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1. AMPLE LINE BUNDLES

1.1. Algebraic definition. Let X be a variety (i.e., a scheme of finite
type over a field k). An invertible sheaf L on X is ample if, for any
coherent sheaf F' on X, the sheaf ' ® L™ is globally generated for all
m > 0.

Examples 1. 1) On an affine scheme, any invertible sheaf is ample,
because every coherent sheaf is globally generated.

2) The sheaf Opn(m) on the projective space P" is ample if and only
it m > 0.

3) On a complete connected curve, an invertible sheaf is ample if and
only if it has positive degree.

An invertible sheaf L on X is ample if and only if for some (or for
any) m > 0, the invertible sheaf L™ is ample.

The restriction of an ample invertible sheaf to a (closed) subvariety
is still ample.

An invertible sheaf L on X is very ample (over Spec(k)) if there is
a closed embedding ¢ : X < P" such that L = *Opx(1). It follows
from Serre’s theorem (applied to the closure of ¢(X)) that a very ample
invertible sheaf is ample. Conversely, all sufficiently high powers of an
ample line bundle are very ample.

On a complete variety, ample invertible sheaves can be characterized
cohomologically.

Theorem 1. Let X be a complete variety. The following conditions
are equivalent:
(i) L is ample;
(ii) for each coherent sheaf F on X, we have H(X,F @ L™) = 0
for alli >0 and all m > 0.

This criterion implies in particular that if f : Y — X is a morphism
between proper varieties and L is an ample invertible sheaf on X, the
pull-back f*L is ample if and only if f is finite.

Definition 1. A line bundle L on a proper algebraic variety X is nef
if it has nonnegative degree on any curve C' — X.
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Ampleness implies nefness (but the converse is false!).
There are many properties of ample and nef invertible sheaves that
I will not prove here. Here are some of them:

e If M is an invertible sheaf and L an ample invertible sheaf,
L™ ® M is very ample for all m > 0.

e The restriction of a nef invertible sheaf on a complete variety
to a (closed) subvariety is still nef.

e The tensor product of two ample invertible sheaves is ample.

e On a complete variety, the tensor product of an ample invert-
ible sheaf with a nef invertible sheaf is ample. In particular,
ampleness is a numerical property: if P is a numerically trivial
line bundle (i.e., of degree 0 on any curve), L is ample if and
only if L ® P is.

e We can therefore talk about ample (or nef) classes in the Néron—
Severi group NS(X) and define ample rational, and even real,
classes in NS(X)g.

e The set of ample classes in NS(X)g is an open cone.

e A class in NS(X)gr is ample if and only if it is nonnegative
on the closed convex cone generated by classes of curves in X
(Kleiman).

e An ample invertible sheaf L on a proper irreducible variety X is
big: if n is the dimension of X, this means h°(X, L®™) > am”
for m > 0, for some a > 0 (this follows from the Riemann—Roch
theorem and item (ii) of Theorem 1).

1.2. Forms of type (p,q) on a complex manifold. Let X be a
complex manifold of dimension n. At each point x of X, the complex
tangent space Ty, is a complex vector space of dimension n. It can also
be viewed as a real vector space T}},x of (real) dimension 2n, equipped
with an endomorphism J, such that J? = — Idw .

Complex valued R-linear forms on T’ )1(1@ form a complex vector space
Q% , of dimension 2n. It splits as a direct sum

QX,x ¥ QX,a:

of complex vector subspaces, where {2x , is the space of C-linear forms
(also said to be of type (1,0)), and Qx, is the space of C-antilinear
forms (also said to be of type (0,1)).

A real 2-form w : A\> TR — R is said to be of type (1,1) if

wy (o€, Jo€') = wa (€, €)
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One can associate to such a form a Hermitian form on Tx by the
formula

h(§7 gl) = W(g, ng) - iw(x, y)
and conversely, to any Hermitian form on T, one can associate the

(1,1)-form w, = —Imh. If 21, ..., 2, are local holomorphic coordinates
on X, we have

w o= iy hjdz Adz,
gk
ho= Y hudz @ dz

j7k

where (h;j) is a Hermitian matrix of C-valued ¢’* local functions on
X.

A Hermitian metric on X is a Hermitian form on Tx that is every-
where positive definite. In terms of the associated (1, 1)-form wy, this
means

w (2§, €) > 0

for all nonzero x € X and § € Tx,. In local coordinates, with the
notation above, this means that the Hermitian matrix (h;z) is positive
definite.

We say that the metric h is Kéahler if the form wy, is closed, i.e.,
dw, = 0.

1.3. Metric characterizations of ampleness. Let X be a complex
manifold of dimension n and L be a holomorphic line bundle on X
endowed with a Hermitian metric h.

The curvature form Op(L) is a closed (1,1)-form on X that has the
property that ©y(L) represents c;(L). It can be defined locally as’

7 _
On(L) = - 00 log ||s||n

for any nonvanishing local holomorphic section s of L.

Examples 2. 1) On the unit disk A, the Poincaré metric is defined as

dz ® dz _ddzAdZ
-2 "~ a—p7

1) he =

IDifferent normalizations exist. ~ This is the one used by Demailly in [De2].
In [Del], he uses ©,(L) = —5-00log||s||,. Griffiths and Harris use ©(L) =
—2001og ||s||n in [GH].
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Its curvature

- 1
On, = ——00log———
he N T FTER
2 0%
= — log(1 — |2]%) d dz
T 020%Z og( |Z|) ZAaz
21 1
= - dzAdz
T - Y
2
v

is constant negative. We will see later that it is invariant by biholo-
morphisms of A, hence descends to any quotient. For instance, this
endows any compact Riemann surface of genus > 2 with a metric with
negative constant curvature.

2) The metric (14 |2]*)dz ® dz on C has negative curvature.

3) The metric m dz ®dZz on the upper half-plane 77 has negative
curvature —1/27. Since it is invariant by the action of SLy(Z), it
descends to any (smooth) quotient by a subgroup of SLy(Z), such as

the one given by the modular function j : 5 — C.

We say that a line bundle L on a compact Kahler manifold X is very
ample if there exists an embedding ¢ : X — Py such that L = 1*Opy(1).
By Chow’s theorem, X is then algebraic and L is very ample on X in
the sense already defined in 1.1. In the same context, we say that L is
ample if some positive tensor power of L is very ample.

Theorem 2. A line bundle L on a compact Kdhler manifold X is
ample if and only if it carries a Hermitian metric whose curvature
form s positive.

This is the Kodaira embedding theorem. One direction is easy: if L
is ample, the Fubini-Study metric induces, via the corresponding em-
bedding into a projective space, a metric on X with positive curvature.
The converse is more difficult: one needs to prove that if the curvature
form is positive, some power of L has enough sections to define a pro-
jective embedding of X. This is usually done by proving a vanishing
theorem for higher cohomology.

Nefness is more difficult to generalize to arbitrary compact complex
manifolds, because X may contain no algebraic curves.
We need to introduce several concepts.
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1.4. Currents. Let X be a complex manifold of dimension n. A cur-
rent T on X is a differential form on X whose coefficients are dis-
tributions. To the newcomer, currents may seem to behave in many
ways just like differential forms, but this is not the case! For exam-
ple, although one can wedge a current with a smooth differential form,
the exterior product of two currents is in general not defined since the
product of two distributions may not define a distribution.
The pairing

(T,w}»—>/XT/\w

identifies the vector space of currents of type (p,q) on X with the
topological dual of the vector space of smooth (n—p,n — ¢)-forms with
compact support on X. The differential dT" is then defined as usual by

(dT,w) = —(T, dw)

Obviously, a smooth form 1 of type (p,q) defines a current by the
formula

ot [

and the corresponding inclusion of complexes defines an isomorphism
in cohomology. One can therefore associate a cohomology class {T'} €
HEH(X) to a current T of type (p, q).

Any smooth subvariety Y of X of codimension m defines a current
[Y] of type (m,m) by the formula

(V] w) = /Y wly

When Y is singular, a theorem of Lelong shows that the integral

WH/W
Y;

reg

Yrcg

converges (even if the support of w meets Yj,,) and defines a current on
X that we still denote by [Y]. The cohomology class {[Y]} € HZR(X)
is the fundamental class of Y.

This is the beauty of the theory of currents: the same formalism
includes subvarieties and smooth differential forms.

A (1,1)-current T', written in coordinates as T = i}, Tjrdz; A
dZi,, where the Ty, are distributions, is semipositive if ik Tikouy 18
a nonnegative (real) measure for all functions a,...,«, on X with
compact support. It implies that 7' is real and that its coefficients are
measures.
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Examples 3. 1) If D is an effective divisor on X, the current [D] is
semipositive.

2) (The Lelong—Poincaré equation) If f : X — C is holomorphic,
with zero divisor D,

i
—d0log|f| = [D]
as currents.

