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Foreword
High-dimensional data are now collected in ambient spaces RD whose dimension may
be large. This is the case in image analysis, genomics, neuroscience, sensor networks,
natural language processing, and many other fields. From a classical non-parametric
viewpoint, such a setting requires further structure: the sample size needed for density
estimation, regression, classification, or support recovery typically deteriorates exponen-
tially with the ambient dimension. This phenomenon, often referred to as the curse of
dimensionality [Bel61, Sto85], is not merely a technical issue, but a statistical limitation
to unstructured high-dimensional inference.

One way to address this difficulty is to assume that the data-generating mechanism has
a lower effective dimension than the ambient one. In parametric statistics, this idea often
appears as sparsity: after choosing a coordinate system, only a few coordinates are relevant.
In the non-parametric problems considered in this memoir, the analogous assumption is
geometric and coordinate-free. The object to be learned has a small intrinsic dimension,
measuring the number of local degrees of freedom, and some intrinsic regularity, describing
how the local structure varies. The manifold hypothesis is one such model: the data are
assumed to concentrate on, or near, a low-dimensional geometric object whose dimension
is much smaller than that of the ambient representation.

This viewpoint is natural because it does not prescribe chosen ambient coordinates.
A manifold encodes nonlinear constraints and correlations among the observed variables:
locally, the data vary along a few directions and are constrained in the remaining ones,
but these directions may rotate from point to point. Thus, the manifold hypothesis can
be seen as a non-parametric, coordinate-free version of sparsity. It can describe curved
supports, implicit constraints, and local charts, while allowing rates governed by intrinsic
rather than ambient dimension.

There is also empirical motivation for such a model. In image datasets, variation may
be driven by a small number of physical parameters such as pose, illumination, or camera
position; in single-cell transcriptomics, high-dimensional expression profiles may reflect
low-dimensional differentiation processes; in population genetics, genotype data may reveal
geographic structure; and in neuroscience, neural activity has been observed to organize
along low-dimensional topological patterns [GBS05, PSW+18, NJB+08, LLN+08, GHP+22].
Further examples arise in wireless sensor networks, visual speech recognition, drug discovery,
RNA sequencing, and human motion synthesis [PH04, BO95, RS12, MSIB+18, LE06].
Such examples do not imply that all high-dimensional data lie on smooth manifolds, but
they suggest that many observed datasets inherit geometry from lower-dimensional latent
mechanisms.

v
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Recent work also provides a structural explanation for this phenomenon. White-
ley [WGRD24] shows that manifold-like structure can emerge from latent metric models,
where high-dimensional observations are indexed by an underlying latent space. In this
setting, the geometry visible in the data is not imposed directly as a geometric axiom; it
is produced by correlations across the latent domain. Under mild assumptions, the ob-
served cloud retains the topology of the latent space, and under stronger stationarity-type
assumptions it can even retain its metric structure, up to controlled deformation. This
provides a statistical motivation for the manifold hypothesis: low-dimensional geometry
may arise from basic ingredients such as latent variables, correlation, smoothness, and
stationarity, rather than from an ad hoc geometric postulate [WGRD24, Aam26].

The purpose of this memoir is to present several contributions to the statistical analysis
of such structured high-dimensional models. The guiding question is the following.
Under which structural and regularity assumptions can features of a distribution be estimated,
reconstructed, or generated, and when is the statistical complexity governed by intrinsic
rather than ambient dimension?

This question is broad. It appears in different forms depending on the object of
interest. In geometric inference, the unknown object may be a support, a tangent bundle, a
curvature tensor, a reach, a boundary, an intrinsic metric, or a stratification. In generative
modeling, it may instead be a generator, a score field, Markovian dynamics, or a controlled
probability path. In both cases, a similar statistical tension appears: one has to identify a
representation that is rich enough to describe the object, but stable enough to be estimable
non-asymptotically, i.e. from finitely many observations.

Here, the low-dimensional structure itself is unknown, and part of the statistical
problem is to determine which of its features are estimable, at which rates, and under
what regularity assumptions.

This habilitation thesis is organized into two parts.
– Chapter 1 is devoted to geometric inference.
– Chapter 2 is devoted to generative modeling.
This separation is expository. The common theme is the role played by intrinsic dimension
and intrinsic regularity in non-parametric inference. In the first part, geometry is estimated
explicitly. In the second, it is encoded implicitly through transport maps, vector fields, or
stochastic dynamics.

Geometric inference
The first part concerns estimating geometric structures from point clouds. A standard
explanation for the success of many high-dimensional learning methods is the manifold
hypothesis: observations in RD are assumed to concentrate on, or near, a d-dimensional
submanifold M ⊂ RD, with d ≪ D [BCV13, WGRD24]. In this setting, the support M
represents the nonlinear constraints satisfied by the data, while d represents the effective
number of local degrees of freedom.
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The statistical problem is then to recover information on M from a finite sample.
Depending on the question, this may mean estimating M in Hausdorff distance, recovering
its topology, estimating tangent spaces, curvature, intrinsic distances, or global regularity
parameters. A key parameter is the reach of Federer [Fed59]. Positive reach simultaneously
controls curvature and rules out near self-intersections. It is therefore a scale parameter
for geometric and topological stability, and appears in manifold estimation and homology
inference [GPPVW12, NSW08, KZ15].

Several of the works presented here study what can be estimated under reach-type
assumptions. In [AL18], Tangential Delaunay Complexes are made stable under statistical
perturbations and yield minimax-optimal manifold reconstruction of C2 submanifolds.
Because of the instability of Delaunay constructions, the focus then shifts in [AK22, AK21]
from sample complexity to access models, robustness, privacy, and statistical query
complexity. In [AL19], non-asymptotic rates are derived for the estimation of the manifold,
its tangent spaces, and its curvature under higher-order Ck smoothness assumptions. The
reach itself is studied as an unknown parameter in [AKC+19], where its estimation is
related to a decomposition into local curvature and global bottleneck effects. In [ABL23],
reach estimation is connected with intrinsic metric learning, showing that some global
geometric quantities can be replaced by metric surrogates.

The assumptions of no boundary and positive reach are restrictive, and the chapter
then turns to models where they are weakened. Manifolds with boundary are considered
in [AAL23], where boundary detection and support reconstruction are treated jointly.
Finally, [AB24] studies unions of manifolds with possible intersections and varying di-
mensions. In such models, the global reach may vanish, and several classical geometric
quantities are no longer identifiable. Still, dimension-wise clustering and reconstruction
remain possible under local curvature and volume assumptions.

Thus, this chapter is organized as a progression from smooth manifolds with positive
reach to less regular geometric models. The aim is not to promote a single geometric
assumption, but rather to clarify which assumptions make which statistical tasks possible.

Generative modeling
The second part concerns generative modeling and distribution estimation. Here the
geometry of the data is no longer necessarily reconstructed as a set. It can instead be
represented by a map pushing forward a simple latent distribution, by a score field along
a diffusion path, or by the infinitesimal generator of a Markov process. The target is then
represented implicitly: one estimates a mechanism that produces samples from the target
distribution.

Depending on the model, the relevant complexity may be governed by latent dimension,
ambient dimension, smoothness, or the stability of the associated dynamics. The same
question therefore reappears: which representation makes the distribution both expressive
enough for modeling and stable enough for estimation from finitely many samples?

In [SAL24], Wasserstein GANs are studied as distribution estimators. The analysis
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shows how minimax rates depend on the regularity of the target distribution and on the
integral probability metric used to compare distributions. This provides a connection be-
tween geometric ideas and generative methods: the generator is an implicit low-dimensional
representation of the distribution.

Score-based generative models give another connection. In these models, the target
distribution is approximated by simulating a learned reverse-time dynamics, and the main
statistical object is the score of the intermediate laws. In [SAL25], minimax guarantees
are obtained by combining regularity properties of the score with stability estimates for
stochastic differential equations. The same dynamical viewpoint is pursued in [APL+25],
where diffusion guidance is formulated as a stochastic optimal control problem, and
in [AS26], where Markovian generative procedures are studied through their infinitesimal
generators.

These works suggest that generative modeling can be viewed as an implicit form of
geometric inference: rather than estimating the data geometry directly, one estimates
dynamics whose trajectories encode aspects of it.



Chapter 1

Geometric inference

This chapter studies the statistical recovery of geometric structure from point clouds.
The question is which geometric quantities of an unknown low-dimensional support can
be estimated at rates governed by its intrinsic dimension and regularity. Bridging the
gap between the manifold hypothesis and noisy, discrete observations is usually called
geometric inference. The goal can be to estimate the unknown support M , its topology, its
intrinsic metric, or its differential quantities from a finite sample X1, . . . , Xn ∈ RD, while
establishing statistical limits of these tasks.

To make geometric inference statistically well-posed, bounding the curvature is insuffi-
cient; one also needs to rule out near self-intersections. A regularity parameter combining
these constraints is the reach. A strictly positive reach τM > 0 acts as a generalized
convexity parameter: it rules out narrow bottlenecks and uniformly bounds the maximal
curvature, which is used in minimax manifold estimation.

This chapter tracks a progressive relaxation of these geometric and statistical constraints
to better reflect less idealized data models. We begin within the classical framework
of smooth boundaryless manifolds with positive reach, establishing minimax optimal
estimators for local differential quantities and global metric properties. We then expand
the theory to handle manifolds with boundaries, adversarial noise in the Statistical
Query (SQ) framework, and finally stratifications of manifolds with mixed dimensions and
intersections.

1.1 The reach and its geometric consequences
Among geometric constraints, the reach is one of the main regularity and scale parameters.
It provides a generalized notion of convexity, restricts the maximal curvature of the
manifold, and precludes the existence of arbitrarily narrow bottleneck structures. In this
section, we review the origin of the reach, present several equivalent formulations and its
main geometric properties, and detail why it is used in geometric inference, notably for
deriving minimax rates.

1



CHAPTER 1. GEOMETRIC INFERENCE 2

1.1.1 Reach as generalized convexity
The concept of the reach was first introduced by Herbert Federer in his paper [Fed59]
within the framework of geometric measure theory. Federer sought to generalize the classic
Steiner formula—which expresses the volume of a tubular neighborhood of a convex set
as a polynomial in the radius—to a larger class of non-convex sets. To achieve this, it
was necessary to formalize a class of sets that behave locally like convex sets, meaning
that points in their immediate ambient neighborhood possess a unique nearest metric
projection on the set itself.

To formalize this notion, one must first define the medial axis, which identifies the
ambient locations where the uniqueness of the projection is no longer directly applicable.

Definition 1.1 (Medial Axis [Fed59]). Let A ⊂ RD be a closed subset. The medial axis
of A, denoted by Med(A), is defined as the set of points in the ambient space that have at
least two distinct nearest neighbors on A. Formally,

Med(A) =
{
z ∈ RD | ∃p ̸= q ∈ A, ∥p− z∥ = ∥q − z∥ = dist(z, A)

}
.

The reach is subsequently defined as the minimal distance separating the set A from
its medial axis.

Definition 1.2 (Reach [Fed59]). The reach of a closed subset A ⊂ RD, denoted by τA, is
defined as:

τA = inf
p∈A

dist (p,Med(A)) = inf
z∈Med(A)

dist (z, A) .

By construction, the metric projection map πA(x) = arg minp∈A ∥p− x∥ onto A is
well-defined and unique strictly outside the medial axis Med(A). Consequently, the reach
τA corresponds to the largest radius r ⩾ 0 such that πA is uniquely defined on the entire
open r-offset

Ar :=
{
x ∈ RD | dist(x,A) ⩽ r

}
.

The reach acts as a generalized convexity parameter: a closed subset A ⊂ RD is
convex if and only if τA = ∞ [Fed59]. For general sets, possessing a strictly positive reach
(τA ⩾ τmin > 0) is often used as a regularity condition in geometric measure theory and
integral geometry, allowing the definitions of generalized normal cones, tangent cones, and
curvature measures [Thä08].

1.1.2 Equivalent formulations for submanifolds
While Definition 1.2 applies broadly to any closed subset, its reliance on the global medial
axis, which is unstable under perturbations, is less convenient in statistical contexts. When
M ⊂ RD is a smooth submanifold, Federer established an equivalent formulation that only
involves the points of M and its tangent spaces [Fed59].
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τM

M

Med(M)

Figure 1.1: Illustration of the medial axis (dashed line) and the reach τM of a closed planar
curve M . The reach is the largest tubular radius below which every ambient point has a
unique nearest point on M .

Theorem 1.3 (Tangent Space Formulation [Fed59]). For any C2-submanifold M ⊂ RD,
the reach can be formulated equivalently as:

τM = inf
q ̸=p∈M

∥q − p∥2

2 dist(q − p, TpM) , (1.1)

where TpM denotes the tangent space of M at p.

This formulation asserts that τM ⩾ τmin > 0 if and only if dist(q− p, TpM) ⩽ ∥q−p∥2

2τmin
for

all p, q ∈ M . Geometrically, the ratio in (1.1) represents the radius of an ambient Euclidean
ball that is tangent to M at p and passes exactly through q (see Figure 1.2). Thus, the
reach bounds how fast the submanifold deviates from its best linear approximation.

M

p+ TpM

d (q − p, TpM)
‖q − p‖‖q−p‖2

2d(q−p,TpM)

C

q

p

Figure 1.2: Geometric interpretation of the ratio ∥q−p∥2

2 dist(q−p,TpM) . It exactly corresponds to
the radius of an ambient ball tangent to M at p whose boundary passes through q.

More recently, [BLW19] established a purely metric characterization of the reach based
on geodesic distortion. Let dM(p, q) denote the intrinsic geodesic distance between p and
q on M . The reach controls the maximum scale at which the intrinsic metric is tightly
controlled by the ambient Euclidean metric, specifically comparing it to the metric of a
sphere.

Theorem 1.4 (Metric Distortion Characterization [BLW19]). Let M ⊂ RD be a closed
submanifold. The reach of M is the supremum over all radii r > 0 such that the intrinsic
distance is bounded by the spherical distance at scale r:

τM = sup
{
r > 0 | ∀p, q ∈ M, ∥p− q∥ < 2r =⇒ dM(p, q) ⩽ 2r asin

(
∥p− q∥

2r

)}
.
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This metric distortion framework does not rely on the ambient space’s coordinate
system, characterizing the reach through the relation between the intrinsic metric and the
ambient embedding. This becomes particularly useful in graph-based manifold learning
algorithms that operate directly on distance matrices (e.g., Isomap [TDSL00]).

1.1.3 The local vs. global dichotomy
By inspecting the infimum in Theorem 1.3, one sees that the reach is driven by two distinct
geometric regimes: points that are infinitesimally close, and points that are macroscopically
far apart. This dichotomy is formalized in the following structural theorem, establishing
that the reach arises either from a global bottleneck or from maximal local curvature.

Theorem 1.5 (Global vs. Local Reach Dichotomy [AKC+19]). Let M ⊂ RD be a compact
submanifold with reach τM > 0. At least one of the following assertions holds:
– Global Case (Bottleneck): M has a reach-attaining bottleneck pair (q1, q2) ∈ M2.

That is, there exists z0 ∈ Med(M) such that q1, q2 ∈ ∂B(z0, τM) and ∥q1 − q2∥ = 2τM .
– Local Case (Curvature): There exists q0 ∈ M and an arc-length parametrized

geodesic γ0 such that γ0(0) = q0 and ∥γ′′
0 (0)∥ = 1

τM
.

M
τM

Med(M)

Figure 1.3: The local case: small reach
τM arises from an area of high curvature
(corresponding to a small minimal radius
of curvature).

M

Med(M)

τM

Figure 1.4: The global case: small reach
τM arises from a narrow bottleneck struc-
ture where M nearly self-intersects.

The distinction between local and global reach (Figure 1.3 and Figure 1.4) affects the
statistical complexity of parameter estimation. Minimax optimal rates for estimating τM

depend on which regime determines the reach. We establish in [ABL23] that this yields
slower rates for curvature-driven reach and faster rates for bottleneck-driven reach, which
motivates local-global adaptive estimators.

1.1.4 Properties conferred by a positive reach
Submanifolds satisfying τM ⩾ τmin > 0 satisfy several quantitative regularity guarantees.
These guarantees are metric and coordinate-free, and apply uniformly across the manifold,
allowing us to view the class of bounded-reach manifolds as a geometric analog to the
Hölder class C2(1/τmin) for classical functional regularity, supplemented by a global sepa-
ration condition preventing near self-intersections. We group these properties into several
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categories: differential bounds, metric equivalences, properties of the metric projection,
local topology, volume measure behavior, and stability constraints.

Differential and curvature bounds

By analyzing the local limit of Theorem 1.3, one obtains uniform bounds on the principal
curvatures of M . Let IIM

p : TpM × TpM → (TpM)⊥ denote the second fundamental form
of M at p.

Proposition 1.6 (Curvature Bound [NSW08]). Let M ⊂ RD be a compact d-dimensional
submanifold with reach τM ⩾ τmin > 0. For all p ∈ M and all unit vectors v ∈ TpM :∥∥∥IIM

p (v, v)
∥∥∥ ⩽ 1

τmin
.

Equivalently, if γ is any arc-length parametrized geodesic of M , then ∥γ′′(t)∥ ⩽ 1
τmin

for all
t.

A direct application of the Gauss equation to Proposition 1.6 bounds the sectional
curvatures κ of M , which gives − 2

τ2
min

⩽ κ ⩽ 1
τ2

min
. This limits the intrinsic warping of the

manifold and provides a strict lower bound on the injectivity radius, which is guaranteed
to be at least πτmin [AB06].

