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1 Introduction

Ludwig Eduard Boltzmann introduced in 1872 the famous equation [11] that now bears his name, to
provide a statistical model of rarefied gas dynamics. This model is considered a breakthrough, having
paved the way to a flourishing litterature studying matter both from an atomistic and statistical
point of view. The kinetic representation that Boltzmann constructed may be thought about as an
intermediate mesoscopic step between microscopic and macroscopic scales, and might thus be used
to derive fluid mechanics equations from Newton classical equations (see for example [4, 5, 23, 31]).
This model both allowed numerous quantitative simulations [36, 20| and qualitative understanding
of the intrinsic statistical behaviour of fluid matter. Indeed, springing from the Boltzmann equation,
the latter introduced the entropy as a Lyapunov functional of the system, showing that the density
of particles irreversibly converges towards an equilibrium on large time scales. This equilibrium is
called the Maxwellian state: the gas occupies uniformly the available space, and the velocities of the
particles get distributed according to the Maxwell Gaussian distribution (2.6), only depending on the
temperature of the system.

Nevertheless, since the microscopic evolution of the gas, from which is derived the Boltzmann
equation, follows classical Newton equations in a completely time reversible way, most of Boltzmann’s
contemporaries get confused from this seeming paradox, doubting the validity of his model. The
rigorous derivation of his equation from microscopic Newton equations has however eventually been
proved mathematically in 1975 by Oscar Erasmus Lanford IIT [25, 26|, in the case of hard sphere
interactions. The method that Lanford used is very rigid in the tracking of particles’ trajectories,
hindering to prove his result for time scales larger than very small times, when only about a fifth of
particles have collided. The major obstruction to large time scales is the correlation occuring between
colliding particles: the quantitative bounds of the system’s chaoticity deteriorate over time, making
it impossible to deal with recollisions of particles.

Nonetheless, in a setting close to thermodynamic equilibrium (the Maxwellian state), the statistical
stability of the dynamics guarantees a certain amount of chaos over large times, allowing a very
strong control of the correlations. In the Rayleigh gas model, describing the behaviour of a small
fraction of tagged particles near equilibrium [32], a proof relying on the same ideas as Lanford’s
vielded the derivation on large time scales of a linear version of the Boltzmann equation, called
the linear Rayleigh—Boltzmann equation. This is the work of Henk van Beijeren, Lanford, Joel
Louis Lebowitz and Herbert Spohn in 1980 [34], later completed with applications to color-changing
boundary conditions [27].

A few decades later, in 2013, Isabelle Gallagher, Laure Saint-Raymond and Benjamin Texier
reopened the work of Lanford and his former student, Francis Gordon King [24], generalizing their
proof to the case of compactly supported potentials, and providing in parallel precise estimates on
the convergence rate in Lanford’s theorem. Eventually, these estimates led in 2016 to an article by
Thierry Bodineau, Gallagher and Saint-Raymond on the convergence rate in the linear case, and its
dependence on the long time scaling, so as to infer Brownian hydrodynamic limits [7]. These estimates
on the convergence rates have been improved in 2024 in our previous paper [17], using the adaptive
time cutting that is also used in the present work.

Stemming from their work [7], the authors, joined by Sergio Simonella, also studied the symmetric
linearization of the Boltzmann equation on long time scales [8, 10], using similar methods along with
a well-chosen time cutting, although precising their study so as to capture rarer dynamics events
that are involved in fine correlations between particles. Eventually, they completed their study of
the fine scales of the dynamics in 2023 [9], analyzing the finest correlations of the system through its
cumulants (4.11), exhibiting the equations governing the fluctuations of the empirical measure away
from its expected limit, along with its large deviations.

The present work is dedicated to perform this study in the Rayleigh gas setting, where the expected



limit of the empirical measure follows the linear Rayleigh—Boltzmann equation. The relevant model to
introduce the empirical measure of tagged particles is a gas mixture, in which most of the particles are
initially distributed according to the equilibrium state, and in the low-density regime. Meanwhile,
some other tagged particles are initially perturbed from this equilibrium, their number going to
infinity, yet necessarily in a more dilute regime, to remain in a Rayleigh setting. We choose the
grand canonical ensemble to get symmetry and simplify the study of cumulants. This model allows
to study the statistical behaviour of the perturbed particles, and permits in particular to explore the
phase transition around the low-density scaling. Indeed, looking at the fluctuations of the empirical
measure, we show that there is no threshold ahead of this scaling, which is thus the exact regime to
consider, to observe correlations at the limit.

On the other hand, we exhibit a linear version of the Hamilton—Jacobi equation that describes the
limit cumulants of the tagged particles, and derive a large deviation principle in a tighter functional
framework than [9]. These two results are nevertheless still restricted to small time scales, because
of the absence of strong a priori bounds on the cumulants, due to their non-linear combinatorial
structure. The first part of the present paper is hence dedicated to the study of our Rayleigh gas
mixture on large time scales, in the sense of correlation functions. We extend the previous results
to all the correlation functions, and not only the first one, exhibiting the big combinatorial factors
that appear for high correlation functions, stemming from the time cutting method that we use. To
perform this study, we harness the adaptive time cutting introduced in [17] to improve the quantitative
convergence rates. Performing an analysis on large time scales imposes a condition on the tagged
particles’ number, which is merely a technical threshold and is not required on small times.

Note that the way we deal with the geometry of recollisions is different in the first part of the study
and in the study of cumulants: one may hence appreciate the differences between both methods, and
furthermore, in the coherence of the proof, this allows to use the previous method without proving
it again, to avoid unnecessary heaviness. We also improve the analysis performed in the most recent
geometric method to get a convergence rate in a full power of ¢ instead of | log | (see Appendix D).

Recently, Yu Deng, Zaher Hani and Xiao Ma [13] showed that assuming uniform bounds on the
solution to the Boltzmann equation, and computing a very fine combinatorial analysis of the dynamics
trees, the derivation was valid for long times. Their method might be applied to statistical results like
the ones presented in this paper, to extend their time validity, especially since the uniform bounds of
the limit can be proved in the linear framework.

The Rayleigh gas mixture model, with the grand canonical ensemble for tagged particles, is ex-
posed in Section 2. Section 3 is dedicated to the convergence in large times of the correlation functions
of this system, using the adaptive time cutting method of [7, 17]. We present the fluctuation and
large deviation results in Section 4, and introduce the cumulants and their generating function, before
giving their equations in terms of dynamics trees and interaction clusters in Section 5. Eventually,
we use these equations to compute integrability bounds on the cumulants in Section 6, to find the
equations of the limit cumulants, and to study the Hamilton—Jacobi system that governs them in
Section 7, finally proving the fluctuation and large deviation theorems in Section 8.

Several appendixes follows to expose technical results, about the change of parametrization of
the hard sphere scattering rule (Appendix A), the cumulants and partition function combinatorics
(Appendixes B and C), the geometric control of cycles in the particles’ dynamics (Appendix D), and
finally the functional analysis of the linear Rayleigh—-Boltzmann and Boltzmann—Hamilton—Jacobi
equations (Appendix E).

In the end, a notation index gathers the various choices of writings at page 72.



2 Modelling a perturbed cloud in a gas of particles at equilibrium

This section is dedicated to present the framework we work with: the classical hard sphere model
at microscopic scale, its statistical description and its expected limit density, satisfying the linear
Rayleigh—Boltzmann equation. Eventually, we will expose how we model an unbalanced mixture in
the grand canonical ensemble, which is the part specific to this paper.

2.1 Microscopic hard sphere model

Microscopically, we consider exactly the hard sphere model, which resembles a perfectly elastic d-
dimensional billiards (Fig. 1). The state of a gas of N particles is completely determined by the
positions (in the d-dimensional torus Td) and the velocities of every particle, represented by the
vector

zy = (21,...,28) = (zy,vy) € DV = (T? x RH)N,

The hard sphere model consists in an exclusion condition, which states that two particles cannot get
closer than a certain diameter £ > 0: the positions have to belong to the hard sphere exclusion set

X5 = {zy € T, Vi# j, d(xi,x;) > €}, (2.1)

where d(-,-) denotes the distance on the torus; and hence the state of the gas z must belong to the
open domain Dy, = X5 x R,

Within this set, the particles’ dynamics is given by the Newton equations for uniform line move-
ment, while on the boundary of Dj;, for at least two particles (let us say ¢ and j) we have that
|z; —x;| = e: they collide. Then, if the scalar product (x; —z;) - (v; —v;) is positive, it means that the
particles are exiting the collision in uniform line movement, but otherwise they are entering the colli-
sion and must scatter according to the following system giving the post-collisional velocities (v, v;’):

T — i\ T — T
’r_ i J i J
Vi = U — \ U — Uy,
€ €

T — i\ T — T
I — . ) .t J ? J
Vj —vj+<vl—v], > g .

(2.2)

3

In the hard sphere case, the interaction is taken instantaneous and elastic: the system (2.2) stems from
the preservation of momentum and kinetic energy. Appendix A is dedicated to the parametrization
of this scattering system by either one of the following angles.

xi—xj UZ'/—’U]',
o =T o
2 vi’ — vj|

(2.3)

This dynamics is well-defined up to a zero measure set of initial configurations, in which infinite
amounts of collisions might happen in finite times, along with collisions between more than two
particles at a time. This result was proved by Roger Keith Alexander [1]|, and might also be found
in [18]. Some other models use non-instantaneous scattering governed by potentials of interaction
that can be short-range [18] or long-range [14, 3]. The review by Cédric Villani [35] gives a global
overview of collisional kinetic theory.

2.2 Statistical description and linear Rayleigh—Boltzmann equation

As the number of particles N gets large, this hard sphere dynamics becomes very difficult to compute,
especially because it is very chaotic, so that we choose to describe the gas statistically. This paper
is dedicated to the study of a gas of identical particles, yet divided in two distinguishable parts,



represented by tags £y = (f1,...,0xn) € {0,1}: the tag £ = 0 will be attributed to particles initially
distributed at thermodynamic equilibrium, and the tag ¢ = 1 to particles initially perturbed from
that equilibrium.

At fixed N € Nand ¢ > 0, we consider Wx (¢, zy, £5) the canonical probability density of presence
of particles with tags £, on the phase space Dy at time ¢ > 0: by exchangeability, it is invariant by
permutation among particles with identical tags. The microscopic dynamics provides the Liouville
transport equation for W5, within Dy

WS + vy - Vi, Wi = 0. (2.4)

The solutions to this equation are provided by the method of characteristics and expressed in terms
of the initial distribution W§;(0) and of the free transport going back in time, in such a way that we
need the following boundary condition to pursue transporting back the density when two particles
emerge from a collision:

d(zi,z;) =€ and (x; —zj,v;, —vj) >0 = Wxl(zy) = Wi(zy)s (2.5)
where 2y = (21,..., 2, 0%, ...,25,v;%,...,2n) denotes the pre-collisional state associated to zy.
Note that by reversibility, the formulas for (v}, v}) are the same as for (v;, v}).