1.5. Plurisubharmonic functions. Let ¢ be a real locally integrable
function on the complex manifold X. The complex Hessian of ¢ is the
(1,1)-current

000 =i 00 i naz
? =1 ———dz; Ndz
v - 62j82k J k
7,k
We say that ¢ is plurisubharmonic if this current is semipositive.

Examples 4. 1) If the f;; are holomorphic functions and the mj
positive real numbers, the function

w = 10gm]€ixzk: | fe|™*

is plurisubharmonic.

2) A plurisubharmonic function can always be (uniquely) modified on
a negligible subset so that it becomes an upper semicontinuous function
X — [—00,+00) that satisfies the inequality

1 2m ;
P(h(0) < 5 [ plnle)ap
m™Jo
for any holomorphic map h : A — X. Conversely, any function that
satisfies these two properties is plurisubharmonic.

1.6. Singular Hermitian metrics. Let L be a line bundle on a com-
plex manifold X. A singular (Hermitian) metric on L is a function
| - ||n : L — R* that, read in any local trivialization U x C — Ly,
has the form

[u(z; E)ln = |€le™

L (U). Tts curvature current is defined as the closed real

loc

where ¢ € L
(1,1)-current

O1(L) = = 0dp

One checks that its cohomology class in H3(X) is independent of the
choice of h and equals the first Chern class ¢;(L).

By definition, the curvature current is semipositive if the weight ¢
is plurisubharmonic.
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In general, we define the singular set Sing(h) of a (singular) metric
h as the closed subset of X of points x such that ¢ is unbounded on
any neighborhood of x.

Examples 5. 1) Let h be a (smooth) Hermitian matric on the complex
manifold X and let f : A — X be a holomorphic map. If the derivative
of f vanishes nowhere, f*h is a (smooth) metric on the disk A. How-
ever, this rarely happens. However, whenever f is nonconstant, f*h
still defines a singular Hermitian metric: choose local holomorphic co-
ordinates (z1, ..., z,) for X, so that f becomes a holomorphic function
to C™. We have locally

Fh=ul2)|f(2)d: ®dz

where u is a real positive > function. This is a singular metric on A
with weight

1
¢=10g|f’|+§1ogu

2) Let D be an effective divisor on the complex manifold X. Sections
of L = Ox(D) correspond to meromorphic functions on X with pole
divisor < D. Equip L with the singular metric h given by the modulus
of these functions. If f = 0 is a local (holomorphic) equation for D, the
weight ¢ is log |f| and using the Poincaré-Lelong equation (Example
3.2)), we obtain

01(1) = D] - £ 09 log

where [D] is the current of integration over the divisor D. One sees in
particular that the cohomology class of D is that of ©,(L), i.e., ¢1(L).

3) If sg, ..., sy are nonzero holomorphic sections of L, define a sin-
gular metric A on L by setting

= o s|?
lu=loso|?>4 -+ |utosyl|?

Isll =

The associated weight function is the plurisubharmonic function

1 N
Y= §log (]z:; |U_1 e} Si|2>

This metric is also the pull-back of the Fubini-Study metric by the
rational map 17, : X --» P¥ defined by s, ..., sn.

The union of the base locus Base|L™| and the set of points of
X - Base |L™| where ¢,m has positive fiber-dimension is a closed subset
of X that does not depend on m for m sufficiently large and divisible.
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We denote it by 3(L). It is different from X if and only if L is big,
and the induced map

Ypm : X = N(L) — PV

is an embedding. If this is the case, taking the mth root of the metric
defined above yields a singular metric h on L, smooth outside (L),
with semipositive curvature current.

One can then see ampleness, nefness, and bigness in terms of these
singular metrics. Pick a smooth metric on the compact complex man-
ifold X, with positive associated (1, 1)-form w.

e A line bundle L is ample if there is a smooth metric h on L such
that ©p(L) > ewy, for some € > 0.

e A line bundle L is nef if for any € > 0, there is a smooth metric
h on L such that ©,(L) > —cwy,.

e A line bundle L is big if there is a (singular) metric A on L such
that ©,(L) > ewy, for some € > 0.

The first item is just Theorem 2. The second is a definition. The
third is new. In one direction, it follows from Examples 5.3) above
(the singular set of the metric A on L can be chosen to be contained
in the locus X(L)). The other direction is harder and uses Hérmander
L?-estimates to construct many sections of L™.

This is a very important point that illustrates the flexibility brought
by allowing singular metrics: a big line bundle has a (singular) metric
with positive curvature current, whereas smooth metrics with positive
curvature only exist on ample line bundles.

2. AMPLE VECTOR BUNDLES

2.1. Algebraic definition. Let E be a coherent sheaf on a scheme
X. One can construct the projective X-scheme

m:P(F)— X

of one-dimensional quotients of E. More algebraically, P(E) is realized
as the scheme

P(E) = Proj (@ Sm(E)>

m>0

It comes equipped with a line bundle @pg) (1) arising as the tautolog-
ical quotient of 7* E:
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(this is a relative version of the fact that on P", the sheaf Opn(1) is
globally generated by its sections xg,...,z,). Also, we have for all
m >0

and R/, Op(g)(m) = 0 for all j > 0.

We say that E is ample on X if the line bundle Op(g)(1) is ample
on P(E).

The restriction of an ample sheaf on X to a subscheme of X is
still ample. A quotient & — [ of coherent sheaves induces a closed
embedding P(F') — P(FE). It follows that a quotient of an ample sheaf
is ample.

Following the analogous proofs for line bundles, one obtains the fol-
lowing characterizations of ample vector bundles on a proper variety.

Theorem 3. Let X be a proper variety and let E be a vector bundle
on X. The following conditions are equivalent:
(i) E is ample;
(ii) for each coherent sheaf F' on X, the sheaf F ® S™ E is globally
generated for all m > 0;
(iii) for each coherent sheaf F on X, we have H/(X, F®S™ E) =0
for alli >0 and all m > 0;
(iv) for any ample line bundle L on X, such that, for all m > 0,
the sheaf S™ E is a quotient of a direct sum of copies of L;
(v) for some m > 0, the vector bundle S™ E is ample.

It follows from this theorem that given a finite and surjective mor-
phism f : Y — X, a vector bundle on X is ample if and only if its
pull-back to Y is. Also, any extension of two ample vector bundles is
ample. Finally, it is also true that the tensor product of two ample
vector bundles is again ample. This is not easy to prove, especially in
nonzero characteristic ([L], Corollary 6.1.16 and Remark 6.1.17).

It is easier to grasp the meaning of ampleness for a globally generated
vector bundle. Assume that there is a finite-dimensional vector space
V and a surjection

VelOyx — E—0

This gives rise to a morphism
p:P(E) — P(V)
defined as the composition
P(E) —PVe0Ox)=PV)x X —P(V)

that satisfies p* Op(y)(1) = Opg)(1). It follows that E is ample if and
only if ¢ is finite. More concretely, consider for each x € X the fiber
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E,, considered as a quotient of V', so that P(E,) is a linear subspace
of P(V). Then E is ample if and only if through any point of P(V'),
there are only finitely many subspaces P(E,).

Examples 6. 1) Let G = G(V, k) be the Grassmannian of k-dimensional
quotients of a vector space V' and let () be the tautological quotient
bundle on G, of rank k. We are in the situation above:

VROsg—Q—0

but @ is not ample for k£ > 2 because through any point of P(V), there
are infinitely many P*~1,

2) Let X be a smooth subvariety of dimension d of an abelian variety
A of dimension n. There is a surjection

QAlX—>QX—>O

For each z € X, consider, using a translation by —z, the tangent space
T, as a subspace of Ty . It follows that 2x is ample if and only if,
for any nonzero t € T, there are only finitely many T’ , through ¢.
This is possible only if 2d < n.

3) Let X be a smooth subvariety of dimension d of P = P(V), let
v: X — G =G(V,d+1) be the Gauss map, and let () the tautological
rank d + 1 quotient bundle on G. We have a commutative diagram

0 0
! !
N;(/P(l) - N;(/P<1)
! !
! !
0 — Qx(1) — 7*Q — Ox(1) — 0
! !
0 0

Again, the vector bundle v*@) is ample if and only if, for any point
p € P, there are only finitely many (projective) tangent spaces Tx
through p. This is possible only if 2d < n.

We now introduce Q-twisted vector bundles. This is a very useful
formalism for questions of positivity and ampleness. For any vector
bundle F on a variety X and rational class J, introduce a symbol E(¢)
and declare that F(d) and (E® L){(d—[L]) are equal for all line bundles
L on X. Since P(E ® L) ~ P(F) under an isomorphism that carries
Oppsr)(1) to Oppy(1) @7 L, it makes sense to say that £(J) is ample
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(or nef) if the rational class [0pg(1)] + 70 is ample on P(E). One
defines tensor products

E1(61) @ E5(02) = (E1 ® E3)(01 + 02)

The beauty of these definitions is that most theorems (that still make
sense) remain valid.