Metric equivalence: extrinsic vs. intrinsic distances

The absence of bottlenecks prevents the manifold from folding back on itself. Therefore,
locally, the ambient Euclidean distance ∥p− q∥ is locally comparable to the intrinsic
geodesic distance dM(p, q).

Lemma 1.7 (Metric Equivalence [NSW08]). Let M ⊂ RD be a compact submanifold with
reach τM ⩾ τmin > 0. For all p, q ∈ M such that ∥p− q∥ ⩽ τmin/2, the geodesic distance
dM(p, q) is uniquely defined, and we establish:

∥q − p∥ ⩽ dM(p, q) ⩽ τmin

1 −
√

1 − 2 ∥p− q∥
τmin

 .
Lemma 1.7 yields dM(p, q) ⩽ ∥p− q∥ + ∥p−q∥2

2τmin
+ O(∥p− q∥3). This equivalence is

important for geometric algorithms (such as Isomap [TDSL00] or tangential Delaunay
complexes [AL18]) that rely on ambient Euclidean distances as proxies for the unobservable
intrinsic metric.

Lipschitz continuity of the metric projection

The reach quantifies the maximal open neighborhood of a set on which the metric projection
is uniquely defined. For any r > 0, we recall that Ar = {x ∈ RD | dist(x,A) ⩽ r} denote
the open r-offset of A. When the reach is positive, Federer proved that the projection map
is not only unique on Ar for r < τA, but it is also locally Lipschitz.
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Proposition 1.8 (Lipschitz Projection [Fed59]). Let A ⊂ RD be a closed set with positive
reach τA > 0. For any ambient radius r < τA, the metric projection πA : Ar → A is
globally Lipschitz. Specifically, for any two points x, y ∈ Ar, we have:

∥πA(x) − πA(y)∥ ⩽
(

τA

τA − r

)
∥x− y∥ .

In statistical frameworks where data is corrupted by ambient noise, this Lipschitz
bound ensures that projecting points back onto the manifold does not arbitrarily inflate
the noise. Furthermore, this regularity yields that the squared distance function x 7→
dist2(x,A) is continuously differentiable on the open tubular neighborhood AτA , with
gradient ∇ dist2(x,A) = 2(x− πA(x)).

Local topology and contractibility

A positive reach imposes geometric constraints that affect the local and global topology
of the manifold. First, it implies that small tubular neighborhoods M r (r < τM) are
topologically equivalent to M , since M r strongly deformation retracts onto M via the
straight-line homotopy H(x, t) = (1 − t)x+ tπM (x). Moreover, the intersections of M with
small ambient Euclidean balls are topologically trivial.

Lemma 1.9 (Local Contractibility [NSW08]). Let M ⊂ RD be a compact submanifold
with reach τM ⩾ τmin > 0. For any x ∈ RD and any radius r <

√
3/5τmin, the ambient

intersection M ∩ B(x, r) is either empty or strongly contractible. In particular, for any
p ∈ M and r ⩽ τmin/2, the ambient intersection M ∩ B(p, r) is simply connected.

This contractibility property is used throughout topological data analysis. It guarantees
that suitable covers of M by ambient Euclidean balls form a good cover. Invoking the
Nerve Theorem, the Čech or Vietoris-Rips complexes built from a sufficiently dense sample
will then recover the homology of the underlying manifold M [NSW08].

Volume bounds and (a, d)-standardness

The reach also restricts the distortion of the volume measure on the manifold. By bounding
the second fundamental form, the reach controls the Jacobian of the exponential map
expp : TpM → M , relating the intrinsic Riemannian measure to the Lebesgue measure of
the tangent space.

Proposition 1.10 (Jacobian and Volume Measure [AL19, AAL23]). Let M ⊂ RD be
a d-dimensional compact submanifold with reach τM ⩾ τmin > 0. For any p ∈ M , let
Av = dv expp denote the differential of the exponential map at a vector v ∈ TpM . If
∥v∥ ⩽ πτmin

2
√

2 , the Jacobian J(v) =
√

det(A⊤
v Av) satisfies:

(
1 − ∥v∥2

6τ 2
min

)d

⩽ J(v) ⩽
(

1 + ∥v∥2

τ 2
min

)d

.
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Consequently, there exist absolute constants cd, Cd > 0, depending only on the intrinsic
dimension d, such that for all p ∈ M and all r ⩽ τmin/4:

cdr
d ⩽ Hd(M ∩ B(p, r)) ⩽ Cdr

d.

This property, often referred to as (a, d)-standardness, prevents singularities in the mass
distribution of M . If the data-generating distribution P admits a density bounded away
from zero with respect to Hd, Proposition 1.10 implies that the probability mass of any
ambient ball B(p, r) scales precisely as Θ(rd). This standardness condition is common in
non-parametric statistics on manifolds, as it controls the covering and packing numbers of
M , thereby determining the optimal sampling density and convergence rates of estimators.

Stability properties

As seen in Proposition 1.6, the inverse reach 1/τM plays the role of a curvature bound. It
is stable under smooth changes of ambient coordinates in the following quantitative sense.

Lemma 1.11 (Stability of reach under ambient diffeomorphisms [Fed59]). Let A ⊂ RD be
closed, with positive reach τA > 0, and let Φ : RD → RD be a C1-diffeomorphism. Assume
that Φ, Φ−1, and dΦ are Lipschitz, with respective constants K, N , and R. Then

τΦ(A) ⩾
1

N2 (K/τA +R) .

Equivalently,
1

τΦ(A)
⩽ N2

(
K

1
τA

+R
)
.

This estimate is the geometric counterpart of the usual C2 chain rule. Indeed, let
h = ψ ◦ f ◦ φ, where f : U ⊂ Rd → Rm, φ : Ũ → U is a C2-diffeomorphism, and ψ is a
C2-diffeomorphism of the codomain. Then∥∥∥d2h

∥∥∥
∞

⩽ C1(φ, ψ)
∥∥∥d2f

∥∥∥
∞

+ C2(f, φ, ψ),

where

C1(φ, ψ) = ∥dψ∥∞ ∥dφ∥2
∞ , C2(f, φ, ψ) = ∥dψ∥∞ ∥df∥∞

∥∥∥d2φ
∥∥∥

∞
+
∥∥∥d2ψ

∥∥∥
∞

∥df∥2
∞ ∥dφ∥2

∞ .

At the geometric level, write Γf = {(x, f(x)) : x ∈ U} ⊂ Rd × Rm, for the graph of f , and
define ambient warping

Φ(x, y) =
(
φ−1(x), ψ(y)

)
.

Then Φ(Γf ) = Γh. Federer’s estimate gives

1
τΓh

⩽ N2
Φ

(
KΦ

1
τΓf

+RΦ

)
,
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where, for the product Euclidean norm,

KΦ = max{
∥∥∥dφ−1

∥∥∥
∞
, ∥dψ∥∞}, NΦ = max{∥dφ∥∞ ,

∥∥∥dψ−1
∥∥∥

∞
}, RΦ = max{Lip(dφ−1),Lip(dψ)}.

Equivalently,
1
τΓh

⩽ Cgeom
1 (Φ) 1

τΓf

+ Cgeom
2 (Φ),

with
Cgeom

1 (Φ) = N2
ΦKΦ, Cgeom

2 (Φ) = N2
ΦRΦ.

Thus both estimates have the same structure: a second-order size is multiplied by first-
order distortion factors, then enlarged by the second-order size of the deformation. In the
functional setting this size is ∥d2f∥∞; in the geometric setting it is 1/τΓf

.

1.2 Boundaryless manifold inference under reach con-
dition

1.2.1 Local geometry recovery
C2 regularity and triangulations

Reconstructing the support M in Hausdorff distance requires bridging the gap between a
discrete point cloud Xn = {X1, . . . , Xn} and a continuous geometric structure. A standard
approach in computational geometry relies on simplicial complexes. With exact samples
and known tangent spaces, the Tangential Delaunay Complex (TDC) introduced by [BG14]
provides a triangulation that is ambient isotopic to M .

Before studying the statistical limits of manifold learning, it is insightful to decouple
the statistical randomness from the purely geometric reconstruction task. Our approach
uses a deterministic approximation theorem, which establishes that if a point cloud satisfies
specific local density and noise conditions, and is equipped with sufficiently accurate tangent
space estimates, then one can deterministically rebuild the manifold with guaranteed
topological and geometric fidelity.

Theorem 1.12 (Deterministic Manifold Reconstruction [AL18, AK22]). There exists a
dimension-dependent constant λd > 0 such that for all sampling scales ∆ ≤ λdτmin and all
closed submanifolds M ⊂ RD with reach τM ⩾ τmin > 0, the following holds.

Let X ⊂ RD be a finite point cloud and TX = {Tx}x∈X be a family of d-dimensional
linear subspaces of RD such that:
– Proximity: sample is η-close to M , meaning maxx∈X dist(x,M) ≤ η.
– Density: sample is ∆-dense in M , meaning supp∈M dist(p,X ) ≤ ∆.
– Alignment: tangents are θ-accurate, meaning maxx∈X

∥∥∥πTπM (x)M − πTx

∥∥∥
op

≤ sin θ.
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Assume that the precision components scale as sin θ ≲ ∆/τmin and η ≲ ∆2/τmin, and
X is additionally Ω(∆)-sparse. Then one can build a Tangential Delaunay Complex
M̂TDC = M̂TDC(X ,TX ) with vertices in X such that:
– Geometric Approximation: dH

(
M, M̂TDC

)
≲ ∆2

τmin
.

– Topological Guarantees: M and M̂TDC are ambient isotopic.

p

TpM

M̂TDC

≤ ∆

≤ ∆2

≤ ∆

Figure 1.5: Geometric requirements of Theorem 1.12: the point cloud X must densely
cover the manifold at scale ∆ (green), lie ∆2-close to it (red), and be equipped with tangent
estimates accurate up to angle ∆ (blue). The resulting Tangential Delaunay Complex M̂TDC

is built on top of X and its estimated tangent spaces, and provides an ambient isotopic
and geometrically tight reconstruction.

In [AL18], we establish that this topological faithfulness and geometric accuracy extend
to the statistical setting with noisy samples and estimated tangent spaces. The analysis
uses a global geometric interpolation result: given a δ-sparse point cloud X lying close to M
and a collection of approximate tangent spaces, we construct a smooth proxy submanifold
M ′ that exactly interpolates X and its assigned tangent spaces, while tightly controlling
the reach τM ′ ≳ τmin. This allows us to regard a noisy sample as an exact sample on the
proxy manifold M ′.

To translate this deterministic guarantee into a statistical framework, we simply need
to evaluate the high-probability bounds of the quantities ∆, η, and sin θ for an empirical
sample Xn:
– Proximity (η): Raw noiseless sample points are exactly on M , yielding η = 0 in a

noiseless setting. They could also be corrupted by small ambient additive noise.
– Density (∆): A sample of size n drawn from a volume-equivalent distribution P ∈

P2
τmin,L yields a uniform covering of M at scale ∆ ≍ (log n/n)1/d with high probability.
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– Alignment (sin θ): Using local Principal Component Analysis (PCA) over shrinking
neighborhoods of radius h ≍ (log n/n)1/d, we can estimate the tangent spaces with an
angular precision bounded by the maximal curvature, sin θ ≲ h/τmin ≍ ∆/τmin.
By combining the TDC with a farthest point sampling strategy for sparse covering

and a local PCA for tangent space estimation, we establish that the resulting simplicial
complex M̂TDC achieves the minimax optimal Hausdorff rate over C2 manifolds.

Theorem 1.13 (Minimax Optimality of Tangential Delaunay Complexes [AL18]). Let
the sample Xn be drawn from P ∈ P2

τmin,L. Then, for n sufficiently large, the local PCA
computed on neighborhoods of size h ≍

(
log n

n

)1/d
around each data point yields tangent

space estimators T̂1, . . . , T̂n satisfying

sup
P

E
[
max
1⩽i⩽n

∠
(
TXi

M, T̂i

)]
≲

(
log n
n

)1/d

Plugging them into the Tangential Delaunay Complex (see Theorem 1.12), we get an
estimator M̂TDC ⊂ RD which satisfies:

sup
P ∈P2

τmin,L

E
[
dH(M, M̂TDC)

]
≲

(
log n
n

)2/d

.

Furthermore, M̂TDC is ambient isotopic to M with high probability.

This result shows that optimal Hausdorff recovery, together with topological recovery,
can be achieved by computationally tractable triangulations. It should be emphasized,
however, that for noisy samples with amplitude σ, this result deteriorates (actually with
an additive term of order σ). It hence has to be seen as an interpolation strategy rather
than a denoising result.

Prior to this work, it was already established that if a sample forms a dense enough
cover relative to τM , the homology groups of M can be perfectly recovered by constructing
a Čech or Vietoris-Rips complex over the data [NSW08, ALS13]. However, it is the first
construction combining both an ambient isotopic reconstruction with tight Hausdorff
approximation.

As will be described later (see Section 1.3.3), the (global) topology recovery of M
does indeed require a global regularity assumption such as the reach. However, the
(everywhere local) C2 Hausdorff estimation rate can be achieved under much weaker
curvature assumptions.

Ck regularity and local polynomials

When the manifold M exhibits higher-order smoothness (k ⩾ 3), one expects to achieve
faster convergence rates for support estimation, as well as the ability to estimate higher-
order differential quantities such as the tangent space TxM and curvature structure such
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as the second fundamental form IIM
x . While local PCA optimally recovers tangent spaces

for k = 2, it suffers from a structural bias induced by curvature, bounding its convergence
rate to O((log n/n)1/d).

To use the Ck regularity, we develop a unified estimation scheme based on local
polynomial fitting [AL19]. For a sample point Xi, we fit a d-dimensional polynomial Ψ̂i of
degree k − 1,

Ψ̂i(v) := Xi + v +
k−1∑
j=2

T̂j,i(v⊗j),

by minimizing a localized least-squares criterion over the Grassmannian of d-dimensional
affine subspaces and the space of higher-order symmetric tensors. The zero, first, and
second-order terms of the resulting polynomial respectively provide estimators for the
support M , the tangent space TXi

M , and the second fundamental form IIM
Xi

.
We define the quantitative statistical model Pk

τmin,L as the class of probability distribu-
tions supported on d-dimensional manifolds M with τM ⩾ τmin > 0, endowed with local
parameterizations whose derivatives up to order k are bounded by a tensor L. Furthermore,
we assume the density is bounded below by fmin > 0 and above by fmax < ∞.

Theorem 1.14 (Minimax Rates under Reach Assumptions [AL19]). Let the sample
Xn be drawn independently from a distribution P ∈ Pk

τmin,L with support M . Then,
for n sufficiently large, local polynomials of degree (k − 1) over neighborhoods of width
h ≍ (log n/n)1/d allow to build the following estimators.

(0) Support: Local patches M̂PATCH := ⋃n
i=1 Ψ̂i

(
B

T̂i
(0, h)

)
estimate M in Hausdorff dis-

tance dH, at rate

sup
P ∈Pk

τmin,L

E
[
dH(M, M̂PATCH)

]
≲

(
log n
n

)k/d

.

(1) Tangent Spaces: The first order polynomials estimate tangent spaces TXi
M at rate

sup
P ∈Pk

τmin,L

E
[
max
1⩽i⩽n

∠
(
TXi

M, T̂i

)]
≲

(
log n
n

) k−1
d

.

(2) Curvature: The second order polynomials estimate the second fundamental forms IIM
Xi

at rate

inf
ÎI

sup
P ∈Pk

τmin,L

E
[
max
1⩽i⩽n

∥∥∥IIM
Xi

◦πTXi
M − ÎIi

∥∥∥
op

]
≲

(
log n
n

) k−2
d

.

As for noiseless regression over Ck functions, the rate for estimating a differential
quantity of order γ on a Ck object follows the expected rate shift (k − γ)/d.

Remark 1.15 (About lower bounds at random base points). Although the rate shift
(k − γ)/d is the same as in noiseless regression over Ck functions, the lower bound for
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random quantities such as TXi
M or IIM

Xi
is not a direct fixed-point lower bound with x

replaced by Xi. At a deterministic point x ∈ M , the target is a fixed functional of the
underlying distribution, and standard Le Cam’s argument applies. By contrast, for a
random base point, both the target θXi

(P ), with θ ∈ {TM, IIM}, and the integration
measure in the loss depend on P :

EP ⊗nd
(
θX1(P ), θ̂

)
= EP ⊗(n−1)

[∥∥∥d(θ·(P ), θ̂
)∥∥∥

L1(P )

]
.

In the noiseless case this dependence is singular: different hypotheses are supported on
different bumped manifolds, so comparing tangent spaces or curvatures “at the same
point” is not canonical. The proof therefore uses a conditional version of Assouad’s lemma.
Roughly speaking, one plants many disjoint local bumps, conditions on the event that X1
falls in one active bump while the remaining observations avoid it, and randomizes the
bump parameters through mixture hypotheses to keep enough affinity between neighboring
alternatives. This conditioning-and-mixture step is the main technical point, and is absent
from the deterministic base-point lower bound.

This is analogous to noiseless random-design regression, where the rate is governed
by the random holes left by the design points. For related minimax lower bounds in the
model Y = f(X) with f ∈ Ck, see for instance [BDK+17] for the sup-norm random-design
interpolation rate, and [KK13] for an L1(PX) version.

