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FROM NEWTON TO BOLTZMANN: HARD SPHERES AND
SHORT-RANGE POTENTIALS

Isabelle Gallagher, Laure Saint-Raymond, Benjamin Texier

Abstract. — We provide a rigorous derivation of the Boltzmann equation as the mesoscopic limit of
systems of hard spheres, or Newtonian particles interacting via a short-range potential, as the number
of particles IV goes to infinity and the characteristic length of interaction ¢ simultaneously goes to 0,
in the Boltzmann-Grad scaling Ne?~! = 1.

The time of validity of the convergence is a fraction of the average time of first collision, due to
a limitation of the time on which one can prove uniform estimates for the BBGKY and Boltzmann
hierarchies.

Our proof relies on the fundamental ideas of Lanford, and the important contributions of King,
Cercignani, Illner and Pulvirenti, and Cercignani, Gerasimenko and Petrina. The main novelty here
is the detailed study of pathological trajectories involving recollisions, which proves the termwise
convergence for the correlation series expansion.






PREFACE

The subject of this monograph is the appearance of irreversibility in gas dynamics. At a molecular
level, the dynamics is Newtonian. In particular, it is reversible, in contrast with observations at a
macroscopic level. In 1872, Boltzmann introduced the equation

B)  Ouf+v-Vaof =Q(f, [),

where 2 € R? represents position and v € R? velocity, for the probability density f(¢,z,v) known as
the distribution function of the gas. The bilinear collision operator @ is related to a jump process in
the velocity variable. The dynamics of the Boltzmann equation locally preserves mass, momentum and
energy, as does the Newtonian microscopic dynamics. In addition, the Boltzmann equation admits a
Lyapunov functional, known as the entropy, which is nondecreasing along trajectories. This is a feature
of an irreversible dynamics.

The specific question that we address in this monograph is the relationship between the reversible
Newton dynamics for a system of particles and the Boltzmann dynamics. A partial answer is given in
Oscar Lanford’s 1975 theorem [37], which accounts for some important intuitions of Boltzmann [10]:

— equation (B) should be obtained as a limit when the number of particles becomes large. In
Boltzmann’s words: The velocity distribution of the molecules is not mathematically exact as
long as the number of molecules is not assumed to be mathematically infinitely large.

— equation (B) predicts only the most probable behavior. In particular, it does not account for tra-
jectories along the Newtonian flow which have decreasing entropy: In nature, the tendency is to
pass from the least likely state to the more likely. [....] The second principle in Thermodynamics
appears therefore as a probability theorem.

— a central question in the derivation of equation (B) is the independence of elementary particles :
From now on we shall specifically assume that the motion is totally disorganized, either as an
ensemble or at a molecular level, and that it remains so indefinitely.

Lanford’s theorem states that the distribution function of a system of N particles, which are interacting
with one another by elastic collisions and are initially independent and smoothly distributed, converges
to the solution of the Boltzmann equation (B) in the limit N — oo, if the characteristic length
of interaction e simultaneously goes to 0 in the Boltzmann-Grad scaling limit Ne?~! = O(1). A
striking point in Lanford’s theorem is that it partially justifies the third intuition of Boltzmann: the
independence is rigorously established in the limit, under the mere assumption that it holds initially.
The main limitation in the theorem is that the convergence is proved to hold only on small time
intervals, in which typically only a small number of collisions per particle take place. As we shall
see, trajectories that are not accounted for in the Boltzmann dynamics involve recollisions, meaning
interactions between particles which have previously interacted in the past (directly or indirectly).
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Such trajectories violate independence. The strategy of Lanford was then to decompose the dynamics
in terms of collision trees and prove that

— with probability converging to 1, collisions trees are finite, and

— with probability converging to 1, recollisions do not happen in finite trees.
It seems however that the arguments used in the literature to establish the second point were not
entirely correct, so that at some point the proof should be completed.

The aim of this monograph is to provide such a completion of the proof of Lanford’s theorem, in a self-
contained manner. In addition, building on the important contribution of King [33], the convergence
result is extended to systems of particles interacting pairwise via compactly supported potentials
satisfying a convexity assumption. We also discuss in depth the notion of independence. In the
hard-sphere case, precise bounds in all steps of the proof enable us to obtain a rate of convergence.

We insist on the fact that the strategy of the proof is by no means new. The main novelty here is
the detailed study of trajectories involving recollisions. This is the key point that allows to prove the
termwise convergence result in the correlation series expansion.

Part I gives some context: we discuss low-density limits, recall some of the main landmarks in the vast
literature concerning the Boltzmann equation, and state the main theorems proved in this monograph.

In Part II we focus on the hard-sphere case. We first derive the BBGKY hierarchy associated with the
Liouville equation, and prove that it is well-posed on a short time interval, uniformly in the number of
particles. Then we turn to the notion of independence, which is central in Lanford’s theorem. Finally
we give a precise convergence statement of the BBGKY hierarchy to the Boltzmann hierarchy. The
convergence to the Boltzmann equation then appears as the particular case of tensor products. We
finally present the salient features of the proof.

Part III is devoted to the case of particle interactions produced by a compactly supported potential.
We first study the scattering operator associated with two-particle interactions, and then derive the
associated BBGKY hierarchy. This derivation is rendered delicate by the fact that simultaneous
interactions of large numbers of particles may occur. Only pairwise interactions contribute to the
dynamics in the limit, however, and bounds similar to the ones in the hard-sphere case are derived. A
precise statement of convergence towards the limiting Boltzmann hierarchy is given, and a strategy of
proof is presented.

Part IV presents the proofs of both convergence results (hard spheres and compactly supported poten-
tial). The fact that potential interactions are non-local produces only minor differences between the
proofs. The study of trajectories involving recollisions, which deviate substantially from the Boltzmann
trajectories, is performed in detail. In particular, we provide explicit (semi-explicit, in the case of a
potential) bounds on their size. As a consequence, in the hard-sphere case a rate of convergence can
be obtained. A list of open problems concludes the text.

We thank Jean Bertoin, Thierry Bodineau, Dario Cordero-Erausquin, Laurent Desvillettes, Francois
Golse, Stéphane Mischler, Clément Mouhot and Robert Strain for many helpful discussions on topics
addressed in this text. We are particularly grateful to Mario Pulvirenti, Chiara Saffirio and Sergio
Simonella for explaining to us how condition (8.3.1) makes possible a parametrization of the collision
integral by the deflection angle (see Chapter 8). Finally we thank the anonymous referee for helpful
suggestions to improve the manuscript.

Paris, May 2013 Isabelle Gallagher
Laure Saint-Raymond

Benjamin Texier



PREFACE iii

Note added in May 2023 : this revised version results from discussions with a number of students since
the first publication in Zirich Lectures in Advanced Mathematics. Apart from a number of misprints
that have been corrected, the following changes have been made:

— In the original version of Chapter 5, there were inconsistencies in the way the function spaces
were introduced. The present Paragraph 5.1, written in collaboration with Thierry Bodineau,
has been added to this chapter in order to settle the functional framework.

— The estimate of Lemma 12.2.2 has been corrected (the original estimate was wrong) which
changes slightly the convergence rate in the case of hard-spheres (Theorem 8).
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PART 1

INTRODUCTION






CHAPTER 1

THE LOW DENSITY LIMIT

We are interested in this monograph in the qualitative behavior of systems of particles with com-
pactly supported interactions. We study the qualitative behaviour of particle systems with compactly
supported, repulsive binary interactions, in two cases: hard spheres, that move in uniform rectilinear
motion until they undergo elastic collisions, and smooth, monotonic, compactly supported potentials.

e For hard spheres, the equations of motion are

dx; dv;
1.0.1 LI i
(10.1) T, e,

for 1 <i < N, where (z;,v;) € R x R? denote the position and velocity of particle i, provided that
the exclusion condition |z;(t) — ;(t)| > o is satisfied, where o denotes the diameter of the particles.
We further have to prescribe a reflection condition at the boundary : if there exists j # ¢ such that

|z —aj| =0

in

vt = vqut _ Vz,] . (,U_out _ Uqut) YY)

i % J

n __ ,.out 5, . out _ ,out 7,7
v = vi" vt (v v v

(1.0.2)
where v := (z; —x;)/|x; — x;|. Note that it is not obvious to check that (1.0.1)-(1.0.2) defines global
dynamics. This question is addressed in Chapter 4.

e In the case of smooth interactions, the Hamiltonian equations of motion are
dx; dv;
(1.0.3) dtz =i, midf; = —ZV‘I)(%—%')?
J#i

where m; is the mass of particle ¢ (which we shall assume equal to 1 to simplify) and the force exerted
by particle j on particle ¢ is —V®(z; —x;) with ® radial and compactly supported — more assumptions
will be made further down.

When the system is constituted of two elementary particles, in the reference frame attached to the
center of mass, the dynamics is two-dimensional. The deflection of the particle trajectories from
straight lines can then be described through explicit formulas (which are given in Chapter 8).

When the system is constituted of three particles or more, the integrability is lost, and in general the
problem becomes very complicated, as already noted by Poincaré [41].
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Remark 1.0.1. — Note that the dynamics of hard spheres is in some sense a limit of the smooth-
forces case with

O(z) = +oo if 2] < 0, D(z)=04if |z| >0.
In [51], M. Wilkinson was able to prove this in the case of two particles, in the weak-star topology
of BV.

We will however see in the sequel that the two types of systems exhibit very similar qualitative behaviours
in the low density limit. Once the dynamics is defined (i.e. provided that we can discard multiple
collisions), the case of hard spheres is actually simpler and we will discuss it in Part II to explain the
main ideas and conceptual difficulties. We will then explain, in Part I1I, how to extend the arguments
to the smoother case of Hamiltonian systems.

1.1. The Liouville equation

In the large N limit, individual trajectories become irrelevant, and our goal is to describe an average
behaviour.

This average will be of course over particles which are indistiguishable, meaning that we will be only
interested in some distribution related to the empirical measure

N
1
pun (t, X (0), Vi (0)) = N D Oty wtt)

i=1
with Xy (0) := (21(0),...,2x(0)) € R and Vy(0) := (v1(0),...,vn(0)) € RN, and (z4(¢),v;(t)) is
the state at time ¢ of particle ¢ in the system with initial configuration (X (0), Vy(0)).

But, because we have only a vague knowledge of the state of the system at initial time, we will further
average over initial configurations. At time 0, we thus start with a distribution f$(Zy), where we
use the following notation: for any set of s particles with positions X, := (z1,...,zs) € R% and
velocities V, := (v1,...,v,) € R%, we write Z, := (21,...,2,) € R?*® with z; := (z;,v;) € R?%.

We then aim at describing the evolution of the distribution

1 N
/(szszi(t)) FY(Zn)dZy .
=1

We thus define the probability fy = fn(t, Zn), referred to as the N-particle distribution function, and
we assume that it satisfies for all permutations o of {1,..., N},

(1.1.1) Nt Zonvy) = fn(t, ZN),

with Z,(n) = (Zo(1)s Vo (1), - - s To(N)» Vo(n))- This corresponds to the property that the particles are
indistinguishable.

The distribution we are interested in is therefore nothing else than the first marginal f](\,l) of the
distribution function fy, defined by

f](vl)(tazl) iz/fN(t,ZN)dzg...dzN.
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Since fn is an invariant of the particle system, the Liouwville equation relative to the particle sys-
tem (1.0.3) is

N N N
(1.1.2) Oufn + D vi Ve fn = 3> Val (2 — ;) - Vo fv = 0.
i=1

i=1 Jj=1
Jj#i
For hard spheres, provided that we can prove that the dynamics is well defined for almost all initial
configurations, we find the Liouville equation

N
(1.1.3) athﬂLZ’Ui'VmifN =0
=1

on the domain
Dy = {ZN e R*WN /Vi 4, |y — ] > O’}

with the boundary condition fx (t, Zi) = fx(t, Z$*"), meaning that on the part of the boundary such
that |z; —zj| =0

) :fN(t,...,xi,vf“t,...xj,vj“t,...)

in
i 9"

InGt, o m ™, xg,vf

where the ingoing and outgoing velocities are related by (1.0.2).

1.2. Mean field versus collisional dynamics

In this framework, in order for the average energy per particle to remain bounded, one has to assume
that the energy of each pairwise interaction is small. In other words, one has to consider a rescaled
potential ®. obtained

— either by scaling the strength of the force,

— or by scaling the range of potential.
According to the scaling chosen, we expect to obtain different asymptotics.

e In the case of a weak coupling, i.e. when the strength of the individual interaction becomes small
(of order 1/N) but the range remains macroscopic, the convenient scaling in order for the macroscopic
dynamics to be sensitive to the coupling is:

N N N
1
O fN +;Ui Vv — NZ”;V‘I’(% —xj)-Vy,fn=0.
Then each particle feels the effect of the force field created by all the (other) particles

N
Fn(z) = —% va@ (x — ;) ~ —/ Vo(r — y)fl(vl)(t,ym)dydv.
j=1

In particular, the dynamics seems to be stable under small perturbations of the positions or velocities
of the particles.

In the limit N — oo, we thus get a mean field approzimation, that is an equation of the form

Of+v-Vof +F-Vof =0
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for the first marginal, where the coupling arises only through some average

F:=-V,®x /fdv.

An important amount of literature is devoted to such asymptotics, but this is not our purpose here.
We refer to [12, 45] for pioneering results, to [28] for a recent study and to [24] for a review on that
topic.

e The scaling we shall deal with in the present work corresponds to a strong coupling, i.e. to the case
when the amplitude of the potential remains of size O(1), but its range becomes small.

Introduce a small parameter € > 0 corresponding to the typical interaction length of the particles.
For hard spheres, ¢ is simply the diameter of particles. In the case of Hamiltonian systems, ¢ will
be the range of the interaction potential. We shall indeed assume throughout this text the following
properties for ® (a compactly supported potential).

Assumption 1.2.1. — The potential ® : R® — R is a radial, nonnegative, nonincreasing function
supported in the unit ball of R?, of class C? in {x € RY,0 < |z| < 1}. Moreover it is assumed that ®
is unbounded near zero, goes to zero at |x| = 1 with bounded derivatives, and that V® vanishes only
on |z| = 1.

Then in the macroscopic spatial and temporal scales, the Hamiltonian system becomes

dx; dv; 1 T;— X
(1.2.1) G =i g =) Ve (B) :
i
and the Liouville equation takes the form
N N N v
i Aj _
(12.2) ath+;vi.v“ I —;;gE@ (E> Yoty =0,

i
With such a scaling, the dynamics is very sensitive to the positions of the particles.

Situations 1 and 2 on Figure 1 differ by a spatial translation of O(e) only. However in Situation 1,
particles will interact and be deviated from their free motion, while in Situation 2, they will evolve
under free flow.

1.3. The Boltzmann-Grad limit

Particles move with uniform rectilinear motion as long as they remain at a distance greater than ¢ to
other particles. In the limit € — 0, we thus expect trajectories to be almost polylines.

Deflections are due to elementary interactions
— which occur when two particles are at a distance smaller than ¢ (exactly € in the case of hard
spheres),
— during a time interval of order ¢ (if the relative velocity is not too small) or even instantaneously
in the case of hard spheres,
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V2 V2
Vi V1
<--—--2j:£-—---> <““i_g“““>
Situation 1 Situation 2

FIGURE 1. Instability

— which involve generally only two particles : the probability that a third particle enters a security
ball of radius € should indeed tend to 0 as € — 0 in the convenient scaling. We are therefore
brought back to the case of the two-body system, which is completely integrable (see Chapter 8).

In order for the interactions to have a macroscopic effect on the dynamics, each particle should undergo
a finite number of collisions per unit of time. A scaling argument, giving the mean free path in terms
of N and ¢, then shows that Ne¢~! = O(1): indeed a particle travelling at speed bounded by R covers
in unit time an area of size Re?~!, and there are N such particles. This is the Boltzmann-Grad scaling
(see [27]).

The Boltzmann equation, which is the master equation in collisional kinetic theory [16, 50], is expected
to describe such a dynamics.






CHAPTER 2

THE BOLTZMANN EQUATION

2.1. Transport and collisions

As mentioned in the previous chapter, the state of the system in the low density limit should be
described (at the statistical level) by the kinetic density, i.e. by the probability f = f(¢,z, v) of finding
a particle with position x and velocity v at time t.

This density is expected to evolve under both the effects of transport and binary elastic collisions,
which is expressed in the Boltzmann equation (introduced by Boltzmann in [9]-[10]) :

(2.1.1) Wf+v-Vof = Q. f)
—_——— ——
free transport localized binary collisions

The Boltzmann collision operator, present in the right-hand side of (2.1.1), is the quadratic form,
acting on the velocity variable, associated with the bilinear operator

(2.12) Qs = [ = FA1b0 = 1.) doad
where we have used the standard abbreviations

f=fw), f=f0), f=Ffv), fi=/flo),
with (v',v]) given by
V=vtw (v —v)w, vi=v1—w- (v —v)w.
One can easily show that the quadruple (v, vy, v’,v]) parametrized by w € S‘li_1 (where Sﬁfl denotes
the sphere of radius p in R?) provides the family of all solutions to the system of d 4 1 equations
v+u =0 40,
219 o o = o2+
which, at the kinetic level, express the fact that collisions are elastic and thus conserve momentum
and energy. Notice that the transformation (v,v1,w) — (v/,v],w) is an involution.

The Boltzmann collision operator can therefore be split, at least formally, into a gain term and a loss
term (see [14, 50])

Q<f7f):Q+(fvf>_Q_(faf)

The loss term counts all collisions in which a given particle of velocity v will encounter another particle,
of velocity v1, and thus will change its velocity leading to a loss of particles of velocity v, whereas the
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FIGURE 2. Parametrization of the collision by the deflection angle w

gain term measures the number of particles of velocity v which are created due to a collision between
particles of velocities v’ and v].

The collision kernel b = b(w, w) is a measurable function positive almost everywhere, which measures
the statistical repartition of post-collisional velocities (v, v1) given the pre-collisional velocities (v, v}).
Its precise form depends crucially on the nature of the microscopic interactions, and will be discussed
in more details in the sequel. Note that, due to the Galilean invariance of collisions, it only depends
on the magnitude of the relative velocity |w| and on the deviation angle 6, or deflection (scattering)
angle, defined by cosf = k - w where k = w/|w|.

2.2. Boltzmann’s H theorem and irreversibility

From (2.1.3) and using the well-known facts (see [14]) that transforming (v,v1) — (v1,v)
and (v,v1,w) — (v,v],w) merely induces mappings with unit Jacobian determinants, one can
show that formally

(2.2.1) E/QUJMMU=E/X/Wﬂ—JﬁK¢+w1—¢—¢Db@—vhwdwm&w

In particular,

/ijwm=o

for all f regular enough, if and only if ¢(v) is a collision invariant, i.e. ¢(v) is a linear combination
of {1,v1,...,vq,|v|*}. Thus, successively multiplying the Boltzmann equation (2.1.1) by the collision
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invariants and then integrating in velocity yields formally the local conservation laws

(%

(2.2.2) 8t/ f v dv+Vm~/ fl v®v [dv=0,
R¢ |v]? R¢ [v|?
2 2

which provides the link to a macroscopic description of the gas.

The other very important feature of the Boltzmann equation comes also from the symmetries of the
collision operator. Disregarding integrability issues, we choose ¢ = log f and use the properties of the
logarithm, to find

D(f) =- / QUf. f)log fdv
(2.2.3) . /

T4 /RdXRdXs;l_l b(v —vi,w)(f'fi — ff1)log J;]{ll dvdvydw > 0.

The so-defined entropy dissipation is therefore a nonnegative functional.

This leads to Boltzmann’s H theorem, also known as second principle of thermodynamics, stating that
the entropy is (at least formally) a Lyapunov functional for the Boltzmann equation.

(2.2.4) 875/ flog fdv+ V- / flog fudv < 0.
R4 R4

As to the equation Q(f, f) = 0, it is possible to show that it is only satisfied by the so-called Maxwellian
distributions M, ., ¢, which are defined by

v—u|2
(2.2.5) M, 0(v) = (27:’9)% e
where p € Ry, u € R? and # € R, are respectively the macroscopic density, bulk velocity and
temperature, under some appropriate choice of units. The relation Q(f, f) = 0 expresses the fact
that collisions are no longer responsible for any variation in the density and so, that the gas has
reached statistical equilibrium. In fact, it is possible to show that if the density f is a Maxwellian
distribution for some p(t, z), u(t,x) and 0(t,z), then the macroscopic conservation laws (2.2.2) turn
out to constitute the compressible Euler system.

More generally, the H-theorem (2.2.4) together with the conservation laws (2.2.2) constitute the key
elements of the study of hydrodynamic limits.

Remark 2.2.1. — Note that the irreversibility inherent to the Boltzmann dynamics seems at first
sight to contradict the possible existence of a connection with the microscopic dynamics which is re-
versible and satisfies the Poincaré recurrence theorem (while the Boltzmann dynamics predict some
relazation towards equilibrium,).

That irreversibility will actually appear in the limiting process as an arbitrary choice of the time direc-
tion (encoded in the distinction between pre-collisional and post-collisional particles), and more precisely
as an arbitrary choice of the initial time, which is the only time for which one has a complete infor-
mation on the correlations. The point is that the joint probability of having particles of velocity (v',v])
(respectively of velocities (v,v1)) before the collision is assumed to be equal to f(t,z,v")f(t, z,v]) (resp.
to f(t,x,v)f(t,z,v1)), meaning that particles should be independent before collision.



12 CHAPTER 2. THE BOLTZMANN EQUATION

2.3. The Cauchy problem

Let us first describe briefly the most apparent problems in trying to construct a general, good Cauchy
theory for the Boltzmann equation. In the full, general situation, known a priori estimates for the
Boltzmann equation are only those which are associated with the basic physical laws, namely the
formal conservation of mass and energy, and the bounds on entropy and entropy dissipation. Note
that, when the physical space is unbounded, the dispersive properties of the free transport operator
allow to further expect some control on the moments with respect to z-variables. Yet the Boltzmann
collision integral is a quadratic operator that is purely local in the position and time variables, meaning
that it acts as a convolution in the v variable, but as a pointwise multiplication in the ¢ and x variables :
thus, with the only a priori estimates which seem to hold in full generality, the collision integral is
even not a well-defined distribution with respect to x-variables. This major obstruction is one of the
reasons why the Cauchy problem for the Boltzmann equation is so tricky, another reason being the
intricate nature of the Boltzmann operator.

For the sake of simplicity, we shall consider here only smooth collision cross-sections b. A huge literature
is devoted to the study of more singular cross-sections insofar as the presence of long range interactions
always creates singularities associated to grazing collisions. However, at the present time, there is no
extension of Lanford’s convergence result in this framework.

2.3.1. Short time existence of continuous solutions. — One way to construct local solutions
to the Boltzmann equation is to use a fixed point argument in weighted spaces of continuous functions.

One remarks that the free transport operator preserves weighted L norms

ot = ot vyexw (1) | = ote oy exoi 1o

and one can prove the following continuity property for the collision operator
I T

= = VB <

let. nEe(GhP)|, . < 575 1w eGP, v8 <8,

which produces the existence of continuous solutions, the lifespan of which is inversely proportional to

the norm of the initial data (see Chapter 5 for related estimates).

3
Lo

Theorem 1. — Let fy € CO(R? x RY) such that
(2.3.1) Hfo exp(%h)\Z)HLw < +00
for some By > 0.

Then, there exists Cg, > 0 (depending only o) such that the Boltzmann equation (2.1.1) with initial
data fo has a unique continuous solution on [0, T] with

Cho
| foexp(Zpof2)|

T =

LOO
Note that the weighted L*° norm controls in particular the macroscopic density

p(t,x) = /f(t,x,v)dv < CBHf(t,IE,’U) exp(§|v|2)”00 y

therefore the possible concentrations for which the collision process can become very pathological. This
restriction, even coming from a very rough analysis, has therefore a physical meaning.
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2.3.2. Fluctuations around some global equilibrium. — Historically the first global existence
result for the spatially inhomogeneous Boltzmann equation is due to S. Ukai [47, 48], who considered
initial data that are fluctuations around a global equilibrium, for instance around the reduced centered
Gaussian M := M o1 with notation (2.2.5):

fo=M(1+ go)-
He proved the global existence of a solution to the Cauchy poblem for (2.1.1) under the assumption
that the initial perturbation gg is smooth and small enough in a norm that involves derivatives and
weights so as to ensure decay for large v.

The convenient functional space to be considered is indeed

Heiw = {g=g(w,0) / lglle = sup(L + [o*)|M g (-,0) | e < +o00}.

Theorem 2 (|47, 48]). — Let go € Hyy, for £ > d/2 and k > d/2+ 1 such that
(2.3.2) lgolle.x < ao

for some aqg sufficiently small.

Then, there exists a unique global solution f = M(1+ g) with g € L°(R", Hy ) NC(RT, Hy ) to the
Boltzmann equation (2.1.1) with initial data

9glit=0 = 9o -

Such a global existence result is based on Duhamel’s formula and on Picard’s fixed point theorem. It
requires a very precise study of the linearized collision operator £,; defined by
2
E]\/fg = _MQ<M7 Mg)7
which turns out to be coercive, and more precisely of the semi-group generated by

The main disadvantage inherent to that strategy is that one cannot expect to extend such a result to
classes of initial data with less regularity.

2.3.3. Renormalized solutions. — The theory of renormalized solutions goes back to the late 80s
and is due to R. DiPerna and P.-L. Lions [20]. It holds for physically admissible initial data of arbitrary
sizes, but does not yield solutions that are known to solve the Boltzmann equation in the usual weak
sense.

Rather, it gives the existence of a global weak solution to a class of formally equivalent initial-value
problems.

Definition 2.3.1. — A renormalized solution of the Boltzmann equation (2.1.1) relatively to the global
equilibrium M is a function f € C(R*, L}, ,(R% x RY)) such that

loc

H(fIM)(t ///(flog—f+M)(tmv)dvdx<+oo

which satisfies in the sense of distributions

FN_ (]
(2.3.3) M(at+v'Vm>F(M> =T <M) Q(f,f) onRT xR*x R,
fimo=fo>0 onR*xR?,
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for any T € CL(R™T) such that |T'(2)] < C/V/1+ z.

With the above definition of renormalized solution relatively to M, the following existence result holds :

Theorem 3 ([20]). — Given any initial data fy satisfying

(2.3.4) H(fOM)://<fologJ{E[—fo+M) (z,v) dvdx < 400,

there exists a renormalized solution f € C(R*, L} (R? x RY)) relatively to M to the Boltzmann
equation (2.1.1) with initial data fo.

Moreover, f satisfies

- the continuity equation
(2.3.5) Oy / fdv+V, - /fvdv =0;

- the momentum equation with defect measure
(2.3.6) 8t/fvdv+v$-/fv@vdv—i—vw-m:()
where m is a Radon measure on RT x RY with values in the nonnegative symmetric matrices;

- the entropy inequality

(2.3.7) H(f[M)(t) + / trace(m)(t) + /O / D(f)(s,x)dsdx
< H(fo|M)

where trace(m) is the trace of the nonnegative symmetric matriz m, and the entropy dissipation D(f)

is defined by (2.2.3).

The weak stability of approximate solutions is inherited from the entropy inequality. In order to take
limits in the renormalized Boltzmann equation, we have further to obtain some strong compactness.
The crucial idea here is to use the velocity averaging lemma due to F. Golse, P.-L. Lions, B. Perthame
and R. Sentis [25], stating that the moments in v of the solution to some transport equation are more
regular than the function itself.

Remark 2.3.2. — As we will see, the major weakness of the convergence theorem describing the
Boltzmann equation as the low density limit of large systems of particles is the very short time on
which it holds. Howewver, the present state of the art regarding the Cauchy theory for the Boltzmann
equation makes it unlikely to improve.

Because of the scaling of the microscopic interactions, the conditioning on energy surfaces (see Chap-
ter 6) introduces strong spatial oscillations in the initial data. We therefore do not expect to get
regularity so that we could take advantage of the perturbative theory of S. Ukai [47, 48]. A coarse
graining argument would be necessary to retrieve spatial reqularity on the kinetic distribution, but we
are not aware of any breakthrough in this direction.

As for using the DiPerna-Lions theory [20], the first step would be to understand the counterpart of
renormalization at the level of the microscopic dynamics, which seems to be also a very challenging
problem.



CHAPTER 3

MAIN RESULTS

3.1. Lanford and King’s theorems

The main goal of this monograph is to prove the two following statements. We give here compact, and
somewhat informal, statements of our two main results. Precise statements are given in Chapters 6
and 11 (see Theorem 8 page 49 for the hard-spheres case, and 11 page 89 for the potential case).

The following statement concerns the case of hard spheres dynamics, and the main ideas behind its
proof go back to the fundamental work of Lanford [37].

Theorem 4. — Let fo: R**— Rt be a continuous density of probability such that

B
ot 0) x| e sy < o0
for some By > 0.

Consider the system of N hard spheres of diameter e, initially distributed according to fo and “in-
dependent”, governed by the system (1.0.1)-(1.0.2). Then there is a time T > 0 such that, in the
Boltzmann-Grad limit N — oo, Ned=1 = 1, the distribution function converges on [0,T] to the solu-
tion to the Boltzmann equation (2.1.1) with the cross-section b(w,w) := (w - w)4 and with initial data
fo, in the sense of observables.

The next theorem concerns the Hamiltonian case (with a repulsive potential), and important steps of
the proof can be found in the thesis of King [33].

Theorem 5. — Assume that the repulsive potential ® satisfies Assumption 1.2.1 as well as some
technical assumption (8.3.1). Let fo : R?? = RY be a continuous density of probability such that

Hfo(z,v)exp(%h)

|2)HL°°(R2d) < +00
for some By > 0.

Consider the system of N particles, initially distributed according to fo and “independent”, governed
by the system (1.2.1). Then there is a time T > 0 such that, in the Boltzmann-Grad limit N —
00, Ned=1 = 1, the distribution function converges on [0,T] to the solution to the Boltzmann equa-
tion (2.1.1) with a bounded cross-section, depending on ® implicitly, and with initial data fo, in the
sense of observables.
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Remark 3.1.1. — Convergence in the sense of observables means that, for any test function ¢
in CO(RY), the corresponding observable

e (t, ) = /fs(t,x,v)cp(v)dv — o(t,x) == /f(t,x,v)ap(v)dv

uniformly in t and x. We indeed recall that the kinetic distribution cannot be measured, only averages
can be reached by physical experiments : this accounts for the terminology “observables”.

In mathematical terms, this means that we establish only weak convergence with respect to the v-
variable. Such a convergence result does not exclude the existence of pathological behaviors, in particular
dynamics obtained by reversing the arrow of time and which are predicted by the (reversible) microscopic
system. We shall only prove that these behaviors have negligible probability in the limit € — 0.