Theorem 4. Let X be a proper variety, let E be a vector bundle on
X, and let § € NS(X)q.
o If f:Y — X is a finite and surjective morphism, E{(0) is ample
if and only if its pull-back f*E{f*0) is.
o The Q-twisted vector bundle E{J) is ample if and only if, for
some m > 0, the Q-twisted vector bundle S™ E{mJd) is ample.
o [f the Q-twisted vector bundle E{d) is nef, E{(0 + a) is ample
for any ample class a € NS(X)q.

This is not a futile generalization, and the proof of this theorem
is not obvious. It becomes easier if one uses a construction of Bloch
and Gieseker that says that there always exists a finite flat surjective
morphism f : Y — X such that f*J is an integral class.

Here is an application of this formalism.

Proposition 1. A vector bundle E on a projective variety X is ample
if and only if, for any ample line bundle A on X, there exists € > 0
such that, for every finite map f : C' — X from a smooth projective
curve and quotient line bundle f*E — L,

deg(L) >eC - frA

Proof. Giving a quotient line bundle f*E — L is the same as giving a
map g : C — P(F) such that mog = f and L = ¢*Op(g(1). Since £
is nef if and only if deg(g*@p(r)(1)) > 0 for any such map g, it is clear
that E is nef if and only if deg(L) > 0 for all quotients line bundles L.

If the condition in the theorem is satisfied, the Q-twisted vector
bundle E(—cA) is therefore nef, hence E is ample. The converse is
done in the same way. 0

2.2. Varieties with ample cotangent bundle. Let X be a smooth
projective variety with ample cotangent bundle and let Y be a (possibly
singular) subvariety of dimension d of X. Any desingularization f :
Y — Y induces a generically surjective morphism f*Q4 — Qf} = wy
hence, as above, a rational map p : Y --» P(f*Q%) that is birational
onto its image, because f is. It follows that wy = p*Op(s-q¢ (1) is big.

Any subvariety of X is therefore of general type. In particular, X
contains no rational or elliptic curves. More precisely, if f: C — X
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is a nonconstant map from a smooth projective curve, it follows from
Proposition 1 that there exists € > 0 such that for any quotient line
bundle f*Qx — L, we have

deg(L) >eC - Kx
In particular, taking for L the image of f*Q2x — ¢, we obtain
2g(0)—22€CKX

In particular, it is algebraically hyperbolic in the sense of Definition 3.

It is clear that smooth projective curves of genus at least 2 have
ample cotangent bundle, but it is not so easy to construct higher-
dimensional examples.

e The cotangent bundle of a nontrivial product X x Y is never
ample, because it restricts to X x {y} as Qx &Qy,,. This vector
bundle has a trivial quotient hence cannot be ample.

e It follows from Example 6.3) that if X is a subvariety of P" of
dimension n/2 (for example, a hypersurface in P", with n > 3),
Qx(1) cannot be ample. In particular, 2x cannot be even nef.

We will present a construction of varieties with ample cotangent
bundle of any dimension in §4.1.

2.3. Metric approach. Assume now that X is a complex manifold of
dimension n and let F be a vector bundle on X, equipped with a Her-
mitian metric A. These data determine a unique compatible Hermitian
connexion with curvature

1,1

Ou(E) € (X, /\ Qx ® Hom(E, E))

a (1,1)-form with values in Hom(E, F). If zy, ..., z, are local analytic
coordinates on X and (ey,...,e,) a local orthogonal frame on E, one
can write

Gh(E) =1 Z Cikp de N dik &® ej ® €u
j?k7AHLL
where ¢y = Cjkay are € functions on X. To ©,(E) one associates
the Hermitian form

Qh(E) = Z Cjk)\,u de & dzk X 6; (24 eu
j7k7>\7u

on T'x ® E. The pair (E, h) has positive holomorphic bisectional cur-
vature, or is Griffiths-positive, if, for all x € X and all nonzero s € E,,
the Hermitian form

On(E)(s®5) =0,(E)(-®s,-® s)
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is positive definite on T’x .

Our main interest will be the case where ' = (2x. We say in this case
that X has (a metric with) negative holomorphic bisectional curvature
(because the metric on the dual T'x has this property).

Examples 7. 1) On the unit ball A,, the Bergman (K&hler) metric,
given by
dz ®dz
(=[P == )

where |(z1,...,2,)* = |z1]* + -+ + |2,4]?, has negative holomorphic
bisectional curvature (for n = 1, this is the Poincaré metric, defined in
Example 2.1)). In particular, any bounded domain in C" has a metric
with negative holomorphic bisectional curvature.

It is invariant by biholomorphisms of A,,, hence endows any smooth
quotient of A,, with a metric with negative constant curvature.

2) Any submanifold of a manifold with negative holomorphic bisec-
tional curvature has the same property (curvature increases in quo-
tients).

There is an important difference between Example 2.2) or 3), and
Example 7.1). In the latter, the holomorphic bisectional curvature is
bounded away from zero: there is € > 0 such that

(3) On(Tx)(E® ¢ £ @) < —¢llEllRIIE IR

for all z € X and all £,£ € Tx,. On a compact manifold, this is of
course automatic once the holomorphic bisectional curvature is nega-
tive.

Proposition 2. On a complex manifold, a vector bundle that has a
metric with positive holomorphic bisectional curvature is ample.

The converse (does an ample vector bundle always carry a metric
with positive holomorphic bisectional curvature?) is unknown.

SKETCH OF PROOF. Let E be a vector bundle on the complex manifold
X and let 7 : P(E) — X be the associated projective bundle. A
metric h on F with positive holomorphic bisectional curvature induces
a metric 7*h on 7*FE. As a ¥ vector bundle, the latter splits as the
direct sum of its quotient Opg)(1) and the associated kernel. This
defines by restriction a metric ' on Opg)(1).

Take y € P(E), set © = 7(y), and consider a nonzero s € 7*E, =
(7*E);. The Hermitian form .., (7*E)(s’ ® §') is positive on tangent
vectors to P(E) at y that are not vertical, hence (curvature increases
in quotients) so is the Hermitian form 6y (Opx)(1))(s' ®5'), where ¢’ is
the image of s in Op(g)(1),. On the tangent space to the fiber 77 (z),



HYPERBOLICITY OF COMPLEX VARIETIES 15

the metric induced by A’ is a multiple of the Fubini-Study metric, hence
the Hermitian form 0y (Opg)(1))(s' ® §') is also positive definite there.
O

3. ANALYTIC HYPERBOLICITY

3.1. Entire curves in complex manifolds. An entire curve of a
complex manifold (or more generally a complex space) X is a noncon-
stant holomorphic map C — X.

When X is an algebraic variety, we say that an entire curve is al-
gebraically degenerate if its image is contained in a (closed) algebraic
subvariety of X different from X.

Definition 2. A complex manifold (or more generally a complex space)
1s analytically hyperbolic if it has no entire curves.

Examples 8. 1) The varieties C and C* are not analytically hyper-
bolic, but C-{0,1} is. This is the Picard Theorem, which will follow
from Example 2.3) and Corollary 1.

2) Any compact Riemann surface C' of genus at least 2 is analytically
hyperbolic, because any holomorphic map C — C' lifts to its universal
cover A, and a bounded holomorphic function on C is constant. Since
the product of two analytically hyperbolic manifolds is analytically
hyperbolic, we obtain examples in any dimensions.

3) The complement of 4 lines in P? is not analytically hyperbolic,
because it contains a copy of C* (why?). There are configurations of 5
lines in P? whose complement is analytically hyperbolic (find one!).

4) There are smooth plane curves of arbitrary degree whose comple-
ment is not analytically hyperbolic. Find such curves! (Hint: there is
a line that meets the Fermat curve zd + 2¢ + 24 = 0 in exactly one
point).

5) More generally, the complement in P™ of 2n hyperplanes is not
analytically hyperbolic (why?) and there are configurations of 2n + 1
hyperplanes in P whose complement is analytically hyperbolic (find
one!). It is known that the complement in P™ of 2n + 1 general hyper-
planes is analytically hyperbolic (|G]).

6) The complement in P™ of a hypersurface of degree 2n that contains
no lines is analytically hyperbolic ( Hint: count parameters to show that
there is a line that meets the hypersurface in at most 2 points; see [Z]).

3.2. The Schwarz lemma. We begin with a very classical lemma.
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Lemma 1 (Schwarz’s Lemma). For any holomorphic map f: A — A,

one has
/
FCTH
L=[f(2)]? — 1=
for all z € A. If there is equality at one point, f is a biholomorphism.

Proof. Let us first do the case when z = 0 and f(0) = 0. Write
f(z) =>"_, a,z™. The Parseval formula yields

o0 1 27 ]
S fan 2 = %/ f(re®)[2dg < 1
m=1 0

for all » € (0,1). We obtain > > |a,/* < 1 hence in particular
la1| < 1, and if there is equality, a,,, = 0 for all m > 2 and f(z) = a;2.

