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ABSTRACT. The aim of these notes is to acquaint the reader with important objects in
complex algebraic geometry: K3 surfaces and their higher-dimensional analogs, hyperkéahler
manifolds. These manifolds are interesting from several points of view: dynamical (some
have interesting automorphism groups), arithmetical (although we will not say anything on
this aspect of the theory), and geometric. It is also one of those rare cases where the Torelli
theorem allows for a powerful link between the geometry of these manifolds and lattice
theory.

We do not prove all the results that we state. Our aim is more to provide, for specific fami-
lies of hyperkéhler manifolds (which are projective deformations of punctual Hilbert schemes
of K3 surfaces), a panorama of results about projective embeddings, automorphisms, moduli
spaces, period maps and domains, rather than a complete reference guide. These results are
mostly not new, except perhaps those of Appendix B (written with E. Macrl), where we give
in Theorem B.1 an explicit description of the image of the period map for these polarized
manifolds.
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1. INTRODUCTION

As explained in the abstract, the aim of these notes is to gather some results on pro-
jective K3 surfaces and hyperkahler manifolds, in particular their projective embeddings,
their biregular and birational automorphism groups, and their moduli spaces. For K3 sur-
faces, these results have been known for more than twenty years, whereas they are much
more recent for hyperkahler manifolds; for example, the Torelli theorem for K3 surfaces was
proved more than 35 years ago, whereas its version for all hyperkdhler manifolds (Theo-
rem 3.18) was published by M. Verbitsky in 2013. The results on the image of the period
map (Theorems 3.27 and B.1) are new and were obtained on collaboration with E. Macri.

Section 2 is devoted to K3 surfaces: complex compact surfaces with vanishing irreg-
ularity and whose space of holomorphic 2-forms is generated by a nowhere vanishing form.
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After describing their topological invariants, we state some characterizations of ample and
very ample line bundles on projective K3 surfaces. We then describe general K3 surfaces with
a polarization of low degree (most are complete intersections in a homogeneous space). The
Torelli theorem says that K3 surfaces are characterized by their Hodge structure; more pre-
cisely, any automorphism between the Hodge structures on their second cohomology groups
is induced by an isomorphism. This means that their period map, a regular map between
their (quasi-projective) moduli space (whose construction we explain in Section 2.5 for po-
larized K3 surfaces) and their (quasi-projective) period domain (the quotient of a Hermitian
symmetric domain by an arithmetic group of automorphisms) is an open embedding (Sec-
tion 2.8). Its image is also described in that Section, using the description of the ample cone
given in Section 2.4: it is the complement of the union of one or two Heegner divisors. The
Torelli theorem is also extremely useful to study automorphisms groups of K3 surfaces. We
give examples in Section 2.10.

The rest of the notes deals with hyperkahler manifolds, which are generalizations of
K3 surfaces in higher (even) dimensions and for which many results are still unknown.
They are defined in Section 3 as simply connected compact Kéhler manifolds whose space
of holomorphic 2-forms is generated by an everywhere non-degenerate form. Their second
integral cohomology group carries a canonical integral valued non-degenerate quadratic form
defined by Fujiki and Beauville. Examples are provided by punctual Hilbert schemes of K3
surfaces and generalized Kummer varieties. Most of the results that we state will concern
only deformations of the former type (called hyperkdhler manifolds of KS[m]—type).

Polarized hyperkahler manifolds of that type admit quasi-projective moduli spaces
whose irreducibility we discuss in Section 3.5. Even in low degrees and dimension 4, their
projective embeddings are only known in a few cases, through beautiful but quite involved
geometric constructions (Section 3.6). In the next (long) Section 3.7, we define and study two
important cones attached to a hyperkahler manifold: the nef and the movable cones. These
cones are closed convex cones in a real vector space of dimension the rank of the Picard
group of the manifold. Their determination is a very difficult question, only recently settled
by works of Bayer, Macri, Hassett, and Tschinkel. Many examples are given in Section 3.7,
essentially when the Picard rank is 2, where their description involves playing with some
equations of Pell-type.

The next section (Section 3.8) contains two versions of the Torelli theorem. We miss
all the subtleties (and difficulties) of this general result by restricting ourselves to polar-
ized hyperkdhler manifolds. Even with the “classical” version, one has to be careful (see
Theorem 3.18). When one states the Torelli theorem in terms of the injectivity of a period
map (Theorem 3.19), the situation is tricky and more complicated than for K3 surfaces: the
moduli spaces, although still quasi-projective, may be reducible, and the period domain is
obtained by quotienting (still a Hermitian symmetric domain) by a restricted automorphism
group. At the same time, this makes the situation richer: the period domains may have non-
trivial involutions and may be isomorphic to each other. This implies that the some moduli
spaces of polarized hyperkahler manifolds are birationally isomorphic, a phenomenon which
we call strange duality (Remarks 3.21 and 3.22).

In the rest of Section 3, we determine explicitly the image of the period map for
polarized hyperkahler fourfolds. This involves going through a rather lengthy description of
the Heegner divisors in the period domain (Section 3.10). As for K3 surfaces, the image is the
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complement of a finite number of Heegner divisors which we describe precisely. This result
is a simple consequence of the description of the ample cone (which is the interior of the nef
cone) given earlier.

In the final Section 4, we use our knowledge of the movable and nef cones of hyperkéhler
manifolds given in Section 3.7 to describe explicitely the birational and biregular automor-
phism groups of hyperkahler manifolds of Picard number 1 or 2 in some cases. For Picard
number 1 (Section 4.2), the result is a rather simple consequence of the Torelli theorem and
some easy lattice-theoretic considerations. For Picard number 2, a general result was proved
by Oguiso (Theorem 4.6). We end the section with many explicit calculations.

In the final short Section 5, we use the Torelli theorem (and a deep result of Clozel
and Ullmo on Shimura varieties) to prove that in each moduli space of polarized hyperkéhler
manifolds of K3™-type, the points corresponding to Hilbert squares of K3 surfaces form a
dense subset (our Proposition 5.1 provides a more explicit statement).

In Appendix A, we go through a few elementary facts about Pell-type equations. In
the more difficult Appendix B, written with E. Macri, we revisit the description of the ample
cone of a projective hyperkahler manifold in terms of its Muka: lattice and use it to describe
explicitly the image of the period map for polarized hyperkéahler manifolds in all dimensions.

2. K3 SURFACES

Although K3 surfaces in positive characteristics are interesting in their own (and have
been used to prove results about complex K3 surfaces), we will restrict ourselves to complex
K3 surfaces.! The reader will find in [Hul] a very complete account of these surfaces. The
reference [L] is more elementary and covers more or less the same topics as this section (with
more details).

2.1. Definition and first properties.

Definition 2.1. A K3 surface is a compact surface S such that H°(S, Q%) = Cw, where w
is a nowhere vanishing holomorphic 2-form on S, and H*(S, Os) = 0.

K3 surfaces are interesting for many reasons:

e they have interesting dynamics: up to bimeromorphism, they are the only compact
complex surfaces which can have an automorphism with positive entropy (see foot-
note 11) and no fixed points;?

e they have interesting arithmetic properties;

e they have interesting geometric properties: it is conjectured (and known except when
the Picard number is 2 or 4; see [LL]) that any K3 surface contains countably many
rational curves.

IThis strange name was coined by Weil in 1958: “ainsi nommées en 'honneur de Kummer, Kihler,
Kodaira et de la belle montagne K2 au Cachemire.”

2A theorem of Cantat ([C]) says that a smooth compact Kihler surface S with an automorphism of
positive entropy is bimeromorphic to either P2, or to a 2-dimensional complex torus, or to an Enriques
surface, or to a K3 surface. If the automorphism has no fixed points, S is birational to a projective K3
surface of Picard number greater than 1 and conversely, there is a projective K3 surface of Picard number 2
with a fixed-point-free automorphism of positive entropy (see [Ogl]| or Theorem 2.16).
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Let S be a K3 surface. The exponential sequence

21 e

0—-7Z-""5 0q

implies that H'(S,Z) is a subgroup of H'(S, Os), hence b;(S) = 0. Moreover, there is an
exact sequence

(1) 0 — Pic(S) — H*(S,Z) — H*(S, Oy).

P01

Lemma 2.2. The Picard group of a K3 surface is torsion-free.

Proof. Let M be a torsion element in Pic(S). The Riemann—Roch theorem and Serre duality
give

hO(S, M) — ' (S, M) + h°(S,M~") = x(S, M) = x(S, Os) = 2.
In particular, either M or M~! has a non-zero section s. If m is a positive integer such that

M®™ is trivial, the non-zero section s™ of M®™ vanishes nowhere, hence so does s. The line
bundle M is therefore trivial. O

Since H%(S, Us) is also torsion-free, the lemma implies that H?(S,Z) is torsion-free,
hence so is Hy(S,Z) by Poincaré duality. By the Universal Coefficient Theorem, H,(S,Z) is
torsion-free hence 0 (because b;(S) = 0) , hence so is H3(S,Z) by Poincaré duality again.
So the whole (co)homology of S is torsion-free.

We have ¢3(S) = Xtop(S) = b2(S) + 2. Noether’s formula
12x(S, Os) = i (S) + c2(S)
then implies
CQ(S) =24 s bQ(S) = 22.

The abelian group H?(S,Z) is therefore free of rank 22. The intersection form is unimodular
and even.® Its signature is given by Hirzebruch’s formula

7(S) = %(c%(S) —205(9)) = —16.

Recall from Lemma 2.2 that the Picard group is therefore a free abelian group; we let
p(S) be its rank (the Picard number of S).

The Lefschetz (1,1)-theorem tells us that p(S) < h'(S, Q). If S is Kéahler, we have
hL(S, QL) = by(S) — 2h°(S, 02) = 20
3Let X be a smooth compact real manifold of (real) dimension 4. Its second Wu class v2(X) €
H?(X,Z/2Z) is characterized by the property (Wu’s formula)
Vo€ H*(X,Z/2Z) v(X)Uz=zUz.

The class vy can be expressed as ws + w%, where w; and wsy are the first two Stiefel-Whitney classes. When
X is a complex surface, one has w;(X) = 0 and wy(X) is the reduction modulo 2 of ¢;(X) (which is 0 for a
K3 surface).
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and this holds even if S is not Kihler (which does not happen anyway!).* In particular, we
have
0 < p(S) < 20.

Finally, one can show that all K3 surfaces are diffeomorphic and that they are all
simply connected.

Ezercise 2.3. Let S C P? be the Fermat surface defined by the quartic equation zg + 2 + 23 +
z3=0.

(a) Show that S is smooth and that it is a K3 surface.

(b) Show that S contains (at least) 48 lines L1, ..., Lys.

(c

) How would you show (using a computer) that the rank of the Picard group Pic(S) is at
least 207

(d) Prove that the rank of the Picard group Pic(S) is exactly 20.°

2.2. Properties of lines bundles. Let L be an ample line bundle on S. By Kodaira van-
ishing, we have H'(S, L) = 0 hence the Riemann-Roch theorem reads

h°(S, L) = x(S,L) = %LQ + 2.

Most of the times, L is generated by global sections, by the following result that we will not
prove.

Theorem 2.4. Let L be an ample line bundle on a K3 surface S. The line bundle L 1is
generated by global sections if and only if there are no divisors D on S such that LD = 1
and D? = 0.

The hypothesis of the theorem holds in particular when p(S) = 1. When L is generated
by global sections, it defines a morphism

Qr: S — Pe+1,

where e := $L2. General elements C' € |L| are smooth irreducible (by Bertini’s theorem)
curves of genus e + 1 and the restriction of ¢ to C' is the canonical map C' — P°.

One can show the morphism ¢y, is then an embedding (in which case all smooth curves
in |L| are non-hyperelliptic), that is, L is very ample, except in the following cases, where
¢y, is a double cover of its image, a smooth surface of minimal degree e in P¢™:

o [2=2;

e [?=8and L =2D;

e there is a divisor D on S such that LD = 2 and D? = 0 (all smooth curves in |L| are
then hyperelliptic).

The last case does not occur when p(S) = 1. This implies the following result.

4As explained in the proof of [BHPvV, Lemma IV.2.6], there is an inclusion H°(S, Q%) ¢ H'(S,C) for
any compact complex surface S, so that H°(S,QL) = 0 for a K3 surface S. We then have H?(S,Q%) =0
by Serre duality and the remaining number h'(S, Q%) can be computed using the Riemann—Roch theorem
X(S, Q%) = [ ch(Q}) td(S) = 3c3(Qf) — c2(Q2%) +2rank(€2}) = —20 (because ¢1 () = 0 and c2(Q}) = 24).

°It was proved by Mizukami in 1975 that the group Pic(S) is generated by Li,...,Lss and that its
discriminant is —64.
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Theorem 2.5. Let L be an ample line bundle on a K3 surface. The line bundle L%? is
generated by global sections and the line bundle L¥* is very ample for all k > 3.

2.3. Polarized K3 surfaces of low degrees. A polarization L on a K3 surface S is an
isomorphism class of ample line bundles on S or equivalently, an ample class in Pic(S5),
which is not divisible in Pic(S). Its degree is 2e := L?. We give below descriptions (mostly
due to Mukai; see [Mul, Mu2, Mu3, Mu4, Mu5, Mu6]) of the morphism ¢y: S — P¢*!
associated with a general polarized K3 surface (5, L) of degree 2e < 14 (it is a morphism by
Theorem 2.4) and of S for e € {8,...,12,15,17,19}.5

Several of these descriptions involve the Grassmannian Gr(r,n), the smooth projective
variety of dimension r(n — r) that parametrizes r-dimensional subspaces in C", and its
vector bundles ., the tautological rank-r subbundle, and 2, the tautological rank-(n — r)
quotient bundle. It embeds via the Pliicker embedding into P(/\"C") and the restriction of
Op(pncny(1) is a generator of Pic(Gr(r,n)).

L? = 2. The morphism ¢r: S — P? is a double cover branched over a smooth plane sextic
curve. Conversely, any such double cover is a polarized K3 surface of degree 2.

L2 = 4. The morphism ¢r: S — P? induces an isomorphism between S and a smooth
quartic surface. Conversely, any smooth quartic surface in P? is a polarized K3 surface of
degree 4.

L% = 6. The morphism ¢;: S — P*induces an isomorphism between S and the intersection
of a quadric and a cubic. Conversely, any smooth complete intersection of a quadric and a
cubic in P* is a polarized K3 surface of degree 6.

L2 = 8. The morphism ¢;,: S — P® induces an isomorphism between S and the intersection
of 3 quadrics. Conversely, any smooth complete intersection of 3 quadrics in P? is a polarized
K3 surface of degree 8.

L% =10. The morphism ¢r: S — P is a closed embedding. Its image is obtained as
the transverse intersection of the Grassmannian Gr(2,5) C P? a quadric Q@ C P?, and a
P% c P?. Conversely, any such smooth complete intersection is a polarized K3 surface of
degree 10.

L2 = 12. The morphism ¢ : S — P7 is a closed embedding. Its image is obtained as the
transverse intersection of the orthogonal Grassmannian” OGr(5,10) C P and a P® C P'®.
Conversely, any such smooth complete intersection is a polarized K3 surface of degree 12.

One can also describe ¢ (.S) as the zero-locus of a general section of the rank-4 vector
bundle (1)%* @ . (2) on Gr(2,5) ([Mub, Theorem 9)).

L% = 14. The morphism ¢ : S — P? is a closed embedding. Its image is obtained as the
transverse intersection of the Grassmannian Gr(2,6) C P4 and a P® C P!, Conversely, any
such smooth complete intersection is a polarized K3 surface of degree 14.

5Tt might be a bit premature to talk about “general polarized K3 surfaces” here but the statements below
hold whenever Pic(S) ~ ZL, a condition that can be achieved by slightly perturbing (S, L); we will come
back to that in Section 2.9.

"This is one of the two components of the family of all 5-dimensional isotropic subspaces for a non-
degenerate quadratic form on C'°.
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L2 = 16. General K3 surfaces of degree 16 are exactly the zero loci of general sections of
the of the rank-6 vector bundle &(1)® & (1) on Gr(3,6) ([Mu2, Example 1]).

L2 = 18. General K3 surfaces of degree 18 are exactly the zero loci of general sections of
the rank-7 vector bundle ¢(1)® & 2V(1) on Gr(2,7) ([Mu2, Example 1]).

L? = 20. General K3 surfaces of degree 20 are described in [Mu3] as Brill-Noether loci on
curves of genus 11.

L% = 22. General K3 surfaces of degree 22 are exactly the zero loci of general sections of
the rank-10 vector bundle €(1) & . (1)®3 on Gr(3,7) ([Mu5, Theorem 10]).

L? = 24. General K3 surfaces of degree 24 are exactly the zero loci of general sections of
the rank-10 vector bundle . (1)%? & 2V (1) on Gr(3,7) ([Mu5, Theorem 1]).

L2 =30. Let T be the 12-dimensional GIT quotient of C? ® C?* ® C* by the action of
GL(2) x GL(3) on the first and second factors. There are tautological vector bundles & and
# on T, of respective ranks 3 and 2. General K3 surfaces of degree 30 are exactly the zero
loci of general sections of the rank-10 vector bundle &% & .#%% on T ([Mu6]).

L2 = 34. General K3 surfaces of degree 34 are exactly the zero loci of general sections of
the rank-10 vector bundle A2 & A\*2 & A\*2 on Gr(4,7) ([Mub, Theorem 1]).

L2 = 38. General K3 surfaces of degree 38 are exactly the zero loci of general sections of
the rank-18 vector bundle (A%.7V)® on Gr(4,9).

2.4. The ample cone of a projective K3 surface. Let X be a projective manifold. We
define the nef cone

Nef(X) C NS(X)®@ R
as the closed convex cone generated by classes of nef line bundles.® Tts interior Amp(X) is
not empty and consists of ample classes.

Let now S be a projective K3 surface and let M be a line bundle on S with M? > —2.
The Riemann—Roch theorem and Serre duality imply

RO(S, M) — h'(S, M) + h°(S,M~') =2 + %MQ > 1,

so that either M or M~! has a non-zero section. If we fix an ample class L on S, the line
bundle M has a non-zero section if and only if L - M > 0. Let Pos(S) be that of the two
components of the cone {z € Pic(S) ® R | z2 > 0} that contains an (hence all) ample class
(recall that the signature of the lattice Pic(S) is (1, p(S) — 1)).

We set
A" :={M € Pic(S) | M* = =2, H°(S, M) # 0}.
If L is a ample class, we have L - M > 0 for all M € A*. If M € A", one shows that the
fixed part of the linear system |M| contains a smooth rational curve C' (with C? = —2).

Theorem 2.6. Let S be a projective K3 surface. We have
Amp(S) = {x €Pos(S)|YM e At z-M >0}

8The group NS(X) is the group of line bundles on X modulo numerical equivalence; it is a finitely
generated abelian group. When H(X, 0x) = 0 (e.g., for K3 surfaces), it is the same as Pic(X).
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= {xz € Pos(S) | for all smooth rational curves C' C S, x-C > 0}.

For the proof, which is elementary, we refer to [Hul, Corollary 8.1.6].

2.5. Moduli spaces for polarized K3 surfaces. We will indicate here the main steps for
the construction of quasi-projective coarse moduli space for polarized complex K3 surfaces
of fixed degree. Historically, the first existence proof was given in 1971 by Pjatecki-Shapiro—
Shafarevich and relied on the Torelli theorem (see next section), but it makes more sense to
reverse the course of history and explain a construction based on later work of Viehweg.

Let (S, L) be a polarized K3 surface of degree 2e. The fact that a fixed multiple (here
L®3) is very ample implies that S embeds into some projective space of fixed dimension (here
P%*!) with fixed Hilbert polynomial (here 9¢T?+2). The Hilbert scheme that parametrizes
closed subschemes of P%*! with that Hilbert polynomial is projective (Grothendieck) and
its subscheme 7 parametrizing K3 surfaces is open and smooth. The question is now to
take the quotient of # by the canonical action of PGL(9¢e + 2). The usual technique for
taking this quotient, Geometric Invariant Theory, is difficult to apply directly in that case
but Viehweg managed to go around this difficulty to avoid a direct check of GIT stability
and still construct a quasi-projective coarse moduli space (over C only! See [Vi]).

Theorem 2.7. Let e be a positive integer. There exists an irreducible 19-dimensional quasi-
projective coarse moduli space Hs. for polarized complexr K3 surfaces of degree 2e.

The constructions explained in Section 2.3 imply that J#5. is unirational for e < 7. It
is in fact known to be unirational for e < 19 and e ¢ {14, 18} by work of Mukai (and more
recently Nuer). At the opposite end, %, is of general type for e > 31 (and for a few lower
values of e; see [GHS1, GHS3]).

2.6. The Torelli theorem. The Torelli theorem (originally stated and proved for curves)
answers the question as to whether a smooth Kéhler complex manifold is determined (up
to isomorphism) by (part of) its Hodge structure. In the case of polarized K3 surfaces, this
property holds.

Theorem 2.8 (Torelli theorem, first version). Let (S, L) and (S’, L") be polarized complex
K3 surfaces. If there exists an isometry of lattices

©: H*(S',Z) > H*(S,Z)
such that o(L') = L and pc(H*°(S")) = H*(S), there exists an isomorphism o: S~ S’
such that p = o*.

We will see later that the isomorphism u is uniquely determined by ¢ (Proposition 2.14).

2.7. A bit of lattice theory. A very good introduction to this theory can be found in the
superb book [Se]. More advanced results are proved in the difficult article [Ni].

A lattice is a free abelian group A of finite rank endowed with an integral valued
quadratic form q. Its discriminant group is the finite abelian group

D(A) == AY/A,
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where
AC AN :=Homz(A,Z)={z e A®Q|VWeAN z-yeZ}CA®Q.

The lattice A is unimodular if the group D(A) is trivial; it is even if the quadratic form ¢
only takes even values.

If ¢ is an integer, we let A(t) be the group A with the quadratic form tgq. Finally, for
any integers r, s > 0, we let I; be the lattice Z with the quadratic form q(x) = 2% and we
let 1,5 be the lattice I @ I;(—1)%.

The only unimodular lattice of rank 1 is the lattice ;. The only unimodular lattices of
rank 2 are the lattices 5, I11, o2 and the hyperbolic plane U. There is a unique positive
definite even unimodular lattice of rank 8, which we denote by Eg. The signature 7(A) of an
even unimodular lattice A is divisible by 8; if A is not definite (positive or negative), it is a
direct sum of copies of U and FEjg if 7(A) > 0 (resp. of U and Eg(—1) if 7(A) < 0).

If x is a non-zero element of A, we define its divisibility v(x) as the positive generator of
the subgroup z- A of Z. We also consider x/vy(x), a primitive (i.e., non-zero and non-divisible)
element of AV, and its class z, = [x/y(x)] € D(A), an element of order v(x).

Assume now that the lattice A is even. We extend the quadratic form to a Q-valued
quadratic form on A®Q, hence also on AY. We then define a quadratic form g: D(A) — Q/2Z
as follows: let z € AV, y € A; then g(z + y) = q(z) + 2z - y + ¢(y), modulo 2Z, does not
depend on y. We may therefore set

q([z]) == q(z) € Q/2Z.
The stable orthogonal group 6(A) is the kernel of the canonical map
O(A) — O(D(A), ).

This map is surjective when A is indefinite and rank(A) is at least the minimal number of
generators of the finite abelian group D(A) plus 2.

We will use the following result very often (see [GHS2, Lemma 3.5]). When A is even
unimodular (and contains at least two orthogonal copies of the hyperbolic plane U), it says
that the O(A)-orbit of a primitive vector is exactly characterized by the square of this vector.

Theorem 2.9 (Eichler’s criterion). Let A be an even lattice that contains at least two or-

thogonal copies of U. The O(A)-orbit of a primitive vector x € A is determined by the integer
q(x) and the element x, of D(A).

2.8. The period map. The Torelli theorem (Theorem 2.8) says that a polarized K3 surface
is determined by its Hodge structure. We want to express this as the injectivity of a certain
morphism, the period map, which we now construct.

Let S be a complex K3 surface. The lattice (H*(S,Z),-) was shown in Section 2.1
to be even unimodular with signature —16; by the discussion in Section 2.7, it is therefore
isomorphic to the rank-22 lattice

AK3 = U®3 @ E8<—1)EB2.