1.2.2 Global geometry recovery
Having established the optimal recovery of local geometric quantities, we shift the focus
to the global geometry of M , encompassing its intrinsic metric structure and its reach
parameter τM . These quantities describe global features of the manifold and are central to
dimensionality reduction algorithms and topological inference.

Intrinsic metric estimation

Unsupervised metric learning aims at recovering the intrinsic shortest-path (geodesic)
distance dM(x, y) between points on M , given only ambient Euclidean observations. This
is the first step of algorithms such as Isomap [TDSL00], which construct a neighborhood
graph to approximate geodesic paths. However, standard neighborhood graph methods
are known to achieve slow convergence rates.

In [ABL23], we propose a plug-in strategy for metric estimation. By defining the
intrinsic metric estimator d̂(x, y) as the geodesic distance within an εn-offset of a support
estimator M̂n, we establish a transfer of convergence rates from support estimation to
metric estimation (see Figure 1.6).

Theorem 1.16 (Minimax Geodesic Metric Learning [ABL23]). Let M̂n be a support
estimator achieving a Hausdorff error rate of εn over Pk

τmin,L. Then, the metric estimator



CHAPTER 1. GEOMETRIC INFERENCE 13

M

x

ydH(M,M̂)

γ̂x→y

M

x

ydH(M,X )

M̂ = Xn
γ̂x→y

M̂PATCH

Figure 1.6: Comparison of the plug-in geodesic distance estimator of Theorem 1.16, for
two estimators. (top) The trivial estimator X̂n = {X1, . . . , Xn} achieves Hausdorff rate
εn ≍ (log n/n)1/d (bottom) The tangential Delaunay Complex achieves the faster Hausdorff
rate εn ≍ (log n/n)2/d. Therefore, the geodesic distance estimator based on the later is
better than the former.

d̂ defined over the offset (M̂n)εn satisfies M ⊂ (M̂n)εn, and

sup
P

E
[

sup
x ̸=y∈M

∣∣∣∣∣1 − d̂(x, y)
dM(x, y)

∣∣∣∣∣
]
≲

εn

τmin
.

In particular, using the local polynomial estimator for M̂n of Theorem 1.14, the intrinsic
metric is recovered at the (minimax optimal) rate O((log n/n)k/d).

The proof relies on uniformly bounding the geodesic versus Euclidean metric distortions
within tubular neighborhoods of positive reach. This result demonstrates that estimating
the intrinsic metric can be reduced to estimating the set itself in Hausdorff distance.

Estimating the reach parameter

While the reach τM appears as an important prior parameter in the aforementioned
theorems, estimating it directly requires a separate analysis. As established in Theo-
rem 1.5, the value of the reach of a closed submanifold is dictated by two competing
geometric obstructions: maximal curvature (local) and narrow bottlenecks (global). Con-
sequently, an optimal estimator must adapt to the regime that determines the smallest
scale. In [AKC+19] and [ABL23], we decouple the estimation of these two competing
obstructions.
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– In [AKC+19], we proposed a plug-in based on the tangent space formulation of the reach
of Theorem 1.3. In addition to requiring a quite precise knowledge of tangent spaces,
this estimate led to a suboptimal analysis, resulting in suboptimal rates.

– In [ABL23] we later proposed an estimator based on the metric characterization of
Theorem 1.4. This allows us to estimate separately the local curvature constraint
evaluating the maximal empirical curvature across all local polynomial patches of
Theorem 1.14. For the global bottleneck constraint, we introduce the Spherical Distortion
Radius (SDR), an intermediate metric scale that characterizes the global reach in a
metric way, and which we show to be Lipschitz with respect to perturbations in the
Hausdorff metric. As a result, plugging in the optimal geodesic metric estimator of
Theorem 1.16 yields optimal rates.

Theorem 1.17 (Minimax Reach Estimation [ABL23]). By combining the maximal curva-
ture estimator R̂loc and the empirical Spherical Distortion Radius ŝdrδ, we construct an
estimator τ̂M = R̂loc ∧ ŝdrδ that achieves the following (minimax-optimal) adaptive rates:

sup
P

E [|τ̂M − τM |] ≲



(
log n
n

)(k−2)/d

if τM attained locally (curvature),(
log n
n

)k/d

if τM is attained globally (bottleneck).

This shows the following statistical phenomenon: because of the double nature of the
reach (Theorem 1.5) estimating a global topological bottleneck converges at the same rate
as estimating the support, whereas estimating the reach driven by local curvature incurs
the slower rate associated with second-order differential quantities.

Minimax inconsistency without the reach

The results above may suggest that the reach assumption is mainly a quantitative device:
it fixes the admissible scale in the TDC reconstruction of Theorems 1.12–1.13, controls
the local polynomial parametrizations in Theorem 1.14, and enters the metric and reach
estimators of Theorems 1.16–1.17. This interpretation is incomplete. The lower bound
τM ⩾ τmin > 0 is not only a regularity bound; it is an identifiability assumption. As
recalled in Theorem 1.5, the reach simultaneously prevents large curvature and arbitrarily
thin bottlenecks. Dropping it allows two distinct sheets of the same smooth manifold to
come at an arbitrarily small Euclidean distance, while keeping all local Ck bounds under
control.

Let Pk
(x) denote the class of distributions supported on compact Ck submanifolds M

passing through a fixed point x ∈ RD, with uniformly bounded local parametrizations and
densities, but with no positive lower bound on τM .
Theorem 1.18 (Minimax inconsistency without reach [AL19]). Assume that no reach
lower bound is imposed. If D ⩾ d+ 3, then for all k ⩾ 3 and all sample sizes n ⩾ 1,

inf
T̂n

sup
P ∈Pk

(x)

E
[
∠
(
TxM, T̂n

)]
⩾

1
2 > 0,
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Similarly, if D ⩾ d+ 1, then for some constant c > 0,

inf
ÎIn

sup
P ∈Pk

(x)

E
[∥∥∥IIM

x ◦πTxM − ÎIn

∥∥∥
op

]
⩾ c > 0,

The mechanism is simple but leads to several consequences. For tangent estimation,
one builds two C∞ manifolds M,M ′ that coincide outside an arbitrarily small ball B(x, δ),
but whose tangent spaces at x differ by a fixed angle. For curvature estimation, one builds
two manifolds that again coincide outside B(x, δ), but one is flat at x while the other has
curvature of order one. The transition is made through a smooth bump whose width tends
to zero, so that the Ck bounds remain fixed while the reach collapses.

Le Cam’s lemma then gives, for a geometric functional θx(M),

inf
θ̂n

sup
P

E
[
d
(
θ(P ), θ̂

)]
⩾

1
2d
(
θx(P ), θx(P ′)

)(
1 − TV(P, P ′)

)n
.

Here the parameter separation d(θ(P ), θ(P ′)) is bounded from below by a positive constant,
whereas

TV(P, P ′) ≲ P (B(x, δ)) ≲ δd −→ 0.
Thus, for every fixed n, the two statistical experiments become indistinguishable although
their tangent spaces or curvatures at x remain separated. With high probability the sample
only sees the common part of the two manifolds; the infinitesimal bottleneck deciding the
local geometry at x is missed.

x

Λ Λ

M1 M ′
1

x

Figure 1.7: Tangent inconsistency: two
smooth manifolds coincide except in an ar-
bitrarily small neighborhood of x, but have
distinct tangent spaces at x.

M2 M ′
2

Λ

x x

Λ

Figure 1.8: Curvature inconsistency: a flat
germ and a curved cap differ only in a van-
ishing neighborhood of x.

This explains why the positive reach assumption is used throughout this section. It
is what makes the local chart around x statistically visible at a scale comparable with
the sampling radius; without it, local smoothness alone does not prevent hidden near
self-intersections.

The same obstruction also affects all the global geometric or topological quantities.
Without a reach-type constraint, homology is not uniformly identifiable [BRS+12]; connect-
edness, and hence finiteness of geodesic distances, cannot be tested uniformly; bottleneck-
driven quantities such as the reach or the spherical distortion radius of Theorem 1.17
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become unstable; and boundaries cannot be uniformly localized either [AAL23]. The
stratified setting discussed later in Section 1.3.3 should not be interpreted as removing
this obstruction, but as changing the target: exact tangent spaces or singular loci remain
non-identifiable at unresolved intersections, while dimension-wise clustering and local
tangent directions can still be recovered away from such ambiguous regions.

1.3 Beyond the closed manifold model
The previous section identified the role of the reach. Under the closed-manifold model,
the lower bound τM ⩾ τmin > 0 ties together the ambient and intrinsic geometries:
it gives stable tangent tubes, makes local polynomial patches meaningful, enables the
TDC reconstruction of Theorems 1.12–1.13, and underlies the global metric and reach
estimators of Theorems 1.16–1.17. Conversely, Theorem 1.18 shows that removing this
global constraint can destroy identifiability for several classical targets.

This section studies which tasks remain possible once the pristine manifold model is
relaxed. The guiding principle is the following: when a structural assumption is removed,
one must either accept a slower rate, restrict the observation model, or change the target of
inference. We illustrate this in three different contexts: boundaries, creating a new lower-
dimensional object that is not directly sampled; adversarial noise, forcing us to replace
pointwise access by stable aggregate information; intersections and mixed dimensions,
making classical manifold quantities ill-defined, but still allowing dimension-wise clustering
and local support recovery.

1.3.1 Manifolds with boundary
The closed-manifold model used in Section 1.2.2 assumes a local Euclidean symmetry
around every point. A boundary breaks this local symmetry: near ∂M , only one side of
the tangent ball is populated. This has algorithmic consequences. While local PCA does
not suffer any substantial bias near the rim, the Delaunay-type reconstructions may create
spurious simplices across the missing side, and the local polynomial patches may point
towards an empty zone of space. Thus, even though the manifold remains smooth and has
positive reach away from singularities, the estimator must first learn where the boundary
is.

In [AAL23], we address this problem for C2 manifolds with boundary. The main
difficulty is that ∂M has zero d-dimensional volume, hence it is never directly sampled. It
must be inferred from an imbalance in the neighboring observations. In full-dimensional
support estimation, boundary points are detected through large ambient Voronoi cells. For
a low-dimensional manifold d < D, however, all ambient Voronoi cells are unbounded in
the normal directions. We therefore compute Voronoi diagrams inside estimated tangent
spaces.

For each sample point Xi, we project the local neighborhood Xn ∩ B(Xi, R0) onto
an estimated tangent space T̂i. A point is declared close to the boundary if its tangent-
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projected Voronoi cell is elongated at scale ρ. The direction of this elongation estimates
the outward normal η to the boundary. This produces a set of boundary observations
YR0,r,ρ and associated normal estimates η̂i.

πT̂j

Xj M ∩ B(Xj, r)

0

Vor
(j)
R0

(Xj)

M ∩ B(Xj, R0)

Vor
(j)
R0

(Xi)

Figure 1.9: Boundary detection on a half-sphere (d = 2, D = 3). The Voronoi diagram is
computed in the estimated tangent planes, not in the ambient space. Near ∂M , projected
Voronoi cells become elongated in the outward normal direction, allowing both boundary
detection and normal estimation.

With well-calibrated parameters, YR0,r,ρ concentrates around ∂M : it covers the bound-
ary at scale (log n/n)1/(d+1) and consists of points at distance at most (log n/n)2/(d+1) from
∂M . Moreover, the estimated outward normals satisfy

∠
(
η̂i, ηπ∂M (Xi)

)
≲

(
log n
n

)1/(d+1)

.

The exponent d+ 1 already reflects the statistical price of the boundary: one must infer a
codimension-one object from a one-sided d-dimensional distribution.

The support estimator is then modified accordingly. Interior points are treated as in
the local patch construction of Theorem 1.14 for k = 2. Boundary points instead generate
half-patches, truncated by the estimated outward normal:

M̂∂ =
⋃

Xi∈YR0,r,ρ

(
Xi +B

T̂i
(0, ε∂)

)
∩
{
z ∈ RD : ⟨z −Xi, η̂i⟩ ⩽ 0

}
.

Gluing these half-patches with the interior patches yields a boundary-adaptive estimator
M̂ .

Theorem 1.19 (Minimax boundary and support recovery [AAL23]). Let P be supported
on a C2 manifold M with boundary, with internal reach and boundary reach bounded
from below. Then the tangent-Voronoi boundary detection and half-patch reconstruction
procedure yields estimators M̂ and ∂̂M such that

E
[
dH(M, M̂) ∨ dH(∂M, ∂̂M)

]
≲

(
log n
n

)2/(d+1)

.
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This rate is minimax optimal up to logarithmic factors.

Thus, compared with the closed C2 rate (log n/n)2/d of Theorem 1.13, the boundary
changes the effective exponent as if one additional dimension were present. The lower
bound follows by reducing the problem to the estimation of a convex domain with smooth
boundary, where the same phenomenon is classical [DW96, RC07]. In the language of the
previous section, the reach still prevents hidden bottlenecks, but the target now contains
a zero-measure feature that must be detected before it can be estimated.

1.3.2 Robustness and adversarial noise
The estimators above use the sample as a geometric object: nearest neighbors, local PCA,
Voronoi cells, and triangulations all rely on direct access to the point cloud. This can be
unstable under adversarial outliers and incompatible with strict privacy or distributed-
access constraints. The next question is therefore different from the previous one: assume
the same regular manifold model as before, but restrict the information available to the
learner. Can the manifold still be reconstructed?

In [AK21, AK22], we study this question in the Statistical Query (SQ) framework [Kea98].
The learner no longer observes samples. Instead, for every bounded measurable query
r : RD → [−1, 1], it receives an adversarial approximation to Er(X):

|a − E [r] (X)| ⩽ τ.

The tolerance τ is part of the model. The oracle may answer adversarially within this
interval and may adapt to the previous queries.

From point clouds to stable aggregate information

The SQ model replaces individual samples by aggregate averages. This restriction is strong,
but it captures several constraints at once. First, it is compatible with privacy, since the
learner never accesses individual observations. Second, bounded queries are automatically
robust to small adversarial contamination: if

Pcont = (1 − α)P + αQ,

then for all r ∈ [−1, 1],
|EPcontr − EP r| ⩽ 2α.

Thus contamination simply increases the effective oracle tolerance. Finally, SQ access
models distributed settings in which only summary statistics can be transmitted.

Every SQ algorithm can be simulated from an ordinary sample: empirical averages
answer q queries with tolerance τ using n ≳ τ−2 log q samples, by Hoeffding’s inequality.
The converse is false in general. Thus SQ learnability is a more restrictive requirement
than ordinary sample-based learnability.
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x̂0
T̂

: Output

: Queuing

: Being processed

π̂

Unknown manifold

: Seed point

: Non-backtracking zone

Figure 1.10: One propagation step of Manifold Propagation: tangent exploration, ap-
proximate projection back to M , and non-backtracking against the already explored region.

Active exploration: the Manifold Propagation Algorithm

Since samples are unavailable, the geometric routines used earlier in this chapter must be
replaced by query-based counterparts. The Manifold Propagation Algorithm (Manifold
Propagation) implements this strategy. Its role is to construct, using only SQ access, a
point cloud that is dense enough to be fed into the deterministic reconstruction theorem,
Theorem 1.12.

The algorithm relies on three SQ primitives.
– Seed detection. An ambient binary search procedure, SQ Ambient Binary Search,

locates a point close to M by querying masses of nested regions.
– Tangent recovery. At a point close to M , tangent estimation is performed through

local covariance queries. A naive implementation would require O(D2) queries, but the
covariance is intrinsically low-rank. Using compressed-sensing ideas, one can recover
the relevant tangent information with query complexity linear in D, up to constants
depending on d for fixed intrinsic dimension d.

– Projection. Candidate points created during exploration may drift away from M .
They are recentered by querying local conditional means, which play the role of a robust
approximate projection onto the support.
The global algorithm is a breadth-first exploration of the manifold. Starting from a

seed point, it estimates the tangent space, proposes new points on a sphere of radius ∆ in
the tangent plane, discards candidates already close to the explored region, projects the
remaining ones back toward M , and adds them to a queue.

Equivalently, outside the SQ formalism, the propagation loop is:
1. Start from a seed point x̂0 close to M , with queue Q = {x̂0} and output cloud O = ∅.
2. Pop x0 from Q, add it to O, and estimate T̂ (x0).
3. Cover the sphere of radius ∆ in T̂ (x0), remove candidates already close to Q ∪ O,

approximately project the remaining candidates back to M , and add them to Q.
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4. Stop when Q = ∅.
The non-backtracking test is needed: without it, even exact local routines would propagate
forever. Once the resulting cloud is O(∆)-dense and equipped with tangent estimates,
Theorem 1.12 turns it into a geometric and topological reconstruction.

Theorem 1.20 (SQ complexity of manifold learning [AK22]). Let the target Hausdorff
precision be ε > 0. Under a STAT(τ) oracle, manifold reconstruction can be achieved with
tolerance

τ = O
(
ε(d+1)/2

)
and query complexity

q ≍ D log
(
R

ε

)
+ D

τ

(1
ε

)d/2
.

Conversely, any randomized SQ algorithm achieving precision ε requires Ω
(
ε−d/2

)
queries.

This result complements the minimax rates of the previous section. With clean samples,
the statistical difficulty is governed by covering M at the correct intrinsic scale. With SQ
access, the manifold must also be detectable through averages of tolerance τ . If τ is larger
than the mass of the local geometric features to be discovered, those features cannot be
detected, even though they would be identifiable from raw samples.