To do the general case, consider the automorphism g, : A — A
defined by

u—+z
4) 9:(0) = 775,
One has ¢.(0) = z and ¢g;' = g_,. Set F = g_s;) o f o g, so that
F(0) = 0. Writing |F"(0)| <1 yields the lemma. O
Endow A with the Poincaré metric (Example 2.1))
hp = dz ® dz
(1—1]2)?

The Schwarz lemma can be restated as: any holomorphic map f: A —
A is distance-decreasing: f*hp < hp. There is equality at one point if
and only if f is an automorphism, in which case f is an isometry.

3.3. The Ahlfors—Schwarz lemma. We will need a generalization
of the Schwarz lemma that deals with singular metrics, as introduced
in 1.3.

Recall that the Poincaré metric has constant curvature —2/7 (Ex-
ample 2.1)). More precisely, if we write hp = updz ® dz, we have
i00log up = 2wp.

Lemma 2 (Ahlfors-Schwarz lemma). Let h(z) = u(z)dz ® dZ be a
singular Hermitian metric on A such that i00logu > ewy,, in the sense
of currents, for some positive constant c. Then h < %hp.

Proof. Assume first that h is smooth. Replacing h by h,(z) = h(rz)
(and letting r — 1), we may assume that h extends to some bigger
disk. Let a : A — R™ be the function defined by h = ahp. It is
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continuous and goes to 0 on JA, hence attains its maximum at some
interior point z, so that

0 > id0loga(z)
= i00logu(zy) — i00logup(zy)
ewp(20) — 2wp(20)
= (ea(z0) — 2)wp(20)
The maximum of a is therefore at most 2/, hence the lemma in this
case. If h is not smooth, one uses a regularization argument (see [Del],
p. 300, for details). d

v

3.4. Ample cotangent bundle implies analytic hyperbolicity.
Let X be a complex manifold with a Hermitian metric A and let f :
A — X be a holomorphic map. Consider the metric f*h on A (it is
singular where f’ = 0) and write f*h(z) = u(z)dz ® dz as above. If the
metric h satisfies (3), so does f*h, so that —iddlogu < —ewyp«,. The
Ahlfors—Schwarz lemma implies that any holomorphic map f: A — X
satisfies

(5) Fh< ghp

Corollary 1. A complex manifold with a Hermitian metric that sat-
isfies (3) (e.g., a compact complex manifold with negative bisectional
holomorphic curvature) is analytically hyperbolic.

Proof. Let h be a Hermitian metric on a complex manifold X and
assume that (3) holds. Given an entire curve f : C — X, we set
fr(2) = f(Rz). Since fj;h = Rf*h, we obtain by (5)

2
Rf*h < ghP
hence f*h = 0 by letting R — oo. U

We can do better. We use the notation introduced in Example 5.3):
if L is a line bundle on an algebraic variety or complex manifold X,
the locus 3(L) is the smallest closed subset of X such that the sections
of L™, for m > 0, induce an embedding X - (L) — P¥". Note that
Y(L) # X if and only if L is big, and X(L) = @ if and only if L is
ample.

Proposition 3. Let X be a compact complex manifold, let m: P(Qx) —
X be the associated projective bundle, and let A be an ample line bun-
dle on X. Let f : C — X be an entire curve, with lift f : C —
P(Qx). For any positive integer m, the image f(C) is contained in
Z(ﬁp(gx)(m) X W*Afl).
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Corollary 2. A compact complex manifold with ample cotangent bun-
dle is analytically hyperbolic.

Proof. If Op (1) is ample, Op o) (m) @ 7 A~ is ample for m >> 0,
hence its X locus is empty. 0

PROOF OF THE PROPOSITION. Choose a smooth metric hy on A with
positive curvature. Following Example 5.3), we define a singular metric
hon L, = Opy)(m)@m*A™" as the pth root of the pull-back of the
Fubini—Study metric by the map

Yr  P(Qx)-S(Ly,) — PV
for p > 0. It has positive curvature (in the sense of currents). Consider
the metric (hr*hy)~ /™ on Op(ax)(—1) and, if f(C) is not contained

in ¥(L,,), its pull-back ho = f*(hn*hs)~"™ = udz ® dz on A. Since
h has positive curvature, we have

(N *

Moreover, for any choice of a Hermitian metrix hx on X, we have
f*@hi‘/m(z) > ¢ f'(2)|}, dz @ dz for some positive constant ¢ because
ha is a smooth metric with positive curvature. Since both || f'(2)][}
and u(z) depend quadratically? on f’(z) and X is compact, there is
another positive constant ¢ such that || f'(2)[|} . > c'u(z) for all z. We
have therefore

L 9 logu > cc'u(z)
7T

and the Ahlfors—Schwarz lemma applies to give hg < %hp. As in
the proof of Corollary 1, we obtain a contradiction by considering the
maps z — f(Rz) and letting R — oo. Therefore, f(C) is contained in
S(Lpy)- O

3.5. Brody’s Lemma. The following reparametrization result is very
useful ([Br]).

2If (sg,...,sy) is a basis of H(P(Qx), Op(ay)(m)® T* A7),

N
uz) = D Isi(F) - I
j=0



HYPERBOLICITY OF COMPLEX VARIETIES 19

Lemma 3 (Brody’s Lemma). Let X be a complex manifold with a
Hermaitian metric h and let f : A — X be a holomorphic map. For
every r € (0,1), there exist R > || f'(0)||n and a biholomorphism

1 D(0, R)—D(0, 1)

such that
o Y _
I(FovYOlln=1 . I o) Ol < 7 75m
for all t € D(0, R).

Proof. Pick zy € A such that (1 —|z]*)||f'(rz)||» reaches its maximum
at zo (i.e., the norm of the derivative of z — f(rz) with respect to the
Poincaré metric and h is maximal). Set 1(t) = rg,,(t/R) (the function
s, 1s defined in (4)), so that 1(0) = rzo. We have

1(f 0 ) (O]l = [ (O)[IIf(rz0)lln = (1 = |20]*) % 1" (r20) I
so we must take

R=r(1—|2l)Ilf'(rz0)lln > vl £ (0)l]n

Finally, the norm of the derivative of f o at a point ¢t with respect to
the Poincaré metric and h is

L= [t/RI)ICf o) ®)lln

Since g,, is an isometry for the Poincaré metric, this quantity is, up
to a constant, the norm of the derivative of z — f(rz) at the point
g (t/R) with respect to the same metrics. It is therefore maximal for
t=0. U

In particular, any sequence of holomorphic maps f,, : A — X can
be reparametrized to yield a sequence of holomorphic maps

9m = D(0, Ry,) — X

with

and

1
/ < / —
oM < T IOl =1
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for all m and z € D(0,R,,). If X is compact and the sequence
(1f2,(0)||n)m is unbounded, passing to a subsequence, we obtain® an
entire curve g : C — X that satisfies

19" () ln < Nl (0)]]n =1
for all z € C. In particular, g is nonconstant.

Corollary 3. Let X be a compact complex manifold endowed with a
Hermitian metric h. The following properties are equivalent:

(i) X is analytically hyperbolic,
(ii) there exist a constant ¢ such that

17 (O)ln < ¢

for all holomorphic maps f : A — X;
(iii) there exist a constant ¢ such that

f*h < Ehp
for all holomorphic maps f : A — X.

Proof. If X is analytically hyperbolic, there is no map ¢ as above, hence
no sequence of holomorphic maps f,, : A — X such that the sequence
(/7. (0)|ln)m is unbounded.

Conversely, if X satisfies this property and f : A — X is holomor-
phic, by composing f with the automorphism g,, we obtain

Cc

1 ()l < 1_ 122

|22

for all z € A, which is the same as saying f*h < ¢*hp. As we saw in the
proof of Corollary 1, this inequality, applied to the maps fr: A — X
defined by z — f(Rz), implies f*h = 0, hence f is constant. O

We now show that analytic hyperbolicity is open, which will be very
useful for the construction of examples (often, degenerate reducible
examples are easier to construct).

3We may use Ascoli’s theorem, or (re)prove it: consider a sequence () of
points that is dense in C. Since X is compact, we may find increasing maps
¢r : N — N such that the sequence (gy,o...00,(m)(2k))m converges for each k.
Setting p(k) = @1 0--- 0 pi(k), the sequence (gy(m)(2r))m converges for each k.
Call g(z) its limit. Because of the uniform bound on the derivatives of the g,, on
any compact, the function g is uniformly continuous on compacts and extands to
a continuous function g : C — X towards which the sequence (g, (m))m converges,
uniformly on compacts. It is therefore holomorphic.