Since we will restrict ourselves to polarized K3 surfaces, we fix, for each positive integer e, a
primitive vector hy. € Az with h3, = 2e (by Eichler’s criterion (Theorem 2.9), they are all
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in the same O(Axs)-orbit). For example, if (u,v) is a standard basis for one copy of U, we
may take ho, = u + ev. We then have

(2) AK3726 = h2Le = U692 D Eg(-].)e92 D Il(—2€)

Let now (S, L) be a polarized K3 surface of degree 2e and let ¢: H*(S,Z) = Aks be
an isometry of lattices such that ¢(L) = hg. (such an isometry exists by Eichler’s criterion).
The “period” p(S, L) := oc(H*°(S)) € Axz ® C is then in hy,; it also satisfies the Hodge—
Riemann bilinear relations

This leads us to define the 19-dimensional (non-connected) complex manifold
Qe 1= {[ZE] € P(AK3726 (%9 C) | z-x=0, z-T> O},

so that p(S, L) is in .. However, the point p(S, L) depends on the choice of the isometry
v, so we would like to consider the quotient of {25, by the image of the (injective) restriction
morphism

{(I) € O(AKg) | (I)(hge) = hge} — O(AK3726)

It turns out that this image is equal to the special orthogonal group 5(AK3,26), so we set”
@2e = O(AK3,2e)\Q2e-

Everything goes well: by the Baily-Borel theory, &, is an irreducible quasi-projective
normal non-compact variety of dimension 19 and one can define a period map

©2e: Hoe — Do
(S, L)] +— [p(S,L)]

which is an algebraic morphism. The Torelli theorem now takes the following form.

Theorem 2.10 (Torelli theorem, second version). Let e be a positive integer. The period
map
§22¢ - %e — ‘@26

18 an open embedding.

It is this description of 5. (as an open subset of the quotient of the Hermitian sym-
metric domain {2y, by an arithmetic subgroup acting properly and discontinuously) that
Gritsenko-Hulek-Sankaran used to compute the Kodaira dimension of %, ([GHS1, GHS3]).

Let us discuss what the image of g9 is. Let y € Aks 2. be such that y? = —2 (one says
that y is a root of Aks2.). If a period p(S, L) is orthogonal to y, the latter is, by the Lefschetz
(1,1)-theorem, the class of a line bundle M with M? = —2 and L - M = 0. Since either |M|

9This presentation is correct but a bit misleading: Q9. has in fact two irreducible components (inter-
changed by complex conjugation) and one usually chooses one component Q;re and considers the subgroups
of the various orthogonal groups that preserve this component (denoted by O in [M2, GHS2, GHS3]), so
that @26 = O+(AK3,2€)\Q;;'
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or |M 1| is non-empty (Section 2.4), this contradicts the ampleness of L and implies that
the image of the period map is contained in the complement 229 of the image of

U yL - QZ@

YEAK3 20, Y2=—2

in P,.. It turns out that the image of the period map is exactly 29 ([Hul, Remark 6.3.7]).
Let us describe 229, using Eichler’s criterion.

Proposition 2.11. Let e be a positive integer. The image of the period map @ : Hoe — Poe
is the complement of one irreducible hypersurface if e Z 1 (mod 4) and of two irreducible
hypersurfaces if e =1 (mod 4).

Proof. By Eichler’s criterion, the 6(AK3726)—orbit of a root y of Akso. is characterized by
Y« € D(Aks2.). Let w be a generator of I;(—2e¢) in a decomposition (2) of Aksa. (if (u,v)
is a standard basis for one copy of U in Aks, we may take w = u — ev). We then have
div(w) = 2e and w, generates D(Axso.) = Z/2eZ, with q(w.) = ¢(£w) = —5 (mod 2Z).
A root y has divisibility 1 or 2; if div(y) = 1, we have y, = 0; if div(y) = 2, then y, = %y
has order 2 in D(Ags2.), hence y, = ew,. In the latter case, we have q(y.) = q(3y) = —3,
whereas q(ew,) = €2 (—Qie) = —5; this implies e = 1 (mod 4). Conversely, if this condition
is realized, we write e = 4¢’ + 1 and we let (u’,v’) be a standard basis for one copy of U in
Aks.2¢. The vector
y:=w+2(u + e

is then a root with divisibility 2. This proves the proposition. O

These irreducible hypersurfaces, or more generally any hypersurface in &, which is
the (irreducible) image 2, of a hyperplane section of 0y, of the form xt, for some non-zero
x € Aks e, is usually called a Heegner divisor. By Eichler’s criterion, the Heegner divisors
can be indexed by the integer z* and the element x, of D(Axsz.), for  primitive in Axs g

Remark 2.12 (Period map over the integers). The construction of the period domain and
period map can be done over Q, and even over Z[1]. We refer the reader to [Li, Section 8.6]
for a summary of results and for references.

Remark 2.13. As noted by Brendan Hassett, the results of Section 2.2 imply, by the
same reasoning as in the proof of Proposition 2.11, that, inside .#5., the locus where the
polarization is globally generated (resp. very ample) is the complement of the union of finitely
many Heegner divisors.

2.9. The Noether—Lefschetz locus. Given a polarized K3 surface (S,L) with period
p(S,L) € Qy, the Picard group of S can be identified, by the Lefschetz (1,1)-theorem,
with the saturation of the subgroup of Aks generated by hs. and
p(Sa L)J_ N AKS,Q@-
This means that if the period of (S, L) is outside the countable union
J
z primitive in Ak3 2¢

of Heegner divisors, the Picard number p(S) is 1 (and Pic(S) is generated by L). The inverse
image in %5, of this countable union is called the Noether—Lefschetz locus.
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2.10. Automorphisms. Many works deal with automorphism groups of K3 surfaces and
we will only mention a couple of related results. Let S be a K3 surface. The first remark is
that since Ts ~ Qf ® (Q%)¥ ~ QF, we have

HY(S,Ts) ~ H°(S,Qg) = 0.

In particular, the group Aut(S) of biregular automorphisms of S is discrete (note that since
S is a minimal surface which has a unique minimal model, any birational automorphism of
S is biregular).

Proposition 2.14. Let S be a K3 surface. Any automorphism of S that acts trivially on
H?(S,7Z) is trivial.

Sketch of proof. We follow [Hul, Section 15.1.1]. Let o be a non-trivial automorphism of S
of finite order n that acts trivially on H?(S,Z) (hence on H*(S,Z)). By the Hodge decom-
position, o also acts trivially on HY(S,Q%), hence c*w = w. Around any fixed point of o,
there are analytic local coordinates (z1,x2) such that o(xy, ) = (Axy, A'zy), where ) is a
primitive nth root of 1 [Hul, Lemma 15.1.4]. In particular, the number N (o) of fixed points
of o is finite.

The holomorphic Lefschetz fixed point formula, which relates N (o) to the trace of the
action of o on the H'(S, Os), implies N (o) < 8 ([Hul, Corollary 15.1.5]). The topological
Lefschetz fixed point formula, which relates N(o) to the trace of the action of o on the
H'(S,Z), implies that since o acts trivially on H*(S,Z), we have N(0) = xiop(S) = 24
([Hul, Corollary 15.1.6]). This gives a contradiction, hence no non-trivial automorphism of
S of finite order acts trivially on H?(S, Z).

To prove that any automorphism o that acts trivially on H?(S,Z) has finite order,
one can invoke [F, Theorem 4.8] which says that the group of automorphisms of a compact
Kéhler manifold that fix a Kahler class has only finitely many connected components: this
implies in our case that ¢ has finite order, hence is trivial. 0

The conclusion of the proposition can be restated as the injectivity of the map
(3) Ug: Aut(S) — O(H?*(S,Z),").
One may also consider the morphism
Ug: Aut(S) — O(Pic(S), -).

Even if S is projective, this morphism is not necessarily injective. An easy example is provided
by polarized K3 surfaces (S, L) of degree 2: we saw in Section 2.3 that ¢r: S — P? is a
double cover; the associated involution ¢ of S satisfies «*L ~ L and when (S, L) is very
general, Pic(S) = ZL is acted on trivially by ¢.

However, the kernel of Wg is always finite: if L is an ample line bundle on S, any
automorphism ¢ in the kernel satisfies *L ~ L. Since L®? is very ample (Theorem 2.5),
it defines an embedding ppes: S — P(HY(S,L®3)) and o acts linearly on P(H(S, L®3))
while globally preserving ¢ es(S). The group ker(¥g) is therefore a quasi-projective linear
algebraic group hence has finitely many components. Since it is discrete, it is finite.

Here a simple application of this result: the automorphism group of a K3 surface with
Picard number 1 is not very interesting!
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Proposition 2.15. Let S be a K3 surface whose Picard group is generated by an ample class
L. The automorphism group of S is trivial when L? > 4 and has order 2 when L* = 2.

Proof. Let o be an automorphism of S. One has 0*L = L and ¢* induces a Hodge isometry of
the transcendental lattice L. One can show that o*|; . = ¢1d, where e € {—1,1}.1° Choose
as above an identification of the lattice H%(S,Z) with Agz such that L = u + ev, where
L? = 2¢ and (u,v) is a standard basis of a hyperbolic plane U C Aks. One then has

c*(u+ev) =u+ev and o (u—ev) =e(u — ev).

This implies 2ec*(v) = (1 — e)u + e(1 + €)v, so that 2¢ | (1 —¢). If e > 1, this implies
e = 1, hence ¢* = Id, and ¢ = Id by Proposition 2.14. If e = 1, there is also the possibility
€ = —1, and o, if non-trivial, is a uniquely defined involution of S. But in that case, such an
involution always exists (Section 2.3). O

To actually construct automorphisms of a K3 surface S, one needs to know the image
of the map Wg. This is provided by the Torelli theorem, or rather an extended version of
Theorem 2.8 to the non-polarized setting: any Hodge isometry of H?(S,Z) that maps one
Kéhler class to a Kéhler class is induced by an automorphism of S ([Hul, Theorem 7.5.3]).

Automorphisms get more interesting when the Picard number increases. There is a
huge literature on the subject and we will only sketch one construction.

Theorem 2.16 (Cantat, Oguiso). There ezists a projective K3 surface of Picard number 2
with a fized-point-free automorphism of positive entropy.'!

Sketch of proof. One first shows that there exists a projective K3 surface S with Picard
lattice isomorphic to the rank-2 lattice K = Z? with intersection matrix!?

(%)

By Theorem 2.6 and the fact that the lattice K does not represent —2, the ample cone of S
is one component of its positive cone.

107¢ (S, L) is very general, this follows from standard deformation theory; the general argument is clever
and relies on Kronecker’s theorem and the fact that 21, the rank of L+, is odd ([Hul, Corollary 3.3.5)).
H1f 5 is an automorphism of a metric space (X, d), we set, for all positive integers m and all z,y € X,

du(z,y) i= max d(0"(2),0"(y)).

For € > 0, let $;,(€) be the maximal number of disjoint balls in X of radius /2 for the distance d,,. The
topological entropy of o is defined by
> 0.

h(o) := lim lim sup 10g sm(€)
e=0 mooo m

Automorphisms with positive entropy are the most interesting from a dynamical point of view.

2This can be deduced as in [H, Lemma 4.3.3] from the Torelli theorem and the surjectivity of the period
map, because this lattice does not represent —2; the square-4 class given by the first basis vector is even very
ample on S since the lattice does not represent 0 either. Oguiso gives in [Ogl] a geometric construction of
the surface S as a quartic in P3. It was later realized in [FGvGvL] that S is a determinantal Cayley surface
(meaning that its equation can be written as the determinant of a 4 x 4-matrix of linear forms) and that the
automorphism ¢ had already been constructed by Cayley in 1870 (moreover, Aut(S) ~ Z, generated by o);
that article gives very clear explanations about the various facets of these beautiful constructions.
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The next step is to check that the isometry ¢ of K & K=+ that acts as the matrix

(5 13

on K and as —Id on Kt extends to an isometry of Aks (one can do it by hand as in the
proof above). This isometry obviously preserves the ample cone of S, and a variation of the
Torelli Theorem 2.8 implies that it is induced by an antisymplectic automorphism o of S.

Since 1 is not an eigenvalue of ¢, the fixed locus of ¢ contains no curves: it is therefore
a finite set of points, whose cardinality ¢ can be computed by the Lefschetz fixed point
formula

Hi(5,Q))

4
c = ZTr(a*
i=0

= 2+ Tr(0*|H2(S,Q))
= 24+ Tr(0"|keq) + Tr(0"|k1aq) =2+ 18 — 20 = 0.

The fact that the entropy h(c) is positive is a consequence of results of Gromov and
Yomdim that say that h(c) is the logarithm of the largest eigenvalue of o* (here 9 + 44/5)
acting on H(S,R). O

Remark 2.17. It is known that for any K3 surface S, the group Aut(S) is finitely generated.
The proof uses the injective map Wg defined in (3) ([Hul, Corollary 15.2.4]).

3. HYPERKAHLER MANIFOLDS

We study in the section generalizations of complex K3 surfaces to higher (even) dimen-
sions.

3.1. Definition and first properties.

Definition 3.1. A hyperkdhler manifold is a simply connected compact Kéhler manifold
X such that H°(X, Q%) = Cw, where w is a holomorphic 2-form on X which is nowhere
degenerate (as a skew symmetric form on the tangent space).

These properties imply that the canonical bundle is trivial, the dimension of X is
even, say 2m, and the abelian group H?(X,Z) is torsion-free.!* Hyperkihler manifolds of
dimension 2 are K3 surfaces. The following result follows from the classification of compact
Kéhler manifolds with vanishing real first Chern class (see [B2]).

Proposition 3.2. Let X be a hyperkahler manifold of dimension 2m and let w be a generator
of HY(X,Q%). For each r € {0,...,2m}, we have
HO(X. ) = Cw/\/2) z:fr z:s even,
0 if v is odd.
In particular, x(X,Ox) = m+ 1.

13The fact that X is simply connected implies Hy (X, Z) = 0, hence the torsion of H?(X,Z) vanishes by
the Universal Coefficient Theorem.
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Hyperkahler manifolds of fixed dimension 2m > 4 do not all have the same topological
type. The various possibilities (even the possible Betti numbers) are still unknown and it is
also not known whether there are finitely many deformation types.

A fundamental tool in the study of hyperkahler manifolds is the Beauville—Fugjiki form,
a canonical integral non-divisible quadratic form ¢x on the free abelian group H*(X,Z). Its
signature is (3, bo(X) — 3), it is proportional to the quadratic form

o [ V)

and it satisfies
Vo € H*(X,Z) 7*" = cxqx(z)™,

where cy (the Fujiki constant) is a positive rational number and m := 1 dim(X) (in dimen-
sion 2, gy is of course the cup-product). Moreover, one has gy (x) > 0 for all Kéhler (e.g.,
ample) classes © € H*(X,Z).

3.2. Examples. A few families of hyperkahler manifolds are known: in each even dimension
> 4, two deformations types, which we describe below, were found by Beauville ([B1, Sections

6 and 7]), and two other types (in dimensions 6 and 10) were later found by O’Grady
(o1, 02)).

3.2.1. Hilbert powers of K3 surfaces. Let S be a K3 surface and let m be a positive integer.
The Hilbert-Douady space SI™ parametrizes analytic subspaces of S of length m. It is
a smooth (Fogarty) compact Kéhler (Varouchas) manifold of dimension 2m and Beauville
proved in [B1, Théoreme 3] that it is a hyperkéahler manifold. When m > 2, he also computed
the Fujiki constant cgim) = Cm)! and the second cohomology group

— ml2m
H?(S™ . Z) ~ H*(S,Z) & Z3,

where 2§ is the class of the divisor in S that parametrizes non-reduced subspaces. This
decomposition is orthogonal for the Beauville form ggim, which restricts to the intersection
form on H?(S,Z) and satisfies qgm (6) = —2(m — 1). In particular, we have

(H*(S"™,Z), qgim) =~ Axs® Ii(—2(m — 1))
(4) ~ U@ Ey(—1)" @ L(—2(m — 1)) = Aggim-

The second Betti number of S is therefore 23. This is the maximal possible value for all
hyperkéhler fourfolds ([Gu]) and sixfolds ([S, Theorem 3]). Odd Betti numbers of SI™ all

vanish.

The geometric structure of S is explained in [B1, Section 6]. It is particularly simple
when m = 2: the fourfold S is the quotient by the involution that interchanges the two
factors of the blow-up of the diagonal in S2.

Finally, any line bundle M on S induces a line bundle on each SI™: we denote it
by M,,.
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3.2.2. Generalized Kummer varieties. Let A be a complex torus of dimension 2. The Hilbert—
Douady space A1 again carries a nowhere-degenerate holomorphic 2-form, but it is not
simply connected. We consider instead the sum morphism

Am+il 4

(a1, am) —> a1+ +ap

and the inverse image K,,(A) of 0 € A. Beauville proved in [B1, Théoreme 4] that it is a
hyperkéhler manifold (of dimension 2m). When m = 1, the surface K;(A) is isomorphic to
the blow-up of the surface A/ £1 at its 16 singular points; this is the Kummer surface of A.
For this reason, the K,,(A) are called generalized Kummer varieties. When m > 2, we have

CKom(A) = % and there is again a decomposition

H*(K,,(A),Z) ~ H*(A,Z) ® Z5,

which is orthogonal for the Beauville form gg,,(4), and gx,,(4)(6) = —2(m + 1). The second
Betti number of K, (A) is therefore 7 and

(H*(Km(A),Z), qre, (1)) 2 U @ [(—2(m + 1)) =: Ag,,.

As for all hyperkahler manifolds, the first Betti number vanishes, but not all odd Betti
numbers vanish (for example, one has b3(K3(A)) = 8).

3.3. The Hirzebruch—Riemann—Roch theorem. The Hirzebruch—Riemann—Roch theo-
rem takes the following form on hyperkéhler manifolds.

Theorem 3.3 (Huybrechts). Let X be a hyperkihler manifold of dimension 2m. There exist
rational constants ag, as, . . . , oy such that, for every line bundle M on X, one has

(X, M) = Z asiqx (M)

The relevant constants have been computed for the two main series of examples:

e when X is the mth Hilbert power of a K3 surface (or a deformation), we have
(Ellingsrud-Gottsche-M. Lehn)

Y

sax (M) +m+1
m

5) e =

e when X is a generalized Kummer variety of dimension 2m (or a deformation), we
have (Britze)

%CIX(M)er).

X(X,M)—(m—i—l)( .

3.4. Moduli spaces for polarized hyperkahler manifolds. Quasi-projective coarse mod-
uli spaces for polarized hyperkahler manifolds (X, H) of fixed dimension 2m and fixed degree
H?™ can be constructed using the techniques explained in Section 2.5: Matsusaka’s Big The-
orem implies that there is a positive integer k(m) such that, for any hyperkéhler manifold
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X of dimension 2m and any ample line bundle H on X, the line bundle H®* is very ample
for all k > k(m),"* and Viehweg’s theorem works in any dimension.

Theorem 3.4. Let m and d be positive integers. There exists a quasi-projective coarse moduli
space for polarized complex hyperkahler manifolds of dimension 2m and degree d.

The dimension of the moduli space at a point (X, H) is h'(X,Tx) —1=hb(X) -1 =
ba(X) — 3. The matter of its irreducibility will be discussed in the next section.

3.5. Hyperkihler manifolds of K3™-type. A hyperkihler manifold X is said to be of
K3[m]—type if it is a smooth deformation of the mth Hilbert power of a K3 surface. This fixes
the topology of X and its Beauville form. In particular, we have

(H*(X,Z),qx) == Ngim) = U @ Ey(=1)? @ I,(—(2m — 2)).

Let £ be a generator for I;(—(2m—2)). The lattice Ay, has discriminant group Z/(2m—2)Z,
generated by ¢, = ¢/(2m — 2), with g(¢,) = —1/(2m — 2) (mod 2Z).

A polarization type is the O(Ay5im )-orbit of a primitive element h with positive square.
It certainly determines the positive integers 2n := h? and v := div(h); the converse is not

true in general, but it is when 7 = 2 or when gcd(%”, 2”;_2,7) = 1 (|[GHS2, Corollary 3.7

and Example 3.10]), e.g., when ged(n, m — 1) is square-free and odd.

If we write h = ax + bl, where a,b € Z are relatively prime and z is primitive in Ags,
we have div(h) = ged(a, 2m — 2).

Even fixing the polarization type does not always give rise to irreducible moduli spaces
of polarized hyperkahler manifolds of K3™-type, but the number of irreducible components
is known ([Apl, Corollary 2.4 and Proposition 3.1]).'> We have in particular the following
result.

M The integer k(m) was made explicit (but very large) by work of Demailly and Siu, but is still far from
the value k(m) = 2m + 2 conjectured by Fujita in general, or for the optimistic value k(m) = 3 conjectured
(for hyperkéhler manifolds) by Huybrechts ([Hul, p. 34]) and O’Grady.

15Apostolov computed the number of irreducible components of the moduli space m///§g>. From [Apl,
Proposition 3.1] (note that the first two cases of [Apl, Proposition 3.2] have an unnecessary supplementary
hypothesis and the last case is wrong), we get some cases where mj/Q(Z) is irreducible non-empty (if p is a
prime and d a non-zero integer, we denote by v,(d) the exponent of p in the prime decomposition of d):
e v =1 (see [GHS2, Example 3.8]);
e y=2and n+m =1 (mod 4) (see [GHS2, Example 3.10]);
e y=3and 9| ged(m — 1,n);
e v =14, and
— either va(m — 1) = va(n) =2 and n+m =1 (mod 16);
— either vy(m — 1) = va(n) = 3;
— or 16 | ged(m — 1,n);
e v =p° (p odd prime, a > 0), v,(m — 1) = v,(n) = a, and —(m — 1)/n is a square modulo p%;
o v =2%(a>2),va3(m—1)=vy(n) =a—1, and —(m — 1)/n is a square modulo 2%+
At the other end, when ~v = py - - - p,, where pq,...,p, are distinct odd primes, m — 1 = a7y, and n = by,
where ged(a, b,v) = 1 and —ab is a square modulo n, the polarization type is determined by n and « (because

gcd(%”7 2"72,7) = 1) but the number of irreducible components of "3///2(;:) is 2"~! ([Apl, Remark 3.3(1)]).
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Theorem 3.5 (Gritsenko-Hulek—Sankaran, Apostolov). Let n and m be integers with m > 2

and n > 0. The quasi-projective moduli space " 2(;[) which parametrizes hyperkdahler mani-

folds of K3I™ _type with a polarization of square 2n and divisibility v is irreducible of dimen-
sion 20 whenever v =1, ory=2 and n+m =1 (mod 4).

We can work out in those two cases what the lattice At is. Let (u,v) be a standard
basis for a copy of U in Ayym and set M := U®? @ Eg(—1)%?

e When v =1, we have h, = 0 and we may take h = u 4+ nv, so that

(6) W M@ Li(—(2m—2)) & L(—2n) = AL "
with discriminant group Z/(2m — 2)Z x Z/2nZ."°
e When v = 2 (and n+m = 1 (mod 4)), we have h, = (m — 1){, and we may take
h = 2(u+ "2=1y) 4 ¢, where (u,v) is a standard basis for a copy of U inside Ayomi,
so that

(7) ht~ M e <__((2$__12)) __@@)) = A0

with discriminant group of order n(m — 1) and isomorphic to Z/(m — 1)Z x Z/n’Z
when n (hence also m — 1) is odd, or when n =m — 1 (and n even)."”

Remark 3.6. Note in both cases the symmetry Ag;[mu ~ Ag?) (n1] 2 (m—1)’ it is obvious

when v = 1; when v = 2, the Change of coordinates (z,y) <> (—z,2x T y) interchanges the
atrices <2m—2 m—1 ) and ( (n+1)-2  (n+1)-1 )
martri m—1 n+72n—1 (n+1)—1 (mfl)+2(n+1)71 .

Another way to see this is to note that the lattice Ay is the orthogonal in the larger

even unimodular lattice Ags defined in (11) of any primitive vector of square 2m — 2. The

lattice ht considered above is then the orthogonal in Ags of a (possibly non-primitive) rank-2

lattice A,,—1, with intersection matrix (2’”0 20 ) ). The embedding of Am 1,n 1s primitive if

and only if v = 1 and any two such embedding dlffer by an isometry of AK3, the symmetry is
then explained by the isomorphism A,,_1, ~ A, ,,—1. The embedding of A,,_;, has index 2
in its saturation if and only if v = 2; this explains the symmetry in the same way ([Apl,
Proposition 2.2]).