Remark 3.1.2. — The initial independence assumption has to be understood also asymptotically. It
will be discussed with much details in Chapter 6 (see also Chapter 11 in the case of a potential): it is
actually related to some coarse-graining arguments which might seem counterintuitive at first sight.

For hard spheres, the exclusion obviously prevents independence for fixed e, but we expect to retrieve
this independence as € — 0 if we consider a fired number s of particles. The question is to deal with
an infinite number of such particles.

The case of the smooth Hamiltonian system could seem to be simpler insofar as particles can occupy
the whole space. Nevertheless, in order to control the decay at large energies, we need to introduce
some conditioning on energy surfaces, which is very similar to exclusion.

Remark 3.1.3. — The technical assumption (8.3.1) will be made explicit in Chapter 8 : it ensures
that the deviation angle is a suitable parametrization of the collision, and more precisely that we can
retrieve the impact parameter from both the ingoing velocity and the deviation angle. What we will use
is the fact that the jacobian of this change of variables is bounded at least locally.

Such an assumption is not completely compulsory for the proof. We can imagine of splitting the
integration domain in many subdomains where the deviation angle is a good parametrization of the
collision, but then we have to extend the usual definition of the cross-section. The important point is
that the deviation angle cannot be a piecewise constant function of the tmpact parameter.

3.2. Background and references

The problem of asking for a rigorous derivation of the Boltzmann equation from the Hamiltonian
dynamics goes back to Hilbert [30], who suggested to use the Boltzmann equation as an intermediate
step between the Hamiltonian dynamics and fluid mechanics, and who described this axiomatization
of physics as a major challenge for mathematicians of the twentieth century.

We shall not give an exhaustive presentation of the studies that have been carried out on this question
but indicate some of the fundamental landmarks, concerning for most of them the case of hard spheres.
First one should mention N. Bogoliubov [7], M. Born, and H. S. Green [11], J. G. Kirkwood [34] and
J. Yvon [52], who gave their names to the BBGKY hierarchy on the successive marginals, which we
shall be using extensively in this study. H. Grad was able to obtain in [26] a differential equation on
the first marginal which after some manipulations converges towards the Boltzmann equation.
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The first mathematical result on this problem goes back to C. Cercignani [13] and O. Lanford [37] who
proved that the propagation of chaos should be established by a careful study of trajectories of a hard
spheres system, and who exhibited — for the first time — the origin of irreversibility. The proof, even
though incomplete, is therefore an important breakthrough. The limits of their methods, on which
we will comment later on — especially regarding the short time of convergence — are still challenging
questions.

The argument of O. Lanford was then revisited and completed in several works. Let us mention
especially the contributions of K. Uchiyama [46], C. Cercignani, R. Illner and M. Pulvirenti [16]
and H. Spohn [44] who introduced a mathematical formalism, in particular to get uniform a priori
estimates for the solutions to the BBGKY hierarchy which turns out to be a theory in the spirit of the
Cauchy-Kowalewskaya theorem.

The termwise convergence of the hierarchy in the Boltzmann-Grad scaling was studied in more details
by C. Cercignani, V. I. Gerasimenko and D. I. Petrina [15] : they provide for the first time quantative
estimates on the set of “pathological trajectories”, i.e. trajectories for which the Boltzmann equation
does not provide a good approximation of the dynamics. What is not completely clear in this approach
is the stability of the estimates under microscopic spatial translations.

The method of proof was then extended

— to the case when the initial distribution is close to vacuum, in which case global in time results
may be proved [16, 31, 32];

— to the case when interactions are localized but not pointwise [33]. Because multiple collisions
are no longer negligible, this requires a careful study of clusters of particles.

Many review papers deal with those different results, see [22, 42, 50] for instance.

Let us now summarize the strategy of the proofs. Their are two main steps:

(i) a short time bound for the series expansion expressing the correlations of the system of N
particles and the corresponding quantities of the Boltzmann equation;
(ii) the termwise convergence.

In the case of hard spheres, point (i) is just a matter of explicit estimates, while point (ii) is usually
considered as almost obvious (but deep). Among experts in the field the hard sphere case is therefore
considered to be completely solved. However, we could not find a proof for the measure zero estimates
(i.e. the control of recollisions) in the litterature. It might be that to experts in the field such an
estimate is easy, but from our point of view it turned out to be quite delicate.

— For the Boltzmann dynamics, it seems to be correct that a zero measure argument allows to
control recollisions inasmuch as particles are pointwise.

— For fixed €, we will see that the set of velocities leading to recollisions (even in the case of
three particles) is small but not zero : this cannot be obtained by a straightforward thickening
argument without any geometrical information on the limiting zero measure set.

— For the microscopic system of N particles, collisional particles are at a distance € from each
other, we thus expect that even “good trajectories” deviate from trajectories associated to
the Boltzmann dynamics. We shall therefore need some stability of “pathological sets” of
velocities with respect to microscopic spatial translations, to be able to iterate the process.
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3.3. New contributions

Our goal here is to provide a self-contained presentation, which includes all the details of the proofs,
especially concerning termwise convergence which to our knowledge is not completely written anywhere,
even in the hard-spheres case.

Part II is a review of known results in the case of hard spheres. Following Lanford’s strategy, we shall
establish the starting hierarchy of equations, providing a short time, uniform estimate.

We focus especially on the definition of functional spaces: we shall see that the short time estimate
is obtained as an analytical type result, meaning that we control all correlation functions together. The
functional spaces we consider are in some sense natural from the point of view of statistical physics,
since they involve two parameters 8 and u (related to the inverse temperature and chemical potential)
to control the growth of energy and of the number of particles. Nevertheless, instead of usual L!
norms, we use L norms, which are needed to control collision integrals (see Remark 2.3.2).

The second point we discuss in details is the notion of independence. As noted in Remark 3.1.2,
for any fixed € > 0, because of the exclusion, particles cannot be independent. In the 2/Nd-dimensional
phase-space, we shall see actually that the Gibbs measure has support on only a very small set. Careful
estimates on the partition function show however that the marginal of order s (for any fixed s) converges
to some tensorized distribution, meaning that independence is recovered at the limit ¢ — 0.

Part III deals with the case of the Hamiltonian system, with a repulsive potential. It basically follows
King’s thesis [33], filling in some gaps.

In the limit ¢ — 0 with Ne?~! = 1, we would like to obtain a kind of homogeneization result : we
want to average the motion over the small scales in ¢ and x, and replace the localized interactions by
pointwise collisions as in the case of hard spheres. We therefore introduce an artificial boundary
(following [33]) so that

— on the exterior domain, the dynamics reduces to free transport,

— on the interior domain, the dynamics can be integrated in order to compute outwards boundary
conditions in terms of the incoming flux. Note that such a scattering operator is relevant only
if we can guarantee that there is no other particle involved in the interaction.

An important point is therefore to control multiple collisions, which - contrary to the case of hard
spheres - could happen for a non zero set of initial data. We however expect that they become negligible
in the Boltzmann-Grad limit (as the probability of finding three particles having approximately the
same position tends to zero). Cluster estimates, based on suitable partitions of the 2N d-dimensional
phase-space and symmetry arguments, give the required asymptotic bound on multiple collisions.

Part IV is the heart of our contribution, where we establish the termwise convergence. Note that the
arguments work in the same way in both situations (hard spheres and potential case), up to some
minor technical points due to the fact that, for the V-particle Hamiltonian system, pre-collisional and
post-collisional configurations differ by their velocities but also by their microscopic positions and by
some microscopic shift in time.

However the two main difficulties are exactly the same:
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— describing geometrically the set of “pathological” velocities and deflection angles leading to
possible recollisions, in order to get a quantitative estimate of its measure;
— proving that this set is stable under small translations of positions.

Note that the estimates we establish depend only on the scattering operator, so that we have a rate of
convergence which can be made explicit for instance in the case of hard spheres.

To control the set of recolliding trajectories by means of explicit estimates, we make use of properties of
the cross-section which are not guaranteed a priori for a generic repulsive potential. Assumption (8.3.1)
guarantees that these conditions are satisfied.






PART 11

THE CASE OF HARD SPHERES






CHAPTER 4

MICROSCOPIC DYNAMICS AND BBGKY HIERARCHY

In this chapter we define the N-particle flow for hard spheres (introduced in Chapter 1), and write
down the associated BBGKY hierarchy. Finally we present a formal derivation of the Boltzmann
hierarchy, and the Boltzmann equation of hard spheres. This chapter follows the classical approaches
of [1], [15], [16], [37], among others.

4.1. The N-particle flow

We consider N particles in the space R?, the motion of which is described by N positions (z1,...,zy)
and N velocities (v1,...,vy), each in R%. Denoting by Zy := (z1,...,2n) the set of particles, each
particle z; 1= (x;,v;) € R?2¢ is submitted to free flow

dx; dv;
4.1.1 VI<i<N, L=y =0
(4.1.1) ='= a 0 at

on the domain
Dy = {ZN € RN Vi # j, |x; — x| > 5}

and bounces off the boundary 0Dy according to the laws of elastic reflection: if |z; — x;| = ¢

in __ ,out 2,7 out outy . 4,7
R e N () N R 2

in __ ,out 0,7 . out _ ,out 7,7
vt =" + v (v v ) v

(4.1.2)

where v = (z; — x;)/|z; — x;|, and in the case when v*7 - (vi"

— ") < 0 (meaning that the ingoing
velocities are precollisional).

Contrary to the potential case studied in Part III, it is not obvious to check that (4.1.1) defines a
global dynamics, at least for almost all initial data. Note indeed that this is not a simple consequence
of the Cauchy-Lipschitz theorem since the boundary condition is not smooth, and even not defined for
all configurations. We call pathological a trajectory such that

- either there exists a collision involving more than two particles, or the collision is grazing (meaning
that v - (vin — v;”) = 0) hence the boundary condition is not well defined;

- or there are an infinite number of collisions in finite time so the dynamics cannot be globally defined.
In [2, Proposition 4.3], it is stated that outside a negligible set of initial data there are no pathological
trajectories; the complete proof is provided in [1]. Actually the setting of [1] is more complicated than
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ours since an infinite number of particles is considered. The arguments of [1] can however be easily
adapted to our case to yield the following result, whose proof we detail for the convenience of the
reader.

Proposition 4.1.1. — Let N,e be fired. The set of initial configurations leading to a pathological
trajectory is of measure zero in R2Y.

We first prove the following elementary lemma, in which we have used the following notation: for
any s € N* and R > 0, we denote B := {V, € R, |V,| < R} where |- | is the euclidean norm; we
often write B := BF,.

Lemma 4.1.1. — Let p, R > 0 be given, and 6 < /2. Define

I:= {ZN € Bév x BY / one particle will collide with two others on the time interval [O,(ﬂ} .

Then |I| < C(N,e, R) p“N=2)52

Proof. — We notice that [ is a subset of
{ZN € BY x B /3{i,j,k} distinct, |z; —x;] € [e,e + 2RS] and |z; — x| € [£,€+2R5]} ,

and the lemma follows directly. O

Proof of Proposition 4.1.1. — Let R > 0 be given and fix some time ¢ > 0. Let 6 < £/2 be a parameter
such that ¢/0 is an integer.

Lemma 4.1.1 implies that there is a subset Io(d, R) of BN x BY of measure at most C(N, ¢, R) RN =2)§2
such that any initial configuration belonging to (BY x BX)\ In(8, R) generates a solution on [0, §] such
that each particle encounters at most one other particle on [0, §]. Moreover up to removing a measure
zero set of initial data each collision is non-grazing.

Now let us start again at time 6. We recall that in the velocity variables, the ball of radius R in RV
is stable by the flow, whereas the positions at time J lie in the ball Bg +Rrs- Let us apply Lemma 4.1.1
again to that new initial configuration space. Since the flow has unit jacobian, we can construct a
subset I;(d, R) of the initial positions BY x BY, of size C(N, e, R)R*N=2)(1 + §)*N=2)§2 such that
outside Iy U I1(d, R), the flow starting from any initial point in BJ x BY is such that each particle
encounters at most one other particle on [0, 4], and then at most one other particle on [4, 2], again in
a non-grazing collision. We repeat the procedure t/§ times: we construct a subset

/61
I5(t,R) == | J Ii(6,R)
§=0
of Bg X Bg, of measure
t/6—1
Is(t, R)| < C(N,e, R)RN =252 Y~ (14 j6)4N =2
§=0
< C(N,R,t,e)d,
such that for any initial configuration in BY x BY outside that set, the flow is well-defined up to time ¢.
The intersection I(t, R) := m I5(t, R) is of measure zero, and any initial configuration in BY x BY
6>0

outside I(t, R) generates a well-defined flow until time ¢. Finally we consider the countable union of
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those zero measure sets [ := U I(t,, R,) where t,, and R,, go to infinity, and any initial configuration
n

in R2?N outside I generates a globally defined flow. The proposition is proved. O

4.2. The Liouville equation and the BBGKY hierarchy

According to Part I, Paragraph 1.1, the Liouville equation relative to the particle system (4.1.1) is

N
(4.2.1) 8th+Zvi-VmifN =0 on Dy

i=1

with the boundary condition fy (¢, Z%) = fn(t, Z§*"). We recall the assumption that fx is invariant
by permutation in the sense of (1.1.1), meaning that the particles are indistinguishable.

The classical strategy to obtain asymptotically a kinetic equation such as (2.1.1) is to write the evolution
equation for the first marginal of the distribution function fp, namely

](Vl)(t, 21) = / f]\](t,z’l7 2y ey ZN)HZNEDN dZQ e dZN .
R24(N-1)

The point to be noted is that the evolution of fj(vl) depends actually on fz(v2 ) because of the quadratic
interaction imposed by the boundary condition. And in the same way, the equation on f](\? ) depends

on f](\? ). Tnstead of a kinetic equation, we therefore obtain a hierarchy of equations involving all the
marginals of fy

(4.2.2) ©(t,2,) ::/ IN(t Zgy 2og1s - 28 )M gy eny d2stt - .- dzy .
R2d(N—s)
Notice that fl(vs) (t,Zs) is defined on D only, and that
(4.2.3) )1, 7,) = / S 20 ze) dei
R2ad

Finally by integration of the boundary condition on fy we find that f](\f)(t, Zn) = J(\‘;)(t, Zo%). An
equation for the marginals is derived in weak form in Section 4.3, and from that equation we derive
formally the Boltzmann hierarchy in the Boltzmann-Grad limit (see Section 4.4).

4.3. Weak formulation of Liouville’s equation

Our goal in this section is to find the weak formulation of the system of equations satisfied by the

(s)

family of marginals ( N defined above in (4.2.2). From now on we assume that fy decays at

) 1<s<N
infinity in the velocity variable (the functional setting will be made precise in Chapter 5).

Given a smooth, compactly supported function ¢ defined on Ry x Dy and satisfying the symmetry
assumption (1.1.1) as well as the boundary condition ¢(t, Z") = ¢(t, Z2*'), we have

N
(4.3.1) / (Oufn + Zvi Vo IN) O, Z) Lz epy dZndt = 0.
R, xR24N =
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We now use integrations by parts to derive from (4.3.1) the weak form of the equation in the
marginals f ](\f ). On the one hand an integration by parts in the time variable gives

2dN

/ Oh v (b, Zn) Bt Zo) 1 7y ey Ayt = — / (0, Z3)6(0, Z) Lz ey dZy
R, xR2dN R
—/ INGZN)Op(t, Zs) Lz Dy dZNdE,
R xR24N
hence, by definition of fl(vs) in (4.2.2),

/ Oifn(t, ZN)D(t, Z) L gy epy dZndt = — / (0, 2,)6(0, Z,) dZq
R xR2dN R2ds

—/ ) (¢, 2,)040(t, Zs) dZydt .
R+ xR2ds

Now let us compute

N
S v Ve 2w ) emy 2 = [ diviey (Vi fs (6 20)) 0 Ze) Uz dZ
i—1 R2dN

R2d1\7
using Green’s formula. The boundary terms involve configurations with at least one pair (4, ) sat-
isfying |z; — x;| = €. According to Paragraph 4.1 we may neglect configurations where more than

two particles collide at the same time, so the boundary condition is well defined. For any ¢ and j
in {1,..., N} we denote

EN(Z',]') = {XN S RdN, |$1 —$j| = 6},

and n%J is the outward normal to Dy on Y x (4, 5), in R“Y. We obtain by Green’s formula:

N
Z/ Vi Vo, In(t, Zn)o(t, Zs) Lz epy dZN dt
R+><R2dN

i=1
s

=) /R i In@ ZN)vi - Vo, ¢(t, Zs)Uzyepy dZndt
i=1 "R+ X

+
1<i<j<N

/ n -V fn(t, Zn)o(t, Zs) do’l dVdt
R+ xRAN XEN (l,])

with daj\’,j the surface measure on X (4, 7), induced by the Lebesgue measure. Now we split the last
term into three parts:

n -V fn(t, Zn)o(t, Zs) dol dVidt

1<i<j<N /1;{.+ XR,dNXEN('L-,j)

i=1 j=s+1

/ nd Vi fu(t, Zn)@(t, Zs) doy/ dVdt
Ry xRN xSy (i,5)

+ / "V (. Zn)o(t, Z) doyy dVivt
1<i<j<s” R+ XRINXTN(i,5)
+ n Vi fn(t Zn)o(t, Zs) dof dVidt .
s+1<i<j<N

/R+><R‘iN><ZN(i,j)
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The boundary condition on fy and ¢ imply that the two last terms of on the right-hand side are zero.
By symmetry (1.1.1) and by definition of f](\}q), we can write

Sy / n Vi fn(t, Zn)b(t, Zs) dotl dVivdt
i=1 j=s+1 R+><RdN><ZN(1,])
> (xs+1 - ‘Tl) (s+1)
=—(N—s / T Us — Vg t, Zs, Tst1,Vs
( )Z Ry xSET xRIxR2ds [Ts4+1 — 4| (e ) In ( +1:Us1)
X ¢(t, Zs) dZsdo(xs41)dvsp1dt
= —(N — S)E;dil Z/ w - (Us—',-l — Ui) 1(\?+1) (t, Zs,l'i + Ew, Us—‘,—l)
; R4 xS%7 1 xRIxR2ds

x O(t, Zs) dZsdwdvy1dt .

Finally we obtain
N

>/ 0+ Vo, Fr (b Zn)(t, Z) Uy dZn dt
5 JR; xR24N

- *Z/ N (6 Z)vi - Vo, 6(t, Z,) dZ,dt
R, xR2ds
S

— (N —s)edt w - (Vs41 — ;) f](\}Hl)(t, Zs, i + ew,vs11)@(t, Zs) dZsdwdvs g dt .

i1 /R+ x84 x R4 xR2ds

It remains to define the collision operator

( 55+1f(8+1 )(t, ZS)I d 12/ U&-}-l )

(S+1) (

(4.3.2)

X t, Zs, i + ew, Vs y1)dwdvgyy ,

where recall that Scll_1 is the unit sphere of R?, and in the end we obtain the weak formulation of the
BBGKY hierarchy

(4.3.3) "3 0 Vo ) = Cosnt ST in Ry x Dy,

1<i<s
with the boundary conditions fj(\,s)(t7 Zny = ](\f)(t7 Zout),

In the integrand of the collision operators Cs s4+1 defined in (4.3.2), we now distinguish between pre-
and post-collisional configurations, as we decompose

_ ot -
CS,SJrl - Cs,erl - Cs,erl

where
S

(434) s s‘+1f(s+1 - ZC:;—&- f(S+1)
i=1
the index i referring to the index of the interaction particle among the s “fixed” particles, with the
notation
(C;t,ir1f(s+1))(zs) = (N — )™ /sd—lde (@ (V511 — V)£ fET(Zg, 25 4 ew, vg11) dwdvg 1
the index + corresponding to post—collisilonal configurations and the index — to pre-collisional config-
urations.
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Denote by ¥ (t) the s-particle flow associated with the hard-spheres system, and by T the associated
solution operator:

(4.3.5) T.(t):  feC’(DsR)— f(¥s(—t,-) € C°(Ds;R).
The time-integrated form of equation (4.3.3) is

t
(4.3.6) (1, 2,) = T, (1)1 (0, 2,) + / Tyt = 7)Co st S (7, 2,)
0

The total flow and total collision operators T and Cp are defined on finite sequences Gy = (gs)1<s<nN
as follows:

(4.3.7)
VSSN—l, (CNGN)S Z:Cs7s+1gs+1, (CNGN>N5:O-

We finally define mild solutions to the BBGKY hierarchy (4.3.6) to be solutions of

{vs <N, (T(t)Gn), == Ts(t)gs,

(4.3.8) Fn(t) :T(lt)FN(O)+/0 T(t —7)CNFn(T)dr, Fy = (f)1<s<n -

4.4. The Boltzmann hierarchy and the Boltzmann equation

Starting from (4.3.8) we now consider the limit N — oo under the Boltzmann-Grad scaling Ne¢=1 =1,

in order to derive formally the expected form of the Boltzmann hierarchy.
Because of the scaling assumption Ne?~! = 1, the collision term Csysﬂf(s"’l)(Zs) is approximately
equal to

S
s+1
E / w - (Veg1 — ;) 1(\/ )(Zs,l’z' + ew, Vst1) dwdvgiq
i—1 S‘l’l_lde

which we may split into two terms, depending on the sign of w - (vs11 — v;), as in (4.3.4):

S
Z/qu o (w (Vg1 — vi))+ CH(Zg, 1+ ew, ve41) dwdvg sy
i=1v51 X

- Z /d 1 d (w ’ (USJrl - vi)) ](VSJrl)(ZSv i+ Ew, v5+1> deUs+1 .
i—1 /81 "XR

Recall that pre-collisional particles are particles (x;,v;) and (zs11,vs11) whose distance is decreasing
up to collision time, meaning that for which

(Tsp1 — 25) - (Vs41 —v;) < 0.
With the above notation this means that
w- (vs41 — ;) < 0.

On the contrary the case when w - (vs11 — v;) > 0 is called the post-collisional case; we recall that
grazing collisions, satisyfing w- (vs+1 —v;) = 0 can be neglected (see Paragraph 4.1 above). Changing w
in —w in the second term above, we get

Z (w (Vg1 — vl)) fl(\f+1)(Zs,xi + ew, V1) dwdvg gy
i1 /S{T xR4 +

_ Z /Sdi1 o (w (Vg1 — vi)>+ J(\f"_l)(Zs,xi — ew, Vsy1) dwdvgiy .
=191 X
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Consider a set of particles Zs11 = (Zs,2; + ew, vs41) such that (z;,v;) and (x; + ew, vs41) are post-
collisional. We recall the boundary condition

fj(\?ﬂ)(t Zs, ;i + €W, V541) = (Hl)(t Z3, i +ew, vl )
where Z} = (21,...,2],...2s) and (v}, v} ) is the pre-image of (v;,vs41) by (4.1.1):

3

vf = —w- (U — Vsp1) W
(4.4.1) . C
Ugy1 = Vsp1 + W (Vi = Vsp1) W

while zj := x;. In the following writing also x%,, := z541 we shall use the notation
(4.4.2) o(z],2541) = (%is Zs41) -

Then neglecting the small spatial translations in the arguments of f D and using the fact that fy (s+1)
is left-continuous in time for all s we obtain the following asymptotic expression for the collision

operator at the limit:

ss+1f (s+1) t Z Z/ 'Us-i-l _Uz)>+

(4.4.3)
X (f(sﬂ)(t,wl, V1o Ty U ooy By Vs Ty Uy 1) — f(S“)(t, Zs,xi,vs+1)>dwdvs+1 .
The asymptotic dynamics are expected to be governed by the following integral form of the Boltzmann
hierarchy:
t
(1.44) FOO =80+ [ Sult = 1CL sV 0
0

where S;(t) denotes the s-particle free-flow.

Similarly to (4.3.7), we can define the total Boltzmann flow and collision operators S and C° as follows:
Vs >1, (S(t)G), :=Ss(t)gs,
Vs>1, (COG)S = Cg,s+1gs+1 )

so that mild solutions to the Boltzmann hierarchy (4.4.4) are solutions of

(4.4.6) F(t) = S(t)F(0) + / t S(t—7)COF(r)dr,  F=(f®)

(4.4.5)

One can check that if f(*)(t, Z,) Hf (t,z;) (meaning f(*)(t) is tensorized) then f satisfies the

Boltzmann equation (2.1.1)-(2.1.2), Where the cross-section is b(w,w) := (w - w)+.






CHAPTER 5

UNIFORM A PRIORI ESTIMATES FOR THE BBGKY AND
BOLTZMANN HIERARCHIES

This chapter is devoted to the statement and proof of uniform a priori estimates for mild solutions to
the BBGKY hierarchy, defined formally in (4.3.8), which we reproduce here:

t
(501) FN(t):T(t>FN(O)+/ T(th)CNFN(T)dT, FN:( ](\]S))1§3§N7
0
as well as for the limit Boltzmann hierarchy defined in (4.4.6)
t
(5.0.2) F(t) = S(t)F(0) +/ S(t—7)COF(r)dr,  F=(f")es1.
0

Those results are obtained in Paragraphs 5.3 and 5.4 by use of a Cauchy-Kowalevskaya type argument.
Before that we need to make sense of the formulation (5.0.1), which is not an obvious fact since
characteristics of the transport are defined only almost everywhere (see Chapter 4) while the collision
operators are defined by integrals on manifolds of codimension 1), In Paragraph 5.1 we show that
the collision integrals make sense in L°° outside some measure zero sets, provided that they are
combined with the transport operator. Then Paragraph 5.2 is devoted to the definition of adequate
function spaces in which the equations will be shown to be wellposed, and to the statements of the
wellposedness results.

5.1. Rigorous formulation of the BBGKY hierarchy

In this paragraph we show how to make sense of the collision operators in (5.0.1). To this end, we
define a new hierarchy by filtering of the transport operator:

t
(5.1.1) Gn(t) ZFN(O)+/ T(—7)CNT(7)Gn(T)dT.
0
Notice that although G and Fiy are related by the simple fact that
Gn(t) = (Tu(=0)f5 (D1<szn

the hierarchy G has much better regularity properties. In particular one can see that writing Gy =
(gn,s)1<s<n then g, s is a continuous function of time, with values in L>°(D,), which is not the case
of f ](VS ). Moreover the idea of combining the collision integral Cs 541 with the transport operator T(7)

1. The question of correctly defining the hierarchy is also addressed in the work by S. Simonella, Evolution of
correlation functions in the hard sphere dynamics, J. Stat. Phys. 155 (2014), no. 6, 1191-1221.
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comes from the fact that time can be viewed as the missing coordinate on 9D, 1 in the direction
orthogonal to the boundary. We then expect to define the collision integral in L°° by using Fubini’s
theorem.

5.1.1. A local system of coordinates near the boundary. — From now on we fix two inte-
gers 1 < i < s and we note that for all § > 0, the change of variables

Ls =D, x [0,0] x ST' x R? — R*(+D

(5.1.2)
(sttawvvs+1) = Zs+1 = (Xs - t‘/s»‘/svxi +ew — tUs+17vs+1)

maps the measure du; = e ((vey1 — v;) - w)_dZ,dtdwdvsy 1 on the Lebesgue measure dZ,, 1. Of
course Zs 1 defined in (5.1.2) is simply the mapping of ZS+1 := (Zs,x;+ew, vs11) by the free transport
operator. Similarly one can consider a post-collisional situation and notice that as the scattering
preserves the measure, we have that for any ¢ < s, with notation (4.4.1),

(5.1.3) o i= (Zs, t,w,vs41) € Dy x [0,8] x ST x RY o Z g = (X —tV, VI i+ ew —tvl, g, v0)

maps the measure d,u;r = gd—1 ((/US+1 —v;) ~w)+dZSdtdwdvs+1 on the Lebesgue measure dZ,; ;. In the
following we write ¢; and ¢ * the above mappings where ¢ is replaced by —t.

*
S

Our aim is to extend this to the case when the free transport in the mappings ¢, ¢’ is replaced by the

transport Wy, 1 with exclusion
Zoi1 = W1 (1) Zss1, Zsy1 = (Z,mi + ew, vs41)
so that the image belongs to Dsy1.

To do so, we are going to consider trajectories away from pathological configurations. From now on
we fix Ry, R > 0 (which will go to infinity at the very end), as well as the set

312%(15}1) — {Zs+1 e RGHD /1X, 1| < Ry and |Vi| < R}
and we define for all 6 > 0, the sets
oD {Zs+1 € BR ) [z —zon| =€, £(v; —vep1) - (@ — Top1) > 0
and V(k,0) € [Ls + 12\ {(i,s + 1)}, |on — ze > g+35},
and 8Dg7s+1 — 8Dg7s+1,+ U apg,sﬂ,—. When § = 0 we write 9Dbs+1E .— aDé,s-i-l,i.

Note that <8D§’S+1’+)6 are decreasing families.
>0

5.1.2. Definition of the truncated collision integral. —

The collision operator is obtained by integration on each component of the boundary 0D**+1% with
respect to a partial set of variables, namely w, vsy1, with the measure duf For functions in L* (which
are defined almost everywhere), such integrals are defined by Fubini’s theorem.
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More precisely, let us define truncated collision operators as follows: for any 4 > 0 and any continuous
function @1 defined on Dy 1,

S

(Codiiparn)(Z) = (Copa) (Zs)

=1
dlZ/dl w- (Ve — i),

xRd

X s1(Zs, T + €w7vs+1)( H llmk—u|>s+5R) dwdvs 1 .
(k)€ (L5 112\ {(i,5+1)}

In the above integral to simplify notation we have written x;41 = x; + ew in the exclusion func-

tion H ﬂ|wk—wg|>a+6R .
(k) €[1,s+1]2\{(4,5+1)}

Now let us fix 7' > 0 and let us make sense of the functions Cj):;ilTs+1(t)QDS+1 in L*>, for ¢si1
belonging to L>°(Ds41) and ¢ € [0, 7.

e We start by proving that those functions are locally integrable on Dy x [0,T] (equipped with the
Lebesgue measure dZsdt).