In the next section, we will present the grand canonical model, which randomizes the number N
of particles to a random variable A/, the expectancy of which is tuned by a parameter p called the
chemical potential. The kinetic limit that we consider is called the low density limit, or Boltzmann—
Grad limit, and consists in letting this chemical potential u go to infinity while keeping a constant
mean free path p~'e'™@ = 1, so that the particles’ diameter ¢ goes to (. In this limit, assuming
initial chaos, the first marginal of the density usually converges to the solution to the Boltzmann
equation [25, 18, 13].

This solution to the Boltzmann equation, studied by Boltzmann and Maxwell, when well defined,
relaxes in large times to an equilibrium called the Mazwell state and defined [11] as

Mg(x,v) = (i)d/g exp <—§|U\2> . (2.6)

The parameter 3 stands for the inverse temperature of the system, tuning its intensive (kinetic) energy.
It appears that the density M EPN Ips, is an equilibrium of the microscopic hard sphere dynamics, and
in this paper we consider specific initial conditions that are close to this thermodynamic equilibrium,
to retrieve a linear version of the Boltzmann equation, whose theory is much simpler and hence might
be derived for long time scales. More precisely, we consider the nonideal Rayleigh gas model [32]:
a subset of particles are tagged, breaking the particles’ exchangeability. In the case of a single
tagged particle, the derivation of this linear equation has been shown [7] when choosing the following
perturbation of equilibrium as initial state

Ly (zy)

W]%(OaéN) = 2
N

plx1) MG (),

for p € C(T?) a continuous space perturbation on the torus, and Z3f a normalization constant.
Indeed, in the Boltzmann-Grad limit, the first marginal of W behaves like the solution g = Mgy to
the linear Rayleigh—Boltzmann equation |7] with initial condition p:

oot Vop = [ [ [ot0") = ploNM(ue) o, v = )
p(@).

©(0,z,v) =



This linear equation (2.7) is globally well-posed in the velocity-weighted space L3°ILy°(Mpg/o) (see
Appendix E), and allows to derive the linear heat equation in the hydrodynamic limit [7].

Some partial results exist for this same model with long-range interactions instead of hard sphere
collisions [14, 3], yet the complete derivation of the Rayleigh-Boltzmann equation for general po-
tentials is still an open problem. Other ways to derive the linear Rayleigh-Boltzmann equation for
long time scales are the ideal Rayleigh gas model, in which the particles at equilibrium don’t interact
among themselves [16, 28, 29], and the Lorentz gas model, which consists in letting a tagged particle
evolve in a frozen random background [33, 12, 22].

2.3 Grand canonical framework for the mixture

As introduced in the previous section, we want to study the behaviour of an arbitrary large subset
of tagged particles perturbed away from equilibrium, whose density will follow a linear version of
Boltzmann equation. This derivation has been studied in the case of a finite set |7, 17|, but to provide
extended statistical results on this gas we hereafter take its size to infinity, yet remaining a tiny
fraction of the gas. To preserve a symmetric structure on the objets that we consider, we will work
in the grand canonical ensemble and introduce an additional tagging variable indicating to which set
each particle belongs. This approach to describe a gas mixture is different from the canonical one
used by loakeim Ampatzoglou, Joseph K. Miller and Nataga Pavlovié in their article deriving a mixed
Boltzmann equation [2[; indeed their description is made in the canonical ensemble, at fixed numbers
of particles of each kind.

The particles at equilibrium are taken in the usual low density (Boltzamnn-Grad) limit, whereas
the tagged perturbed particles only occupy a tiny fraction of the gas, smaller than the Boltzmann—
Grad density: otherwise indeed they would behave like a classical Boltzmann dilute gas, satisfying
the non-linear Boltzmann equation. This all boils down to the following scaling,

usdfl =1 and 1<Ky, (Se,u,/\)

where p > 0 corresponds to the chemical potential of the particles at equilibrium, and A > 0 to that
of tagged particles. The notation A < u simply means that Au~! goes to 0 as A and u go to infinity.
Formally, the particles at initial equilibrium will be tagged with a 0, and the initially
perturbed particles will be tagged with a 1. The tags of all particles hence form a vector
L, € A, ={0,1}", identified to the corresponding subset ¢, C [1,n], with the following notation

. ®L,
o] = lLalli = 1{i <n, i =1} and @5 (z) = [] wo(z0).
<n
;=1
Indeed, instead of p a perturbation happening in space only, as in [7], we will hereafter consider an
initial perturbation ¢y € L*(T? x R?) also happening according to the velocities. Now, the mixed

grand canonical ensemble consists in relaxing the number of particles, weighting it with a mixed
1—d

Poisson law depending on the number of tagged particles. More precisely, at fixed p = ¢~ %, we take
the following weighted canonical initial densities
Wi 0, 2, L) = ——Z——M" ()0 " (2, )Lz () (2.8)
“w

driven by Liouville equation (2.4), for a normalizing constantZ,, that we will adjust soon (2.9). We
introduce the following correlation functions, based on the marginals of the canonical densities. Note
that we also take the marginal according to the tags, which corresponds to a sum over ﬁ;; € Ay, and



we denote /

(Z 6) n+p.

=n+p T \=noZp ny=Zp
A& \ =4 .
15 *
Filtzata) =3 30 S0 [ Wi 20y L)
p>0€*€A

= I\, |Z Wity (620 o),

where the normalizing (grand canonical) partition function is hence defined as follows

1€l =12,
Z Z : M /M®p p(zgp)ﬂx;@p)dgp. (2.9)

p=0 £ €Ap

In the previous paper [7] presenting the situation where only one particle was perturbed, thanks
to the invariance by translation of the system, the partition function was not depending on the
perturbation ¢g. Nevertheless, here the perturbed particles are correlated one with another, prevent-
ing us from using the same argument, which is why the initial perturbation appears in the formula
above. Note that the velocities of the non-perturbed particles (in the complementary of £,) may be
integrated using the fact that the equilibrium Mjp is of integral 1. We still keep this formulation for
symmetry reasons; a more precise study of this object is made in Appendix C.

Our probabilistic study is based on the random variables (Z 4L, i)1<i<\, giving the states at

£,i?
time ¢, and the tags of the particles. The density of the initial state (ZE[Z}, L;) is given above, and
the evolution at time ¢ is a deterministic piecewise affine function of the initial state. The correlation

functions are in fact defined such that for any observable H,, € CZ°(D" x A,,), we have

Li,..., 24 L)

g,n?

E Z H<Zs[t]zl7Li17" Zc[t]z 7L ) :]EI:(sNZn

i Hy, (2]
= n)!
1<ip #1 <N

g,

—an _nlz Wft,zp,e) n(2n: £,)dz,

£,ENp

S e / FE(t 2 o) Hu(2: L)1z,
£,€An
(2.10)
This formula between the correlation functions and observables will be used in the combinatorial
computations of Section 4.2, when expanding the cumulant generating function. By the usual BBGKY
arguments [18, 2| the canonical densities (2.8) satisfy the following hierarchy

&W;,’(n) + v, - V%Wf\,’(n) gd-1 Z Z/ W, Ve — Vi) Wi (nH)(zn,En, i + ew, v, £)dwdu,
=0 i=1
= (N = m)et (e s ew ) (2.11)

The two operators we hence define are called collision operators and represent the action of a (n+1)-
th particle (tagged 0 or tagged 1) on the average distribution of n particles. To better understand
these operators, we rewrite them using the boundary condition (2.5) when (w,v,4+1 — v;) > 0, and
the change of variable w — —w otherwise:

Cf;W;,’(nH) = Z /dwdvnH(w,vnH — V)4 X

n? Tl’

[W]i;(n+1) (gjuﬁnami + Ewall}:(z-i-l?g) - W]E\/z(n—i_l)( f 50J,Un+1,‘€) : (212)



Morally, we look at the influence of a (n + 1)-th particle—with tag f—on the dynamics, colliding
with one of the n existing ones with angle w and velocity v,y1, whence the name collision operators.
The cross section (w,vn+1 — v;)4+ weights the likelihood of such a collision. As a consequence, the
correlation functions satisfy

5 . e __ (n+1) 1 > g,(n+1)
atFn+Qn vinFn ‘g A Z < n n—i—k +C n+k )

d—1 d—1
_ Z C<0 e(ntl) | AE e et
- n+1 mwm k! Wi 1\, [+1 k! T Akl
k>0

=

which eventually leads to the following hierarchy in our mixed Boltzmann-Grad scaling (S- ,, »)

A
OFE + v, - Vg Fe=COFE | + ;c<l> < (2.13)

n n

3 Long-time convergence of the correlation functions

The formal limit of the hierarchy above (2.13) with initial conditions (2.8), presented in Section 3.2, is
satisfied by the family (Mg@"gow")n?l, with ¢ the solution to the Rayleigh-Boltzmann equation (2.7)
with initial data (. This result is formalized in the following section, with a quantitative conver-
gence rate.

3.1 Convergence result, a law of large numbers

The following theorem provides a convergence rate of the mixed correlation functions to the solutions
of the Rayleigh-Boltzmann equation, which is a generalization of [17, 7] with a time scale of validity
improved by a power 1/4 thanks to a more precise computation (see the proof of Proposition 3.6.1).
We extend the result to all the correlation functions (not only the first one), yet at the cost of a bad
constant n“ stemming from the time cutting method we use. This constant, which did not appear
in the convergence of the first marginal, is due to an accumulation of errors at each time step of our
cutting. Note finally that we use here the adaptive time cutting introduced in [17], improving greatly
the convergence rate compared with [7].

Theorem 3.1 (Convergence of the correlation functions). For some sets A5 C D" whose measure
goes to 0 with €, there exists a constant cg depending only on the temperature and the dimension such
that, for any o € (0,3/4), as long as

t < (loges 10g5|)%_0‘ and X\ < |loge|'™?, (3.1)

and for € small enough, one has the following convergence rate of the correlation functions to the
linear Rayleigh—Boltzmann solutions in our mized low density scaling (S- ), for a constant ¢ > 0;

| F5 — M?” ®’"”L<x> ([0,]xDr\AS) < n" exp (—Cﬁ| 10g€\1_a) .

3
The notation t < (log [csloge|)*™* means that, for a good constant ¢ > 0 depending only on the
dimension d and the inverse temperature 3, one has

t < c(log|cglog 5\)%_

The proof of this theorem is the subject of Sections 3.2 to 3.8. It is close to the proof presented
in [17], but in the mixed grand canonical framework and for all the correlation functions instead of
the first marginal only.