1.3.3 The union of manifolds hypothesis: stratifications
We now return to the obstruction identified in Theorem 1.18. If the support is allowed
to self-intersect, or if several manifolds of different dimensions coexist, the global reach
may collapse to zero. Then the classical targets of manifold inference are no longer stable:
tangent spaces at singular points may not be uniquely defined, connectedness and homology
may not be statistically identifiable, and the intrinsic metric may depend on unresolved
bottlenecks.

The correct response is to avoid these non-identifiable targets, but to change the target.
The union of manifolds hypothesis assumes that

M =
K⋃

k=1
Mk,

where each Mk is the image of a C2 immersed manifold of dimension

d1 < d2 < · · · < dK ,

with bounded intrinsic curvature and volume. No global reach, separation, or transversality
condition is imposed. Thus the assumptions are intrinsic to the strata, not ambient.

Despite the failure of exact tangent or topology estimation at singularities, we prove
in [AB24] that the stratification can still be learned dimension by dimension. The
procedure, called Co-detection, is an ascending peeling algorithm. Its basic test is local
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Figure 1.11: Co-detection at dimension d = 1. Pairs whose slabs contain enough mass
are accepted. Higher-dimensional points may also trigger co-detection, but their convex
hulls remain within the optimal O(h2

d) neighborhood of the lower-dimensional stratum
and therefore do not affect the Hausdorff rate.

and volumetric: it searches for configurations that carry enough empirical mass inside a
thin slab.

For a candidate d-plane T , define the slab

ST (x, h∥, h⊥) = x+BT (0, h∥) +BT ⊥(0, h⊥), h⊥ ≍ h2
∥.

The quadratic normal thickness matches the curvature scale of a C2 manifold, exactly
as in the locally linear constructions of Theorems 1.13 and 1.14 for smoothness k = 2.
A (d + 1)-tuple spanning T is co-detected when the empirical mass of the associated
slab exceeds the threshold predicted by VC concentration. Co-detected convex hulls are
collected, nearby points are assigned to the current dimension, and then peeled away
before moving to larger dimensions.

Let Ûd be the set of co-detected (d + 1)-tuples at loop dimension d. Let d̂1, . . . , d̂K̂

be the dimensions for which Ûd ̸= ∅. For a sample point Xi, let d̂(Xi) be the dimension
assigned by the algorithm, and let Yi be the latent dimension of the stratum from which
Xi was sampled.

Theorem 1.21 (Stratification learning [AB24]). Let Xn be drawn from a mixture supported
on

M =
K⋃

k=1
Mk ⊂ RD,

where the Mk are C2 immersed manifolds of dimensions d1 < · · · < dK, with bounded
curvature and volume. With well-chosen parameters, the ascending co-detection algorithm
satisfies, with high probability:
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– Dimension discovery:

K̂ = K, d̂k = dk (1 ⩽ k ⩽ K).

– Dimension labeling: for every i,

min

dk : dist(Xi,Mk) ≲
(

log n
n

)2/dk

 ⩽ d̂(Xi) ⩽ Yi.

– Dimension-wise clustering: the induced partition Xn = ⊔K
k=1 X̂k,n has relative

misclassification error

E
[

#(X̂k,n△Xk,n)
#Xk,n

]
≲

(
log n
n

)2βk

,

where
βk = min

(
dk − dk−1

dk−1
,
dk+1 − dk

dk

)
,

with convention d0 = 0 and dK+1 = ∞.
– Stratum estimation: the estimator

M̂k =
⋃

y∈Ûdk

conv(y)

achieves the layer-adaptive Hausdorff rate

dH(Mk, M̂k) ≲
(

log n
n

)2/dk

.

This theorem should be read together with Theorem 1.18. There is no contradiction.
Without reach, exact tangent spaces at singular points, self-intersection loci, geodesic
distances, and global topology remain non-identifiable. Theorem 1.21 works by changing
the target: instead of asking for the exact local branch at every point, it detects the
intrinsic dimensions present in the mixture, clusters the sample dimension by dimension,
and estimates each stratum in Hausdorff distance. Thus, positive reach is needed for the
global identifiability considered above, but not for local support approximation under
intrinsic curvature control.

The same distinction appears at the level of tangent estimation. The non-identifiable
target is to estimate the exact tangent space TxM at a prescribed singular or near-singular
point. The feasible problem is to estimate the tangent structure of each stratum locally,
allowing a spatial tolerance at the same scale as the Hausdorff error. This leads naturally
to a tangent-cone type estimator.

For x ∈ M̂k, define the empirical tangent cone of the reconstructed stratum by

TxM̂k :=
⋃

σ∈Ûdk
x∈conv(σ)

Span(σ).
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This is not necessarily a single plane: near intersections, or near junctions of the empirical
reconstruction, several candidate tangent directions may coexist. Accordingly, the usual
Grassmannian loss must be localized. For a spatial tolerance ∆ > 0, set

∠∆(TMk | TM̂k) := sup
x∈Mk

inf
y∈M̂k∩B(x,∆)

∠
(
TxMk | TyM̂k

)
,

and
∠∆(TM̂k | TMk) := sup

y∈M̂k

inf
x∈Mk∩B(y,∆)

∠
(
TyM̂k | TxMk

)
.

Here ∠(V | C) denotes the one-sided angle from a plane V to a finite union of planes C,
obtained by minimizing over the planes in C. We then use the symmetric localized loss

∠∆(TM̂k, TMk) := ∠∆(TM̂k | TMk) ∨ ∠∆(TMk | TM̂k).
Theorem 1.22 (Localized tangent estimation [AB24]). With the same parameter choice
as in Theorem 1.21, for n large enough, with high probability, the following holds simulta-
neously for all k ∈ {1, . . . , K}:

∠∆k
(TM̂k, TMk) ≲

(
log n
n

)1/dk

,

where ∆k ≍ (log n/n)2/dk .

In words, the dk-dimensional tangent structure of the stratum Mk is recovered with
angular accuracy (log n/n)1/dk up to translations in neighborhoods of radius (log n/n)2/dk .
The two scales are the geometric scales already encountered in the positive-reach C2 theory:
tangent estimation has first-order rate, while support estimation has second-order Hausdorff
rate; compare Theorems 1.13 and 1.14. For an embedded manifold with reach bounded
below and no mixture (K = 1), the tolerance ∆k can be removed, and Theorem 1.22
reduces to the usual tangent-space estimation rate. For general immersions, the tolerance
is needed: at unresolved intersections there may be no statistically meaningful choice of a
single tangent plane at the exact point.

Thus the obstruction of Theorem 1.18 is avoided by changing the target. Estimating
TxM at an exact point x may be impossible when another branch approaches at an
arbitrarily small scale. But estimating a tangent direction of the correct stratum at
some nearby point ∥x− y∥ ≲ (log n/n)2/dk is possible, with the optimal angular accuracy
(log n/n)1/dk . This result gives the corresponding tangent-space statement: without reach,
exact pointwise geometry is not a stable target, whereas localized, stratum-wise geometry
remains statistically learnable.

1.4 Open directions

1.4.1 Implicit representations for geometric inference
Throughout this chapter, we tracked a progressive relaxation of the rigid constraints
historically imposed on geometric models. Beyond this theory of recovering shapes
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from point clouds, geometric inference can serve as a preliminary step for downstream
statistical learning. For instance, estimating the support is sometimes a prerequisite for
performing distribution estimation [Div22] or defining meaningful generative models on
manifolds [Sté25].

However, the implementation of these geometric estimators raises computational and
representational questions. While a manifold M can be characterized mathematically as a
subset of RD, this representation is difficult to use computationally in high dimensions.
Alternative implicit representations such as membership functions 1M , distance functions
x 7→ dist(x,M), or orthogonal projection maps πM , offer varying algorithmic advantages.
Among these, the projection map πM is particularly useful. Not only does it directly
encode the normal bundle and local geometry, but it also naturally extends to noisy
scenarios, where projecting off-manifold points back to the data support provides a natural
denoising mechanism. From a computational geometry standpoint, access to a robust
projection oracle enables the consistent meshing of surfaces [AK04] and the tracking of
moving interfaces [Lev98]. This perspective connects explicit topological algorithms and
modern representation learning.

1.4.2 A few conjectures
To conclude this chapter, we outline a few open mathematical questions and formulate
specific conjectures that naturally extend the presented framework.

Additive noise: While the Statistical Query framework handles adversarial contamina-
tion, addressing additive random noise in the classical sample framework requires different
tools. As data points themselves are displaced, the very concept of exact nearest-neighbor
proximity is no longer directly applicable. Recent investigations into the robust geometry
of noisy samples have revealed a range of noise models, each possibly carrying different
statistical behaviors:
– Convolutional Noise: Observations are given by Y = X + ε, where the noise ε ∈ RD

is a fully-dimensional ambient noise independent of X. In this regime, recovering a
manifold currently requires carefully bounded noise variances that depend on the ambient
dimension D [FILN18].

– Orthogonal Noise: The noise is confined to the normal bundle, Y = X + ε with
ε ∈ (TXM)⊥, such that E [ε | X] = 0. Here, the noise acts purely in the normal directions
to the manifold [PS22].

– Ambient Uniform/Tubular Noise: Observations are uniformly distributed in a
thickened σ-offset Mσ of the manifold [AS25].

One important phenomenon preventing direct estimation in these regimes is that the
noise interacts with curvature to create bias in local estimators. As observed by [AS25],
any geometric error in tangent space estimation yields a projection bias that translates
into apparent non-centered noise, regardless of the initial noise distribution. This effect
degrades classical non-parametric regression estimators and can push the reconstructed
points away from the true underlying support.
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To break this bias, the one current approach consists of alternating local PCA and
nonparametric regression [AS25, PS22], which approaches asymptotic optimality provided
the noise level σ → 0 fast enough as n → ∞. However, clarifying what would be a
minimax-optimal estimator when the noise amplitude σ is fixed remains largely open.

Conjecture 1.1 (Manifold Denoising). Consider i.i.d. data Y1, . . . , Yn sampled as Y =
X+ε, where X ∼ P ∈ Pd,D

k is uniform over its d-dimensional Ck-smooth support M ⊂ RD,
assumed to be a boundaryless submanifold with positive reach. Let the isotropic noise
ε satisfy ∥ε∥ ⩽ σ and the density condition P(σ − δ ⩽ ∥ε∥ ⩽ σ) ≳ δα near its boundary.
We conjecture that the minimax rate for estimating the support M satisfies:

inf
M̂n

sup
Q=Pε∗P

E
[
dH(M, M̂n)

]
≍
(

log n
n

) k
(α∧2)k+d

.

Geodesic Distance Estimation and Out-of-Sample Extensions: In [ABL23],
we established that estimating the support M in Hausdorff distance and recovering the
geodesic metric dM under the uniform L∞ loss are statistically equivalent, both yielding the
minimax rate O((log n/n)k/d) for boundaryless Ck-submanifolds. However, the presence
of a boundary ∂M ̸= ∅ disrupts this equivalence. Recent numerical evidence [ACC23]
suggests that in “favorable” geometries—such as when M is isometric to a convex domain of
Rd—metric estimation can have faster rates than full support recovery in the C2 case. This
acceleration stems from the fact that shortest paths between generic interior points safely
bypass the boundary, suggesting that metric learning could avoid the boundary-penalized
rate O(n−2/(d+1)) to achieve the interior rate O(n−2/d).

In applications, geodesic distance estimation is frequently coupled with Classical Scaling
(e.g., Isomap) to map sample points to low-dimensional representations. Evaluating the
precision of such Non-Linear Dimension Reduction methods requires tailored criteria:
– Descriptive framework: Precision is measured over the sample points via the empirical
ℓ∞ loss maxi,j |d̂(Xi, Xj) − dM(Xi, Xj)|. Because interior geodesic paths only need to
hold for empirical pairs with high probability, global isometry constraints could likely
be relaxed to domains with positive boundary reach.

– Predictive framework: Out-of-sample generalization for new data should be evaluated via
an expected integrated risk

∥∥∥d̂ − dM

∥∥∥
L2

. This relaxation would allow for weaker geometric
assumptions, and could be generalized using Gromov-Wasserstein distances [BMNN24]
to assess the global isometric fidelity of the embeddings.

Conjecture 1.2 (Boundary Bypass and L2 Metric Learning). Let P ∈ Pk
τmin,L be a

volume-equivalent distribution supported on a d-dimensional Ck submanifold M ⊂ RD

with a Ck boundary ∂M ̸= ∅. There exists a computationally tractable intrinsic metric
estimator d̂ based on approximate geodesic equations such that the integrated L2 risk
avoids the boundary penalty, achieving the interior minimax optimal rate:

sup
P ∈Pk

τmin,L

E
[∫

M×M

∣∣∣d̂(x, y) − dM(x, y)
∣∣∣2 dP (x) dP (y)

]
≍
(

log n
n

) 2k
d

.
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Intrinsic Volume and Uniform Measure Estimation: While support estimation
provides a Hausdorff-type geometric guarantee, a natural measure-theoretic extension is to
estimate the intrinsic volume vol(M) and the associated uniform probability distribution
UM . Generating synthetic samples distributed according to UM can be thought of as a
pre-processing step to correct sampling biases in empirical data.

In different convexity-constrained models, a variety of works suggest that support
estimation rates of M are closely linked with both the estimation rates of the uniform
measure on M [Div22], and of the intrinsic volume of M [BR16, ACC23] and [Bru14,
Section 4.1.1]. We believe that this suggests a connection between geometric measure
theory and set estimation.

Conjecture 1.3 (Equivalence of support, volume and uniform-measure estimation). Let
P be a geometric model of distributions P supported on compact d-dimensional sets
M = M(P ) ⊂ RD, with densities bounded above and below with respect to the intrinsic
volume measure on M . Define

RHaus
n (P) := inf

M̂n

sup
P ∈P

E
[
dH
(
M, M̂n

)]
,

RVol
n (P) := inf

V̂n

sup
P ∈P

E
[∣∣∣vol(M) − V̂n

∣∣∣] ,
RUnif

n (P) := inf
µ̂n

sup
P ∈P

E
[
W1

(
UM , µ̂n

)]
,

where UM := vol(M)−1Hd
|M denotes the uniform probability measure on M . Then,

RUnif
n (P) ≍ RHaus

n (P), RVol
n (P) ≲

(
RHaus

n (P)√
n

)1/2

.

Higher-order singularities and corners: While we have treated the boundary
detection problem for C2 manifolds, extending this to higher-order Ck boundary smoothness
is open. Another question is how to treat generalized corners and open-book singularities
within mixed dimensions—determining mathematically whether an intersection should be
treated as a separate lower-dimensional stratum or as a specific boundary singularity of
the higher-dimensional components.

Conjecture 1.4 (Estimating Manifolds with Corners). Consider i.i.d. data X1, . . . , Xn

sampled from an unknown distribution P ∈ Pd,D
k,c , with density bounded above and below

on its d-dimensional support M ⊂ RD. Assume M is a Ck-smooth submanifold with reach
bounded below, but allow for boundary outer-corners defined by at most c ∈ {0, . . . , d}
distinct transversally intersecting Ck constraints. Then, the minimax rate for estimating
M satisfies:

inf
M̂n

sup
P

E
[
dH(M, M̂n)

]
≍
(

log n
n

) k
d+(k−1)c

.



Chapter 2

Statistical foundations of generative
modeling

2.1 Historical perspective and statistical foundations
Modeling and sampling from complex, high-dimensional probability distributions is a
central problem in modern machine learning. Given a dataset Xn = {X1, . . . , Xn} of
observations drawn from an unknown target distribution p⋆ defined over an ambient space
RD, the problem of generative modeling consists in constructing an algorithmic sampling
mechanism capable of producing a new, synthetic data point X̂n+1 := A(Xn, Z) where Z
is an independent random seed, that is as statistically or perceptually indistinguishable
from the true data distribution as possible. In probabilistic terms, we seek to construct
algorithms A such that

L (A(Xn, Z) | Xn) ≃ p⋆ with high probability over random Xn ∼ (p⋆)⊗n

2.1.1 Beyond explicit density estimation
Historically, the generative problem was first formulated as one of explicit density esti-
mation. Classical non-parametric methods, such as the Parzen–Rosenblatt kernel density
estimator [Ros56, Par62], provide a standard framework for estimating an unknown density
from samples. Yet, for the reasons recalled in Chapter , this ambient-space perspective
becomes inadequate in high dimension unless one imposes additional structure on the
data-generating distribution.

The structural prior most relevant to this memoir is the manifold hypothesis: the
target distribution p⋆ is not thought of as filling the whole ambient space RD, but as being
supported on, or concentrated near, a lower-dimensional geometric object M ⊂ RD of
intrinsic dimension d ≪ D. Classical geometric inference, discussed in Chapter 1, takes
this hypothesis literally and aims to reconstruct M and its differential or topological
invariants. Modern generative modeling follows a complementary, implicit route: instead
of estimating the support or the density directly, it seeks to learn a push-forward map, a

27
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vector field, or stochastic dynamics transporting a simple reference distribution, such as a
standard Gaussian, toward the complex target law p⋆.

2.1.2 Main paradigms in generative modeling
Deep learning led to a rapid succession of generative paradigms. In the early 2010s,
Variational Autoencoders (VAEs) [KW13, RMW14] introduced probabilistic latent variable
models optimized via amortized variational inference, providing a computationally tractable
lower bound on the data log-likelihood (the ELBO). While VAEs offered a solid probabilistic
foundation and stable training dynamics, the restrictive nature of the Gaussian prior and
the surrogate reconstruction loss often led to generated samples that lacked high-frequency
details.

