.1.7) V l ;
57 B
V——Y
where Y’ is an integral, normal, affine arithmetic surfaces over Ok . By Theorem 8.1.2, we have:

(9.1.8) deg(f) < D(p).

Since S is quasi-finite, 8’ is quasi-finite. In particular, Proposition 5.2.2 guarantees that we may
choose 3’ : V — Y’ in such a way that the pair (deg f, —Ex(8" : V — Yjz/(p))) is maximal for the
lexicographic order.

ProrosiTION 9.1.8. Consider a commutative diagram:

yd
g
vy

in which Z is an affine, integral arithmetic surface over Ok . Then there exists an open subset U of
Y’ such that B factors through U and

g1y 9 (U)—U

is an isomorphism.
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PROOF. Since V is regular, v lifts to a morphism from V to the normalization of Z. As a
consequence, we may assume that Z is normal.

By definition of Y, the degree of g o f is bounded above by the degree of f, so that the degree
of g is 1, i.e., ¢ is a birational morphism. Proposition 9.1.2 together with the choice of 3’ shows that
g is an isomorphism above a neighborhood of 8/(P) in Y”.

Let U be the largest open subset of Y’ on which g~! is defined. Then g contains 3'(P).
Furthermore, let o be a complex embedding of K. Then, as g has degree 1, g, : Z, — Y is an
open immersion whose image contains 5/2"(V,) = g3 (v2"(V,)). This proves that U, C Y, contains
B2(V,). As a consequence, 3’ factors through U C Y’. Since the birational map g~! is defined on
U, the morphism

Gy g "(U)—U
is an isomorphism. O

9.1.3.3. We want to improve on Proposition 9.1.8 by using the finiteness statement of Theorem
9.1.5.

Let X be the largest open affine subscheme of Y’ such that 3’ factors through X. The existence
of X is guaranteed by Corollary 9.1.6.

We denote by a the natural morphism:
a:V— X.
ProprosITION 9.1.9. For any morphism over Ok
v V—Z

from V to an integral, affine arithmetic surface Z and any commutative diagram of morphisms over

Ok
A
e
P
V2. X

?

p is an isomorphism.

PROOF. Let j denote the inclusion of the open subset X in Y. By construction, the diagram

jop
~7 B
YV——Y
commutes. As a consequence, there exists an open subset U of Y such that § factors through U,

and j o p is an isomorphism above U. Since 8 factors through U, X is contained in U and p is an
isomorphism.

O

We may finally prove that o : V — X is universal for morphisms to arithmetic schemes.

THEOREM 9.1.10. Let 7y : YV 5 7 bea morphism over Ok to an affine arithmetic scheme Y .
There exists a unique morphism

f+X—2Z
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such that the diagram
X
Ve’
V—sZ

commutes.

PROOF. The unicity of f is clear. As X is integral, any f as in the corollary factors through
the the reduced subscheme of Z, so we may assume that Z is reduced. Finally, we may replace Z
with an irreducible component of Z containing the image of v and assume that Z is integral.

Consider the morphism
d=axvy:V—X Xo, Z.
By Theorem 8.2.1, the closed subset im(d) has dimension 2. Let Z’ be the normalization of im(J).
It is an integral, normal, affine arithmetic surface over Ok, and there is a commutative diagram:

Z/
P
Vs X
where p is the composition Z' — X X0, Z — X. By Proposition 9.1.9, p is an isomorphism. Let
f: X — Y be the composition:
-1
Xz Lz
where ¢ is the composition Z/ — X xp, Z — Z.

Then

foa=qgopltoa=qod=r.

This finishes the proof. ([
Clearly, the Theorem above characterizes the morphism
a:V— X

uniquely as it represents the functor sending an arithmetic scheme Z to the morphisms from V to
Z. We will denote X by Vi

9.1.4. Application to the algebra O(V). The following result immediately implies Theo-
rem 9.1.1.

THEOREM 9.1.11. The morphism
oV — poff
induces an isomorphism of Ok -algebras:
o o) — o).

In particular, the Ok -algebra O(V) is finitely generated and there is a canonical isomorphism:
VA~ Spec O(V).
PROOF. The morphism « induces an injective morphism:
a1 O(X) — O)
that sends f to foa.
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Let v be an element of O(V). The element v of O(V) may be identified with a morphism over
Ok, also denoted by ~ :

’y:f/—“&é}(.

Theorem 9.1.10 shows that there exists a morphism f: X — A}QK such that the diagram

X
b
v,
commutes. When we identify f with an element of (’)(f/aff), a*(f) is the composition
V- x LAl

namely, o*(f) = . This proves that v lies in the image of o*, and shows that a* is an isomorphism.
The rest of the statement is clear. O

9.1.4.1. A projective variant. We offer without proof the following variant of Theorem 9.1.10
and Theorem 9.1.11 which does not use affineness assumptions. It follows from the same arguments.