10



This theorem provides a first corollary on the statistical behaviour of the gas. To do so, for an
observable H € C°(D x A1) we define the random variables

ZH “, (3.2)

the empirical measure of all particles, and

wiH] = 5 ZH Z8, Ll (3.3)

the empirical measure of the tagged particles. Thanks to Theorem 3.1, one can deduce the convergence
of these empirical measures, hence providing a law of large numbers for the hard sphere dynamics. This
result is given in the space L? of square-integrable random variables, embedded with the norm E U . ]2]

Corolary 3.1.1 (Law of large numbers of the dynamics). The empirical measures converge as random
variables in L2, the non-tagged particles towards an equilibrium state, and the tagged ones to a state
described by the linear Rayleigh—Boltzmann equation (2.7), in the following way

[H] LTQO / Mj(v)H(z,0)dz, (3.4)
and ,
#[H] LT0> / Ma(v)p(t, 2)H(z,1)dz. (3.5)

Proof. To show that the random variable £ [H] converges in L? to a deterministic limit a € R, writing
i [H] — a = mi[H] - E[r;[H]] + E[r}[H]] - a,

it is enough to show that E[r{[H]] — a and E [‘ﬁf[H] —E[=;[H]] ﬂ —— 0. Using formula (2.10),
e—0 e—0

one can write

N
E th(zﬂ,L )] = /Ff(t, 21,0)H (21,0)dz +2/Ff(t,z1,1)H(z171)dz1,

K i=1

so that the expectancies converge by Theorem 3.1 above. For concision, we show the fact that the
variance vanishes in the tagged case, denoting h = H(-,1). The equilibrium case is treated in a
similar8 though simpler way. Let us compute, once again by formula (2.10),
2
+ ( / Ff(l)h)

E [\frg —E[#[H]]| } Z n(ZPnz)| - [Zh /
— /F5(1,1)h®2 + i/Ff(l)hQ —2 (/Ff(l)h) + </Ff(1)h>2

,j=1
2
— [ M§? ®2+0—</Mﬁ<p> =0,

e—0

thanks to the convergence of the correlation functions (Theorem 3.1). The other convergence (3.4)

A
follows similarly in the scaling — goes to 0. U
7

11



3.2 Pseudo-trajectories and strategy of proof

A
We now choose to denote p, = — the fraction of initially perturbed particles, so that iterating

Duhamel formula as in [18] or [7], we can write the Dyson expansion

=53 B Qug (VL4 (0), (3.6)

k>0 £ €Ay,
developing the choice of the encountered tags £; = (gn+1, e ,gn+k), with the successive-collision
operators defined as
. i ln
Qn.ex () = On(t — t1)C T Onp1(tsy — ta) ...l Oy (i) dty, (3.7)

Ty (t)

where ©,,(7) denotes the transport semi-group operator in D;, with specular reflections, for a time 7.
The collision times are integrated over

Tk(t)i{ﬁk‘Oitkﬂgtkg'--gtlgtoit}. (3.8)

The main idea of the proof, coming from Lanford’s original paper [25], is to use a coupling between
this expansion and its limit version, implying imaginary histories of the particles, that eventually lead
to the state z,, at time ¢. These histories, called pseudo-irajectories, are non-physical trajectories
that—in a way—allow to extend the method of characteristics for the successive-collision operators.

Indeed, the transport operators appearing in (3.7) correspond to following the characteristics of
free transport, with specular reflections: taking the first operator ©, (¢ —¢;) of a functional amounts
to consider this functional at time ¢1, in a state z[ 1l given by the hard sphere dynamics.

Then, the first collision operator (2.12) writes

n 1 —Z Z Sl/dwldvn+1 w1, Unt1 — vi)+-F i (2 ! >7£n7$i+315w177)7<18_:,1_>17€)7
i=1 s1==%1

where gﬁfl) =z} and §§L_1> = z,,, scattered for the gain term, and let unchanged for the loss term, so
that the collision is always incoming, allowing to pursue the backwards method of characteristics with
the next transport operator. Hence, for given collision parameters (i, s1, w1, Un+1), this operator can be
seen as a weighted adjunction of a particle to the characteristics—or pseudo-trajectory—which scatters
(or not, according to s1) with particle i, creating a new state ggﬂl = (glfl],xi + slswl,vffﬂ). The
integration and sum over these collision parameters will yield an integral over pseudo-trajectories.
Iterating this extended method of characteristics and tracking the pseudo-trajectories (z,, 1] ) thus

[0]

constructed, we bring the analysis back to the value of the functional at time 7 = 0, in the state Zpik

We will have to record the labels of the existing particles meeting the new one, the velocities of
the particles that spring up, the angles at which the encounter happens, and whether they scatter or
not. The pseudo-trajectories will also keep track of the tags of the encountered particles.

Here is precisely how we construct the pseudo-trajectories. The choice of the successive encoun-
tered tags is registered in £; = (bpst, ... lnir), and expanding all the sums in all the collision
operators (3.7), we can sum it up to the history (mq,...,my) of which particle encountered the
(n + i)-th new one. These particles naturally belong to the following set

My s, = {(ml,...,mk) Vi < k,m; §n+i—1}.
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We consider the scattering labels (s1, ..., sz) € {£1}*. The fact that some encounters do not scatter,
along with the fact that particles are artificially added, is why the pseudo-trajectories are not physical
trajectories. Once the total history

Xp = (1, G 5) € Hao = M x Ag, x {£1}F (3.9)
is fixed, for given collision parameters (wy, Un+1,---,Untk), We can construct the pseudo-trajectories
for every z,, = H backwards in time to a conﬁguratlon z,? m, following the inductive procedure

below:

Ja

n = £

Vie[0,k], VT € (tiy1,t:), 2 [T] +; follows (backwards) the physical hard sphere dynamics

Vi€ [1,k], szrZ <ZE+]Z<1>,fL'mZ + stwl,vf;>1>

(3.10)
One may observe that the change of velocities in the last step is automatic by the hard sphere
dynamics’ boundary condition, but it will not be for the limit version of pseudo-trajectories, since the
limit particles are formally pointwise. In the end, one can write the pseudo-trajectory formulation of
the Dyson expansion

ZZPW |/ dtk/dwkdvn+1 d'U’nﬁFkHSZ Wiy Unti — U%L]>+F€+k(ov§grk’zn+k)'
=1

k=0 X

(3.11)
A small technical detail lies in the fact that the added particles must satisfy the exclusion condition.
A way to deal with it may be to impose a condition on the domain on integration of the collision
angles [9], yet here to simplify we merely change the definition of the pseudo-trajectories: if at any
moment the exclusion condition is violated by the adjunction of a particle, then the trajectories are
frozen in this state until time 7 = 0, so that the integral formally vanishes thanks to the initial
distribution F;,;(0) being 0 outside of Dj, .

Our goal is now to prove the convergence of the correlation functions to the limit densities

Gty 2ps L) = ME™(0,) 0% (1, 24 ),

rTENY =N

where ¢ is the solution to the linear Rayleigh-Boltzmann equation (2.7). Because of the structure of
this equation, this family satisfies the following hierarchy

(at_‘_Q.V Z Z SC/deUn+1 W, Un+1 _U’L>+Gn+1( <sc>7€n7$17 7<7,+)170)7 (312)

1=1 S¢c=

noticing that the terms vanish when the scattering occur between two particles distributed according
to the equilibrium Mgm. This equation is the formal limit of the BBGKY hierarchy (2.13) in the
mixed low density regime (5., 1): it makes only appear the collision operator linked to equilibrum
particles, tagged 0, since the other one has a factor A/u which vanishes at the limit. It leads to the
following limit version of the Dyson expansion (3.6)

li
= 370 (1G4 (0), (3.13)
k>0
where the following successive-collision operators contain only collisions with particles at equilibrium,

and limit free transport of pointwise particles, without scattering:

fim (t) = T(t)@};m(t eI (1 — t5) ... el (1)dty,. (3.14)
k
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The limit collision operators C7<10>’hm are the formal limit of the collision operators (2.12), for ¢ = 0.

The same computation as below for this limit hierarchy leads to a similar writing in terms of pseudo-
trajectories

k
tr ~
Gn(t) =) 1pg, /} o dt,, / dwydvpi1 ... dvnp [ ] sifwis vng —U,Lgi]>+0n+k(o, gﬂk, bosr)s
k =1

k>0 X
(3.15)
where the limit pseudo-trajectories (giil) are defined as their hard sphere versions (3.10) for € = 0,
with the noticeable difference that in the dynamics followed on each time interval (¢;11,t;), the
particles are pointwise and hence follow the free flow without any scattering.

Strategy of proof We will couple both pseudo-trajectory formulations (3.11) and (3.15), bringing
down the difference at a certain time (F); —G,)(t, z,,) to the difference at time 0 of higher correlation
functions [F5+k(t,gfik) - G”*’“(t’é[ﬂrk)}‘ For these hierarchies to be well coupled, the two pseudo-
trajectories must be close; the classical argument is to show that the transport operators G, appearing
between the collision operators, do not imply additional recollisions, since the trajectories would
diverge from the limit transport operator @lkim, defined on the whole space D¥ without recollisions.
Indeed with this method, it will be enough to use continuity estimates on the operators to
bring the convergence back to time 7 = 0 where we can use explicit initial proximity. Nevertheless,
these continuity estimates demand to work with trajectories that do not contain too many particles,
so that we will first compute a tree pruning, and control the pruned-out term using some a priori
estimates on the densities. The last step before proving the convergence will be to discard the
pseudo-trajectories in which some perturbed particles are encountered, as this situation does not
happen in the limit pseudo-trajectories. This strategy will be followed in the following sections.

3.3 Initial proximity

The total kinetic energy, preserved by the transport and by elastic collisions, will be denoted

k
logl® =D ol
i=1

where |v;| is the Euclidean norm of the velocity v; € R of particle 7. For an inverse temperature 8 > 0
and k € N*, we consider the space Fj, g of measurable functions defined almost everywhere on the
domain D* such that

I fll,s = supess| fi(z,) exp(Bllue|*)] < oo, (3.16)
2L

hence decreasing at least as the Gaussian equilibrium M ?k in velocities. We denote

Co = maX[HM6||1,5 s 1Mol ||<Po||Loo(D)]- (3.17)
The initial error between the microscopic densities and the limit ones is mainly due to the exclusion
condition, of which we can compute an explicit control. Some technical difficulties, dealt with in
Appendix C, appear because of the structure of the grand canonical mixture and its partition function.