In the case when t € [0, ] then writing

(TS+1 (t)@s-‘rl)(ZS-i-l) = Ps+1 (ZS—H)

then by definition there is no recollision since Zs+1 belongs to ﬁDg’SH’i. Using the change of vari-
ables (5.1.2) in the pre-collisional case, and (5.1.3) in the post-collisional one, one finds that for any
function @1 belonging to L>°(Ds 1) C Llloc(’DSJrl)7 the volumic integral is well defined: the domain
of integration is indeed included in 15 (B3, x [0,6] x 8§7! x Bh) U7 *(Bj, x [0,6] x ST x B}), or
in other words in

{Zo1 € BIPHD /3t €[0,8], o — zpr + t(v; — vss1)| = €}
U{Zop1 € BRPRD /3t €[0,8), o — w1 + v} —vEyy)| =€}
the volume of which is O(Re?~! R¥UTV R{s). Then,
5
[ ] (camnwen) dzar| < Cosst BERTD o im,

Next we cover [0,T] by T/d intervals [nd, (n + 1)d]

(n+1) +,4,6 +.4,6
/| / CET (e ) dZudt = / / (G () Ts (00) s )

and we know that thanks to Alexander [2] (see also Paragraph 4.1),

[(Tst1(n6)0s11)(Zog1)| < NlpstillLoe (D) -

As above one infers after changing variables that

(n+1)6
/ / c;'t;jl s+1(t)<,05+1)’dstt§ Cade 'REFRIHI N oy || oD,y

and therefore finally

T
/ /D ‘ (63;161T3+1(t)<p3+1) ‘ dZsdt < Odng_lRilst(s—i_l)—i_l ‘I‘PS-&-IHL“‘(DSH) :
0 s
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Then, by Fubini’s theorem, we conclude that C:;TlTsﬂ(t)(psH € LY([0,T] x Ds), in particular they

are measurable functions.

e Returning to the control of the L* norm, we find from the above analysis that for any subset A
of [0, 8] x Dy,

/A ’(CiﬁTsH(t)%H) ’ dZsdt < CqlAIR™ e pgitll Lo (o) »

since the domain of integration is included in ¢ (A x 8§71 x B) U *(A x 8§71 x Bg). It is then
easy to conclude that

|(CHE e (g ) ()| < CaB™ e ool e

almost everywhere in [0, §] X D; (since the set where these inequalities are not satisfied is of measure 0).
We then extend the reasoning to any set of the type [nd, (n + 1)d] x D; as in the previous paragraph:
for any subset A,, of [nd, (n + 1)d] x Dy, we have

1)

/ (C::—&,-(SlTs-&-l(t)(ps-ﬁ-l) (Zs) dZsdt = /A (C:;ZL(SIT5+1(t - n5)T5+1(n5)<ps+1> (Zs) dZsdt

n n

= /,45 ( :j—;—(slTs-&-l(T)Ts-&-l(Tl(S)(pS_,'_l)(ZS)dZSdT
where A2 .= {(1,Z,) /(T +nb, Zs) € A,}. Since |AS| = |A,| we find that

/A |(CHAT e Ope1 ) (20)] dZedt < Cal Aul R a0

s+1) 0

SO

< C'deHé‘d*l||S0s+1||L°°(D3+1)

+,4,0
(CE T (e ) (20)

almost everywhere in [nd, (n + 1)0] X Dy. Finally this implies that

‘ (CiéiiTs+1 (t)%ﬂ) (Zs)

almost everywhere in [0, 7] x Ds.

< Cde+18d_1 llps+1 ||L°°(Ds+1)

We have thus defined truncated collision integrals far from the singular points of the boundary of D 1.
It remains then to check that the sequence of operators thus constructed is a Cauchy sequence with
respect to the truncation parameter in L, outside a set of measure going to zero with the truncation
parameter.

5.1.3. Removing the truncation. —

Let 0 < ¢’ < § be given and consider the truncated operators

+,i,6',6 . p%,i,0 +,i,0
Cs,sl+1 e Cs7sl+1 - Cs,lerl .
We shall prove that the partial integral Ci;ﬂ’r‘sl/’éTsH(t)@sH is small (of the order v/§) outside a small
subset of Dy x [0,T], of measure going to zero with §. Indeed we have

&’ o
/0 /D |(CE8 T s (o ) | dZ0dt = / (0es1(Zosn)|dZosn

Vs,s
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where V5 is a subdomain of
{21 € BED /3t €10,0),G.3) # Gos+1), o= @sin + o —vern)| =
and € < |z; — x5 +t(v; —vy)| < e+ Rd}

U{ZsHeB (D 3 € (0,8, (G J) # (s + 1) A ivs+ 1, |2 — wopy + (0] —05py)| = ¢

either ¢ < |z; —xp +t(v; —vg)| <e+ R6
and
or € < |xep1 —xp+t(wi —ve)| <e+ RO or e < |z —xj+t(v; — vy §6+R5}.

In particular, |Vs 6| < C(R,€)dd’. Arguing as in the previous section we deduce the estimate on [0, T]]

(514) / / C;ts’:sl 5 s+1(t)905+1) ‘ dstt < C(Rv T)6||305+1||L°°(Ds+1) ’
uniformly in ¢’. Finally we introduce the set

Issrix = {(ta Zs) €10,T]

(C;tsZ+51 o s+1(t)¢s+1>(Zs)

z\/S}.

Thanks to the Bienaymé-Tchebichev inequality and to (5.1.4), we have uniformly in ¢’
| Ls.50..2] = O(V3).

Note furthermore that Is s ; + is a decreasing function of §. On the complement of I5s ; +, for any
function psy1 € L®(Dgt1)

I T o1 (B)sta e < CR)llpssall= V3.

This tells us exactly that the sequence C:iﬂTsH (t)pst1 is a Cauchy sequence and converges weakly-x
in L>([0,T] x Ds) as 6 — 0.

5.1.4. Dependence with respect to time and conclusion. —

Finally to define Cs s41Ts41(t) on time-dependent functions belonging to C([0,T7; L (Ds41)) sup-
ported in [0,7T] X B]Z;:(l‘q;l), we notice that the above arguments are very easily adapted to the case
of piecewise constant functions in time, denoted PC([0,T]; L°°(Ds+1)). Then we conclude by density
of PC([0,T); L*®(Ds+1)) in C([0,T]; L°(Ds+1)). Indeed if @11 is a function in C([0,T]; L>°(Ds11))
supported in [0, 7] X Bz(i;l) and if (¢7,)nen is a sequence of approximations of 1, we have the
following estimate

€1 Tt (1) (0241 () = @01 (1) || oo < ORI (8) = a (B) =

which tends to 0 as n, m — oo, uniformly in ¢ € [0, T].

Letting Ry and R go to infinity, we conclude that the operator Cy 11T 41 (t) is well defined on functions
of C([0,T]; L*°(Ds41)) with bounded support in Viyq1 (or decaying sufficiently fast at infinity). A
quantitative estimate of this decay will be given by introducing appropriate weighted spaces in the
next section.

Notice that for the Boltzmann hierarchy (5.0.2), the collision operators are defined by integrals on
manifolds of codimension d but since free transport preserves continuity one can require that all
functions under study are continuous.
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5.2. Functional spaces and statement of the results

In order to obtain uniform a priori bounds for mild solutions to the BBGKY hierarchy, we need to
introduce some norms on the space of sequences of functions. Given € > 0, § > 0, an integer s > 1,
and a continuous function g, : Dy — R, we let

(5.2.1) 95le.s. = sup |gs(Zs)| exp (BEy(Zs))

s s

where Ej is the free Hamiltonian:
(5.2.2) Eo(Z) := Z -
1<i<s

Note that the dependence on ¢ of the norm is through the constraint Z; € D,. We also define, for a
continuous function g : R?% — R,

(5.2.3) lgslo,s.5 := sup |gs(Zs)|exp (BEO(ZS)) .
Z.cR2ds

Definition 5.2.1. — For e > 0 and 8 > 0, we denote X. s 3 the Banach space of continuous func-
tions Ds — R with finite | - |cs,5 norm, and similarly Xo s p is the Banach space of continuous
functions R?¥ — R with finite | - |o.s. 5 norm.

For sequences of continuous functions G = (gs)s>1, with gs : Ds — R, we let for ¢ > 0, 8 > 0,

and p € R,
1G e 1= 50D (194 ]e.0.5 exp(us) ) -
s>1

We define similarly for G = (g;)s>1, with g, : R*¥* — R,
G150 = sp (lgslo.e s xp(s) )

Definition 5.2.2. — Fore >0, >0, and pn € R, we denote X; g, the Banach space of sequences
of functions G = (gs)s>1, with gs € X. 5 5 and |G|z, < 0.

The following inclusions hold:
(5.2.4) if ' < Pand p' < p, then X.5CXesp, Xeppu CXepr-

Remark 5.2.3. — These norms are rather classical in statistical physics (up to replacing the L™
norm by an L' norm), where probability measures are called “ensembles”.

At the canonical level, the ensemble ]IZSGDSG’BEO(ZS)dZS is a mormalization of the Lebesgue measure,
where B ~ 071 (and 6 is the absolute temperature) specifies fluctuations of energy. The Boltzmann-
Gibbs principle states that the average value of any quantity in the canonical ensemble is its equilibrium
value at temperature 6.

The micro-canonical level consists in restrictions of the ensemble to energy surfaces.

At the grand-canonical level the number of particles may vary, with variations indexed by chemical
potential p € R.
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Existence and uniqueness for (5.0.1) comes from the theory of linear transport equations which provides
a unique, global solution to the Liouville equation (4.2.1). Nevertheless, in order to obtain a similar
result for the limiting hierarchy (5.0.2), we need to obtain uniform a priori estimates with respect
to N, on the marginals fj(\f) for any fixed s. We shall thus deal with both systems (5.0.1) and (5.0.2)
simultaneously, using analytical-type techniques which will provide short-time existence in the spaces
of X, g ,-valued functions of time (resp. X ,,). Actually the parameters 8 and p will themselves
depend on time: in the sequel we choose for simplicity a linear dependence in time, though other,
decreasing functions of time could be chosen just as well. Such a time dependence on the parameters
of the function spaces is a situation which occurs whenever continuity estimates involve a loss, which
is the case here since the continuity estimates on the collision operators lead to a deterioration in the
parameters 8 and u. We refer to Section 5.5 for some comments.

Definition 5.2.4. — Given T > 0, a positive function 3 and a real valued function p defined on [0, T
we denote X. g, the space of functions G : t € [0,T] — G(t) = (gs(t))1<s € X g(t),u(t), such that for
all Z;, € R%45, the map t € [0,T] > gs(t, Zs) is measurable, and

(5.2.5) IGle.8,u == sup [|G(t)
0<t<T

le.8(),u(t) < 00

We define similarly
[IGllo,g, == sup IG(@)llo,p¢),() -
0<t<T

We shall prove the following uniform bounds for the BBGKY hierarchy.

Theorem 6 (Uniform estimates for the BBGKY hierarchy). — Let 8y > 0 and po € R be
given. There is a time T > 0 as well as two nonincreasing functions B > 0 and p defined on [0,T],
satisfying B(0) = By and p(0) = po, such that in the Boltzmann-Grad scaling Ne?~' = 1, any family

of initial marginals Fn(0) = ( ](\}q)(O))1<S<N in Xe gy,uo gives rise to a unique solution Fy(t) =

(fl(\f) (t))1<s<n in Xc g to the BBGKY hierarchy (5.0.1) satisfying the following bound:

N 8. < 201 EN ()<, 80,10 -

Remark 5.2.5. — The proof of Theorem 6 provides a lower bound for the time T on which one has
a uniform bound, in terms of the initial parameters By, po and the dimension d: one finds

(5.2.6) T > Cyetogit/2

The proof of Theorem 6 uses neither the fact that the BBGKY hierarchy is closed by the transport
equation satisfied by fy, nor possible cancellations of the collision operators. It only relies on crude
estimates and in particular the limiting hierarchy satisfies the same result, proved similarly.

Theorem 7 (Existence for the Boltzmann hierarchy). — Let By > 0 and po € R be given.
There is a time T > 0 as well as two nonincreasing functions B > 0 and p defined on [0,T), satisfy-
ing B(0) = By and u(0) = po, such that any family of initial marginals F(0) = (f(s) (0))S>1
gives rise to a unique solution F(t) = (f*)(t))s>1 in Xo,,u to the Boltzmann hierarchy (5.0.2), satis-
fying the following bound:

in X07/307M0

[1£1lo..0 < 2[F(0)]

0,B0,H0 -
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5.3. Main steps of the proofs

The proofs of Theorems 6 and 7 are typical of analytical-type results, such as the classical Cauchy-
Kowalevskaya theorem. We follow here Ukai’s approach [49], which turns out to be remarkably short
and self-contained.

Let us give the main steps of the proof: we start by noting that the conservation of energy for the s-
particle flow is reflected in identities

(531) |Ts(t)gs|e,s,ﬁ:‘gs|s,s,ﬂ and ||T(t)GN

e,B,pn = HGN RCNTE

for all parameters 8 > 0, p € R, and for all g, € X. 3, GN = (9s)1<s<n € Xc g, and all t > 0.
Similarly,

(5.3.2) Ss(t)gslo.s,8 = lgsls,5 and  [IS()Gllos.u = [Gllosu»
for all parameters 8 > 0, ¢ € R, and for all g; € X 5.3, G = (¢s)s>1 € Xo,8,4, and all £ > 0.

Next assume that in the Boltzmann-Grad scaling Ne?~! = 1, there holds the bound

t
1
(5.3.3) V0 <e<eo, ‘H/ T(t — 7)CnGy(r)dr < 5 lGwll-pn
0

e,B,p

for some functions 3 and p as in the statement of Theorem 6. Under (5.3.3), the linear operator

t
£: GyneXcputr (t — / T(t — 7)CnGn(T) dT) €Xeppu
0

is linear continuous from X. g, to itself with norm strictly smaller than one. In particular, the
operator Id — £ is invertible in the Banach algebra L£(X. g ,). Next given Fn(0) € X gy.u0, DY
conservation of energy (5.3.1), inclusions (5.2.4) and decay of 8 and u, there holds

(t— Tt)Fn(0)) € Xegp-

Hence, there exists a unique solution Fy € X, g, to (Id — £)Fy = T(-)Fn(0), an equation which is
equivalent to (5.0.1).

The reasoning is identical for Theorem 7, replacing (5.3.3) by

(5.3.4) | [ s¢-netemar, < 5IGHn

The next section is devoted to the proofs of (5.3.3) and (5.3.4).

5.4. Continuity estimates

In order to prove (5.3.3) and (5.3.4), we first establish bounds, in the above defined functional spaces,
for the collision operators defined in (4.3.2) and (4.4.3), and for the total collision operators. In Cs 541,
the sum in ¢ over [1, s] will imply a loss in g, while the linear velocity factor will imply a loss in 3. The
losses are materialized in (5.4.2) below by inequalities 8 < 8, ¢/ < p.

The next statement concerns the BBGKY collision operator.
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Proposition 5.4.1. — Given > 0 and p € R, for 1 < s < N — 1, the collision operator Cs si1

satisfies the bound, for all Gy = (9s)i1<s<n € Xc g, in the Boltzmann-Grad scaling Ned—1 =1,
(5.4.1) |Cs,5119511(Zs)| < Ca 2 ( B+ > |Ui|)6_
1<i<s

for some Cyq > 0 depending only on d.

In particular, for all 0 < 8’ < 8 and ' < p, the total collision operator Cy satisfies the bound

_d1 8 1
(5.4.2) ICNGNlleprw < CaB™2 (ﬂ —5 " H) 1Gx s

in the Boltzmann-Grad scaling Ne@—1 = 1.

Estimate (5.4.2), a continuity estimate with loss for the total collision operator Cy, is not directly
used in the following. In the existence proof, we use instead the pointwise bound (5.4.1). Note that
the more abstract (and therefore more complicated in our particular setting) approach of L. Nirenberg
[39] and T. Nishida [40] would require the loss estimate (5.4.2).

Proof. — Recall that as in (4.3.2),

(CS,ng(S"’l))(t,Zs) = gd1 Z/d = (Vs41 — v; )g(SH)(t,Zs,xi + ew, Vs41)dwdvg g
><R

Estimating each term in the sum separately, regardless of possible cancellations between “gain” and
“loss” terms, it is obvious that

|Cs,s4+1954+1(Zs)| < kaed T (N — $)|gs+1le,s41,8 Z Li(V5)
1<i<s

where k4 is the volume of the unit ball of R%, and where
s+1

B
V) i= [ (ol + ol exp (= 5 D o) dven.
R4 =
Since a direct calculation gives
W) < Cap (37t esp (=5 3 ).
1<j<s

the result (5.4.1) is deduced directly in the Boltzmann-Grad scaling Ne¢—1 = 1.

We turn to the proof of (5.4.2). From the pointwise inequality (due to Cauchy-Schwarz)
(5.4.3) Z |vi|exp( (v/2) Z lvj] ) < 52 (e)~1/2, v>0,

1<i<s 1<j5<s
we deduce for the above velocity integral I;(Vs) the bound, for 0 < 8/ < 8,

S e ((8/2) 3 ) L(Vi) < Capt (s57% + 55— 5)7%)

1<i<s 1<5j<s
B
)

<CuB % (25 +

Since

ﬁ — L—L/)S 2 ﬁ
up (s + g=g)e ) < ok e

we find (5.4.2). Proposition 5.4.1 is proved. O
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A similar result holds for the limiting collision operator.

Proposition 5.4.2. — Given 8 > 0, u € R, the collision operator Cg,s+1 satisfies the following bound,
for all gs41 € Xo 5115 :

(5.4.4) 1C0,1gs1(Zs)| < Cap™ (sﬁ—%+ 3 |vi|>e

lo.s+1.85
1<i<s
for some Cq > 0 depending only on d.
Proof. — There holds
L arrgsn(Z[ < D /s (el i) (s (07 03]+ g4 (03, va1) ) dewdvasn,
xR

1<i<s

omitting most of the arguments of g, 1 in the integrand. By definition of || s,3 norms and conservation
of energy (5.3.1), there holds

—BE(Z}) + e_/BEO(Zs))

|gs+1(0F, 05 )] 4 |gsa1(vi, vsg1)| < (e |9s+1lo0,8

= 2e

|0,s+17ﬁ7
where Z7 is identical to Z, except for v; and v,11 changed to vj and v}, . This gives
1C2 s 19541(Z5)| < Culgssrlo,sarpeP0F) N 1V,
1<i<s

borrowing notation from the proof of Proposition 5.4.1, and we conclude as above. O

Propositions 5.4.1 and 5.4.2 are the key to the proof of (5.3.3) and (5.3.4). Let us first prove a continuity
estimate based on Proposition 5.4.1, which implies directly (5.3.3).

Lemma 5.4.1. — Let By > 0 and pg € R be given. For all A > 0 and t > 0 such that Xt < 1, there
holds the bound

t
(5.4.5) et =) / Ty(t = 7)Cs,s419541(7) dT < &(Bo, to, A TG e pope »
0

for all Gn = (gs+1)1<s<n € Xo g, with ¢(Bo, o, A\, T) computed explicitly in (5.4.11) below. In
particular there is T > 0 depending only on By and pg such that for an appropriate choice of A
in (0,1/T), there holds for all t € [0,T)

t
(5.4.6) es(“"_’\t)‘/ Ts(t —7)Cs,5+19s+1(T) dT
0

€,5,80(1=\t) —

1
< S Gl

€,8,80(1—At)

Proof. — Let us define, for all A > 0 and ¢ > 0 such that At < 1, the functions
(5.4.7) Bo(t) := Bo(1 = At) and pg(t) := po — A\t .
By conservation of energy (5.3.1), there holds the bound

t

A

< sup /6’80
€580 (t) — z.eRrz2ds Jo

¢
‘ / T(t — 7)Cs,s+19s4+1(T) dT s,54+19s+1(T, Zs)| dr.
0

Estimate (5.4.1) from Proposition 5.4.1 gives

P (1) Eo(Zs

s,s+lgs+1(T7 ZS)|
< Ca (B0) H 1901 (e iy (087

w\»—A

n Z |v) (r—t)Eo(Zs)

1<i<s
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By definition of norms || - || 3,, and || - [|,8,,. We have

(5.4.8) 19541 (0 wsr 3 () < € OB NGN (T 3 (ry k(0
< e TR Gy lcpip -

The above bounds yield, since 33 and pj are nonincreasing,

t
/ T(t —7)Cs,s419541(T) dT

0

A
5t (1)

€,8,85 (t)

&

< CullGwllope SO s [Tz
R s

where, for 7 <,

(5.4.9) C(r,t,Z,) == ( Y |v1) (r=t)(s+B0 Eo(Z2))
1<i<s
Since
ti Cd 1
(5.4.10) sup /C(T,t,zs)dTg—(ﬂg(T)) e
ZSGRst 0 )\

there holds finally

N
eSHo (t)

t
/ T(t = 7)Cs,s419541(7) dT c(Bos o A TGN l.p.pa »

0
where, with a possible change of the constant Cy,

PESE
(5.4.11) &(Bos 110, A, T) = Cae 0 DN (BN(T)) ™
The result (5.4.5) follows. To deduce (5.4.6) we need to find 7' > 0 and A > 0 such that AT < 1 and

<
e,8,80(t)

_de1 )\
(5.4.12) Cae” “06 e M(1-AT) 2 <3

_d1
We find the result setting A = Ke "3, * and AT = 1/2, with K large enough (depending only
on d). Notice that (5.2.6) is a consequence of this computation. O

The proof of the corresponding result (5.3.4) for the Boltzmann hierarchy is identical, since the esti-
mates for C? ., and C; o1 are essentially identical (compare estimate (5.4.1) from Proposition 5.4.1
with estimate (5.4.4) from Proposition 5.4.2).

5.5. Some remarks on the strategy of proof

The key in the proof of (5.3.3) is not to apply Minkowski’s integral inequality, which would indeed

lead here to
t t
T(t — 1)CNGn (7) dr g/HCGT
H/o E=m)CNOND ATl s S Jy 1CVENT)

by (5.3.1), and then to a divergent integral of the type

dr,
&, (), ()

t 1 1
st S COD) [ (G + st ) i

The difference is that by Minkowski the upper bound appears as the time integral of a supremum in s,
while in the proof of (5.3.3), the upper bound is a supremum in s of a time integral.

H /Ot T(t —7)CnGn(T)dr
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As pointed out in Section 5.2, other proofs of Theorems 6 and 7 can be devised, using tools inspired by
the proof of the Cauchy-Kowalevskaya theorem: we recall for instance the approaches of [39] and [40],
as well as [37] and [33].



CHAPTER 6

STATEMENT OF THE CONVERGENCE RESULT

We state here our first main result, describing convergence of mild solutions to the BBGKY hier-
archy (4.3.6) to mild solutions of the Boltzmann hierarchy (4.4.4). This result implies in particular
Theorem 5 stated in the Introduction page 15.

The first part of this chapter is devoted to a precise description of Boltzmann initial data which are ad-
miassible, i.e., which can be obtained as the limit of BBGKY initial data satisfying the required uniform
bounds. This involves discussing the notion of “quasi-independence” mentioned in the Introduction,
via a conditioning of the initial data. Then we state the main convergence result (Theorem 8 page 49)
and sketch the main steps of its proof.

6.1. Quasi-independence

In this paragraph we discuss the notion of “quasi-independent” initial data. We first define admis-
sible Boltzmann initial data, meaning data which can be reached from BBGKY initial data (which
are bounded families of marginals) by a limiting procedure, and then show how to “condition” the
initial BBGKY initial data so as to converge towards admissible Boltzmann initial data. Finally we
characterize admissible Boltzmann initial data.

6.1.1. Admissible Boltzmann data. — In the following we denote
Qs :={Z, €R*® Vi#j, u; #x;}.

Definition 6.1.1 (Admissible Boltzmann data). — Admissible Boltzmann data are defined as
families Fy = (fés))szl, with each fés) nonnegative, integrable and continuous over s, such that

(6.1.1) 3 £ 2, 20 ) dzess = £39(2) )
R L

and which are limits of BBGKY initial data Fy y = (fé,sj)v)lgsgN € X: 8o, 0 the following sense:
for some Fy N satisfying

(6.1.2) Jsvu>p1 | Fo.wle,80,m0 < 00, for some B >0, no € R, as Ned—1=1,
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for each given s € [1, N|, the marginal of order s defined by

(6.1.3) (20 = / Uzyepn foN (Zn)dzsin .. .dzy, 1<s<N,
R2d(N—s)
converges in the Boltzmann-Grad limit:

(6.1.4) ésj)\, — fés) as N — oo with Ne@=1 =1, locally uniformly in Q.

In this section we shall prove the following result.

Proposition 6.1.1. — The set of admissible Boltzmann data, in the sense of Definition 6.1.1, is the
set of families of marginals Fyy as in (6.1.1) satisfying a uniform bound ||Fyl|o,8,,u, < 00 for some o > 0
and 1o € R.

6.1.2. Conditioning. — We first consider “chaotic” configurations, corresponding to tensorized
initial measures, or initial densities which are products of one-particle distributions:
(6.1.5) *(Z) =[] folz), 1<s<N,

1<i<s

where fj is nonnegative, normalized, and belongs to some Xo 1 g, space (see Definition 5.2.1 page 36):

(6.1.6) fo>0, / fo(z)dz=1, €] folo,1,8, <1 for some By >0,up € R.
R2d

Such initial data are particularly meaningful insofar as they will produce the Boltzmann equa-
tion (2.1.1), and we shall show in Proposition 6.1.2 that they are admissible.

We then consider the initial data with exclusion 1z, ep, f(? N (Zn), and the property of normalization
is preserved by introduction of the partition function

(6.1.7) Zy :z/ Lzyenyfo ™ (Zn)dZy -
R2dl\7

Conditioned datum built on fo is then defined as Zy 1z epy f& (Zn). This operation is called con-
ditioning on energy surfaces, and is a classical tool in statistical mechanics (see [23, 35, 36] for
instance).

The partition function defined in (6.1.7) satisfies the next result, which will be useful in the following.

Lemma 6.1.2. — Given fq satisfying (6.1.6), there holds for 1 < s < N the bound
1< 23" 2y < (1 —ekalfolperr) ",

in the scaling Ne9™' = 1, where | fo|pr1 denotes the L=®(RZ, LY(RY)) norm of fo, and rq denotes
the volume of the unit ball in R,

Proof. — We have by definition

_ - ®(s-+1)
Zop1 = /R,Zd(erl) ]1ZS+16DS+1 (H n‘wi7w5+ll>5) 0 (Zet1) dZosr

i=1

By Fubini, we deduce

ZS+1 :/ / ( H ]1|x,3—x5+1|>€)f0(23+1)dzs+1 ]]-ZSGDSf(()g)S(Zs)dZs~
R2ds R2d

1<i<s
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Since

/zd ( II ]llmifms+1|>e)fo(Zs+1)dZs+1 > |l follzr — wase?| fol oot ,
R

1<i<s

we deduce from the above, by nonnegativity of f5’® and the fact that ||fo| ;1 = 1 the lower bound
Zoi1 > Zo(1 — kase?| folpeorr)

implying by induction

N-1
ZN > ZN_s H (1 — jekalfolporr) > Zn—s(1 — ekl folLorr)”,
j=N-—s
where we used s < N and the scaling N ¢?=1 = 1. That proves the lemma. O
6.1.3. Characterization of admissible Boltzmann initial data. — The aim of this paragaph

is to prove Proposition 6.1.1.

Let us start by proving the following statement, which provides examples of admissible Boltzmann
initial data, in terms of tensor products.

Proposition 6.1.2. — Given fy satisfying (6.1.6), the data Fy = (f$*)s>1 is admissible in the sense
of Definition 6.1.1.

Proof. — Let us define, with notation (6.1.7),

N -

571\/) = ZNlﬂZNGDNf[()@N(ZN)
be the set of its marginals. In a first step we prove they satisfy uniform
®s
0

and let Fy n = ( é,sf)v)sgN

bounds as in (6.1.2). In a second step, we prove the local uniform convergence to zero of fé,sj)\, —
in Qg, as in (6.1.3).

First step. We clearly have
fO(,SJ)V(ZS) < Zj;l]lzsepsfgs(zs)/ H H‘Ii*Z]“>E H fO(Zi) dZ(S+1,N) )
R2AN=2) 1 iCj<N SH1<i<N
where we have used the notation
dZ(s1,n) = dzsq1 ... dzn
This gives
fon(Zs) S 23" En—Lz.en, J5°(24)
< (1 —ekal folperr) Nz,en, f°(Zs)
the second inequality by Lemma 6.1.2.
By 2z +In(1 — z) > 0 for € [0,1/2], there holds
(6.1.8) (1 — ekl folpoorr)™* < e2sehalfolocert —if 9oy fol poors < 1,

so that for N larger than some Ny (equivalently, for ¢ small enough),

es,ué)|f(s) < es(u6+25nd|f0‘LooLl)|]1Z eD fgag(Zg)| S (62€Hd‘fOILOOL1|fO|01,BO)S

0,Nle,s,80 — €,s,80

Therefore, for any u( < po and for e sufficiently small,

sup ”FO,N”e,ﬂo,M, < 00,
N>N;
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which of course implies the uniform bound sup [|Fo x|l g,,u;, < 00
N>1

Second step. We compute for s < N :
féS}V = Z]Ql]lzsepsff?s/ H Do, —zj|>e H Dig;—zj|>e H fo(2i) dZ (541N -
R2AN=9) L 1<i<j<N i<s<j sH1<i<N

We deduce, by symmetry,

(6.1.9) 15 = 2 e, 08 (2o — )
with the notation
b
Zlst1,N) = / (1 - H ]1|$i—wj|>5> H iy —a))>e H fo(2i) dZ (541, Ny 5
R2d(N—s) i<s<j sH1<i<j<N s+1<i<N

so that 2?

(s+1,N) is a function of Xj.

From there, the difference 1z ¢p, f(j@S — ésj)v decomposes as a sum:

(6.110)  Lzen S — Sk = (1= 23" 2n- ) zen f5" + 25" Bl Laen /5

By Lemma 6.1.2, there holds 1 —Z;,lZN,S — 0as N — oo, for fixed s. Since f$** is uniformly bounded
in €, this implies that the first term in the right-hand side of (6.1.10) tends to 0 as N — oo, uniformly

in Q4. Besides, by
0<1~ H ﬂ‘l‘i*I]“>6 < Z ]1|xi7:vj|<€7

i<s<j 1<i<s
s+1<j<N

we bound
b
Zlsp1,n) < Z / ( Z 11|wk—a;j|<s> H gy —a)|>e H fo(2i) dZ (541N -
1<k<s /RPN =D 2 1N s+1<i<j<N sHI<i<N
Given 1 < k < s, there holds by symmetry and Fubini,

AQd(N—s)( Z ]]-\ack—acjks) H ]]-\;ci—acjbs H fO(Zi)dZ(s+1,N)

s+1<j<N s+1<i<j<N s+I<I<N

S (N_ S)/ ﬂ‘zi,szrl‘<€f0(zs+1)dzs+1
R2d

]Ixfz- € les
S AR | G TR | R C L

s+2<i<j<N sH2<i<N
= (N —s) /RM Wjg—zy )< fo(zsr1)dzsr1 X ZN 51,

so that

(6.1.11) 21z < 8(N = 8)e%kal fol Lot Zn—so1 s

where |fo|ze 1 denotes the L (R%, L' (R%)) norm of fy. By Lemma 6.1.2, we obtain

_ —(s+1
2 20w < eskal fol oo (1= ekl fol o) s+

)

and the upper bound tends to 0 as N — oo, for fixed s. This implies convergence to 0, uniformly in Q,
of the second term in the right-hand side of (6.1.10).
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We thus proved the uniform convergence fés}\, —lz.ep. f&* — 0 in Q, and hence fgzjfv — f$* holds

locally uniformly in €,. We conclude that fésj)\, converges locally uniformly to tensor products f6®5
in Q.