PROPOSITION 9.1.12. Assume that there exists a nonconstant morphism aq : V- Xo to an
integral, quasi-projective arithmetic surface Xo over Ok. There exists a commutative diagram

pal
Y2 X,

in which X is a normal, integral, quasi-projective arithmetic surface over Ok and the pair:

(deg f, —Ex(a))

1s maximal for the lexicographic order. Given such a diagram, let X be the complement in X’ qf those
finitely many irreducible Weil divisors D in X' such that o' factors through X \ D. Let o : V — X
be the morphism induced by .

Let v : V= Zbea morphism over Ok to a quasi-projective arithmetic surface Y. Then there
exists a finite, closed subset F' of X \ a(P) such that, letting U be the complement of F in X, there
exists a morphism

f:U—Y
such that the diagram
U
Sl
V—sz
commutes. The rational map f : X --+ Z is unique.

Without affineness assumptions, we cannot get rid of the choice of the open subset U of X:
indeed, we may always take Z to be the blow-up of X along a finite subscheme of X \ a(P).
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9.1.4.2. There are cases where the algebra C’)(lN)) is empty even though V comes from algebraic
geometry, in some sense. In particular, there might exist nonconstant morphisms from V to arith-
metic surfaces over Ok even though O(V) is reduced to Ok.

Indeed, let X be a projective, integral, normal arithmetic surface over O . Let P be an Og-
point of X. Assume that the structure map X — Spec Ok is smooth along P. For every complex
embedding o of Ok, let V, be a Riemann surface with boundary embedded in X, and containing
P, in its interior. Assume that the V,, are invariant under complex conjugation. Letting Y be the
formal completion of X along P defines a formal-analytic arithmetic surface V = (]7, (Vosto)ok—C)
by letting the ¢, be the natural isomorphisms of complex formal schemes.

Assume that V is pseudoconcave — this is the situation considered in [Bos99], and we refer
to [Bos99, section 7] for explicit examples. By Theorem 9.1.5, there exist only finitely closed,
irreducible Weil divisors Z on X such that the intersection of Z with P and of Z, with the V, are
all empty. After enlarging the embedded Riemann surfaces with boundary V,, we may assume that
any such Weil divisor Z is vertical, namely, it does not intersect the generic fiber X .

By construction, there is a nonconstant morphism ¢ : V — X defined by the immersion VX
and V, — X,.

PROPOSITION 9.1.13. The O -algebra O(V) is reduced to Ok . In other words, any morphism
V-2
over Ok from V to an affine scheme Z over Ok is constant.
As both the archimedean and formal components of 7 are immersions, the setup of the Propo-

sition is the one considered in [Bos99] and [BCL09]. The argument below is very close to the
arguments in those papers.

PROOF. We argue by contradiction and assume that there exists an element 5 € O(V) \ Ok.
We consider S as a nonconstant morphism:

7:9—>A}9K.

The morphism i : V — X satisfies:

Ex(i) =0
and, for any complex embedding o of K:
Ex(i%") = 0.
As a consequence of Theorem 8.1.2, any commutative diagram
X/

A

V- X
satisfies deg f = 1. Finally, let D be the reunion of those vertical Weil divisors of X that do not meet
i(P). Then i : ¥V — X \ D satisfies the conclusion of Proposition 9.1.12: there exists an open subset

U of X \ D that is the complement of finitely many closed points, and a morphism f : U — A%’)K
such that « factors through U and the diagram

commutes.
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By construction, the generic fiber Ugk of U coincides with X, so that it is proper over K. As
a consequence, the morphism
fK : XK — A}(

is constant. Since X is irreducible, this implies that f : X — AéK is constant, which is a contradic-
tion. O

9.2. Arithmetic Lefschetz-Nori theorems on étale fundamental groups

9.2.1. Let V be a smooth formal-analytic arithmetic surface over Ok, and consider a morphism
over Og:
a:V— X
to a normal, integral, quasi-projective arithmetic surface X over Og. Let o : K < C be a complex
embedding of K. The image P of |17| ~ Spec Ok in X is an Og-point Q of X. The composition

SpecC AN Spec K — Spec Ok

defines a geometric point @), of X, and we may consider the étale fundamental group

(X, Qo)
of X with respect to the geometric point @Q,. Consider the fundamental groups

78 (Spec Ok, o).

The morphism

a:V—X
defines a morphism:
(9.2.1) a? : 78 (Spec O, 0) — (X, Qo).
Similarly, consider the fundamental group

77? (Vo Ps),
namely the profinite completion of the topological fundamental group of the complex manifold V.
The holomorphic map

att vV, — X328
sends the point P, of V, to the complex point a2"(P,) of X, which we will aslo denote by Q,. We
obtain a morphism
o2 i (Vo, Py) — 1 Xy, Qy)
obtained by composing the morphism
5 (Vy, Py) — 73 (X2, Q,)
with the natural morphism
T (X3, Qr) — 71 (Xo, Qo)

which is actually an isomorphism by the GAGA theorem. In particular, we obtain a morphism:
(9.2.2) Qo T (Vi Py) — 754X, Qo).