Proposition 3.3.1 (Initial proximity). For all n € N and tags £, € Ay, for any \,u > 0 in the
scaling (S:,.\), one has

H]IX,LME”%%” 0,8 < core. (3.18)

n,
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Proof of the proposition. We denote 1;4; = 14, 2;)>e and Liv; = Ly, +,)<. the indicator of exclusion
between ¢ and j and its complementary. Recalling that 1x¢ denotes the exclusion condition (2.1) and
by definition (2.9) of the partition function Z,,, we can write, once again denoting l, ip = U 0):

L,

e Mg 05 — Fi(0)

. (n)
_ b LS NGl o161 r5m 2L / 5 MOy <¢®en+p MET ) 7

| n+P
p=0 €N

and expanding the marginals’ formula, the exclusion indicator might be decomposed as

® ®£n Ly 3 r® Oy yp 3 rOn+
Lz Mg /@o PMgPlye — [ g "TPMg " Py, dzy

®¢L,, *
:]lXEM‘Xm /(Mggoo) fp(zz*)]l;(a H 1,, at dg;;yg,
1<i<n
1<j<p

using that Mg is of integral 1. Then, we will harness the following basic set property,

]lxif)éx’f < ]lxiNx’fy
I Loie; < 3 Boinss

1<i§n 1<i§n
1<<p 1<y<p

yielding

; 1 X5M®” Skn p— I,p
=n

151 .
~F0) < TS 5 I S ) g b

P20 £5eh, 1<ign
1<j<p

s ME 0, ®

To be able to integrate over x7, we denote E(]) = (07, .., 51,0541, - - -, £,) the vector of all tags apart

from j, so that (using definition (3.17) of Co)

EEY Y Y

pZO 1<i<n 3(9)
1<j<p b Ehrt

AL <”| w157 i

Y] 7)
- ]1/\’5]]-:2 Nw]

H]lXEM@m 8Ly _ (o)

AT (\Co+p) / (M)

)\‘E;—1 |MP*1*‘£;—1| B o
an > p! 208 1’€d/(Mﬂ900)®p111X§-1

K p=0 —1€Ap—1

using the exchangeability of identical particles, and we get in the mixed low density scaling (5: ,.))

n ﬁn 15
H]l;ggM? @? _F”(O)H 5 < 2|8 1]5 nz Z o=
" P10 eh, ’

)\\ﬁ;;,ﬂup—l—\ﬁ;,ﬂ

/(MBSOO)@g;l]lX;-I,
which concludes the proof recognizing the partition function Z, (2.9) after an index shift. (]

3.4 A priori estimates

As in the previous works [7, 17] about the Rayleigh gas, the long-time derivation is allowed thanks
to a priori estimates yielded by the rigid structure of equilibrium. Indeed, the canonical densities
initially defined in (2.8) satisfy for all (z,,,£,,) € D" x A, that

nI=n

Al 'u -l

W0, 2,,£,) < ool ME™ (w,) L (), (3.19)

’1EN) =n
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but their evolution is simply given by the global transport of n particles, by which the equilib-
rium Mg’]l;(g is invariant, so that for all times ¢ > 0 the bound (3.19) is propagated by the transport
and remains true. Hence, taking the marginals we get

()\CO)‘£k|+|£n—k‘Iun_‘ﬁ“_lgnfk‘

k
UERICENAESEDS E ME* () (Lag) ™ (2e)
g:szeAn*k a
e AC() ‘ﬁk‘ﬂk—‘ﬁﬂ k
< (ACo + 1) k%Mgk(akﬂ(X; (1),
o

where the factor (ACy + )" ¥ stems from the sum over £*_,, using the binomial theorem. The main
difference in the linear case, compared to the general non-linear one, is that the bound (3.19) on the
canonical densities uses the invariant density M®", that passes to the k-th marginals to become M ®k,
contrary to the constant C™ in the general case.

Eventually, these bounds over the marginals of the canonical densities leaves the following a priori
estimate for the correlation functions

®n .
FE(t, 2,0 ) M Z 1 (ANCo+ p) ()\C’O)Mn"u ‘£n|]l(ng)
2b) < <l Z, Xy
Ln‘ ®n
3 (ACo + p) /
< e
ZM I; p! P
|7n‘ Xn
Com M (ACo) "
B 0)" 1
- 2y Z q'r! /1X§+r (3.20)
q,r=0

where at line (3.20) we computed a direct binomial theorem. The key point to end our a priori
estimate is now to control the remaining quotient implying the partition function Z, and the slightly
modified version of it, which is the following proposition.

Proposition 3.4.1. There exists a constant Cy depending only on the dimension such that for p
large enough, in our mired Boltzmann-Grad scaling (S- ), we have

1 (ACo)p" CoA
z Z q'r! /ﬂXqE” <G
”q,r}O

The proof of this technical result is given in Appendix C, using an explicit expansion of the
partition function according to the cumulants of the exclusion. Eventually, this leads to the following
proposition, which is the main argument of our long time analysis.

Proposition 3.4.2 (A priori estimates for the correlation functions). For any n € N and € > 0 in
the mized scaling (S: . ), one has

F5(t, 2 6,) < Cyr ME™ x O, (3.21)

Y ENI =N

3.5 Continuity estimates

Thanks to the a priori estimates (3.21) given in the previous Section 3.4, all the correlation functions
(Fy,) extended by 0 out of D;, belong to the space F, g defined in (3.16), with

sup | F()llns < CpC, (3.22)
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Our whole long time derivation is allowed thanks to the fact that these bounds are valid for every time
with the same inverse temperature 5. Indeed, in the non-linear case, this parameter is downgraded
over time until vanishing in finite time [18, Section 5].

Technically, the downgrading of this norm parameter stems from the fact that to control the
collision operators, the sum over the velocities is resorbed thanks to a fraction of the sub-Gaussian
decreasing, eventually providing the following continuity estimates.

Proposition 3.5.1 ([17]; Continuity of the successive-collision operators).
There exists a constant Cy depending only on the dimension such that for all n,k € N*, and all
times t > 0, fizing tags £, ., € Ay and choosing two inverse temperature 8' < 3, we have

fn+k S fnJrk,,B = ngk (t)fnJrk S .Fn’ﬁf, with

k 3.23
Gt ) Yol e
Y ntkllntk,g-
BB~ B

For fixed tags, the proof of this proposition is exactly the same as in the paper [17] about non-ideal
Rayleigh gas, adapted from the article by Bodineau, Gallagher and Saint-Raymond, which derived the
hydrodynamic limit of this gas [7]. Compared to this proof, we merely chose to write ' = (1 — %)
for better clarity in what follows.

HQn,ﬁk (t)fn+k“n,ﬁ’ S en (

3.6 Tree pruning of the Dyson expansion for long times

The continuity estimate presented in the previous section justifies the well-posedness of the Dyson
series (3.6) for short times. To perform a derivation for long times, we will iterate the Dyson series,
but each iteration will make appear a factor " stemming from the estimate of Proposition 3.5.1.
These factors stack, so that at each iteration the successive times would decrease extremely fast and
their sum would eventually be summable, leaving the derivation on finite short times. The method we
use here, introduced in [7], consists in putting aside these stacking factors e’ and to keep it controlled
by bounding the number of collisions appearing in the Dyson series.
More precisely, for a fixed time ¢ > 1 we will split the time interval [0, ¢] into K pieces and impose
a piece-dependant amount of collisions on each small interval of this cutting. The number K will be
tuned in the end of the proof, and henceforth we write
K k
t= Z h;, with time steps t) =t — Z hi, (3.24)
i—1 j=1
so that ¢}, = 0. Like in [17], and contrary to [7], we will not choose a uniform cutting, but an adaptive
one. At the k-th time quantum of length hy, we want at most 2F collisions to have happened; we
prune the collision tree every time it becomes more than exponentially big. Explicitly, between ¢ and
t¥ =t — hy, we first truncate the Dyson series (3.6) to 2 collisions, then expand it again between t — hy
and ¢ — hy truncated to 22 collisions, and iterate this process K times. Denoting the step number of

i, he o ha ha hs he hz

\ 7

t 0

Figure 2: Backwards division of the time interval under study

additional tagged particles and the step total number of particles

k
LkiZyg_y and Np=n4+ji+ -+ jr, (3.25)
=1
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this yields, similarly as in [7, 17], the following pruned expansion

Fit)= > PR Qua (). Qg (hi) e (0) + RY(2) (3.26)
( Ji<2? )
5, €05, 1<I<K

where the remainder is defined as

K
FO=3 S Quy ) Qs (k) XS0 2@ g, (PR
k=1 j;<2t Ji>2k £, €Ny
(E;ieAji>1<k 1
(3.27)
Based on the limit expansion (3.13), one can write the same decomposition for the limit fam-

ily (Gn)n>o0:

Gat)= D> Qub, (h)...QN; o, (h&)G(0) + RY (). (3.28)

(3i<2Y) 1 i i

Let us denote Gp(t) = Gp(t) — RIEV™ () the limit pruned expansion. Since the chosen condition
of a sub-exponential number of collisions is very restrictive at first, and then gradually relaxed, the
adaptive cutting times are chosen small at first and then progressively bigger (see Fig. 2). The bound
on the pruned-out remainder is given in the following proposition.

Proposition 3.6.1 (Estimate of the pruned- out term). With the previous notation, for any a €
(0,3/4) and K large enough satisfying t < K1~ ®, a good choice of time cutting h = (hy,...,hK)
provides the following estimate

|t

+ HR[K] lim (4 )H S

2
Loo(Dd) — (3:29)

Lo (D4)

Note that this estimate imposes a technical condition on the mixed scaling of A and K for the
error to be small; we will tune this scaling in Section 3.8. The factor n“* stems from the fact that we
generalize the result to all the correlation functions, and not only the first one. Indeed, one will see
that this factor is due to the usual bound C" stacking at each iteration of the cutting.

Proof. The proof is very similar to the one found in [17]. We give it for the hard sphere version, since
the limit version is identical. Using the a priori estimates (3.21) on the densities and the continuity
estimate on successive-collision operators given in Proposition 3.5.1, at given @Z)igk—l one has for
every k € [1, K]

Cyh
Z Z pu QNk 1, (hk’)FNk(tp) < eNk 1 Z Z <\/;+f)/’2€> HFNk tp HN B

Jie>2k L5, €Ny Ne_1,3/2 JK>2k £, €Ay
k—1
Jk
<M 3 F ph V2Cahk \ ™ N, o
= v\ B2 '
g >2k Qk GAJ‘k

For y large enough in the scaling (S: ), pp < 1, so that the sum over £; € Aj, only gives a
factor 2% that can be resorbed in the term C™*. We then iterate Proposition 3.5.1, downgrading
the parameter 3/2 by /(4k) at each step, so that it remains greater than /4. Hence we can write,
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grouping CMe-1 and all the appearing terms of the form eNi together as a power of a constant é,
that

Ques, (M) Qs (1) D0 D0 Qg (i) Fv, (1)) (3.30)
]k>2 E EAJI@ n7ﬁ/4
d+1 Ji d+1 Jk-1 Jk
< CONETIT N <4> L awcah | <4)  IEC 3 V2Cahk
B B Pt VB

We now observe, on the one hand, that recalling notation (3.25) for N; and since for i < k—1, j; < 2
we have Zi':ol N; < nk+ 28t On the other hand, we can also put aside from the sum the following

factors
4 a1 S di
((6) zkiacd> < (Cghki=)?".