Proposition 6.1.2 is proved. O

By Proposition 6.1.2, tensor products (f5’*)s>1, with f satisfying (6.1.6), are admissible Boltzmann
data. It is easy to generalize that result (see Proposition 6.1.4 below) to the convex hull of the set of
tensor products. We shall actually also show the converse: all admissible Boltzmann data belong to
the convex hull of tensor products, and that will enable us to deduce Proposition 6.1.1.

We first remark that given a Boltzmann datum Fj, and an associated BBGKY datum Fj n, there
holds

(6.1.12) 1Eoll0,80,m0 < 00,
with By and po as in (6.1.2). Indeed, let Cy = sup ||Fo n||c,8,u0 < 00. Given s and Z, € €, for € small
N>1

enough, 17 cp, = 1. Besides, by (6.1.4) there holds the pointwise convergence féf])\,(Zs) — fés)(Zs).

Hence taking the limit ¢ — 0 in the left-hand side of the inequality esro+8oF:(Zs) fésj)\,(Zs)\ < Cp, we
find (6.1.12).

The Hewitt-Savage theorem reveals the specific role played by tensor products: the set of families Fjy =
( és))521 of marginals (6.1.1) satisfying the uniform bound (6.1.12) is the convex hull of tensorized
initial data, as described in the following statement. We define P = P(R?2?) be the set of continuous
densities of probability in R?? :

(6.1.13) P:={he C*R*R), h>0, / h(z)dz =1} .
RQd

Proposition 6.1.3. — Given Fy = (fés))szl a family of marginals (6.1.1) satisfying the uniform
bound (6.1.12) with constants By > 0 and o € R, there exists a probability measure w over the set P,
with

(6.1.14) suppm C {g € P, |glo,1,80 < e "},

such that the following representation holds:

(6.1.15) £89 :/ ¢®%dn(g),  s>1.
P

Proof. — Given a family Fj satisfying (6.1.1) and (6.1.12), the existence of 7 satisfying (6.1.15) is
granted by the Hewitt-Savage theorem [29]. The goal is then to prove the inclusion (6.1.14). We shall
follow the argument of [17, Proposition 6.1]. Defining, for each z € R4,

B 2
®.(g) = g(2)e "1,
let us prove that

H(I)zHLoo(drr) < e o,
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To prove that result we compute
1
B0 |12 »
[@.llniam = ([ (@)1 an(e))”

8 1 1
= (epTO|U|2fép) (Z, . .,Z) ) r< 051 e Ho
——
p times

and the result follows by taking the limit p — oco. The continuity of g is obtained similarly. O

We now give the generalization of Proposition 6.1.2 that will be useful in the proof of Proposition 6.1.1.
Let 7 be a probability measure on P satisfying (6.1.14) for some Sy > 0 and some pg € R. Next we
define

(6.1.16) 7 = / h®3dm(h) .
P
In the case when m = dy,, then (6.1.16) reduces to the tensor product (6.1.5)-(6.1.6).

In the general case, we define

Zn(h) = /R2dN Nz ep h®N(Zn)dZy, heTP,

(N) . _ / 1 h®Nd h
™ = 7 .

(6.1.17)

generalizing (6.1.7).
The following result is an obvious generalization of Lemma 6.1.2.

Lemma 6.1.3. — Given 7 satisfying (6.1.14) and h € suppm, the family of partition functions Z
defined in (6.1.17) satisfies for 1 < s < N the bound

1< Zn(h) ' Zn_s(h) < (1 —eCae 055 2) 77,

where Cy depends only on d.

The next statement generalizes Proposition 6.1.2. Its proof is an immediate extension of the
proof of Proposition 6.1.2 thanks to the dominated convergence theorem, using the obvious
bound 1 z_cp h®(Z,) < e™sHo.

Proposition 6.1.4. — Given m satisfying (6.1.14), the data (7)) ¢>1, with () defined in (6.1.16),
is admissible in the sense of Definition 6.1.1.

It is obtained for instance from the BBGKY data (WE\?))SSN defined by (6.1.17).

Proof of Proposition 6.1.1. — We already observed in (6.1.12) that admissible Boltzmann data are
bounded families of marginals. Conversely, given a bounded family of marginals Fj, by Proposi-
tion 6.1.3 representation (6.1.15) holds. Then, by Proposition 6.1.4, Fp is an admissible Boltzmann
datum. This proves Proposition 6.1.1. O

Combining Propositions 6.1.1 and 6.1.3, we see that all admissible Boltzmann data are built on tensor
products, in the sense that given an admissible Boltzmann datum, representation (6.1.15) holds for
some 7 satisfying (6.1.14).
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6.2. Main result: Convergence of the BBGKY hierarchy to the Boltzmann hierarchy

6.2.1. Statement of the result. —

Our main result is a weak convergence result, in the sense of convergence of observables, or averages
with respect to the momentum variables. Moreover, since the marginals are defined in D, we must
also eliminate, in the convergence, the diagonals in physical space. Let us give a precise definition of
the convergence we shall be considering.

Definition 6.2.1 (Convergence). — Given a sequence (hi;)i1<s<n of functions hyy € C°(Dg;R),
a sequence (h*)s>1 of functions h* € C°(Qg; R), we say that (k) converges on average and locally
uniformly outside the diagonals to (h®), and we denote

(hi)i<s<n — (h*)1<s,

when for any fized s, any test function @, € CO(R*;R), there holds
o, (B = 0)(X2) = [ Vi) (i3 = h°)(Z)dV. 0, as N > 0,
Rds

locally uniformly in {Xs e R, z; # xj fori# j} .

With regard to spatial variables, this notion of convergence is similar to the convergence in the sense
of Chacon.

We remark that local uniform convergence in €2 implies convergence in the sense of Definition 6.2.1:

Lemma 6.2.2. — Given (f](\}s))lsséj\l a bounded sequence in X. g, with the notation of Defini-
tion 10.2.3, if f](\f) — f) for fized s, uniformly in t € [0,T] and locally uniformly in Q, then there
holds f](vs) 5 £ uniformly in t € [0,T].

Proof. — Let K be compact in {XS e R, x;, £ x; for i # j} . There holds
o, (1) = PN XD < Dlpsllmey sup () = F9) (X Vo))
VsEsupp ¢s

The set K, X supp ¢ is compact in €2;. Hence the above upper bound converges to 0 as N — oo,
uniformly in [0,7] x K. O

We can now state our main result.

Theorem 8 (Convergence). — Let Sy > 0 and pp € R be given. There is a time T > 0 such that
the following holds. Let Fy in Xo g,,u, be an admissible Boltzmann datum, with associated family of
BBGKY datum (Fo N)N>1, 1 Xe gy ue- Let F and Fn be the solutions to the Boltzmann and BBGKY
hierarchy produced by Fy and Fy n respectively. There holds

(6.2.1) Fy — F,

uniformly on [0,T7,.

In particular, if Fy = (f$°)s>1, then the first marginal f](vl) converges to the solution f of the Boltzmann
equation (2.1.1) with initial data fo.

Finally in the case when Fy = (f$%)s>1 with fo Lipschitz, then the convergence (6.2.1) holds at a
rate O(e%) for any a < d—il min (1, (d — 1)/2).
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Solutions to the Boltzmann hierarchy issued from tensorized initial data are themselves tensorized. For
such data, the Boltzmann hierarchy then reduces to the nonlinear Boltzmann equation (2.1.1), and
Theorem 8 describes an asymptotic form of propagation of chaos, in the sense that an initial property
of independence is propagated in time, in the limit. This corresponds to Theorem 5 stated in the
Introduction page 15.

6.2.2. About the proof of Theorem 8: outline of Chapter 7 and Part IV. —

The formal derivation presented in Chapter 4, Section 4.4, fails because of a number of incorrect
arguments:

— Since mild solutions to the BBGKY hierarchy are defined by the Duhamel formula (4.3.6)
where the solution itself occurs in the source term, we need some precise information on the
convergence to take limits directly in (4.3.6).

— The irreversibility inherent to the Boltzmann hierarchy appears in the limiting process as an
arbitrary choice of the time direction (encoded in the distinction between pre-collisional and
post-collisional particles), and more precisely as an arbitrary choice of the initial time, which is
the only time for which one has a complete information on the family of marginals Fy n. This
specificity of the initial time does not appear clearly in (4.3.6).

— The heuristic argument which allows to neglect pathological trajectories, meaning trajectories
for which the reduced dynamics with s-particles does not coincide with the free transport
(Ts # Ss), requires to be quantified. Indeed we have more or less to repeat the operation
infinitely many times, since mild solutions are defined by a loop process; moreover, the question
of the stability with respect to micro-translations in space must be analyzed.

— Because of the conditioning, the initial data are not so smooth. The operations such as in-
finitesimal translations on the arguments require therefore a careful treatment.

To overcome the two first difficulties, the idea is to start from the iterated Duhamel formula, which
allows to express any marginal f ](\f ) (t,Zs) in terms of the initial data Fy . By successive integrations

in time, we have indeed the following representation of f 1(\?):

e t  pt1 tr—1
() = Z/O /0 /O Ts(t —t1)Cs 541 Ts1(t1 — t2)Coi1,542 - -
k=0

Tk () FET(0) dty . . dty

(6.2.2)

where by convention fj(vj)(O) =0for j > N.

Using a dominated convergence argument, we shall first reduce (in Chapter 7) to the study of a
functional

— defined as a finite sum of terms (independent of N),

— where the energies of the particles are assumed to be bounded (namely Eq(Zs1) < R?),

— and where the collision times are supposed to be well separated (namely |t; —¢;41] > 9).
The reason for the two last assumptions is essentially technical, and will appear more clearly in the
next step.

The heart of the proof, in Part IV, is then to prove the termwise convergence, dealing with pathological
trajectories. Let us recall that each collision term is defined as an integral with respect to positions
and velocities. The main idea consists then in proving that we cannot build pathological trajectories
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if we exclude at each step a small domain of integration. The explicit construction of this “bad set”
lies on
— a very simple geometrical lemma which ensures that two particles of size £ have not collided
in the past provided that their relative velocity does not belong to a small subset of R (see
Lemma 12.2.1),
— scattering estimates which tell us how these properties of the transport are modified when a
particle is deviated by a collision (see Lemma 12.2.3).
This construction, which is the technical part of the proof, will be detailed in Chapter 12. The
conclusion of the convergence proof is presented in Chapters 13 and 14.






CHAPTER 7

STRATEGY OF THE CONVERGENCE PROOF

The goal of this chapter is to use dominated convergence arguments to reduce the proof of Theorem 8
stated page 49 to the termwise convergence of some functionals involving a finite (uniformly bounded)
number of marginals (Section 7.1). In order to further simplify the convergence analysis, we shall
modify these functionals by eliminating some small domains of integration in the time and velocity
variables corresponding to pathological dynamics, namely by removing large energies in Section 7.2
and clusters of collision times in Section 7.3.

We consider therefore families of initial data: Boltzmann initial data Fy = ( fés))seN € Xo,8y.u, and
for each IV, BBGKY initial data Fiv o = (f](\f’%)lgsgjv € X¢ By,u0 Such that

sup || Fno0lle,80,u0 = SUp sup sup (exp(ﬂoEo( s) + 1os)fx (s) (ZS)) < +0.
N N s<N Z,eD,

We then associate the respective unique mild solutions of the hierarchies

t
FO ) = 8.0 £ + / S, (t = 7)C0 o D (r) dr
and
OO =T+ [ T - Cewns§ar

In terms of the initial datum, they can be rewritten

3) t Z Z/ / / t—tl C§,S+1SS+1(t1 —t2)02+178+2...

Sk (te) £ dty, . dty

©(t, 2,) Z/ / / s(t = 11)Cs 511 Tos1(ts — t2)Csit 52 - - -

Tarte) g dt . dty
The observables we are interested in (recall the definition of convergence prov1ded in Definition 6.2.1)
are the following;:

L(1)(X.) = / (VSO (1 Z)aV, and  I9()(X,) = / o (V FO) (1, Z0)avi,

and they therefore involve infinite sums, as there may be infinitely many particles involved (the sum
over n is unbounded).

and
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7.1. Reduction to a finite number of collision times

Due to the uniform bounds derived in Chapter 5, the dominated convergence theorem implies that it
is enough to consider finite sums of elementary functions

t prt1 th—1
= / / / Ts(t—t1>cs’s+1T5+1(t1 —t2)65+1’s+2
0 0 0

T () S dty ..

t t1 tn—1
FER ) = / / / S.(t —t1)Css41Ss11(t1 —t2)Cot1.002 - - -
0 0 0

. Serk;(tk) (s+k) dty ... dty,

(7.1.1)

and the associate elementary observables :

(712)  Lop()(Xs) = / (VOSSN (1, Z)dVe, and 10, (8)(X.) == / AT AT

and therefore to study the termwise convergence (for any fixed k), as expressed by the following
statement.

Proposition 7.1.1. — Fiz By > 0 and po € R. With the notation of Theorems 6 and 7 page 37, for
each given s € N* and t € [0,T) there is a constant C' > 0 such that for each n € N*,

n 1 n
110 = 3 Lab )] e ey < Cllsll e ey (2) 1 olle o
k=0

and

1 n
1) Z 2O ey < Clloelequey (3 ) 1ol

uniformly in N and t < T, in the Boltzmann-Grad scaling Ne?~! = 1.

Proof. — We use the notation of Chapter 5. Using the continuity estimate (5.3.3) we have

1

—||F’
sy < 3Nl

t
(7.1.3) sup H/ T(t — ')Cy F (t') dt!
t€[0,T]

Recalling the definition of the Hamiltonian

EO(ZS) = Z T
1<i<s

we then deduce that

B Eo(Z.) +su(t)

Z / / / s(t —11)Cs,s41Tsp1(t1 — t2)Cot1,542 - - -

(7.1.4) n
TtV bt <C< ) Il .0

Combining this estimate together with the uniform bound on || Fy||s,8,. given in Theorem 6 leads to
the first statement in Proposition 7.1.1. The second statement is established exactly in an analogous
way, using estimate (5.3.4) together with the uniform bound obtained in Theorem 7. O
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7.2. Energy truncation
We introduce a parameter R > 0 and define

t1 te—1
(@ k Z/ _/ / s(t = 11)Cs 511 Ts1(t1 — 12)Cop1 542 -

o Ton(t) Uy (7, <refg” dty .. dty

i k) Z/ / / t —t Cs s+ISS+1 (tl - t2)cs+1 s+2 -

.. Ss+k(tk)ﬂEo(Zs+k)§R2fo(s+k) dty, ...dty

(7.2.1)

and the corresponding observables

(22 IO = [e VDR 2. ad IO - / e (V£S5
Using the bounds derived in Chapter 5 we find easily that Z sk — ) and Z [ -1 0, R )(t)

can be made arbitrarily small when R is large. More premsely the following result holds

Proposition 7.2.1. — Fiz By > 0 and py € R. Let s € N* and t € [0,T] be given. There are two
nonnegative constants C,C’ such that for each n,

I Tk = IR O] e ey < Cllpsllzomasye™ 7 Faolle,souno

and

O,R Y 2
IS0 = 15O ey < Clloelliom cgesore™ 8 [ Eillo g -
k=0

Proof. — Let 0 < B} < By be given, and define the associate functions 3’ and B as in Theorem 6
stated in Chapter 5. Choose 8 < By so that
2\
Cae™ M (G) =5 (1= T) 7 = =5
(to be compared with (5.4.12) for §y).

Then according to the results of Chapter 5 and similarly to (7.1.4) we know that

t1
/ / / s(t =t1)Csst1Tor1(ts — t2) ... Tor(te) Ly (2. 14) >R2fN Ok) dig ... dby

—k
<C (2) e~ (DE(Z)=s10(T) | Gy, o |

€,84,10
where we have defined
GnNo,s = (gzsvféf)ogkgzv—s, with g}qv_‘:(';f(zs—o—k) =gy (2,.0)>R? f}vsj’“)(ZM)'
The result then follows from the fact that
1GN.0. €.B0.410

The argument is identical for I?, () — I2;F(t). O

< CelPo=BIR? || Fyy

|€’56 5O
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Remark 7.2.1. — It is useful to notice that the collision operators preserve the bound on high ener-
gies, in the sense that

Cs,s+1]1Eo(Zs+1)§R2 = g, (z,)<R? Cs,s+1]1E0(Zs+1)gR2

0 — 0
Cosrilpzon<r = lpz)<r Cs spilpz)<r? -

7.3. Time separation

We choose another small parameter 6 > 0 and further restrict the study to the case when ¢; —t;11 > 4.
That is, we define

77g(t) = {Tk = (tl,. .. ,tk)/ti < ti—l with tk+1 =0 and to = t},

Teo(t) = {Th € To®) / ts ~ tis1 2 6},

and

Ifké(t)(XS) = /@s(‘/s) ‘/7_ ® Ts(t - tl)cs,s+1Ts+1(t1 - t2)cs+1,s+2
k.8

oo Csgprmt,s4k Torr(te — tk—i—l)]1E0(Zs+k)§R2f](\;:(’)_k)did‘/s ,

ISR () (X,) = / 0s(Vs) /T . Su(t —t1)C 11 Ssr1(ts — t2)C04 1 4o
k,5

(7.3.1)

o C bt ek Serk(th — oy ) Loz, )< r2 f3TH ATV .

Again applying the continuity bounds for the transport and collision operators, the error on the
: R RS 0,R _ 70,R.8 .
functions E (I — 1% (t) and E (Lo — 153 °)(t) can be estimated as follows.
k k

Proposition 7.83.1. — Let s € N* and t € [0,T] be given. There is a constant C such that for each n
and R,

n

0
H Z(ng - Isl?lf)(t)HLN(RdS) = anf”SD”L""(R“)
k=0

FN70||57ﬁ07#0

and

5
I8 = IO o gy < Cn? el ey

F0||07507#0 :

7.4. Reformulation in terms of pseudo-trajectories

Putting together Propositions 7.1.1, 7.2.1 and 7.3.1 we obtain the following result.

Corollary 7.4.1. — With the notation of Theorem 9, given s € N* and t € [0,T], there are two
positive constants C and C’' such that for each n € N*,

n

o 2 0
R, —-n —
||Is(t> - Z Is7k; (t)HLoc(Rds) < 0(2 +e < Polt =+ n2T)H§0HL°"(RdS)
k=0

FN70”E7/307H0 :
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In the same way as in (4.3.4) we now decompose the Boltzmann collision operators (4.4.3) into
0 0,+ 0,—
Cs,s+1 = Cs,erl - Cs,erl ’
where the index + corresponding to post-collisional configurations and the index — to pre-collisional
configurations. By definition of the collision cross-section for hard spheres, we have

CO T ) (Z,) = / b(Vs 1 — Vs ) FED(Zg, 2y vs41) dwdvg 1

S¢~1xRd
- /Sd—l Rd((”s+1 — V) - w)_f(8+1)(Zs, T, Vsy1) dwdvgr  and
1 X
(Cg:‘;:le(s+1))(Zg) = /d 1 b(US+1 — Um, w)f(SJrl) (Zla vy Ty v:n,a ceey Zsy Ty v:+1) devS"rl
ST xR4

:/d ) ((v5+1 7Um)'w)-i-f(SJrl)(Zl?-'~7£Cmav;kna"'7Zs’xmavj:+1)deUS+1'
S{™ " xRd

The elementary BBGKY and Boltzmann observables we are interested in can therefore be decomposed

as
k
5 =3 () @ g m)(X,) and
(7.4.1) JM i=1
P @)(X0) = 310 (8,0, M) (X,)
J, M

where the elementary functionals If,f(t, J, M) are defined by

IRO(1, 0, M)(X,) = / oa(V2) /T T O T (4 — )G
k.5

o Tonn(te — toe)) Lz, <re fg dTudVy

(7.4.2)
Ig,’;f’é(t’ J,M)(Xs) := /@S(VS)/T ()Ss(t _tl)cg’vgﬁussﬂ(tl —tz)C;’:ﬁ;:}é
k,o(t

e Serk(tr =t ) Uz, <2 £ dTaVy
with
J = (1, jx) € {+ =} and M := (mq,...,my) with m; € {1,...,s+i—1}.

Each one of the functionals If;f(t, J, M) and Igf’&(t, J, M) defined in (7.4.2) can be viewed as the
observable associated with some dynamics, which of course is not the actual dynamics in physical space
since

— the total number of particles is not conserved;

— the distribution does even not remain nonnegative because of the sign of loss collision operators.
This explains the terminology of “pseudo-trajectories” we choose to describe the process.

In this formulation, the characteristics associated with the operators Ty ;(¢; —t;41) and Sey;(t; —ti11)
are followed backwards in time between two consecutive times ¢; and t;11, and collision terms (associated
with Csye4it1 and COy; (1. ) are seen as source terms, in which, in the words of Lanford [37],
“additional particles” are “adjoined” to the marginal.
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The main heuristic idea is that for the BBGKY hierarchy, in the time interval [t;y1,%;] between two
collisions Csyi—1,5+i and Csy; s1i+1, the particles should not interact in general so trajectories should
correspond to the free flow Ssy;. On the other hand at a collision time ¢;, the velocities of the two
particles in interaction are liable to change. This is depicted in Figure 3.

Zella)] oqzeli)
T (te)| s o
x4(ty) | — - ;(tn) e @illnsy)
ail)| e _
z;(ty) / N
Z; / Tst2 il‘a+;(>1;:;) ’ Jis+'2(tn+‘)
ety ] 2y (tpt1)
Tain
o (L T 1
" za(la)| - ‘Ls#l(jn“)
Ty Tst l‘a+l(f2) l‘a+1(fn) ! +1< "“)
) z(t) z1(t2)
I R
1 (e
_____ lf,(,_) wfzy ()
to=1 ty ty by tnp1=0

FIGURE 3. Pseudo-trajectories

At this stage however, we still cannot study directly the convergence of If,f(t, J, M) — Igf 0 (t, J, M)
since the transport operators Tj; do not coincide everywhere with the free transport operators Sy,
which means — in terms of pseudo-trajectories — that there are recollisions. We shall thus prove that
these recollisions arise only for a few pathological pseudo-trajectories, which can be eliminated by
additional truncations of the domains of integration. This is the goal of Part IV.



PART III

THE CASE OF COMPACTLY SUPPORTED
POTENTIALS






CHAPTER 8

TWO-PARTICLE INTERACTIONS

In the case when the microscopic interaction between particles is governed by a compactly supported
repulsive potential, collisions are no more instantaneous and pointwise, and they possibly involve more
than two particles. Our analysis in Chapter 11 shows however that the low density limit Ne?~! = 1
requires only a description of two-particle interactions, at the exclusion of more complicated interac-
tions.

In this chapter we therefore study precisely, following the lines of [14], the Hamiltonian system (1.2.1)
for N = 2. The study of the reduced motion is carried out in Section 8.1, while the scattering map is
introduced in Section 8.2, and the cross-section, which will play in important role in the Boltzmann
hierarchy, is described in Section 8.3.

8.1. Reduced motion

We first define a notion of pre- and post-collisional particles, by analogy with the dynamics of hard
spheres.

Definition 8.1.1. — Two particles z1, 22 are said to be pre-collisional if their distance is € and de-
creasing:

|z1 — a9 = ¢, (v —wv2) - (1 —x2) < 0.
Two particles z1, zo are said to be post-collisional if their distance is € and increasing:

|T1 — 22| =€, (v —v2) - (x1 —x2) > 0.

We consider here only two-particle systems, and show in Lemma 8.1.2 that, if z; and z, are pre-
collisional at time ¢_, then there exists a post-collisional configuration zi,z}, attained at t; > ¢_.
Since V®(x/e) vanishes on {|z| > e}, the particles z; and z5 travel at constant velocities v} and v} for
ulterior (¢t > t4) times.

Momentarily changing back the macroscopic scales of (1.2.1) to the microscopic scales of (1.0.3) by
defining 7 := (¢t — t_)/e and y(7) := x(7)/e, w(r) = v(7), we find that the two-particle dynamics is
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governed by the equations

dyo _ o dy2
dr b ar 2
(8.1.1)
%——Vé( _ )__@
dr Y1 —Y2)= ar
whence the conservations
(.1.2) L rw) =0, L (Lt w4 S w4 0~ ) ) =0
A d’r w1 w2) =V, dT 1 w1 wao 1 w1 wa Y1 Y2 = .

From (8.1.2) we also deduce that the center of mass has a uniform, rectilinear motion:

(8.1.3) (1 +92)(7) = (Y1 +2)(0) + 7 (w1 + w2),
and that pre- and post-collisional velocities are linked by the classical relations

(8.1.4) w4+ why = wy +wy, |wi]? 4 Jwh]? = |Jwi|* + |we|?.

A consequence of (8.1.1) is that (dy, dw) := (y1 — y2, w1 — wa) solves
d
dr
In the following we denote by ¢; : R?*¢ — R2? the flow of (8.1.5).

(8.1.5) oy = dw, di(;w = —2V®(dy).
T

We notice that, ® being radial, there holds
d
dr
implying that, if the initial angular momentum Jdyg A dwq is non-zero, then dy remains for all times in
the plane defined by dyo and dwy. In this plane, introducing polar coordinates (p, ¢) in Ry x Si, such
that

(dy A dw) = dw A dw — 26y AVO(dy) =0,

0y = pe, and dw = pe, + ppe,

the conservations of energy and angular momentum take the form

1 , 1
5(,02 + (p9)?) +20(p) = 5\5wo\2,

P*lel = |8yo A Swol
implying p > 0 for all times, and
_ &g

(8.1.6) P>+ ¥(p, &0, To) = &, v 02 +42(p)
where we have defined
(8.1.7) Eo = |owo|*> and  Jo := |dyo A Swol/|dwo| =: sina,

which are respectively (twice) the energy and the impact parameter, m —« being the angle between Jwg
and 0y (notice that o > /2 for pre-collisional situations). In the limit case when o = 7, the movement
is confined to a line since ¢ = 0.

We consider the sets corresponding to pre- and post-collisional configurations:

(8.1.8) S§* = {(dy,0w) € S{™' x R? | £y - 6w > 0}.

In polar coordinates pre-collisional configurations correspond to p = 1 and p < 0 while post-collisional
configurations correspond to p =1 and p > 0.
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Lemma 8.1.2 (Description of the reduced motion). — For the differential equation (8.1.5)
with pre-collisional datum (dyo,0wo) € S, there holds |dy(T)| > p« for all T > 0, with the notation

(8.1.9) ps = px(€0, Jo) :=max {p € (0,1) / V(p,&,To) =&},
and for T, defined by

1
(8110) Te 1= 2/ (50 - \I/(p7 807 \70))_1/2 dpa

the configuration is post-collisional (p =1, p > 0) at T = Ts.

Proof. — Solutions to (8.1.6) satisfy p = w(p)(& — \Il(p))1/2, with ¢(p) = +£1, possibly changing
values only on {¥ = &}, by Darboux’s theorem (a derivative function satisfies the intermediate value
theorem). The initial configuration being pre-collisional, there holds initially ¢ = —1, corresponding
to a decreasing radius. The existence of p, satisfying (8.1.9) is then easily checked: we have |dyo| = 1
and dyp - dwg # 0, so there holds ¥(1, &y, Jo) < &, and Y is increasing as p is decreasing. The set
{T > 0,p(1) > ps} is closed by continuity. It is also open: since ® is nonincreasing, then 9,V # 0
everywhere and in particular at (p«, &, Jo). So & — ¥ changes sign at p,., which forces, by (8.1.6),
the sign function ¢ to jump from — to + as p reaches the value p, from above. This proves p > p. by
connexity. The minimal radius p = p, is attained at 7./2, where 7 is defined by (8.1.10), the integral
being finite since 0, ¥ does not vanish. The lemma follows by symmetry of the movement with respect
to the apse line (see Figure 4). O

apse line

dy

FIGURE 4. Reduced dynamics

The reduced dynamics is pictured on Figure 4, where the half-deflection angle 6 is the integral of the
angle ¢ as a function of p over [p,, 1] :

1 o1/2
EV' T _
(8.1.11) 0= [ P (G~ o 80 T) M dp.

With the initialization choice ¢y = 0, the post-collisional configuration is (p, ¢)(7) = (1,26); it can
be deduced from the pre-collisional configuration by symmetry with respect to the apse line, which by
definition is the line through the origin and the point of closest approach (dy(7./2),dw(7./2)). The
direction of this line is denoted w € S{~*.
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8.2. Scattering map

We shall now define a microscopic scattering map that sends pre- to post-collisional configurations:
(8y0,6wp) € S~ = (Jy(74), dw(7y)) = ¢r. (6y0, Swp) € ST .

By uniqueness of the trajectory of (8.1.5) issued from (dyp,dwp) (a consequence of the regularity
assumption on the potential, via the Cauchy-Lipschitz theorem), the scattering is one-to-one. It is also
clearly onto.

Back in the macroscopic variables, we now define a corresponding scattering operator for the two-
particle dynamics. In this view, we introduce the sets

SE = {(21,22) € R4d/|x1 — o] =€, £(x1 —x2) - (v1 —v2) > 0}.
We define, as in (8.1.7),

(1 — 22) A (v1 — v2)|

=:sina.
€|U1 —'UQ|

(8.2.1) Eo=|v1 —v* and Jp =

Definition 8.2.1 (Scattering operator). — The scattering operator is defined as

. — A +
O 1 (1,01, T2,v2) € ST > (27,07, 25,v5) € S,

where
1 ETs € ETx
Ty = §(x1 +x2) + %(vl + vg) + §5y(7'*) =-—rn 4w (x —22)w+ %(vl + ),
1 ETx € ETx
xh = 5(:51 +x2) + 7(1)1 +vg) — iéy(n) =—ry—w- (T —T2)w+ 7(1)1 + ),
8.2.2)
( 1 1
vy = 5(01 +vg) + iéw(n) =v —w- (v —v2)w,
1 1
vh 1= 5(1)1 +vg) — 5(511)(7'*) =vetw- (v —v)w ,

where T, is the microscopic interaction time, as defined in Lemma 8.1.2, (8y(7), dw(7y)) is the micro-
scopic post-collisional configuration: (0y(7y), dw(7y)) = ér, ((x1 —x2)/e,v1 —v2), and w is the direction
of the apse line. Denoting by v := (x1 — x2)/|T1 — 22| we also define

UO(V7 Ul; ’UQ) = (Vl7vi7v/2) N

The above description of (27, v]) and (x4, v5) in terms of w is deduced from the identities
v(Ty) = dvg — 2w - dvgw  and  Jy(7) = —dyo + 2w - dyo w
in the reduced microscopic coordinates.