Fix a complex embedding oy : K < C. For any other complex embedding ¢ : K < C, choose an
automorphism ¢, of C such that
0 = g 0 0y.
The induced morphism
¢ : SpecC — SpecC
satisfies by construction:
©5 O Moy = No
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and as a consequence it induces an isomorphism of étale fundamental groups
Jo: W?t(Xv Qs) - W?t(Xa Qoo )-
When o = gy, we choose ¢,, = Idc so that f,, is the identity. We denote by . the morphism of
groups:
v, : w4 (Spec O, o) * ( >k Wft(VmPg)) — (X, Quy)
o:K—C
where * denotes the free product, with components &y, . and f, o @y . Note that the morphism a,
depends on the choice of oy and on the choices of the automorphisms ¢, of C for o # o9 — it is easy
to check nevertheless that the dependence on the automorphisms ¢, only relies on the restriction
of ¢, to the algebraic closure Q of Q in C.

9.2.2. We may state the main result of this subsection and some of its consequences.

THEOREM 9.2.1. Assume that V is pseudoconcave and define, with the notation of Theorem
8.1.2:

1 ~ ~
D = e(a) + —_—— EX(a . V — Xa(P)) + E EX(OZG- . (VO-,PO—) — XO') .
degNPV( o: K—C )

Then the index of the closure of the subgroup
a*(wft(specoK,ao)*( k wft(vmpc,)))

o:K—=C
in 54X, Qq,) is finite and bounded above by D.

In other words, the closed subgroup generated by the image of 7¢*(Spec O, 0¢) and the groups
7¢(V,, P,) in 7¢*(X, Qo,) has index bounded above by D. As an immediate corollary of Theorem
9.2.1, we find, in the setting of Theorem 9.2.1:

COROLLARY 9.2.2. Assume that the Riemann surfaces with boundary V, are all simply con-
nected. Then the index of o (ﬂ‘ft(Spec OK,O'Q)) in 7€ X, Qq,) is bounded above by D.

Finally, we recover the following extension of the main result of [Bos99], under the assumption
of Theorem 9.2.1 again:

COROLLARY 9.2.3. Assume that o is an immersion'. Then the subgroup

a*(wft(SpecOK,ao)*( k W'{St(VmPa))>

o:K—C

is dense in X, Quy)-

PrOOF. This follows from Theorem 9.2.1, the vanishing of the archimedean overflow proved
in Proposition 5.2.2 and the obvious vanishing of the term Ex(a : V — X,(p)) when @ is an
immersion. (]

9.2.3. Before proving Theorem 9.2.1, we prove some preliminary results. We keep the notation
above. Let Y be a normal, integral, quasi-projective arithmetic surface over Ok, and let 7: Y — X
be a finite étale cover over Ok. Let R,, be a complex point of ¥ mapping to Q,, by f. Let
o : K — C be a complex embedding. Define R, to be the complex point ¢, 07y,s, of Y. We denote
also by R, the corresponding complex point of Y.

LEMMA 9.2.4. Assume that the image of the morphism f, 0 ay s : 7V, Py) — 788X, Qpy) is
contained in 7, (75" (Y, Rg,)). Then the image of the morphism a2, : 7$"(Vy, Py) — 7' (X4, Qo) is
contained in Ty . (15(Yy, Ry ).

an

1Namcly7 both @& and the holomorphic maps a2" are immersions.



9.2. ARITHMETIC LEFSCHETZ-NORI THEOREMS ON ETALE FUNDAMENTAL GROUPS 151

PROOF. We have a commutative diagram of profinite groups:

Wft(YU,RU) 4>771 (YR )4>7T1 (Y, Roo)

lwo,* iwa, * im
aax)

) o . fo
ﬂ-?t(VU’PU) - W(ft(XU’QU) 4>7'rft(X7 77(7) - 7"-1 (X, Qoo)

where g, is induced by ¢, just as f, is and the unlabeled arrows are the natural ones. Note that both
g, and f, are isomorphisms. As the two leftmost vertical maps are injective and their images have
finite index, both equal to the degree of the covering 7, the left-hand square in the diagram above is
cartesian. Since the image of the morphism f, oy : 74V, Py) = 784X, Qo,) is contained in the
subgroup . (7$*(Y, Rs,)), the image of the morphism a2, : 7$*(V,, P,) — m$"(X,, Qo) is contained
in 7y (784(Ys, Ry ). O
LEMMA 9.2.5. The following statements hold:
(i) Assume that the image of the morphism a° : w$t(Spec Ok, 00) — 7$H(X, Qo) is contained
in 7. (m¢(Y, Ry,)). Then
a:V-—X
lifts to a morphism E: VY =Y such that 7o B\ = Q.