This computation is what allows us to gain a power % on the time scaling that we imposed in
Theorem 3.1, compared to [17]. Indeed, in the following, the computation above harnesses the full
power decay of the last time interval hy, whereas some of it was lost in [17]. In the end, for a possibly

larger constant C' depending on d and 3, we get

ok—1

K
HRLK](t)HLOO < COAN k(o) Z S (kTR (kTR Y (Chy)
k=1

Jj1=0 Jk—1=0 Jr>2k
Eventually, we consider similarly as in [17], for all 1 <i < K|
_ 1704_1-
6_2(K K ) 1

hi = < :
& 2Kt T oKate’ 331

and renormalize them such that

3 .
Indeed, as soon as t < K1 2% we can write

1. 1 -
n E hi > n hi—j
1=1 =0

Now, the time interval length (h;)1<i<x cover t as imposed by (3.24), and their choice provides,
summing the geometric series over (j;)1<i<k,

HRLLK}(t)HLoo SCCOAiC”k(Cki—a 9k Z ( —pK KT k)“
k=1

Ji>2k

K 1_\2" / _or-xl-a_y

ok




Observe now that there exists a constant ¢ such that (k > clogn) = (nk < 2¥), so that in this case

the factor C™ is absorbed by Czk, and for k < clogn, then C™F < ¢enlosn — n(cgC - Now, the
1 1

denominator K17 crushes the term CK 1~ for K large enough and we end up with

HRLK] (t)H]LOO < (O Gmlogn 25—

3.7 Discarding trajectories implying several labelled particles

Since the limit pseudo-trajectories defined from the limit hierarchy (3.15) only imply collisions with
particles at equilibrium (which are in wide majority), we must get rid of the ones including collisions
with perturbed particles. We hence write our pruned expansion as

S Qua () Qs (i) (0)

( §i<2’ )
J
45 €Ay, ik

= D Quo, (). Qe g, (hK)FF,(0) (3.32)
(3i<2)1<icie
K
YD > PR Qug (M) Quy g (hi)FR, (0), (3.33)
(7:<2) k=1 (£ i<k
40,

and we denote F£(t) the main term (3.32) containing only collisions with equilibrium, and F2" (¢)
the one implying unwanted encounters (3.33). We bound the latter in the following proposition.

Proposition 3.7.1 (Encountering tagged particles is rare). As long as

pp§277

in the same time setting as in Proposition 3.6.1, the unwanted pseudotrajectories implying tagged

particles are bounded by p
1 () lpoe (pay < AT . (3.34)

The reader may think of the factor CA" as a small negative power of € in the final scaling we will
compute in the following Section 3.8, so that the scaling proportion p, will have to compensate it.

Proof of the proposition. A computation directly adapted from the initial proximity bound (3.18)
leads to the estimate

|Ec©. 2, < (@,

K>
so that, using the binomial identity

15,

> Al

£ en;,

1+p#)

and the same continuity estimates on the successive-collision operators as in the proof of Proposi-
tion 3.6.1, one has

K Ji
u.e. n 1_4\2K
LB (1) ey < O (R 3 Z (1 + ) H( )

(]1\21)1 K =1
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Notice on the one hand that
(C’Ki_a)QK = exp [QK log(C’K%_a)]

< exp (AK)

for any A > 2 as long as K is large enough (depending on A). On the other hand, using j; < 2* and
taking p, < 275 < 27F we have by convexity on [0, 27 that

(1 +pu)jk -1 S (1 +pu)2k -1
< (e— 1)2kpu,

so that eventually

K K i
1% 1 Ji
O e D DL D | | (2)
k=1 (ji<2)icx =1
< Py C«\nK—I—AK
2f 1 2k

for another constant C' absorbing the factor (e — 1) , concluding the proof. O

3.8 Proof of the convergence

Now that the pruned-out terms have been controlled, we want to compare the pruned terms ﬁﬁ (t)
and @n(t), which is the last step before our choice of scaling for K and the conclusion of Theorem 3.1.
As explained in Section 3.2, our strategy relies on considering pseudo-trajectories without recollisions.
The method is an adaptation of |7, Section 5| which is now classical; it follows from several approxi-
mations: an energy truncation and a time separation of the collisions are operated, so as to be able
to construct a small set of bad collision parameters, outside of which there will be no recollisions.

This time separation method does not yield the best quantitative estimates, but in our study
in long time the worst error is made with the pruned-out terms, so that here we use this method
anyway. This allows concision on the one hand, and on the other hand one can thus compare it with
the optimized method stated in Appendix D.

Like in [17], we still refine the quantitative bounds using the same continuity estimates on

Qn’£;1 (hy)... QNK-l,EjK (hk) as in Propositions 3.6.1 and 3.7.1, which induces our factor Cg”KJ“AK,

instead of the original crude bound with |Q|; s, (t), which gave a factor (Ct)* (see [7]). From a
physical perspective, we decompose the time interval into small pieces whose lengths are adapted to
the maximum number of particles that may appear in them, so that the dynamics behaves similarly
during each one of them. Hence, as long as time does not get too big with respect to the number of
pieces, none of the estimates depends on the total time length.

2K

Pseudo-trajectory formulation First of all, let us notice that the pruned expansion (3.26) has a
pseudo-trajectory formulation similar to the original one (3.11), summing over the successive numbers
of collisions (j; < 2i)i5 i, with the following additional condition on the collision times, located
between the time steps (3.24):

L €T3 (0= {(t oo ) € Tue(t) s {lgrnso st} € 140 281
where Jg = Ng —n = j1 + -+ + jx denotes the step number of collisions. As announced above,

we start by computing a few approximations, initiated by an energy truncation, so as to work with
bounded velocities.
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Energy truncation We hence consider the following functionals with truncated energy

Tk "
FE [V] Z Z / dt;, /de dvgiq .. vaKHsZ Wi, Unti — v,[nz]>+ (3.35)
y XJK ] =1

K Lg=0

00
YK

and similarly the truncated limit functions éllv I. The error made by truncating the velocities is

Fr(t) = BN = 37 Quo, () Quie_yo,_(hi)

(4i<27)

F5. (0)1 2 ,
M >V2]
with the following initial estimate

< sup
dN
Nk,B/2 Up ERTTK

Blluny | 2
i @)l D 5v2

F (0, ng] L)1 [ [P>v

<[ O], eV

Hence, applying the same bounds as in Propositions 3.6.1 and 3.7.1 in the same setting, we end up
with the following lemma.

Lemma 3.8.1 (Energy truncation error). The error due to the energy truncation is bounded by
IF5(0) - FEM0) ] < 0" enp (<5v2)). (330
The same holds for its limit version G, (t) — GIY1(¢).

Time separation We now need the successive collisions to be separated enough in time, to avoid
pathological geometric recollisions. Like in the previous section, let us define

JK
t
Felv 5]( )= E Xg /TW o dt /deKdvn_H .dong H Si{wi, Upgi — viﬁib_,_ (3.37)
j Ji j =1

e [0]
S
YK
with the separation condition encoded in the time set

[
o) = {teT; @), tin—t >4}, (3.38)

The limit version CA?LV ] is defined by the same time restriction. The error of time separation is

[ F‘e[v‘S Z Z / /deKdvnH...vaK

g L
X HSZ wz,vml — Unyi)+ X Fy,. (O,ZE(\),]K)]l’

2
[0] Y
o <V
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and one can write

(190) = U {te 1,0 - tur <), (3:3)

Now, the integral in time over one of these sets, using the same method as before, changes the estimate

Bk 5 hjk_l
of the corresponding successive-collision operator from —k' to ﬁ Since the loss of ?—I’: and the
Jk* Je— 1)

factor (Jx — 1) coming from the union (3.39) easily resorb into the bigger factor C’AK, we get in the
end the following lemma.

Lemma 3.8.2 (Time separation error). For this error, we have the following estimate
|FeV] = BVl o < onE+AT s, (3.40)
Once again, the same holds for its limit version GLV] — @%\775] for similar reasons.

Restriction to non-pathological collision parameters Finally, at fixed €, we have to restrict

the collision parameters to non-pathological configurations, leading to no recollision during the free

transport flow. To compute the convergence of the n-th marginal, we have to consider final config-

urations z,, = g%] that do not directly lead to recollisions, i.e. that belong to the following set of
d

past-excluding configurations, with some extra room g4 = d+1:

Eblea) = {2 € D5

vr e (0,4, (z, —Tv,) € D;d}. (3.41)

This set is the whole domain for n = 1, like in |7, 17]. Then, the restriction on the collision parameters
is done based on the following geometric result, proved in [18, 7| and formalizing the arguments of
Lanford [25], based on billiards theory.
Similarly to the notation gg I = (@ﬂ,yﬁ]) for the hard sphere pseudo-trajectories, let us de-
note glﬂ = (%[Z],QLT}) the limit trajectories, and N[r] the number of particles in the trajectory at time
€ [0,t], from N[t] = n to N[0] = Nk. Hence, this proposition asserts that once the previous trun-
cations computed, choosing collision parameters away from a set of small measure, the hard sphere
and limit pseudo-trajectories are easy to compare.

Lemma 3.8.3. Considering a history (j ., X, ) with collision times t;, € TJ[(S] (t) (6-separated) and
7 <K

a final configuration gg], given a mazimum energy V2 > 0, there exists a set of pathological collision
parameters
t] d—1 d\J,
(2,40 x,) € (871 x RY)x
with small volume

—1

—d_N\ "2
d d—1 d+1
(2, 4, x| < CINg [ 32 + V4 x e3@D +VE (8 5 ) ; (3.42)
and such that, assuming
i. the collision paramelers are non-pathological: (W, Vni1,--.,UNg) & H(g[rf],l'K,XJK)

1. the energy of the corresponding pseudo-trajectory remains bounded: HQE?,]KHQ <V?

1i. the final configuration is past-excluding for the free-flow: ;,[ﬁ € &l (eq),
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then

] c/2
N € Prir

2. the velocities of the hard sphere and limit trajectories coincide: V1 € [0, 1], QE:,]M = QE:,][T]

1. the hard sphere pseudo-positions remains sufficiently far away: V1 € [0,t], =

3. the positions of both trajectories remain close: V1 € [0,t],Vi < NJ[t], d(:ry], ylm) < Jke.

Let us observe that 3. is a consequence of 2. since, when the velocities coincide, the only difference
between the positions is the shift of ew; that happens at each particle adjunction. Furthermore, 2. is a
consequence of 1. since when the collision parameters are the same, and if the particles do not collide
between the particle adjunctions, the velocities of both pseudo-trajectories are identically determined.
This result has been proved [18, 7| for a one-species gas, but the dynamics is strictly identical for our
mixture gas.