Shortly thereafter, Generative Adversarial Networks (GANs) [GPAM+14] introduced
a different approach. GANs reframed the generation problem as a zero-sum minimax
game between two neural networks, bypassing explicit likelihood estimation entirely. This
adversarial mechanism pushed generators to produce samples of high visual quality. Yet,
this empirical success also introduced important difficulties: the adversarial optimization
landscape is highly non-convex and unstable, frequently suffering from mode collapse and
vanishing gradients. Furthermore, Normalizing Flows [DKB14, RM15] provided another
path, constructing complex distributions via a sequence of invertible transformations to
allow exact likelihood computation, though their architectural bijectivity requirement
imposes strong topological constraints.

More recently, the field has increasingly focused on Score-Based Generative Models
(SGMs) and Denoising Diffusion Probabilistic Models (DDPMs) [SDWMG15, HJA20,
SSDK+21]. These models construct a forward stochastic differential equation (SDE)
that gradually adds Gaussian noise to the data, and then learn to reverse this SDE by
estimating the score function of the perturbed data distributions via denoising score
matching [Vin11]. Diffusion models have often outperformed GANs in practice by offering
stable, non-adversarial training, exact likelihood bounds, and superior coverage of the data
distribution. Concurrently, Flow Matching [LCBH+22] has abstracted this framework,
replacing SDEs with ordinary differential equations (ODEs) driven by learned vector fields.

2.1.3 Statistical foundations
In this progression, new methodologies frequently supplant their predecessors based purely
on sample quality or engineering heuristics, often long before a rigorous understanding of
their success is established. This rapid empirical pace leaves several theoretical questions
unresolved:
– What is the statistical complexity of these methods? Do they rigorously adapt to the

intrinsic dimension of the data manifold, or do they suffer fundamentally from the
ambient curse of dimensionality?

– When do these models truly generalize, and under what conditions are they minimax
optimal distribution estimators?
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Establishing a rigorous statistical framework for generative models is therefore im-
portant. It allows us to derive minimax optimal rates, understand the propagation of
approximation and estimation errors over continuous time, and guarantee that the gener-
ated samples remain compatible with the support and smoothness of the underlying data
distribution. Furthermore, a unified framework can identify connections between different
methods, paving the way for principled algorithmic improvements rather than heuristics.

In the remainder of this chapter, we present the formalization of modern generative
models, based on our recent contributions. We begin by investigating GANs from a
minimax optimal transport perspective (Section 2.2). We then study the continuous-time
dynamics of Score-Based Generative Models, establishing their optimal convergence rates
(Section 2.3). Seeking a broader abstraction, we unify continuous-time models into the
estimation of Markovian infinitesimal generators in the Generator Matching framework
(Section 2.4). Finally, we formalize the practice of conditional generation and diffusion
guidance, proposing a stochastic optimal control formulation to adaptively govern the
generative dynamics (Section 2.5).

2.2 Generative adversarial networks as minimax dis-
tribution estimators

The classical paradigm of density estimation relies heavily on the maximization of the
likelihood, implicitly assuming that the target distribution p⋆ admits a tractable density
with respect to the Lebesgue measure on the ambient space RD. In high-dimensional
regimes, this assumption is often violated: data typically concentrate on lower-dimensional
structures, making them mutually singular with respect to absolutely continuous ambient
models. In such settings, classical discrepancies such as the Kullback-Leibler divergence and
standard likelihood methods can become theoretically and numerically unstable [SBD21].

Generative Adversarial Networks (GANs) [GPAM+14] circumvent this limitation by
reformulating the generative learning problem as a likelihood-free, adversarial competition
between two functional entities: a generator g and a discriminator D. Given a known,
easy-to-sample base distribution µ0 (such as a standard Gaussian or a uniform measure)
defined on a latent space Z, the generator acts as a parameterized push-forward map
g : Z → RD. It transforms the latent noise Z ∼ µ0 into a synthetic sample X̂ = g(Z). The
objective is to match the induced push-forward measure g#µ0 to the target distribution
µ = p⋆. By relying exclusively on sampling rather than explicit density evaluation, GANs
provide a natural framework for modeling distributions supported on low-dimensional
manifolds.

2.2.1 Integral probability metrics and the Wasserstein formula-
tion

To quantify the discrepancy between the generated distribution g#µ0 and the target
distribution µ, GANs employ an Integral Probability Metric (IPM) [Mül97]. For a chosen
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symmetric class of discriminator functions D ⊂ L1(µ) ∩ L1(g#µ0), the IPM is defined as:

dD(µ, g#µ0) := sup
D∈D

(EX∼µ[D(X)] − EZ∼µ0 [D(g(Z))]) .

The original GAN formulation implicitly utilized a discriminator class that minimizes the
Jensen-Shannon divergence. However, when the supports of µ and g#µ0 are disjoint—a
typical scenario in high dimensions—this divergence saturates to a constant, leading to
vanishing gradients and training stagnation [AB17].

To address this issue, the Wasserstein GAN (WGAN) [ACB17] proposes using the
Kantorovich-Rubinstein duality of the 1-Wasserstein distance W1. By selecting D to be
the set of 1-Lipschitz functions Lip1(RD), the IPM metrizes weak convergence, remaining
sensitive to separation between disjoint supports; this motivates, but does not guarantee,
improved optimization behavior, even for mutually singular distributions [Vil09]. Other
prominent alternatives include Sobolev GANs [MLS+18], which constrain the discriminator
within Sobolev spaces, and MMD GANs [LCC+17], where D lies in a Reproducing Kernel
Hilbert Space.

In this work [SAL24], to study the non-parametric minimax properties of these estima-
tors comprehensively, we generalize the discriminator class to Hölder balls Hγ

1(RD,R) for
a given smoothness level γ ≥ 1. The Hölder IPM is defined by:

dHγ
1
(µ, ν) := sup

D∈Hγ
1 (RD,R)

(EX∼µ[D(X)] − EY ∼ν [D(Y )]) .

Note that for compactly supported distributions, the case γ = 1 corresponds to the WGAN
framework, as dH1

1
(µ, ν) is equivalent to the 1-Wasserstein distance W1(µ, ν).

Given a sampleXn = {X1, . . . , Xn} drawn i.i.d. from µ, the empirical WGAN estimator
restricts the generator to a parametric class G (e.g., neural networks) and the discriminator
to a parametric class D ⊂ Hγ

1(RD,R), replacing the true expectation by the empirical
measure. This yields the empirical saddle-point problem:

ĝ ∈ arg min
g∈G

sup
D∈D

(
1
n

n∑
i=1

D(Xi) − 1
n

n∑
i=1

D(g(Zi))
)
, (2.1)

where Z1, . . . , Zn are independent (user-generated) samples with reference distribution µ0.
While WGANs demonstrated significantly improved training empirically, their statistical
properties regarding optimal distribution estimation long remained an open question.
Specifically, our objective is to determine whether the empirical estimator ĝ#µ0 acts as a
minimax optimal distribution estimator of µ for the distance dHγ

1
, and to describe how the

complexities of the network classes G and D must be calibrated.

2.2.2 The low-dimensional hypothesis and the statistical model
To formally evaluate the adaptability of the empirical GAN estimator to the intrinsic
dimension of the data, we model the low-dimensional structure by assuming that the target
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measure µ is generated by an unknown smooth mapping from a lower-dimensional latent
space. We choose the d-dimensional flat torus Td = Rd/Zd as the latent space, and µ0 to
be the uniform distribution Unif on Td. This choice ensures compactness and allows the
application of harmonic analysis tools without the technicalities associated with boundary
conditions.

In addition to smoothness, we enforce geometric regularity to ensure the support
behaves as a well-defined topological space.

Definition 2.1 (Manifold and density regularity conditions). Let g ∈ Hβ+1
K (Td,RD).

1. The map g satisfies the K-manifold regularity condition if it is injective and its image
Mg = g(Td) is a d-dimensional submanifold with reach τMg ≥ K−1.

2. The map g satisfies the K-density regularity condition if its differential satisfies

inf
u∈Td

λmin
(
∇g(u)⊤∇g(u)

)1/2
≥ K−1.

These conditions prevent self-intersections or cusps, and ensure that the push-forward
measure is bounded away from zero and infinity relative to the intrinsic volume measure
of the manifold. We now state the statistical model.

Assumption A1 (Target distribution). There exists an unknown mapping g⋆ ∈ Hβ+1
K (Td,RD)

satisfying the K-manifold and K-density regularity conditions such that the target measure
µ is given by:

µ = g⋆
#U where U := Unif(Td).

This formulation reflects the generation process: the intrinsic dimension d ≪ D
captures the effective degrees of freedom of the data, while the smoothness β + 1 restricts
the complexity of the underlying embedding. These assumptions deliberately restrict
the target to a smooth embedded manifold without self-intersections or cusps. They
are stronger than a generic smooth push-forward model and are used to control both
the geometry of the support and the density induced by the parameterization. Under
Assumption A1, standard non-parametric lower bounds [Tsy09, TZ22] indicate that the
minimax optimal rate for estimating µ under the dHγ

1
metric scales as n− β+γ

2β+d ∨ n−1/2. Our
objective is to establish that the empirical estimator ĝ achieves this rate.

2.2.3 Bias-variance trade-off in adversarial learning
The statistical performance of the estimator (2.1) is governed by a balance between the
expressive power of the generator class G and the discriminative capacity of D. Unlike
standard empirical risk minimization, the minimax nature of (2.1) introduces two com-
peting approximation errors. For chosen classes G ⊂ Hβ+1

K (Td,RD) and D ⊂ Hγ
1(RD,R),

we define the generator approximation error and the discriminator approximation gap
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respectively as:

∆G := inf
g∈G

dHγ
1
(g#U, g

⋆
#U), (2.2)

∆D := sup
g∈G

{
dHγ

1
(g#U, g

⋆
#U) − dD(g#U, g

⋆
#U)

}
. (2.3)

The term ∆G measures the capacity of the generator class to approximate the target
distribution in the prescribed metric. Conversely, ∆D quantifies how much discriminative
power is lost by restricting the supremum from the full Hölder ball Hγ

1 down to the
parametric class D.

By analyzing the concentration of the empirical processes indexed by G and D using
Dudley’s entropy bound, we establish a general oracle inequality that encapsulates the
bias-variance trade-off for GANs.

Proposition 2.2 (Empirical risk bound for GANs [BKS23, SAL24]). Suppose Assump-
tion A1 holds. For any compact classes G ⊂ Hβ+1

K (Td,RD) and D ⊂ Hγ
1(RD,R), the

expected error of the empirical GAN estimator ĝ defined in (2.1) is bounded by:

E
[
dHγ

1
(ĝ#U, g

⋆
#U)

]
≲ ∆G + ∆D + 1√

n

[
log

(
n|G1/n||D1/n|

)]( 1
2 − γ

d
)∨0

.

where |G1/n| and |D1/n| denote the 1/n-covering numbers of the respective classes under
the supremum norm.

This proposition highlights the adversarial tension: a richer discriminator class D
reduces the bias ∆D but inflates the variance term via the covering entropy log |D1/n|.
Conversely, a sufficiently expressive generator class G is required to drive ∆G down.
Achieving the minimax rate requires ensuring that ∆G and ∆D decay at the optimal rate
n− β+γ

2β+d , while strictly controlling the metric entropy of both classes such that log |G1/n| ∨
log |D1/n| ≲ n

d
2β+d .

This result formalizes an empirical observation [SEKS21]: overly expressive discrimina-
tors may overfit finite samples. A discriminator class with unconstrained capacity would
result in a large covering number, causing the statistical bound to diverge and forcing the
generator to memorize the empirical measure.

2.2.4 From smooth discrimination to rougher IPMs: the inter-
polation inequality

The preceding oracle bound suggests a natural but somewhat inefficient methodology
and proof strategy: for each target regularity γ, one could choose a discriminator class
approximating Hγ

1 and analyze the corresponding GAN estimator. This would produce,
for each value of γ, a different estimator adapted to the metric dHγ

1
. In particular, the

Wasserstein case γ = 1 would be handled by training against Lipschitz discriminators.
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The approach in [SAL24] is different. Rather than training a separate GAN for each
IPM, we train and analyze the estimator through a smoother discriminator class, of
regularity β + 1, and then transfer this control to rougher IPMs. This is useful because
smoother discriminator classes have smaller statistical complexity: they are less prone to
overfitting the empirical measure and their covering numbers are easier to control at the
minimax scale.

In the full-dimensional density setting, such a transfer is a classical and rather direct
interpolation phenomenon. If two probability measures have β-smooth densities with
respect to the same Lebesgue measure, then∫

D(x)(p(x) − q(x)) dx

can be analyzed by decomposing both the test function and the density difference into
wavelets. Low frequencies are controlled by the smooth IPM, while high frequencies
are controlled by the smoothness of the densities. This gives an interpolation inequality
between Hölder IPMs.

The manifold setting is more delicate. The measures g#U and g⋆
#U are singular

with respect to the Lebesgue measure on RD, and their supports may be two different
d-dimensional submanifolds. There is therefore no common ambient density difference on
which the usual full-dimensional argument could act. One must first compare the two
manifolds, relate them through a sufficiently regular projection-like map, and only then
compare the induced densities on a common support. This is the main geometric content
behind the interpolation inequality.

This is also why the smoothness and regularity of the estimated generator are essential.
The interpolation result is not a generic consequence of using smooth neural network
activations. It applies only when both the target generator and the candidate generator
remain in a controlled Hβ+1 class and satisfy the required manifold and density regularity
assumptions. In particular, when the theorem is applied to the empirical estimator ĝ,
one must ensure that ĝ itself has controlled Hβ+1 norm and does not create degenerate
parametrizations. This explains the latter wavelet-based construction of the generator
class G: it is designed not only to approximate g⋆, but also to keep the selected generator
within the regularity regime where interpolation can be used.

Theorem 2.3 (Hölder IPM interpolation [SAL24]). Let g, g⋆ ∈ Hβ+1
K (Td,RD) satisfy the

manifold and density regularity conditions of Definition 2.1. There exist constants C > 0
such that, if

dHβ+1
1

(g#U, g
⋆
#U) ⩽ C−1,

then, for all ε ∈ (0, 1) and all γ ∈ [1, β + 1],

dHγ
1
(g#U, g

⋆
#U) ≲

(
dHβ+1

1
(g#U, g

⋆
#U)

β+γ
2β+1 + ε

)
polylog(ε−1).

The theorem shows that, within the regular manifold model, control in the smooth
metric dHβ+1

1
automatically yields control in all rougher metrics dHγ

1
, γ ∈ [1, β + 1]. Thus
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the GAN need not be trained against a different discriminator class for each target IPM. A
single smooth discriminator class is enough, provided the generator class is also constructed
so that the resulting estimator remains smooth and geometrically non-degenerate.

At the level of rates, this gives the desired transfer. Up to logarithmic factors, the
smooth-metric analysis yields a bound of order n− 2β+1

2β+d . Applying Theorem 2.3 gives
(n− 2β+1

2β+d )
β+γ
2β+1 = n− β+γ

2β+d . This recovers the minimax rate for every γ ∈ [1, β + 1], including
the Wasserstein case γ = 1.

The role of Theorem 2.3 should therefore not be confused with the separate generator
approximation argument. The approximation of g⋆ by elements of G is handled by
the wavelet neural network construction. The interpolation inequality has a different
purpose: it turns convergence in a smooth, statistically manageable adversarial metric
into convergence in the rougher IPMs in which the estimator is ultimately evaluated.

2.2.5 Constructive neural network architectures via wavelets
To implement the GAN estimator and achieve the bounds in Proposition 2.2, the neural
network classes G and D must simultaneously exhibit approximation capabilities, controlled
covering numbers but also the quite stringent regularity constraints G ⊂ Hβ+1

K (Td,RD)
and D ⊂ Hγ

1(RD,R). Traditional fully connected networks with generic bounds often yield
suboptimal complexity due to the curse of dimensionality over the ambient space RD.

To resolve this, our construction of G and D explicitly mimics a multi-resolution
wavelet approximation. Drawing from harmonic analysis [Dau92], any smooth function
f can be decomposed into a coarse approximation and a sum of high-frequency details
localized in space and frequency. We design our neural networks (utilizing ReQU or tanh
activation functions) to approximate the translated and dilated versions of Daubechies
scaling functions and wavelets.

By explicitly parameterizing the networks to learn the wavelet coefficients up to a
carefully calibrated resolution level J ≍ log(n), we obtain structured functional classes
that mirror the approximation properties of periodized Besov spaces Bβ+1

∞,∞(Td,RD). This
architectural choice provides an explicit, theoretical prescription for setting the depth,
width, and sparsity of the networks in generative adversarial training, proving that carefully
scaled neural architectures are both sufficient for minimax optimal generative modeling.

2.2.6 Minimax optimality of the GAN estimator
When synthesizing these components, we demonstrate that the resulting empirical GAN
estimator has rates governed by the intrinsic geometry of the data, with rates depending
on the intrinsic rather than ambient dimension D.

Theorem 2.4 (Minimax optimality of WGANs [SAL24]). Suppose the target distribution
satisfies Assumption A1. For any target IPM regularity γ ∈ [1, β + 1], there exist explicitly
constructible classes of neural networks G and D (with architectures scaled according to
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n, d, and β) such that the GAN estimator ĝ defined in (2.1) achieves the minimax optimal
rate:

E
[
dHγ

1
(µ, ĝ#U)

]
≲
(
n− β+γ

2β+d ∨ n−1/2
)

polylog(n).