160ne has ht ~ M @ Z0 & Z(u — nv), hence D(ht) ~ Z/(2m — 2)Z x Z/2nZ, with generators 5——( and

5 (u — nv), and intersection matrix ( T2 L )
0

"We have Ag?))[m] oy =M@ (e1,e2), w1th e1r=(m—1v+/and ey := —u+ ”*Tflv, with intersection

matrix as desired. It contains M @ Ze; @ Z(e; — 2eq) ~ Aﬁ(slml on

group Z/(2m —2)Z x Z/2nZ. This implies that D(h') is the quotient by an element of order 2 of a subgroup
of index 2 of Z/(2m — 2)Z x Z/2nZ. When n is odd, it is therefore isomorphic to Z/(m — l)Z X Z/nZ One

can choose as generators of each factor —e; and *(e; — 2e;), with intersection matrix (_ o ) When

n = m — 1 (which implies n even), the lattices (Z2, (2" Z%)) and (Z2, (75" °,)) are isomorphlc, hence

—-n —n

as a sublattice of index 2 and discriminant

_1
D(h*) ~ Z/nZ x Z/nZ, with generators ~(e; — e2) and ez, and intersection matrix ( K _0%)

More generally, one checks that D(h') ~ Z/nZ x Z/(m — 1)Z if and only if vy(n) = vg(m —1). If
vo(n) > va(m — 1), one has D(ht) ~ Z/2nZ x Z/((m — 1)/2)Z, and analogously if va(m — 1) > va(n).
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3.6. Projective models of hyperkahler manifolds. In this section, we consider exclu-
sively hyperkahler manifolds (mostly fourfolds) X of K3™_type with a polarization H of
divisibility v € {1,2} and gx(H) = 2n (that is, the pair (X, H) represents a point of the
irreducible moduli space m///éz); the case v = 2 only occurs when n +m = 1 (mod 4)).
We want to know whether H is very ample (at least for general (X, H)) and describe the
corresponding embedding of X into a projective space. We start with a general construction.

Let S C P¢*! be a K3 surface. There is a morphism
©: S — Gr(2,e +2)

that takes a pair of points to the line that it spans in P¢*!. More generally, if the line bundle
L defining the embedding S C P¢*! is (m — 1)-very ample,'® one can define a morphism

Om: S — Gr(m, e +2)

sending a 0-dimensional subscheme of S of length m to its linear span in P¢*, and ¢,, is an
embedding if and only if L is m-very ample. The pull-back by ¢,, of the Pliicker line bundle
on the Grassmannian has class L,, — & on SI™ (with the notation of Section 3.2.1).

Proposition 3.7. Let (S, L) be a polarized K3 surface with Pic(S) ~ ZL and L? = 2e. The
line bundle L®* is k-very ample if and only if either a = 1 and k < e/2, or a > 2 and
k<2a—1)e—2.

Proof. We follow the proof of [BCNS, Proposition 3.1} and use the numerical characterization
of k-ample line bundles on S given in [Kn, Theorem 1.1]. Set H := L®% that theorem implies
the following.

If a =1and k < e/2, the line bundle H is k-very ample unless there exist a positive
integer n and a non-zero divisor D € |L®"| satisfying various properties, including 2D? <
HD, which is absurd. If @ > 2 and k < 2e(a—1) — 2, we have H? = 2ea® > 2e(4a — 4) > 4k,
hence H is k-very ample unless there exist a non-zero divisor D € |L®"| satisfying various
properties, including 2D* < HD, i.e., 2n < a/2, and HD < D? + k + 1, i.e., 2ane <
2en®+ k + 1. These two inequalities imply 2e(a — 1) < 2en(a—n) < k+ 1, which contradicts
our hypothesis. The divisor D therefore does not exist and this proves the proposition.

The proof that these conditions are optimal is left to the reader. U

Corollary 3.8. Let (S, L) be a polarized K3 surface with Pic(S) ~ ZL and L? = 2e. The
line bundle aL,, — & on S'™ is base-point-free if and only if either a =1 and m — 1 < ¢/2,
ora>2andm < 2(a—1)e—1; it is very ample if and only if either a =1 and m < e/2,
ora>2andm<2(a—1)e—2.

Let us restrict ourselves to the case a = 1 (resp. a = 2). The class aL,, — ¢ then has
divisibility a and square 2(e —m + 1) (resp. 2(4e — m + 1)); it is very ample when e > 2m
(resp. e > (m + 2)/2).

Corollary 3.9. Let m, n, and 7 be integers with m > 2, n > 1, and v € {1,2}. Let (X, H)
be a polarized hyperkdihler 2m-fold corresponding to a general point of the (irreducible) moduli
space ")

18A line bundle L on S is m-very ample if, for every 0-dimensional scheme Z C S of length < m + 1, the
restriction map H(S, L) — H°(Z, L|z) is surjective (in particular, 1-very ample is just very ample).
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o When v =1, the line bundle H is base-point-free when n > m — 1 and very ample
when n > m + 1.
o When v = 2, the line bundle H is very ample.

When H is very ample it defines an embedding

n+m-+1

X s p("nt)-1,

Proof. Assume v = 1 (the proof in the case v = 2 is completely similar and left to the
reader). If (S, L) is a very general K3 surface of degree 2e, the class L,, — & on SI™ has
divisibility 1 and square 2e — (2m — 2) =: 2n. By Corollary 3.8, it is base-point-free as soon
as 2(m — 1) < e=mn+m — 1. It then defines a morphism
S s Gr(m,n +m 4 1) e, p()

which is the morphism associated with the complete linear system |L,, — 6| (compare
with (5)). By Corollary 3.8 again, this morphism is a closed embedding when 2m < e =
n+m—1.

Since base-point-freeness and very ampleness are open properties, they still hold for a
general deformation of (S, L,, — ), that is, for a general element of ™ 2(7? O

Example 3.10. A general polarized K3 surface (S, L) of degree 4 is a smooth quartic surface
in P2, Points Z; and Z, of S have same image by ¢y: S — Gr(2,4) if and only if they
span the same line. If (S, L) is very general, S contains no lines and ¢, is finite of degree (;1)
(so that the class Ly — § is ample on S, of square 2).

Example 3.11. A general polarized K3 surface (S, L) of degree 6 is the intersection of a
smooth quadric @ and a cubic C in P*. Two points Z; and Z, of S have same image by
@9 SPI — Gr(2,5) if and only if they span the same line. If Z; # Z,, this line lies in Q.
Conversely, if (S, L) is very general, S contains no lines, any line contained in ) (and there
is a P? of such lines) meets C' in 3 points and gives rise to 3 points of S? identified par
2. The morphism s is therefore finite, birational, but not an embedding (so that the class
Ly — § is ample, but not very ample, on S?).

The rational map ¢3: SB - Gr(3,5) is not a morphism; it is dominant of degree (g)

3.6.1. Hyperkdhler fourfolds of low degrees. We review the known descriptions of the mor-

phism pg: X — P for (X, H) general in ?///2(3) and small n (recall that the case 7 = 2 only
occurs when n = —1 (mod 4)). By (5) and Kodaira vanishing, we have

WO(X, H) = (X, H) = (n ; 3).
q(H) = 2. O’Grady showed that for (X, H) general in 249, the map or: X — P is a
morphism (as predicted by Corollary 3.9) which is a double ramified cover of a singular
sextic hypersurface called an EPW sextic (for Eisenbud-Popescu—Walter). Any such smooth
double EPW sextic is a polarized hyperkahler fourfold of degree 2. We saw in Example 3.10
(non-general) examples where the morphism ¢ is 6:1 onto the quadric Gr(2,4) C P5.

q(H) = 4. There is no geometric description of general elements (X, H) of 2,///4(1). In partic-
ular, it is not known whether ¢ : X — P is an embedding (e.g., whether H is very ample).
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Example 3.11 shows that ¢p is birational onto its image, which therefore has degree 48.
The pairs (X, H) = (S?, Ly — §), where (S, L) is a polarized K3 surface of degree 6, form
a hypersurface in 2#,"; for these pairs, ¢ (X) is a non-normal fourfold in Gr(2,5) C P
The general elements (X, H) of another hypersurface in 2/," where described in [IKKR2];

for those pairs, the morphism ¢p is a double cover of a singular quartic section of the cone
over the Segre embedding P? x P? — P?® (a fourfold of degree 24).

Note that dim(Sym® H*(X, H)) = (1), whereas H°(X, H®?) = (*/%) by (5). One
would expect the canonical map

Sym* H°(X, H) — H°(X, H*?)

to be an isomorphism for (X, H) general in 2///4(1), but this does not hold for the two families
of examples we just described.

q(H) =6,y =1. There is no geometric description of general elements (X, H) of 2///6(1).
The morphism ¢g: X — P is a closed embedding by Corollary 3.9. Moreover, the pairs
(Sl Ly — ), where (S, L) is a polarized K3 of degree 8, form a hypersurface in 2,///6(1).

q(H) = 6,7 = 2. General elements (X, H) of 2,///6(2) can be described as follows. Let W C P®
be a smooth cubic hypersurface. Beauville-Donagi showed in [BD] that the family F(WW) C
Gr(2,6) C P of lines contained in W is a hyperkihler fourfold and that the Pliicker polariza-
tion H has square 6 and divisibility 2. General elements of ?//6(2) are of the form (F'(W), H).
We have h®(X, H) = (3) = 15, and ¢y is the closed embedding F(W) C Gr(2,6) C P™; in
particular, H is very ample.

Example 3.11 shows that the pairs (S?/, 2L, —6), where (S, L) is a polarized K3 surface
of degree 2, form a hypersurface in 2///6(2). This hypersurface is actually disjoint from the
family of varieties of lines in cubic fourfolds described above. It is interesting to mention that
Beauville-Donagi proved that F'(W) is a hyperkahler fourfold by exhibiting a codimension-1
family of cubics W for which (F(W), H) is isomorphic to (S, 2Ly — 5§), where (S, L) is a
polarized K3 surface of degree 14 (we check qg2(2Ly — 55) = 2% - 14 + 5%(—2) = 6).

q(H) = 22,y = 2. General elements (X, H) of 2///2(22) were described by Debarre-Voisin in
[DV] as follows. Let % be the tautological rank-6 subbundle on the Grassmannian Gr(6, 10).
Any smooth zero locus X C Gr(6,10) (of the expected dimension 4) of a section of & :=
N3%" is a hyperkiahler fourfold, the Pliicker polarization has square 22 and divisibility 2,

and general elements of 2///2(22) are of this form.

One checks using the Koszul complex for & that X C Gr(6,10) C P(A%C'?) is actually
contained in a linear subspace P C P(ASC')." By (5), we have h°(X,H) = (%)) = 91
and g is the closed embedding X < P%; in particular, H is very ample, as predicted by
Corollary 3.9.

We need to compute h°(Gr(6,10), #x(1)). Only two terms from the Koszul complex con-
tribute:  H°(Gr(6,10),6V(1)) ~ A3C'%V, of dimension (%) = 120, and H°(Gr(6,10), \26V(1)) ~
HO(Gr(6,10), A% (1)) ~ H°(Gr(6,10), Ogr(6,10)), of dimension 1. Hence H%(Gr(6,10), #x (1)) has dimen-
sion 120 — 1 = dim(A°C1%) — 91 (thanks to L. Manivel for doing these computations).
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q(H) = 38,7 = 2. General elements (X, H) of ?///3(82) can be described as follows: for a
general cubic polynomial P in 6 variables,

VSP(P,10) := {(f1,...,ly) € HiIb'(P3) | P € (¢3,...,063,)}

is a (smooth) hyperkéhler fourfold with a natural embedding into Gr(4, A*C®) ([IR]). It was
checked in [Mol, Proposition 1.4.16] that the Pliicker polarization restricts to a polarization
H of square 38 and divisibility 2 (by checking that this polarization is 2L, — 30 when
VSP(P, 10) is isomorphic to the Hilbert square of a very general polarized K3 surface (.S, L)

of degree 14). A general element of 2///3(82) is of the form (VSP(P, 10), H).

The line bundle H is very ample by Corollary 3.9, and h°(X, H) = (222) = 231. It is

likely that the embedding X < Gr(4, A*C°®) Ly P(A*(A\*C®)) factors as X < P230 ¢

P(AY(A'C)).

3.6.2. An example in dimension 6 (m = 3,q(H) =4,~ = 2). General elements (X, H) of

3///4(2) are described in [IKKR1, Theorem 1.1] as double covers of certain degeneracy loci
D C Gr(3,6) C P¥. By (5), we have h%(X, H) = 20, and ¢ factors as

o X 215 D s Gr(3,6)

P(A3C").

3.6.3. An example in dimension 8§ (m =4,q(H) = 2,7 =2). Let again W C P be a
smooth cubic hypersurface that contains no planes. The moduli space .#3(W) of gener-
alized twisted cubic curves on W is a smooth and irreducible projective variety of dimension
10, and there is a contraction .#Z5(W) — X (W), where X (W) is a projective hyperkéhler
manifold of type K3 ([LLSvS, AL]). The maps that takes a cubic curve to its span de-
fines a morphism from .#3(W) to Gr(4,6) which factors through a surjective rational map
X(W) --» Gr(4,6) of degree 72. The Pliicker polarization on Gr(4,6) pulls back to a polar-
ization H on X (W) with ¢xuw(H) = 2. By (5), we have h%(X (W), H) = 15, and ¢y is the

rational map
o X(W) = 2 5 Gr(4, 6) 22, p(ALCS).

It follows from [AL]2 that the divisibility ~ is 2 and a general element of /> is of the
form (X (W), H).

Remark 3.12. It follows from the above descriptions that the moduli spaces ?//2(1), 2,///6(2),
209, 20, 3, and 4#S? are unirational. It was proved in [GHS2] that 24." is of
general type for all n > 12.

3.7. The nef and movable cones. Let X be a hyperkahler manifold. We define its positive
cone Pos(X) as that of the two components of the cone {z € Pic(X) ® R | gx(x) > 0} that
contains one (hence all) Kéhler classes.

20The main result of [AL] is that X (W) is a deformation of S1!, where (S, L) is a very general polarized
K3 surface of degree 14. One can therefore write the polarization on X (W) as H = aL, — b§, with 2 = H? =
14a® — 6b2, hence a? = b?> — 1 (mod 4). This implies that a is even, hence so is 7. Since v | H?, we get v = 2
(note that the condition n +m =1 (mod 4) of footnote 15 holds).
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The (closed) movable cone
Mov(X) C Pic(X) ® R

is the closed convex cone generated by classes of line bundles on X whose base locus has
codimension > 2 (no fixed divisor). It is not too difficult to prove the inclusion?!

Mov(X) C Pos(X).
When X is moreover projective, we defined in Section 2.4 the nef cone Nef(X) C Pic(X)®R;
we have of course

(8) Nef(X) C Mov(X).

The importance of the movable cone (which, for K3 surfaces is just the nef cone) stems from
the following result.

Proposition 3.13. Let X and X' be hyperkdhler manifolds. Any birational isomorphism
o: X -=» X" induces a Hodge isometry o*: (H*(X',Z), qx/) = (H?*(X,7Z), qx) which satisfies

a*(Mov(X")) = Mov(X).

If X and X' are moreover projective’® and o*(Nef(X')) meets Amp(X), the map o is an
isomorphism and o*(Nef(X")) = Nef(X).

Sketch of proof. Let U C X (resp. U' C X’) be the largest open subset on which o (resp.
o 1) is defined. We have codimy (X \ U) > 2 hence, since X is normal and Q% is locally
free, restriction induces an isomorphism H°(X, Q%)= H°(U,Q?). These vector spaces are
spanned by the symplectic form w and, since (o|y)*w’ is non-zero, it is a non-zero multiple
of w|y. Since this 2-form is nowhere degenerate, 0|y is quasi-finite and, being birational, it is
an open embedding by Zariski’s Main Theorem. This implies that o induces an isomorphism
between U and U’. Since codimy (X \ U) > 2, the restriction H*(X,Z) = H*(U,Z) is an
isomorphism?® and we get an isomorphism o*: H?(X',Z) = H?(X,Z) of Hodge structures.

For the proof that ¢* is an isometry, we refer to [GHJ, Section 27.1]. Given a line
bundle M’ on X', we have isomorphisms

(9) HY (X' M) HO (U, M) > HY(U,0*M') & HY (X, 0* M)
and it is clear that ¢* maps Mov(X’) to Mov(X).

Finally, if o* maps an (integral) ample class H' on X’ to an ample class H on X, we
obtain by (9) isomorphisms H?(X', H'®*) = HO(X, (¢*H')®*)) = H(X, H®*) for all k > 0.
Since X = Proj(@; 2 H*(X, H®*)) and X’ = Proj(,; = H°(X', H'®*)), this means that o
is an isomorphism. O

210ne may follow the argument in the proof of [HT1, Theorem 7] and compute explicitly the Beauville
Fujiki form on a resolution of the rational map induced by the complete linear system of the movable divisor.

228ince any compact Kahler manifold which is Moishezon is projective, X is projective if and only if X"
is projective. The general statement here is that if 0* maps a Kéhler class of X’ to a Kéhler class of X, the
map o is an isomorphism ([GHJ, Proposition 27.6]).

2 N = dimg(X) and Y := X \ U, this follows from example from the long exact sequence

Hon—2(Y,Z) = Hon_2(X,Z) = Hon—o(X,Y,Z) — Hon_3(Y,Z),

the fact that H;(Y,Z) = 0 for j > 2(N — 2) > dimg(Y'), and the duality isomorphisms Hon_;(X,Z) ~
HY(X,Z) and Hon_;(X,Y,Z) ~ H(X \ Y, Z).
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If X" is a (projective) hyperkihler manifold with a birational map o: X -=» X', one
identifies H*(X’,Z) and H?*(X,Z) using o* (Proposition 3.13). By [HT1, Theorem 7], we
have
(10) Mov(X) = U o*(Nef (X)),

o X T X!

where the various cones o*(Nef(X")) are either equal or have disjoint interiors. It is known
that for any hyperkahler manifold X of K3™-type, the set of isomorphism classes of hy-

perkéhler manifolds birationally isomorphic to X is finite (Kawamata—Morrison conjecture;
IMY, Corollary 1.5]).

3.7.1. Nef and movable cones of hyperkihler fourfolds of K3®-type. The nef and movable
cones of hyperkéhler manifolds of K3™-type are known, although their concrete descriptions
can be quite complicated. They are best explained in terms of the Markman—Mukai lattice,
which we now define (see [M2, Section 9] and [BHT, Section 1] for more details).

We define the extended K3 lattice
(11) As = U @ Eg(—1)%2.
It is even, unimodular of signature (4, 20) and the lattice Ayym defined in (4) is the orthog-
onal of any primitive vector of square 2m — 2.

Given a hyperkihler manifold X of K3™-type, there is a canonical extension

Ox: H*(X,Z) — Ay

of lattices and weight-2 Hodge structures, where the lattice Ay is isomorphic to KKg. A
generator vx (with square 2m — 2) of H?(X,Z)* is of type (1,1). We denote by A, x the
algebraic (i.e., type (1,1)) part of Ay, so that Pic(X) = vy N Aug x.

Given a class s € A x, we define a hyperplane

Hs :={r € Pic(X)®R | z-s=0}.

In order to keep things simple, we will limit ourselves to the descriptions of the nef
and movable cones of hyperkédhler manifolds of KS[Q]—type (m = 2). The general case will be
treated in Theorem B.2 (see also Example 3.17).

Theorem 3.14. Let X be a hyperkdhler fourfold of K3 -type.

(a) The interior Int(Mov (X)) of the movable cone is the connected component of

Pos(X) ~ U H,

rEPic(X)
K2=—2

that contains the class of an ample divisor.

(b) The ample cone Amp(X) is the connected component of
Int(Mov (X)) ~ U H.

KEPic(X)
kZ2=—10

div o i 7y (R)=2
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that contains the class of an ample divisor.

Proof. Statement (a) follows from the general result [M2, Lemma 6.22] (see also [M2, Proposi-
tion 6.10, Proposition 9.12, Theorem 9.17]). More precisely, this lemma says that the interior
of the movable cone is the connected component that contains the class of an ample divisor
of the complement in Pos(X) of the union of the hyperplanes Hg, where s € Ay, x is such
that s> = —2 and s - vx = 0. The second relation means s € Pic(X), hence (a) is proved.

As to (b), the dual statement of [BHT, Theorem 1] says** that the ample cone is the
connected component containing the class of an ample divisor of the complement in Pos(X)

of the union of the hyperplanes Hg, where s € fN\alg,X is such that s> = —2 and s-vx € {0,1}.

Writing s = ak + bvy, with k € Pic(X) primitive and a,b € %Z, we get —2 = s% =
a’k?+2b? and s-vx = 2b. Inside Int(Mov(X)), the only new condition therefore corresponds

to b= % and a?k? = —g, hence a = % and k% = —10. Moreover, r- H*(X,Z) = 2s-Ax = 27,

hence divy2(x z) (k) = 2. Conversely, given any such s, the element x + vx of Ay is divisible
by 2 and s := $(k + vx) satisfies s> = =2, s - vx = 1, and H, = Hy. This proves (b). O

Remark 3.15. We can make the descriptions in Theorem 3.14 more precise.

(a) As explained in [M2, Section 6], it follows from [M3] that there is a group of reflec-
tions Wrye acting on Pos(X) that acts faithfully and transitively on the set of connected
components of

Pos(X) ~ U Hy

sePic(X)
s2=—2

In particular, Mov(X)NPos(X) is a fundamental domain for the action of Wgy. on Pos(X).
(b) By [Ma, Proposition 2.1] (see also [HT'1, Theorem 7]), each connected component of

Int(Mov (X)) ~ U E

sE€Pic(X)
s2=-10

div o (X,Z) (s)=2

corresponds to the ample cone of a hyperkahler fourfold X’ of K32-type via a birational
isomorphism X -~» X’ (compare with (10)).

3.7.2. Nef and mowvable cones of punctual Hilbert schemes of K3 surfaces. In this section,
(S, L) is a polarized K3 surface of degree 2e with Pic(S) = ZL and m is an integer such
that m > 2. We describe the nef and movable cones of the mth Hilbert power S (] The
line bundle L,, on S induced by L is nef and big and spans a ray which is extremal for
both cones Mov(S™) and Nef(S™). Since the Picard number of SI™! is 2, there is just one
“other” extremal ray for each cone.

Example 3.16 (Nef and movable cones of S1). By Theorem 3.14, cones of divisors on S
can be described as follows.

(a) The other extremal ray of the (closed) movable cone Mov(S?) is spanned by Ly — .9,
where

24T his still requires some work, and reading [BM2, Sections 12 and 13] might help.



HYPERKAHLER MANIFOLDS 27

e if e is a perfect square, . = \/¢;
e if ¢ is not a perfect square and (aq,b;) is the minimal solution of the equation
'@e<1>7 He = 6%.
(b) The other extremal ray of the nef cone Nef(S®) is spanned by Ly — v, where
e if the equation Z2,.(5) is not solvable, v, = p,;
e if the equation Z,.(5) is solvable and (as, bs) is its minimal solution, v, = 2624;.25

The walls of the decomposition (10) of the movable cone Mov(S?) correspond exactly to
the solutions of the equation Z,.(5) that give rays inside that cone and there are only three
possibilities (see Appendix A and in particular Lemma A.1, which says that the equation
Z4.(5) has at most two classes of solutions):

e cither e = 1 or the equation #,.(5) is not solvable, and the nef and movable cones
are equal;
e or ¢ > 1, the equation Z4.(5) has a minimal solution (as,bs), and, if (ai,b;) is the
minimal solution to the equation &.(1),
— either by is odd, or b; is even and 5 | e, in which cases there are two chambers

and the middle wall is spanned by asLs — 2ebs56;
— or by is even and 5 1 e, in which case there are three chambers and the middle

walls are spanned by asLy — 2ebs0 and (ajas — 2ebibs) Ly — e(aszby — 2a1b5)d
respectively.

In the last case, for example, there are three “different” birational isomorphisms S --» X
where X is a hyperkéahler manifold of dimension 4.