HYPERBOLICITY OF COMPLEX VARIETIES 21

Proposition 4 (Analytic hyperbolicity is open). Let X — S be a
proper holomorphic map between complex manifolds. The set of s € S
such that the fiber X, is analytically hyperbolic is open in S for the
FEuclidean topology.

Note that we do not assume anything on the singularities, or the
dimensions, of the fibers.

Proof. Fix a Hermitian metric on X and consider a sequence f,, :
C — X, of entire curves, where (s,,) is a sequence a points of S
that converges to s € S. By Brody’s lemma, we may assume || f/. ||, <
Il 7 (0)||n = 1 for all m. By Ascoli’s theorem (see note 3), there is a
subsequence of (f,,) that converges uniformly to a holomorphic map
f: C — X. Its image is necessarily contained in X and f is not
constant since || f'(0)||, = 1. O

3.6. Algebraic hyperbolicity. This property, defined purely in terms
of algebraic curves on say a smooth projective variety, is conjectured
to be equivalent to analytic hyperbolicity.

Definition 3. A compact complex manifold X with a metric h is al-
gebraically hyperbolic if there exists ¢ > 0 such that, for every finite
morphism f: C — X from a smooth projective curve,

29(C)—2=¢ / Wreh
c
This property is independent of the choice of the metric h. Using
the Riemann-Hurwitz formula, one sees that it is enough to check it
for morphisms f that are birational onto their image. On a projective
variety (not necessarily smooth), one may replace the right-hand side
with C' - f*A, where A is an ample line bundle on X.

Proposition 5. An analytically hyperbolic compact complex manifold
15 algebraically hyperbolic.

Proof. Let X be an analytically hyperbolic compact complex manifold,
endow it with a Hermitian metric h, and let f : C' — X be a noncon-
stant map from a smooth projective curve. Since X is analytically
hyperbolic, the curve C has genus at least 2 hence is covered by the
unit disk by p : A — C. It inherits from the Poincaré metric hp a
metric he with constant negative curvature —2 /7 (Example 2.1)).

It follows from Corollary 3 that there is a constant ¢ such that (f o
p)*h < c?hp, hence f*h < c?he. The Gauss—Bonnet formula yields

2 2 .
QQ(C)—QI—/C@}LCI;/Cu)hCZ@/Cfu)h



22 OLIVIER DEBARRE

This proves the proposition. U

Proposition 6. Let X be an algebraically hyperbolic projective mani-
fold and let V' be a complex torus. Any holomorphic map f:V — X
15 constant.

Proof. Any holomorphic map from a complex torus to an algebraic
variety factors through an abelian variety, so we may assume that V'
is an abelian variety. Let C' be a smooth curve in V. For any positive
integer m, consider the composition

fooCcv™y Lox

where my, is the multiplication by m in V. Let A be an ample line
bundle on X. By definition, there is a positive constant £ such that for
all m,

29(C) —2>eC-frA=em’C- fA
By letting m go to infinity, we obtain C'- f*A = 0. This shows that f
is constant on all curves in V', hence is constant on V. This proves the
proposition. [

4. CONSTRUCTION OF VARIETIES WITH AMPLE COTANGENT
BUNDLE

4.1. Bogomolov’s construction.

Proposition 7 (Bogomolov). Let X, ..., X, be smooth projective va-
rieties with big cotangent bundle, all of dimension at least d > 0. Let

V' be a general linear section of X1 x -+ X Xp,. If dim(V) < %,

the cotangent bundle of V' is ample.

Proof. Since Qy, is big, there exist a proper closed subset B; of P(Qx,)
and an integer ¢ such that for each i, the sections of ﬁP(QXi)(q)7 ie.,
the sections of 87y, , define an injective morphism

Lemma 4. Let X be a smooth subvariety of a projective space and
let B be a subvariety of P(Qx). A general linear section V. of X of
dimension at most £ codim(B) satisfies

PQy)NB=g
Proof. Let P™ be the ambiant projective space. Consider the variety
{((t,x),A) e BxG(n—c,P") |z e XNA, t€Tx,NTry)

The fibers of its projection to B have codimension 2¢, hence it does
not dominate G(n — ¢, P") as soon as 2¢ > dim(B). This is equivalent



HYPERBOLICITY OF COMPLEX VARIETIES 23

to 2(dim(X) —dim(V)) —1 > 2dim(X) — 1 — codim(B) and the lemma
is proved. U

Let B] be the (conical) inverse image of B; in the total space of the
tangent bundle of X;. Let V be a general linear section of X x---x X,
and set a =m + 1 — 2dim(V).

The image B of the product B} x --- x B! in P(Qx,«..xx,,) has
codimension > m. Assume a > 0. By the lemma, any nonzero tangent
vector £ = (&1,...,&n) to V, with & € T, ,,, is not in B} x --- x B/,
hence at least one of the ¢; is not in B]. The lemma actually says more:
there are at least a values of the index 7 for which &; ¢ B.. If, say, & is
not in B, there exists a section of S?x, that does not vanish at &;.
This section induces, via the projection V' — Xj, a section of S?€)y,
that does not vanish at £. It follows that when a is positive, Op(q,(q)
is base-point-free and its sections define a morphism f : P(Qy) — P™.

We need to show that f is finite. Assume to the contrary that a
curve C' in P(€y) through t is contracted. Since the restriction of the
projection 7 : P(€Qy) — V to any fiber of f is injective, and since f; is
injective, the argument above proves that the curve m(C) is contracted
by each projection p; : V' — X; such that t; ¢ B..

The following lemma leads to a contradiction when 2 dim(V') < ad+
1. This proves the proposition. O

Lemma 5. Let V' be a general linear section of a product X XY in a
projective space. If 2dim(V) < dim(X) + 1, the projection V- — X is
finite.

Proof. Let P™ be the ambiant projective space. Consider the variety
that is the closure of

{(xay7yl7A) € XXYXYXG(TL—C, Pn) | Yy % ylv (:Cay> € Aa (ZU,y/) € A)}

The fibers of its projection to X x Y x Y have codimension 2¢, hence

the general fiber of its projection to G(n — ¢, P™), which is the closure
of

{((z,y), (2,9) € VXV |y #£y, (x,y) €V, (z,y) €V)}

has dimension at most 1 as soon as 2¢ > dim(X x Y x Y) — L.
This implies that the projection V' — X is finite and is equivalent
to 2dim(V) < dim(X) + 1: the lemma is proved. O

Using this construction, the Lefschetz theorem, and the fact that
smooth projective surfaces of general type with ¢? > ¢, have big cotan-
gent bundle (§7.2), it is not hard to prove the following.
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Corollary 4. Given any smooth projective variety X, there exists a
smooth projective surface with ample cotangent bundle and same fun-
damental group as X.

4.2. Subvarieties of abelian varieties. Let X be a smooth subva-
riety of an abelian variety A. By translation, we identify the tangent
space T4 , at a point x of A with the tangent space T4 at the origin.
The natural surjection (Q4)|x — €x shows that the cotangent bundle
of X is globally generated. As we saw in §2.1, it is ample if and only if
the map
f : P(Qx) — P(QA,())
(#,§) — ¢

is finite. The following result is [D], Theorem 7.*

Theorem 5. Let L be a very ample line bundle on a simple abelian
variety A of dimensionn. Consider general divisors Hy, ..., H. € |L™|.
If m > n and ¢ > n/2, the cotangent bundle of Hy N ---N H, is ample.

An abelian variety is simple if it contains no abelian subvarieties
other than itself and 0.

To prove the theorem, one shows, by induction on ¢, that the fibers
of the map f above have dimension at most e = n — 2¢ for ¢ < n/2.
This means that for H; general in |L™| and any nonzero constant vector
field 9 on A, the dimension of the set of points z in X = H;N---NH,
such that d(z) € Tx, is at most e; in other words, that

dim(HyNoH,N---NH.NOH,) <e

A related result is proved in [DI]: let (A, ©) be a general principally
polarized abelian fourfold> For a € A general, the smooth surface
© N O, has ample cotangent bundle.

4.3. Ball quotients. Let G be a discontinuous group of biholomor-
phisms of the ball Ay acting without fixed points and with compact
quotient X = Ay/G. According to [H3], the Chern numbers of X are
proportional to those of the compact symmetric space dual to A,, i.e.,
P2. This construction therefore yields (the actual construction is not
easy, see [H1| and [H2]) surfaces of general type with ¢2 = 3cy.
According to [M], Proposition 5, for any surface X of general type
with ¢ = 3¢y, the canonical bundle Kx is ample and the vector bundle

4Note that Lemma 12 of loc. cit. is wrong as stated. A correct version was
proved in a modified form by O. Benoist (see my webpage for an erratum).

This means that © is an ample divisor on A such that h°(A,©) = 1. We write
O4 =0 +a.



HYPERBOLICITY OF COMPLEX VARIETIES 25

Q X(—%K x) is nef, so that Qx is ample. Moreover, X is covered by the
unit ball ([Y]).