We establish that GAN estimators, when calibrated with appropriately constrained
neural networks, achieve the minimax optimal convergence rate for distribution estimation
over non-parametric classes. The resulting rate exponent depends exclusively on the
intrinsic dimension d and the regularities β and γ.

This provides a rigorous proof that WGANs are minimax optimal distribution estimators
over manifolds [TZ22], connecting explicit geometric reconstruction methods and implicit
generative adversarial representations. It improves upon previous suboptimal GAN
rates found in the literature [CJLZ20, SBD21, CK22, BKS23]. Furthermore, because
our constructive discriminator class D specifically targets the smoother Hβ+1

1 space via
Theorem 2.3, our results show that a single unified GAN architecture is simultaneously
minimax optimal for all evaluation metrics γ ∈ [1, β + 1], highlighting the adaptivity of
the adversarial estimator when structured properly.

2.3 Score-based generative models and diffusions
Score-Based Generative Models (SGMs) [SSDK+21] and Denoising Diffusion Probabilistic
Models (DDPMs) [HJA20] replace the adversarial training problem of GANs by a regression
problem. The object to be learned is the score of a family of noisy versions of the data
distribution. Once this score is estimated, it is used to run a reverse-time dynamics from
a simple reference distribution back to the data distribution.

In [SAL25], we study this construction from a non-asymptotic minimax point of view.
The main question is whether denoising score matching, combined with a suitable reverse
diffusion or probability-flow ODE, can achieve the minimax Wasserstein rate, up to
logarithmic factors, for estimating a smooth distribution. The answer relies on three
ingredients: regularity properties of the score induced by assumptions on the target density,
a stability estimate for the backward dynamics, and an oracle inequality for the empirical
score-matching estimator.

Here, for simplicity, we will focus on the full-dimensional case, where the population
distribution is absolutely continuous with respect to the ambient Lebesgue measure on
RD. The model being full-dimensional, the convergence rates hence naturally depend on
the ambient dimension.

2.3.1 Forward dynamics and marginal reversals
We consider the variance-preserving Ornstein–Uhlenbeck forward processdXt = −Xt dt+

√
2σ dBt,

X0 ∼ p⋆(x) dx,
(2.4)



CHAPTER 2. STATISTICAL FOUNDATIONS OF GENERATIVE MODELING 36

where σ > 0 and (Bt)t⩾0 is a standard Brownian motion in RD. The solution is explicit:

Xt ∼ e−tX0 + σtZ, σt = σ
√

1 − e−2t, (2.5)

with Z ∼ N (0, Id) independent of X0. We write pt for the density of Xt. Thus p0 = p⋆,
while pt converges in distribution as t → ∞ to the Gaussian equilibrium

p∞(x) dx = N (0, σ2 Id).

The score of the noisy marginal is

s⋆(t, x) = ∇ log pt(x). (2.6)

It is the unknown quantity appearing in the reverse-time drift. More precisely, let T > 0 be
a terminal time and let bt ⩾ 0 be a deterministic backward diffusion coefficient. Anderson’s
time reversal formula gives the backward dynamicsdX̂t =

[
X̂t + (σ2 + b2

t )s⋆(T − t, X̂t)
]

dt+
√

2bt dB̄t,

X̂0 ∼ pT (x) dx.
(2.7)

Then X̂t ∼ pT −t for all t ∈ [0, T ]. The choice bt = σ corresponds to a stochastic DDPM-type
sampler, while bt = 0 gives the deterministic probability-flow ODE.

In practice, three modifications are made. The exact score s⋆ is replaced by an estimator
ŝ, the exact initial distribution pT is replaced by the limiting Gaussian p∞, and the reverse
dynamics is stopped at time T −T for some T > 0. The generated law is therefore obtained
from dX̂t =

[
X̂t + (σ2 + b2

t )ŝ(T − t, X̂t)
]

dt+
√

2bt dB̄t,

X̂0 ∼ p∞(x) dx,
(2.8)

and we set
p̂SGM := L

(
X̂T −T | Xn

)
.

This decomposition separates three errors: the initialization error, due to replacing
pT by p∞; the early-stopping error, due to stopping at pT rather than at p0 = p⋆; and
the score error, due to replacing s⋆ by ŝ. The initialization and early-stopping errors are
controlled using the explicit Ornstein–Uhlenbeck dynamics. The score error is handled
through score estimation and SDE stability.

2.3.2 Denoising score matching
The natural risk for score estimation is the time-integrated Fisher loss

ET ,T (s) =
∫ T

T
E
[
∥s(t,Xt) − s⋆(t,Xt)∥2

]
dt. (2.9)
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Although this expression involves the unknown score s⋆, the Ornstein–Uhlenbeck structure
gives an equivalent denoising objective. If X ∼ p⋆ and Z ∼ N (0, Id) are independent, then

Xt = e−tX + σtZ.

The conditional score of Xt given X is explicit and equal to −Z/σt. The denoising score
identity [Vin11] yields, up to an additive constant independent of s,

E
[
∥s(t,Xt) − s⋆(t,Xt)∥2

]
= E

[∥∥∥∥s(t, e−tX + σtZ) + Z

σt

∥∥∥∥2]
+ const. (2.10)

Given observations Xn = {X1, . . . , Xn} drawn independently from p⋆, the empirical
denoising score matching estimator is defined by

ŝ ∈ arg min
s∈S

1
n

n∑
i=1

∫ T

T
EZ∼N (0,Id)

[∥∥∥∥s(t, e−tXi + σtZ) + Z

σt

∥∥∥∥2]
dt, (2.11)

where S is a class of candidate time-dependent vector fields. The lower cutoff T > 0 is
needed because σt → 0 as t → 0, so the conditional score −Z/σt diverges as t → 0.

2.3.3 The statistical model and the regularity of the score
The score should not be assumed regular independently of the data distribution. It is a
nonlinear function of the noisy density

pt(x) =
∫
RD
φσt(x− e−ty)p⋆(y) dy.

Its regularity depends on the smoothness of p⋆, but also on the behavior of p⋆ near the
boundary of its support or at infinity. If one only assumes that p⋆ is β-Hölder, the score
may still fail to satisfy useful uniform bounds in regions where pt is very small. This
matters because the reverse dynamics requires a one-sided Lipschitz control of the drift,
and because score estimation requires quantitative approximation bounds.

The following assumption is used to obtain these two controls. It imposes a β-Hölder
perturbation of a strongly convex reference potential. The Hölder part contains the
non-parametric smoothness assumption, while the convex potential controls the geometry
of the support and the decay of the density.

Assumption A2 (Target distribution). Let β > 0 and K ⩾ 1. The target density
p⋆ : RD → R+ belongs to Aβ

K if it can be written as

p⋆(x) = exp(−u(x) + a(x)),

where u : RD → R ∪ {∞} and a : RD → R satisfy the following properties, with
Ω = Support(p⋆):

i) a ∈ Hβ
K(Ω) and u ∈ C1+max{1,⌊β⌋}(Ω);
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ii) ∇2u(x) ⪰ K−1 Id for all x ∈ Ω;
iii) ∥arg min u∥ ⩽ K;
iv) for all x, y ∈ Ω such that

∥x− y∥ ⩽ (K(1 ∨ |u(x)|))−K ,

and for all k ∈ {0, . . . , ⌊β⌋ + 1},∥∥∥∇ku(y)
∥∥∥ ⩽ K

(
1 + |u(x)|K

)
.

The decomposition p⋆ = exp(−u + a) can be interpreted as follows. The strongly
convex part u gives concentration and prevents uncontrolled decay near the boundary or at
infinity. The perturbation a contains the β-Hölder non-parametric component. This class
includes compactly supported distributions on convex sets and full-support distributions
with controlled tails. It also includes non-log-concave examples, such as bounded Hölder
perturbations of finite mixtures of non-degenerate Gaussians with controlled means and
covariances.

The consequence used below is that the score inherits the regularity needed for the
analysis of the backward dynamics and of score matching.

To state the estimates in a more compact form, we use the noise scale σt defined
in (2.5). For α ⩾ 0, set

Regβ,t(α) =
(
1 + σ−1

t

)(α−β)+
.

We call this quantity the regularity factor. It is equal to 1 when the available smoothness
β is at least the requested order α. Otherwise, it records the small-time singularity
introduced by the missing smoothness. Since σt ≍

√
t as t → 0, one has

Regβ,t(α) ≍ 1 + t−
(α−β)+

2 .

Theorem 2.5 (Space-time regularity of the score [SAL25]). Assume that p⋆ ∈ Aβ
K. Let

s⋆(t, x) = ∇ log pt(x) be the score of the Ornstein–Uhlenbeck marginal (2.4). Then the
following properties hold.
– The score has controlled growth:

∥s⋆(t, x)∥ ⩽ C(1 + t−1)(1 + ∥x∥), t > 0, x ∈ RD. (2.12)

– The score satisfies the one-sided Lipschitz estimate

sup
x∈RD

λmax

(
∇s⋆(t, x) + 1

σ2 Id
)
≲ e−2t Regβ∧1,t(2), t > 0. (2.13)

In particular, the right-hand side is integrable on (0,∞).
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– For every ε ∈ (0, 1/4) and every t > 0, there exists a convex subset Aε
t ⊂ B(0, polylog(ε−1))

such that pt(Aε
t) ⩾ 1 − ε. On this set, the score has the following Hölder bounds. For

every k ⩾ 0 and every x ∈ Aε
t ,∥∥∥∥s⋆(·, x) + x

σ2

∥∥∥∥
Hk([t,∞))

≲ e−t Regβ,t(1 + 2k), (2.14)

and, for every γ ⩾ 0 and every k ⩾ 0,∥∥∥∥∂k
t

[
s⋆(t, ·) + ·

σ2

]∥∥∥∥
Hγ(Aε

t )
≲ e−t Regβ,t(1 + 2k + γ). (2.15)

Together, (2.12) and (2.13) turn out to be the basic well-posedness conditions for the
true backward dynamic (2.7) on [0, T ], especially when bt = 0.

Note that the one-sided Lipschitz estimate (2.13) is much weaker than global Lipschitz
continuity, but it is the property used in the stability estimate for the backward equation.
The Hölder estimates (2.14) and (2.15) show how the smoothness of p⋆ appears along the
forward diffusion path. For small t, the bounds deteriorate because σ2

t is of order t. For
large t, the score approaches the linear Gaussian score x 7→ −x/σ2, and the nonlinear part
decreases exponentially.

2.3.4 Quantitative SDE stability and the score-matching oracle
inequality

We now state the two estimates that connect score estimation to the error of the generated
law. The first is analytic: it controls the Wasserstein distance between two diffusions by
an integrated drift error. The second is statistical: it controls the integrated score error of
the empirical score-matching estimator.

Proposition 2.6 (W1 stability of generative diffusions [SAL25]). Let (Xt)τ⩽t⩽τ and
(X̄t)τ⩽t⩽τ solve

dXt = at(Xt) dt+ rt dBt, Xτ ∼ pτ ,

dX̄t = āt(X̄t) dt+ rt dBt, X̄τ ∼ pτ ,

with the same space-homogeneous diffusion coefficient rt. Let Xt ∼ pt and X̄t ∼ p̄t. Assume
that āt satisfies the one-sided Lipschitz bound

sup
x∈RD

λmax (∇āt(x)) ⩽ L̄t.

Then

W1(pτ , p̄τ ) ⩽
∫ τ

τ

∫
RD

exp
(∫ τ

t
L̄u du

)
∥at(x) − āt(x)∥ pt(x) dx dt. (2.16)
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Applied to the backward SDEs (2.7) and (2.8), the drift difference is proportional to
ŝ − s⋆. The exponential factor can be bounded uniformly in n if the estimated score is
chosen in a class satisfying the same type of one-sided Lipschitz bound as the true score.
Thus the network class is used both for approximation and for stability.

The statistical input is an oracle inequality for empirical denoising score matching. Let

S[T ,T ] =
{
s|[T ,T ]×RD | s ∈ S

}
and let N (S, ∥·∥∞ , δ) denote the covering number of S at scale δ for the uniform norm.

Proposition 2.7 (Oracle inequality for denoising score matching [SAL25]). Assume that p⋆

is sub-Gaussian and that its score satisfies the regularity properties stated in Theorem 2.5.
Let ŝ be an empirical risk minimizer of the denoising score matching criterion (2.11) over
a class S such that, for some V > 0,

sup
s∈S

sup
t∈[T ,T ]

∥∥∥∥s(t, ·) + ·
σ2

∥∥∥∥
∞

⩽ V.

Then, for n−1 ⩽ T < T ,

E
[
ET ,T (ŝ)

]
≲ inf

s∈S
ET ,T (s) + cn

n
log

(
N
(
S[T ,T ], ∥·∥∞ , n−1

)
∨ n

)
, (2.17)

where cn ≲ (1 + T−1)(T − T )polylog(n).

The first term in (2.17) is the approximation error of the class S. The second term
is a complexity term expressed through the metric entropy of S. The dependence on T
reflects the singular behavior of the denoising target near t = 0.

It is therefore enough to construct a function class S with good approximation properties,
controlled entropy, and a controlled one-sided Lipschitz constant.

2.3.5 Minimax convergence rates for SGMs
The class S is built from tanh neural networks whose architecture depends on time. Near
t = 0, the score is less regular and may have larger norm, so the approximation error
is larger. At larger times, the nonlinear part of the score is smoother and smaller. The
interval [T , T ] is therefore divided into subintervals, and different network sizes are used
on different subintervals.

The early-stopping and initialization parameters are chosen to balance the three errors
described above. The initialization error decreases exponentially with T , the early-stopping
error is of order

√
T , and the score estimation error is controlled by the oracle inequality.

This leads to the following bound.

Theorem 2.8 (Minimax convergence of score-based generative models [SAL25]). Let
D ⩾ 3, β > 0, K ⩾ 1, and let X1, . . . , Xn be drawn independently from p⋆ ∈ Aβ

K . Assume
that K−1 ⩽ σ ⩽ K and that the backward diffusion coefficient satisfies

∥b∥L∞([0,T −T ]) ⩽ K.
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There exist time cutoff satisfying

T ≍ n− 2(β+1)
2β+D , T ≍ log n,

and a time-dependent class of tanh neural networks S such that, if ŝ is obtained by
denoising score matching (2.11) and p̂SGM denotes the generated law (2.8), then

sup
p⋆∈Aβ

K

E [W1(p⋆, p̂SGM)] ≲ n− β+1
2β+D polylog(n). (2.18)

Moreover, this rate matches the minimax lower bound up to logarithmic factors:

inf
p̃n

sup
p⋆∈Aβ

K

E [W1(p⋆, p̃n)] ⩾ cn− β+1
2β+D , (2.19)

where the infimum is taken over all estimators based on X1, . . . , Xn.

This theorem concerns an exact continuous-time simulation and an exact empirical
score-matching minimizer. Numerical time-discretization and optimization errors are not
included. The rate n−(β+1)/(2β+D) is the minimax rate for estimating a β-smooth density
in RD under the Wasserstein-1 distance. The theorem shows that, in this model, denoising
score matching followed by a reverse diffusion or probability-flow ODE satisfies this rate
up to logarithmic factors.

The argument does not assume that the score is smooth a priori. Instead, the as-
sumptions on the target density imply quantitative regularity of the score along the
Ornstein–Uhlenbeck path. This regularity allows score approximation by neural networks,
while the one-sided Lipschitz estimate ensures that score estimation errors are propagated
stably by the backward dynamics.

2.4 Generator matching for Markovian generative
models

The previous section described Score-Based Generative Models through one specific
mechanism: an Ornstein–Uhlenbeck forward diffusion, a denoising score-matching objective,
and a reverse-time diffusion or probability-flow ODE. This mechanism is important, but it
is only one way of producing a time-dependent transformation from a simple distribution
to the data distribution. Flow Matching [LCBH+22, AVE23], continuous-time discrete
diffusion [CBDB+22], and jump-based generative models [LME24] can be described by
a similar principle: fix a probability path and learn a dynamical system that realizes it
marginally.

In [AS26], following the Generator Matching formalism of [H+24], we study this idea
at the level of infinitesimal generators. One fixes a probability path

(pt)0⩽t⩽1, p0 simple, p1 = p⋆,
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and looks for a continuous-time Markov process whose marginal law at time t is pt. The
score-based models of Section 2.3 correspond to a particular diffusion generator. Generator
Matching keeps the same conditional-regression structure as denoising score matching, but
replaces the score by the parameter field of a general Markov generator.

Throughout this section, when µ is a measure and f is a test function, we write

⟨µ, f⟩ =
∫
f dµ.

The same bracket notation will also be used for vector and matrix inner products; the
meaning will always be clear from the arguments.

2.4.1 Probability paths
Let S be a measurable state space. In the score-based setting of Section 2.3, one has
S = RD. For discrete generative modeling, S may instead be finite, for instance a
vocabulary, a finite graph state space, or a product of categorical variables. The first
modeling choice is a probability path (pt)0⩽t⩽1 joining a tractable reference distribution p0
to the target distribution p⋆.

As in flow matching and denoising score matching, the path is usually specified through
conditional paths. Given a latent data point Z◦ ∼ p⋆, one chooses an explicit conditional
path

pt(· | Z◦ = z◦), p0(· | Z◦ = z◦) = p0, p1(· | Z◦ = z◦) = δz◦ .