The nef and movable cones of S are computed in the table below for 1 < e < 13. The
first two lines give the minimal solution of the Pell-type equations Z2.(1) and Z4.(5) (when
they exists). A *x means that e is a perfect square. The last two lines indicate the “slope” v
of the “other” extremal ray of the cone (that is, the ray is generated by Ly — vd). The sign
= means that the two cones are equal.

e 1] 2 3 |4l s 6 7 8 9| 10 11 12 13
Ze(1) x 1(3,2) | (2,1) | x| (9,4) | (5,2) | (83) | (3,1) | = | (19,6) | (10,3) | (7,2) | (649,180)
P4e(5) * — — * | (5,1) - — — * — (7,1) - -

4 3 20 12 21 8 60 33 24 2340
Mov(S1) 3 3 9 5 5 3 3] 1o 0} Ea 49
Nef(S12y | = = = = 2 = = = = = % = =

In the next table, we restrict ourselves to integers 1 < e < 71 for which the equation
P4.(5) is solvable (in other words, to those e for which the nef and movable cones are
distinct). We indicate all solutions of that equation that give rise to rays that are in the
movable cone (that is, with slope smaller than that of the “other” ray of the movable cone):
they are the walls for the decomposition (10). As expected, there are two rays if and only if

Z5There is a typo in [BM2, Lemma 13.3(b)]: one should replace d with 2d. Also, the general theory
developed in [BM2] implies that this ray does lie inside the movable cone; this is also a consequence of the
elementary inequalities (31) and (32).
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by is even and 5 1 e.

e 5 11 19 29 31 41 55 71
Pe(1) (9,4) | (10,3) | (170,39) (9801, 1820) (1520, 273) (2049, 320) (89,12) | (3480,413)
P4e(5) 5,1) | (7,1) 9,1) (11,1),(2251,209) | (657,59) | (13,1),(397,31) | (15,1) (17,1)
Mov(s12]) z B % 592870810 % 045 = e
Wallsfor (10) | 2 | % | % %, Qz 8 2,3 2 i

Example 3.17 (Nef and movable cones of SI™). A complete description of the cone Mov(S™)
is given in [BM2, Proposition 13.1].2® One extremal ray is spanned by L,, and generators of
the other extremal ray are given as follows:

e if e(m—1) is a perfect square, a generator is (m—1)L,, —+/e(m — 1)d (with square 0);

o if e(m —1) is not a perfect square and the equatlon (m l)a - eb2 = 1 has a minimal
solution (ay, by), a generator is (m — 1)ay L,,, — ebyd (with square 2e(m — 1));

e otherwise, a generator is a|L,, — eb}d (with square 2e), where (a},b]) is the mini-
mal positive solution of the equation a? — e(m — 1)b? = 1 that satisfies a] = +1
(mod m — 1).%7

A complete description of the cone Nef(S™) theoretically follows from [BHT, Theo-
rem 1], although it is not as simple as for the movable cone. Here are a couple of facts:

e when m > <52 the “other” extremal ray of Nef(S) is spanned by (m +e€)L,, —2ed
([BM1, Proposition 10.3]) and the movable and nef cones are different, except when
m=e+2;%

e when e = (m— 1)62 where b is a positive integer, the “other” extremal ray of Nef(S™)
is spanned by L, —bd ([BM1, Theorem 10.6]) and the movable cone and the nef cone
are equal.

26There is a typo in [BM2, (33)] hence also in statement (c) of that proposition.
2TIf (a,b) is a solution to that equation, its “square” (a? + e(m — 1)b2,2ab) is also a solution and a? +

e(m—1)b*=a?=1 (mod m — 1). So there always exist solutions with the required property.
Also, we always have the inequalities al(‘fbl Ty < Zbl < 7 between slopes and the first inequality is
strict when m > 3 (when the equation (m — 1)a? — eb? = 1 has a minimal positive solution (a1, b;) and

m > 3, the minimal solution of the equation & (,,_1)(1) is (2(m — 1)af — 1,2a1b1) by Lemma A.2 and this

eb
ay (m1 1) )

281¢ they are equal, we are in one of the following cases described in Example 3.17 (we set g :=
ged(m + e, 2e))
— either (m+e)L,, —2ed has square 0 and 2e(m+e)? = 4e?(2m—2), which implies (m+e)? = 2e(2m—2),
hence (m — e)? = —4e, absurd;
— or m+e=g(m—1)a; and 2e = geby, which implies b; < 2 and

is (a},b}); hence ea, >

1
ﬁe+ <ai(m—1)=1+ebl+1<1+4e+1

hence either a; = by = 2, absurd, or a; = 1, and m+e = g(m—1) implies g =2, b; = 1, and m = e+ 2,
the only case when the cones are equal,
— or m+ e = ga} and 2e = geb}, which implies g < 2 and

(m+e)* = g%} = g*(e(m — )b +1) = de(m — 1) + ¢
hence (m —e)? = —de + g2 < —4e+4 <0 and e = m = 1, absurd.
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3.7.3. Nef and movable cones for some other hyperkahler fourfolds with Picard number 2.
We now give an example of cones with irrational slopes. Let n and ¢’ be a positive integers
such that n = —1 (mod 4). Let (X, H) be a polarized hyperkihler fourfold of K3P-type
with H of divisibility 2 and Pic(X) = ZH ® ZL, with intersection matrix (%' _9.).* By

Theorem 3.14, cones of divisors on X can be described as follows.°

(a) The extremal rays of the movable cone Mov(X) are spanned by H — p, L and
H + iy, o L, where
e if the equation &, »(—1) is not solvable, p, . = y/n/e;
e if the equation &7, .(—1) is solvable and (a_1, b_;) is its minimal solution, fi,, ¢« =
na_i
e’b_1"
(b) The extremal rays of the nef cone Nef(X) are spanned by H —v;, L and H + v, /L,
where
o if the equation &, 4(—5) is not solvable, v, o = py, ¢/;

e if the equation 2, 40(—5) is solvable and (a_s,b_5) is its minimal solution,
na_s

2e’b_5 "

V’I’L76/ =

The new element here is that we may have cones with irrational slopes (when e'n
is not a perfect square). As in Section 3.7.2, the walls of the chamber decomposition (10)
correspond to the rays determined by the solutions to the equation &2, 4o (—5) that sit inside
the movable cone. This is only interesting when the nef and movable cones are different, so
we assume that the equation &7, 4(—5) is solvable, with minimal solution (a_s,b_5), and

perfect square®" and the equation &2, 4.(—5) has infinitely many solutions. By Lemma A.1,
these solutions form two conjugate classes if 51 ¢/, and one class if 5 | €.

This means that all the solutions (a,b) to the equation Z, 4o (—5) are given by
(12) na + bvine' = +(na_s £ b_svVine)z' , m € Z,

where x1 = a;+b;v4ne’ corresponds to the minimal solution (aq, by) to the equation Py, (1).
There are two cases:

a) either the equation &, (—1) is not solvable and the extremal rays of the movable
cone have slopes +/n/¢e’, which is irrational by footnote 31;

b) or the equation &, »(—1) is solvable, with minimal solution (a_1,b_1), and z; =
na?, +e'b? | +a_1b_1v4ne by Lemma A.2.

In case a), all positive solutions (a,b) of the equation &2, 4/(—5) satisty

46 \/>
26’ b V

29In the notation of Section 3.10, these are fourfolds whose period point is very general in one component
of the hypersurface @2(31)726,,1
e >1

30Before the general results of [BHT] were available, the case n = 3 and e’ = 2 had been worked out in
[HT3, Proposition 7.2] using a beautiful geometric argument.

31Since the equation 2, 40/ (—5) is solvable, d := ged(n, €’) € {1,5}. If ne’ is a perfect square, we can write
n = du® and ¢’ = dv?. This is easily checked to be incompatible with the equality (ua+2vb)(ua—2vb) = —5/d.

and we will prove in Theorem 3.27 that they exist if and only if n > 0 and
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Therefore, there are infinitely many walls in the chamber decomposition (10): they corre-
spond to the (infinitely many) solutions (a,b) of the equation &, 4(—5) with a > 0.

In case (b), the interior walls of the chamber decomposition (10) correspond to the
solutions (a,b) of the equation &, 4./(—5) (as given in (12)) with @ > 0 that land in the
interior of the movable cone, that is, that satisfy #“Ibl < :,’;—j We saw in (36) that there are
only two such solutions, (a_5,b_5) and (a_s, —b_5), hence three chambers.

3.8. The Torelli theorem. A general version of the Torelli theorem for hyperkéhler man-
ifolds was proven by Verbitsky ([V]). It was later reformulated by Markman in terms of the
monodromy group of a hyperkéhler manifold X ([M2]): briefly, this is the subgroup Mon?(X)
of O(H?*(X,Z), gx) generated by monodromy operators associated with all smooth deforma-
tions of X.

When X is of K3[m}—type, Markman showed that Mon?(X) is the subgroup of the group
O(H*(X,Z), qx) generated by reflections about (—2)-classes and the negative of reflections
about (+2)-classes ([M2, Theorem 9.1]). Combined with a result of Kneser, he obtains that
Mon?(X) is the subgroup O (H2(X,Z),qx) of elements of O*(H2(X,Z),qx) that act as
+1d on the discriminant group D(H?*(X,Z)) ([M2, Lemma 9.2]).%?

This implies that the index of Mon?(X) in O*(H?(X, Z), qx) is 2m@{r(m=1)-1.0} " where
p(d) is the number of distinct prime divisors of an integer d;*® in particular, these two groups
are equal if and only if m — 1 is a prime power (including 1). For the sake of simplicity,
we will only state the first version of the Torelli theorem in that case ([M2, Theorem 1.3]);
compare with Theorem 2.8).

Theorem 3.18 (Verbitsky, Markman; Torelli theorem, first version). Let m be a positive
integer such that m — 1 is a prime power. Let (X, H) and (X', H") be polarized hyperkdhler
manifolds of K3™ -type. If there exists an isometry of lattices

©: (H2(X/7 Z)7QX’) %(H%Xv Z)7QX)

such that p(H') = H and pc(H**(X")) = H*°(X), there exists an isomorphism o: X = X’
such that p = o*.

We will state a version of this theorem valid for all m in the next section (Theorem 3.19).
In this present form, when m — 1 is not a prime power, the isometry ¢ needs to satisfy
additional conditions for it to be induced by an isomorphism between X and X " For example,
when X = X’| the isometry ¢ needs to be in the group O(H?*(X,Z), qx) defined above.

3.9. The period map. Let "#, be the (not necessarily irreducible!) 20-dimensional quasi-
projective moduli space of polarized hyperkahler manifolds of K3[m}—type with fixed polariza-
tion type 7, that is, 7 is the O(A g4 )-orbit of a primitive element h, with positive square (see

32As in footnote 9, OT(H?(X,Z),qx) is the index-2 subgroup of O(H%(X,Z),qx) of isometries that
preserve the positive cone Pos(X).

330ne has D(H%(X,Z)) ~ Z/(2m — 2)Z and O(D(H?*(X,Z)),Gx) ~ {z (mod2m —2) | 22 = 1
(mod 4t)} ~ (Z/2Z)°™=1 (|GHS2, Corollary 3.7]). One then uses the surjectivity of the canonical map
OT(H?*(X,Z),qx) — O(D(H*(X,Z)),3x) (see Section 2.7).
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Section 3.5). Fix such an element h, € Ayym and define as in Section 2.8 a 20-dimensional
(non-connected) complex manifold
Qu, = {[#]€ePhf@C)|z-2=0, z-7>0}
= {[z] e PAgsm ®C) |z -h, =2-2=0, z-T > 0}.

Instead of taking the quotient by the action of the group O(Aygmmi, hr) == {¢ € O(Aysim) |
o(h;) = h,} as we did in the K3 surface case, we consider, according to the discussion in
Section 3.8, the (sometimes) smaller group

6(AK3[m], hr) = {p € O(Agsm) | ¢(h;) = h, and ¢ acts as £1d on D(Ayqm)}-
The quotient

T

P, = O Agyint 1)\,
is again an irreducible3? quasi-projective normal varlety of dimension 20 and one can define
an algebraic period map

or: "My — P
When the polarization type is determined by its degree 2n and its divisibility -, we will also
write "2 instead of &, and ™S instead of ..

The Torelli theorem now takes the following form ([GHS3, Theorem 3.14], [M2, Theo-
rem 8.4]).

Theorem 3.19 (Verbitsky, Markman; Torelli theorem, second version). Let m be an integer
with m > 2 and let 7 be a polarization type of Ayqmi. The restriction of the period map o,
to any irreducible component of "\, is an open embedding.

As we did in Section 2.8 for K3 surfaces (Proposition 2.11), we will determine the image
of the period map in Section 2.10 (at least when m = 2).
Remark 3.20. Recall the following facts about the irreducible components of " :

2n 2m

e when the divisibility ~ satisfies v = 2 or gcd( 2 ~) = 1, the polarization type

7 is determined by its square 2n and v (in other words, " = m//ZQn );

e when moreover vy =1, or vy =2 and n+m =1 (mod 4), the spaces "4, = m:%Q(,Z) are
irreducible (Theorem 3.5; see also footnote 15 for more cases where this happens).

Remark 3.21 (Strange duality). % We assume here y = 1, or vy = 2 and n+m = 1 (mod 4),

so that the moduli spaces 2(2) are irreducible. Recall from Remark 3.6 the isomorphism

of lattices AKg[m] o AKg[n 1) 5 It translates®® into an isomorphism
(1 3) mc@ n+1 @

hence into a birational isomorphism

(14) ) ),

34As in footnote 9, one usually chooses one component QZT of Qp_, so that &, = 6+(AK3[m1,hT)\QZT
(see [GHS3, Theorem 3.14]).

35This strange duality was already noticed in [Ap2, Proposition 3.2].

36The compatibility of the group actions were checked by J. Song; see also [Ap2].



32 O. DEBARRE

So there is a way to associate with a general polarized hyperkdhler manifold (X, H) of
dimension 2m, degree 2n, and divisibility v € {1, 2} another polarized hyperkéhler manifold
(X', H') of dimension 2n + 2, degree 2m — 2, and same divisibility. Note that by formula (5),
we have h%(X, H) = h°(X’, H'). Of course, a true strange duality in the sense of Le Potier
would require a canonical isomorphism H°(X, H) = H°(X' H')".

There is a very nice interpretation of the birational isomorphism (14) when m = 2,
n = 3, and v = 2. Recall from Section 3.6.1 that a general element of ?//16(2) is the variety
F(W) < Gr(2,6) C P of lines contained in a smooth cubic hypersurface W C P°. In
Section 3.6.3, we explained the construction of an element X (W) LN Gr(4,6) Cc P of

‘.1///2(2) associated with W; this is the strange duality correspondence.’” Geometrically, one
can recover W (hence also F(W)) from X (W) as one of the components of the fixed locus
of the canonical involution on X (W) (footnote 43). There is also a canonical rational map

(15) F(W) x F(W) -=» X(W)

of degree 6 described geometrically in [Vol, Proposition 4.8] and the canonical involution on
X (W) is induced by the involution of F(W) x F(W) that interchanges the two factors.

Similarly, a Debarre-Voisin fourfold X C Gr(6,10) (a general element of 2//12(22); see

Section 3.6.1) has an associated hyperkiihler manifold (X', H') € 24,% of dimension 24

with (H')? = 21224 = 28 By analogy with the construction above, could it be that there

is a dominant rational map X’'- - » Gr(4,10) ?

Finally, a general element (X, H) of 2///3(;) (geometrically described in Section 3.6.1)

should have an associated hyperkihler manifold (X', H') € 2#4\* of dimension 40, but I
have no idea how to construct it geometrically.

Remark 3.22. There is a chain of subgroups® of finite index
O(ht) <2 O(Aggimi, hr) —= O(Aggim, hy) —= O(Aggqimt, hir) — O(hE)
(the lattices bt are described in [GHS2, Proposition 3.6.(iv)]) hence a further finite morphism

:@7— = é\(AKg[m] y hT)\QhT — O<h7%>\Qhr

which is sometimes non-trivial.*
3TThe fact that the period points of F(W) and X (W) are identified via the isomorphism (14) is proved
in [LPZ, Proposition 1.3].
38Let G be the subgroup Ay /(Zh, @ hL) of D(Zh,) x D(ht). An element of O(hLt) is in O(Aggim, hr)
if and only if it induces the identity on py(G) C D(hL). This is certainly the case if it is in O(hL) and
the lift is then in 5(AK3[m] ,h.) since it induces the identity on D(Zh,) x D(h:), hence on its subquotient
D(Agzim)-
39The following holds:
e the inclusion ¢; is an equality if gcd(%”, y, ~v) =1 ([GHS2, Proposition 3.12(i)]);
e the inclusion ¢5 is an equality if m = 2, and has index 2 if m > 2 ([GHS3, Remark 3.15]);
e the inclusion ¢3 defines a normal subgroup and is an equality if . — 1 is a prime power (Section 3.8);
e the inclusion t3t5 defines a normal subgroup and, if gcd(%", 2”17_2 ,7v) = 1, the corresponding quotient
is the group (Z/2Z)*, where a = p(mT’l) when ~ is odd, and a = p(%) + & when 7 is even,
with e = 1 if 27”77_2 =0 (mod8), e = —1if % = 2 (mod 4), and ¢ = 0 otherwise ([GHS2,
Proposition 3.12(ii)]).
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Assume v € {1,2}. When n = m —1 (and n even when v = 2), (13) gives an involution
of m@ _, which corresponds to the element of O(h}) that switches the two factors of D(h;).

This 1sometry is not in O(Aysimi, hy) (hence the involution of mgzz(jrz_z is non-trivial), except
when n = v = 2, where the involution is trivial.

Assume now m = 2. The inclusions 1, 9, and ¢3 are then equalities and the group
O(ht)/O(ht) ~ O(D(ht)) acts on &2, (where — Id acts trivially). Here are some examples:

e if y = 1 and n is odd, we obtain a generically free action of the group (Z/2Z)"™~!
when n = —1 (mod 4), and of the group (Z/2Z)™>{*(":1} when n =1 (mod 4).*°
e if v =2 and n = —1 (mod 4), we obtain a generically free action of the group
(Z/2Z)r™~1
These free actions translate into the existence of non-trivial (birational) involutions on the
dense open subset 2.7 of 222 When v = n = 1, O’Grady gave in [03] a geometric
description of the corresponding involution (general elements of ?//2(1) are double EPW sex-
tics). When v = 2, all cases where we have a geometric description of general elements of
2///2(3) have n prime (Section 3.6.1), so there are no involutions.

The quotient of 2322(1) by its non-trivial involution is isomorphic to 3@49). The authors
of [IKKR1] speculate that given a Lagrangian A, the image of the period point of the double

EPW sextic Yy € 2332(1) is the period point of the EPW cube associated with A (private
discussion).

3.10. The Noether—Lefschetz locus. Let (X, H) be a polarized hyperkéhler manifold of
K3™_type with period p(X, H) € Q.. As in the case of K3 surfaces, the Picard group of X
can be identified with the subgroup of A, generated by

p(X, H)* n Ay gim)
(which contains h,). This means that if the period of (X, H) is outside the countable union
Pt @C)c
K

of hypersurfaces, where K runs over the countable set of primitive, rank-2, signature-(1, 1)
sublattices of Aysm containing h,, the group Pic(X) is generated by H. We let Z, x C 2,
be the image of P(K+ ® C) and set, for each positive integer d,

(16) U -@TKC P

K, disc(K1)=—

The inverse image in "4, of |J; Z-4 by the period map is called the Noether-Lefschetz

locus. 1t consists of (isomorphism classes of) hyperkéhler manifolds of K3™-type with a
polarization of type 7 whose Picard group has rank at least 2.

0By (6), we have D(hi) ~ Z/2nZ x Z/2Z, with ¢(1,0) = — - and ¢(0
(mod 4), one checks that any isometry must leave each factor of D(h
O(Z/2nZ). When n =1 (mod 4), there are extra isometries (0, 1) — (n,
(mod 4n).

1) = —% in Q/2Z. When n = -1
) invariant, so that O(D(h1)) =~
)

Bt
0), (1,0) +— (a,1), where a? +n =1
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Lemma 3.23. Fix a polarization type T and a positive integer d. The subset 9, 4 is a finite
union of (algebraic) hypersurfaces of ..

Proof. Let K be a primitive, rank-2, signature-(1, 1) sublattice of Ay containing h, and
let x be a generator of K Nht. Since K has signature (1, 1), we have x? < 0 and the formula
from [GHS3, Lemma 7.5] reads

k2 disc(ht)

52

d = |disc(K")| =

Y

where s is the divisibility of x in hl. Since x is primitive in ht, the integer s is also the
order of the element £, in the discriminant group D(h}) (Section 2.7). In particular, we have
s < disc(h), hence

K% = ds?/ disc(ht) < ddisc(hd).

Since 7 is fixed, so is the (isomorphism class of the) lattice ht, hence £? can only take finitely
many values. Since the element &, of the (finite) discriminant group D(hl) can only take
finitely many values, Eichler’s criterion (Section 2.7) implies that x belongs to finitely many

O(h)-orbits, hence to finitely many 6(AK3[m],h7)—orbits. Therefore, the images in &2, of
the hypersurfaces %, i form finitely many hypersurfaces. 0

2

Describing the irreducible components of the loci %, is a lattice-theoretic question
(which we answer below in the case m = 2). When the divisiblity 7 is 1 or 2, the polarization

type only depends on 7 and the integer h? =: 2n (Section 3.5). We use the notation m@éz?d
instead of Z, 4 (and ™2 instead of 2,).

Proposition 3.24 (Debarre-Macri). Let n and d be a positive integers and let v € {1,2}.
If the locus 2@2(:2(1 is non-empty, the integer d is even; we set e := d /2.

(1)  (a) The locus 2-@2(711),% is non-empty if and only if either e or e—n is a square modulo 4n.

(b) If n is square-free and e is divisible by n and satisfies the conditions in (a), the
locus 2@2(,11)726 s an irreducible hypersurface, except when

e cithern =1 (mod 4) and e = n (mod 4n),
e orn=—1 (mod 4) and e =0 (mod 4n),

1)

o 9e has two irreducible components.

in which cases 2@2(

(¢) If n is prime and e satisfies the conditions in (a), 2@2(22@ is an irreducible hypersur-

face, except when n =1 (mod 4) and e =1 (mod 4), or when n = —1 (mod 4) and e = 0
(mod 4), in which cases 2.@2(326 has two irreducible components.

(2) Assume moreover n = —1 (mod 4).
(a) The locus 292(?,% 1s non-empty if and only if e is a square modulo n.

(b) If n is square-free and n | e, the locus 2.@2(2)725 is an irreducible hypersurface.

2)

n2e 18 an irreducible hyper-

(c) If n is prime and e satisfies the conditions in (a), 2.@2(
surface.
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In cases (1)(b) and (1)(c), when 2.@2(711)(1 is reducible, its the two components are ex-
changed by one of the involutions of the perié)d space &, described at the end of Section 3.9
when n =1 (mod 4), but not when n = —1 (mod 4) (in that case, these involutions are in
fact trivial when n is prime).

Proof of the proposition. Case v = 1. Let (u,v) be a standard basis for a hyperbolic plane
U contained in Ay, and let £ be a basis for the I;(—2) factor. We may take h, := u + nv
(it has the correct square and divisibility), in which case ht = Z(u — nv) ® Zf & M, where
M = {u,v, 0} = U*? @ Eg(—1)®? is unimodular. The discriminant group D(h) ~ Z /27 x
Z/2nZ is generated by ¢, = (/2 and (u — nv), = (u — nv)/2n, with g(¢.) = —1/2 and
d((u —nv),) = —1/2n.

Let x be a generator of K N ht. We write
k= a(u—nv) + bl + cw,

where w € M is primitive. Since K has signature (1, 1), we have x*> < 0 and the formula
from [GHS3, Lemma 7.5] reads

2 di hJ_ 8 2 b2 2 8 2 b2
(17) = |disc(K™H)| = |~ IS‘;( r)| _ 8n(na e ) _ "(”“2+ ) (mod 8n),
s s s
where 7 := —sw? and s := ged(2na, 2b, ¢) is the divisibility of & in hF. If s | b, we obtain

d= 2(2”7“)2 (mod 8n), which is the first case of the conclusion: d is even and e := d/2 is a

square modulo 4n. Assume s { b and, for any non-zero integer x, write z = 2"2®) .44, where
Zodd 18 odd. One has then 15(s) = 12(b) + 1 and

d= 2(271_a>2 + 2n<b°dd>2 = 2<2ﬂ)2 +2n  (mod 8n),

S Sodd S

which is the second case of the conclusion: d is even and d/2 — n is a square modulo 4n. It
is then easy, taking suitable integers a, b, ¢, and vector w, to construct examples that show
that these necessary conditions on d are also sufficient.

We now prove (b) and (c).

Given a lattice K containing h, with disc(K1) = —2e, we let as above x be a generator

of K N ht. By Eichler’s criterion (Theorem 2.9), the group O(hL) acts transitively on the
set of primitive vectors x € h of given square and fixed s, € D(h). Since x and —k give
rise to the same lattice K (obtained as the saturation of Zh, @ Zk), the locus 92(711),2@ will
be irreducible (when non-empty) if we show that the integer e determines x?, and ., up to
sign.

We write as above k£ = a(u — nv) + bl + cw € ht

—, with ged(a,b,¢c) = 1 and s =
div,. (k) = ged(2na, 2b, ¢). From (17), we get

(18) K*= —es*/2n = —2(na® +b* +rc®) and k. = (2na/s,2b/s) € Z/2nZ x Z/2Z.