By 9,¥ # 0 in (0,1) and the implicit function theorem, the map (£, J) — p.(€,J) is C? just like .
Similarly, 7, € C?. By Definition 8.2.1 and C'! regularity of V® (Assumption 1.2.1), this implies that
the scattering operator o. is C!, just like the flow map ¢ of the two-particle scattering. The scattering
o, is also bijective, for the same reason that the microsopic scattering is bijective.

Proposition 8.2.1. — Let R > 0 be given and consider
Stpi={(z1,2) € RM []oy — wal =, |(v1,02)| = B, & (01 = v2) - (a1 — 23) > 0}

The scattering operator o is a bijection from S_ p to SS:R.



8.2. SCATTERING MAP 65

The macroscopic time of interaction €Ty, where T, is defined in (8.1.10), is uniformly bounded on
compact sets of RY \ {0} x [0,1], as a function of & and Jy.

Proof. — We already know that o. is a bijection from S to SF. By (8.1.4), it also preserves the
velocity bound. Hence o. is bijective S_ , — S;:R. Now given & > 0 and Jy € [0, 1], we shall show
that 7. can be bounded by a constant depending only on &y. Since ®(p.) < /4, then p, > &~ 1(E/4).

Let us then define iy € (0,1) by
1 &

ig = —=07 (=),
0 2v/2 ( 4 )
so that p? > 8i2.
On the one hand it is easy to see, after a change of variable in the integral, using

d 280 T2 20 T2
dfp(&) — U (&, Jo,p)) = 2570 —49'(p) > 2570 > 26072,

that there holds the bound

e < 1/50(1%2) dy 2V1-TJ§

B gojoz 0 \/?7 B j(%\/%
— So if Jy > ig, we find that ]

1
Te < = .
Vi VE (e (%)

— On the other hand for Jy < ig we define v := ®~1(&£,/8) and we cut the integral defining 7. into
two parts:

5
o= 47 with £V = 2/ (Eo — W(Eo, To,p)) dp.

*

Notice that since p? > 8i2 and Jy < ig, then /4 — EgTE /402 > TE0/32 > E/8 so

e B u(2)

The first integral T*(l) is estimated using the fact that ®’ does not vanish outside 1 as stated in

Assumption 1.2.1: defining
M(®):= inf [|®'(p)] >0,

ig<p<y
we find that on [ig,7],
d 260 T2
d7p<50_\11(807j07p)) = 23 0 _4(13/([)) Z4M((I))
S0
2/.2\2
COI (50/2 —&J5 /v ) < V& )
CT M(2) ~ V2M ()
For the second integral we estimate simply
< 2 - < 2 _ 42
(E0/2 — ETZ/72)?  (£0/2 — €0/8)° 3&o
The result follows. O

1 1
Remark 8.2.2. — If ® is of the type — exp(—i1 5) then the proof of Proposition 8.2.1 shows
P -

that . may be bounded from above by a constant of the order of C/\/eq(1+logey) if £y > eo.
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8.3. Scattering cross-section and the Boltzmann collision operator

The scattering operator in Definition 8.2.1 is parametrized by the impact parameter and the two ingoing
(or outgoing) velocities. However in the Boltzmann limit the impact parameter cannot be observed:
the observed quantity is the deflection angle or scattering angle, defined as the angle between ingoing
and outgoing relative velocities. The next paragraph defines that angle as well as the scattering cross-
section, and the following paragraph defines the Boltzmann collision operator using that formulation.

8.3.1. Scattering cross-section. — With notation from the previous paragraphs, the deflection
angle is equal to m — 20 where © := « + 6, the angle a being defined in (8.2.1) and € being defined
in (8.1.11), so that

1
d
O = 0(&), Jp) = arcsin Jp + jo/ p .
2 1@(p) _ I3

TP 1- & 7
The following result, and its proof, are due to [43]:
Lemma 8.3.1. — Under Assumption 1.2.1, assume moreover that for all p € (0,1),
(8.3.1) p®" (p) + 29" (p) > 0.

Then for all & > 0, the function Jy — ©(Ey, Jo) € [0,7/2] satisfies ©(Ey,0) = 0 and is strictly
monotonic: 07,0 > 0 for all Jp € (0,1). Moreover, it satisfies

}jﬁlo 07,0 € (0,00] and }5511 07,0 =0.

Proof. — An energy & > 0 being fixed, the limiting values ©(&y,0) = 0 and O(&y, 1) = /2 are found
by direct computation. To prove monotonicity, the main idea of [43] is to use the change of variable

; 40(p) | J§
2 f
sin” ¢ := To + F
which yields
: z sin
0(&, Jo) = arcsin Jo + /arcsm I uro) dc.
P E0Jo
Computing the derivative of this expression with respect to Jy gives
09 1 Eo T )
— g 7,_7 = 1—
8‘70< 0 o) V1-J2 < E0JE —29'(1)
3 E3TEp*sin¢ 43
9/ = (200 (6) 420 ) + 22 (@) e,
arcsin Jo (»70250 _ 2p3<1>’(p))3 p®" (p) (p) 5()]()2( (p)) ¢

In view of the formula giving 97,0, it turns out assumption (8.3.1) implies 97,0 > 0 for all 7y € (0, 1),
and also the limits

lim 94,0 € (0,00] and lim1 07,0=0

Jo—0 Jo—
as soon as ®’(1) = 0 (if not then jliml 07,0 = 00). The result follows. O
0o—

Remark 8.3.2. — Note that one can construct examples that violate assumption (8.3.1) and for which
monotonicity fails, regardless of convexity properties of the potential ® ([43]).
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FIGURE 5. Spherical coordinates

By Lemma 8.3.1, for each & we can locally invert the map (&, ), and thus define Jy as a smooth
function of & and ©. This enables us to define a scattering cross-section (or collision kernel), as follows.

For fixed 1, we denote do; the surface measure on the sphere {y € R% |y — x1| = €}, to which
belongs. We can parametrize the sphere by («,), with ¢ € S‘ffz, where « is the angle defined
in (8.2.1). There holds

doy = ¥ Y(sin ) 2dady) .
The direction of the apse line is w = (©,4), so that, denoting dw the surface measure on the unit
sphere, there holds

(8.3.2) dw = (sin ©)4"2dOds) .
By definition of « in (8.2.1), there holds
(1 — x2) - (v1 — v2) = €lvy — va| cOS @

so that

1 d—1 . d—2
—(x1 —x2) - (v1 —v2) doy = €% vy — ve|cosa (sina)®" = dady
€

= e Moy — vo| Ty 2dTody)
where in the second equality we used the definition of Jy in (8.2.1). This gives

1
(833) g (331 — .732) . (’Ul — ’Ug) d0'1 = €d71|1}1 — ’Ug‘jod_Qaejo d@dw,

wherever dgJp is defined, that is, according to Lemma 8.3.1, for J, € [0,1).

Definition 8.3.3. — The scattering cross-section is defined for |lw| > 0 and © € (0,7/2]
by Jodfzagjo(sin 0)21. In the following we shall use the notation

(8.3.4) b(w, 0) := |w| T 200 Jo(sin @)%~

and abusing notation we shall write b(w,®) = b(w,w).

By Lemma 8.3.1, the cross-section b is a locally bounded function of the relative velocities and scattering
angle.
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8.3.2. Scattering cross-section. — The relevance of b is made clear in the derivation of the Boltz-
mann hierarchy, where we shall use the identity

1
(8.3.5) R (1 — x2) - (v — v2) doy = e 1b(v] — Vo, w)dw,

derived from (8.3.2), (8.3.3) and Definition 8.3.3. As in Chapter 4 (see in particular Paragraph 4.4),
we can formally derive the Boltzmann collision operators using this formulation: we thus define
s.s+1f (s+1) (t, Zs) Z/ v-(vep1—vi)>0 V" (Vo1 — vi)
(8.3.6)

X (f(s+1)(t7 LT1,V1y. -, T4,y U;,'kv sy Ty VUsy Ty ’U:+1) - f(s+1)(t7 Z87 Ly ’l)s+1))dyd’l}5+1 ’
1.

where (v;,v}, ) is obtained from (v;,vs41) by applying the inverse scattering operator oy

U()_l(Va Ui;vs—i-l) = (Vv U; 3U9+1)

This can also be written using the cross-section:

ss+f(g+1 tZ Z/bvl_UQ;

1 1
X (f(SJr )(t,l'l,"l)l,...,I'i,U:,...,Is,vs,l'i,U:+1) - f(SJr )(t’ZS’xi’vS""l))devs"‘l :

Notice that parametrizing v* in terms of v and w is simpler than using the inverse scattering operator.

(8.3.7)

Remark 8.3.4. — It is not possible to define an integrable cross-section if the potential is not com-
pactly supported, no matter how fast it might be decaying. This issue is related to the occurrence of
grazing collisions and discussed in particular in [50], Chapter 1, Section 1.4. However it is still possible
to study the limit towards the Boltzmann equation, if one is ready to change the formulation of the
Boltzmann equation by renouncing to the cross-section formulation ([43]).

The question of the convergence to Boltzmann in the case of long-range potentials is a challenging open
problem; it was considered by L. Desvillettes and M. Pulvirenti in [18] and L. Desvillettes and V. Ricci
n [19].



CHAPTER 9

TRUNCATED MARGINALS AND THE BBGKY HIERARCHY

Our starting point in this first part is the Liouville equation (1.2.2) satisfied by the N-particle distri-
bution function fx. We reproduce here equation (1.2.2):

1 Ty — Ty o
(9.0.1) O fnN + Z Vi - Vg, N — Z qu) <E> -V, fn =0.
1<i<N 1<i#Aj<N

The arguments of fy in (9.0.1) are (¢, Zx) € Ry x Qp, where we recall that
Qn = {ZNGdeN,Vi;Aj,xi#xj} .

As recalled in Part II, Chapter 4, the classical strategy to obtain a kinetic equation is to write the
evolution equation for the first marginal of the distribution function fy, namely

J(Vl)(t,zl) ::/ fn(tyz1,22,...,2n)dze .. . dzy
R24(N-1)

which leads to the study of the hierarchy of equations involving all the marginals of fxn

(902) ](\?)(ta Zé) = / fN(t7ZSaZs+17"'aZN) dzs+1"'dZN~
R2d(N—s)

In Section 9.1 it is shown that due to the presence of the potential, and contrary to the hard-spheres
case described in Paragraph 4.2, it is necessary to truncate those marginals away from the boundary
of the set Q. An equation for the truncated marginals is derived in weak form in Section 9.2. In
order to introduce adequate collision operators, the notion of cluster is introduced and described in
Section 9.3, following the work of F. King [33]. Then collision operators are introduced in Section 9.4,
and finally the integral formulation of the equation is written in Section 9.5.

9.1. Truncated marginals

From (9.0.1), we deduce by integration that the untruncated marginals defined in (9.0.2) solve

() - (s) 1 g T — T ()
A f\ (t, Zs) +;vi Vol (4 Z5) = - > ve (€> SV, Nt Z)

i,j=1

(9.1.1) i%j
N — - i — Ls s
- 5 : Z/V(I) (IEIEH> ' v“ifj(\7+1)(tv Zs, Zs+1) dzsy1 .
=1
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There are several differences between (9.1.1) and the BBGKY hierarchy for hard spheres (4.3.2)-(4.3.3).
One is that the transport operator in the left-hand side of (9.1.1) involves a force term. Another is that
the integral term in the right-hand side of (9.1.1) involves velocity derivatives. Also, that integral term
is a linear integral operator acting on higher-order marginals, just like (4.3.2), but, contrary to (4.3.2),
is not spatially localized, in the sense that the integral in xsy; is over the whole ball B(z;,¢), as
opposed to an integral over a sphere in (4.3.2).

This leads us to distinguish spatial configurations in which interactions do take place from spatial
configurations in which particles are pairwise at a distance greater than e, by truncating off the
interaction domain {Zy, |z; — z;| < € for some i # j} in the integrals defining the marginals. For the
resulting truncated marginals, collision operators will appear as integrals over a piece of the boundary
of the interaction domain, just like in the case of hard spheres. The scattering operator of Chapter 8
(Section 8.2) will then play the role that the boundary condition plays in the case of hard spheres in
Chapter 4.

Suitable quantities to be studied are therefore not the marginals defined in (9.0.2) but rather the
truncated marginals

(912) A(NS)(t7ZS) = / AN o) fN(ta ZS7Zs+1a"'7ZN) H ]]~|w¢—wj|>5 dZS+1 "'dZNa
R24(N s i cs
jE{es{-in ...... 3\1}
where | - | denotes the euclidean norm. Notice that
(]'EJ(Vl)f ](Vl))(tvzl):/ fN(t,Zl,ZQ,...,ZN)(]_* H ]]-\:cl—:cj|>6) dzo -+ -dzn
RQd,(N—l) .
JE{2a“'7N}
so that
(9.1.3) IR = IOl 2oy < CN = D FP (B)]] e 0) -

We therefore expect both functions to have the same asymptotic behaviour in the Boltzmann-Grad
limit Ne?~! = 1. This is indeed proved in Lemma 11.1.2.

Given 1 <7 < j < N, we recall that dZ(; ;) denotes the 2d(j — i + 1)-dimensional Lebesgue mea-
sure dz;dz;y1 ... dz;, and dX(; ;) the d(j — i + 1)-dimensional Lebesgue measure dxz;dz;11 ...dz;. We
also define

(9.1.4) DY = {XN e RN, V(i,j) € [L,s] x [s+ 1,N], |z — ;] > 5} :
where [1, s] is short for [1,s] "N = {k € N, 1 < k < s}. Then the truncated marginals (9.1.2) may be

formulated as follows:
(9.1.5) f};’)(t,zs):/ o PN 2z ) ey, Aoy
R2d(N—s
The key in introducing the truncated marginals (9.1.5), following King [33], is that it allows for a
derivation of a hierarchy that is similar to the case of hard spheres. The main drawback is that

contrary to the hard-spheres case in (4.2.3), truncated marginals are not actual marginals, in the sense
that

(9.1.6) ~](\f)(Zs) £ /de nxsﬂer](\ﬁl)(Zs,zsﬂ)dzs+1,

for any B ¢ Rt in particular if B = RtV simply because D% is not included in D3,
Indeed, conditions |z; — zs41] > €, for j < s, hold for X € D%;, but not necessarily for Xy € Df\,ﬂ.
Furthermore, Dj3; intersects all the Df\,+m, for m € [1,N — s]. A consequence is the existence of
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higher-order interactions between truncated marginals, as seen below in (9.4.8). Proposition 10.3.1 in
Chapter 10 states however that these higher-order interactions are negligible in the Boltzmann-Grad
limit.

9.2. Weak formulation of Liouville’s equation

Our goal in this section is to find the weak formulation of the system of equations satisfied by the

family of truncated marginals (ﬁ)) N defined above in (9.1.5). The strategy will be similar to

s€(l
that followed in Chapter 4 in the hard-spheres case. From now on we assume that fxy decays at infinity

in the velocity variable.

Given a smooth, compactly supported function ¢ defined on R, x R and satisfying the symmetry
assumption (1.1.1), we have

N N

Ohfn+ Y v -V fn—— V@<H)~me t7
(921) /RJrXRMN( LN ; 5;; e i N)( N)
X Qb(t)Zs)ﬂXNeDJSV dZndt =0.

Note that in the above double sum in i and j, all the terms vanish except when (i,5) € [1,s]? and
when (i, j) € [s + 1, N]?, by assumption on the support of ®.

We now use integrations by parts to derive from (9.2.1) the weak form of the equation in the
marginals f J(\; ). On the one hand an integration by parts in the time variable gives

/ O fN(t, ZN)P(t, Zs)Lx yeps, dZndt = —/ In(0,Zn)$(0, Zs) U x yeps, dZN
R, xR24N

R2dN

_ / Pt Zn)0ub(t, Z) e, dZndt
R, xR2dN N

hence, by definition of A}\f),

/ O I, Zn)6(t, Ze) Ly eps, dZydt = — / 70, Z)(0, Z.) dZ,
R, xR24N R

2ds
R+XR2ds

Now let us compute

N

Z/ Vi - Vo, [N(t, ZN)P(t, Zs) U xyeps, dZN = / divxy (Vv fn(t, Zn)) o(t, Zs) U xyens, dZn
=7 JR2aN R2d4N
using Green’s formula. The boundary of D% is made of configurations with at least one pair (4, j),
satisfying 1 <i < sand s+1<j <N, with |z; —z;| =e.
Let us define, for any couple (4,5) € [1, N]?,

28 (i, §) == {XN eERW, |z —ayl=¢
(9.2.2)
and  V(k, 0) € [1,8] %[5+ 1, N\ {i, 5}, lax — e >}
We notice that £3 (4, ) is a submanifold of {Xx € R, |z; — z;| = £}, which is a smooth, codi-

mension 1 manifold of RV (locally isomorphic to the space S¢ x RN _1)), and we denote by doj\’,j
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its surface measure, induced by the Lebesgue measure. Configurations with more than one collisional
pair, ie., (¢,5) and (¢,5) with 1 < i,7/ < s, s+1 < j,5/ < N, with |z; — ;| = |zy — x| = ¢,
and {i,j} # {i',j'}, are subsets of submanifols of R of codimension at least two, and therefore
contribute nothing to the boundary terms. Denoting n®/ the outward normal to X% (i, j) we therefore

obtain by Green’s formula:

N
/ Vi - Va, In(t, ZN)p(t, Zs) U xyeps, dZn dt
= /R, xR2aN

= — / fN(t, ZN)UZ‘ . Vw¢¢(taZs)]lXN€Df\, dZth

‘27 JRxR2IN

+ nd Vi fa(t, Zn)o(t, Zs) do’yf dVidt .

1<i<j<N

/R+><RdN><E (4,5)

By symmetry (1.1.1) and recalling that v/ = (z; — x;)/|z; — ;| this gives

N
/ 01 Vi vt Za) (s Za) U xy ey, dZn d
R, xR2dN

i=1
s

/ 2dN f ( N) ¢(t V/ )I]-XNGDS dZth
i=1 R,+><R
- Vi,s+1

+ (N —3s) /
-Z Ry xRN XX (4,5) \/5

=1

(vsr1 — vi) In(t, Zn)o(t, Zs) do dVdt

so finally by definition of ]?](\?), we obtain

N
— JR xR2N
(9.2.3) -y / (L, ZoYor - Va,8(t, Zs) dZsdt
=1 R, xR2ds
V-9 L (e — ) 2
+ (N —s / ——— (vsa1 — ) fn(t, ZN)D(t, Zs do¥ dVydt.
i—1 YR+ xRAN 3% (4,5) \/§ iR ( ) ( ) N

Now let us consider the contribution of the potential in (9.2.1). We split the sum as follows:

- ZZ/ <_x]) . vvif]\[(t, ZN)(b(t, ZS)]]‘XNGDISV dZth
R, xR24N 5

)

1< i — T
== / Vo <W> Vo Nt ZN)(t, Z) Ux ey, dZndt
g R xR2dN e

i,j=1

J#
+ € Z / = 'VU‘fN(t ZN)¢(t ZS)ILX eps, dZndt.
+><R2dN I 7 ) 3 N S

ij=s+1
J#i
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We notice that the second term in the right-hand side vanishes identically. It follows that

— 2
,ZZ/ (J) Vo Nt ZN)6(t, Zo)Lxyeps, dZndt
i ji R, xR24N g
1< R
= —= Z / Vo (w) 'Vvi¢(ta ZS)‘fA'}VS)(t’ Zs) dZ.dt
R xR2ds €

i,j=1
i

so in the end we obtain

7(s) . 1< Ty —Tj
t, Zs)| 0 divx, (Vs¢) — — P Vo, @) (t, Zs) dZsdt
[ 8020 (204 v, (V) - 2 3 w0 () 9.0)0,2)

i,5=1

i
(924)  —_ 750, 2,)0(0, 2,) dZ,
R2ds
S Vi,erl istl
(N —s) Z/ O (ogar — v5) (b Zn)b(t, Z) doss 1Vt
i—1 Y R4 xRAN X323 (4,5+1) \/§
Remark 9.2.1. — Using the weak form of Liouville’s equation, we see that configurations in which

there would be two pre-or post-collisional pairs, can be neglected (they occur as a boundary integral on
a zero measure subset of 0Dy ) .

9.3. Clusters

We want to analyze the second term on the right-hand side of (9.2.4). We notice that in the space

integration the variables 4,9, ...,xy are integrated over R¥N=5=1) (with the restriction that they
must be at a distance at least € from X) whereas xsy1 must lie in the sphere centered at z; and of ra-
dius €. It is therefore natural to try to express that contribution in terms of the marginal A}\fﬂ) (Zs+1)-
However as pointed out in (9.1.6),
1)
/A(H Zs+1 d2’5+1 # fN ( s)-
The difference between those two terms is that on the one hand
VXNGDfVH7 one has |2; — zs41| > e forall j > s+2,
which is not the case for X € DY, and on the other hand
VXny € Dy, onehas|z; —xsp1]| >cforalj<s,
a condition which does not appear in the definition of D?V“.
This leads to the following definition.
Definition 9.3.1 (e-closure). — Given a subset Xy = {x1,...,zn} of R¥™ and an integer s

in [1, N], the e-closure E(Xs, Xn) of X in Xn is defined as the intersection of all subsets Y of Xy
which contain Xs and satisfy the separation condition

(9.3.1) YyeY, VYeeXny\Y, |z—yl>c.
We denote |[E(Xs, Xn)| the cardinal of E(X4, XN).

Now let us introduce the following notation, useful in situations where Xy belongs to X% (i,s + 1),
defined in (9.2.2).
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Notation 9.3.2. — If Xsim = E(Xs, Xstm) and if for some integers jo < s < ko < s+ m, there
holds |5 — zx| > ¢ for all (7, k) € [1,5] X [s+ 1,5+ m] \ {(jo, ko)}, then we say that E(Xy, Xosm) has
a weak link at (jo, ko), and we denote Xqym = Ejo ko) (Xs, Xstm)-

Moreover the following notion, following King [33], will turn out to be very useful.

Definition 9.3.3 (Cluster). — A cluster of base X, = {z1,...,25} and length m is any
point {Tsi1,-- . Tsrm} i RI™ such that E(Xy, Xeim) = Xerm. We denote A,,(X,) the set of
all such clusters.

The proof of the following lemma is completely elementary.

Lemma 9.3.4. — The following equivalences hold, for m > 1:

(9.3.2) (E(XS,XN) - Xs+m) — (E(Xs,Xs+m) = Xyim and Xy € DJS\;L’”) ,

E<7;35+1> (XS7 X&—‘,—m) - X6+m

E(Xs,XNn) = Xstm
9.3.3 — Xv € Ds+m
(9.3.3) ( Xy € 5%, s+ 1) =N

)

|$i —$5+1‘ =&

as well as the implication, for m > 2,

(9.3.4) (E<i,s+1>(xs,xs+m) :Xs+m) — ({ms+27...,xs+m} e Am,l(xsﬂ)).

Xs+m XN\ Xs+m

ngklin 5
| D | —
(= L+
o N
‘\ + J / ™

Cluster of basis xs+1
And length m-1

Xs XN\XS

FIGURE 6. Clusters with weak links
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9.4. Collision operators

With the help of the notions introduced in Section 9.3, we now can reformulate the boundary integral
in (9.2.4).
Given 1 < s < N —1 and Xy in 2%(¢,s + 1), there holds |xs41 — x;] = ¢, so that zs11 belongs
to E(X,, Xn), implying |E(X,, Xn)| > s+ 1. We decompose X% (4, s + 1) into a disjoint union over
the possible cardinals of the e-closure of X, in Xy :
(9.4.1) SyGs+1) = (zg@s+1ﬂj{YM|EQ;YNﬂ:s+n@),

1<m<N-—s

implying

/ Vot gy — ) fN(ZN)O(Zs) doy T dV
RAN x 5%, (4,5+1)

= > / L p(x, o mstm V0 - (vt = 02) I (Zn)$(Z,) doy T dViy .
1<m<N-—s RdNXZ?\,(Z‘,SJrl)

By assumption of symmetry (1.1.1) for fx and ¢, if |E(Xs, Xn)| = s +m, we can index the particles
so that E(Xs, Xn) = Xetm : we obtain

/ Lip(x. X mstm VT (Usg1 — v3) N (ZN)$(Zs) doy™ ™ dVy
RAN x 53 (i,5+1)

(9.4.2)
=:Cﬁ:il/} Lp(x, Xn)=Xosm VT (Vss1 = v3) FN(ZN)G(Zs) doy ™ dVy .
RAN X328, (i,5+1)

We use equivalence (9.3.3) from Lemma 9.3.4 and Fubini’s theorem to write

/ ]lE(XS,XN):XSerVi,s-s-l (vsr1 — Ui)fN(ZNW(ZS)de\’,SHdVN
RAN X33, (4,54+1)

=2 vt (01 — i) d(Zs)

SE(Ii)XRd
s+m
X <Azd(m,1) nE(i,s+l)(XS7Xs+m):Xs+nL I(\}S )(Z(‘i-ﬁ-m)dZ(s-i-Q,s-‘rm)) dgi(zS-Fl)dUS-‘rl >

with do; the surface measure on S.(z;) := {z € R?, [z — x| = ¢}. With (9.3.4), if m > 2, then the
above integral over R2¥™~1) appears as an integral over Ap—1(zs41). We also remark that in the
case m = 1, we have a simple description of E; s11y(Xs, Xs11) = Xeq1 ¢

|z — xsq1| <€
9.4.3 (n . _ 0) — .
O3] BBy X=X 7 <|xj ol >e forje s\ ()

This leads to the following definition of the collision term of order m > 1, for s + m < N : we define

Cs,s+m A}\erm)(Zs) =mCy_ Z/S sy (Uerl - Ui)
i=1

(9.4.4) (@) xR

X GETsjrll))( J(VHm))(ZsH) dai(l’sﬂ)dvsﬂ )

where for m =1, by (9.4.3):
(945) GE?,)5+1)(~J(\/?+1))(ZS+1) = ( H ﬂ\m,g+1—acj|>s> A}\}H_U(ZSJA) )

1<j<s
3
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and for m > 2:

m—1 Z7(s+m
Ggi,s+1)>(f](\f+ ))(Zerl)
(9.4.6) ~otm
ﬂE(i,s+l)(X87X3+m):Xs+7n 1(\/ )(Z‘9+m)dZ(s+2,s+m) .

/Aml(:rs+1)><Rd(m1)

The complex-looking indicator function 1 Eiagny(XerXatm)=Xotm will, in the estimates of the next

chapters, be simply bounded from above by one. This will be the case for instance in an estimate
showing that higher-order collision operators (9.4.6) are negligible in the thermodynamical limit; this
estimate is (10.3.2) in Proposition 10.3.1. One should notice on the other hand that the operator Cs s+1
is very similar to the corresponding collision operator (4.3.2) in the hard-spheres situation.

With (N — S)C’ﬁzsl_l = mCy_,, we can now reformulate (9.2.4) into

26y g : N e (T 7\ dz
/R+><R2ds N (t’ s)(8t¢+d1VXS (VS¢) g Z v ( 9 vvz¢)(t> S)d sdt

i,j=1

(9.4.7) it
/ (0, 2,)p(0, Z,) dZy = Z / Z)Cosrm Tt Z,) dtdZ,
R2ds

+ Xdeﬁ

so that fN appears as a (formal) weak solution to

(9.4.8) Jr Z v; - Vg f(s) Z V(I)< ) vv7f(3) _ ch oim s+m)

1<i<s 1<z;£g<s m=1

9.5. Mild solutions

We now define the integral formulation of (9.4.8). Note that it is well defined thanks to the analysis
performed in Section 5.1. Denote by ®4(t) the s-particle Hamiltonian flow, and by H; the associated
solution operator:

(9.5.1) H,(t): FeC(QuR) = f(®,(—t,-) € C°(Q;R).

The time-integrated form of equation (9.4.8) is

(952) -fl(\;'g)(taZS):H( OZ +Z/ H, ti’r $,5+m (S+M)(7'Z)d

The total flow and total collision operators H and Cy are defined on finite sequences Gy = (gs)1<s<n
as follows:

Vs <N, (H(t)Gy), = Hq(t)gs,

(9.5.3) Nos
VSSN—l, (CNGN chs+mgs+m; (CNGN)N::O.

m=1

We define mild solutions to the BBGKY hierarchy (9.5.2) to be solutions of

(9.5.4) Fw () = H(t) Fx (0) +/0 H(t— )CxEx(r)dr, By = (F)1csen -
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Remark 9.5.1. — At this stage, the use of weak formulations could seem a little bit suspicious since
they are used essentially as a technical artifice to go from the Liouville equation (1.2.2) to the mild
form of the BBGKY hierarchy (9.5.2). In particular, this allows to ignore pathological trajectories as
mentioned in Remark 9.2.1. Nevertheless, the existence of mild solutions to the BBGKY hierarchy
provides the existence of weak solutions to the BBGKY hierarchy, and in particular to the Liouville
equation (which is nothing else than the last equation of the hierarchy). The classical uniqueness result
for kinetic transport equations then implies that the object we consider, that is the family of truncated
marginals, is uniquely determined (almost everywhere).

9.6. The limiting Boltzmann hierarchy

The limit of the BBGKY collision operators (9.4.4) was obtained formally in Section 8.3.2, following
the formal derivation of the hard-spheres case in Paragraph 4.4, assuming higher-order interactions
can be neglected. We recall the form of the collision operator as given in (8.3.7):

Cl o fTI(, Z4) Z/ (v1 — v2,w

1 1
><<f(s+ )(t,arl,vl,...,xi,vf,...,ms,vs,xi,vjﬂ) —f(S+ )(t, Zs,xi,vs+1))dwdvs+1.

where (v}, v}, ) is obtained from (v;,vs+1) by applying the inverse scattering operator o ' defined in
Definition 8.2.1 and b(w, w) is the cross-section given by Definition 8.3.3.

The asymptotic dynamics are therefore governed by the following integral form of the Boltzmann
hierarchy:

t

(9.6.1) £ = 8,057 + [ 8.0 =11 SV () ar
0

where S,(t) denotes the s-particle free-flow.

Similarly to (4.3.7), we can define the total Boltzmann flow and collision operators S and C as follows:

Vs> 1, (S(t)G), == Ss(t)gs,
(9.6.2) 0 — 0
Vs Z 1 s (C G)s = Cs,s+1gs+1 )

so that mild solutions to the Boltzmann hierarchy (9.6.1) are solutions of

(9.6.3) F(t) = S(t)F(0) + /t S(t—7)COF(r)dr,  F=(f®)es1.
0

Note that if f(¥)(t, Z,) H f(t,z) (meaning f(*)(t) is tensorized) then f satisfies the Boltzmann

=1
equation (2.1.1)-(2.1.2), with the cross-section b(w,w) given by Definition 8.3.3.