5. CONSTRUCTION OF ANALYTICALLY HYPERBOLIC
HYPERSURFACES

5.1. An analytically hyperbolic octic surface in P3. This is an
example of Duval and Fujimoto. Consider the surface X C P? with
equation

P(20721722)2 - Q(Z2,Z3) =0

where P and () are general polynomials of respective degrees d > 4
and 2d. It is smooth outside the finite set ¥ = {(z¢, 21,0,0) € P? |
P(z9,21,0) = 0}, which is also the indeterminacy set of the projection

X - P!

(20721722, 23) = (22723)

If X — X is a minimal desingularization, we obtain a holomorphic
map X — P! which factorizes as X —— C — P!, where C' is the
hyperelliptic curve with inhomogeneous equation > = Q(1, z3), the
map u is given in inhomogeneous coordinates by

U(Zoazla 17Z3) = (P(Z07zla 1)7 Z3)

and p is the double cover (t,z3) — z3. Any entire curve f : C — X
lifts to f : C — X. Since C has genus d — 1 > 3, the image of f is
contained in a fiber (¢, 23), which is isomorphic to the plane curve
with inhomogeneous equation P(zg,z1,1) = t. This is a plane curve
of degree d with at most one singular point, which is a node; it has
therefore genus > 2, hence f is constant. The degree 2d surface X
is therefore analytically hyperbolic, and so is any small deformation
of X (Proposition 4). So we obtain examples of smooth analytically
hyperbolic surfaces in P? of any even degree > 8.

A more intricate construction of a sextic surface in P? can be found in
[Dul]. Other examples appear in [SZ1] and [CZ]. It is also known that
very general surfaces of degree > 21 in P? are analytically hyperbolic
([DEG], [Mc]).

5.2. Analytically hyperbolic hypersurfaces in P". There are ex-
amples of analytically hyperbolic hypersurfaces of degree 4(n — 1) in
P™ in [SZ2].
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6. ALGEBRAIC HYPERBOLICITY OF HYPERSURFACES IN THE
PROJECTIVE SPACE

Let X be a hypersurface of degree d in P". When d < 2n—3, it is easy
to show that X contains lines, hence cannot be algebraic hyperbolic.
When n = 3, quartic surfaces always contain rational curves. On the
other hand, there exist smooth hypersurfaces of any degree that contain
lines.

The aim of this section is to prove the following theorem, due to
Pacienza ([P]).

Theorem 6. All subvarieties of a very general hypersurface of degree
> 2n in P™ are of general type.

Here “very general” means outside of a countable union of proper
subvarieties of the parameter space H°(P", Op»(d)) for hypersurfaces
of degree d in P".

The case n = 3 of this result is crucial in the proof given by in
[DEG] and [Mc] of the Kobayashi conjecture for very general surfaces
of high degree in P3. A slightly different version of this theorem was
first proved in [C1], whose result was later generalized in [E]. The
proof presented here follows [V]. It is closer in its spirit to the analytic
approach to the Kobayashi conjecture for surfaces in P?, and it allows
further (algebraic) improvements (see [C2]). We actually prove the
following stronger result.

Theorem 7. Let X be a very general hypersurface of degree > 2n in
P" and let Y be a subvariety of X, with desingularization v:Y — Y.
We have

H(Y,wy @ v*Opn(—1)) #0

Corollary 5. A a very general hypersurface of degree > 2n in P™ is
algebraically hyperbolic.

Indeed, if f: C'— X is a morphism from a smooth projective curve
to such a hypersurface X that is birational onto its image, we have

0 < deg(we ® f*Opn(—1)) = 29(C) — 2 — deg(f(C))
PROOF OF THE THEOREM. We fix the following notation:
S¢ = HP", Opn(d)) ~ CV;
Z C P"x S% the universal hypersurface of degree d;
Xr C P™ the hypersurface defined by F' € S9.

Let % C 2 be a subvariety such that the projection map % — S9 is
dominant of relative dimension &k (to be more precise we should allow
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an étale base change U — 5S¢, but we will omit this point). Let Y —
be a desingularization. Both % and 2~ are smooth over a dense open
subset U of S¢. We will show that for F' € U general,

(6) H'(Yp,wy, (=1)) # 0

The idea is to produce holomorphic forms on the tangent space to
the family 2 along a fibre Xp. Then, by pulling them back to Yz
and using the adjunction formula, we will obtain a nonzero element of
HO(Yp, wy, (—1)). To make this more precise, first recall the following
two elementary facts:

a)
b) Q]z;‘u[”—%]i,')(z«“ = (/\n . kT%|XF) ® Wxp-
The first fact is just the adjunction formula, since the normal bundle
of a fiber in a family is trivial. The second one is again the adjunction
formula, and standard linear algebra. So, using a), we must show
that Qg*k]yF(—l) has a nonzero section. The generically surjective
restriction 24~ — ()7 induces a map

Q5+ xe (1) — Q5 (-1)

that is nonzero for F' general in U. Using b), it is enough to show that

N+k|YF7

n—1—k
(A Tole) @wx(-1)
is globally generated. Since
Wxp = ﬁXF(d—n—l) = ﬁXF((n—k—1)+(d—2n+k))

we have
n—1—k n k

( A ng>®wXF ( /1\ )@ﬁxF(d o — 1+ k)

Since we are assuming d > 2n > 2n + 1 — k, condition (6) is implied
by the following result.

Proposition 8. For all smooth hypersurfaces Xp C P", the sheaf
(1) is generated by its global sections.

Before giving a proof of the proposition let us see how this implies
the theorem: we have shown that (6) holds for the general fibre of
the family #. Letting the family ¢ vary, that is, varying the Hilbert
polynomial, we obtain that the same statement holds for all subvarieties
of X for F outside a countable union of proper closed subvarieties of

U. 0
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PROOF OF THE PROPOSITION. For any = € Xp, denote by .#, the
ideal sheaf of x. We want to prove that the evaluation map

xp(1)) = Tz (1)

is surjective, that is, equivalently, that H°(Xp, Ty |x,(1) ® #,) has
codimension dim 2" inside H*(Xr, T |x,(1)). To do so, we will de-
scribe these cohomology groups as kernels of appropriate multiplication
maps of polynomials. First note

(7) H*(Xp, Tx,(1)) =0

H(Xp, Ty

Indeed, we have
TXF(]‘) = QXF(l) ® w)_(}: - QXF

(the inclusion follows from the fact that wx, (—1) has a nonzero section,
as insured by the hypothesis on d), and h°(Xr, Qx,) = h' (X, Ox,) =
0.

The tangent exact sequences relative to the inclusions Xp C 2" and
Xp C P" yield a commutative diagram

0 — TXF(l) — Ty’XF(l) — Sd®ﬁXF(1) — 0

lprl* J{ev

0 — TXF<]') - TP”|XF(1) = ﬁXF(d—l—l) —s 0

With (7), we obtain
H(Xp, To|xp(1)) = Ker(S? @ ST > H'(Xp, Tx,(1))

where p is the coboundary map in the long cohomology exact sequence
associated to the first line of the diagram. Since H°(ev) is surjective
in that same diagram, the map u takes values in

Ker(Hl(XF, TXF(I)) — HI(XFa TP"(1)|XF>

which is isomorphic to H*(Xr, Ox,(d +1))/Im H°(«). All in all, we
get

H(Xr, To|x,(1)) = Ker(S'®@S" - H(Xp, Ox,(d+1))/Im H(a))

Twisting all the exact sequences above by the ideal sheaf .#, and using
exactly the same arguments, we also get

HY(Xp, T |x, (1) ® S5) =
Ker(S?® S! 25 HO(Xp, Ox,.(d +1) ® .Z,)/Im H'(a,))
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where S! = H(P", Opn(1)) ® Z,) C S' is the set of hyperplanes that
contain z. Now it follows from the Euler exact sequence that Tpen(1)|x,
is globally generated, thus we have an inclusion

HY (Xp, Ten(1)|x, ® F) — HY(Xp, Tpa(1)|x,)

Using this and, again, the vanishing (7), we get the following commu-
tative diagram

0 0 0
! l !
0—Tx,. — Im fi, — Im p — 0

| ! l

0 — TXF,a: — HI(XF,TXF(l) ® fx) — H1<XF:TXF(1)) — O

| | l

0 — H'(Xp,Ten(D]x, ® F) — H (Xp,Tpn(1)]x,)
from which we obtain rank(u,) = rank(u) + dim Xr. We obtain
dim Ker(y,) = dim(S?® S}) — rank p,
= dim(S?® S') — dim S — rank(y) — dim Xp
= dimKer(p) — dim S? — dim Xp
= dimKer(y) — dim 2

as we wanted to prove. 0

7. ALGEBRAIC AND ENTIRE CURVES ON SURFACES OF GENERAL
TYPE

7.1. Foliations on algebraic surfaces. We gather here some results
on foliations that we will need in the next subsection.