If s=1, we have e =0 (mod 4n) and «, = 0.
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If s = 2, the integer ¢ is even and a and b cannot be both even (because k is primitive).
We have e = n(na® + b* + rc?) and

e=n? (mod 4n) and k, = (n,0) if b is even (and a is odd);

e=n (mod4n) and k.= (0,1) if b is odd and a is even;
e=n(n+1) (mod4n) and k.= (n,1) if band a are odd.

Assume now that n is square-free and n | e. From (17), we get n | (2”7“)2, hence

s? | 4na?, and s | 2a because n is square-free. This implies s = ged(2a, 2b, ¢) € {1,2}.
When n is even (that is, n = 2 (mod 4)), we see from the discussion above that both

s (hence also k?) and k, are determined by e, so the corresponding hypersurfaces @2(,11)726 are
irreducible.

If n is odd, there are coincidences:

e when n = 1 (mod 4), we have n = n? (mod 4n), hence 92(22@ is irreducible when
e =0 or 2n (mod 4n), has two irreducible components (corresponding to k. = (n,0)
and k. = (0,1)) when e = n (mod 4n), and is empty otherwise;

e when n = —1 (mod 4), we have n(n + 1) = 0 (mod 4n), hence 92(711),% is irreducible
when e = —n or n (mod 4n), has two irreducible components (corresponding to
ke =0 and K, = (n,1)) when e =0 (mod 4n), and is empty otherwise.

This proves (b).

We now assume that n is prime and prove (c). Since s | 2n, we have s € {1,2,n,2n};
the cases s = 1 and s = 2 were explained above. If s = n (and n is odd), we have n | b, n | c,
nta, and
e=4a*> (mod 4n) and &, = (2a,0).

If s = 2n, the integer ¢ is even, a and b cannot be both even, n | b, and n { a. We have

e=a®> (mod 4n) and k., = (a,0) if 2n | b (hence a is odd);
e=a’+n (mod4n) and kK, = (a,1) ifbisodd (and n is odd);
e=a’+2 (mod8) and k,=(a,1) if44bisodd and n=2.

When n = 2, one checks that the class of e modulo 8 (which is in {0,1,2,3,4,6})

completely determines s, and x, up to sign. The corresponding divisors %82)6 are therefore
all irreducible.

When n =1 (mod 4), we have n = n? (mod 4n) and a* = (n—a)?+n (mod 4n) when
a is odd (in which case a® = 1 (mod 4)). When n = —1 (mod 4), we have n(n + 1) = 0
(mod 4n) and a* = (n — a)*> + n (mod 4n) when a is even (in which case a*> =0 (mod 4)).
Together with changing a into —a (which does not change the lattice K), these are the
only coincidences: the corresponding divisors .@2(,1326 therefore have two components and the
others are irreducible. This proves (c).

Case v = 2 (hence n = —1 (mod 4)). We may take h, := 2(u + “Fv) + ¢, in which case
hi = Zw; ® Zwy ® M, with wy := v+ £ and wy := —u + ”T“v. The intersection form on
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Zw; & Zwy has matrix (j 7@) as in (7) and the discriminant group D(h}) ~ Z/nZ is

generated by (w; — 2ws), = (wy — 2ws) /n, with §((w; — 2ws),) = —2/n.

Let (h,, ') be a basis for K, so that disc(K) = 2nx?— (h,-x')%. Since div(h,) = v = 2,
the integer h, - is even and since k"2 is also even (because Ay, is an even lattice), we have
4 | disc(K) and — disc(K)/4 is a square modulo n. Since the discriminant of Ay, is 2, the
integer d = | disc(K*)] is either 2 | disc(K)| or & |disc(K)], hence it is even and e = d/2 is a
square modulo n, as desired.

Conversely, it is easy to construct examples that show that these necessary conditions
on d are also sufficient. This proves (a).

We now prove (b) and (c). To prove that the loci .@% 5. are irreducible (when non-

empty), we need to show that e determines x?, and k, up to sign (where « is a generator of
K Nhi).

With the notation above, we have kK = ((h, - k’')h, — 2nk')/t, where t := gcd(h, - &', 2n)
is even and x? = 22 disc(K). Formula (17) then gives
K> disc(hi)
divy,1 (k)2

2n? 2n® disc(K)

- L
2e = |disc(K™)| = o (2 dve (w7 |

Since n is odd and ¢ is even, and, as we saw above, disc(K) € {—e, —4e}, the only possibility
is disc(K) = —4e and tdiv,1 (k) = 2n.

Assume that n is square-free and n | e. Since —4e = disc(K) = 2nk? — (h, - k)%, we
get 2n | (h, - k)% hence, since n is square-free and odd, 2n | h, - x’. This implies ¢ = 2n
and divy,. (k) = 1; in particular, x, = 0 and k? = —2e/n are uniquely determined. This
proves (b).

We now assume that n is prime. Since ¢ div,. (k) = 2n and ¢ is even,

o cither (t,divj,. (), x%) = (2n,1,—2¢/n) and n | e;
e or (t,divy (), k%) = (2,n, —2ne) and n t e (because n{ b, -+’ and d = —3 disc(K) =
2(hr - &)? (mod n)).
Given e = a? + nn/, the integer k2 is therefore uniquely determined by e:
e cither n | a, kK = —2¢/n, and k, = 0;
e or nta, kK = —2ne, k. = r/n, and (k) = —2a*/n (mod 2Z).
In the second case, k., = Fa(w; — 2wy),; it follows that in all cases, k. is also uniquely
defined, up to sign, by e. This proves (c). O

Example 3.25 (Case n = v = 1). The moduli space 2///2(1) is irreducible and contains a
dense open subset ?/2(1) whose points correspond to double EPW sextics (Section 3.6.1).

The complement 2///2(1) N %2(1) contains the irreducible hypersurface %”2(1) whose general
points correspond to pairs (S, Ly — §), where (S, L) is a polarized K3 surface of degree 4
(Example 3.10).

The loci 2‘52(2 (for d > 0) were studied in [DIM]. Assuming d = 0,2, or 4 (mod 8)
(which is, according to Proposition 3.24, the condition for 2@2(2 to be non-empty), they
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were shown to be non-empty if and only if d ¢ {2,8} (see Remark 3.28 for a more precise
statement). The locus 2‘52(2 is the hypersurface %”2(1).

There is a way to associate a double EPW sextic with any smooth Gushel-Mukai four-
fold (these are by definition complete intersections of Gr(2,Vs) C P(A?*Vs) = P? with a
hyperplane and a quadric hypersurface; see [DK]). Double EPW sextics with small discrim-
inant d correspond to Gushel-Mukai fourfolds with special geometric features ([DIM]).

Example 3.26 (Case n = 3 and v = 2). The moduli space 2,//16(2) is irreducible and contains
a dense open subset 02/6(2) whose points correspond to the varieties of lines X := F(W)
contained in a cubic fourfold W C P? (Section 3.6.1). The complement ?///6(2) N ?/6(2) contains

the irreducible hypersurface %(2) whose general points correspond to pairs (S©, 2Ly — 6),
where (S, L) is a polarized K3 surface of degree 2.

The loci 2‘56(72(2 (for d > 0) were originally introduced and studied by Hassett in [H].
Assuming d = 0 or 2 (mod 6) (which, according to Proposition 3.24, is the condition for
2.@83 to be non-empty), he showed that they are non-empty if and only if d # 6 (see also

Remark 3.28). The locus 2%6(722) is the hypersurface %”6(2) (see [vD] for a very nice description
of the geometry involved).

Small d correspond to cubics W with special geometric features: W contains a plane
(d = 8), W contains a cubic scroll (d = 12), W is a Pfaffian cubic (d = 14), W contains a
Veronese surface (d = 20).

3.11. The image of the period map. In this section, we study the image of the period
map

or: "My — P

defined in Section 3.9 (here 7 is a polarization type for polarized hyperkéhler manifolds of
K3[m]—type). For K3 surfaces (m = 1), we saw in Section 2.8 that this image is precisely the
complement of the (images in &2, of the) hypersurfaces y*, for all y € ht with y? = —2.

It follows from the results of [AV1] that for all m > 2 (which we assume for now on),
the image of the period map is the complement of the union of finitely many Heegner divisors
(that is, of the type studied in Section 3.10). We will explain how to determine explicitly
(in principle) these divisors. We will only do here the case m = 2; the general case will be
treated in Appendix B.

Theorem 3.27. Let n be a positive integer and let v € {1,2}. The image of the period map
2237 — O(Agge, )\

*Oom
15 exactly the complement of the union of finitely many explicit Heegner divisors. More pre-
cisely, these Heegner divisors are

o ify=1,
— some irreducible components of the hypersurface 2.@2(712% (two components if n =
0 or 1 (mod 4), one component if n =2 or 3 (mod 4));

— one irreducible component of the hypersurface 2.@2(28”;
1)

— one irreducible component of the hypersurface 2.@2(7%10”;
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— and, if n = 5**n" with a > 0 and n” = &1 (mod 5), some irreducible compo-

nents of the hypersurface 2.@2(1)

n,2n/57.
e if v =2 (and n = —1 (mod 4)), one irreducible component of the hypersurface
2@(2)
2n,2n -

Remark 3.28. We proved in Proposition 3.24 that when n is square-free (so in particular
n #Z0 (mod 4)),

1)

e the hypersurface 2.@2(%2” has two components if n = 1 (mod 4), one component
otherwise;
e the hypersurface 2@2(711)’% has two components if n = —1 (mod 4), one component

otherwise;
e the hypersurface 292(21071 has two components if n = 1 (mod 4), one component
otherwise;

e the hypersurface 22>

won is irreducible (when n = —1 (mod 4)).

The complement of the image of 2o is therefore the union of 2.@2(712) : 292(718), and one

of the two components of 2.@2(}1)0 (compare with Example 3.25).

The complement of the image of 2% is 2.@&3 (compare with Example 3.26).

Proof of Theorem 3.27. Take a point x € 2@52) . Since the period map for smooth compact
(not necessarily projective) hyperkéhler fourfolds is surjective ([Hu2, Theorem 8.1]), there
exists a compact hyperkahler fourfold X’ with the given period point z. Since the class h,
is algebraic and has positive square, X’ is projective by [Hu2, Theorem 3.11]. Moreover,
the class h, corresponds to the class of an integral divisor H in the positive cone of X'.
By Remark 3.15(a), we can let an element in the group Wgy. act and assume that the pair
(X', H), representing the period point x and the class h,, is such that H is in Mov(X’) N
Pos(X’). By Remark 3.15(b), we can find a projective hyperkahler fourfold X which is
birational to X’ (and so still has period z), such that the divisor H, with class h,, is nef
and big on X and has divisibility . By [Hu2, Theorem 4.6], the fourfold X’ is deformation
equivalent to X, hence still of type K32

To summarize, the point z is in the image of the period map 2@513 if and only if H is
actually ample on X. We now use Theorem 3.14: H is ample if and only if it is not orthogonal

to any algebraic class either with square —2, or with square —10 and divisibility 2.

If H is orthogonal to an algebraic class v with square —2, the Picard group of X
contains a rank-2 lattice K with intersection matrix (20” _02); the fourfold X is therefore

special of discriminant 2e := — disc(K*) (its period point is in the hypersurface 2@2(2)1() In
the notation of the proof of Proposition 3.24, v is the class k.

If v = 1, the divisibility s := divg. (k) is either 1 or 2. By (18), we have es? = —2nx? =
4n, hence

e cither s = 1, e = 4n, and k, = 0: the period point is then in one irreducible
1)

component of the hypersurface 2.@2(%8,1,

eors=2e=mn,and
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— either k. = (0, 1);
—or iy = (n,0) and n =1 (mod 4);
— or ky = (n,1) and n =0 (mod 4).

The period point x is in one irreducible component of the hypersurface 2@2(,122,1 ifn=2or3
(mod 4), or in the union of two such components otherwise.

If v = 2, we have e = —disc(K)/4 = n, t = /2ndisc(K)/k? = 2n, and div(k) =
2n/t = 1, hence k, = 0: the period point z is in one irreducible component of the hypersur-
face 2.@2(2)

n,2n*

If H is orthogonal to an algebraic class with square —10 and divisibility 2, the Picard
group of X contains a rank-2 lattice K with intersection matrix (20” % ), hence X is special of

discriminant 2e := — disc(K*). Again, we distinguish two cases, keeping the same notation.

If v = 1, the divisibility s := div,. (k) is even (because the divisibility in H?(X,Z)
is 2) and divides k? = —10, hence it is either 2 or 10. Moreover, es* = —2nr? = 20n, hence

e cither s = 2, e = 5n, and K, = (0,1): the period point x is then in one irreducible

component of the hypersurface 2.@2(,1310”;

e or s = 10 and e = n/5: the period point is then in the hypersurface 2.@2(31)71/5.

In the second case, since the divisibility of x in H?(X,Z) is 2, a and ¢ are even, so that b
is odd and s, = (a,1). Set @’ := a/2 and n’ := n/5; we have e = a®> + n (mod 4n), hence
a? = —n' (mod 5n/). Write o/ = 5%" and n' = 5°n”, with " and n” prime to 5. This
congruence then reads 52*a”? = —5°n” (mod 5°*'n”), which implies 8 = 2a and a”? = —n"
(mod 5n”). Finally, this last congruence is equivalent to a”* = 0 (mod n”) and a"* = —n”
(mod 5); these congruences are solvable (in a”) if and only if n” = +1 (mod 5).

In general, there are many possibilities for a = 2 - 5%a” (modulo 2n). However, if
n” is square-free, we have a” = 0 (mod n”) and +a (hence also +x,) is well determined

(modulo 2n), so we have a single component of 2.@2(111)771 /s

If v = 2, we have e = —disc(K)/4 = 5n and t* = 2ndisc(K)/k* = n*/10, which is
impossible.

Conversely, in each case described above, it is easy to construct a class k with the
required square and divisibility which is orthogonal to H. 0

Example 3.29 (Case n =y = 1). We keep the notation of Example 3.25. O’Grady proved
that the image of 02/2(1) in the period space does not meet 9512) , 952, 92(718), and one component
of 92(711)0 ([04, Theorem 1.3]*!); moreover, by [DIM, Theorem 8.1], this image does meet all
the other components of the non-empty hypersurfaces .@2(2. The hypersurface %(1) maps to
7).

These results agree with Theorem 3.27 and Remark 3.28, which say that the image
of ///2(1) in the period space is the complement of the union of .@2(’12), .@2(}8), and one of the

two components of @2(}1)0. However, our theorem says nothing about the image of %2(1).

410’Grady’s hypersurfaces Sy USY, S%, S, are our @2(,12), @2(}2, @2(’18).
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O’Grady conjectures that it is the complement of the hypersurfaces .@2(12) , .@2(714) , 92(2, and
one component of @2(}1)0; this would follow if one could prove ///2(1) = %(1) U %”2(1).

Example 3.30 (Case n = 3 and 7 = 2). We keep the notation of Example 3.26. Theo-
rem 3.27 and Remark 3.28 say that the image of //6(2) in the period space is the complement
of the irreducible hypersurface Qé?g . This (and much more) was first proved by Laza in [Laz,
Theorem 1.1], together with the fact that ///6(2) = 62/6(2) U %”6(2); since %”6(2) maps onto .@é?g ,
the image of 02/6(2) is the complement of .Qé?g) U .@é? .

4. AUTOMORPHISMS OF HYPERKAHLER MANIFOLDS

We determine the group Aut(X) of biregular automorphisms and the group Bir(X)
of birational automorphisms for some hyperkihler manifolds X of K3™-type with Picard
number 1 or 2.

4.1. The orthogonal representations of the automorphism groups. Let X be a hy-
perkéhler manifold. As in the case of K3 surfaces, we have H°(X, Tx) ~ H°(X, Q%) = 0 and
the group Aut(X) of biholomorphic automorphisms of X is discrete. We introduce the two
representations

(19) T4 Aut(X) — O(H%(X,Z),qx) and Ty: Aut(X) — O(Pic(X),qx).

By Proposition 3.13, the group Bir(X) of birational automorphisms of X also acts on
O(H*(X,Z),qx). We may therefore define two other representations

(20)  UE: Bir(X) — O(H%(X,Z),qx) and Vy: Bir(X) — O(Pic(X), qx).

We have of course Ker(¥4) C Ker(@fg) and Ker(¥%) C Ker(ﬁi).

Proposition 4.1 (Huybrechts, Beauville). Let X be a hyperkdhler manifold. The kernels of
U4 and VE are equal and finite and, if X is projective, the kernels ofﬁi and @?( are equal
and finite.

If X is of K3 type, W4 and UE are injective.

Sketch of proof. If X is projective and H is an ample line bundle on X, and if ¢ is a birational
automorphism of X that acts trivially on Pic(X), we have o*(H) = H and this implies that

o is an automorphism (Proposition 3.13). We have therefore Ker(@i) = Ker(@f() (and
Ker(U%) = Ker(¥4)) and the latter group is a discrete subgroup of a general linear group
hence is finite.

For the proof in the general case (when X is only assumed to be Kéhler), we refer to
[Hu2, Proposition 9.1] (one replaces H with a Kéhler class).

When X is a punctual Hilbert scheme of a K3 surface, Beauville proved that U% is
injective ([B2, Proposition 10]). It was then proved in [HT2, Theorem 2.1] that the kernel of
U4 is invariant by smooth deformations. 0
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. . =A .
Via the representation Wy, any automorphism of X preserves the cone Nef(X) and

via the representation @i, any birational automorphism of X preserves the cone Mov(X).

The Torelli theorem (Theorem 3.18) implies that any element of 6(H %(X,Z),qx) which is
a Hodge isometry and preserves an ample class is induced by an automorphism of X.

Remark 4.2. Let X be a hyperkahler manifold. Oguiso proved in [Og4] and [Ogb] that when
X is not projective, both groups Aut(X) and Bir(X) are almost abelian finitely generated.
When X is projective, the group Bir(X) is still finitely generated ([BS]) but whether the
group Aut(X) is finitely generated is unknown.

4.2. Automorphisms of very general polarized hyperkahler manifolds. The Torelli
theorem allows us to “read” biregular automorphisms of a hyperkahler manifold on its second
cohomology lattice. For birational automorphisms, this is more complicated but there are
still necessary conditions: a birational automorphism must preserve the movable cone. The
next proposition describes the automorphism groups, both biregular and birational, for a
very general polarized hyperkéhler manifold of K3l m]-type; at best, we get groups of order 2
(as in the case of polarized K3 surfaces; see Proposition 2.15).

Proposition 4.3. Let (X, H) be a polarized hyperkahler manifold corresponding to a very
general point in any component of a moduli space ™ 2(7?) (with m > 2). The group Bir(X) of
birational automorphisms of X s trivial, unless

oen=1;
en=y=m—1 and —1 is a square modulo m — 1.

In each of these cases, Aut(X) = Bir(X) ~ Z/2Z and the corresponding involution of X is
antisymplectic.

Proof. As we saw in Section 3.10, the Picard group of X is generated by the class H. Any
birational automorphism leaves this class fixed, hence is in particular biregular of finite order.
Let o be a non-trivial automorphism of X. Since o extends to small deformations of (X, H),
the restriction of 0* to H* is a homothety*? whose ratio is, by [B1, Proposition 7], a root
of unity; since it is real and non-trivial (because W4 is injective by Proposition 4.1), it must
be —1. We will study under which conditions such an isometry of ZH & H 1 extends to an
isometry ¢ € O(H*(X,Z),qx).

Choose an identification H?*(X, Z) >~ Ayqm and write, as in Section 3.5, H = ax + b4,
where a,b € Z are relatively prime, z is primitive in Ags, and v := div(H) = ged(a, 2m — 2).
Using Eichler’s criterion, we may write x = u + cv, where (u,v) is a standard basis for a
hyperbolic plane in Agz and ¢ = £2? € Z. We then have ¢(a(u + cv) + bd) = a(u + cv) + bé
and

(21) olu—cv) = —u+cv,
(22) o(b(2m —2)v+ad) = —b(2m —2)v —ad

42The argument is classical: let X be a hyperkédhler manifold, let w be a symplectic form on X, let o be
an automorphism of X, and write o*w = {w, where £ € C*. Assume that (X, o) deforms along a subvariety
of the moduli space; the image of this subvariety by the period map consists of period points which are
eigenvectors for the action of o* on H?(X,C) and the eigenvalue is necessarily ¢. Dans notre cas, the span
of the image by the period map is H+, which is therefore contained in the eigenspace H?(X, C)e.



HYPERKAHLER MANIFOLDS 43

(these two vectors are in H+). From these identities, we obtain
(23) (2a%c — b*(2m — 2))p(v) = 2au + b*(2m — 2)v + 2abd.
This implies that 2a%c — b*(2m — 2), which is equal to H? = 2n, divides ged(2a?, b*(2m —
2)v,2ab) = 2gced(a,m — 1). Since H? is obviously divisible by 2ged(a, m — 1), we obtain
n = ged(a, m — 1) | v hence, since 7 | 2n,

nim—-1 —and v € {n,2n}.

One checks that conversely, if these conditions are satisfied, one can define an involution ¢
of Aygsim that has the desired properties p(H) = H and ¢|gr = —Idy.: use (23) to define
©(v), then (21) to define ¢(u), and finally (22) to define

2m — 2 2m — 2 2(2m — 2
g0(5):_@19( m )u_abc( m )U_b(m )+n
n n n

The involution ¢ therefore acts on D(H?*(X,Z)) = Z/(2m — 2)Z = (4.) by multiplication by

_1;2(2171#' For ¢ to be in O(H2(X,Z),qx), we need to have
e cither _172(2771# = —1 (mod 2m —2), i.e., n | b*; since n | a and ged(a,b) = 1, this

is possible only when n = 1;
_b2(2m—2)+n =1 (

J.

e or mod 2m — 2), which implies m — 1 | n, hence n = m — 1.

When the conditions
(24) ne{l,m-1} and 7y € {n,2n}

are realized, ¢ acts on D(H?*(X,Z)) as —Id in the first case and as Id in the second case
(the relations m — 1 =n = a?c — b*(m — 1) and n | a imply v* = —1 (mod m — 1)). By the
Torelli theorem, ¢ lifts to an involution of X.

Finally, we use the numerical conditions on m, «, and n given in [Apl, Proposition 3.1]

to show that when (24) holds, the moduli space m///éz) is empty except in the cases given in
the proposition. O

Remark 4.4. When m = 2 and n = 1, the involution is the canonical involution on double
EPW sextics and the morphism ¢pz: X — P® factors through the quotient of X by this
involution followed by an embedding (see Section 3.6.1).

When m = 4 and n = 1, the involution again has a geometric description®® and the
map pg: X --» P also factors through the quotient of X by the involution, but it is not
a morphism and has degree 72 onto its image (see Section 3.6.3).

When m = 3 and n = 7 = 2 (second case of Proposition 4.3), the involution has a
geometric description and ¢y : X — P! is a morphism that factors through the quotient of
X by this involution followed by an embedding (see Section 3.6.2).

43Given a twisted cubic C contained in the cubic fourfold W, with span (C) ~ P3, take any quadric
Q C (C) containing C; the intersection Q N W is a curve of degree 6 which is the union of C' and another
twisted cubic C’. The curve C’ depends on the choice of @, but not its image in X (thanks to Ch. Lehn for this
description). The map [C] — [C'] defines an involution ¢ on X; the fact that it is biregular is not at all clear
from this description, but follows from the fact that .*(H) = (H). The fixed locus of ¢ has two (Lagrangian)
components and one is the image of the canonical embedding W — X ([LLSvS, Theorem B(2)]).
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The second example above shows that, for a general polarized hyperkahler manifold
X of K3M-type with a polarization H of degree 2, and contrary to what the L conjecture
from [O5, Conjecture 1.2] predicted, the map ¢p is not always a morphism of degree 2 onto
its image. The question remains however of whether ¢y factors through the involution of X
constructed in Proposition 4.3.

Remark 4.5. In Proposition 4.3, the assumption that X be very general in its moduli space
is necessary and it is not enough in general to assume only that X have Picard number 1.
The proof of [BCS, Theorem 3.1] implies that Bir(X) is trivial when p(X) = 1, unless
n € {1, 3,23}. These three cases are actual exceptions: all fourfolds corresponding to points
of 2///2(1) carry a non-trivial involution; there is a 10-dimensional subfamily of 2///6(2) whose
elements consists of fourfolds that have an automorphism of order 3 and whose very general
elements have Picard number 1 ([BCS, Section 7.1]); there is a (unique) fourfold in 2.///4(?
with Picard number 1 and an automorphism of order 23 ([BCMS, Theorem 1.1]).

4.3. Automorphisms of projective hyperkahler manifolds with Picard number 2.
When the Picard number is 2, the very simple structure of the nef and movable cones of a
hyperkéhler manifold X (they only have 2 extremal rays) can be used to describe the groups
Aut(X) and Bir(X). We get potentially more interesting groups.