CHAPTER 10

CLUSTER ESTIMATES AND UNIFORM A PRIORI ESTIMATES

In view of proving the existence of mild solutions to the BBGKY hierarchy (9.5.2), we need continuity
estimates on the linear collision operators Cs 54, defined in (9.4.4)-(9.4.5)-(9.4.6), and the total collision
operator Cy defined in (9.5.3).

We first note that, by definition, the operator Cs s, involves only configurations with clusters of
length m. Classical computations of statistical mechanics, presented in Section 10.1, show that the
probability of finding such clusters is exponentially decreasing with m.

It is then natural to introduce functional spaces encoding the decay with respect to energy and the
growth with respect to the order of the marginal (see Section 10.2, where norms are introduced,
generalizing the norms introduced in Chapter 5 for the hard spheres case). In these appropriate
functional spaces, we can establish uniform continuity estimates for the BBGKY collision operators
(Section 10.3). These will enable us in Section 10.4 to obtain directly uniform bounds for the hierarchy
as in Chapter 5.

10.1. Cluster estimates

A point X, € R% being given, we recall that A,,(X,) is the set of all clusters of base X, and length m
(this notation is introduced in Definition 9.3.3 page 74).

Lemma 10.1.1. — For any symmetric function ¢ on RV any s € [I, N — 1], any X, € R, the
following identity holds:

/ O(XN)dX (s41,n) =/ Ixyeps, p(XN)dX (s41,n3)
R(N—s)d RA(N—s)
(10.1.1)

N—s
+ Z Cly\fnfs A (X.) (/R,d(Nsm) nXNeDJSVJFm (p(XN) dX(s+m+1,N)> dX(s+1,s+m)7
m=1 mis

implying, for ¢ > 0,

1

(10.1.2) -

/ AX (s+1,54m) < (™ exp (Chal(s +m)e?)
A (X.)
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and
(™ tlexp (= Cha(m + 1)e?

(10.1.3) o~

) /A ( dX(am+1) < C(1—exp (= (rae?)),
m(T1

m>1

where kg is the volume of the unit ball in RY.

Proof. — The first identity (10.1.1) is obtained by a simple partitioning argument, which extends the
splitting used to define Cs sy, in (9.4.4) in the previous chapter. We recall that, given any X, € R,
the family

{(xs+1,...,a:N), |E(Xs, XN)| = s—i—m} for 0<m<N-—s,

is a partition of RW=%)4 Then we use the symmetry assumption, as we did in (9.4.2), to find

/ P(XN)dX(my = D, CR-, / L p(x, X0 )=Xopm P(XN)AX (s11,n3) -
R(N—s)d OSmSN—s R(N—s)d
Tt then suffices to use equivalence (9.3.2) from Lemma 9.3.4, noting that the set of all (xs41,..., Ts4m)

in R™4 such that F(X,, Xs1m) = Xsim coincides with A,,(X,). This proves (10.1.1).

Estimates (10.1.2) and (10.1.3) come from the counterpart of (10.1.1) at the grand canonical level,
i.e. when the activity (7! ~ e* is fixed, rather than the total number N of particles (we refer
to Remark 5.2.3 for comments on this terminology).

For any bounded A C R%, the associated grand-canonical ensemble for n non-interacting particles is
defined as the probability measure with density

C exp CIA))
1<i<n
The s-point correlation function g, and the truncated s-point correlation function g, are defined by

> n!
sXs = Y andXs n)o
0:(X,) Z(n_s),/R(H)dw JAX (w110

3

/ H—XneDi(pn(Xn)dX(s+l,n) .
R(n—s)d

We compute

A
[ el = ¢ e (— AN B T nen,
R(n=)d 1<i<s
so that
s = C|A\ N _ s
(10.1.4) 95(Xs) = ¢* exp (— (|A]) Z I ta@) =¢ J] taeen-
k=0 1<i<s 1<i<s

Similarly, by definition of D? in (9.1.4),
/ ]lXT,,GDTSL H ]]~ac7;€A dX(s+1,n) = |A N CBs(Xs)| )
Rln=od s+1<j<n
where we denote B.(X) := U B.(z;), with B.(z;) := {y € R, |y — x;] < e}. This implies
1<i<s
(CJANeB(X,)))"™°
(n—s)!

gs(Xs) = gs exp ( - §|A|) Z

n>s

H ]lziGA .

1<i<s
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Since |A| — [AN°B.(Xs)| = |AN B.(X5)|, we obtain
(10.1.5) Gs(Xs) = Cexp (= (AN B(X,)[) ] Laver-

1<z<6
Besides, by (10.1.1),
gs(Xs) = gs(Xs)

0o n—s nC’m

P3P Brey

n=s m=1

By Fubini, we get

0o n—s nCm
Z Z ’I’L — 8 (X) R(n—s—m)d ]]-XneDf,"*'mSOn(Xn) dX(s+m+1,n) dX(s—&-l,s+m)

n=s m=1

n—s

= Z Z —k;)' /A (Xs) (/R(nk)d nX”EfDﬁ(pn(Xn) dX(k-H’n)) dX(S+Lk)
m= 1 k—s(Xs )

= 1 (X)) dX dX .
D DB NN U AR R CRE Tuetty PN

k:s+1

o0

1 ~
N Z W/A (x )gk(Xk)dX(sH’k).
: k—s s

k=s+1
We have proved that

1
10.1.6 s Xs :gs Xs + 7/ g X dXs sR)
( ) (Xs) (Xs) k;ﬂ k=) Jar_.x.) R(XR)AX (s11,1)

We now show how identities (10.1.4)-(10.1.5)-(10.1.6) imply the bounds (10.1.2)-(10.1.3).

We first retain only the contribution of & = s+ m in the right-hand side of (10.1.6). We have
1 S+m
¢z [ e (< AN B (X)) Xttt
S A (X5)
and now |A N B(Xsym)| < kae?(s +m) implies (10.1.2).

We finally fix an integer K > 2 and choose s =1 in (10.1.6). Then

¢ = Cexp (= CIAN B(a) Z/A ¢ exp (= C1Bo(X4)]) dX o) -

and bounding the volumes of balls from above, we find

k

+1
i exp (- Crq(k + 1)e%) / dX (2 k+1) -
Ag(w1)

¢(1 — exp(—Crqe?) Z

It then suffices to let K — oo to find (10.1.3). This ends the proof of Lemma 10.1.1. O

10.2. Functional spaces

To show the convergence of the series defining mild solutions (9.5.2) to the BBGKY hierarchy, we need
to introduce some norms on the space of sequences (f(s))szl. Given € > 0, § > 0, an integer s > 1,
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and a continuous function g, : 25 — R, we let

(10'2'1) |gs|6,s,,8 = ZSUP (|gs(Zs)| exp (/BEE(ZS)))
where for € > 0, the function E. is the s-particle Hamiltonian
(10.2.2) E(Z)-:Z@+ Y @o(zi—ap), with @(m):@(f)
oL € s) - : 2 : e\Le k)> € . c .
1<i<s 1<i<k<s

Notice that this norm does coincide with its counterpart defined in Paragraph 5.2 in the limit described
in Remark 1.0.1.

Definition 10.2.1. — For ¢ > 0 and f > 0, we denote X. ;3 the Banach space of continuous

functions Qs — R with finite | - | s 8 norm.

By Assumption 1.2.1, for ¢ > 0 (and 8 > 0) there holds exp(8E.(Z;)) — oo as Z, approaches 9. This
implies for g5 € X. ¢ g the existence of an extension by continuity: gs € C°(R2%%; R) such that g, =0
on 0f), and gs = g on Q.

For sequences of functions G = (¢s)s>1, with g5 : Qs = R, we let fore > 0, 8 >0, p € R,
Gl e = 50p (| le.. XD (15))
Definition 10.2.2. — For e > 0, 8 > 0, and u € R, we denote X, g, the Banach space of se-

quences G = (gs)s>1, with gs € X. s 5 and ||G||c,5,, < 0.

As in (5.2.4), the following inclusions hold:
(10.2.3) if ' <Pand ' <p,then X.o5CXoop, XepguCXepw-
Finally similarly to Definition 5.2.4 we define norms of time-dependent functions as follows.

Definition 10.2.3. — Given T > 0, a positive function B and a real valued function p defined
on [0, T] we denote X¢ g, the space of functions G : t € [0,T] — G(t) = (gs(t))1<s € Xc g(¢),u(t), such
that for all Z, € R%4* the map t € [0,T) — gs(t, Zs) is measurable, and

(10.2.4) IGllc.8,u = sup [G(#)lepet)ue) < oo-
0<t<T

Notice that the following conservation of energy properties hold, as for (5.3.1):
(10.2.5) Hs(t)gs
for all parameters 3 > 0, p € R, and for all g, € X, 5 3, GN = (9s)1<s<n € Xc 5,, and all ¢ > 0.

es.p = |9sles,p and  [[H@OGNepn = 1GN .05

10.3. Continuity estimates

We now establish bounds, in the above defined functional spaces, for the collision operators defined
in (9.4.4)-(9.4.6), and for the total collision operator Cy defined in (9.5.3).

Notice that in the case when m = 1 the estimates are the same as in Chapter 5: in particular thanks
to (10.2.5) the following bound holds:

¢
(10.3.1) e*lHo =20 / H,(t — 7)Cs,5419s41(7) dT < &(Bo, o, A TG e
0

£,8,B0(1—At)
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for all Gn = (gs+1)1<s<n € Xe g, With €(So, po, A, T') computed explicitly in (5.4.11).

The following statement is the analogue of Proposition 5.4.1 in the hard spheres case, but in the present
situation higher order correlations must be taken into account.

Proposition 10.3.1. — Given f > 0 and p € R, form > 1 and 1 < s < N — m, the collision
operators Cs sym satisfy the bounds, for all Gn = (gs)1<s<n € Xe 8,p,

(10.3.2)  [Cosrmotm(Zs)| < e 1Cae™ 4 (8/Co) = (5874 + > Jul )e P

1<i<s

for some Cq > 0 depending only on d.

Ife < Cde“ﬁ%, then for all 0 < B’ < B and ' < p, the total collision operator Cy satisfies the bound

_di1 B 1
(10.3.3) ICK Gl < Caf™ ) (525 + = IO e

Considering the case m > 1 in (10.3.2), for which the upper bound is O(g), we see that higher-order
interactions are negligible in the Boltzmann-Grad limit (provided (10.3.2) can be summed over m,
which is possible for € small enough — see (10.3.6)).

Proof. — We shall only consider the case m > 2, as the case m = 1 is dealt with exactly as in the
proof of Proposition 5.4.1. From the definition of ng;r% in (9.4.6), we obtain

m—1
’G(z s+1)) (gé-‘rm)(Zs-i-l)‘ < ‘gs-‘ﬂn R

) / exp ( - /BEa(Zs+m))dZ(S+27s+m) ,
A 1(Ig+1)><Rd(m 1)

where the norm |- |. 5 g is defined in (10.2.1), and the Hamiltonian E. is defined in (10.2.2). For the
collision operator defined in (9.4.4), this implies the bound

(10.3.4) Cs,s4mstm(Zs)| S MON_|gstmle,stm.p X Z L (V) X Jim(Xs),
1<i<s
where I; ,, is the velocity integral

s+m

Iz,m(V;) = /Rdm (|’Us+1‘ + |'Uz|) €xXp ( - g Z |’Uj|2)d‘/(s+l,s+m) ’

j=1

and J; ,, is the spatial integral
Jim(Xs) = / exp ( -8 Z O (z; — ;L’k)>da(zs+1)dX(5+2,s+m) .
Se(@i)XAm—1(2st1) 1<j<k<s+m
The velocity integral is a product of Gaussian integrals and can be exactly computed, as in the hard-
spheres case:
_md 1 B
(10.3.5) Lim(Vs) < (8/Ca) ™ (juil + 87 ) exp (= 5 D lil?) -

For the spatial integral, there holds

Sim(X) Sep (=8 30 =m0l s [ dXoo

1<j<k<s z

< exp ( - B Z O, (z; — xk)) X Kkge? ™ x ((m — 1)!€(m_1)d exp(mmd)) ,

1<j<k<s
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where in the last bound we used identity (10.1.2) from Lemma 10.1.1 with s = 1 and ¢ = ¢~9. This
implies
— —1\™M mkg _md 1
Costmstm(Zs)] < Cac™ (N = 5)e™=1) e (8/Ca) = (s872 + 3 Jui)
1<i<s
x e_BEE(ZS)lgs+m|€,S+mﬁ :

In the Boltzmann-Grad scaling Ne?~! = 1, this gives (10.3.2). Above and in the following, C;; denotes
a positive constant which depends only on d, and which may change from line to line.

We turn to the proof of (10.3.3), which is similar to the proof of (5.4.2) up to the control of higher
correlations. From the pointwise inequality (5.4.3) we deduce for the above velocity integral I; ., (V5)
the bound, for 0 < 8’ < 8,

_md/ 11 1
> exp ((872) D [0s?) (Vi) < Ca(B/Ca)™ (5874 + 51 (8- 8)7H).
1<i<s 1<5<s
From the above bound in J; ,,,(X;), we deduce immediately, for 0 < 8’ < j3,
! o . _ 1\l pmkaq md—1
nax exp (ﬂ Z D, (z; xk))J,m(Xs) < Kkg(m —1)le™rde .
== 1<j<k<s
With (10.3.4), these bounds yield, in the Boltzmann-Grad scaling,
eB/ES(ZS)+M/S}Cs,s+mgs+m(Zs)| < Emflcd(ﬂ/cd)f%emmdeuls(567% + S%(ﬂ . B/)fé)
X |gs+mle,s+m,s -

Summing over m, we finally obtain, for Cp defined in (9.5.3),
ICN G llep s < CallOxlesp sup ((s87F +55(8 = 8)7H)e”0m7)
1<s<N
> Z e—m(u—nd)gm—l (B/Cd)—"’T‘i )
1<m<N-s
If ¢ is small enough so that ee®¢~#(Cy/B)%? < 1, then the above series is convergent, and

em—1(Cq/B)H?
1 cera—r(Ca/B)7?

(10.3.6) Z e*m(ufﬁd)gmfl(cd/ﬁ)mdm <

1<m<N-s

We conclude as in the proof of Proposition 5.4.1. Proposition 10.3.1 is proved. O

Remark 10.3.1. — We do not use the extra decay provided by the contribution of the potential in
the exponential of the Hamiltonian. This is quite obuvious in the bound for J; ,,(X,) in the proof
of Proposition 10.3.1, where we bound e P Xncick<otm Pel@i—k) by e Lici<nss ®e(@i=TR)  Then e
maght be tempted to replace E. by the free Hamiltonian Ey in the definition of the functional spaces. The
kinetic energy, however, is not a conserved quantity, so that in Xo s g there is no analogue of (10.2.5).

This leads to the following lemma, which is the key to the proof of the uniform bound stated in
Theorem 9 in the next paragraph. It is the analogue of Lemma 5.4.1.

Lemma 10.3.2. — Let 5y > 0 and pg € R be given. There isT > 0 and g9 > 0 depending only on By
and po such that for an appropriate choice of X in (0,1/T), there holds for all t € [0,T] and € < &g

1
< S lGNllep.p-

t
10.3. H(t —
(10.3.7) H/O (t-noxGrmar <]
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Proof. — We follow closely the proof of Lemma 5.4.1. The difference is that here we take into account
higher-order collision operators Cs sym, with m > 2. Using notation (5.4.7), Estimate (10.3.2) from
Proposition 10.3.1 gives

P (1) Ee(Z

s,s+mgs+m(tla Zs)’
< 5m*10d€mnd (QW/ﬁé\(t/))md/2|gs+m(t/)|e,s+m,[33(t’)( ( 472 + Z ‘U1|) (' ~1) Ee (Z2)

1<i<s

Using also (5.4.8) with s + 1 replaced by s + m, we get

H /OtH(t —#)CNGN (1)

=83 (1.3 (1)
(10.3.8) o

<NGMllpu( D Cm) sup /cHz

1<m<N-s Z €R2ds

where C,, = Cdsmflem("d’“g(T))(Cd/ﬁé\(T))md/2, and C is defined in (5.4.9) and satisfies (5.4.10)
which we recall here:

t
(10.3.9) swp [ Clre, 2 ar < L) 2,
Z,eR2ds JO A

Under the assumption that

(10.3.10) eoe"t ) (21 /BN (T)) V2 < 1/2,

we find

(10.3.11) SO G <200 D(B)(T)) 2.
1<m<N-s

The upper bounds in (10.3.9) and (10.3.11) are independent of s, and their product is equal
to 2¢(Bo, po, A, T'). Tt then suffices to choose A so that 2¢(5g, po, A, T) < 1/2 and taking the supremum
in s in (10.3.8) then yields the result. Note that T can be estimated as in (5.2.6). O

10.4. Uniform bounds for the BBGKY and Boltzmann hierarchies

The results of the previous section enable us, exactly as in the hard spheres case page 37, to deduce
directly the following bounds on the BBGKY hierarchy defined in (9.5.4) page 76.

Theorem 9 (Uniform bounds for the BBGKY hierarchy). — Let 8y > 0 and po € R be given.
There is a time T > 0 as well as two nonincreasing functions B > 0 and p defined on [0,T], satisfy-
ing B(0) = Bo and u(0) = pg, such that in the Boltzmann-Grad scaling Ne®~1 = 1, any family of initial
marginals Fy(0) = (A}VS)(O))KKN in Xc gy.uo gives rise to a unique solution Fn(t) = (A}\}S)(t))lgsSN

in Xe g to the BBGKY hierarchy (9.5.4) satisfying the following bound:

1N .. < 201 EN (0)l<, 80,0 -

In the case of the Boltzmann hierarchy associated with the collision operator (8.3.6), the same existence
result as in Theorem 7 holds, again with the same proof.
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Theorem 10 (Existence for the Boltzmann hierarchy). — Assume the potential satisfies As-
sumption 1.2.1. Let By > 0 and pug € R be given. There are a time T > 0 as well as two nonincreasing
functions B > 0 and w defined on [0,T), satisfying B(0) = Bo and u(0) = po, such that any family of
initial marginals F(0) = (f() (0))5>1 in Xo go.uo gives rise to a unique solution F(t) = (f)(t))s>1
in Xo,8,u to the Boltzmann hierarchy (5.0.2), satisfying the following bound:

I 0,8, < 2[[F(0)]

0,B0,H0 -



CHAPTER 11

CONVERGENCE RESULT AND STRATEGY OF PROOF

The main goal of this chapter is to reduce the proof of Theorem 5 stated page 15 to the termwise
convergence of some functionals involving a finite (uniformly bounded) number of marginals with only
first-order collisions, bounded energies and a finite number of collision times, exactly as was performed
in Chapter 7 (see Section 11.3).

Before doing so we define, as in the hard spheres case, the notion of admissible initial data in Sec-
tion 11.1. We give the precise version of Theorem 5 in Section 11.2.

11.1. Admissible initial data

The characterization of admissible initial data is very similar to the hard spheres case studied in
Paragraph 6.1.1. The only new aspect concerns the fact that marginals have been truncated, and that
feature will be dealt with in this section.

Definition 11.1.1 (Admissible Boltzmann data). — Admissible Boltzmann data are defined as
families Fy = (fés))szl, with each fé” nonnegative, integrable and continuous over g, such that

(11.1.1) N FE( 2, 2e1) dzags = £7(2),

and which are limits of BBGKY initial data ﬁO,N = (J?(()fz)v)lésSN € Xc By,u0 0 the following sense: it
is assumed that

(11.1.2) ifu>pl ||ﬁ0’N le.B0,0 < 00, for some Bp >0, o €R, as Ned=1=1,

and that for each given s € [1, N]|, the truncated marginal of order s defined by

(11.1.3) F(2e) = /R e 103 XN (Z8)AZ 1), 1S5 <N,

converges in the Boltzmann-Grad limit:

(11.1.4) Agsj)v — fés) . as N — oo with Ne@=! =1, locally uniformly in € .

The following result is proved very similarly to Proposition 6.1.1.
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Proposition 11.1.1. — The set of admissible Boltzmann data, in the sense of Definition 11.1.1, is
the set of families of marginals Fy as in (11.1.1) satisfying a uniform bound || Fy|lo,8,,ue < 00 for
some By > 0 and pg € R.

We shall not give the proof of that result, as the only difference with Proposition 6.1.1 lies in the
presence of a truncation in the marginals, whose effect disappears asymptotically as stated in the
following lemma.

Lemma 11.1.2. — Given ﬁON = (0S Ji<s<n satisfying (11.1.2) and (11.1.3) from Defini-

N

tion 11.1.1, with associated family Fy n = (fé ) Ji<s<n of untruncated marginals:

(11]‘5) f(g’s])\](Zs) = / 2d(N—2) fé]yv)(ZN) dZ(s—‘,—l,N) , 1<s< N7 Zs € QS7 Fng\[) = O(,JV]\I) )
R s

there holds the convergence

fON ON — 0, for fixed s > 1, as N — oo with Ne®~! = 1, uniformly in €, .

Proof. — We apply identity (10.1.1) from Lemma 10.1.1 to féf}j\,), and obtain after integration in the
velocity variables

N—s
(11.1.6) FS(Zs) = [$(2e) = Y R, / SN D)2 (41,0 4m) -
A (X)) xRAm

Then, denoting Cy = sup || Fo,amlle,Bo,u0, @ finite number by assumption, from
M>1

é,SJJ\?m)(Zerm) <exp (= po(s +m) — BoE<(Zs4m))Co
Sexp( po(s +m) — (8o/2) Z [vi] )Co,
1<i<s

we deduce, first by integrating the velocity gaussians and then by using the cluster bound (10.1.2) in
Lemma 10.1.1 with ¢ = e~¢, the bound

/ féfI-\i/—m)(ZSwLm)dZ(s-‘rl,s-&-m) < (Cd/ﬁo)mdm@*m(Hm)Co/ AX (541,5+m)
rn(X )XRdTn A’"L(XS)

< m!(Cd/ﬁo)md/ngde(nd—ug)(s+m)CO )

If 2eeaHo(Cy/Bo)¥? < 1, then

N—s

S CRml(Ca/ Bo) /2 eliam i) (4m) < ola=io)s 5 (92¢umt0(Cyf o) 2)™ — 0

m=1 m>1
as € — 0, implying fésl)v - fésl)v — 0 for fixed s, uniformly in €. O
Remark 11.1.3. — We can reproduce the above proof in the case of a time-dependent family of

bounded marginals, i.e., Fy € X¢ gy, with sup || Fn||e,8,n < 00, with the notation of Definition 10.2.1.
N>1

This gives uniform convergence to zero, in time t € [0,T] and in space Xs € Qs, of the difference

between truncated and untruncated marginals: A](\‘,S) (9) — 0.

We consider therefore families of initial data: Boltzmann initial data Fy = ( fés))seN such that

1 Follo,8o.m0 = sulgI S;lp (exp(,BoEo(Zs) + uos)fés)(Zs)) < 40
se s
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and for each N, BBGKY initial data ﬁN,O = (.]?}\;’)())ISSSN such that

sup ||ﬁN70||57[507#0 = sup sup sup (exp(ﬁoEs(Zs) + uos)fj(\}g_’)O(Zs)) < 400,
N N s<N Z,

satisfying (11.1.3) and (11.1.4). These give rise to a unique, uniformly bounded solution Fy to the
BBGKY hierarchy on a short time interval [0,7] thanks to Theorem 9 page 85, and to a unique
solution F' to the Boltzmann hierarchy thanks to Theorem 10 page 86.

11.2. Convergence to the Boltzmann hierarchy

Our main result is the following.

Theorem 11 (Convergence). — Assume the potential satisfies Assumption 1.2.1 as well as (8.3.1).
Let By > 0 and pg € R be given. There is a time T > 0 such that the following holds. For any admissible
Boltzmann datum Fy in Xo g,,., associated with a family (ﬁO,N)N21 of BBGKY data in X; gy, the
solution ﬁN to the BBGKY hierarchy satisfies, in the sense of Definition 6.2.1,

Fx 5 F
uniformly on [0,T], where F is the solution to the Boltzmann hierarchy with data Fy.

Corollary 11.2.1. — Assume the potential satisfies Assumption 1.2.1 as well as (8.3.1). Let By > 0
and po € R be given. There is a time T > 0 such that the following holds. For any admissible
Boltzmann datum Fy in Xo g,,u, associated with a family (ﬁO,N)N21 of BBGKY data in X gy uy, the
associate family of untruncated marginals Fn satisfies

Fy ~5 F,

uniformly on [0,T], where F is the solution to the Boltzmann hierarchy with data Fy.

Proof. — By Proposition 11.1.1, the family Fj is an admissible Boltzmann datum. Denoting ﬁo,N an
associated BBGKY datum, let 7" > 0 be a time for which the solution the BBGKY hierarchy Fy with
datum Fj y has a uniform bound, as given by Theorem 9.

By Theorem 11, the convergence I, (fl(\; ) f (S)) — 0 holds uniformly in [0, 7] and locally uniformly
in Q. Then, by Lemma 11.1.2 and Remark 11.1.3, there holds fj(vs) — Nl(\f) — 0, for fixed s, uniformly
in [0,7] x Q,. By Lemma 6.2.2, this implies I, ( ](\‘;) — f](\;)) — 0, uniformly in [0,7] and locally
uniformly in Q4. We conclude that fj(\f) 5 ), uniformly in [0, T7. O

In the next paragraph we shall prove that in the sum defining f}\f) (t) one can neglect all higher-order
interactions and restrict our attention to the case when m; = 1 for each i € [1,n] and each n € N.
Then we can, exactly as in the hard spheres case discussed in Chapter 7, consider only a finite number
of collisions, and reduce the study to bounded energies and well separated collision times.
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11.3. Reductions of the BBGKY hierarchy, and pseudotrajectories

In this paragraph, we first prove that the estimates obtained in Chapter 10 enable us to reduce the
study of the BBGKY hierarchy to the equation

t
(11.3.1) g (¢, Z,) = H, () (0, Z,) +/ H,(t — 7)Coor1gv (7, Z,) dr 1<s<N-1.
0

Estimate (10.3.2) in Proposition 10.3.1 shows indeed that higher-order collisions are negligible in the
Boltzmann-Grad limit. For the solution to the BBGKY hierarchy, this translates as follows.

Proposition 11.3.1. — Let By > 0 and py be given. Then with the same notation as Theorem 9,

in the Boltzmann-Grad scaling Ne®=' = 1, any family of initial marginals Fy(0) = (AZ(\;) (O))1<3<N

in Xe go,uo gives rise to a unique solution Gy € X, g,pu of (11.3.1) and there holds the bound
IGNlem. < 201 FN(O0)lleo.um0 -

Besides, the solution G to the modified hierarchy (11.3.1) is asymptotically close to the solution Fy
to the BBGKY hierarchy (9.5.4):

(11.3.2) IGn — En|

eB < 26| EN(0)lle, o 0 -

Proof. — We find the bound for éN, in the same way as for Theorem 9. We turn to the proof
of (11.3.2). There holds

¢
IGN — Fnllegpn < H‘/ (Hs(t —#)Cs, 5+1(§J<\?+1) f}\fﬂ))(t/))K«N '

e.Bp

A e S o),

2<m<N-— - -

B
With (10.3.1), this implies

"B”<COH‘/ s(t =t Z C”*’” S+m)( ))1<s<th/

2<m<N-—

IGx — Fyl|

b)
e,B,p

with ¢g := (1 — &(Bo, po, A, T))fl7 which is indeed strictly positive by assumption. We conclude as in
the proof of Proposition 10.3.1 and Lemma 10.3.2. O

7 in terms of the initial datum:

g Z/ / / ot = 11)Caar1Hopr (t — to) .. . Hopn(te) FSTR(0) dty, . . dty .

We define the functional

One has the following formulation for gy

Z / (ps s (t - tl)cs,erleJrl (tl - t2)Cs+1,s+2
Tk (t)

cCopr—t, sk Hopr(te — tk+1)Jﬁ M dT,dV,

and following Chapter 7, the reduced elementary functional

Iﬁké(t)(Xs) = /%(Vs)/ H,(t —11)Cs, s 1Hor1(t1 — 12)Cst1,542
(11.3.3) Tios (1)

cCorrt s o (te —ter1) e (2,0 <R2fN Ok)didV -
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We can reproduce the proofs of Propositions 7.1.1, 7.2.1 and 7.3.1 to obtain the following result, as in
Corollary 7.4.1.

Proposition 11.8.2. — With the notation of Theorem 9, given s € N* and t € [0,T], there are two
positive constants C' and C' such that for all n € N*,

FN,OH&ﬁmMo :

n 2
R,6 —n el 2 n
HIs(t) - E Is,k (t)”Loo(Rds) <C <2 +e ChoR + Td) ||<pHL°°(R‘“)
k=0

As in the hard-spheres case, in the integrand of the collision operators Cs 41 defined in (9.4.4), we can
distinguish between pre- and post-collisional configurations, as we decompose

_ ot -
CS,SJrl - Cs,erl - Cs,erl

where

S

(11.3.4) CE gt = 3 e gt

m=1
the index m referring to the index of the interacting particle among the s “fixed” particles, with the
notation

(C:;216(5+1))(Zé) = (N - 3)€d_1 /Sd’l Rd(l’ : (Us-i-l - Um))ia(s—i_l)(zwxm + Ev, Us-l—l)
X

1

X H ]1|J:jfa:s+1|26 dVdUs+1 )
1<j<s
Ji#Fm
the index + corresponding to post-collisional configurations and the index — to pre-collisional config-
urations, according to terminology set out in Chapter 8.

The elementary BBGKY observables we are interested in can therefore be decomposed as
k
(11.3.5) I x)=>" (Hji)[fij(t: J, M)(X;)
JM i=1
where the elementary functionals If,’f (t,J, M) are defined by
I = [ V) [ B = 0GR Haa(t — )CATE,
Ti,s(t)
Z(s+k)
Ce H5+k(tk — thrl)]]‘Es(Zerk)SRQfN,O didV; y
with

J = (1, jx) € {+ =} and M := (mq,...,my) with m; € {1,...,s+i—1}.

As in the hard spheres case, we still cannot study directly the convergence of I sl?;f(t, J, M) —
Ig;f"s(t, J, M) since the transport operators Hy do not coincide everywhere with the free transport
operators Sy, which means — in terms of pseudo-trajectories — that there are recollisions. Note that,
because the interaction potential is compactly supported, recollisions happen only for characteristics
such that there exist ¢,5 € [1, k] with ¢ # j, and 7 > 0 such that

|(z; — Tv;) — (x; — Tv;)| < €.
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We shall thus prove that these recollisions arise only for a few pathological pseudo-trajectories, which
can be eliminated by additional truncations of the domains of integration. This is the goal of Part IV,
which deals with the hard-spheres and the potential case simultaneously.