Hence, we consider the functional restricted to non-pathological collision parameters

RARIOED DY /[6] dt‘]K/ ] ey dona - Ao (343
; Xy T; (t) H(én 3J e X g )C
J K J KK
JK L=
i [tH] 0
X H8i<wi,vn+i — Um; )+ X Py (O&E\I]K)]l

[o] % )
o e

and its limit version éq[;v"ﬂ. Now, the error ﬁi’[v’&] - ﬁﬁ’[v’(s] is supported on H(g%],l'K,XJK), so that

we will use the control on its volume (3.42) to control the successive collision operators, concluding
the bounds with the usual computation. More precisely, in the proof [17] of Proposition 3.5.1, we
bound the collision operators (2.12) in the following way:

J
12 _(pl_ 1284y 2
Al ‘cﬁfjﬂ‘ < Z/(devj+1 wier = il - [yl ysn g x e @Al IE=8 sl
=1

J
. (B _ 12— st 412
< ||fj+1\j+1,6’/dwjdvj+1 (] o]+ \Uz'|> e~ B =Dl IF = lvj1 7,

=1

By the Cauchy-Schwarz inequality, we used to bound [17]
2 . ] — B 2
ePlesl ’Cffjﬂ‘ < | fi+llj+1.8 /dwjdvj-i-l <J lvjta| + 26(5’—5)) e~ Pl

< [ fi+1llj+1,8 <j\/% + 26(5;7— B) ;%) ’

for some constants ¢q, ¢q depending only on the dimension. Nonetheless, for the present bound, one
can write instead

. . oy J —B'vj 1) ' ‘ 1 e—1
[ destesis (sl iy ) 7 < f st ( 55 )

making appear the volume of collision parameters bounded in (3.42), leading to the following estimate

(the factors Jx and Ng resorb in the bigger factor C’”K+AK, for a slighlty different constant C
depending on ).
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Lemma 3.8.4 (Error of restriction to non-pathological collision parameters). Considering only col-
lision parameters chosen so as to avoid recollisions lead to an error of order

d—1

N
|FSVA - BVl < oA | ae vl Ry +VE (8?1 > , (3.44)

and similarly for the limit @L}’] — CA}LV"H from the same computation.

Harnessing initial proximity Now that we have constructed approximations of our distributions
that avoid recollisions, we can at last compare both the BBGKY and limiting distributions thanks to
the coupled pseudo-trajectories. Indeed, we can write the coupling

4
Fe (V58] G[V6 ZZ €5 | / 5] t / z ngKdvn_,_l...vaK

(2 X )

Jp Xig
& it ]

X | | $i{Wiy Unti — Uiy )4 [F]EVK (O,gNK) — Gy (O,QE(\)/]K)] ]le[O] H2<V2,
i=1 TNkl

with the same collision parameters for both pseudo-trajectories, the hard-sphere one and the limit
one. Since by construction x[] = y[ﬂ and by Lemma 3.8.3 for z[t] € & (gq), the n first particles also
have identical velocities on [0, ¢], then for all times 7 € [0,#], we have 27l = ar "] Henceforth, since by

the work done in Section 3.7 all the added particles are particles at equlhbrlum tagged 0, one has (as
¢, C [1,n]),

G (0,60 ) = MYV (u 9 ) @@(gﬁ})
= MFVE (o o (), (3.45)

-n

and so

‘Fﬁ,K(O,gES]K) —GNK(O,QE@K)‘ _ ‘Fs (0,29 ) — Gy (0,2 )‘

< (CoyNre Pl
by the initial proximity result (3.18). Hence, the previous estimates on the successive-collision oper-
ators eventually yield the following result.

Lemma 3.8.5 (Initial value error). Conditionally to z, € EL(c4), the initial error is bounded by

HFE V) _ GV, 6]HIL°° . < onE+AR (3.46)

Coherent choice of truncation parameters (K,V,0) Eventually, the last step is to tune the
truncation parameters according to €, so as to obtain the convergence we want. Actually, there is room
to choose the scaling, since one can set all the errors as powers of €, except for the pruning error (3.29)
which is significantly bigger. Explicitly, stacking all the errors [pruning (3.29), removing additional
tagged particle (3.34), energy truncation (3.36), time separation (3.40) and removing pathological
trajectories (3.44)] then using the coupling result (3.46), one has

cn —2K-K®
| F(t) — G”(t)”ﬂd‘”(gfl(ad)) < (CoX en p—2

+ oniHAr (pu +e 8V 1o+ [eat 4 v x esaT o
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Hence, choosing the scaling

one gets
d+1 d(d—1) d d+1
By d d—1 V 2 g20d+D) ;1 2 _d-1 2 1 d—1
e 2V +0+Vixetdth 4 — ———— < g4 gdfl logs g3+ 4 |—loge €2(d+1)
57 5 8
d—1
< g Hd+T)

for € small enough. This way, if we pick

1 d—1)|1
oo | 1 g (d=Dinogel |
log A 8(d+1)logC
d—1
then CA" < ¢ 8@D | and we can deal with the term C™ like in the proof of Proposition 3.6.1,
yielding the same factor n“". Hence, for K large enough, denoting cg = (d —1)/8(d + 1)log C,

_K© — _ lo.
6_2K ® < 6_2(1 " < exp (—05|10g5](1 a)‘lo§i> .
. . log 2 o
As A > 2 is arbitrary, let us choose A such that (1 — a)l 1 > 1 — 2«. This gives us the final
0g
condition on

c
A< log | 2.

< 3Colog 0 %8¢
Note that we take this scaling so as to have the biggest A possible in the hypothesis, pushing the
associated error at the same level as the truncation error above. It yields

_Ko IS
A2 < exp (—?ﬁ\ log5|1_2°‘) :

The final verification is the condition p, < 27K of Proposition 3.7.1, which is satisfied with room to
spare considering the choices above. Piling all of this, the pruning error is bigger than all the other
ones, and we end up with the very last inequality for € small enough

133 cn & —zQ
5 (t) — Gn(t) Lo (et () < 1" exp (_?ﬂ‘ loge|'™ ) :

Eventually, the indicator 1 (., of the set of past-excluding configurations (3.41) pointwise converges
as € goes to 0 to the indicator of the following set of full measure

{gn eD",Vl1<i<j<n, z; #z;and v; — v §§Vect(xif:zj)},

which concludes the proof of Theorem 3.1. (]

4 Cumulants and statistical refinements

To study further than the first order convergence of the empirical measure (Corollary 3.1.1), we intro-
duce in this section its fluctuation field around its expected value, and present its limit. Eventually,
we state a large deviation principle for the empirical measure, that we prove in the following sections.

This study is performed thanks to finer objects than the correlation functions, called cumulants,
that capture finer scales of the dynamics and allow to rescale its rare events to characterize them.
In the end, we show the convergence in short times of these cumulants to limit objects, with a full
convergence rate in € thanks to a new precise computation of the geometric estimates presented in
Appendix D.
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4.1 Statistical refinements: fluctuations and large deviations

The empirical measure of the tagged particles, defined in (3.3) for an observable H, can be seen as
the observation of a measure 77 € M(D) on the domain D, writing

= / H(z)d75(2). (4.1)

The family (7%)g<s<; defines a measure on the trajectories of D%, The set Traj([0,t], M(D))
of such measures is endowed with the Skorokhod topology. On the other hand, one may define the
fluctuation field

G = VA ~E[]), (42)

to capture the next small order after the law of large numbers (3.5).

Theorem 4.1 (Convergence of the fluctuation field). In the mized scaling (S:, ), the fluctuation
field defined above converges in law to a Gaussian process (¢, whose covariance is given by

Balalaln] = [ Myl 2)gh(:)dz, (13

where ¢ denotes the solution to the linear Rayleigh—Boltzmann equation (2.7).

Indeed, unlike in [9] where the limit fluctuation field satisfies a linear stochastic equation of the
form

d¢; = L& dt + di,

here the limit fluctuation field is trivial and do not depend on the second cumulant (see next Sec-
tion 4.2); there is no interference between the tagged particles, on the mere condition that A < el=d,
without any phase transition between this scaling and the nonlinear scaling A ~ ae'™%. The proof
of this theorem is given in Section 8.2, using the convergence of cumulants, which is the point of the
following Sections 4.2, 5, 6 and 7.

To study the large dematwns of the dynamics, we will harness a weaker topology than the Sko-
rokhod one. For a measure m = (ms),cp0,) € Traj([0,t], M(D)), and an observable h € C°([0,t] x D),

we define the filtered mean

{h,m}; :/D (t, z)dmy (2 / / (0s + v - Vg)h(s, z)dmg(z), (4.4)

that filters the transported part of the considered observables. The first quantity that will be relevant
for the large deviation principle will be the limit object Z(¢, h), that is defined in (7.3) as the limit
of an expectancy, and which can also be defined as the mild solution (Proposition 7.5.2) to the
Hamilton—Jacobi system

OH
(as —U- vl)q[t} = ?p(q[t]ap[tb ) q[ﬂ(O) = MSO()? ( )
4.5
OH
@ =0 V) = 1) = =Fo@ ) ) = h),

with the Hamiltonian
H(q,p) = / dvadw (v1 — va, w) 4+ Mp(va)q(z1)(eP @) PELY) 1),

in the sense of

I(t, h) = Z(t,0) /ds/ 1(5)(0s — v - Vo) (P (s /7—[ (s), pl(s))ds.  (4.6)
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More precisely, we are interested in its Legendre transform

At,0) = sup [{h,n}—z(t,h)—@, (4.7)
heB; g

where the supremum is taken over observables in B; g, defined in (7.4) as the set of observables with
bounded transport, and such that ¢” is uniformly dominated by the S-Gaussian.

Eventually, for the lower bound of the large deviation principle, we need to consider the set S; of
strong solutions, on [0, ], to a biased linear Boltzmann equation of the form

(0s —v-Vy)o = /dv2dw<vl — v, W)+ (MB(UIQ)U(Ui)ep(Zl)_p(Zi) - Mﬁ(vz)t’(vl)ep(zi)_p(zl)> , (4.8)

for some p € B; 3. The large deviation principle might then be formulated as follows.

Theorem 4.2 (Large deviations of the empirical measure). Considering the tagged empirical mea-
sure (4.1), there exists a time T > 0 such that, for any t € (0,T], we have the following large deviation
upper bound

. 1 Jo .
_ < — .
h?. KAL) log P(# € F) < J&fﬂA(t’ ), (4.9)

when F is a closed set in the Skorokhod topology. Additionally, when O is an open set in this topology,
one has the large deviation lower bound

113561f%10gp(ﬁ§ €0) > —Uei(x)lrgstz\(t,n). (4.10)

Note that the most useful result is the upper bound on the probability of deviation, which has
no restriction on its infimum. Nevetheless, the lower bound, which precises that the upper bound is
optimal, is here restricted (like in [9]) to solutions not that far from the Boltzmann linear equation,
since they must be solutions to the biased equation (4.8). The proof of this theorem is the subject of
Section 8.3, once again based on the convergence of the cumulants.

4.2 Cumulant generating function

The cumulant generating function is the functional log E [exp (unf[H])], containing all the information
on the moments of the empirical measure. Using the identity (2.10) between the correlation functions
and observables, the formal expansion of this functional leads naturally [9] to objects called cumu-
lants, which we define below. We then prove rigourously the said formal expansion of the cumulant
generating function (4.16).