Definition 4. A foliation on a smooth complex surface X is a rank 1
coherent subsheaf F of Tx such that Tx /. is torsion-free.%

Given a rank 1 coherent subsheaf .# of Ty, the sheaf .7** defines a
foliation. In particular, any rank 1 subbundle of the restriction of T'x
to an open dense subset of X defines a foliation.

60n a higher-dimensional complex manifold, one can make a similar definition.
The foliation is then called involutive, or integrable, if .F is closed under Lie bracket
(this is automatic for surfaces since .# has rank 1). This is the condition needed
to ensure that at least on the locus where .# is a subbundle of T, it is locally
analytically integrable (Liouville’s theorem).
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Let .# be a foliation on the smooth complex surface X. There is an
exact sequence

0—>¢g5—>TX—>N?®jSingfz—)0

where Sing .% is a discrete analytic subset of X called the singular set
of .#. The invertible sheaf Nz is called the normal bundle to .%. The
dual exact sequence is

O—>N¢;‘—>QX—><@*®fSingé’7—>0

When X is algebraic, any line bundle on X has nonzero meromorphic
sections, and one can view a foliation as given by a meromorphic vector
field, or a meromorphic 1-form wg, with N} = Ox(div(wz)). Locally
around a point of X that is not singular for .%, we can write in local
coordinates wg(z1, 20) = f(21, 22)dz1, where f is a local meromorphic
function.

An integral curve of # is a Riemann surface C' with a holomorphic
map ¢ : C' — X such that the image of the tangent map T — *T'x lies
in .. Alternatively t*w# = 0. There is a local analytic integral curve
through any nonsingular point of .# (defined in the notation above by
21 = 0)7

Examples 9. 1) The meromorphic 1-form w = dfjti df on the surface
X = P! x P! defines a foliation
0— ﬁx(—D) — Qx — y*@)jsmggz — 0
with
D ={0,00} x P' + P! x {0, 00}
and
Sing .# = {0,000} x {0, 00}
The leaves are z +— (e*,Ae?*). Only 4 of them are algebraic: they
correspond to the 4 components of D.

2) A rational map X --» C onto a curve defines the foliation whose
conormal bundle is the image of Q¢ — Qx (equivalently, .% is the
relative tangent sheaf). The leaves are the (connected components of
the) fibers. A foliation .% is of this type if and only if there exists a

nonconstant meromorphic function f such that wsz A df = 0; it is then
the relative tangent sheaf to the rational map X --» P! induced by f.

Nonalgebraic leaves do not occur when the foliation is “positive”.

"Many more details on foliations can be found in the excellent book [Bru].
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Theorem 8 (Miyaoka). Let X be a smooth projective surface and let
F C Tx be a foliation on X. If there exists an ample line bundle A
on X such that ¥ - A > 0, the leaves of ¥ are algebraic.

We now prove a general structure theorem for foliations on smooth
complex projective surfaces.

Theorem 9 (Jouanolou). Let X be a smooth complex projective surface
with a foliation 7. FEither % 1is the relative tangent sheaf of a rational
map from X to a curve, or F has only finitely many algebraic integral
curves.

Proof. Let .#x be the sheaf of meromorphic functions on X, let Div(X) =
HY(X, .4 ] 0%) be the group of (Cartier) divisors of X, and let Div®(X)
be the subgroup of numerically trivial divisors. Define a morphism

b DivY(X) ® C — HX,Qx @ 43)/H (X, Qx)

as follows. Let D be a numerically trivial divisor on X. This means
that its image under

ot HY(X, 0%) 2% HY(X,Qx) C H(X,C)

vanishes: if D is given on a covering (U,) of X by meromorphic func-
tions f, € ;5 , we have dlog fo —dlog f3 = wa —ws on U, NUg, with
W € Qu,, and the (d log fo — wa) patch together to define a global
meromorphic 1-form (D) on X. Because the w, are only defined up
to addition of a global holomorphic 1-form on X so is (D).

Let M be the subgroup of Div(X) generated by classes of (algebraic)
integral curves of . and let M° = M NDiv’(X). If D is an element of
M?°, keeping the notation above, the 1-form wz on U, is proportional
to df,, hence

Wﬁ/\,@Z)(CNUa =wgz A (dlogfoc _Woz) =Wz Nwy € HO(UOHWX@)NL?Z)

because wg is a global section of Qx ® Ng. Since ¢(C) is defined only
modulo H°(X,Qx), this defines a morphism

Vg M°@C — HO(X,WX®Ny)/wyAHO(X,QX)
D — wgz AN(D)

I claim that if dimKervy sz > 1, there is a nonconstant meromorphic
function f such that wz A df = 0, so that .% is the relative tangent
sheaf to the rational map X --» P! induced by f (see Example 9).
This proves the theorem, because if .% is not the relative tangent sheaf
to such a map, the vector space M @ C then has finite dimension.
Since its codimension in M ® C is at most dim H''(X) < oo, the
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vector space M ® C also has finite dimension, and this dimension is
the number of distinct algebraic (irreducible) curves of .Z#.

We now prove the claim. Let C1, ..., C, be distinct irreducible curves
on X and let Ay,..., A\, be nonzero complex numbers such that ¢ =
MCp + -+ 4+ \.C, is in the kernel of ¢z. Pick an open covering ( a)
such that Cj is defined in U, by a holomorphic equation f;, = 0,
with dlog fjo — dlog fi3 = wjo — wjp on Uy, N Ug, and set w., =
Mwiq + -+ + AWy, holomorphic 1-form on U,. Since ¢ z(c) = 0,
there is w € HY(X, Qx) such that

Wz N\ Weo =Wz AWy,

Therefore, we can write w, , —w = gawz for some meromorphic section
) c,x oW 7
g of N% on U,. Since holomorphic forms are closed,® we obtain

0= d(gaws) = dgo Nwz + ga N dwsz
If ¢ is another element of the kernel of 14, we obtain similarly
0=dg, Nwz + g, N dwg

hence d(ga/g.,) N wz = 0. If the claim fails, 4 = g,/g,, is constant,
hence

P(e— MC/>|UQ = —Wea T HWe o = (H—1Dw=0
modulo H°(X, Qx). The claim will follow if we prove that ¢ is injective.
We keep the same notation as above and assume

PG+ -+ AC) =0

where \q,..., A, are complex numbers. This means that
« d r,Q
o |\ I
fl « fr,a

is a holomorphic 1-form in U,. Pick a smooth point z of C; - (CyU---U
C,) and a U, that contains it. We obtain that )\1 ar 1"“ is holomorphic,

which implies \; = 0 since J{l 2 has a simple pole at x. 0

7.2. Surfaces of general type with ¢? > c¢,. Let X be a smooth
projective surface of general type. Let 7 : P = P(x) — X and set
L = 0p(1). The Riemann-Roch theorem gives

3

WP, L") + WP, L") 2 X(P, L") = “=(¢] = ) + O(m?)

8This is true on any compact complex surface: a holomorphic 1-form w satisfies
Ow = 0, so that dw = Ow = 0w = dw. Since d(dw A @) = dw A dw = dw A dw, the
Stokes theorem gives [  dw A dw = 0, hence dw = 0.
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and by Serre duality,
hQ(P7Lm) = hO(X7 s™ QX X ﬁX(_(m - 1>KX))
< RY(X,S8™Qx) = AP, L™)

because, X being of general type, h°(X, Ox((m — 1)Kx)) is nonzero
for m > 0.

If ¢2 > ¢y, the line bundle L is big, and for any ample line bundle A
on X, the linear system |L™ @ A~!| is not empty for m > 0. Let D be
an element of |[L™ ® A~!|. Proposition 3 implies that the lift to P(Qx)
of any entire curve f : C — X lands in the support of D. If D — X
has degree k > 0, this means that at a general point x of X, we have
k tangent directions and that every entire curve through x must be
tangent to one of these directions.

Pulling the situation back on some desingularization D — D, we
obtain a foliation on D and f (C) is an integral curve of that foliation.
Unfortunately, there is not much we can say at this point about tran-
scendental leaves of foliations. However, rational or elliptic curves on
X must map to algebraic leaves of the foliation on D. Since D, being a
surface of general type, is not ruled by rational or elliptic curves, there
are at most finitely many such curves by Jouanolou’s theorem 9. We
have proved the following.’

Theorem 10 (Bogomolov). On a smooth projective surface of general
type with ¢2 > co, there are only finitely many rational or elliptic curves.

The same ideas, pushed a bit further, prove the following more gen-
eral result.

Theorem 11 (Bogomolov). On a smooth projective surface of general
type with ¢ > ¢y, curves with fized geometric genus form a bounded

family.*°

Examples 10. 1) In P2, there are rational curves of arbitrarily high
degree. The family of rational curves in P? is not bounded.