PART IV

TERMWISE CONVERGENCE






CHAPTER 12

ELIMINATION OF RECOLLISIONS

This last part is the heart of our contribution. We prove the termwise convergence of the series giving
the observables, both in the case of hard spheres and in the case of smooth hamiltonian systems.

We have indeed seen in Corollary 7.4.1 (for the hard-spheres case) and Proposition 11.3.2 (for the
potential case) that the convergence of observables reduces to the convergence to zero of the elementary
functionals If;f — Ig”lf”’é, where If;f is defined in (7.3.1) in the hard-spheres case and in (11.3.3) for

the potential case, and Ig’,f 0 is defined in (7.3.1). These functionals correspond to dynamics

— involving only a finite number s 4 k of particles,

— with bounded energies (at most R?),

— such that the k additional particles are adjoined through binary collisions,
— at times separated at least by d.

What we shall establish is that recollisions can occur only for very pathological pseudo-trajectories,
in the sense that the velocities and impact parameters of the additional particles in the collision trees
have to be chosen in small measure sets.

We point out the fact that, even in the case of hard spheres, these bad sets are generally not of zero
measure because they are built as non countable unions of zero measure sets. The arguments are
actually very similar whatever the precise nature of the microscopic interaction.

The only differences we shall see between the case of hard spheres and the case of smooth potentials
are the following:

— the parametrization of collisions by the deflection angle is trivial in the case of hard spheres
since it coincides exactly with the impact parameter;

— there is no time shift between pre-collisional and post-collisional configurations in the case of
hard spheres since the reflection is instantaneous.

These two simplifications will enable us to obtain explicit estimates on the convergence rate in the case
of hard spheres. For more general interactions, this convergence rate can be expressed as an implicit
function depending on the potential.
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12.1. Stability of good configurations by adjunction of collisional particles

In this paragraph we momentarily forget the BBGKY and Boltzmann hierarchies, and focus on the
study of pseudo-trajectories.

Definition 12.1.1 (Good configuration). — For any constant ¢ > 0, we denote by Gi(c) the set
of “good configurations” of k particles, separated by at least ¢ through backwards transport: that is the
set of (Xi, Vi) € R¥* x BY such that the image of (X, Vi) by the backward free transport satisfies the
separation condition

Vr >0, Vi#j, J|z,—x;—7(v;—v5)] >c,

in particular it is never collisional.

We recall that BY, := {Vk e R¥* /|| < R} and in the following we write Bg := Bp.

Our aim is to show that “good configurations” are stable by adjunction of a collisional particle provided
that the deflection angle and the velocity of the additional particle do not belong to a small pathological
set. Furthermore the set to be excluded can be chosen in a uniform way with respect to the initial
positions of the particles in a small neighborhood of any fixed “good configuration”.

Notation 12.1.2. — In all the sequel, given two positive parameters 1 and 12, we shall say that

m < ne if g < Cn

for some large constant C' which does not depend on any parameter.

In the following we shall fix three parameters a, g,n < 1 such that
(12.1.1) a <K egKnd.

We recall that the parameter § scales like time while we shall see that 7, like R, scales like a velocity.
The parameters a and &g, just like e, will have the scaling of a distance.

Proposition 12.1.1. — Leta,co,n < 1 satisfy (12.1.1). Given Z}, € Gi(g0), there is a subset By (Zy,)
of S‘li_1 X Br of small measure: for some fized constant C > 0 and some constant C(®,n, R) > 0,
d-1 d-1
Bu(Zo)| < Ck(n'+ BI(=) T +RF(F) 7))
0
in the case of hard spheres
(12.1.2)

B1(Z0)] < Ck(B*+ C(@, R Rd(%) O, Ry R (5) 7)

in the case of a smooth interaction potential @ ,

and such that good configurations close to Zj are stable by adjunction of a collisional particle close
to Ty, and not belonging to By(Z},), in the following sense.

Consider (v,v) € (897! x Br)\ Br(Z1) and let Zy, be a configuration of k particles such that Vi, =V},
and | X — X1| < a.

o Ifv-(v—1u;) <O then there is no recollision and

Vi#£j e[l k], x; —7U;) — (x; — 70;)| > €,
r >0, { (LK, ) — (zj — 705)]

12.1.3
( ) Viel,k], |(zx+ev—1v)—(2; —77;)] >¢.
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Moreover after the time 0, the k + 1 particles are in a good configuration:

(12.1.4) (Xy, — 0V, Vi, o + v — 6v,v) € Gry1(20/2) .

o Ifv-(v—1ug) >0 then define for j € [1,k — 1]

(257, 2%) = 0~ (2, (zp +ev,v))  and 25" = () — 05, 05)

in the hard-sphere case, where o is defined in (4.4.2), and

(25, 25%) =0t (zk, (zk + ev, v)) and 25" = (x; — .05, 0;5)

in the potential case, where o is the scattering operator as in Definition 8.2.1 and where t. < § denotes
the scattering time between zy, and (xy + ev,v). Then for all ¢ > 0 sufficiently small,

. . % % ex %
Vr >0, {Vz;«éj €1, k], |(x5F — 705 )—(xj - TV; )| > e,

(12.1.5)

Vi€ Lk, |[(@% —1v7) = (25" —Tvj7)| > €.

Moreover after the time 0, the k + 1 particles are in a good configuration:
(12.1.6) (X;;‘* — (6 — )V VE o — (6 — tg)ve*,v5*> € Gri1(c0/2)

with t. := 0 in the hard-spheres case.

The proof of the proposition may be found in Section 12.3. It relies on some elementary geometrical
lemmas, stated and proved in the next section. The first one describes the bad trajectories associated
with (free) transport. The other ones explain how they are modified by collisions, both in the case of
hard spheres and in the case of smooth interactions.

Remark 12.1.3. — For the sake of simplicity, we have assumed in the statement of Proposition 12.1.1
that the additional particle collides with the particle numbered k. Of course, a simple symmetry argu-
ment shows that an analogous statement holds if the new particle is added close to any of the particles

The proof of Proposition 12.1.1 shows that if Zi, = Zj, then the factor e0/2 in (12.1.4) and (12.1.6)
may be replaced by eo. The loss if Z, # Z}, comes from the fact that the set to be excluded has to be

chosen in a uniform way with respect to the initial positions of the particles in a small neighborhood
Of Yk

12.2. Geometrical lemmas

We first consider the case of two particles moving freely, and describe the set of velocities vy leading
possibly to collisions (or recollisions).

Here and in the sequel, we denote by K (w,y, p) the cylinder of origin w € RY, of axis y € R? and
radius p > 0 and by B,(y) the ball centered at y of radius p.
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12.2.1. Bad trajectories associated to free transport. —

Lemma 12.2.1. — Givena > 0 satisfying e < a < €q, consider T1, T2 in RY such that |2, —Z2| > o,
and v1 € Bgr. Then for any 1 € B;(Z1), any x2 € B;(Z2) and any v € Bg, the following results
hold.

o [fl}g ¢ K(’Ul,fl - fg,GRd/&o), then
V>0, |(x1—v17)— (22 —vaT)| > €;
o If vy ¢ K(v1,T1 — T2,6e0/9)

Y1 >38, |(x1—viT)— (22 —veT)| > &p.

Proof. — e Assume that there exists 7, such that
[(z1 —v17e) — (22 —vaTs)| < €.
Then, by the triangular inequality and provided that ¢ is sufficiently small,
|(Z1 — Z2) — Tu(v1 — )| < e+2a < 3a.

This means that (v; — v2) belongs to the cone of vertex 0 based on the ball centered at Z; — T2 and of
radius 3@, which is a cone of solid angle (3a/c)? ! (since a < &).

The intersection of this cone and of the sphere of radius 2R is obviously embedded in the cylinder of
axis T — Ty and radius 6Ra/eg, which proves the first result.

e Similarly assume that there exists 7* > § such that
[(x1 —v17i) — (22 — vaTi)| < &g .
Then, by the triangular inequality again,
[(Z1 — Z2) — T(v1 —v2)| < e€p + 2a < 3eg.
In particular, for any unit vector n orthogonal to T; — Zo,
T - (v —v2)| = |n- ((T1 — T2) — Tu(v1 —v2)) | < 3eo.
This tells us exactly that v, — va belongs to the cylinder of axis Z; — Z and radius 3eq/9.

The lemma is proved. O

12.2.2. Modification of bad trajectories by hard sphere reflection. —

We now consider the case when particles 1 and 2 undergo a hard sphere collision before being trans-
ported, and look at impact parameters v and velocities v, leading possibly to collisions (or recollisions).
Lemma 12.2.2. — Consider p < R, and (y,w) € R? x Br. For any vy in Bgr, define
N*(w,y, p)(v1) = {(v,v2) € ST x B/ (v2—v1) v >0,
v € K(w,y,p) orv; € K(w,y,p)},
where
vii=v—v-(vy—v)v and vii=ve+ v (v —va)V.
Then
. dt1l d—1
|N (waya p)(v1)| < CaR™2 Pz,

where the constant Cy depends only on the dimension d.
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Proof. — Denote by r = |v; —va| = |[vF —v5|. The reflection condition shows that, as v varies in 8§,
the velocities v and v3 range over a sphere of diameter r.

The solid angle of the intersection of such a sphere with the cylinder K (w,y, p) is less than

Cy min (1, (g) d21>

which implies that

R d—1
‘{(V,’Ug)/vik € K(w,y,p) or vy € K(w,y,p)}‘ < C’d/ 41 min (1’ (B) 3 > i
0 T
d+1 d—1
<C4R7Z p7 .
This proves Lemma 12.2.2. [

12.2.3. Modification of bad trajectories by the scattering associated to ®. —

The last geometrical lemma requires the use of notation coming from scattering theory, introduced in
Chapter 8: it states that if two particles z;, zo in R?? are in a post-collisional configuration and if v,
or vy belong to a cylinder as in Lemma 12.2.1, then the pre-image z; of z2 through the scattering
operator belongs to a small set of R?.

Lemma 12.2.3. — Consider two parameters p < R and n < 1, and (y,w) € R x Bg. For any v,
in Bpgr, define

N*(w,y, p)(v1) = {(v,v2) € S{™' X Br [ (v2 —v1) v >,
v € K(w,y,p) orv; € K(w,y,p)},

where (v*, v, v5) = oy (v, v1,v2) with the notations of Chapter 8. Then
N (w,y.p)(00)] < C(@, R)RF p's

where the constant depends on the potential ® through the L°° norm of the cross-section b on the
compact set Bagp X [n/2R, /2] defined in Chapter 8.

Proof. — Denote by r = |v; — va| = |vf — v3|, and by w the deflection angle.

From the proof of the previous lemma, we deduce that

R a1
‘{(w,vg)/vf € K(w,y,p) or v3 EK(w,y,p)}‘ SCd/ 41 min (1,(9) 3 )dr
0 T
dt1 d—1
<CqR 2 p = .

According to Chapter 8, the change of variables (v, v; —vs2) — (w, v1 —v2) is a Lipschitz diffeomorphism
away from v - (v1 — vg) = 0. We therefore get the expected estimate. O

Remark 12.2.4. — Note that the geometrical Lemmas 12.2.1 to 12.2.3 consist in eliminating sets in
the velocity variables and deflection angles only, and do not concern the position variables.
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12.3. Proof of the geometric proposition

In this section we prove Proposition 12.1.1. We fix a good configuration Z € Gi(so), and we consider
a configuration Z;, € R?¥  with the same velocities as Z},, and neighboring positions: | X3 — X;| < a.
In particular we notice that for all 7 > 0 and all ¢ # j,

(1231) |£L’Z — Xy —T(Q_)i —’l_]j)| 2 |i’1 —.’fj —’7'(1_)1' —’l_)j)| —2a Z 60/2

since a < g¢. This implies that Zy € Gr(g0/2). Next we consider an additional particle (g +ev, vi11)
and we shall separate the analysis into two parts, depending on whether the situation is pre-collisional
(meaning v - (vg41 — U) < 0) or post-collisional (meaning v - (vg+1 — Ux) > 0).

12.3.1. The pre-collisional case. — We assume that
v (Vg1 — k) <0,

meaning that (zx +ev, vgy1) and 2z form a pre-collisional pair. In particular we have for all times 7 > 0
and alle >0

|(xk +ev — Uk+1T) — (ack — @kT)‘ >e€.
Furthermore up to excluding the ball B, (7y) in the set of admissible vy, we may assume that
[Ug+1 — k| > 1.
Under that assumption we have for all 7 > ¢ and all ¢ > 0 sufficiently small,
|($k +ev— vk_,_lr) — (xk — ’Dkr)| > T|vgsr — Ukl — €
>0n—e>ep/2.

Furthermore we know that Zj, belongs to Gi(g0/2) thanks to (12.3.1).

Now let j € [1,k — 1] be given. According to Lemma 12.2.1, we find that for any vi41 belonging to
the set B \ K(v;,Z; — Zx,6Ra/eo + 60 /0), we have

V>0, |(xg+ev—vpgT)— (2 —0,7)] > ¢,
and
Vr >4, [(xk+ev—uvppaT) — (j — 0;7)] > €o.-

Notice that

‘BRQK(@j’fj — Iy, 6Ra/eq +6€0/5)‘ < C(Rd(;io)dﬂ +R(570)d71) -

Defining M_(7k) = U K(’Dj,.fj - a’ck,6Ra/50 +6€0/5) and
j<k—1
By (Z1) =817 x (By() UM~ (Z)))

we find that

o] scaler () en($)”)

and (12.1.3) and (12.1.4) hold as soon as (v, vg11) & By, (Zk).
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12.3.2. The post-collisional case with hard sphere reflection. —

We now assume that

v (Vg1 — ) >0,
meaning that (2 + ev,vi11) and z; form a post-collisional pair. In particular, at time 7 = 0+, the
configuration is changed and we have the pre-collisional pair (zx + ev, v}, ;) and (xy,v;;) where vy
and v}, are defined by the usual reflection condition. Furthermore, we have for all times 7 > 0 and
alle >0

|(zk +ev— v 7)) — (me —viT)| > €.

We can then repeat the same arguments as in the pre-collisional case replacing v, vk+1 by vi, vi ;-

Excluding the ball B, () in the set of admissible viy1, we find that

|(xk +€I/*U;:+1T) — (:ck *UZT)} > T|vgs1 — Ukl — €
>0n—e>ep/2.

According to Lemma 12.2.1, if v}, v, | belong to the set Br \ K(v;,%; — Tx,6Ra/eo + 6¢0/9), we have
V>0, |(zp+ev—uvp 1) — (x5 —9;7)] > €,
(e —vg7) — (25 —9;7)| > €,
and
Vr>6, |(xx+ev—uvp7)— (x; —0;7)| > €0

|(z — vpT) — (x; —0;7)| > 0.

Combining Lemmas 12.2.1 and 12.2.2, we therefore obtain that (12.1.3) and (12.1.4) hold as soon
as (v,vk41) ¢ By (Z),) where

Bi(Zh) = (ST x By(@)) U | N (0,5 — @, 6Ra/eg + 620/0) (1)
J<k-1

In particular,
d—1 d—1

‘Blj(ik)‘ < Ck(nd+Rd(§)T +R%(EO)T>.

12.3.3. The post-collisional case with smooth scattering. —

In the case of a smooth interaction potential, dealing with the post-collisional case is a little bit more
intricate because of the time shift. Furthermore, using Lemma 12.2.3 instead of Lemma 12.2.2, we lose
the explicit estimate for the bad set B; (Zy).

Let us first define

(12.3.2) C(Zy) = {(14 Uky1) € S{ X Br, v+ (vp41 — k) < 77},
which satisfies
IC(Zk)| < CR™'p.

Choosing (v,vg11) € (S§ x Br) \ C(Z}.) ensures that the cross-section is well defined (see Defini-
tion 8.3.3), and that the scattering time t. is of order C(®, R,n)e by Proposition 8.2.1.
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Considering the formulas (8.2.2) expressing (2%, 25% ) in terms of (2, (zx + €V, vg41)), we know that

. 1., .- 1, . . 1
2" = okl < 5l0E" — 2l + 31 + o) = @0+ Brs)| + 5@k - Tr)
< Rt. +¢ < C(®, R, e,

1 * * 1
Sl @F + @) = (@ + zhga)| + (@0 — The1)]

< Rt.+e<C(P,R,n)c.

Note that due to (12.3.1), all particles z; with j < k—1 are at a distance at least e9/2—¢ > €¢/3 of the
particles zp and xj 4+ ev. Since they have bounded velocities, they cannot enter the protection spheres

(12.3.3) )
ek — (@ +ev)| < Slai — 2|+

of these post-collisional particles during the interaction time ¢., provided that ¢ is small enough:
Rtg < 50/3 .

Since the dynamics of the particles j < k—1 is not affected by the scattering, we get that Z;* ; belongs
to Gr—1(e0/2):
(12.3.4) VT >0,V(i,j) € 1,k — 1> with i # j, |of* — 25" — 7(vf* — v5™)| > €0/2.

3

The pair (2%, 273 1) is a pre-collisional pair by definition, so we know that for all 7 > 0,
(k" — 7oi") — (23 — TRl 2 e
Excluding the ball B, () in the set of admissible viy1, we find as above that
Vr>0, ot =2 —7(v" —viliy)| > nd —e > e,
for e sufficiently small, since €y < 7nd.

Next for j < k — 1 we have for ¢ sufficiently small, recalling that the uniform, rectilinear motion of the
center of mass as described in (8.1.3),

05" — 2] < Ja§* — ;| + |y — 25| < Rte +a < 2a
" — 2] < o — @l + |z — 2| < Rte + ¢ +a < 2a
leiin — Zn| < |afly — Tega| + ok +ev —Tk| < Rt +26+a < 2a.
By Lemma 12.2.1, provided v;* and vi’ ; do not belong to
K (0j,%; — Tk, 12Ra /e +1220/8) N Br,

we get since v5* = vj,

Vr >0, |opt -2t -1t =) > €,
and |zl — 25" = T(vihy — Vi) > €

as well as
VT >46/2, |zt — mj* —7(vg* — vj*)| >e0/2,

and |xgl — 25" — 7(vihy —v5T)| > e0/2.

Lemma 12.2.3 bounds from the above the size of the set N*(v;,Z; — Zy, p) of all (v, v41) belonging
to (S{ x Br)\ C(Z) such that v{* or v§%, belongs to K (v, %; — Ik, p). We let p = 12Ra/eq + 12£/,
and define
Bi(?k) = C(?k) U (S?il X Bn(’ljk» U N*(5j7.’i‘j — T, 12Ra/50 + 1280/5)(’[7k) .
J<k—1
By Lemma 12.2.3,
d+1 a 570)%

(B;j@)) < CkR™'n+ C(®,R,n)R™> (R5 12
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and (12.1.5) and (12.1.6) hold as soon as (v,v) ¢ B} (Z)). Proposition 12.1.1 is proved. O

Note that, in order to prove that pathological sets have vanishing measure as ¢ — 0, we have to
choose 1 small enough, and then a and g even smaller in order that (12.1.1) is satisfied and that
(12.1.2) is small. Moreover, if we want to get a rate of convergence, we need to have more precise
bounds on the cross-section b in terms of the truncation parameters R and 7.






CHAPTER 13

TRUNCATED COLLISION INTEGRALS

Our goal in the present chapter is to slightly modify (in a uniform way) the functionals If,;é (defined

in (7.3.1) in the hard-spheres case and in (11.3.3) for the potential case) and 127’,?’6, defined in (7.3.1),
in order for the corresponding pseudo-trajectories to be decomposed as a succession of free transport
and binary collisions, without any recollision. This will be possible thanks to Proposition 12.1.1. We
then expect to be able to compare these approximate observables, which will be done in the next
chapter.

13.1. Initialization

The first step consists in preparing the initial configuration Z5 so that it is a good configuration. We
define

Ag(eg) = {ZS €ER™ x B,/ inf |z — x| > 50}7

1<l<j<s

and we shall assume from now on that Z, belongs to Ag(eg). We also define for convenience

X — dS : _ . > }'
AL (e0) {XS e R*/ 1§ér<1£§s |z — xj] > €0

Proposition 13.1.1. — For all X, € AX(gq), there is a subset Ms(Xs) of R% such that
d+ £ % €0 %
< ORF 2 £ 0
IMs(X)] < CR™= s ((REO) +(3) ) ,
and defining Ps = {Zs € As(e0)/ Vs ¢ MS(XS)}, then

V7 >0, Lp oT(r)=1p, oSs(7)
in the hard-spheres case,

(13.1.1) V7 >0, Lp oHy(r)=1p, oSs(7)
in the potential case, and

VTZ(;, Il.psOSS(T)EHPSOSS(T)OI[QS(EO).

denoting abusively by 14 the operator of multiplication by the indicator of A.
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Proof. — The proof is very similar to the arguments of the previous chapter. For any Z, in A4(eg),
we apply Lemma 12.2.1 which shows that outside a small measure set M (X,) C R% of veloci-

M sore (r2)T 4 ()7,

0
the backward nonlinear flow is actually the free flow and the particles remain at a distance larger

ties (v1,...,vs), with

than £ to one another for all times:

Vr >0, V£ e{l,....s}, |(wq—veT)— (Tpr —007)| > €,
and that

Vr>6, V40 ¢ {1,...,8}, [xe—ve7) — (xpr —v0T)| > €0

By construction, M(X) depends continuously on X so Py is measurable; the result follows by
definition of Pj. O

13.2. Approximation of the Boltzmann functional

We recall that we consider a family of initial data Fy = ( és)) satisfying

| Follo,80,m0 = sull\)I s; (exp(ﬁoE(Zs) + 1105) és)(Zs)) < +o00
sE s

and after the reductions of Chapters 7 and 11, the observable we are interested in is the following:
6 o Jji,m 2J2,m
BRI = [0uV) [ St - t)ChAT el — IO,
Th,s(t)
N tk+1)]lEo(ZS+k)§R2f(§5+k)dist ;

(13.2.1)

d—1 d—1
By Proposition 13.1.1, up to an error term of order CR*% &2 ((Rg) 4 (%0) ’ ), we can assume

€o

that the initial configuration Z; is a good configuration, meaning that

1R 3, M)(X,) = / A / Sa(t — t1)COITIS 1 (1 — t2)COFETE,
Br\M.(Xs) Ti,s(t)

ik, K s+k
OISkt — the 1) Loz, 01 <re f3 T dTyaV

+0 (CkJ,MRSQ ((R;)dl + (g;)dl) [ Fol O,Bo,uo) ;

where Z Z ck,gm = 1 and

k JM
(C.(s):;,flnf(s_‘—l))(zs) = /Sdil Rd((vs-‘rl - Um) : Vs+1)—f(s+1)(Zsaxm7vs+1) st+1dUs+1 and
1%
(Cg7;"__~171nf(5+1)) (Zb) = /d B (Svs-l—l - UWL) : Vs+1)+f(s+1)(zl7 vy Ty U:;m 3 Rsy Tmyy U:-‘,—l) dl/s+1dvs+1 .
ST xR

Now let us introduce some notation which we shall be using constantly from now on: given Z5 €
Ag(e0), we call Z9(7) the position of the backward free flow initiated from Z, at time t; < 7 < ¢.
Then given j; € {+,—}, m1 € [1,s], a deflection angle vy, and a velocity vs41 we call Z0,(7) the
position at time t; < 7 < t; of the Boltzmann pseudo-trajectory initiated by the adjunction of the
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particle (Vg4 1,vs41) to the particle 29, L(t1) (which is simply free-flow in the pre-collisional case j; = —,
and free-flow after scattering of particles z?nl (t1) and (Vs41,vs+1) in the post-collisional case j; = +).

Similarly by induction given Z; € A,(eg), T,J and M we denote for each 1 < k < n by Z0,,(7)
the position at time tx11 < 7 < t of the pseudo-trajectory initiated by the adjunction of the parti-
cle (Vstk; ssr) to the particle z), (t) (which is simply free-flow in the pre-collisional case jr = —,

and free-flow after scattering of particles 29, () and (Vstk,vs1k) in the post-collisional case ji = +).

Notice that 7+— Z2,, (7) is pointwise right-continuous on [0, ;).

With this notation, the elementary functional Ig_’,f 0 may be reformulated as

1 s anex) = |
BR\MS (Xa)

stsos(Vs)/

di/ Vs 1dvgp1((vers — vh, (t1) - Ver1) 4
T, s (t) S¢~'xB

R

s+k
'”/sdfledVdeka((ka — U, (1) - Vs+k)+ﬂEo(Zg+k(0))§R2f(§ R (22,,,(0))
1 R

+0 (Ck,J,MRd;rlsz ((R;)%l + (?)CQ) ”FO”Oﬂo»#o) )

where Z Z ¢k, m = 1. Let a,e09,7 < 1 be such that
k JM

a<KegLnd.

According to Proposition 12.1.1, for any good configuration Z, ;1 € R24(s+h=1) e can define a set

Bl 1(Zarr1) = (ST x Br) \ BUy_1(Zork1),

such that good configurations Zsi ;1 = (Xsyr—1, Vsir—1) with |Xe1x-1 — Xsyr—1| < Ca are stable

by adjunction of a collisional particle zs1 = (Tm, +EVits, Vits) With (Vkys, Vkts) € CBﬁk_l(Zs+k,1).

We further notice that thanks to Remark 12.1.3; if the adjoined pair (vsig,vsir) belongs to the
set CBgffkil(Z&k_l(tk)) with Z2+k_1(tk) € Goyr—1(g0), then Zg+k(tk+1) belongs to Gs1x(g0)-

As a consequence we may define recursively the approximate Boltzmann functional

JORA (4 7 M)(X,) = /

Br\M(Xs)

ﬁv,é(t)

/B’"l(ZO( dvs1dvsyq ('US-H - U?nl(tl) : VS+1)j1
‘Bs s (t1

(13.2.2) ))

0
/ N Vs 11 dVs 1k (Vs k — Uy, (B) * Vsik) i
CBs+kk—1(Zg+k—l(tk))

k
X Dpy(z0,, (0)<R? £ )(Zg+k-(0)) :

The following result is an immediate consequence of Proposition 12.1.1, together with the continuity
estimates for the Boltzmann collision operator in Proposition 5.4.2.

Proposition 13.2.1. — Let a,e0,m < 1 satisfying (12.1.1). Then, we have the following error esti-
mates for the observables associated to the Boltzmann dynamics:
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— with the cross-section associated to hard-spheres,

03 M (07 = 28 0,0, )| < Cn* (s +m)
k=0 J,M
d—1

d—1
a da+1 &
< (nt+BU(Z) T+ RF(2) 7 ) 1Follosome
€o 4]

— with the cross-section associated with a smooth compactly supported potential P,

n
D0 e (I8 = ) (80, M) | < Cr(s 4 m)
k=0 J,M

d—1
€0

)(12;1 +C(@,n, R)RF (§> T) 1 Follo. 0.0 -

x (Rdfln + (@, R)Rd<%

13.3. Approximation of the BBGKY functional

We recall that after the reductions of Chapters 7 and 11, the elementary functionals we are interested
in are
— in the case of hard spheres:

Ifké(t, J, M) (X,) ;:/%(VS)/T ()Ts(t—tl)ng;TfTs+1(t1 —t2)C§1T5+2
k,5(t

OB Tkt =ty ) gz, <re g dTRdVs
where Fiy o = (f](\i)o)lgsgj\[ satisfies

[ Fn .0l

e oo = Sup sup (exp(BoEo(Zs) + nos) [ p(Zs)) < +00;
seN Z,€Dy

— in the case of a smooth interaction potential ®:
R, . j1,m j2, M
M) = [V [ B )C (e
k.8
j . s+k
O k(b — b)) ez, <re g dTkdVy
where ﬁN,o = (J?J(\}S)o)lgsgN satisfies

7(s)

1Fn 0l 80,0 = Sup Sup (exp(BoEe(Zs) + pos) fxo(Zs)) < +oo.
sE

Since both formulas are quite similar, we shall deal with the case of smooth potentials and will indicate
— if need be — simplifications arising in the case of hard spheres.

Thanks to Proposition 13.1.1, we have

It J, M)(X,) = /B e, P /T o= G, CT (s~ O
R s s k,8

ik ML k
el G Ho (e — b)) g, (z, o <re g dTkdV

d—1 d—1
dtl o i 2 570 2 ~
+ 0 (Ck,-],MR 28 ((R50> =+ ( S ) > ||FN70|€,ﬁ0-,Mo> )

where recall that ¢ s denotes a sequence of positive real numbers satisfying Z Z ck, M = 1.
k JM
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Then using the notation introduced in the previous paragraph for the Boltzmann pseudo-trajectory,
let us define the approximate functionals

Jf}f(t, J, M) (X,) ;:/ %(VS)/ Ss(t—tl)ngs(so)@jﬁstH(tl —t3)
Br\M,(Xs) Tr,s(t)

57k s+k
G k(= b ) e (2, o <re 0TV TRV

where the modified collision operators are obtained by elimination of the pathological set of impact
parameters and velocities

(CE k8T (Zegir) = (N — 5 — k4 1)t / (Vark - (0eir = Vi, (1)) 5

CBZk}c—l(zg+k—l(tk))

Xg(s—i—k)(.’xmk (tk) +5Vs+k7Us+k<tk)) H ﬂ‘(ij*ﬂ?mk)(tk)*sljs-}—k‘zg AVt 1, dVgt; -
1<j<oth—1
JEME

By construction, we know that the remaining collision trees are nice, in the sense that collisions involve
only two particles and are well-separated in time. Using the pre/post-collisional change of variables,
we can rewrite the gain terms as follows

Lg, .\ 1(c0/2) (CL’Z‘ELH,CHSM(% - tk+1)g(s+k))(zs+k—1)

=(N-s—k+ 1)gd—111gs+k,1(50/2) / - (Voih - (Vsyt — Uy (t1))) &
BN (221 (h)
X Hg g (tr — thyr — ta(Zs+k))g(s+k)(',x:nkavzw cee ,»’U:Hw U:Jrk)

X H L) (=, ) (tr) —evs s 1|26 Witk AUst k-
1<j<s+k—1
JFEME
denoting as previously by (2}, , U, Tsirs Veys) the pre-image by the scattering operator o. of the
POt (L s Vi, (th); Ty, (tk) + Vs, Vsgk (k)

Note that this last step is obvious in the case of hard spheres since there is no time shift : ¢t. = 0.

As in the Boltzmann case described above, the following result is an immediate consequence of Propo-
sition 12.1.1 together with the continuity estimates for the BBGKY collision operator in Proposi-
tions 5.4.1 and 10.3.1.