(ii) Let o : K — C be a complex embedding. Assume that the image of the morphism froaq s
7t (V,, P,) — 7€(X, Qq,) is contained in 7, (7 (Y, Ry,)). Then

adt VvV, — X238
lifts to a morphism B2" : V, — Y2 such that w&" o 83" = a2,
Furthermore, if (i) and (i) both hold, then we may choose the lifts B and B2" above in such a way

that, for any o : K — C, the point 53" (P,) is the complex point of Y, defined as the base change by
o of the K-point

Spec K — Spec Ok ~ \V| Sy
of Y.
ProOOF. With the assumption of (i), the general theory of the étale fundamental group shows
that the composition
Spec O = [V|——V -2 X
lifts to a morphism | E | : Spec Ok — Y such that the composition

Spec C 2% Spec O By

is the complex point R,,. In turn, since V is smooth over Spec Ok, this implies that a lifts to a
morphism ﬁ Y — Y such that the composition

SpecC Ty Py
is the complex point R,. If the assumption of (i¢) holds, Lemma 9.2.4 shows the image of the
morphism a3, : 78 (Vo Py) — 784 X,, Q,) is contained in 7, . (75" (Y,, Ry). As in (i), this implies
that a2" lifts to a morphism
Ban . V — Yan

with $2*(P,) = R,. To finish the proof, it remains to check that R, is indeed the complex point of
Y, defined as the base change by ¢ of the K-point

Spec K —» Spec O ~ |V iy,
This is clear by the properties of the liftings B and 82" described above. |
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LEMMA 9.2.6. Assume that the morphism
a:V-—X
lifts to a morphism B: VY — Y such that fo B = a, and assume that, for all complex embeddings
o : K — C, the holomorphic map o2" : V, — X2" lifts to a morphism B2 : V, — Y2" such

that fa" o g3" = o®" and 3" (P,) is the complex point of Y, defined as the base change by o of the
K — point

~

Spec K — Spec Ok =~ \V|
of Y. Then
B = (B, (B3 c))
defines a morphism S : VY — Y such that fofB=a.

PRrOOF. To prove the lemma, it suffices to show that (B, (82™)5.c)) does define a morphism
from the formal-analytic arithmetic surface V to Y, as, if it does, the equality f o = « follows from
the similar componentwise equalities. Write

9 = (9, (V07 LU)O’ZK;)(C))

as in 6.1.1. We want to prove that the datum (5, (82")s.xc)) is compatible with the gluing data
(to)o:k—c. This follows immediately from the unicity of the liftings of the holomorphic maps a?”
with prescribed value at P,. O

9.2.4. We may finish the proof of Theorem 9.2.1.

PROOF OF THEOREM 9.2.1. Let G be the closure of the subgroup

Oy (ﬂft(Spec(’)K,oo) x X 7V, P, ))
o:K—C
in 7$*(X, Q,,). We argue by contradiction and assume that the index of G — be it finite or infinite —
is strictly larger than D. As a consequence since the group 7$¢(X, Q,,) is profinite, we may find a
closed finite-index subgroup H of 7{*(X,Q,,) containing G such that the index of H is d > D. The
group H correspomds to a finite étale cover of pointed arithmetic surfaces:

[ (Yv RGO) . (X7 QUO)
that satisfies the following property: the image of the morphism of profinite groups

T T(Y, Ry ) — U X, Qqy)

equals H. In particular, the degree of 7 is d > D, and the image of 7, contains G. Lemma 9.2.5
and Lemma 9.2.6 guarantee that the morphism « : YV — X lifts to a morphism £ : Y — Y such
that mo 8 = a. As the degree d of 7 is strictly larger than D, this contradicts Theorem 8.1.2. [

9.3. Applications: arithmetic surfaces with finite étale fundamental group and
integral models of modular curves

In this final section, we present applications of Theorem 9.2.1 to the construction of arithmetic
surfaces that admit a finite étale fundamental group, in the spirit of the paper [Tha94] of Thara and
of [Bos99] — where arithmetic surfaces with trivial étale fundamental group were constructed —
and of the applications in [CDT21] of the “arithmetic holonomicity theorem” to modular curves.

We have not attempted to formulate our results in a definitive form of maximal generality.
Instead we have tried to spell out some simple qualitative consequences of our results on étale
fundamental groups of arithmetic surfaces, in the specific case where the “base arithmetic curve”
Spec Ok is Spec Z.
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9.3.1. When Spec O = SpecZ, the statement of Theorem 9.2.1 becomes especially simple.
Indeed there is a unique field embedding from K = Q into C (!!) and the étale fundamental group
7§t (Spec Z, o) is trivial according to Minkowski’s Theorem. Accordingly Theorem 9.2.1 takes the
following form:

COROLLARY 9.3.1. Let V := (]7, (V,0),t) be a smooth formal-analytic arithmetic surface over
SpecZ, and let: N
a:=(a,a™):V — X
be a morphism over SpecZ from V to a normal integral arithmetic surface X such that ag, or
equivalently o®", is non-constant. Let:

. mH(V,0) — 754X, 0™ (0))
be the continuous morphism of profinite groups defined by the composite map:

V2 Xe — X,

If V is pseudoconcave, then oy, (wé8(V,0)) is a subgroup of finite index in (X, ac(O)). More-
over:

(9.3.1) (74X, 0™ (0))) : o (7(V,0))] < D(a : ¥V — X).