2) In the surface F x E, let E,, be the image of the morphism
E — E x E that sends = to (x,mz), m € Z. The curves FE,, are all
elliptic but have distinct classes. The family of elliptic curves in £ x E
is not bounded.

9The argument presented in the proof of Theorem 11 shows that we do not need
Proposition 3 in this case.

10This means that these curves are parametrized by a finite number of irre-
ducible algebraic varieties, or equivalently, that their degrees in some (or any) fixed
embedding are bounded.
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ProOOF OoF THEOREM 11. We keep the same notation as above. Since
L = Opq,)(1) is big, it defines, for m > 0, an embedding

VY : P=%(L) — PHO(P,L™) = PV

Let f : C — X be a morphism from a smooth projective curve, with
lift f:C — P.

If f(C) ¢ ©(L), we obtain a morphism v, o f : C — P associated
with a linear subsystem of | f*L™|. By construction, f*L is the image

of the differential df : f*Qx — ¢, hence
deg(¢m 0 f(C)) < deg f*L™ < mdeg Qo = m(2g(C) — 2)

so that curves on X with fixed geometric genus that satisfy this prop-
erty form a bounded family.

Assume now that f(C) lies in some irreducible component D of X(L).
If D does not dominate X, there are only finitely many such curves.
It D dominates X and D — D is a desingularization, as above, the
map D — D C P defines a foliation on D of which C is an integral
curve. By Jouanolou’s theorem, all such curves, except finitely many,
are fibers of some rational map D — C’ onto a smooth curve C'.
Such a map becomes a morphism upon composing with a birational
morphism D' — D. Let f': C' — D’ and f : ¢ — D be the induced
morphisms. Since the genus of C'is fixed, so is (Kp + f(c ) - f(C)

by the genus formula. The smooth curve f! (C) being a fiber of the
morphism D' — C’, we have f/(C) - f/(C) = 0, hence Kz, - f/(C) is
also fixed. Finally,

Kp- f(C) < Kp - f(C)

so the K j-degree of f (C) is bounded. Because K is big, this bounds
the family of all such curves C. O

Using analogous ideas, Bogomolov proves the following, valid on any
smooth projective surface of general type. The key extra ingredient is
the stability of the cotangent bundle (see [R], [Des]).

Theorem 12. On a smooth projective surface of general type, curves
with fixed geometric genus and negative self-intersection form a bounded
family.

Example 11. Let X — B be a nonisotrivial elliptic fibration. The
self-intersection of the image of any section B — X is negative. If
there is a section with infinite order, we obtain infinitely many curves
with same genus and negative self-intersection. Hence the conclusion
of Theorem 12 may not hold on surfaces that are not of general type.
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7.3. Surfaces of general type with ¢? > 2c,. When ¢ > 2¢,, we can
say more. Note however that surfaces of general type with this prop-
erty (positive index) are much less common. For example, a complete

. . . . 2(n—2
intersection surface in P™, n > 3, satisfies ¢} < (:71 Ly < 2.

Theorem 13 (Lu—Yau). Let X be a smooth algebraic surface of general
type satisfying ¢2 > 2co. There are only finitely many rational or elliptic
curves on X and any entire curve of X maps to one of these.

Proof. We may assume that X is minimal, i.e., that Kx is nef. We keep
the same notation as above: 7: P =P({x) — X and L = Op(1). We
know that L is big.

Let D be an irreducible effective divisor. There exist a positive
integer k and a divisor I on X such that D € |LF(—7*F)|. It induces
an injection Ox(F) — S"Qyx. Since Qx, hence also S*Qy, is K-
semistable (this is a theorem of Bogomolov), we obtain
k o,

(Cl(Sk Qx) . K)() = 561

1
F- Ky <
X=r1+1

hence
k
L-L-D=L-L-(L"~7"F))=k(c3—¢) — Kx-F> §(c§—202) >0

(here we used L - L = L-7*c; — m*cy, hence L- L -G = Kx - G).
Again, we obtain from the Riemann—Roch theorem applied on D the
inequality

2
WD, L™) + h*(D, L") > x(D, L") = “-L- L - D+ O(m)

and by Serre duality, since wp = Op(Kp + D),
h*(D,L™) = h°(D,L™™(Kp + D))
Since
k
L’D'T('*KX|D:L'T*KX'(/{ZL—W*F) :]{ZC%—F'KX Z 56% >0

we have

L_m(Kp + D)|D . W*Kx|D <0
for m > 0. Since 7* K x|p is nef, h°(D, L™ (K x + D)) must vanish for
m > 0, hence L|p is big.

Let now f : C — X be an entire curve and let f : C — P(Q2x) be
its lift. Let A be an ample line bundle on X and let D’ be an element
of |IL™ ® A, for m > 0. As we saw above f(C) is contained in some
irreducible component D € |L*(—7*F)| of D'. If k = 0, the divisor D
projects onto an algebraic (necessarily rational or elliptic) curve in X
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and we are done. If £ > 0, we have k tangent directions at a general
point of f(C) and f is tangent to one of these directions.

Since L|p is big, we can find a singular metric on L|p (or more
precisely, on the pull-back of L to a desingularization D of D) that has
positive curvature current. Now if we look at the proof of Proposition
3, we see that such a metric is enough to let the argument go through,
since we need only know that its curvature be positive at the points
of f(C) in the direction tangent to this curve. So again, the image of
f must be contained in the support of any curve in the linear system
|L™ @ 7* A~Y|p|, for m > 0. This proves the proposition.'* O

It is a theorem of McQuillan that an entire curve tangent to a folia-
tion on a smooth projective surface of general type is not Zariski dense
([Bru], [Mc]). It follows that the conclusion of the theorem still holds
under the weaker hypothesis ¢f > c,.

8. ENTIRE CURVES IN COMPLEX TORI

There is a complete description of analytically hyperbolic subvari-
eties of a complex torus, thanks to the following theorem.

Theorem 14 (Bloch). Let A be a complex torus and let f: C — A be
an entire curve. The Zariski closure of f(C) is a translated subtorus

of A.

Corollary 6. A subvariety of a complex torus is analytically hyperbolic
if and only if it contains no translated nontrivial subtorus.

Corollary 7. Let X be a compact complex Kdhler manifold such that
hO(X,Qx) > dim(X). Every entire curve in X is algebraically degen-
erate. More precisely, there exists a (fixed) proper analytic subvariety
of X that contains the image of every entire curve in X.

Proof. The Albanese variety Alb(X) has dimension h%(X,Qx). Since
h%(X,Qx) > dim(X), the image of the Albanese map ax : X —
Alb(X) is a proper subvariety of Alb(X) that generates Alb(X), hence
is particular not a translated subtorus. If f : C — X is an entire
curve, it follows that the Zariski closure of a(f(C)), begin a translated
subtorus, is a proper subvariety Y of «(X), and f(C) is contained in
the proper subvariety a=1(Y') of X.

In fact, one can prove that any subvariety of a complex torus contains
only finitely many maximal nontrivial translated subtori. This implies
the stronger statement at the end of the corollary. O

UThe argument presented by Demailly in [Del], p. 349, relies on his Proposition
7.2.iv), which is unfortunately wrong.
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SKETCH OF PROOF OF THE THEOREM. Let X be the Zariski closure
of f(C), let X, be its smooth locus, and let P(§2x) be the closure in
P(Q4) of P(€x,,.,). The line bundle @p(q,)(1) defines the projection

P P(Qx) CP(Q4) =P(Qap) X A — P(Qayp)

(see §2). The variety X might be singular, but the curve f(C), being
dense in it, meets it smooth locus; we assume f(0) € X,ep. A slight
generalization of Proposition 3 implies that f(C) lies in the locus where
the fibers of p; are positive-dimensional.

For any k > 0, one can define inductively the space PE of k-jets
on a complex manifold Y (see [Del], p. 306). These spaces fit into a
sequence

PE T P PL=P(Qy) Y

of P4~ hyundles. The entire curve f lifts as f*) : C — P%, whose
image lies in the closure Py of Py . A similar reasoning shows that
it actually lies in the locus where the fibers of

PkiP)]zCPfxzplj,OXA—’Pﬁ,o
are positive-dimensional. The closed analytic set

Ap={a € A]fM(0) € a+ Py} = p (pe(f7(0)))

is therefore positive-dimensional at 0 and since fibers of p; are contained
in fibers of py_1, we have a chain of inclusions

AkCAk,1C"'CA1

The Noetherian property implies that these must stabilize to a closed
analytic subset A,, = A of A that has positive dimension at 0. But
the translation by A, of the germ of f at 0 is then contained in X,
hence

A+ f(C)C X

Since f(C) is dense in X, we obtain A, + X C X, and, since X is
irreducible, there is equality and X is invariant by translation by the
(nonzero) subtorus B of A generated by A.,. Proceeding by induction
on the dimension of A, we conclude that the image X/B of X in A/B
is also a translated subtorus, hence so is X. 0
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