Proposition 13.3.1. — Let a,c0,n < 1 satisfying (12.1.1). Then, for e sufficiently small, we have
the following error estimates for the observables associated to the BBGKY dynamics:
— in the case of hard-spheres

d—1

n s 1 o
‘%;WnAs(ao)(If,f — I @, . M)\ < Cn’(s+n) (nd + Rd(%) + R (%o) )IIFN,0|

€,80,H0 »

— in the case of some smooth compactly supported potential ®

D03 Moy (17 = JEE) (8,0, M)| < Cn(s )
k=0 J,M

d—1
€0

)T @ RRT (;)%)Hﬁw,ous,ﬁo,w :

x (Rd‘ln +0(@,n, R)Rd(g—o
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The functional Jf,’f can be written in terms of pseudo-trajectories, as in (13.2.2). Let us therefore
introduce some notation which we shall be using constantly from now on: given Z, € A;(gp), we
call Z9(7) the position of the backward free flow initiated from Z,, at time t; < 7 < t. Then
given ji € {+,—}, m1 € [1,s], an angle v, (or equivalently a position z,41 = a9, (1) + eve41) and
a velocity veq1 we call ZZ | (7) the position at time t; < 7 < t; of the BBGKY pseudo-trajectory

initiated by the adjunction of the particle z5y; to the particle 2211 (t1).

Similarly by induction given Z; € As(eo), T,J and M we denote for each 1 < k < n by Z; ,(7) the
position at time tp11 < 7 < t; of the BBGKY pseudo-trajectory initiated by the adjunction of the
particle z4yy to the particle z,, (tx). We have

(N —s)! k(d—l)/
— 7 ¢ dVsps(Vs) dT},
(N —s—k)! Br\M.(X.) The,s(t)

/ . st+1dUs+1 (Vs+1 : (U5+1 — Um,y (tl)))jl H ]1|(-’L'j—l'ml)(t1)_5”s+l|25
eBS (Z9(t1)) 1<j<s

(13.3.1) g#m

AVs 4k dvgsy g (l/s+k : (Us+k — Umy (tk)))Jk

T T, M) (X,) =

[BiiM(ZSMl(tk))
+k
< TI Mesmemp)to—eveslze bz o<z FN o™ (Z544(0)) -
1<j<s+k—1
J#EME
Thanks to Propositions 13.2.1 and 13.3.1 the proof of Theorems 8 and 11 reduces to the proof of the
convergence to zero of J f,’f - Jgf"s. This is the object of the next chapter.



CHAPTER 14

CONVERGENCE PROOF

In this chapter we conclude the proof of Theorems 8 and 11 by proving that Jf]f - Jg’,f‘ 0 goes to zero

in the Boltzmann-Grad limit, with the notation of the previous chapter, namely (13.2.2) and (13.3.1).
The main difficulty lies in the fact that in contrast to the Boltzmann situation, collisions in the BBGKY
configuration are not pointwise in space (nor in time in the case of the smooth Hamiltonian system).
At each collision time ¢ a small error is therefore introduced, which needs to be controlled.

We recall that, as in the previous chapters, we consider dynamics
— involving only a finite number s + k of particles,
— with bounded energies (at most R? > 1),
— such that the k additional particles are adjoined through binary collisions at times separated at
least by § < 1.

The additional truncation parameters a, &g, n < 1 satisfy (12.1.1).

14.1. Proximity of Boltzmann and BBGKY trajectories

This paragraph is devoted to the proof, by induction, that the BBGKY and Boltzmann pseudo-
trajectories remain close for all times, in particular that there is no recollision for the BBGKY dynamics.

We recall that the notation Z)(t) and Z(t) were defined in Paragraphs 13.2 and 13.3 respectively.

Lemma 14.1.1. — Fiz T € Tp5(t), J, and M and given Zs in Ag(eo), consider for alli € {1,...n},

an impact parameter vsy; and a velocity vsy; such that (Vsyi,Vsti) & Bs+i,1(Zg+i_1(ti)). Then, for e

sufficiently small, for alli € [1,n], and all k < s+,
— for the hard sphere dynamics

(14.1.1) |l‘i(ti+1) — l‘g(ﬁi+1)| < i and Ulc(ti—H) = Ug(ti+1),
— for the hamiltonian dynamics associated to ®
(14.1.2) |l‘i(ti+1) — l‘%(ti+1)| S C(CD, R, T])&i and 'Uk(ti-i-l) = Ug(tH_l) 5

where the constant C(®, R,n) depends only on ®, R, and 7.

Proof. — We proceed by induction on 4, the index of the time variables ¢;;1 for 0 <i <n —1.
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We first notice that by construction, Zs(t1) — Z%(t;) = 0, so (14.1.2) holds for i = 0. The initial
configuration being a good configuration, we indeed know — by definition — that there is no possible
recollision.

Now let ¢ € [1,n] be fixed, and assume that for all £ <
(14.1.3) Vk<s+/0-—1, |25 (t)) — x2(te)| < Ce(f —1) and  wvg(ty) = vi(te),
with C =1 for hard spheres.

Let us prove that (14.1.3) holds for £ =i + 1. We shall consider two cases depending on whether the
particle adjoined at time ¢; is pre-collisional or post-collisional.

e As usual, the case of pre-collisional velocities (Vs4i, Um, (t;)) at time ¢; is the simplest to handle. We
indeed have V7 € [t;y1,1;]

Vk <s+i, ap(r) =ap(t) + (1 —ti)up(ts), (1) =wR(t),
$S+i(7) = xgu (ti) + (7 = ti)vssi s Ug+i(7—) = Us+i -
Now let us study the BBGKY trajectory. We recall that the particle is adjoined in such a way

that (Vs44,vsyi) belongs to “Bsyi—1 (Zgﬂ-_l(ti)). Provided that ¢ is sufficiently small, by the induction
assumption (14.1.3), we have

Vi <s4i—1, |o5(t;)—ad(t)] <Ce(i—1)<a,
with C =1 for hard spheres.

Since Z?2,;_,(t;) belongs to Gs1;—1(c0) (see Paragraph 13.2), we can apply Proposition 12.1.1 which
implies that backwards in time, there is free flow for Z7, ;. In particular,

Vk <s+i, xp(T)=zp(t;)+ (7 —t;)ve(ts), v (7) = vi(t;) ,
Toyi(T) = T, (i) + eVsyi + (T — ti)Vsys Vg i(T) = Vs -

We therefore obtain

(14.1.4) Vk<s+i, V7E[tit1,t], vp(r)— v,g(T) = vg(t;) — vg(ti) =0,
and
(14.1.5) Vk<s+i, V7E[tizi,ti], |oa(r)—ad(r)] <Ce(i—1)+e¢,

with C' =1 in the case of hard spheres.

e The case of post-collisional velocities (vs4i, Um, (t;)) at time ¢; for the hard sphere dynamics is very
similar. We indeed have V7 € [t; 11, ;]

Vk <s+i, k#mi, ad(r)=a(t)+ (T =t (t), o) = vpts),
2y, (7) = g, () + (T —t)up (t:),  vR(7) = vpr, ()
5”24—1‘(7) = x?ni (ti) + (1 — ti)”:-m' ) vg+i(7) = U:+i .

Now let us study the BBGKY trajectory. We recall that the particle is adjoined in such a way
that (vs4,vs4i) belongs to “BLY, _(Z2,;_,(t;)). Provided that  is sufficiently small, by the induction
assumption (14.1.3), we have

VE<s+i—1, |og(t:) —ap(t) <eli—1).
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Since Z2,;_,(t;) belongs to Gspi—1(g0) (see Paragraph 13.2), we can apply Proposition 12.1.1 which
implies that backwards in time, there is free flow for Z7 ;. In particular,

(14.1.6) Vk<s+i, V7TE[tirti], ve(T)—vp(T) =vi(t]) —vi(t;) =0,
and
(14.1.7) Vk<s+i, V7€t ti, |op(r)—an(r)| <e(i—1)+e<ice.

e The case of post-collisional velocities is a little more complicated since there is a (small) time interval
during which interaction occurs.

Let us start by describing the Boltzmann flow. By definition of the post-collisional configuration, we
know that the following identities hold:

(U Va1) (7) = (v (), vips) with (7, vy (8),0344) 2= 0 (Vi U, (1), Vsrd)
Vi <7 <ti, @, (7) = @y, (t) + (7 — t)vg (8:) , 2344(7) = 2l (8) + (7 — ta)vly,

Vi ¢ {m;, s+ 1}, ’U?(T) = U?(ti) , x?(r) = x?(ti) +(r— ti)vg(ti) ,

where og denotes the scattering operator defined in Definition 8.2.1 in Chapter 8.
First, by Proposition 12.1.1, we know that for j ¢ {m;,s + i} and V7 € [t;11,],
(1) = aj(ts) + (T —t)v(t:), (1) = v;(ta),
so that by the induction assumption (14.1.3) we obtain
Vj ¢ {m;,s+i}, V7 € [tig1,t:], |zj(1) — x?(7)| = |z;(t;) — m?(tl)| < Ce(i—1)

and v;(7) = ’U?(T) .

(14.1.8)

We now have to focus on the pair (s + 4,m;). According to Chapter 8, the relative velocity evolves
under the nonlinear dynamics on a time interval [t; — te,t;] with t. < C(®, R,n)e (recalling that by
construction, the relative velocity |vsy; — Um, (¢;)] is bounded from above by R and from below by 7,
and that the impact parameter is also bounded from below by n). Then, for all 7 € [t;y1,t; — t.],

(14.1.9) Usi(T) = 0l = 00 (T) s v, (1) = gy (8) = v (t) = v (7))
In particular,
(14.1.10) Vsri(tivn) = vi(tiv) and v, (tiv1) = vy, (i) -
The conservation of total momentum as in Paragraph 12.3.3 shows that
1 1
5 (1 = 1) 0%t = £2)) = 5 (a5, (i = £2) + 20t — 1)

= o () + ) —

xSy (t) — 2y, (L) + = <Ce(i—1)+

On the other hand, by definition of the scattering time ¢,
|27, (ti — te) — 25yt —te)[ =€,
g, (t: — te) — 20 (t — to)| = teloy,, —viy| < O(®,R,m)e.

We obtain finally
(14.1.11) |28, (t; —t-) — 20 (t; —t.)| < Cei and |25 ,;(t; —t.) — 2%, ,(t; —t.)| < Cei

mg

provided that C' is chosen sufficiently large (depending on ®, R and n).
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Now let us apply Proposition 12.1.1, which implies that for all 7 € [t;11,t; — t.] the backward in time
evolution of the two particles x5 ,;(t; —t.) and x5, (t; — tc), is that of free flow: we have therefore,
using (14.1.9),

a5, (tis1) — ap,, (tig1) = a5, (t; — to) — al, (t — to),
25y (tisr) — 20 (L) = @5yt — te) — a0y, (t — to).

From (14.1.11) we therefore deduce that the induction assumption is satisfied at time step ¢;y1, and
the proposition is proved. O

Note that, by construction,
721 1(0) € Goyr(eo)
so that an obvious application of the triangular inequality leads to
221 (0) € Gornleo/2).

Note also that the indicator functions are identically equal to 1 for good configurations. We therefore
have the following

Corollary 14.1.2. — Under the assumptions of Lemma 14.1.1, the functional Jf”;f(t, J, M) defined
in (13.3.1) may be written as follows:

N —s)!
RS, gy (x) = T / Vepu(V2) / dT,
k (N —s—k) Br\M.(X.) Tis(t)

/B’"l(ZO( ) dvsi1dvs i (Vs+1 : (Us+1 - Um,y (tl)))h
“Bs g (t1

. / m Vs 1 dVstk (V5+n : (’Uerk — Umy, (tk?)))jk
CB‘s+kk71(Zg+k71(tn))

7(s+k
X lEE(ZM(O))SRZﬂzs+k(0>egs+k(eo/2)fz(\}g,o (Z2,4(0)).

14.2. Proof of convergence for the hard sphere dynamics: proof of Theorem 8

In this section we prove Theorem 8, which concerns the case of hard spheres. The potential case will
be treated in the following section.

From Corollary 7.4.1, we know that any observable associated to the BBGKY hierarchy can be ap-
proximated by a finite sum : more precisely, given s and ¢ € [0, T, there are two positive constants C
and C’ such that

n 2
R,5 _n o 2 n
(142.1)  ||L@) = 1% (O e ey < C (2 4 e GhR 4 T5> el oo (mas) 1 EN0lle, 80,0 -
k=0
Similarly, for the Boltzmann hierarchy, we get
n 2
R,S _n o 2 n
(1422)  [|120) = S I O] e ey < € (2 OO Ta) ol o ey 1 Bolo, 0o -

k=0
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Then, from Propositions 13.2.1 and 13.3.1, we obtain the error terms corresponding to the elimination
of pathological velocities and impact parameters

14, (EO)ZZ E0)(E 0, M)| < Cn®(s + )

(14.2.3) k=0, M
d—1 d—1
d af 4\ 7 €0\ =
< (+ BY(Z) T R (D) T ) IRl sosllellm e
and
’]1A (EO)ZZ IR‘S (tJM)’gCn2(5+n)
(14.2.4) k=01, M
d—1 d—1
d df @\ 2 dt1 (E0\ 2
(' BY(E) T BT(D) T ) 1wl s lollm

— JORe coming

essentially from the micro-translations described in the previous paragraph and from the initial data.

The end of the proof of Theorem 8 consists in estimating the error terms in Jf,f

14.2.1. Error coming from the initial data. —

Let us replace the initial data in inf by that of the Boltzmann hierarchy, defining;:
RS (N —s)! _
Jsl?k (t, J, M)(X;) = mgk(d Y 5 dVis(Vs) dTy,
R\M.(X,) Tio,s ()

/Bml(ZO(t )Ciysﬂdvsﬂ (Vst1 - (Vo1 — Oy (81))),

. / Avs 1k QUs 1k (Vstk * (Vsrk — Umy, (tk)))jk
eBUk (20, ()

+k
X ]lEO(Z5+k(O))<R2]lzs+k(o)€gs+k(€o/2)f(§s N(Z44x(0)).

Since, by definition of admissible Boltzmann data, we have for any fixed s
(S) — £ as N = oo with Ne?=1 =1, locally uniformly in €, ,

we expect that
Tt T, M) (Xs) = T (8, 0, M) (X,) = 0

as N — oo with Ne?~! = 1, locally uniformly in €.

Lemma 14.2.1. — Let Fy be an admissible Boltzmann datum and Fy n an associated BBGKY datum.
Then, in the Boltzmann-Grad scaling Ne?™' =1, for all fived s,k € N and t < T,

T T M)(X,) = T (8, 0, M) (X,) =0,
locally uniformly in €.
For tensorized initial data

N (Zn) = 25 gy eny JEN (Zn)  with || foexp(Bolvf?)|| . < +oo,
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we further have the following error estimate :

[Tax () ZZ D)t T, M)(Xs)| < Cels + )l Follo,go o 9]l e (Rt
k=0 J,M

Proof. — By definition of the good sets Gi(c), the positions in the argument of J"(SHC fés+k) satisfy

the separation condition |z; — x| > ¢/2 > ¢ for i # j :

(e+k) f(s+k)

9+k (s+k
0 ):]lg3+k(50/2)1|‘ﬁ§+k(60/2)( I P

Il'gs+k(50/2)(

So we can write

~ N —s)!
(J‘fl’cé(tv Jv M) - ‘Ifl;é(tv Ja M))(XS) = Hgk(d_l)/ dVSQOS(VS)/ dTy,
(N —s—k)! Br\M,(X.) Tie.s ()

/B"'”(ZO( ) o101 (Vors - (Vsr1 = Omi (1))
c 0 t1

. / . dV5+kdUS+k (VS-‘rk . (US+]€ — Umy, (tk)))]k
B K (221 (tk))

s+k s+k
X g, (ze, o)<k la,(=0/2)( z(vg by,
and we find directly that

CRk(dH)tk (s+k) (s+k)

5 TR,§
Loy (I (4. 0,00) = T34, 1. M))(X)| < 05— s aeorm (USY = 15|

Lo

Note that, summing all the elementary contributions (i.e. summing over J, M and k), we get the
convergence to 0, but with a very bad dependence with respect to R and n.

In the case of tensorized initial data, this estimate can be improved using some explicit control on the
convergence of the initial data. Looking at the proof of Proposition 6.1.2, we indeed see that

Iz,.ep, /5 — ész)v = (1 - ZzT/lZN—s)]lZseDsf(?s + Z;,lZ(bSJFLN)]lzseDsf(S@S

with

— Z[;lZN—s 7(‘5‘"’1)

< (1 —ekalfolperr) ™ — 1 < eskalfolporr (1 — ekal fol Lo 1)
according to Lemma 6.1.2, and

_ —(s+1
Zle(bs-&-l,N) < €Sﬁd‘f0|LooLl (1 — Elid|f0|LocL1) ( ) .

Using the continuity estimate in Proposition 5.4.1, we then deduce that
R,§ TR,6

ﬂAf(ao)(Js,k: (ta J, M) - Js,k (tv J, M))(XS)

<e(s+k)kalfolperr | Fo

po 19| oo (Rt=) 7,01 -

denoting by (ck,s,nm) a sequence of nonnegative real numbers such that >, >, ¢k 7m0 = 1. This
concludes the proof of Lemma 14.2.1. O
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14.2.2. Error coming from the prefactors in the collision operators. —

As £ — 0 in the Boltzmann-Grad scaling, we have

(N =8 k-
(N—s_ k)!s — 1.
Defining
—R)
T = WnVe) [ any
BR\MS(XS) n,é(t)
/ . dvgy1dvsyn (Vs+1 : (1)5+1 - 'Uml(tl)))h
(14.2.5) 1(Z22(t1))

/ . st-i—kd'Us—&-k (Vs+k : (Us+k = Umy, (tk)))jk
ch+kk—1(Zg+k—1(tk))

+k
X Ugo(z,nop<rzllze, (0 1660/ S8 (Zo11(0))
and using again the continuity estimate in Proposition 5.4.1, we have the following obvious convergence.
Lemma 14.2.2. — In the Boltzmann-Grad scaling Ne¢=! =1,

(s +n)?

|]1AX(50 ZZ (t J,M)(X,)| < CTH‘PHLC’O(R‘“) Follo.go o -
k=0 J,M
14.2.3. Error coming from the divergence of trajectories. —
We can now compare the definition (13.2.2) of Jg:,f’é(t, J, M):
TR s anx) = [ WV [ | V101 (041 — 000, (1) - Vo)
Br\M,(Xs) Th,s (1) B (Z9(th))
/ . Avs 1 dvs i (Vspr — v?nk_ (tn) - Vstk)jn
eBlR (20,1 ()

X ]IEO(Z°+k(O))<R2f0 (Zé+k(0))
and the formulation (14.2.5) for the approximate BBGKY hierarchy.

Lemma 14.1.1 implies that at time 0 we have
[ Xs41(0) = X014 (0)] < Che,  and  Viir(0) = V.2 (0).
Since fés+k) is continuous, we obtain the expected convergence as stated in the following lemma.

Lemma 14.2.3. — In the Boltzmann-Grad scaling Ne®~' =1, for all fived s,k € N and t < T,
T (6, M)(Xs) = T (8, J, M)(X) = 0.

For tensorized Lipschitz initial data, we further have the following error estimate :

9
LAx (c) ZZ — Tt T, M) (X,)| < Cenl| Ve follooll Follo,go o [ Lo (as) -
k=0 J,M
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Notice that putting together Lemmas 14.2.1, 14.2.2 and 14.2.3, along with the estimates (14.2.1)-
(14.2.2) and (14.2.3)-(14.2.4), end the proof of Theorem 8 up to the rate of convergence. This is the
object of the next paragraph.

14.2.4. Optimization for tensorized Lipschitz initial data. — We can now conclude the
proof of Theorem 8. Gathering the results of Lemmas 14.2.1, 14.2.2 and 14.2.3, together with the
estimates (14.2.1)-(14.2.2) and (14.2.3)-(14.2.4), we get

_ o 2 712
Hfs(t) - Ig(t)HLoo(Rds) <C (2 mpem G PR 4 T(S) ol Lo (ras) 51]\1/p 1Fn.0lle, 80,10
an 5t w1 senn A5t
_ 2 da+1 0 2
+ O (st m) (B R Z) T A R (T) T ) 1w olle poo 0l

+ Ce(s + n)|| Fo

(s +n)?
CTH@HLOO(R@)HFOHO,Bo,uo

O,BO,HOHSD”LOO(RG[S)

+ Cne|[Va fol o< llll oo (ras) [ Follo,pou0

Therefore, choosing

n~ Ci|loge|, R*~ Cs|loge|
for some sufficiently large constants C; and Cy, and

§ = @=D/(+1) oo d/(d+1)

1
we find that the total error is smaller than Ce® for any a < i1 min (1, (d — 1)/2).

This ends the proof of Theorem 8.

14.3. Convergence in the case of a smooth interaction potential: proof of Theorem 11

Let us now prove Theorem 11.

The same arguments as in the previous section provide the convergence for any smooth compactly
supported potential satisfying (8.3.1). Let us only sketch the proof and point out how to deal with the
following minor differences.
— The elimination of multiple collisions gives an additional error term : from Propositions 11.3.1
and 11.3.2, we indeed deduce the analogue of (14.2.1):
n2

6) ol oe ey | Evolle oo -

—n _c’ 2
(14.3.1)  [[L(8) = L5 O] o o) SC(€+2 pe O 1

— The error term coming from the elimination of pathological velocities and impact parameters
depends (in a non trivial way) on the local L* norm of the cross-section: estimate (14.2.3)
becomes

18, D0 30 (20 = S5 0,000

k=0 J,M

d—1 d—1
3 d+1 (Eg\ 2
) T @ RRE(Z) T )I1Folo sl rasy

< Cn®(s+n) (Rd_ln +C(®,R, 77)Rd(6g
0
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— Additional error terms come from the difference between truncated marginals and true marginals
(namely on the initial data) : by Lemma 11.1.2, there holds the convergence

f(sj)\, 0 N — 0, for fixed s > 1, as N — oo with Ne¢~! = 1, uniformly in €, .
Together with Lemma 14.2.1, this implies that
) 1)
T (40, M)(X) = T (8 T M)(X.) = 0.
— The micro-translations between the “good” Boltzmann and BBGKY pseudo-trajectories depend

on the maximal duration of the interactions to be considered
‘XSJrk( ) Xerk( )l S C(®7R=n>k8ﬂ and ‘/;+k(0) = ‘/;()Jrk(o) ’

so that the convergence
T (60, M)(X0) = J 0500 (8 0, M) (Xo) = 0

may be very slow.

Combining all estimates shows that for any fixed s € N and any t < T
L(t)(Xs) = I (1) (Xs) = 0

locally uniformly in €4, which concludes the proof of Theorem 11.






CHAPTER 15

CONCLUDING REMARKS

15.1. On the time of validity of Theorems 8 and 9

Let us first note that, for any fixed N, the BBGKY hierarchy has a global solution since it is formally
equivalent to the Liouville equation in the phase space of dimension 2Nd, which is nothing else than
a linear transport equation. The fact that we obtain a uniform bound on a finite life span only, is due
to the analytical-type approach which requires a strong control on the growth of marginals, encoded
in the function spaces X. 3,,.

An important point is that the time of convergence is exactly the time for which these uniform a priori
estimates hold. By definition of the functional spaces, we are indeed in a situation where the high order
correlations can be neglected (see (14.2.1) and (14.3.1)), so that we only have to study the dynamics
of a finite system of particles. The termwise convergence relies then on geometrical properties of the
transport in the whole space, which do not introduce any restriction on the time of convergence.

A natural question is therefore to know whether or not it is possible to get better uniform a priori
estimates and thus to improve the time of convergence. Let us first remark that such a priori estimates
would hold for the Boltzmann hierarchy and thus for the nonlinear non homogeneous Boltzmann
equation. As mentioned in Chapter 2, Remark 2.3.2, the main difficulty is to control the possible
spatial concentrations of particles, which would contradict the rarefaction assumption and lead to an
uncontrolled collision process.

15.2. More general potentials

A first natural extension to this work concerns the case of a compactly supported, repulsive potential,
but no longer satisfying (8.3.1). As explained in Chapter 8, that assumption guarantees that the cross
section is well defined everywhere, since the deflection angle is a one-to-one function of the impact
parameter. If that is no longer satisfied, additional decompositions are necessary to split the integration
domain in subdomains where the cross-section is well-defined : as mentioned in Remark 3.1.3, we then
expect to be able to extend the convergence proof, up to some technical complications due to the
resummation procedures (see [43] for an alternative method). Note that, if the deflection angle can be
locally constant as a function of the impact parameter, the method does not apply, which is consistent
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with the fact that we do not expect the Boltzmann equation to be a good approximation of the
dynamics (see the by now classical counterexample by Uchiyama [16]).

From a physical point of view it would be more interesting to study the case of non compactly supported
potentials. Then the cross section actually becomes singular, so a different notion of limit must be
considered, possibly in the spirit of Alexandre and Villani [3]. One intermediate step, as in [18], would
be to extend this work to the case when the support of the potential goes to infinity with the number
of particles. Then one could try truncating the long-range potential and showing that the tail of the
potential has very little effect in the convergence. We refer to [4] for such a study in a linear setting.

Note that in the case when grazing collisions become predominant, then the Boltzmann equation
should be replaced by the Landau equation, whose derivation is essentially open; a first result in that
direction was obtained very recently by A. Bobylev, M. Pulvirenti and C. Saffirio in [5], where a time
zero convergence result is established.

15.3. Other boundary conditions

As it stands, our analysis is restricted to the whole space (namely Xy € RV). It is indeed important
that free flow corresponds to straight lines (see in particular Lemmas 12.2.1 and 12.2.3 as well more
generally as the analysis of pathological trajectories in Chapter 12).

It would be very interesting to generalize this work to more general geometries. A first step in that
direction is to study the case of periodic flows in X . The geometric lemmas must be adapted to that
framework, and in particular it appears that a finite life span must a priori be given before the surgery
of the collision integrals may be performed (see [6]).

The case of a general domain is again much more complicated, and results from the theory of billiards
would probably need to be used. We refer to [21] for such a study in the half plane, and to [38] for
the analysis in a compact domain with isotropic boundary conditions.
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NOTATION INDEX

Bpr, ball of radius R centered at zero in RY,
page 24

B3, ball of radius R centered at zero in R%,
page 24

Bg(z), ball of radius R centered at z in R4,
page 80

Bi(Z},) asmall setiof angles and velocities of a par-
ticle adjoined to Zj (or a neighboring configura-
tion), leading to pathological trajectories, page 96

b(w,w)/|wl|, cross-section, page 67

Cy, BBGKY hierarchy collision operator, page 27
for the hard-spheres case and page 76 for the po-
tential case

C% Boltzmann hierarchy collision operator,
page 29 for the hard-spheres case and page 77 for
the potential case

Cs,s+1, BBGKY collision operator, page 27 for the
hard-spheres case and page 75 for the potential
case

Cs,s+m, BBGKY collision operator involving m ad-
ditional particles, page 75

cgs 41, Boltzmann collision operator, page 29 for
the hard-spheres case and page 68 for the potential
case

Dy, domain on which the hard-spheres dynamics
take place, page 23

Dy, artificial set in X variables on which the
Hamiltonian dynamics take place, page 70

A, (Xs), m-particle cluster based on X, page 74
Ag, well-separated initial configurations, page 105
A%, well-separated initial positions, page 105
daf\’,j , surface measure on X%, (4, j), page 71

do, surface measure on S¢(x;), page 75

dZ ;), 2d(j — i + 1)-dimensional Lebesgue mea-
sure, page 45

E(Xs, X,), e-closure of X, in Xy, page 74

Eciyjo>(Xs, Xy), e-closure of X in Xy with a
weak link at (ig, jo), page 74

E.(Zs), s-particle Hamiltonian, page 82

Ey(Z,), s-particle free Hamiltonian, page 36

f ](\f ), marginal of order s of the N-particle distri-
bution function, page 25 for the hard-spheres case,
page 69 for the potential case

~1(\f), truncated marginal of order s of the N-
particle distribution function, page 70

f®), marginal of order s associated with the Boltz-
mann hierarchy, page 29

®_, rescaled potential, page 82

Gr, set of good configurations of k particles,
page 96
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H,(t), s-particle flow in the potential case, page 76

H(t), BBGKY hierarchy flow in the potential case,
page 76

I, observable (average with respect to momentum
variables), page 49

I,(t)(Xs) BBGKY observable, page 53 for the
hard-spheres case, page 90 for the potential case

I9(t)(X,) Boltzmann observable, page 54

I(f;f (t)(Xs) reduced BBGKY observable, page 57
for the hard-spheres case, page 90 for the potential
case

Igf"s(t)(Xs) reduced Boltzmann observable,
page 57

K(w,y,p), cylinder of origin w € RY, of axis
y € R?% and radius p > 0, page 97

kg, volume of the unit ball in R?, page 39

n®J, outward normal to Xy (i,75), page 26

v*7 | direction of x; — x;, page 3

M (Xs), good set of initial velocities associated
with well separated positions, page 105

‘P, the set of continuous densities of probability in
R??, page 47

px, distance of minimal approach, page 63

Ss(t), s-particle free flow, page 29
S(t), total free flow, page 29
S‘ffl, unit sphere in R%, page 9

S.(x;), sphere in R? of radius ¢, centered at x;,
page 75

o, scattering operator in the hard-spheres case,
page 29

0., scattering operator in the case of a potential,
page 64

09, Boltzmann scattering operator, page 64
¥ n(i,7), boundary of Dy, page 26
¥%,(4,7), boundary of the artificial set D3, page 71

NOTATION INDEX

T,(t), s-particle flow for hard spheres, page 28
T(t), total flow for hard spheres, page 28

t. = €7y, nonlinear interaction time, page 63
Tn(t), set of collision times, page 56

7;L,5 (t)y
page 56

set of well-separated collision times,

Xc,s,p function space for BBGKY marginals,
page 36 for the hard-spheres case and page 82 for
the potential case

Xo,s,p function space for Boltzmann marginals,
page 36

Xe,3,u function space for the BBGKY hierarchies,
page 36 for the hard-spheres case and page 82 for
the potential case

Xo,3,, function space for the Boltzmann hierar-
chies, page 36

X 8,u function space for the uniform existence
to the BBGKY hierarchies, page 37 for the hard-
spheres case and page 82 for the potential case

Xo,3,n function space for the uniform existence to
the Boltzmann hierarchies, page 37

W, (t), s-particle hard-spheres flow, page 28

w, direction of the apse line, page 63
Qpy, phase space for the Liouville equation,
page 43

Z N, partition function, page 44

| - |e,s,5 norm for the BBGKY marginal of order s,
page 36 for the hard-spheres case and page 82 for
the potential case

| - |o,s,s norm for the Boltzmann marginal of or-
der s, page 36

Ile,8,, norm for the BBGKY hierarchy, page 36
for the hard-spheres case and page 82 for the po-
tential case

l|-lo,8, norm for the Boltzmann hierarchy, page 36

Il [le,8,u, norm in X, g,,, page 37 for the hard-
spheres case and page 82 for the potential case

Il - lo,8,» norm in Xo g, page 37