Theorem 4.6 (Oguiso). Let X be a projective hyperkdihler manifold with Picard number 2.
Ezactly one of the following possibilities occurs:

e the extremal rays of the cones Nef(X) and Mov(X) are all rational and the groups
Aut(X) and Bir(X) are both finite;

e both extremal rays of Nef(X) are rational and the group Aut(X) is finite, both ex-
tremal rays of Mov(X) are irrational and the group Bir(X) is infinite;

e the cones Nef(X) and Mov(X) are equal with irrational extremal rays and the groups
Aut(X) and Bir(X) are equal and infinite.

Moreover, when X is of K3™ -type, the group Aut(X) (resp. Bir(X)), when finite, is iso-
morphic to (Z/27)", with r < 2.

We will see later that all three cases already occur when dim(X) = 4.

Proof. One of the main ingredients of the proof in [Og2] is a result of Markman’s ([M2,
Theorem 6.25]): there exists a rational polyhedral closed cone A C Mov(X) such that

(25) Mov(X)= [J oA

o€Bir(X)

(where o* = ﬁi(a)) and 0*(A) N A = @ unless 0* = Id. This decomposition implies that if
Bir(X) is finite, the cone Mov(X) is rational (i.e., both its extremal rays are rational).

Let ; and x5 be generators of the two extremal rays of Mov(X). Let o € Bir(X); these
extremal rays are either left stable by ¢* or exchanged. We can therefore write 0'*2<£L‘i) = o;T;,
with a; > 0; moreover, a; + ay € Z and ayas = det(0*?) = 1, since o* is defined over Z.

If the ray R>ox; is rational, we may choose ;1 integral primitive, hence «a; is a (positive)
integer. Since a; + ag € Z, so is ay and, since ajay = det(a*Q) =1, we obtain a; = as =1
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and 0*? = Id. Thus, every element of @i(Bir(X )) has order 1 or 2. In the orthogonal group of
a real plane, the only elements order 2 are — Id, which cannot be in @i(Bir(X )) since it does

not fix the movable cone, and isometries with determinant —1. It follows that @i(Bir(X )
has order 1 or 2. Proposition 4.1 implies that Bir(X) is finite, hence Mov(X) is rational.

The same argument shows that if one extremal ray R>oy; of the cone Nef(X) is rational,

the group Aut(X) is finite and E;(Aut(X )) has order 1 or 2. To show that the other ray
R>oy» is also rational, we use a result of Kawamata (see [Og2, Theorem 2.3]) that implies
that if gx(y2) > 0, the ray R>oys is rational. But if gx(y2) = 0, the ray Rsys» is also, by (8),
an extremal ray for Mov(X). The decomposition (25) then implies that for infinitely many

distinct oy € Bir(X), we have of A C Nef(X). Fix an integral class z € A; the integral class
ay, := o;(x) is ample, and oot ' (ag) = ao. This implies o 'og € Aut(X), which is absurd
since Aut(X) is finite.

If one extremal ray R>oy; of the cone Nef(X) is irrational, the argument above implies
that the other extremal ray Rsgys is also irrational, and ¢x(y1) = ¢x(y2) = 0. The chain of
inclusions (8) implies Nef(X) = Mov(X), hence Aut(X) = Bir(X).

To prove the last assertion, we use the classical (and rather elementary, see [Hul,
Lemma 3.1]) fact that the transcendental lattice Pic(X)* C H?(X, Z) carries a simple ratio-
nal Hodge structure. Since its rank, 21, is odd, +1 is, for any ¢ € Bir(X), an eigenvalue of
the isometry o* and the corresponding eigenspace is a sub-Hodge structure of Pic(X ). This
implies 0* |pic(x)r = £ 1d. When X is of K3M™-type, the morphisms U4 and U¥ are injective
and we just described their possible images when they are finite. This ends the proof of the
theorem. 0

One can go further when the nef and movable cones are explicitly known and obtain
necessary conditions for non-trivial (birational or biregular) automorphisms to exist on a
projective hyperkahler manifold X. To actually construct a biregular automorphism is easy
if the nef cone is known: the Torelli theorem (see Section 3.8) implies that any isometry in
O(H*(X,Z),qx) that preserves the nef cone is induced by an automorphism of X. Given
an isometry ¢ € 5([—[ 2(X,Z),qx) that preserves the movable cone, it is harder in general
to construct a birational automorphism that induces that isometry. One way to do it is to
identify, inside the movable cone of X, the nef cone of a birational model X’ of X (see (10))
which is preserved by ¢, and construct the birational automorphism of X as a biregular
automorphism of X’ using Torelli. This is however not always possible and requires a good
knowledge of the chamber decomposition (10). We will describe some situations when this
can be done without too much effort, using the results of Sections 3.7.2 and 3.7.3.

4.3.1. Automorphisms of punctual Hilbert schemes of K3 surfaces. ** Let (S, L) be a polar-
ized K3 surface such that Pic(S) = ZL and let m > 2. The Picard group of S is isomorphic
to ZL,, ® ZJ. The ray spanned by the integral class L,, € Pic(S™l) is extremal for both
cones Nef(S™)) and Mov(S!™)) (described in Example 3.17). We are therefore in the first
case of Theorem 4.6 and both groups Bir(S"™) and Aut(S™l) are 2-groups of order at most
4. More precisely, if e := %LQ,

#4Many of the results of this section can also be found in [Ca.



46 O. DEBARRE

e cither e = 1, the canonical involution on S induces a canonical involution on SI™
which generates the kernel of

@ﬁm]: Bir(S™) — O(Pic(S™), ggim)

and the groups Bir(S™) and Aut(SI") are 2-groups of order 2 or 4;
e or ¢ > 1, the morphism Eﬁm] is injective, and the groups Bir(S™) and Aut(S!™)
have order 1 or 2.

As we explained earlier, it is hard to determine precisely the group Bir(S™!), but we
can at least formulate necessary conditions: when e > 1 and m > 3 (the case m = 2 will
be dealt with in Proposition 4.11 below), one needs all the following properties to hold for
Bir(S™)) to be non-trivial:*®

(a) e(m — 1) is not a perfect square;

(b) e and m — 1 are relatively prime;

(c) the equation (m — 1)a® — eb® = 1 is not solvable;

(d) if (ay,by) is the minimal positive solution of the equation a* — e(m — 1)b* = 1 that
satisfies a; = £1 (mod m — 1), one has a; = +1 (mod 2e) and b, even.

The group Bir(S™) is therefore trivial in the following cases:

e m = e+ 1, because item (a) does not hold;
e m = e+ 2, because item (c¢) does not hold;
e m = e+ 3, because item (d) does not hold (a; = e+ 1 and b; = 1);
e m =e— 1, because item (d) does not hold (a; = e —1 and by = 1).

When m = e > 3, we will see in Example 4.8 that the group Bir(S™l) has order 2: items
(a) and (b) hold, so does (d) (a; = 2e — 1 and b; = 2), but I was unable to check item (c)
directly!

In some cases, we can be more precise.

45Since e > 1, the morphism ﬁg[m] is injective and any non-trivial birational involution o of S induces
a non-trivial involution o* of Pic(S [m]) that preserves the movable cone; in particular, primitive generators
of its two extremal rays need to have the same lengths. Since m > 3, this implies (Example 3.17) that items
(a) and (c) hold. The other extremal ray of Mov(S[™)) is then spanned by a; L, — eb1d, where (a1, b) is the
minimal positive solution of the equation a? — e(m — 1)b? = 1 that satisfies a; = +1 (mod m — 1).

The lattice Pic(SI™) = ZL,, @ Z§ has intersection matrix (% _ (o5 _2) ) and its orthogonal group is

a am'b

where g := ged(e,m — 1) and we write e = ge/ and m — 1 = gm/. Since 0*(L,,) = a1 Ly, — eb1d, we must
therefore have g = ged(e,m — 1) = 1.

The transcendental lattice Pic(S?)t < H?(SP, Z) carries a simple rational Hodge structure (this is
a classical fact found for example in [Hul, Lemma 3.1]). Since the eigenspaces of the involution o* of
H?(S[?1,Z) are sub-Hodge structures, the restriction of o* to Pic(SI?)* is e1d, with ¢ € {£1}. As in the
proof of Proposition 4.3 and with its notation, we write L,, = u + ev; we have

)‘a,bEZ, a?—e'm'h? =1, a:il},

c*(u+ev) = aj(u+ev)—ebd

oc*(u—ev) = e(u—ev),

which implies 2ec*(v) = (a1 — €)u + e(a; + €)v — eb1d, hence 2e | a; — e and 2 | by.
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Example 4.7 (Case m > <2). Let (S, L) be a polarized K3 surface such that Pic(S) = ZL
and L? =: 2¢ > 4. When m > #, the automorphism group of S is trivial. Indeed, we
saw in Example 3.17 that the “other” extremal ray of Nef(S™) is spanned by the primitive
vector ((m+e)L,, —2e8)/g, where g := ged(m+e, 2¢). Any non-trivial automorphism of S
acts non-trivially on Pic(S™) and exchanges the two extremal rays. The primitive generator
L,, of the first ray (with square 2¢) is therefore sent to ((m + e)L,, — 2ed)/g, with square
(2e(m + €)? — 4e?(2m — 2))/g?, hence
g = (m+e)? —2e(2m —2) = (m —e)* + 4e.

Since g | m — e, this implies g | 4e; but it also implies g > 4e, hence g*> = 4e and m = e.
We obtain g = ged(2e, 2e) = 2e and e = 1, which contradicts our hypothesis.

Example 4.8 (The Beauville involution (case m = e)). Let S C P be a K3 surface of
degree 2e > 4. By sending a general point Z € S!¢ to the residual intersection ((Z)N.S)\ Z,
one defines a birational involution o of Sl¢; it is biregular if and only if e = 2 and S contains
no lines ([B2, Section 6]).

Assume Pic(S) = ZL (so that S contains no lines). The isometry ¢* of Pic(S!¢) must
then exchange the two extremal rays of the movable cone; in particular, a primitive generator
of the “other” extremal ray of Mov(S!¥) must have square 2e. We must therefore be in the
third case of Example 3.17 and 0*(L.) = (2¢ — 1)L, — 2ed and o*((2e — 1)L, — 2ed) = L., so
that o*(L, — ) = L. — J: the axis of the reflection ¢* is spanned by L, — 4.

When e = 2, the nef and movable cones are equal (see Example 3.16) and o is biregular.
When e > 3, the line bundle L, — ¢ is still base-point-free by Corollary 3.8, hence nef. Since,
by the Beauville result mentioned above (or by Example 4.7), ¢ is not biregular, the class
L. — 0 cannot be ample. Its span is therefore the “other” extremal ray of the nef cone (as
we already saw in Example 4.7) and the chamber decomposition (10) is

Mov(S!) = Nef(S) U o* Nef (S).

In particular, S} has no other hyperkihler birational model than itself and Bir(Sl) =
{1d, o'}.

We end this section with a detailed study of the groups Aut(S®) (see [BCNS, Propo-
sition 5.1]) and Bir(S?).

Proposition 4.9 (Biregular automorphisms of S©). Let (S, L) be a polarized K3 surface
of degree 2e with Picard group ZL. The group Aut(S?) is trivial except when the equation
P.(—1) is solvable and the equation P4.(5) is not, or when e = 1.

If this is the case and e > 1, the only non-trivial automorphism of SP is an antisym-

plectic involution o, the fourfold SP defines an element of 2,///2(1) (hence generically a double
EPW sextic) and o is its canonical involution.

Proof. When e = 1, the canonical involution of S induces an involution on S. So we

assume e > 1 and Aut(S®) non-trivial. The morphism Eﬁm] is then injective, so we look for
non-trivial involutions o* of Pic(S?) that preserve the nef cone.

If the equation 24 (5) has a minimal solution (as, bs), the extremal rays of Nef(S)
are spanned by Lo and asLs — 2ebs0 (see Example 3.16), hence 0*(Lg) = (asLy — 2eb50) /g,
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where g = ged(as, 2ebs). Taking lengths, we get 2eg? = 10e, which is absurd. Therefore, the
equation &4 (5) is not solvable, the other ray of the nef cone is spanned by ajLy — ebyd,
where (a1, b1) is the minimal solution to the equation Z2.(1), and 0*(Ls2) = a1 Ls — eb1d. As
in footnote 45 and with its notation, we have 2e | a; —¢ and 2 | by, with € € {—1, 1}. Setting
a; = 2ea + ¢ and by = 2b, we rewrite the equation Z.(1) as

alea + ) = b*.

Since a and ea+¢ are relatively prime, there exists positive integers r and s such that a = s,
ea +¢ = r? and b = rs. The pair (r, s) satisfies the equation r* = ea + ¢ = es® + ¢, i.e.,
P.(e). Since (aq,by) is the minimal solution to the equation (1), we must have ¢ = —1.

Conversely, if (r,s) is the minimal solution to the equation &.(—1), the class H :=
sLy — rd has square 2 and is ample (because it is proportional to Ls + (ajLs — ebid)).
The pair (S, H) is an element of 2//2(1) and as such, has an antisymplectic involution by
Proposition 4.3. 0

Remark 4.10. When e = 2, the equation &%,(—1) is solvable and the involution o of S?! is
the (regular) Beauville involution described in Example 4.8. There is a dominant morphism
Sl — Gr(2,4) of degree 6 that sends a length-2 subscheme of S to the line that it spans and
it factors through the quotient S /o. In that case, S® /o is not an EPW sextic (although one
could say that it is three times the smooth quadric Gr(2,4) C P?, which is a degenerate EPW

sexticl) but (512, Ly — §) is still an element of 24" (see Example 3.10 and Section 3.6.1).

Proposition 4.11 (Automorphisms of S®). Let (S, L) be a polarized K3 surface of degree
2e with Picard group ZL. The group Bir(S [2]) 18 trivial except in the following cases:

e ¢ =1, or the equation P.(—1) is solvable and the equation P4.(5) is not, in which
cases Aut(S?) = Bir(S®) ~ Z/2Z;

ec>1,and e =5 orb1e, and both equations P.(—1) and P4.(5) are solvable, in
which case Aut(S?) = {Id} and Bir(S?) ~ Z/2Z.

Proof. If 0 € Bir(S®) is not biregular, o* is a reflection that acts on the movable cone
Mov(S®?) in such a way that o*(Amp(S®?)) N Amp(S?) = @ (if the pull-back by o of
an ample class were ample, o would be regular). This implies Mov(S®?) # Nef(S®) hence
(see Example 3.16) e > 1 and the equation Z4.(5) has a minimal solution (as,bs) (which
implies that e is not a perfect square). As in the proof of Proposition 4.9, we have 0*(Ly) =
a1 Ly — eby0, U*’Pic(s[Q])L = —1d, a; = 2eb*, — 1, and by = 2a_1b_;, where (a_1,b_y) is the
minimal solution to the equation Z.(—1).

The chamber decomposition of the movable cone, which is preserved by ¢*, was deter-
mined in Example 3.16: since b is even,

e cither 5 | e, there are two chambers, and the middle wall is spanned by a5 Lo — 2€bs56;
e or 51 e, there are three chambers, and the middle walls are spanned by asLy — 2ebs0
and (ajas — 2ebybs) Ly — e(asb; — 2a1b5)0 respectively.

In the first case, the two chambers are Nef(S?) and o*(Nef(S™)) hence the wall must be
the axis of the reflection o*. It follows that there is an integer ¢ such that as = ¢b_; and
2ebs = ca_y; substituting these values in the equation 2,.(5), we get 5 = ?b*, — ?a®, /e =
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c?/e, hence e = ¢ = 5. In that case, one can construct geometrically a non-trivial birational
involution on S® (Example 4.12).

In the second case, since the reflection o* respects the chamber decomposition, the
square-2 class H := b_i1Ls — a_16 is in the interior of the “middle” chamber, which is the
nef cone of a birational model X of S It is therefore ample on X and the pair (X, H) is

an element of 2,///2(1); as such, it has an antisymplectic involution by Proposition 4.3, which
induces a birational involution of S [

Example 4.12 (The O’Grady involution). We saw in Section 2.3 that a general polarized
K3 surface S of degree 10 is the transverse intersection of the Grassmannian Gr(2,C%) C
P(A’C®) = P?, a quadric Q C P?, and a P® C P?. A general point of S corresponds to
Vo, Wy C V5. Then

Gr(2,Va @ W) NS = Gr(2,Va @ Wo) NQNP N A2(Va @ Wy)) C P2

is the intersection of two general conics in P? hence consists of 4 points. The (birational)
O’Grady involution S --» SPI takes the pair of points ([V3], [W2]) to the residual two points
of this intersection.

Remark 4.13. In the second case of the proposition, when 5 { e, the fourfold S is bira-
tionally isomorphic to a double EPW sextic, whose canonical involution induces the only
non-trivial birational automorphism of S

Remark 4.14. There are cases where both equations &.(—1) and Z.(5) are solvable and
51 e: when e = m?*+m—1, so that (2m+1, 1) is the minimal solution of the equation Z,.(5),
and m # 2 (mod 5), this happens for m € {5,6,9,10,13,21}. I do not know whether this
happens for infinitely many integers m.

4.3.2. Automorphisms of some other hyperkdhler fourfolds with Picard number 2. We de-
termine the automorphism groups of the hyperkéhler fourfolds of K3[2]—type studied in Sec-
tion 3.7.3 and find more interesting groups. The polarized hyperkahler fourfolds (X, H) under
study are those for which H has square 2n and divisibility 2 (so that n = —1 (mod 4)), and
Pic(X) = ZH @ ZL, with intersection matrix (%' _3./), where ¢’ > 1. If n is square-free, a
very general element of the irreducible hypersurface 2%2(2,)%% C 2///2(2) is of this type (Propo-
sition 3.24(2)(b)).

Proposition 4.15. Let (X, H) be a polarized hyperkihler fourfold as above.

(a) If both equations P, o (—1) and Py, 40 (—5) are not solvable and ne' is not a perfect
square, the groups Aut(F') and Bir(F) are equal. They are infinite cyclic, except when
the equation P, (1) is solvable, in which case these groups are isomorphic to the
infinite dihedral group.*®

(b) If the equation P, . (—1) is not solvable but the equation Py, 4.(—5) is, the group
Aut(X) is trivial and the group Bir(X) is infinite cyclic, except when the equation
P (1) is solvable, in which case it is infinite dihedral.

(c) If the equation P, (—1) is solvable or if ne' is a perfect square, the group Bir(X) is
trivial.

46This is the group Z x Z/27Z, also isomorphic to the free product Z/2Z x Z /27Z.
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When n is square-free, we can consider equivalently the equation &, (+n) instead of
P (£1) and the equation Py, (—5n) instead of P, 4o (—5).

Proof. The map W4 : Aut(X) — O(H%*(X,Z),qx) is injective (Proposition 4.1). Its image
consists of isometries which preserve Pic(X) and the ample cone and, since by(X) — p(X) is
odd, restrict to +1d on Pic(X)* ([Og3, proof of Lemma 4.1]. Conversely, by Theorem 2.8, any
isometry with these properties is in the image of ¥4. We begin with some general remarks
on the group G of isometries of H?(X,Z) which preserve Pic(X) and the components of the
positive cone, and restrict to € Id on Pic(X)*, with ¢ € {—1,1}.

As we saw in footnote 45, we have

. a «ae’b 2 2
O(Pic(X),qx) = b aa ‘a,beZ, a*—n'e'b" =1, a € {-1,1} ¢,
where g = ged(n,€’), n’ = n/g, and ¢’ = ¢'/g. Note that « is the determinant of the
isometry and

e such an isometry preserves the components of the positive cone if and only if a > 0;
we denote the corresponding subgroup by O™ (Pic(X), ¢x);

e when ne’ is not a perfect square, the group SO (Pic(X), ¢x) is infinite cyclic, gen-
erated by the isometry R corresponding to the minimal solution of the equation
Pen(1) and the group O (Pic(X), ¢x) is infinite dihedral;

e when ne’ is a perfect square, so is n'e” = ne//g?, and OT(Pic(X), ¢x) = {Id, (} %)}

By Eichler’s criterion, there exist standard bases (uy, v1) and (ug, v2) for two orthogonal
hyperbolic planes in A2, a generator ¢ for the ;(—2) factor, and an isometric identification
H?*(X,Z) = Mgy such that

n—+1

H = 2uy + vy +£¢ and L = uy — v,y
The elements ® of G must then satisfy a > 0 and

®(2ur + o +0) = a(2ur + o+ 0) + n'blus — €'vy)

P(up — €'va) = ae"b(2us + vy + ) + aa(us — ¢'vy)
(I)(Ul + E) = E(Ul + 6)
(I)(Ul — ”Tﬂvl) = €(U1 — ”T“vl)

D(uy +€'vy) = e(ug + €'vy)

(the last three lines correspond to elements of Pic(X)1). From this, we deduce
n®(v) = 2(a—e)ui+ ((a+e)™ L —e)vy + (a — )l + n'blus — €'vy)
20(uy) = 2a€”buy + b vy + ae’bl + (e + aa)us + €' (e — aa)vs

2¢'D(vy) = —20€"buy — ae”"b™ v — ae"bl + (e — aa)us + €' (e + aa)v,.

From the first equation, we get g | b and @ = ¢ (mod n); from the second equation, we
deduce that €”b and € 4+ aa are even; from the third equation, we get 2g | b and a = ae
(mod 2¢’). All this is equivalent to a > 0 and

(26) 2910 , a

e (modn) , a=as (mod 2¢).
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Conversely, if these conditions are realized, one may define ® uniquely on Zu; & Zv,
Zuy @ Zvy & 720 using the formulas above, and extend it by €Id on the orthogonal of this
lattice in Ayge to obtain an element of G.

The first congruence in (26) tells us that the identity on Pic(X) extended by —Id
on its orthogonal does not lift to an isometry of H?(X,Z). This means that the restriction
G — O7(Pic(X), gx) is injective. Moreover, the two congruences in (26) imply a = ¢ = ae
(mod g). If ¢ > 1, since n, hence also g, is odd, we get a = 1, hence the image of G is
contained in SO™(Pic(X), ¢x).

Assume « = 1. The relations (26) imply that a — ¢ is divisible by n and 2¢’, hence by their
least common multiple 2gn’e”. We write b = 2gb’ and a = 2gn’e”a’ + ¢ and obtain from the
equality a? — n/e”b? = 1 the relation

4g2n/2€//2a/2 4 4Egn’e/'a' — 49271/6”6,2,

hence
gn/e//a/2 _|_ Ea/ — gb/2
In particular, a” := a’/g is an integer and b = a”(ne’a” + ¢).

Since a > 0 and a” and ne’a” 4 ¢ are coprime, both are perfect squares and there exist
coprime integers r and s, with » > 0, such that

a' = §2 7 ne'a"—i—g:rQ : Y = rs.

Since —1 is not a square modulo n, we obtain £ = 1; the pair (r, s) satisfies the Pell
equation 72 — ne’s?> = 1, and a = 2ne’s?> + 1 and b = 2¢grs. In particular, either ne’ is not a
perfect square and there are always infinitely many solutions, or ne’ is a perfect square and
we get r =1 and s = 0, so that & = Id.

Assume o = —1. As observed before, we have g = 1, i.e., n and €’ are coprime. Using (26),
we may write b = 20 and a = 2d’¢’ — e. Since 2 { n and a = ¢ (mod n), we deduce
ged(a’,n) = 1. Substituting into the equation a* — ne’b? = 1, we obtain

d(ea —e)=nb?

hence there exist coprime integers r and s, with » > 0, such that ' = rs, @’ = s2, and
¢'a’ — e = nr?. The pair (r, s) satisfies the equation nr? — ¢’s> = —¢, and a = 2¢/s?> — ¢ and
b = 2rs. In particular, one of the two equations &, . (£1) is solvable. Note that at most one
of these equations may be solvable: if &, . (¢) is solvable, —ee’ is a square modulo n, while
—1 is not. These isometries are all involutions and, since n > 2 and € > 2, (§ %) is not one

of them. In particular, if ne’ is a perfect square, G = {Id}.

We now go back to the proof of the proposition. We proved that the composition
Aut(X) — G — O1(Pic(X), ¢x) is injective and, by the discussion in Section 4.1, so is the
morphism Bir(X) — G — O1(Pic(X), ¢x) (any element of its kernel is in Aut(X)).