4.2.1 Cumulants

The definition of the cumulants is based on a decomposition into partitions, so that for ¢ € P, a
partition of [1,n], we denote || the number of subsets (0;)1<i<|s| that compose this partition, which

is not to be confused with the cardinal |o;| of one of these subsets. Eventually, we denote P¥ ¢ P,
the set of partitions o € P,, that contain exactly k = |o| subsets.

Definition 4.1 (Cumulants). The cumulants associated to a family (G,,),>1 are defined as

gn(énvgn) = Z (71)|G|_1(|O’| - 1)!G[0](§nﬂﬁn)’ (411)

e EPn
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where for any partition o € P,,, we denote

lo|

G[O’] “n» n HG\U Zoys 01

Note that the n-th cumulant g, is constructed from all the correlation functions (G;) for i < n.
Indeed, it decomposes the interaction of n particles into products of interactions within the subsets
of every possible partition, to measure the defects of independence. One may easily check that for a
tensorized family (G, = G$™), all the cumulants g, will vanish for n > 2.

We denote (f;) and (f,) the cumulants respectively associated to the hierarchies (F)) and (F,).
Note that the second cumulant is f5 = F5 — F€®2, encoding the defect of independence between
pairs of particles. One will see in Section 5.2 that when expanding the pseudo-trajectory formula,
this corresponds to the rare dynamics in which a distinguished couple of particles interact together.
Appendix B.2 is dedicated to the study of the cumulants of the exclusion indicators (1 x:), denoted ¢y,.

Proposition 4.2.1 (Inversion formula). With the definition above, the injectivity of cumulants is a
consequence of the following inversion formula

Gn = Z Ylo]- (412)

U'Epn

Proof. We start this proof with the following combinatorial identity, satisfied for any r > 2,

Z > (= H o3| = 1)! =0, (4.13)
=1

k=1cePk

which is shown in [9, Lemma 2.5.1] using the Taylor series of = — exp(log(1 + z)). Note that it
can also be proved using combinatorics arguments (see Appendix B.2, Lemma B.1.1). We can hence
introduce artificially the sum of the G|, appearing in the cumulants’ formula, making each of them
vanish thanks to the latter identity (4.13), summing over partitions o of the subsets (p;) that compose
the partition p (since in the notation below r = |p|):

=Gt 3 S (16 Y 3 (1 el -

r=2 pEPH k=1 O'E'Pk

S35 3535 30 | { IS | 3

r=1 peP;, k=1 gcPk i=1 jEoi

using the definition of Gy, and the fact that r = ) |o;|. The trick now is to invert the partitions:
seeing o € P|,| as a coarser partition than p, it is similar as taking a partition & of [1,n], and then
a partition p € Ps, of each subset &; (cf. Fig. 3). Doing so, the cardinal of a subset |o;| becomes the

Figure 3: Partition indexing
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number of subsets in the partition p of g;, so that inverting the partitions we get

Z > H > Dl = 16y,

k=1 oePk i=1 p€Ps,;

which concludes the proof. O

4.2.2 Expanding the cumulant generating function

We go now to the proof of an expansion for the cumulant generating function. By linearity, and using
the fact that before having been assigned a tag, the particles are exchangeable, one has

i .
[exp (ZH 79,1, ) =1+Y %E <Z H(Zg[f]i,Li)>

k>1

b !
—1+Zk| o2 Bkl > HLHP

+odka=k T (<) <
kj>1)j§n ij;ﬁij/

denoting H; = H (Zs[t]l, L;), and expanding the power k by partitioning the resulting sum according
to the number of different particles implied in each product. Hence, using the relation (2.10) between
observables and correlation functions, and permuting the sums to get rid of the sum over k, we get
(once again extending the correlation functions by 0 outside of their domain)

N
E |exp (Z H(Zf,LZ-))
=1

n

—1+Z Z )\M\ n Ie”'/FE H Z Zi,fi)ki

Z'

n>1 E cAy =1 \k;>1
—1+ 30 3 A [ L) 0P ()
n>1 Z €Ay,

Now that we dispose of an expansion for this expectancy in terms of correlation functions, let us see
how the cumulants appear along with a logarithm. We start from the formula (4.14) above and use
the inversion formula (4.12). Hence, using the exchangeability of particles to reduce the partitions to
the number of elements in each subset, we get

exp (ZH Z" L) )]
o
—1+Z ZV'”'KZH/ L, ) (e — 1%L, )

lorg |

n>1 E eAn cE€Pp 1=1
¢(3) ¢ ;
S Y X T X e [ el e,
n>1 ‘s 19 T pit. +ps—np Pse i Leep,,
(pz>1)z<s

where the denominator s! stems from the arbitrary order that we impose on the partitions’ subsets.
We have also split the labels ¢, € A,, into the labels ﬁ(l) € Ap, on each subset. Eventually, we sum
over n to relax the condition on the subset cardinals p;, and factorize everything as

[exp<sz[t )—14—2 S LS e [ s 0o )

s>1 p>1 T L,EN,
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which makes appear the exponential of the quantity defined below.

Definition 4.2 (Cumulant generating function). Thanks to the computation above, the two following
definitions are equivalent, defining the cumulant generating function:

N
exp (Z H(Z", Li)>] (4.15)

i=1

U[H] = logE

-y 1 16,1, o6, . JHyEp
= S A [ ) - 0, (4.16)

p>1 £,EMp

Note that it is not directly a generating function as one can be used to, since it is not an expansion
in powers of the observable H, but in powers of its exponential, which makes appear combinations of
the cumulants when deriving along H, not directly cumulants.

Let us finally observe that if the observable is of the form H(z,£) = h(z)1y—1, (i.e. counting only
the tagged particles) then the cumulant generating function writes

Sl =Y [ g 1 (4.17)

p=1

We do not renormalize yet the cumulant generating function, since according to whether the observ-
able H weights all the particles or only the tagged ones, the suitable scale will be p or A.

5 Reparametrization of the trajectories using dynamics trees

The first step to understand the cumulants is to find an equation on them implying only other
cumulants, which we do by computing an expansion of the dynamics, based on the interactions
between the particles (Lemma 5.2.1).

This expansion may be found in |9, Chapter 3, Tree expansions of the hard-sphere dynamics|, for
the general indistinguishable case. The purpose is to start with the pseudo-trajectory equation on the
correlation functions, and to identify the cumulants in an expansion similar to the one characterizing
them (see the inversion formula in Proposition 4.2.1).

5.1 Pseudo-trajectory measure

We start from the pseudo-trajectory formulation (3.11); recall that a pseudo-trajectory is fully de-

termined by its final configuration z,, = gw, and the following parameters: number of collisions, a

collision history, collision times, collision angles and collision velocities, summed up in the parametriz-
ing vector

k
\IJ’N, = (k:?letlmgka;;) € H{k} X Hn,k X Tk(t) X <Sd71 X Rd) )
k>0

referring to the definitions of the collision times (3.8) and collision history (3.9)
Xk = (mlwgzvﬁk) € H”,k = Mn,k X Ag X {il}k’

Hence, denoting v,,4+; = v; the velocities of added particles, and introducing the measure

k
.l " tF
dV[t] (W) = plfk‘dikdgkdyk H 8§ (Wi, Ui — vr[nﬁ-]>+, (5.1)

=1
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the pseudo-trajectory formulation rewrites as

FE(t) = / F* (o,;[;j]n) dvyy (), (5.2)

[0]

where 2y’ denotes the initial configuration deduced from the pseudo-trajectory, according to the

[0]

construction given in Section 3.2 (the initial configuration zy, including also the tags of the corre-
sponding particles). Note finally that the sums over k and ch, in the pseudo-trajectory formulation
result from the domain of integration of the measure v, and so remains implicit.

The formula giving an expression for the expectation of the empirical measure according to the cor-
relation functions (2.10), may be generalized [9, Proposition 3.3.1] to observables H,, (zI%) depending
on the whole trajectory on [0,], as

n

E| Y H(ZM L.,z L)
1< <N

¢ 0 0,t
=" Y p! / dz, / F(0, 25 ) Hy (25 g (W),
gneA" D%

where Hn(g&%]) is projecting the whole trajectory on the trajectories of the n first particles. The

object that we will study, for tensorized observables, is hence the H-weighted correlation function
FEH)(t 200 8) = [ F20.28) oY) dvgy (1) (53

Note that for H = 1, we retrieve the correlation functions. Moreover, the cumulant generating

function (4.15) also generalizes to obervables depending on the whole trajectory H, (gi?’t]), as follows

N
eLIH] = log E [exp (Z H(z™, L»)]

i=1

— Z; > NGl /Dp fole 1] (t,2,). (5.4)

p=1 ' ﬁp GAp

Indeed, the computation of Section 4.2.2 are identical for the expansion of this generalized version of
the cumulant generating function. The following section gives a formula for the H-weighted cumu-
lants f, [H].

5.2 Expansion and equation on the cumulants

Starting from the integral formulation (5.2) for the pseudo-trajectory formula, we will perform an
expansion based on the interactions between the particles, to make appear an expansion in cumu-
lants (4.11), eventually identifying the cumulants by injectivity, due to the inversion formula (Propo-
sition 4.2.1). This expansion is a first illustration of the link between cumulants and dynamical
interactions.

We start by splitting the pseudo-trajectories into non-interacting aggregates, to factorize the
pseudo-trajectory measure. At a fixed pseudo-trajectory ¥,, = (k, Xy, %5 W, Vs), for a set of par-
ticles A C [1,n], we will denote

P(A)c AUn+1,n+ k] (5.5)
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the set of all particles contained in the pseudo-trajectory stemming from A (depending on the his-
tory x). Then, if ]lgl’ft]] is the indicator that particles p and ¢ never collided on [0,¢] during the
pseudo-trajectory (z,,, ¥,,), we denote for A, A" two subsets of [1,n],

s 1 IT 1%

peP(A) geP(A’)

the indicator that no particle stemming from A encountered any particle stemming from A’, during the
whole pseudo-dynamics on [0, ¢]. Under the condition A ¢ A’, the pseudo-trajectories are independent
and the measure and observable factorize as

dvpy (U aua ) HEAYY EE dV[t](‘I’A)H®A(§£§f]) x v (W a)H®Y (2 D).

AUA’ A’

We keep this factorized writing for the moment, to remember that the pseudo-trajectories are defined
and constructed independently on each aggregate. In practice, they behave as if the particles from
two different aggregates could not interact: they overlap one another when they meet.