The marginal path is then obtained by mixing over Z◦:

pt(A) =
∫

S
pt(A | Z◦ = z◦) p⋆(dz◦), A ⊆ S. (2.20)

Equivalently, conditionally on Z◦, one samples a static random variable

X◦
t ∼ pt(· | Z◦),

so that X◦
t has marginal law pt. The superscript ◦ indicates that (X◦

t )t is a static
interpolation, not necessarily the trajectory of a Markov process.

On RD, a standard class of interpolations is

X◦
t = mt(Z◦) + σtξ

◦, ξ◦ ∼ p0.

The usual flow-matching path is obtained by taking mt(z) = tz and σt = 1 − t, namely

X◦
t = (1 − t)ξ◦ + tZ◦.

This path is close to the Gaussian noising paths of Section 2.3, but it is written in the
generative direction, from p0 to p⋆. When the conditional law is Gaussian, the conditional
score is explicit:

∇ log pt(x | Z◦) = −x−mt(Z◦)
σ2

t

.
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The denoising identity (2.10) says that the marginal score is the conditional expectation
of this explicit conditional score.

On an arbitrary state space, a simple alternative is the mixture path

pt(dx | Z◦ = z◦) = (1 − κt)p0(dx) + κtδz◦(dx), (2.21)

where κ0 = 0, κ1 = 1, and κt is non-decreasing. This path does not transport mass
continuously in space. It keeps a fraction 1 − κt of the reference law and moves the
remaining mass to the endpoint z◦. It is therefore suitable for finite or non-Euclidean
state spaces.

2.4.2 Generators realizing a probability path
Once the path (pt)t is fixed, the next question is whether it can be realized as the family
of marginals of a continuous-time Markov process. Let (Xt)0⩽t⩽1 be such a process, with
transition kernels ks,t(x, dy). For a class T of test functions f : S → R, its infinitesimal
generator is

Ltf(x) = lim
h↓0

∫
S f(y)kt,t+h(x, dy) − f(x)

h
, (2.22)

whenever the limit exists. If the marginal law of Xt is pt, then the weak Kolmogorov
forward equation reads

d
dt ⟨pt, f⟩ = ⟨pt, Ltf⟩ , f ∈ T . (2.23)

When the measures have densities, this is the weak form of ∂tpt = L⋆
tpt. For a deterministic

flow, it is the continuity equation. For a diffusion, it is the Fokker–Planck equation. For a
pure-jump process, it is the master equation.

The finite-state case is the simplest setting in which gradients do not appear. Suppose
that S is finite. A continuous-time Markov chain is described by transition rates

qt(x, y) ⩾ 0, x ̸= y.

For small h > 0,

P(Xt+h = y | Xt = x) = hqt(x, y) + o(h), y ̸= x,

and
P(Xt+h = x | Xt = x) = 1 − h

∑
y ̸=x

qt(x, y) + o(h).

The generator is therefore

Ltf(x) =
∑
y ̸=x

qt(x, y)
(
f(y) − f(x)

)
. (2.24)
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Writing pt(x) for the mass of state x, the weak equation (2.23) is equivalent to the master
equation

ṗt(y) =
∑
x ̸=y

pt(x)qt(x, y) − pt(y)
∑
x ̸=y

qt(y, x). (2.25)

Thus, on a finite state space, learning the generator means learning the transition rates of
a time-inhomogeneous Markov chain. This is the discrete counterpart of learning a drift
field in flow matching or a score-dependent drift in score-based diffusion.

Definition 2.9 (Weak realization of a probability path). Let (pt)0⩽t⩽1 be a probability
path on S. A family of generators (Lt)0⩽t⩽1 is said to realize (pt)t on the test class T if

d
dt ⟨pt, f⟩ = ⟨pt, Ltf⟩ , f ∈ T .

This definition is weak by design. It does not require us to write the transition kernels
of the process explicitly. It only asks that the infinitesimal evolution of expectations along
the path is generated by Lt. A weak realization need not, by itself, determine a well-posed
Markov process. Existence and uniqueness require additional domain, positive-maximum-
principle, conservativity, and martingale-problem assumptions.

2.4.3 The conditional-to-marginal principle
The conditional construction of the path is useful because the conditional dynamics are
often explicit. Suppose that, for each endpoint z◦, there is a generator Lz◦

t that realizes the
conditional path pt(· | Z◦ = z◦). The marginal generator is then obtained by conditioning
on the current interpolated state.

Proposition 2.10 (Conditional-to-marginal generator formula [H+24, AS26]). Let (X◦
t )0⩽t⩽1

be the static interpolating process defined above. Assume that, conditionally on Z◦, the path
admits a conditional generator LZ◦

t . Under suitable regularity assumptions, the marginal
path (pt)t is realized by the generator

Ltf(x) = E
[
LZ◦

t f(x) | X◦
t = x

]
. (2.26)

Equivalently,
d
dtE[f(X◦

t )] = E[Ltf(X◦
t )].

Proof. For a test function f , the tower property gives

E[f(X◦
t )] = E [E[f(X◦

t ) | Z◦]] .

Differentiating in time and using the conditional generator,

d
dtE[f(X◦

t )] = E
[
LZ◦

t f(X◦
t )
]
.
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Conditioning on X◦
t gives

E
[
LZ◦

t f(X◦
t )
]

= E
[
E
[
LZ◦

t f(X◦
t ) | X◦

t

]]
,

which is exactly (2.26).

In the finite-state case, if the conditional generators have rates qz◦
t (x, y), the formula

becomes

qt(x, y) = E
[
qZ◦

t (x, y) | X◦
t = x

]
, x ̸= y. (2.27)

Thus continuous-time discrete diffusion can be written as a regression problem for transition
rates.

The mixture path (2.21) gives a concrete example. For t < 1, set

λt = κ̇t

1 − κt

.

Then the conditional generator

Lz◦

t f(x) = λt

(
f(z◦) − f(x)

)
(2.28)

realizes the conditional mixture path. On a finite state space, this means that the chain
jumps to z◦ at rate λt and makes no other jumps. Indeed,〈

pt(· | z◦), Lz◦

t f
〉

= κ̇t

1 − κt

∫
S

(
f(z◦) − f(x)

)
((1 − κt)p0(dx) + κtδz◦(dx))

= κ̇t (f(z◦) − ⟨p0, f⟩)

= d
dt ⟨pt(· | z◦), f⟩ .

This example shows that jump generators are not only discrete analogues of diffusion
generators. They are a Markovian representation of paths that move mass by jumps rather
than continuously.

2.4.4 Linear parameterizations of generators
The preceding formula defines the marginal generator, but it does not yet say what the
neural network should output. A generator is an operator acting on test functions, whereas
a neural network produces a finite-dimensional object. Generator Matching resolves this
by using a linear parameterization of the generator.
Definition 2.11 (Linear parameterization). Let V be an inner-product space, let Ω ⊆ V
be convex, and let K be a linear map acting on test functions. A family of generators
(Lt)t admits a linear parameterization if there exists a parameter field

Ft : S → Ω

such that

Ltf(x) = ⟨Kf(x), Ft(x)⟩V , f ∈ T . (2.29)
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For a deterministic flow on RD,

Ltf(x) = ⟨at(x),∇f(x)⟩ .

Thus Kf = ∇f and Ft = at. For an additive diffusion

dXt = at(Xt) dt+
√

2bt dBt,

the generator is
Ltf(x) = ⟨at(x),∇f(x)⟩ + b2

t ∆f(x).
In this case, the unknown parameter may be the drift at, or the pair (at, b

2
t ) if the diffusion

coefficient is also learned.
For a finite-state Markov chain, the parameter field is the vector of transition rates:

Kf(x) =
(
f(y) − f(x)

)
y ̸=x

, Ft(x) =
(
qt(x, y)

)
y ̸=x

.

The natural constraint is then Ft(x) ∈ RS\{x}
+ .

For a pure-jump process on a general state space,

Ltf(x) =
∫

S

(
f(y) − f(x)

)
Qt,x(dy),

where Qt,x is a nonnegative jump measure. Its total mass is the jump intensity, and its
normalization, when the total mass is positive, is the jump distribution. In particular,
Qt,x needs not be a probability measure.

The conditional-to-marginal formula transfers to the parameter fields:

Ft(x) = E
[
FZ◦

t (x) | X◦
t = x

]
.

The learning problem is therefore a conditional regression problem. The target Ft is
unknown, but the conditional target FZ◦

t is explicit.

2.4.5 Bregman matching
Let F θ

t (x) be a neural-network approximation of the marginal parameter field. The ideal
loss would be

LGM(θ) = E
[
DΦ
(
FT (X◦

T )∥F θ
T (X◦

T )
)]
, T ∼ Unif(0, 1),

but Ft is not directly available. The conditional-to-marginal identity shows that a com-
putable replacement is the conditional loss

LCGM(θ) = E
[
DΦ
(
FZ◦

T (X◦
T )∥F θ

T (X◦
T )
)]
.

The loss class for which this replacement changes the loss only by an additive constant is
the class of Bregman divergences.
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Definition 2.12 (Bregman divergence). Let Φ : Ω → R be differentiable and strictly
convex on a convex set Ω ⊆ V . The associated Bregman divergence is

DΦ(u∥v) = Φ(u) − Φ(v) − ⟨∇Φ(v), u− v⟩V . (2.30)

For Φ(u) = 1
2 ∥u∥2

V , one obtains

DΦ(u∥v) = 1
2 ∥u− v∥2

V .

On the probability simplex, taking Φ(u) = ∑
i ui log ui gives the Kullback–Leibler diver-

gence. More generally, on the cone of nonnegative finite measures dominated by a reference
measure µ, writing ν = rµ and η = sµ, the same entropy functional gives

DKL(ν∥η) =
∫ [

r(y) log r(y)
s(y) − r(y) + s(y)

]
dµ(y). (2.31)

This last example is relevant for jump models, since it compares nonnegative measures
and therefore applies to Qt,x(dy), whose total mass is an intensity rather than one.

Proposition 2.13 (Bregman divergence matching [H+24, AS26]). Let DΦ be a Bregman
divergence on Ω, and let T ∼ Unif(0, 1). Assume that

Ft(x) = E
[
FZ◦

t (x) | X◦
t = x

]
.

Then
LCGM(θ) = LGM(θ) + E

[
DΦ(FZ◦

T (X◦
T )∥FT (X◦

T ))
]
.

In particular, the two losses have the same gradients with respect to θ.

Proof. A Bregman divergence is affine in its first argument, up to a term that does not
depend on the second one. Indeed,

DΦ(u∥v) = Φ(u) + ⟨u,−∇Φ(v)⟩V − Φ(v) + ⟨∇Φ(v), v⟩V .

In the only term where u interacts with v = F θ
T (X◦

T ), we may replace FT (X◦
T ) by FZ◦

T (X◦
T )

after conditioning on X◦
T . The remaining difference is

E
[
Φ(FT (X◦

T )) − Φ(FZ◦

T (X◦
T ))
]
,

which does not depend on θ and yields the proof.

This proposition is an analogue of denoising score matching in Section 2.3. There, the
unknown marginal score is the conditional expectation of an explicit Gaussian conditional
score, and the squared loss gives a computable denoising objective. Here, the score is
replaced by the parameter field of a Markov generator. Depending on the generator class,
the supervised target may be a drift vector, a transition-rate vector, or a jump measure.
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2.4.6 The design space of Markov generators
The generator viewpoint also describes which types of Markov dynamics can be used.
On finite spaces, the parameters are rate matrices. On Euclidean spaces, a standard
result, related to Courrège’s theorem, says that Markov generators satisfying the positive
maximum principle decompose into drift, diffusion, and jump parts. In the following
statement, we restrict the jump part to finite activity, which is enough for the present
discussion.

Theorem 2.14 (Basic forms of Markov generators [AS26]). Under standard regularity
assumptions, the following descriptions hold.

If S is finite, every continuous-time Markov generator has the form

Ltf(x) =
∑
y ̸=x

qt(x, y)
(
f(y) − f(x)

)
, qt(x, y) ⩾ 0.

If S = RD, every sufficiently regular finite-activity generator has the form

Ltf(x) = ⟨at(x),∇f(x)⟩ + 1
2
〈
σt(x)σt(x)⊤,∇2f(x)

〉
HS

+
∫
RD

(
f(y) − f(x)

)
Qt,x(dy),

(2.32)

where at is a drift field, σt is a diffusion matrix, and Qt,x is a finite nonnegative jump
measure.

The score-based models of Section 2.3 lie in the drift-diffusion part of (2.32). The
learned score enters the drift of the reverse SDE (2.8). Flow matching removes the
diffusion term and learns a deterministic drift. Continuous-time discrete diffusion uses
the finite-state part of the theorem. Jump models use the last term in (2.32), either on a
discrete state space or on a continuous one.

A single probability path may also admit several generator realizations. For the
Gaussian interpolation

X◦
t = (1 − t)ξ◦ + tZ◦,

the conditional flow generator is

Lz◦

t f(x) =
〈
z◦ − x

1 − t
,∇f(x)

〉
.

Hence the conditional-to-marginal formula gives the usual flow-matching drift

at(x) = E
[
Z◦ − x

1 − t
| X◦

t = x
]
.

For the mixture path (2.21), the natural realization is instead the pure-jump genera-
tor (2.28). Thus the probability path and the generator class should be chosen together:
some paths are represented by flows, others by jumps, and some admit several realizations.
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2.4.7 Duality and stability
Once a generator L̂t has been learned, one must relate the generator error to the final
generated law. This is the same issue as in Section 2.3: the empirical loss controls an error
along the probability path, whereas the final performance is measured at time 1. The
backward Kolmogorov equation gives the following dual identity.

Proposition 2.15 (Duality identity for generator errors [AS26]). Let (pt)0⩽t⩽1 and (p̂t)0⩽t⩽1
solve the weak Kolmogorov forward equations associated with Lt and L̂t, with the same
initial condition p0 = p̂0. Let f ∈ T , and let f̂t solve the backward Kolmogorov equation

∂tf̂t + L̂tf̂t = 0, f̂1 = f.

Then

⟨p1 − p̂1, f⟩ =
∫ 1

0

〈
pt, (Lt − L̂t)f̂t

〉
dt. (2.33)

Proof. Differentiate t 7→
〈
pt, f̂t

〉
. Using the forward equation for pt and the backward

equation for f̂t,

d
dt
〈
pt, f̂t

〉
=
〈
pt, Ltf̂t

〉
+
〈
pt, ∂tf̂t

〉
=
〈
pt, (Lt − L̂t)f̂t

〉
.

Similarly,
d
dt
〈
p̂t, f̂t

〉
=
〈
p̂t, L̂tf̂t + ∂tf̂t

〉
= 0.

Integrating from 0 to 1, using p0 = p̂0 and f̂1 = f , gives (2.33).

The identity separates the statistical error Lt − L̂t from the propagation of this error
by the learned dynamics. For flows and diffusions, this propagation can be bounded by a
one-sided Lipschitz constant, as in the stability estimates used for SGMs in Section 2.3.

Theorem 2.16 (Backward Lipschitz propagation [AS26]). Assume that

L̂tϕ(x) = ⟨ât(x),∇ϕ(x)⟩ + b2
t ∆ϕ(x),

corresponding to the SDE
dXt = ât(Xt) dt+

√
2bt dBt,

where bt depends only on time. Assume that ât is differentiable in space and that

λmax(∇ât(x)) ⩽ ℓ̂t, x ∈ RD,

for some integrable function ℓ̂. If f̂t solves

∂tf̂t + L̂tf̂t = 0, f̂1 = f,
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then ∥∥∥f̂t

∥∥∥
Lip

⩽ exp
(∫ 1

t
ℓ̂u du

)
∥f∥Lip .

Consequently, if Lt and L̂t have the same diffusion coefficient and drifts at and ât, then

W1(p1, p̂1) ⩽
∫ 1

0
exp

(∫ 1

t
ℓ̂u du

)
EXt∼pt [∥at(Xt) − ât(Xt)∥] dt. (2.34)

Proof. Rather than using Alekseev–Gröbner perturbation formulas, the proof uses the
Markov representation of the backward equation and a synchronous coupling.

Fix t ∈ [0, 1] and x, y ∈ RD. Let X t,x
s and X t,y

s solve, for s ∈ [t, 1],

X t,x
s = x+

∫ s

t
âu(X t,x

u ) du+
∫ s

t

√
2bu dBu,

and
X t,y

s = y +
∫ s

t
âu(X t,y

u ) du+
∫ s

t

√
2bu dBu,

with the same Brownian motion. By the Feynman–Kac representation,

f̂t(x) = E[f(X t,x
1 )], f̂t(y) = E[f(X t,y

1 )].

Set Zs = X t,x
s −X t,y

s . Since the diffusion coefficient is additive and the Brownian motion
is shared, the noise cancels:

Zs = x− y +
∫ s

t

(
âu(X t,x

u ) − âu(X t,y
u )

)
du.

Therefore
d
ds ∥Zs∥2 = 2

〈
Zs, âs(X t,x

s ) − âs(X t,y
s )

〉
.

The one-sided Lipschitz assumption gives〈
Zs, âs(X t,x

s ) − âs(X t,y
s )

〉
⩽ ℓ̂s ∥Zs∥2 .

By Gronwall’s lemma,
∥∥∥X t,x

1 −X t,y
1

∥∥∥ ⩽ exp
(∫ 1

t
ℓ̂u du

)
∥x− y∥ .