In turn, specialized to the situation where the compact Riemann surface with boundary V' is
simply connected, or equivalently when V is an instance of the f.-a.arithmetic surfaces V(D(0; 1), )
introduced in Section 6.3, Corollary 9.3.1 becomes:

COROLLARY 9.3.2. Let ¥ be a formal series in:
Gfor(R) =R*X + X2R[[Xﬂa
and let:

o= (@, : V(D(0;1),¢) — X
be a morphism over SpecZ from V to a normal integral arithmetic surface X such that ag, or
equivalently o®", is non-constant.
If ]7(5(0; 1),%) is pseudoconcave, or equivalently if |'(0)| < 1, then the étale fundamental group
7€ (X, %) is finite. Moreover its cardinality satisfies:
(9.3.2) 78X, %)| < D(a: Y — X).

In (9.3.2), * denotes an arbitrary geometric point of X. This same notation will be used in
Propositions 9.3.3 and 9.3.5 below.

9.3.2. From Corollary 9.3.2, we may derive a finiteness criterion for the étale fundamental group
7" (X, ) of an arithmetic surface X equipped with a section of the structure map X — SpecZ that
makes no reference to formal-analytic arithmetic surfaces.

PROPOSITION 9.3.3. Let X be a normal integral arithmetic surface and let Q € X (Z) be a section
of the structure morphism X — SpecZ the image of which lies in the reqular locus of X .

Let moreover:
(9.3.3) a:D(0;1)T — X(C)
be a non-constant map, analytic up to the boundary and compatible with complex conjugation, such
that:

a(0) = Qc.
Let e denote the ramification index of a at 0, let:

e Ay ol ~
Cl[ ](0) : Tﬁ(eo;l),o — TX(LC),QC



154 9. PSEUDOCONCAVE FORMAL-ANALYTIC ARITHMETIC SURFACES II

be the e-th jet of a at 0, and let ||.||q be the Hermitian norm on Txc),q. ~ (NoX)c defined by:
(9.3.4) 1al(0)((8/02)%)|la = 1.
If the Hermitian line bundle over SpecZ:
NG X = (No X, )
satisfies the positivity condition:
(9.3.5) deg NpX > 0,
then the étale fundamental group ©$'(X, ) is finite, and its cardinality satisfies:
Ex(a: D(0;1) — X(C))
deg N%X .

(9.3.6) |7T‘ft(X7 x)| <e+te

The proof of Proposition 9.3.3 is more transparent in the “unramified case” where e = 1. As
only this special case of Proposition 9.3.3 will be used in the following paragraphs, we first present
its simpler proof when e = 1.

PROOF OF PROPOSITION 9.3.3 WHEN e = 1. Let us consider the formal completion )?Q of X
along . Since the image of @ lies in the regular locus of X, the formal scheme over Spec Z:
)/(\'Q — SpecZ,
equipped with the section @, defines a pointed smooth formal curve over Spec Z, in the sense [Bos20,
10.4].

Since e = 1, the formal germ of a at 0 defines an isomorphism of smooth formal complex curves:

-

@y : D(0; 1)y = X . =~ (Xo)c-

Therefore the triple:

V= (Xo,D(0;1),d5")
defines a smooth f.-a.arithmetic surface over SpecZ.

If we define:
a: )?Q — X
as the “inclusion” morphism, and:
a® :=a:D(0;1)T — X(C),

then the pair:

a:=(a,0™): YV — X
defines a non-constant morphism with ramification index e(a) = 1. Moreover the Hermitian line
bundle N pV is canonically isomorphic to N%X and the excess Ex(a : Vo X ) clearly vanishes.

Consequently the positivity condition (9.3.5) is satisfied if and only if Vis pseudoconcave, and
when this holds:

D(a:V = X) =e(a) + (deg NpV) ' (Ex(a V= X) + Ex(a®™ : (D(0;1),0)) — X((C)))
Ex(a: D(0;1) — X(C))
deg N X '

Therefore the finiteness of 7$*(X,*) when (9.3.5) holds and the bound (9.3.6) on its cardinality
follows from Corollary 9.3.2 and from the bound (9.3.2). O
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PROOF OF PROPOSITION 9.3.3. We now establish Proposition 9.3.3 when the ramification in-
dex e is an arbitrary positive integer.

The smooth formal curve )/(\'Q over Spec Z is isomorphic to Spf Z[[T]] (see for instance [Bos20,

10.4.2]), and we may choose an isomorphism of formal schemes:
j: Xo = SpfZ[[T]).

The data of tkle isomorphism j is indeed equivalent to the one of ¢t := j*T, which is a non-zero
element of I'( X, (’))A(Q) such that divt = Q.