Under the hypotheses of (a), both slopes of the nef cone are irrational (Section 3.7.3),
hence the groups Aut(X) and Bir(X) are equal and infinite (Theorem 4.6). The calculations
above allow us to be more precise: in this case, the ample cone is just one component of the
positive cone and the groups Aut(X) and G are isomorphic. The conclusion follows from the
discussions above.
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Under the hypotheses of (c), the slopes of the extremal rays of the nef and movable
cones are rational (Section 3.7.3) hence, by Theorem 4.6 again, Bir(X) is a finite group.
By [Og2, Proposition 3.1(2)], any non-trivial element ® of its image in O*(Pic(X)) is an
involution which satisfies ®(Mov(X)) = Mov(X), hence switches the two extremal rays of
this cone. This means ®(H + uL) = H F pL, hence ®(H) = H, so that ® = (} % ). Since
we saw that this is impossible, the group Bir(X) is trivial.

Under the hypotheses of (b), the slopes of the extremal rays of the nef cone are both
rational and the slopes of the extremal rays of the movable cone are both irrational (Sec-
tion 3.7.3). By Theorem 4.6 again, Aut(X) is a finite group and Bir(X) is infinite. The
same reasoning as in case (c¢) shows that the group Aut(X) is in fact trivial; moreover, the
group Bir(X) is a subgroup of Z, except when the equation &, /(1) is solvable, where it is
a subgroup of Z x Z/27Z.

In the latter case, such an infinite subgroup is isomorphic either to Z or to Z x Z/27Z
and we exclude the first case by showing that there is indeed a regular involution on a
birational model of X.

As observed in Appendix A, the positive solutions (a,b) to the equation &, 40 (—5)
determine an infinite sequence of rays R>o(2¢/bH + nal) in Mov(X). The nef cones of
hyperkahler fourfolds birational to X can be identified with the chambers with respect to
this collection of rays. In order to apply Lemma A.1 and show that the equation &7, 4/(—5)
has two classes of solutions, we need to check that 5 divides neither n nor ¢. We will use
quadratic reciprocity and, given integers r and s, we denote by (g) their Jacobi symbol.

Assume first 5 | €. Since the equation 2, (1) is solvable, we have () = 1; moreover,

sincen = —1 (mod 4), we have (%) = —1. The solvability of the equation &, 4o (—5) implies
(é) = (%), putting all that together contradicts quadratic reciprocity.

n

Assume now 5 | n and set n’ := n/5. Since the equation Z, (1) is solvable, we have
(%/) = 1; moreover, since n’ = —1 (mod 4), we have (Z—//) = —1. Since 5 1 ¢/, the equation
P 20e(—1) is solvable, hence (Sn—e,/) = 1; again, this contradicts quadratic reciprocity.

The assumptions of Lemma A.1 are therefore satisfied and the equation 2, 4./(—5)
has two (conjugate) classes of solutions. We can reinterpret this as follows. Let (r,s) be
the minimal solution to the equation £, (1); by Lemma A.2, the minimal solution to the
equation P, (1) is (a,b) := (nr?+¢€'s?, 2rs) and it corresponds to the generator R = (% <)
of SO*(Pic(X), ¢x) previously defined (we are in the case ged(n,e’) = 1).

The two extremal rays of the nef cone of X are spanned by xq := 2¢’b_5sH —na_sL and
x; = 2€'b_sH +na_sL, where (a_s,b_5) is the minimal solution to the equation &, 4./(—5).
If we set x;42 := R(x;), the fact the &, 4(—5) has two classes of solutions means exactly
that the ray R>oxo is “above” the ray R>(x;; in other words, we get an “increasing” infinite
sequence of rays

e < Rzoxfl < RZOXO < Rzoxl < R20X2 <L s

It follows from the discussion above that the involution R ({ % ) belongs to the group
G and preserves the nef cone of the birational model X’ of X whose nef cone is generated by
x; and Xp. It is therefore induced by a biregular involution of X’ which defines a birational
involution of X. This concludes the proof of the proposition. [l
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Remark 4.16. The case n = 3 and ¢’ = 2 where (Aut(X) = {Id} and Bir(X) ~ Z x Z/2Z)
was treated geometrically by Hassett and Tschinkel in [HT3]. Here is a table for the groups
Aut(X) and Bir(X) when n =3 and 2 < ¢’ < 11.

e’ 2 345|678 |9]10 11
Aut(X) Id Id|Id|Id|Z|1d|1d|Z| Z | Z~xZ/2Z
Bir(X) | ZxZ/2Z |1d |Id | Z |Z |1d | Z |Z | Z | ZXZ/2Z

When e = 3a® — 1, the pair (a,1) is a solution of %3 .(1), but neither &3 . (—1) nor,
when a # £1 (mod 5), H54(—5) are solvable (reduce modulo 3 and 5). Therefore, we have
Aut(X) = Bir(X) ~Z x Z/2Z.

5. UNEXPECTED ISOMORPHISMS BETWEEN SPECIAL HYPERKAHLER FOURFOLDS
AND HILBERT SQUARES OF K3 SURFACES

The nef cone of the Hilbert square of a polarized K3 surface (S, L) of degree 2e such
that Pic(S) = ZL was described in Example 3.16: its extremal rays are spanned by Ly and
Lo — v.0, where v, is a positive rational number that can be computed from the minimal
solutions to the equations ZZ.(1) or Py.(5).

We can use this result to parametrize some of the special divisors 2%2(13,)% C 2///2(2) We
let %5, be the quasi-projective 19-dimensional coarse moduli space of polarized K3 surfaces
of degree 2e (Theorem 2.7).

Proposition 5.1. Let n and e be positive integers and assume that the equation &.(—n)
has a positive solution (a,b) that satisfies the conditions
(27) % <v. and  ged(a,b) = 1.

The rational map
W Hye --2 2///2(3)
(S,L) — (S® bLy — ad),

where the divisibility v is 2 if b 1s even and 1 if b is odd, induces a birational isomorphism

onto an irreducible component of 2‘52(2)26. In particular, if n is prime and b is even, it induces
a birational tsomorphism

Hoe v 2D

The case n = 3 and e = m? +m + 1 (one suitable solution is then (a,b) = (2m + 1,2))
is a result of Hassett ([H]; see also [A]).

Proof. If (S, L) is a polarized K3 surface of degree 2¢ and K := ZL, ® Z6 C H*(S?,Z),
the lattice Kt is the orthogonal in H?(S,Z) of the class L. Since the lattice H*(S,Z) is
unimodular, K+ has discriminant —2e, hence S is special of discriminant 2e.

The class H = bLy — ad has divisibility v and square 2n. It is primitive, because
ged(a,b) = 1, and, if S is very general, ample on S? because of the inequality in (27).
Therefore, the pair (S, H) corresponds to a point of 2‘52(,1)26.
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The map w therefore sends a very general point of J#. to %2(;:,)2@- To prove that w is
generically injective, we assume to the contrary that there is an isomorphism ¢: S = /2
such that ¢*(bL), — ad’) = bLy — ad, although (S, L) and (S’, L) are not isomorphic. It is
straightforward to check that this implies p*¢’ # ¢ and that the extremal rays of the nef
cone of S are spanned by the primitive classes Ly and (*Lj. Comparing this with the
description of the nef cone given in Example 3.16, we see that e is not a perfect square,
©*Ly = a1 Ly — eby0 and p*(a; L, — eb1d') = Lo, where (ay, by) is the minimal solution to the
Pell equation Z.(1). The same proof as that of Proposition 4.9 implies e > 1, the equation
Z.(—1) is solvable and the equation Z,.(5) is not.

By Proposition 4.9 again, S has a non-trivial involution o and (p o 0)*(L}) = Ly
and (¢ o 0)*(§') = d. This implies that ¢ o ¢ is induced by an isomorphism (S, L) =(5’, L'),
which contradicts our hypothesis. The map w is therefore generically injective and since %5,

is irreducible of dimension 19, its image is a component of (52(2,)2@- When n is prime and b is

even, the conclusion follows from the irreducibility of 2‘52(2?26 (Proposition 3.24). O

Example 5.2. Assume n = 3. For e = 7, one computes v; = 28—1. The only positive solution

to the equation &77(—3) with b even that satisfy (27) is (5,2). A general element of 2‘56(721)4
is therefore isomorphic to the Hilbert square of a polarized K3 surface of degree 14. This is
explained geometrically by the Beauville-Donagi construction ([BD]).

Example 5.3. Assume n = 3. For e = 13, one computes 43 = %. The only positive
solutions to the equation Z;3(—3) with b even that satisfy (27) are (7,2) and (137,38). A
general element (X, H) of 2%6(722)6 is therefore isomorphic to the Hilbert square of a polarized
K3 surface (S, L) of degree 26 in two different ways: H is mapped either to 2L, — 70 or
to 38Ly — 1375. This can be explained as follows: the equation Z;3(—1) has a minimal
solution (18,5) and the equation Z5,(5) is not solvable (reduce modulo 5), hence S has
a non-trivial involution o (Proposition 4.9); one isomorphism S % X is obtained from the
other by composing it with ¢ (and indeed, 0*(2Ly — 76) = 38Ly — 1370). This is a case
where X is the variety of lines on a cubic fourfold, the Hilbert square of a K3 surfaces, and a
double EPW sextic! There is no geometric explanation for this remarkable fact (which also
happens for e € {73,157}).

Remark 5.4. The varieties .#5. are known to be of general type for e > 61 (|[GHS1]).
Proposition 5.1 implies that for any prime number n satisfying its hypotheses, the Noether—
Lefschetz divisors 2(52(2?26, which are irreducible by Proposition 3.24(2), are also of general
type. More precise results on the geometry of the varieties 2‘56(722)6 can be found in [Nu, TV, La]
(they are known to be of general type for e > 96 ([TV]) and unirational for e < 19 ([Nu])).

Corollary 5.5. Let n be a positive integer.

(1) Inside the moduli space 2///2(713, the general points of some component of each of the

infinitely many distinct hypersurfaces 2(5;?1)2(&2 )
integers such that (n,a) # (1,2), correspond to Hilbert squares of K3 surfaces.

(2) Assume moreover n = —1 (mod 4). Inside the moduli space 2///2(5), the general points

where a describes the set of all positive

of some component of each of the infinitely many distinct hypersurfaces 24 Pty
2n,2<a2+a+T)
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where a describes the set of all nonegative integers such that (n,a) # (3,1), correspond to
Hilbert squares of K3 surfaces.

In both cases, the union of these hypersurfaces is dense in the moduli space %2(1) for
the euclidean topology.

Proof. For (1), the pair (a,1) is a solution of the equation £, (—n), with e = a®> + n. We
need to check that the inequality a < v, in (27) holds.

If e is a perfect square, we have v, = /e and (27) obviously holds.

If e is not a perfect square and the equation Z,.(5) is not solvable, we have v, = eb—l

(Example 3.16). If the inequality (27) fails, since 12 = e bz =e— 5 =a’+n— =5, we have

a ay

2 <e/n. Since a? = eb? + 1 > e + 1, this is absurd and (27) holds in this case.
If the equation Z24.(5) has a minimal solution (as,0bs), we have v, = 2e Z—i (Exam-

ple 3.16). If the inequality (27) fails, we have again v? = 4622—§ = a*+n— 52 < a?,
5

hence aZ < 5e/n. Since a2 = 4eb? + 5, this is possible only if n = by = 1, in which case

a? = 4e +5 = 4a* + 9. This implies a5 > 2a, hence a? > 4a®> + 4a+ 1 and a < 2. If a = 1,

the integer 4a® + 9 is not a perfect square. If @ = 2, we have a5 = e = 5 and a = v,, but this

is a case that we have excluded. The inequality (27) therefore holds in this case.

For (2), the pair (2a+1,2) is a solution of the equation Z.(—n), with e = a*+a+ =+
and we need to check that the inequality a + 3 < v, in (27) holds.

If e is a perfect square, we have v, = /e and (27) holds.

If e is not a perfect square and the equation &4.(5) is not solvable, we have v, = eb—l

If the inequality (27) fails, since 12 = *2% bl =e— % =a’+a+ " — 5, we have a} < 4e/n

Since a? = 662 +1and n=—1 (mod 4) 'this is p0881ble only 1f n = 3 and by = 1, in which
case a% —a + a + 2. This implies a; > a, hencea >a?2+2a+1and a < 1. Ifa—O the
integer a? + a + 2 is not a perfect square. If @ = 1, we have a; = 2, e = 3, and a = v, but
this is a case that we have excluded (and indeed, <€6(6 is empty as noted in Example 3.26).
The inequality (27) therefore holds in this case.

If the equation Z4.(5) has a solution (as, bs), we have v, = 2e> b5 . If the inequality (27)
fails, we have again v2 = 4e*% Y~ ta+t nil 5 < (a+ ) hence a? < 20e/n. Since
5
a2 = 4ebZ+5, this is possible only if n =3 and b5 = 1, in which case a? = 4e+5 = 4a*+4a+9.
This implies a5 > 2a+ 1, hence a% > 4a®+8a+4 and a<1.Ifa=1,the mteger 4a? +4a+9
is not a perfect square. If a = 0, we have a5 = 3, e =1, and a = v, = = > a + —, so the
inequality (27) always holds.

Finally, the density of the union of the special hypersurfaces in the moduli space follows
from a powerful result of Clozel and Ullmo (Theorem 5.6 below). O

Theorem 5.6 (Clozel-Ullmo). The union of infinitely many Heegner divisors in any moduli

space " 2(3) 15 dense for the euclidean topology.
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Proof. This follows from the main result of [CU]: the space ™ 2(2) is a (union of components
of a) Shimura variety and each Heegner divisor Z, is a “strongly special” subvariety, hence

is endowed with a canonical probability measure 14, ;. Given any infinite family (Z,, )aen of
Heegner divisors, there exists a subsequence (a)ren, a strongly special subvariety Z C ™ 2(;:)

which contains Z,, for all £ > 0 such that (u%% )Jken converges weakly to iz ([CU, th. 1.2]).

For dimensional reasons, we have Z =" 2(3); this implies that J, Z,, is dense in ”%/2(3) .

Remark 5.7. It was proved in [MM] that Hilbert schemes of projective K3 surfaces are
dense in the coarse moduli space of all (possibly non-algebraic) hyperkéhler manifolds of
K3M_type.

APPENDIX A. PELL-TYPE EQUATIONS

We state or prove a few elementary results on some diophantine equations.
Given non-zero integers e and ¢t with e > 0, we denote by 2. (t) the Pell-type equation
(28) a’ —eb® =t,

where a and b are integers (the usual Pell equation is the case ¢t = 1). A solution (a, b) of this
equation is called positive if a > 0 and b > 0. If e is not a perfect square, (a,b) is a solution
if and only if the norm of a + by/e in the quadratic number field Q(+/¢) is t.

A positive solution with minimal «a is called the minimal solution; it is also the positive
solution (a,b) for which the “slope” b/a = 4/ — -5 is minimal when ¢ > 0, maximal when

¢t < 0. Since the function « — x + £ is increasing on the interval (y/|t], +00), the minimal
solution is also the one for which the real number a + by/e is > \/|t| and minimal.

Assume that e is not a perfect square. There is always a minimal solution (ag,b;) to
the Pell equation Z.(1) and if z; := a; + bi\/e, all the solutions of the equation ZZ(1)
correspond to the “powers” +a¥, for n € Z, in Z[\/e].

If an equation Z(t) has a solution (a,b), the elements +(a + by/e)x} of Z[\/e], for
n € Z, all give rise to solutions of Z.(t) which are said to be associated with (a,b). The set
of all solutions of . (t) associated with each other form a class of solutions. A class and its
conjugate (generated by (a, —b)) may be distinct or equal.

Assume that ¢ is positive but not a perfect square. Let (a,b) be a solution to the
equation Z,(t) and set x := a + by/e. If x = \/t, we have T = t/x = z, hence b = 0; this
contradicts our hypothesis that ¢ is not a perfect square, hence x # /1.

A class of solutions to the equation ZZ.(t) and its conjugate give rise to real numbers
which are ordered as follows*”

2

(29) <t < mlt <zt <3 < Vit <y < Ty < 2wy < Tt < prl < -

where z; = a; + bi\/e corresponds to a solution which is minimal and its class and its
conjugate. We have z; = z,z; if and only if the class of the solution (ay, b;) is associated with

4Since 0 < 21 < 1, we have 0 < actxfl < xy. Since x; corresponds to a minimal solution, this implies
xta:fl < \/f, hence Zix1 > V1t By minimality of x; again, we get T;x1 > x;.
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its conjugate. The inequality z; < Z;x; implies a; < a;a; — eb;by, hence

(30) 2<a1—1:a%—a1_ﬁ_a1—1 b_1

a; —  eby ea by a,  eaby  ap

This inequality between slopes also holds for the solution Z;x; in the conjugate class (because
(Zyx1)z7" = 7, < V/t) but for no other positive solutions in these two classes.

We will need the following variation on this theme. We still assume that ¢ is positive
and not a perfect square. Let (a}, b)) be the minimal positive solution to the equation P, ()
(if it exists) and set x, := a} + bj\/4e.*®

If by is even, (a,b;/2) is the minimal solution to the equation Z24.(1) and we obtain

from (30) the inequality

by b
AP
a;  2ap

(31)

As above, the only other solution (among the class of (a},b;) and its conjugate) for which
this inequality between slopes also holds is the “next” solution, which corresponds to Z}x;.

If by is odd, (a},b}) = (2eb? + 1,a,b;) is the minimal solution to the equation Z,.(1),
so that 2} = z2. The solutions associated with (a}, ;) correspond to the +x}z2" n € Z. We
still get from (30) the inequality

b, aj—1 (2ebi+1)—1 b

32 MY = =
(32) a, — 4deb) 4dea;by 2a,

which is in fact strict.* No other solution associated with (a},b}) or its conjugate satisfies
this inequality between slopes.

The following criterion ([N, Theorem 110]) ensures that in some cases, any two classes
of solutions are conjugate, so that the discussion above applies to all the solutions.

Lemma A.1. Let u be a positive integer which is either prime or equal to 1, let e be a
positive integer which is not a perfect square, and let € € {—1,1}. If the equation P.(cu) is
solvable, it has one or two classes of solutions according to whether u divides 2e or not; if
there are two classes, they are conjugate.

We now extend slightly the class of equations that we are considering: if e; and e, are
positive integers, we denote by &, ., (t) the equation

era® — exb? = t.

481f b, is even, we have ay = ag, by = by/2, and x} = x;. If ¢ is even, we have 4 | £, a; = 2ay/4, by = b4,
and x} = 2x;4. If by and ¢ are odd,
e cither by is even (and a; is odd) and the second argument of any solution of £, (t) associated with
(at, by) or its conjugate remains odd, so that the solution (a}, 2b}) of 2. (t) is in neither of these two
classes;
e or by is odd, we have a;by —a1by =a;+a1 =t+e+1+e=0 (mod 2), hence =}, = Tyx1.

49Since a; and by are relatively prime, the equality 2a1 b, = bya} implies that there exists a positive integer
c such that 2b, = cb; and a, = cay; plugging these values into the equation Z4.(t), we get t = 2, which
contradicts our hypothesis that ¢ is not a perfect square.
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Given an integral solution (a,b) to 2, .,(t), we obtain a solution (eja,b) to P.,.,(e1t). If
ey is square-free, all the solutions to &, .,(e1t) arise in this way; in general, all the solutions
whose first argument is divisible by e; arise. A positive solution (a,b) to &, .,(t) is called
minimal if a is minimal. If ejey is not a perfect square, we say that the solutions (a,b)
and (a',0') of P, .,(t) are associated if (eja,b) and (eja’,b’) are associated solutions of

Py en(e1t).

Let ¢ € {—1,1}; assume that the equation Z,, .,(c) has a solution (a.,b.) and set
T. = eja. + b.\/erez. Let (a,b) € Z? and set z := eja + by/e1e5. We have

xxe = er(ejaa. + exbb. + (ab + ab.)\/ei1e2) =: eqy,

where & = ejeyy. In particular, x is a solution to the equation Z,,.,(e;t) if and only if y is
a solution to the equation Z.,.,(ct). This defines a bijection between the set of solutions to
the equation 2., .,(t) and the set of solutions to the equation &, ., (ct) (the inverse bijection
is given by y — = = €Z.y).

The proof of the following lemma is left to the reader.

Lemma A.2. Let e; and ey be positive integers. Assume that for some ¢ € {—1,1}, the
equation P, ¢,(€) is solvable and let (a.,b:) be its minimal solution. Then, ejes is not a
perfect square and the minimal solution of the equation P.,.,(1) is (e1a®+esb?, 2a.b.), unless
epr=e=1o0re=—=1,

We now assume ¢ < 0 (the discussion is entirely analogous when ¢ > 0 and leads to the
reverse inequality in (35)) and —t is not a perfect square. Let (at, b;) be the minimal solution
to the equation Z,, .,(t) and set x; := eja;, + by\/€1e2, solution to the equation &, .,(e1t)
which is minimal among all solutions whose first argument is divisible by e;. We have as
in (30) the inequalities

(33) <t < T < Vet < a3y < —Tyry < mpwy <o
with xy = img by Lemma A.2. The increasing correspondence with the solutions to the

1

equation 22, ,,(ct) that we described above maps z,2;! to éxtxl_lxe =z and —Z; to

—éjtxa. Since the product of these positive numbers is —t, we have
1

(34) o <malt <Vt < ——Ta. <
€1

In particular, —éa‘ctxs corresponds to a positive solution, hence

Q¢ Qe

— < .

by b

Moreover, (a,b;) is the only positive solution to the equation 22, .,(t) among those appear-
ing in (33) that satisfies this inequality. When |¢| is prime, Lemma A.1 implies that any two

classes of solutions are conjugate, hence all positive solutions appear in (33), and (35) holds
for only one positive solution to the equation 2., ., ().

(35)

Finally, one small variation: we assume that (a.,b.) is the minimal solution to the
equation &, ., (e) but that (a, by) is the minimal solution to the equation &, 4,(t). Then

501t (a, b) is a solution to P, ., (t) and (a1, b;) is a solution to Z,,., (1), and if we set x; := a1 +by/e1€,
then (e1a + by/e1ez)x1 =: erd’ + b'\/e1ea, where (a’,b’) is again a solution to P, ¢, (t).
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we have
073 Qe

36 Zt e

(36) 2b; b

and, when |t| is prime, (a4, b;) is the only solution that satisfies that inequality. The proof

is exactly the same: since 2a.b. is even, x; still corresponds to the minimal solution to the

equation Py, .,(1); in (33), we have solutions to the equation Py .,(eit) and in (34), we

have solutions to the equation ., (ct), but this does not change the reasoning.

APPENDIX B. THE IMAGE OF THE PERIOD MAP (WITH E. MACRI)

In this second appendix, we generalize Theorem 3.27 in all dimensions. Recall the set
up: a polarization type 7 is the O(Aysim)-orbit of a primitive element h, of Aygm with
positive square and ™4, is the moduli space for hyperkéhler manifolds of K3™-type with a
polarization of type 7. There is a period map

or: "y —> P = O(Agimt, )\,

The goal of this appendix is to prove the following result.

Theorem B.1 (Bayer, Debarre-Macri, Amerik—Verbitsky). Assume m > 2. Let T be a
polarization type. The image of the restriction of the period map @, to any component of the
moduli space "My is the complement of a finite union of explicit Heegner divisors.

The procedure for listing these divisors will be explained in Remark B.5. The proof
of the theorem is based on the description of the nef cone for hyperkahler manifolds in
[BHT, Mo2] (another proof follows from [AV2]). We start by revisiting these results. Recall
(see (11)) that the (unimodular) extended K3 lattice is

KKg = U@4 © Eg<—1)®2.

Let X be a projective hyperkihler manifold of K3™-type. By [M2, Corollary 9.5], there is
a canonical O(Ags)-orbit [fx] of primitive isometric embeddings

Ox: H*(X,Z) — Ags.

We denote by vy a generator of the orthogonal of Oy (H2(X,Z)) in Ags. It satisfies v =

2m — 2. We endow Agsz with the weight-2 Hodge structure Ax for which fx is a morphism
of Hodge structures and vy is of type (1,1), and we set

Aalg,X = KX N Kﬁél,
so that NS(X) = G}I(Kalgx). Finally, we set

Sy = {s € Aagx | 8" > —2and 0 <s- vy < vi/2}.

The hyperplanes 05" (st) € NS(X) ® R, for s € .#x, are locally finite in the positive
cone Pos(X). The dual statement of [BHT, Theorem 1] is then the following (see also [BM2,
Theorem 12.1 and Theorem 12.2]).
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Theorem B.2. Let X be a projective hyperkihler manifold of K3 -type. The ample cone
of X is the connected component of

(37) Pos(X) ~ | 60x'(sh)

SES x

that contains the class of an ample divisor.

Note that changing vy into —vy changes .#x into —.%x, but the set in (37) remains
the same.