Hence
|f̂t(x) − f̂t(y)| ⩽ ∥f∥Lip exp

(∫ 1

t
ℓ̂u du

)
∥x− y∥ ,

which proves the Lipschitz estimate. The Wasserstein bound follows by applying Proposi-
tion 2.15 to 1-Lipschitz test functions and using the Kantorovich–Rubinstein duality.
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This theorem is the stability estimate used in the Wasserstein control of score-based
models in Section 2.3. In that case, the generator error is the drift error induced by
replacing the true score by ŝ, and the preceding bound has the same form as the SDE
stability estimate used in the minimax analysis.

In summary, the construction is close to that of SGMs. A probability path specifies
the desired marginal evolution. A Markov generator specifies how this evolution is realized
infinitesimally. Conditional Generator Matching replaces the unknown marginal generator
by an explicit conditional regression target. Backward Kolmogorov duality then propagates
the learned generator error to a final distributional bound. The results in this section
identify population generators, computable conditional objectives, and stability identities.
They do not yet provide a finite-sample generalization theorem for an empirically learned
generator; obtaining such a theorem is an open part of the program.

2.5 Adaptive diffusion guidance
While learning to sample from the unconditional data distribution p⋆ is useful, many
applications require user control over the generative process. Conditional generation
aims to sample exclusively from the conditional distribution p⋆(· | c), where c represents
semantic conditioning information, ranging from discrete class labels to physical constraints
or complex textual prompts.

2.5.1 Classifier-free guidance and the tempering myth
A direct approach to conditional sampling in score-based diffusion models would require
defining a conditional forward process and retraining a specific conditional score network
∇ log pt(x | c) entirely from scratch for each condition. However, Bayes’ rule yields a
precise algebraic decomposition of the conditional score:

∇ log pt(x | c) = ∇ log pt(x) + ∇ log pt(c | x). (2.35)

This formulation, known as Classifier Guidance [DN21], allows practitioners to reuse
an unconditionally trained diffusion model and simply add the gradient of an auxiliary,
independently trained noisy classifier pt(c | x) during the reverse SDE simulation. While
theoretically sound, training noise-conditioned classifiers that remain robust across all
noise levels t is difficult and computationally expensive.

To bypass the need for an explicit classifier, while improving sample quality and
adherence to the condition c, practitioners rely on Classifier-Free Guidance (CFG) [HS22].
CFG co-trains the conditional score ∇ log pt(x | c) and the unconditional score ∇ log pt(x)
within a single neural network by randomly dropping the conditioning information during
training (using a dummy token ∅). The classifier gradient is then inferred algebraically.

Furthermore, an artificial guidance weight w > 0 (often denoted γ = 1 + w in the
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literature) is introduced to extrapolate the score. The guided score is thus defined as:

sγ
t (x | c) := ∇ log pt(x | c) + w (∇ log pt(x | c) − ∇ log pt(x))

= (1 − γ)∇ log pt(x) + γ∇ log pt(x | c). (2.36)

Despite its ubiquity and use in models such as Stable Diffusion [RBL+22], the exact
mathematical mechanism of guidance is not fully explained theoretically. A common but
generally inaccurate intuition suggests that integrating the SDE driven by (2.36) effectively
samples from a “tempered” conditional distribution proportional to the geometric average:

p̃γ,t(x) ∝ pt(x)pt(c | x)γ = pt(x)1−γpt(x | c)γ.

As recent geometric and probabilistic literature shows [C+24, B+24], this is not correct
in general: the resulting non-linear SDE marginals do not correspond to the tempered
target. The obstruction is that the geometric average of the marginals is not the marginal
of the geometric average. In fact, CFG behaves more like a so-called predictor-corrector
mechanism [B+24]. Attempts to characterize it via Feynman-Kac correctors reveal that
exact tempered sampling would actually require simulating a complex sequential Monte
Carlo scheme along the trajectories [S+25].

Another widespread concern in the literature is that imposing a large, constant weight
γ ∈ [4, 10] might push the Langevin dynamics outside the true data manifold supp(p⋆(· | c)),
resulting in distorted, out-of-distribution samples and generating visual artifacts.

2.5.2 Rigorous probabilistic guarantees: the guiding field
In our work [APL+25], we provide a theoretical formulation of the guidance mechanism
that addresses these points. For simplicity, we restrict the analysis to the DDPM-like
backward diffusion where the backward diffusion coefficient is bt = 1 (see Section 2.3).

Let (Y w
t )t∈[0,T ] denote the reverse generative process driven by the guided score s1+w

T −t .
To isolate the effect of guidance, we define the backward-running guiding field Gt(x) as
the log-likelihood ratio:

Gt(x) := log pT −t(c | x) − log p(c) = log pT −t(x | c) − log pT −t(x).

Under this notation, the guided drift perturbation corresponds precisely to 2wt(x)∇Gt(x),
where we explicitly allow the guidance weight wt(x) to depend dynamically on both time
and space. The backward guided dynamics are governed by the SDE:

dY w
t = [Y w

t + 2∇ log pT −t(Y w
t | c) + 2wt(Y w

t )∇Gt(Y w
t )] dt+

√
2 dB̄t. (2.37)

First, we resolve the ambiguity regarding support preservation. A natural question
is whether the arbitrary drift perturbation introduced by wt(x)∇Gt(x) can destroy the
support recovery property of the generative SDE. To ensure absolute continuity of the
path measures, we bound the norm of the guiding field ∥∇Gt(x)∥ using Tweedie’s for-
mula [Rob56]. The marginal score can be expressed exactly as the conditional expectation
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of the clean data given the noisy observation, implying that the gradient of the guiding
field is purely a function of the difference between the conditional and unconditional
posterior expectations of the data.

Theorem 2.17 (Population support recovery [APL+25]). Assume the unconditional data
distribution has compact support supp(p⋆) ⊆ B(0, R) for some R < ∞, and the dynamic
guidance weight is uniformly bounded, |wt(x)| ≤ Cmax and that p(c) > 0. Then, by utilizing
Girsanov’s theorem and the Donsker-Varadhan variational formula, the Kullback-Leibler
divergence between the guided process Y w and the exact conditional process Y 0 satisfies for
any ε > 0:

KL(Y w
[0,T −ε] ∥ Y 0

[0,T −ε]) ≤ E
[∫ T −ε

0
w2

t ∥∇Gt(Y w
t )∥2 dt

]
⩽ −Cmax log p(c) < ∞.

Consequently, almost surely, the terminal state of the guided process remains within the
true conditional support:

P (Y w
T ∈ supp(p⋆(· | c))) = 1.

This theorem confirms that, contrary to certain empirical beliefs, guidance with w ̸= 0
does not by itself destroy support recovery at the population level, provided the guidance
weight remains bounded.

Furthermore, we can characterize how the CFG mechanism optimizes the alignment
with the condition c. By applying Itô’s lemma and the Fokker-Planck equation to the
backward running guiding field Gt(Y w

t ), we establish a differential identity:

dGt(Y w
t ) = (1 + 2wt) ∥∇Gt(Y w

t )∥2 dt+
√

2
〈
∇Gt(Y w

t ), dB̄t

〉
.

Taking the expectation over the trajectories directly establishes that guidance monotonically
increases the expected log-likelihood of the condition.

Theorem 2.18 (Likelihood enhancement and martingale property [APL+25]). The ex-
pected log-likelihood of the conditioning class increases according to of the applied guidance
strength along the paths. Specifically:

E [log p0(c | Y w
T )] = C + E

[∫ T

0
(1 + 2wt(Y w

t )) ∥∇Gt(Y w
t )∥2 dt

]
, (2.38)

where the constant C = log p(c)+E[log pT (Y w
0 | c)−log pT (Y w

0 )] is independent of the choice
of w. Furthermore, evaluating the quadratic variation of Gt reveals that the Doléans-Dade
stochastic exponential associated with the guiding field,

St := p(c)
pT −t(c | Y w

t ) exp
(∫ t

0
2ws(Y w

s ) ∥∇Gs(Y w
s )∥2 ds

)
,

is a super-martingale on [0, T ]. By Doob’s maximal inequality, this gives a high-probability
control on the increase of the adherence to the class label.
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2.5.3 Adaptive guidance via stochastic optimal control
These theoretical insights reveal a limitation of current practices: a large constant guidance
weight w ∈ [3, 10] is applied across all time steps t ∈ [0, T ] and spatial regions. As (2.38)
demonstrates, maximizing E[log p0(c | Y w

T )] without regularization, with a large constant
w may drive trajectories into low-probability regions of the unconditional distribution pt.
In these regions, the underlying score network ∇ log pt(x) is used outside its well-estimated
regime, thereby reducing sample diversity and causing the well-documented visual artifacts.

To resolve this, we recast the guidance scheduling problem into the framework of
Stochastic Optimal Control (SOC) [FS06]. Rather than imposing a fixed heuristic schedule,
we formulate the objective as adaptively maximizing the terminal classifier alignment
while concurrently penalizing the trajectory’s deviation from the true unguided conditional
process. We seek the optimal dynamic policy w⋆ that maximizes the reward functional:

R(w) := E [log p0(c | Y w
T )] − αKL

(
Y w

[0,T ] ∥ Y 0
[0,T ]

)
, (2.39)

where α > 0 sets the statistical trade-off between conditional alignment (alignment with
condition c) and generative diversity (proximity to the true conditional measure).

By expanding the KL divergence via Girsanov’s theorem and substituting our likelihood
enhancement representation from Theorem 2.18, the complex objective reduces to a
tractable path integral over the guided trajectories:

R(w) = E
[∫ T

0

(
1 + 2wt(Y w

t ) − αwt(Y w
t )2

)
∥∇Gt(Y w

t )∥2 dt
]

+ C ′, (2.40)

where C ′ is a constant independent of the guidance w.
This continuous-time control problem is governed by the Hamilton-Jacobi-Bellman

(HJB) equation. Defining the optimal value function Vt(x), the optimal adaptive guidance
strategy can be derived formally by maximizing the Hamiltonian, yielding:

w⋆
t (x) = ⟨∇Gt(x),∇Vt(x)⟩ + ∥∇Gt(x)∥2

α ∥∇Gt(x)∥2 . (2.41)

This equation reveals that the optimal guidance is explicitly state- and time-dependent.

2.5.4 Scalable optimization via the adjoint sensitivity method
To implement this in high dimensions where solving the HJB PDE directly via grid-based
methods is computationally prohibitive, we parameterize the scalar guidance strength
using a shallow neural network wθ(t, x, c). We optimize the parameters θ using an adjoint
sensitivity method [DE+25].

Because changing wθ alters both the instantaneous reward in (2.40) and the distribution
of the trajectories Y w

t themselves, standard differentiation requires tracking the sensitivity
process Zt(τ) := ∂Y w

t

∂wτ
, which propagates a perturbation in the guidance weight at time τ

to the state at time t > τ .
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To avoid simulating Zt forward for every possible τ , we define the backward-in-time
adjoint process λt, governed by the linear SDE:

dλt = − [Id +2∇2 log pT −t(Y w
t | c) + 2wt∇2Gt(Y w

t )]⊤ λt dt
−2(1 + 2wt − αw2

t )∇Gt(Y w
t )⊤∇2Gt(Y w

t ) dt,
λT = 0.

By integrating the inner product ⟨λt, Zt⟩ by parts along the trajectories, the dependence
on the forward sensitivity process drops out. The total gradient of the reward functional
with respect to the network parameters is then computed efficiently as an expectation over
simulated guided trajectories:

∇θR(wθ) = E
[∫ T

0

(
2(1 − αwt) ∥∇Gt∥2 + 2 ⟨λt,∇Gt⟩

)
∇θwt(Y w

t , c) dt
]
.

This formulation allows us to compute the parameter gradients ∇θR efficiently by
running a single forward pass to simulate the trajectories, followed by a single backward
pass to compute the adjoint process λt. This SOC framework [APL+25] thus provides
an adaptive mechanism for conditional generation. By learning to modulate the scalar
guidance strength based on the local geometry of the score field and the temporal dynamics
of diffusion, it provides an adaptive alternative to fixed heuristic constants: a dynamically
responsive guidance mechanism that balances condition fulfillment with the geometric
fidelity of the generated samples.

2.6 Perspectives
The analysis of generative modeling presented in this chapter—from distribution esti-
mation to dynamical generators and optimal control—describes some statistical limits
of learning complex distributions with continuous-time techniques. We outline several
open mathematical directions extending this framework, bridging generative models with
geometric inference.

Submanifold minimax rates for diffusions: We established minimax optimal rates
for SGMs in the ambient space. However, if the target distribution is supported on a
lower-dimensional submanifold M ⊂ RD, the smoothed density pt develops singularities
(e.g., the score field may vanish symmetrically at the origin for a sphere). Therefore, the
score cannot exhibit global Hölder continuity in the ambient space.

Conjecture 2.1 (SGM minimax rates on submanifolds). Let p⋆ be a Cβ density strictly
bounded away from zero relative to the intrinsic volume measure of a d-dimensional Cβ+1

compact submanifold M ⊂ RD with positive reach. We conjecture that the appropriate
regularity notion is that the exact score satisfies s⋆(t, ·) ∈ W β+γ,2

Ct−(1+γ)/2(RD, pt), where W is
the L2(pt)-weighted Sobolev space. Consequently, score estimators trained via denoising



CHAPTER 2. STATISTICAL FOUNDATIONS OF GENERATIVE MODELING 56

score matching on submanifolds achieve the intrinsic minimax optimal rate for distribution
estimation in Wasserstein-1 distance:

inf
P̂SGM

sup
p⋆

E
[
W1(P ⋆, P̂SGM)

]
≍
(

log n
n

) β+1
2β+d

.

Computational gains of jump generators: The Generator Matching framework
unifies continuous ODE/SDE dynamics with pure jump processes via mixture paths. An
open question is whether formulating generative dynamics as a jump process provides
algorithmic or numerical advantages, potentially bypassing the stiffness and truncation
errors associated with integrating highly-curved vector fields across low-density regions.

Geometric guarantees for sampled distributions: Our current statistical analyses
evaluate generative models using integral probability metrics such as W1, which measure
an average-case transport cost. A small Wasserstein error does not guarantee that the
effective support of the generated distribution P̂SGM inherits the geometric and topological
properties (e.g., homology, reach) of the target support M . Ensuring that synthetic
samples satisfy underlying physical or geometric constraints requires shifting the analysis
from average mass transport to Hausdorff and geometric fidelity.

Influence of boundaries in Wasserstein estimation: In Chapter 1, we demon-
strated that the presence of a boundary ∂M ̸= ∅ structurally breaks the local Euclidean
symmetry, inherently slowing down the optimal estimation rates of the support in Haus-
dorff distance. A natural inquiry is whether this geometric boundary effect translates to
distribution estimation via generative models.

Conjecture 2.2 (Boundary independence in W1). Because the W1 distance metrizes weak
convergence and measures an average transport cost, it is less sensitive to highly localized
geometric singularities. We conjecture that for distributions supported on submanifolds
with a sufficiently regular boundary, the minimax rate for distribution estimation under
the W1 metric remains the same as in the boundaryless case. The presence of the boundary
degrades L∞ geometric recovery but should not incur a statistical penalty for average
optimal transport costs.

Generative drifting and score matching: A recent development in the generative
modeling literature relies on drifting algorithms, which dynamically alternate between
adding noise and denoising during sampling. As shown by [TO26], generative drifting
can be interpreted as a score matching mechanism. Formalizing the non-asymptotic
statistical complexities of drifting algorithms—specifically how alternating steps mitigate
accumulated drift errors without introducing singularities near t = 0—is a promising open
problem.

Information geometry and guidance: Guidance operates by extrapolating scores
via a non-convex affine combination: sγ

t = (1 − γ)∇ log pt(x) + γ∇ log pt(x | c). In
Information Geometry, affine combinations of logarithmic derivatives correspond to Amari’s
α-connections, which interpolate between exponential and mixture families. This raises a
natural geometric question.
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Conjecture 2.3 (Guidance and information geometry). Guided trajectories can be related
to geodesics under the Fisher information metric in the statistical manifold of the latent
space, with the guidance weight dictating the projection onto the conditioning submanifold.
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MOTS CLÉS

dimension intrinsèque, régularité géométrique, statistique non paramétrique, inférence géométrique, modéli-
sation générative, vitesses minimax, hypothèse de variété, modèles de diffusion

RÉSUMÉ

Ce mémoire d’habilitation étudie comment la structure géométrique, la régularité et la stabilité régissent la complexité
statistique de l’inférence en grande dimension. La première partie est consacrée à l’inférence géométrique et établit
des vitesses minimax optimales pour l’estimation de supports, de quantités différentielles et d’invariants globaux à par-
tir de nuages de points. La seconde partie étudie la modélisation générative comme une forme implicite d’inférence
géométrique, en établissant des garanties statistiques pour les GANs de Wasserstein, les modèles de diffusion basés
sur le score, l’appariement de générateurs de Markov et le guidage adaptatif des diffusions.

ABSTRACT

This habilitation thesis studies how geometric structure, smoothness, and stability govern statistical complexity in high-
dimensional inference. The first part is devoted to geometric inference and establishes minimax optimal rates for estimat-
ing supports, differential quantities, and global invariants from point clouds. The second part studies generative modeling
as an implicit form of geometric inference, establishing statistical guarantees for Wasserstein GANs, score-based diffusion
models, Markov generator matching, and adaptive diffusion guidance.

KEYWORDS

intrinsic dimension, geometric regularity, nonparametric statistics, geometric inference, generative modeling,
minimax rates, manifold hypothesis, diffusion models
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