Restricted to the first order neighborhood of @ in X, the formal function ¢ defines a trivialization
of the normal bundle of @ in X:

NoX ~7Z(0/0¢).
The morphism of smooth formal complex curve:
— —~ Jc
jc oG : SpfCl[2]] ~ D(0; 1), % (Xg)c — Spf C[[T7).
is defined by the series:
¢ = (jcoao)"T € R[[z]],
which is of the form:
© = pzt +0(z°Th),

with g in R*.

In other words, we have:

al(0)((9/02)%¢) = u(9/dt)c.
This implies the relations:
[1(0/0t)clla = 1,

and:

(9.3.7) deg N X =log||(8/0t)c]|;" = log|pl.
We shall write:
pw=c|p|, wheree e {1,—-1}.
There exists a unique series p in R[[z]] such that:
p(0) =0, p'(0) = [p"*,
and:
p(z) = ep(2)°.
We shall denote by % its compositional inverse:
¥ = p " € Gror(R) := R*X + X*R[[X]],
and consider the smooth f.-a.arithmetic surface over Spec Z:
V= V(D(0:1), %) = (Spf Z[[X]), D(0: 1), 9),

where i is the isomorphism of smooth formal complex curves:

—

i+ (SptZ[[X]])c = Spf C[[X]] — D(0;1), = Spf C[[2]]
defined by:
1 (z) == Y(X).
Using the expression (6.3.3) for d/eTngT), we get:
deg NpV = log [¢/(0)| ™" = log|(0)] = (1/¢) log ul.
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Together with (9.3.7), this establishes the equality:

(9.3.8) degNpV = (1/e) deg N X.

We may define a morphism of formal scheme from Spf Z[[X]] to X as the composition:?

a: SpEZ[[X]) X255 Spf Z[[T] L Ko X,

or equivalently by the relation:
(9.3.9) a't=eX°.

Its excess Ex(a : Spf Z[[X]] — X) vanishes. Indeed, with the notation of 7.2.2.1, we have a*(Q) =
eP.

Moreover the analytic map:
o™ :=a:D(0;1)t — X(C)
is compatible with complex conjugation, and satisfies:
(9.3.10) a™oi=ac: Spf C[[X]] — X(C).
Indeed the following equality holds in C[[X]]:
(™ 0 i) te = i"p(2) = p(H(X)) = ep((X))* = eX* = Gbtec.

The equality (9.3.10) shows that the pair (@, a®®) defines a morphism from the f.-a. arithmetic
surface V to the arithmetic surface X:
a:=(@,a™):V:=V(D(0;1),¢) — X.
Clearly it is non-constant, of ramification index e(a) = e.

According to (9.3.8), V is pseudoconcave if and only if the positivity condition (9.3.5) is satisfied.
Moreover when this holds, we have:

D(a:V = X) = e(a) + (deg NpV) (Ex(a V= X) + Ex(a®™ : (D(0;1),0)) — X((C)))

Ex(a: D(0;1) — X(C))
e — .
deg No X

=e+

Here again, the finiteness of (X, *) when (9.3.5) holds and the bound (9.3.6) on its cardinality
follows from Corollary 9.3.2 and from the bound (9.3.2). O

Proposition 9.3.3 applies notably to models of elliptic curves over Q:

COROLLARY 9.34. Let E be an elliptic curve over Q, and let O € E(Q) be its zero element.
If &€ is an integral reqular arithmetic surface that is a model of E, and if O extends to an integral
point Og in E(Z), then the étale fundamental group 75(E, %) is finite.>

In particular, 7t (&, *) is finite if £ is the connected Néron model of E. Conversely the finiteness
of 7$*(&, %) when & is the connected Néron model of E is easily seen to imply its finiteness for every
model £ of E that satisfies the assumptions of Corollary 9.3.4.

2The same letter X denotes both the arithmetic surface X and an indeterminate. Hopefully this would not
introduce any confusion.
3Where * denotes an arbitrary geometric point of X.
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The generalization of Corollary 9.3.4 where E is replaced by an arbitrary abelian variety over Q
is actually valid, and may be derived from Weil’s classical results concerning abelian varieties over
finite fields and the Frobenius action on their Tate module, as shown by Katz and Lang in [KL81].*

We have explicitly stated Corollary 9.3.4 for the striking simplicity of its derivation from the
general finiteness criterion in Proposition 9.3.3.

PROOF. Let us denote by:
expp(c) : Lie Ec — E(C)
the exponential map of the complex Lie group E(C), and let us choose a non-zero element v of
Lie Eg. For every A € R* | we may introduce the following étale complex analytic map, compatible
with complex conjugation:
ax: D(0;1)" — E(C), 2z expg)(2Av).
It is straighforward that the norm ||.||o, on (Ty, F)c ~ Lie E¢ satisfies:
”/\’Ullax =1
Consequently:
deg Ny € =log A + deg Ny €.
Therefore, if A is large enough, the positivity condition 9.3.5 is satisfied by X := &, @ := Og, and
a:=ay. O

Using the general form of the “arithmetic Lefschetz-Nori theorem” stated in Theorem 9.2.1,
which is valid over an arbitrary number field K, a similar argument establishes more generally that,
if m: € = Spec Ok is an integral regular model over Ok of an elliptic curve E over K such that
the zero elements O € E(K) extends to an integral point Og in E(Ok), then:

ker (7, : TE, %) — 7S (Spec Ok, m(%)))

is a finite group.> We leave the details to the interested reader.