We rewrite Theorem B.2 in terms of the existence of certain rank-2 lattices in the
Néron-Severi group as follows.

Proposition B.3. Let m > 2. Let X be a projective hyperkihler manifold of K3™-type
and let hx € NS(X) be a primitive class such that h% > 0. The following conditions are
equivalent:

() there exist a projective hyperkihler manifold Y of K 30 _type, an ample primitive class
hy € NS(Y), and a Hodge isometry g: H*(X,Z) =~ H*(Y,Z) such that [0x] = [0y og]
and g(hx) = hy;

(i) there are no rank-2 sublattices Lx C NS(X) such that

[ hX € LX, and
o there exist integers 0 < k <m —1 and a > —1, and kx € Lx, such that

Qx(fix) —I—ICVX ~
20m = 1) € Aks.

Ky = 2(m —1)(4(m — 1)a — k?), kx -hx =0,

Again, if one changes vy into —vx, one needs to take —xx instead of kx.

Proof. Assume that a pair (Y, hy) satisfies (i) but that there is a lattice Ly as in (ii). The
rank-2 sublattice Ly := g(Lx) C H*(Y,Z) is contained in NS(Y'). We also let ky := g(kx) €
Ly and choose the generator vy := vx € Ags of H%(Y,Z)*. We then have

0 kvy  ~
K2 = 2(m—1)(4(m — Da— k%),  wy hy =0, sy = % € Ak

and
2

s? = 2a > —2, OSSY'VYZk’Sm—lz%/ sy - Oy (hy) = 0.

Y

Moreover, we have sy € Kalgy. By Theorem B.2, hy cannot be ample on Y, a contradiction.

Conversely, assume that there exist no lattices Lx as in (ii). By [M2, Lemma 6.22], there
exists a Hodge isometry ¢': H*(X,Z) = H*(X,Z) such that [fx o ¢'] = [x] and ¢'(hx) €
Mov(X). Since ¢'(hx) € NS(X) and ¢'(hx)? > 0, by [M2, Theorem 6.17 and Lemma 6.22)]
and [HT1, Theorem 7], there exist a projective hyperkihler manifold Y of K3[M-type, a
nef divisor class hy € Nef(Y), and a Hodge isometry ¢”: H*(X,Z) = H*(Y,Z) such that
[0x] = [0y 0 ¢"] and ¢"(¢'(hx)) = hy. Assume that hy is not ample. Since h? > 0 and hy is
nef, there exists by Theorem B.2 a class sy € .% such that sy -0y (hy) = 0. We set a := %sf/,
k :=sy - vy, and

Ky = 0;1 (2(m —1)sy — kvy) € H;I(Kalg,Y) = NS(Y).
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Let Ly be the sublattice of H?(Y,Z) generated by hy and ky. Then Lx := g~'(Ly) satisfies
the conditions in (ii), a contradiction. O

When m — 1 is a prime number, this can be written only in terms of H?*(X,Z).

Proposition B.4. Assume that p := m — 1 is either 1 or a prime number. Let X be a
projective hyperkéihler manifold of K3 -type and let hx € NS(X) be a primitive class such
that h3 > 0. The following conditions are equivalent:

(i) there exist a projective hyperkihler manifold Y of K 30 _type, an ample primitive class
hy € NS(Y), and a Hodge isometry g: H*(X,Z) =~ H*(Y,Z) such that g(hx) = hy;
(i) there are no rank-2 sublattices Lx C NS(X) such that
e hy € Lx, and
e there exist integers 0 < k < p and a > —1, and kx € Lx, such that

Ky = 2p(4pa — k?), kx -hx =0, 2p | divge(x,z)(kx).

Proof. As explained in [M2, Sections 9.1.1 and 9.1.2], under our assumption on m, there is

a unique O(Ags)-orbit of primitive isometric embeddings Aygim < Axs. This implies that
any Hodge isometry H?*(X,Z) = H?(Y,Z) commutes with the orbits [fx]| and [0y ].

We can choose the embedding 6: Ay gm — /~\K3 as follows. Let us fix a canonical basis

(u,v) of a hyperbolic plane U in Aks. We define # by mapping the generator ¢ of I;(—2p) to
u — pv. We also choose v := u + pv as the generator of Aégw.

By Proposition B.3, we only have to show that given a class kK € Ayym with divisibility
2p and such that x2 = 2p(4pa — k2), cither 0(k) + kv or O(—k) + kv is divisible by 2p in Ags.
Since divpyz(x,z)(k) is divisible by 2p, we can write k = 2pw + rf, with w € U & Fg(—1)%?
and r € Z. By computing k2, we obtain the equality

r? — k* = 2p(w?® — 2a).

2 2

In particular, r? — k? is even, hence so are r + k and —r + k. Moreover, p divides r? — k?,
hence also er + k, for some ¢ € {—1,1}. Then

0(ck) + kv = e2pf(w) + (er + k)u + (—er + k)pv
is divisible by 2p, as we wanted. O

Before proving the theorem, we briefly review polarized marked hyperkahler manifolds
of K3M-type, their moduli spaces, and their periods, following the presentation in M2,
Section 7] (see also [Apl, Section 1]).

Let ™90t be the (smooth, non-Hausdorff, 21-dimensional) coarse moduli space of marked
hyperkihler manifolds of K3™-type (see [Hu2, Section 6.3.3]), consisting of isomorphisms
classes of pairs (X,n) such that X is a compact complex (not necessarily projective) hy-
perkiihler manifold of K3M-type and n: H?(X,Z) =5 Aygm is an isometry. We let (901) ¢
be the family of connected components of ™9. By [M2, Lemma 7.5], the set t is finite and
is acted on transitively by the group O(Aysm).

Let h € Aggm be a class with h? > 0 and let t € t. Let mzm;j C ™M be the subset
parametrizing the pairs (X, n) for which the class ! (h) is of Hodge type (1,1) and belongs
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to the positive cone of X, and let mszj - mm,jj be the open subset where 77! (h) is ample
on X. By [M2, Corollary 7.3], mzm,jf is connected, Hausdorff, and 20-dimensional.

The relation with our moduli spaces ", is as follows. Let 7 be a polarization type
and let M be an irreducible component of "™.#,. Pick a point (X, Hy) of M and choose a
marking ng: H*(Xo, Z) = Ayaim- If ho := no(Hp), the O(Agqm )-orbit of hg is the polarization
type 7, and the pair (Xo,70) is in mmt;g“, for some ty € t. As in [M2, (7.4)], we consider the
disjoint union ’
M = H M
(hst)€O(A 51m))- (hosto)

It is acted on by O(Ayym) and, by [M2, Lemma 8.3], there is an analytic bijection
(38) M =" JO(Aggim).-

Proof of Theorem B.1. Let M be a irreducible component of ", . Pick a point (X, Hy) of
M and choose a marking n: H?(Xg,Z) = Aygim. As above, set hg := n9(Hp) € Aggm and
let ¢y € t be such that the pair (X, n0) is in msmﬁ“. Given another point (X, H) of M, by
0
using the bijection (38), we can always find a marking n: H?(X, Z) = Ayym for which (X, n)
is in mi)ﬁ;ol’a and H =n~!(hy).
0

By [M2, Corollary 9.10], for all (X,n) € ™0Mt%  the primitive embeddings
9)( o ’I’/_li AK3[m] — /A\/Kg

are all in the same O(K}qg)-OI'bit. We fix one such embedding 6 and a generator v € Axs
of O(Agsm)*. As in Proposition B.3, we consider the Heegner divisors Z, x in £, :=
6(AK3[m], ho)\$2;, where K is a primitive, rank-2, signature-(1,1), sublattice of Aygim such
that hy € K and there exist integers 0 < k <m — 1 and a > —1, and k € K with

0 k ~
(39) K2 = 2m —1)(A(m — Da— k),  r-hy=0, % € As.

There are finitely many such divisors. Indeed, since the signature of K is (1,1), we
have x? < 0. Moreover, we have 2 > 2(m — 1)(—=4(m — 1) — (m — 1)?), hence x> may take
only finitely many values. As explained in the proof of Lemma 3.23, this implies that there
only finitely many Heegner divisors of the above form.

We claim that the image of the period map
pr: M — P,

coincides with the complement of the union of these Heegner divisors. We first show the
image does not meet these divisors. Let (X, H) € M and, as explained above, choose a
marking 1 such that (X,n) € maﬁ;ﬁ“, where hg :=n(H). If (X,H) € 9, k, for K as above,
0

the lattice K C NS(X) satisfies condition (ii) of Proposition B.3, which is impossible.

Conversely, take a point x € Z2.. The refined period map defined in [M2, (7.3)] is
surjective (this is a consequence of [Hu2, Theorem 8.1]). Hence there exists (X, nx) € mim;ji’*
0

such that Hx := ny' (hg) is an algebraic class in the positive cone of X and (X, Hy) has
period point z. By [Hu2, Theorem 3.11], X is projective. We can now apply Proposition B.3:
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if x is outside the union of the Heegner divisors described above, there exist a projective
hyperkéhler manifold Y of K3™-type, an ample primitive class Hy, and a Hodge isometry
g: H*(X,Z) = H*(Y,Z) such that [0x] = [#y o g] and g(Hx) = Hy. By [M2, Theorem 9.8],
g is a parallel transport operator; by [M2, Definition 1.1(1)], this means that if 7y := no g™,
the pair (Y, ny) belongs to the same connected component ™9t of ™9N. Moreover, (Y, ny)
is in mfng“L and since 1! (hg) = Hy is ample, it is even in mszl;“ By (38), it defines a
point of M which still has period point x. This means that x is in the image of &, which
is what we wanted. 0J

Remark B.5. Let us explain how to list the Heegner divisors referred to in the statement
of Theorem B.1. Fix a representative h, € Ag4m of the polarization 7. For each O(/~XK3)—
equivalence class of primitive embeddings Aygpm — KK3,51 pick a representative # and a
generator v of Q(AKg[m])L. Let T be the saturation in KK;», of the sublattice generated by
0(h,) and v. By [Apl, Theorem 2.1], the abstract isometry class of the pair (T,0(h,))
determines a component M of ™., (and all the components are obtained in this fashion).
Now list, for all integers 0 < &k < m — 1 and a > —1, all 6(AK3[m], h.)-orbits of primitive,
rank-2, signature-(1,1), sublattices K of Ay such that h, € K and there exist k € K
satisfying (39).

The image @,(M) is then the complement in &, of the union of the corresponding
Heegner divisors Z; k. The whole procedure is worked out in a particular case in Example B.6
below (there are more examples in Section 3.11 in the case m = 2).

A priori, the image of o, may be different when restricted to different components M

of " M.

Example B.6. The moduli space 4///2(2) for hyperkahler manifolds of K3M-type with a
polarization of square 2 and divisibility 2 is irreducible (Theorem 3.5). Let us show that the

image of the period map 4p§2) is the complement of the three irreducible Heegner divisors

‘953, 1953, and 193,

We follow the recipe given in Remark B.5. The irreducibility of 4//12(2) means that we
can fix the embedding 0: Aygu — Aks and the class h = h, € Ayggw as we like. Let us

fix bases (u;,v;), for i € {1,...,4}, for each of the four copies of U in Aks. We choose the
embedding

Aggis = U @ Eg(=1)®2 @ [;(—6) — U @ Es(—1)%? = Ags

given by mapping the generator ¢ of I;(—6) to u; — 3v;. We also set v := uy + 3v; (so that
vt = Agau) and b= 2(ug + v2) + L.

As explained in Remark B.5 (and using Proposition B.4), the image of the period map
is the complement of the Heegner divisors of the form %, g, where K is a primitive, rank-2,
sublattice of Ay« such that h € K and there exist integers 0 < k& < 3 and @ > —1, and
k € K with

K* = 6(12a — k*) < 0, Kk-h=0, 6 | diva g, (#)-

51When m — 1 is prime or equal to 1, there is a unique equivalence class; in general, the number of
equivalence classes is the index of O(Aygmm) in OF (Aggim), that is 2max{e(m=1)=1.0} (Section 3.8 or [M2,
Lemma 9.4]).



64 O. DEBARRE

The last relation implies that we can write kK = 6w + bf, with w - £ = 0, and the equality
k- h = 0 implies

0=12w - ('LL2 + ’Ug) - 6b,
so that b is even. In particular, x? = 36w? — 6b? is divisible by 4 and k is even, so that
k € {0,2}. The only possible pairs (a, k) are therefore (0,2), (—=1,0), and (—1,2) and a
straightforward computation shows that the corresponding classes x can be taken to be

k= 2(3vy — (u1 — 3vy)), Kk = 6(ug — v), Kk = 2(3ug + 6us + 2(u; — 3vy)),
The associated primitive classes Kpim satisfy

2 _ 2 _ 2 _
Kprim = _67 Koprim = _27 Kprim = —24

and the primitive lattices K = Zh @ Zk i have intersection matrices

6% G5 ()

The discriminant of K+ is equal to —2, —6, and —8, respectively. One checks that the
divisors 4.@2(?2) : 4.@2(%) , and 4.@2(728) are irreducible (alternatively, one can use the strange duality
isomorphism 44@2(2) :>Q<9Zé2) between period domains and note that it sends the Heegner
divisors 4.@2(?2) : 4.@2(?(5) , and 492% to the Heegner divisors 2.@(%) : 2.@&) , and 29(%7 which were
proved in [H] to be irreducible). This concludes the proof.

Remark B.7. The ample cone of a projective hyperkéhler fourfold of K3-type was already

described in Theorem 3.14. This description involved only classes s € .%x such that s? = —2
and s - vy € {0,1}. We still find these classes in higher dimensions ([Mol, Corollary 2.9]):

e classes s with s> = —2 and s - vy = 0; in the notation of Proposition B.3, we have
a = —1, k=0, and Ox(kx) = 2(m — 1)s, and the lattice Zh & Zmﬁx has
2
intersection matrix 0 _2> but may or may not be primitive;
e classes s with s> = —2 and s - vx = 1; in the notation of Proposition B.3, we have

a=—1,k=1,and Ox(kx) = 2(m — 1)s — vx; the lattice Zh ® Zr x has intersection

. [h? 0 o
matrix (0 —9(m — 1)(4m — 3) and may or may not be primitive.

When m € {3,4}, complete lists of possible pairs (2, div(k)) are given in [Mol, Sec-
tions 2.2 and 2.3
e when m = 3, we have
(K%, div(k)) € {(=2,1),(—4,2),(—4,4),(—12,2),(—36,4)};
e when m = 4, we have
(k% div(k)) € {(=2,1),(—6,2),(—6,3),(—6,6), (—14,2), (24, 3), (—78,6)}.

Depending on m and on the polarization, not all pairs in these list might occur: in Exam-
ple B.6 (where m = 4), only the pairs (=6, 3), (=2, 1), and (—24, 3) do occur.

Whenever m — 1 is a power of a prime number, the pair (k% div(k)) = (=2m — 6,2) is
also in the list ([Mol, Corollary 2.9]): in our notation, it corresponds to s? = 2a = —2 and
s-vx=k=m—1.
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When the divisibility v of the polarization h is 1 or 2, we list some of the Heegner
divisors that are avoided by the period map.

Proposition B.8. Consider the period map
oS AT — O(Lygaimt, b )\ Qs
When v = 1, the image of mpgij does not meet

e v of the components of the hypersurface m.@én on(m—1)’ where v € {0,1,2} is the

number of the following congruences that hold: n+m =2 (mod 4), m =2 (mod 4),
n=1 (mod 4);

e one of the components of the hypersurface m@% Sn(m—1)>

(1)

e when m — 1 is a prime power, one component of the hypersurface ™%, 9(m—1)(m+3)n"

When v =2 (so that n +m =1 (mod 4)), the image of mpgi) does not meet

e one of the components of the hypersurface m@% n(m—1)>

e when m — 1 is a power of 2, one component of the hypersurface m.@( )(m 1) (m3)n/2"
Proof. No algebraic class with square —2 can be orthogonal to h, (see Remark B.7). As in
the proof of Theorem 3.27, there is such a class x if and only if the period point belongs

to the hypersurface m@éx?}(, where K is the rank-2 lattice with intersection matrix (%' %).

This hypersurface is a component of m@él?d, where d := | disc(K*)| can be computed using
the formula
K2 disc(ht)
d=|—7s"
s

from [GHS3, Lemma 7.5] (see (17)), where s := div,.(x) € {1, 2}.

Assume v = 1, so that D(ht) ~ Z/(2m — 2)Z x Z/2nZ (see (6)). As in the proof of
Proposition 3.24, we write & = a(u — nv) + bl 4 cw, so that 1 = —1x? = na® + (m — 1)b? +
(3w?)c?, and s = ged(2na, 2(m — 1)b,¢) is 1 if ¢ is odd, and 2 otherwise.

If s =1, we have d = 8n( — 1) and k, = 0, and, by Eichler’s criterion, this defines
an irreducible component of 2‘@271 Sn(m—1) (to prove that it is non-empty, just take a = b = 0,
c=1, and w? = —2).

If s =2, we have d = 2n(m — 1) and &, has order 2. More precisely,

(0,n) if a is odd and b is even;
K« =4 (m—1,0) if ais even and b is odd;
(m—1,n) if a and b are odd.
Conversely, to obtain such a class x with square —2, one needs to solve the equation na? +
(m—1)b*+7rc? = 1, with c even and r any integer. It is equivalent to solve na?+(m—1)b* = 1
(mod 4) and one checks that this gives the first item of the proposition.
Assume 7 = 2, so that disc(hf) = n(m — 1) (see (7)) and d = Zn(m — 1) € {2n(m —
1), W} As in the proof of Proposition 3.24, we may take ht = Zw, ® Zw, & M, with
wy = (m—1)v+ ¢ and wy := —u + ’”%T_lv and write kK = aw; + bwy + cw. The equality
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k? = —2 now reads 1 = a(a +b)(m — 1) + b*(22=1) — ¢*(1w?), and again, s = 1 if ¢ is odd,
s =2 if ¢ is even.
D

L 2n(m—1)’ since it corre-

Again, the case s = 1 gives rise to a single component of 2@2(
sponds to k, = 0 (take a = b =0 and ¢ = 1).%?

Assume now that m — 1 is a prime power. In that case, no algebraic class with square
—2m — 6 and divisibility 2 can be orthogonal to h, (see Remark B.7). Assume that there is
such a class k.

When v = 1, keeping the same notation as above, we need to solve na® + (m — 1)b* +
(3w?)c? = m + 3, with a and ¢ even. Just taking ¢ = 2, @ = 0, and b = 1 works, with
d = 8(m+3)n(m—1)
v

= G DR = 2(m — 1)(m + 3)n. In the notation of Example B.6, we may take
=u+ (m—1uv, { =u —(m—1)vy, h =ug +nvg, K = (m —1)(2(ug — v3) + ¢), and

S =uz — vz + U.
When v = 2, we need to solve a(a + b)(m — 1) + b?(*2=1) — 2 (Jw?) = m + 3,

with a(m — 1) and ¢ even, and d = gcj((;:L;r,z)(%Till)?c)Q | (m — 1)(m + 3)n/2, so that both
n and m — 1 are even. In that case, take ¢ = 2, b = 0, and @ = 1. In the notation of
Example B.6, we may take v =u; + (m—1)vy, £ = uy — (m—1)vy, h = 2(us + “2=10,) 4 £,

k= (m—1)((m—1)vs + 2(us — v3) + £), and s = vy + uz — v3 + . O

B.1. The period map for cubic fourfolds. Let .Z., be the moduli space of smooth
cubic hypersurfaces in P°. With any cubic fourfold W, we can associate its period, given
by the weight-2 Hodge structure on ngim(I/V, Z). The Torelli Theorem for cubic fourfolds
([Vo2]) says that the period map is an open embedding. By [BD, Proposition 6], there is
a Hodge isometry Hp,;, (W, Z)(—1) ~ H2,, (F(W),Z). Hence, we can equivalently consider
the period map for (smooth) cubic fourfolds as the period map of their (smooth) Fano
varieties of lines, which are hyperkahler fourfolds of KS[Z]—type with a polarization of square

6 and divisibility 2. The latter form a dense open subset in the moduli space 2///6(2).

By [DM, Theorem 8.1], the image of the corresponding period map 2//[6(2) — 299 is

exactly the complement of the Heegner divisor 29&2‘ The description of the image of the
period map for cubic fourfolds, which is smaller, is part of a celebrated result of Laza and
Looijenga ([Laz, Lo]).

Theorem B.9 (Laza, Looijenga). The image of the period map for cubic fourfolds is the
complement of the divisor 2@0%) U 2@&).

It had been known for some time (see [H]) that the image of the period map for cubic
fourfolds is contained in the complement of 2@(%) U 2@&).

We will present a new simple proof (due to Bayer and Mongardi), based on Theo-
rem B.1, of a weaker form of Theorem B.9.

2[f s = 2, we have d = n(m —1)/2, so that both n and m — 1 are even, and we need to solve a(a +b)(m —
1) + b?(2+2=1) = 1 (mod 4). The reader is welcome to determine the number of solutions of this equation
and see how many different elements of order 2 in the group D(h:) (which was determined in footnote 17)
are obtained in this way in each case. This will produce more hypersurfaces avoided by the image of the
period map.



HYPERKAHLER MANIFOLDS 67

Proposition B.10 (Bayer, Mongardi). The image of the period map for cubic fourfolds
contains the complement of 2, (2) 2.@é6 9(2)

Before giving a brief idea of the proof of the proposition, we recall a construction from
[LLSvS]. Let W be a smooth cubic fourfold that contains no planes. The moduli space of
twisted cubic curves on W gives rise (after contraction) to a hyperkéhler eightfold X (W) €

4//4” (see Section 3.6.3). There is an anti-symplectic involution on X (W) whose fixed locus
has exactly two (smooth and 4-dimensional) connected components, and one of them is
the cubic W itself. The varieties F(W) and X (W) are “strange duals” in the sense of
Remark 3.21.

This follows from a more general “strange duality” statement as follows. Consider the
Kuznetsov component #u(W) of the derived category D°(W) ([Ku]). As explained in [AT,
Section 2|, with such category, one can associate a weight-2 Hodge structure on the lattice

AKg, we denote it by AW Moreover, there is a natural prlmltlve sublattice Ay — Aalg w; we
denote its canonical basis by (uq, uz)' it satisfies u? = u3 = 2 and uy - up = —1.

Let o9 = (%, Zy) be the Bridgeland stability condition constructed in [BLMS, Theorem

1.2]. Given a Mukai vector v € Kalg,Wy we denote by M,,(v) the moduli spaces of o¢-
semistable objects in 2% with Mukai vector v. If there are no properly oy-semistable objects,
M,,(v) is, by [BLMNPS], a smooth projective hyperkihler manifold of dimension v+ 2 and
there is a natural Hodge isometry H?(M,,(v),Z) ~ v* such that the embedding 0 M,y (v) CaN

be identified with 6, : v+ < Aks. Moreover, there is by [BM1] a natural ample class £y, (V)
on My, (v).

By [LPZ], there are isomorphisms F(W) ~ M, (u;) and X (W) ~ M, (uq + 2us).
Moreover, possibly after multiplying by a positive constant, the class £, (u1) on M, (uq) (re-
spectively, the class €y, (u; +2X) on M, (u1 + 2uz)) corresponds to the Pliicker polarization
on F(W) (respectively, to the degree-2 polarization on X (W)). Finally, an easy computation
shows l,,(u1) = O, (U1 + 2us) and ly,(uy + 2us) = 4,420, (u1). The strange duality state-
ment follows directly from this: the periods of both polarized varieties are identified with
the orthogonal of the A, sublattice. We notice that, in this example, this gives a precise
formulation of the strange duality between polarized hyperkéhler manifolds in terms of Le
Potier’s strange duality ([Le]) between the two moduli spaces (on a non-commutative K3
surface).

Sketch of proof of Proposition B.10. By Proposition 4.3, any eightfold X in the moduli space
4///2(2) has an anti-symplectic regular involution. Upon varying the eightfold in the moduli
space, the fixed loci form a smooth family. In particular, since, when X = X (W), the fixed
locus contains a copy of the cubic fourfold W, and any smooth deformation of a cubic fourfold
is a cubic fourfold as well (this is due to Fujita; see [IP, Theorem 3.2.5]), there exists for any

X e 4.//2(2) a smooth cubic fourfold Wx C X fixed by the involution, and the periods of W
and X are compatible because they are strange duals, as explained above.

By Example B.6, the image of the period map for 4///2(2) is exactly the complement
of the union of the Heegner divisors 4.@2(?2), 4.@2(?6, 1g82) s, and these divisors correspond by
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strange duality to the (irreducible) Heegner divisors 2.@&22), 2.@6%), and 2.@&2 in the period
domain of cubic fourfolds. O
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