9.3.3. If one is interested in the qualitative aspect of Proposition 9.3.3 only, namely in the
finiteness of 7$*(X, %), its hypotheses may be slightly relaxed.

For instance, one may assume that the map a introduced in (9.3.3) is a non-constant analytic
map:
(9.3.11) a:D(0;1) — X(C),
defined only on the open disk ﬁ(O; 1). Alternatively, one may replace the positivity condition (9.3.5)
by the weaker condition:

(9.3.12) deg N X > 0.
In the first case, the finiteness of 7$¢(X, ) follows from Corollary 9.3.3 applied to
ar: D(0; 1)t — X(C), z+— a(rz),
where 7 € (0,1) is chosen close enough to 1 so that:
deg N X > 0.
In the second case, it follows again from Corollary 9.3.3 applied to a,, where now r is chosen
close enough to 1 in (1,4o00) to make a, defined on an open neighborhood of the closed disk D(0; 1).

4To derive Corollary 9.3.4 from the results in Katz-Lang, observe that we may assume that £ is smooth over
SpecZ, and that [KL81, Lemma 2] implies that 7$*(£, ) is a quotient of 7$* (Eg; ), and therefore is abelian. Ac-
cordingly 7$*(&, ) may be identified with the group Ker(X/S) investigated in [KL81] when X = &£ and S = SpecZ,
and is therefore finite by [KL81, Theorem 1].

5Actually abelian with two generators, since it is a quotient of ﬂft(E'@) ~ 22, say by [KL81, Lemma 2, (2)].
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It is actually possible to derive from Corollary 9.3.3 a variant which covers both the more general
definition (9.3.11) of a, and the limit case of (9.3.12) when:
deg N X = 0.
PROPOSITION 9.3.5. Let X be a normal integral arithmetic surface and let Q € X (Z) be a section
of the structure morphism X — SpecZ the image of which lies in the regular locus of X .

Let moreover:

o

(9.3.13) a:D(0;1) — X(C)

be an analytic map, compatible with complex conjugation and étale at 0,° such that:
a(0) = Qc,

and let ||.||o be the Hermitian norm on Tx(c),q. defined by:

(9.3.14) [ Da(0)(0/0z)]la = 1.

If the Hermitian line bundle over SpecZ:
NoX = (N X, ||-lla)

satisfies:
(9.3.15) deg N X =0,
and if the map a is not a universal covering of X (C), then the étale fundamental group 7$*(X, *) is
finite.

PROOF. According to the uniformization theorem, there exists a universal covering:

u: (M,0) — (X(C),Qc)

of the pointed Riemann surface (X(C), Qc) where M is either P1(C), C, or D(0;1).7

Since lo)(O; 1) is simply connected, there exists a unique complex analytic map between pointed

Riemann surfaces:

o

such that the following diagram is commutative:

D(0;1) —*—~ M

By construction a(0) = 0, and we may consider the derivative a’(0) of @ at 0.

When M = ﬁ(O; 1), the complex analytic map @ is not a diffeomorphism — since a is not a
universal covering of X (C) — and according to the Schwarz lemma, the following estimates holds:

la’(0)] < 1.
This implies the following relations between Hermitian norms on T, X (C):
[l = 1a" ) I-la < [I-llas

where |||, is defined as in (9.3.14) with u instead of a, and consequently:
deg N X := deg (No X, [|.|a) > deg N X > 0.

6Namely7 such that its differential Da(0) : Tﬁ(O'l) o — Tx(c),Qc is an isomorphism.

"The complex line C is embedded in P!(C) by the usual map (z — (1 : 2)); in particular 0 denotes the point
(1:0) of PX(C).
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The finiteness of (X, *) therefore follows from the first variant of Proposition 9.3.3 mentioned
above, applied with ¢ := u and e = 1.

When M is P*(C) or C, then, for every A € R%, we may consider the map:

uy: D(0;1)T — X(C), 2+ u()z2).

The the following equality between Hermitian norms on T, X (C) is satisfied:
-lluy = X7 @ O) -l

and therefore:

- 55U ~ - T ==a

deg N X =log(A/[@’(0)]) + deg N X.
When ) is large enough, this is positive, and therefore the finiteness of 7¢*(X,*) follows from
Proposition 9.3.3 applied with a := uy and e = 1.8 O

In applications, it is convenient to combine Proposition 9.3.5 and the following result of inde-
pendent interest about étale fundamental groups of arithmetic surfaces.

PROPOSITION 9.3.6. Let X be a normal integral arithmetic surface, and let D be a closed reduced
subscheme of pure dimension 1 in X.

If D is regular and contained in the regular locus of X and if, for every irreducible component®
C of D, the structure morphism:
C — SpecZ

is surjective, then the inclusion morphism:
t: X\D—X
induces an isomorphism between étale fundamental groups:

(9.3.16) Lt TSHX\ D, %) =5 w8H(X, ).

In (9.3.16), * denotes an arbitrary geometric point of X \ D.
Proposition 9.3.6 follows from a variation on the proof of the triviality of the group:
ker (7" (P, . *) — 78" (Spec Ok, +'))

due to T. Saito presented in [ITha94, Appendix]; see also [Ems99] for related results and references.

PROOF. Let us assume that D is regular and contained in the regular locus of X, and that,
for every irreducible component C of D, the structure morphism C — SpecZ is surjective, or
equivalently, that for every prime p, there exists a closed point = of C such that the finite field
k(z) := Ox 4/m, has characteristic p.

Consider a finite étale covering:

f:Y — X\ D,
with Y connected, and therefore integral since Y like X \ D is normal.

Establishing that the map (9.3.16) is an isomorphism amounts to proving that any such finite
étale covering of X \ D extends to a finite étale covering of X:

(9.3.17) f:Y — X

To achieve this, we define Y and f as in (9.3.17) as the normalization of X in the function field
k(Y) of Y. Since Y is normal and f is finite, over the open subscheme X \ D of X this normalization
may be identified to f : Y — X \ D, and by purity we are left to show that the ramifications indices
of f over every component C' of D are equal to one.

8 Actually, when M = P1(C), the fundamental group 7§ (X, *) is easily seen to be trivial.

9or equivalently, according to the regularity of D, for every connected component.
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This follows from the absolute Abhyankar Lemma in [Gro71, Chapitre XIII, Proposition 5.2],
which shows that, for any closed point x of C these ramification indices are not divisible by the
characteristic of k(z). Indeed f is tamely ramified along C, since C' is horizontal and therefore «(C)
has characteristic zero. |

COROLLARY 9.3.7. With the notation of Proposition 9.3.5, for every geometric point * of X\ Q,
the étale fundamental group w$¢(X \ Q, *) is isomorphic to w$*(X,*) and therefore finite.

9.3.4. Proposition 9.3.5 and Corollary 9.3.7 are tailored to applications to integral models of
modular curves.

For instance, for every integer N > 3, we may consider the scheme Y(N)**h defined as in
[Kat76, Section 2.5]'0 as representing the functor that maps a base scheme S to the isomorphism
classes of pairs (€, ), where &€ is an elliptic curve over S and ¢ is an isomorphisms of finite flat group
schemes over S:

t: (un X Z/NZ)s > E[N].

It is a smooth affine curve over SpecZ, with geometrically irreducible fibers, and admits a
partial compactification, defined by a similar moduli problem, where £ is now a generalized elliptic
curve. Moreover the “cusp at infinity” I'(NV).co extends to a section ooy over SpecZ of this partial
compactification, and the union of Y(N)*h and of the image of coy defines a quasi-projective
arithmetic surface X smooth over SpecZ, with geometrically irreducible fibers.

The formal neighborhood of ooy in X is described by the “Tate curve” over Z[[¢*/V]], the
analytification of which defines a complex analytic map:

a:D(0;1) — X(C)
which satisfies:
a(0) = conc
and:
a(w) := isomorphism class of (C*/wV% 1),

where:
v+ pn(C) X Z/NZ = (C* JwN)[N], (¢, [b]) — [Cw"].

We may apply Proposition 9.3.5 to the arithmetic surface X equipped with the section Q := ooy
and to the map a just defined. Indeed, the fact that the “formal parameter” ¢'/V describing the
formal neghborhood of coy in X coincides with the “analytic parameter” w in the open unit disk in
the above analytic parametrization of X (C) shows that the vanishing condition (9.3.15) is satisfied.
Moreover the map a is étale at 0, and clearly is not a universal covering of X (C).*!

Therefore, according to Corollary 9.3.7, we obtain:

COROLLARY 9.3.8. For every integer N > 3 and every geometric point x of Y(N)¥*h the étale
fundamental group 7$H(Y(N)M %) is finite.

We leave it to the reader to establish generalizations'? of the results of this subsection to normal
integral arithmetic surfaces X over Spec O — where K is an arbitrary number field — that are
equipped with a section @ € X(Ok) of the structure morphism 7 : X — Spec Ok, and to apply
them to integral models of modular curves defined by classical moduli problems over ring of integers
of cyclotomic fields.

Owhere it is denoted by M (I'(N)arith),
HThe inverse image of cop,c is the point 0, while the inverse image by a of every point of X(C) \ {oon c} is
infinite.

12¢oncerning the finiteness of the kernel of the map . : $t(X, %) — w5 (Spec Ok, m(%)).
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