On the other hand, we denote the aggregating condition agg(A) the indicator that all the particles
in the aggregate A are connected through collisions in their pseudo-trajectories, i.e. there exists a
path (i1, ...,i) € [1,|A]] such that

. . . 0,
{HV”JW}:@JAMamlWEﬂLLM—lmﬂkiﬁﬁlzL (5.6)
This eventually leads to the following conditioning according to the partition k € P, into aggregates:

||

FEH|(t) = > / [Tase(ri) dvg(Ue)HE G| | TT oo, | FEO,25)).

a2

KEPn i=1 1<i<j<|K|

Henceforth, we denote the measure weighted by the observable

H . 0,t
d”[[o t]]( n) = HE (2 dvyg (0,). (5.7)
Now, still in the idea of factorizing, we want to decorrelate the condition of exclusion between the
aggregates 1,14, using the cumulants of the exclusion (Definition 4.11, studied specifically in Ap-
pendix B.2) thanks to which we write

[T Ter = D dpkn o hip)

1<i<j§‘l€| pG'P‘ [

recalling the notation
lp|

Blo (51, - K1) = [ [ Bt (8,)-
=1

Finally, we still need to expand the initial distribution F*(0, g@n) to completely factorize the formula,
to make appear a cumulant expansion. We need to expand it in a coarser way than the partition p,
to be compatible with the product ¢, above, so that we consider the cluster cumulants, defined by
the expansion

FE0. 2y, oz )= D, [0z ooz, ) (5.8)

p1 Plp|
TEP|,|
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due to the inversion formula (once again Proposition 4.2.1). This expansion is made by clusters, and
so depends on the partition of the aggregates p € Pj,. The notation o < p < k means that the
partition o is coarser than p, which is coarser then x, and in the end we write

||

=2 / [[es(e) g ()| Y a0

KEP, o<p<K

To identify with a cumulant expansion, the last step is to use the same trick as in the proof of the
inversion formula to invert the partitions (Proposition 4.2.1), starting by considering a partition o
of [1, n], then considering a partition p on each subset ;. This is made possible by to the compatibility
condition

=t
and thanks to the factorizing identity
|p| lo| |o|
Pl I = Hd)pz 1157 =11 57 11 40
j=1 j=1 i€o;j

Since the initial cluster cumulants f* do not depend on the subdivision s, we can also invert £ and p
to finally get the cumulant expansion

|o] lp| |%|

0= 11 [ 2 @11 | 5 on [Tosste) affn

occPy j=1 ,06730 j=1 "‘iepp

Lemma 5.2.1. The cumulants satisfy the following integral equation, in terms of aggregates and
clusters of interaction

ld ||

FH ) = Y [ 100,28 OIS o0, [Laesto) (|- 59

PEPn J=1 | kE€Pp,

Note that the indicators agg(x;) and the cumulants ¢[,] depend on the whole pseudo-trajectory,
and hence depend on the time t.

5.3 Initial cluster cumulants

This section is dedicated to prove Lemma 5.3.1 below, yielding an explicit formulation of the initial
cluster cumulants implicitly defined in (5.8), and useful to find bounds in Section 6.2. We denote

. 0 . . * .
Ry = {2 ,1<i<|pl} and Tp={z,6 1<i<p}

the set of clusters and the set of integrated particles, N = [, | +--- + [¥, | the total number of
particles contained in the clusters, and

o),
[ﬂ’((-)} "= H 1y, (2)
ZER )

the indicator that within each cluster, the particles exclude themselves. Finally, we denote as before
1;~y = 1—1,,, the exclusion condition between two subsets of particles « and y (potentially clusters),
and for S C R|,, k < p and | < g, we introduce the cumulants of the cluster exclusion

¢S,k+l = Z H x~y

GeCsurty {z.y}€EG

where C4 stands for the connected graphs defined on a set A.
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Lemma 5.3.1 (Explicit formula for the initial cluster cumulants). For any A, u > 0, with the notation
above, the initial cluster cumulants can be written as

ENipl QN _®L APt [ ep o copt
f7€z7p(07§\11p1 PR 7§‘1}P|p\) = |:]1X(4):| Mg) 800 - | ! QDO pMﬁp q¢N‘p|,p+(I'

Proof. To obtain an explicit formulation for the initial cluster cumulants, we will identify them using
the following characterization

Using the exchangeability of particles, we have

€51, =& v
[o] Z 3 A Pu P [ ®lnip gy @N+p .
Fs(ovémpl"' /‘PO "M ]l;(}@ﬂ)dgp

p
\P\ p>0 é*eA

p
)\q,up I ®ly ¢ 3 rON+ *
e DI / oy MG g e

p>0q 1

To retrieve a cumulant formulation like (5.3) above, we will expand into cumulants the exclusion
condition—which is the only obstruction to independence. To get rid of the partition function Z,
in the process, we will not expand the condition according to the integrating variables 2, to make
appear the partition function at the numerator. More precisely, decomposing the exclusmn condltlon
within each cluster, we write

x 15 ([0] 2 z7)

}®N\p|
Kol +p ‘I/Pl IR S

with

(0] [0] _
ﬂi’me (g‘l’m L 7§\I}P|P\ ,g}i) a H Lasty H Loy H Loy

TYEN| | SRS B z,yel’p

- Z H Lony)

GGQ(N‘plul‘p) {zy}€Ee

We want now to split the sum above according to the partition induced by the connected components
of the graph G, as for the standard cumulants of the exclusion (B.2). Nevertheless, since we want
to make appear the partition function, we will compute a coarser splitting. Indeed, we will merely
isolate the part of the graph which is not connected to any cluster of N, i.e. the subset B C I', of
integrated particles that are only connected between themselves. We still decompose the rest of the
graph into its connected components, yielding a partition of X, U B¢ in which each subset has to
contain a cluster (otherwise it would have been kept in B), which we denote o € 75[N|p|, B€]. Hence,
one can write

o]

(FRE AR SR ES DI DI | C FRED DI | 1D DI | N PV

BCTp GEGp {z,y}€Eq oEP[R|,,B] =1 GECo, {z,y}eEG
|o|
*
D IREFICORED DR | L2
BCFT_, JEﬁ[N‘p‘,BC} i=1
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gathering the first sum over Gp by inverting the usual expansion, and recognizing cumulants of the
exclusion in their form (B.2) (see Appendix B.2). In the end, a partition o € 75[N|p|, B€] is a partition
of N, on which some particles from B¢ are added, either tagged by ﬁ; or not. We will use the
symmetry of particles (like in the study of the partition function, Appendix C) to reduce these added
particles to their numbers of 1-tags k1, ..., k5 > 0 and of O-tags 1, ...,l;| > 0, and similarly for the

R
particles in B, in numbers kg, [y > 0. Omitting the indicator []1/\((‘)} "o gain lisibility (it factorizes

and distributes very easily), we thus write

P [O,Z@l,...,zglpm]

®€N P lo|

X]u” 1 q! (p—q)! ®q 7 (@N+p
“HYY S Y Y i [ g T e
p=0 g= 1 0673&" ko+- +l€‘ 1=q | | ‘ ‘ =1
lot++l5=p—q
NM®N o]

= Z ko‘lo / ®k0M§9lo+k0]l Z H Z T /w(?kiM?li+ki¢0i7ki+li

ko,lo>0 o€Py, i=1 kil >0

o]

)\kiuli

— ®Uz *Uz' * ®ki 3 r®litk;

= E ||M TR Az, k00 Mg Do kitlis
(2

GGPNM =1 ki,l; >0

recognizing the partition function Z at the numerator. The lemma is thus proved by identification
o R
once added back the indicator ]1;8;0‘“. O

5.4 Dynamics trees

Starting from the formulation (5.9) of the cumulants in terms of pseudo-trajectories, we will rewrite
this integral to make appear the correlations’ history between the particles. Indeed, the cumulants en-
code the small defects of particles’ independence, which correspond to fortuitous encounters happening
between the pseudo-trajectories of the n considered particles. In fact, we prove that asymptotically,
the n-th cumulant f, is supported over trajectories implying exactly n — 1 of these fortuitous en-
counters, thus connecting all the pseudo-trajectories. This way, each of these interactions has to be
clustering, to eventually form a minimally connected graph.
We will control these fortuitous interactions between pseudo-trajectories in the integrated form

||

Ipl

pEPn J=1 [ k€Pp,

which is the integral over z,, of f;[H](t, z,,,£,,) in its form (5.9). The integral in positions allow to act
on the arrival positions z,, of the trajectories to make the fortuitous interactions appear or disappear.
In the end, we will perform a change of these variables z,, that harnesses these interactions.

To that end, these fortuitous encounters will be recorded in dynamics trees, allowing us to express
the conditions of their existence. They stem from two different sources: first, recollisions appear
within the aggregates (x;) to make them connected; and on the other hand, on each cluster p; of
aggregates, the extended cumulants of their mutual exclusion ¢,, make appear overlapping conditions
between the aggregates, recalling that when two different aggregates meet, they overlap one another
without interacting. This formulation in dynamics trees will be the first step to prove bounds on the

cumulants, and to compute their limit (Sections 6.2 and 7.3).
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Clustering recollisions As explained above, within an aggregate x; C [1,n], denoting A = k; and
a = |A|, each pseudo-trajectory ¥4 contains recollisions (5.6) that connect the aggregate altogether,
according to the condition agg(A).

Definition 5.1 (Clustering recollisions). In a given pseudo-trajectory, looked at backwards in time
starting from time ¢, we call clustering recollision the first recollision connecting the pseudo-trajectories
stemming from two different particles. In an aggregate A, we order these clustering recollisions back-
wards in time from 1 to a — 1, which define a recollision tree Tc(g&?j]) € T, whose ordered edges
record these recollisions: two particles m,m’ € A C [1,n] are connected in this tree if and only if a
clustering recollision happens between the pseudo-trajectories stemming from m and m’. Eventually,
we define
(5, wh<ica—1 € ([0,4] x S

the ordered collision times and angles at which the recollision appear.

For simplicity, we denote T = T (g&?’j]). We now partition according to the associated tree

agg(A) = Z Tre—r.
TeTy

Under the condition T = T, we will perform a change of variables that harnesses each of the clus-
tering recollision conditions. To do so, we need to know which particles, from the pseudo-trajectories
stemming from m, m’ € A, collided to connect them. Recall that P(m) denotes the set of all particles
added in the pseudo-trajectory stemming from m. Then, for every edge e = (m,m’) € Ey, we define
cole(A) the pair of particles (pe,qe) € P(m) x P(m’) that collided on (0,t) to connect the pseudo-
trajectories of m and m’, when creating the edge e. Eventually, we also partition according to which
particle collided with which for each clustering recollision:

agg(A) = > lrgr > 1T e g=cor(a):

TeT; pe€EP(m),qe€P(m') e€EY
e=(m,m')€E~y

We introduce the following notation for the indicator that the clustering particles are those we want
(the Fraktur & is chosen after the historical German word for collisions Stof, at the origin of the
concept of molecular chaos Stofizahlansatz [15])

S ey Al =TT Lipe.go)=col.(a):
ecEy

We can now harness the successive clustering conditions, which correspond to the ordered edges of the
tree T4, enumerated (eq,...,eq—1) = ((ml, mh), ..., (me_1, mg_l)) backwards in time. The relevant
variables that we want to make appear are the times and angles of the collisions, when the current
integration variables are the arrival positions x4 at time ¢.

As we are interested in the relative positions of the particles implied in the clustering recollisions,
we start with the following change of variable of Jacobian 1, denoting T4 the barycenter of the
positions z 4,

&A = <§A7 (xe = :Cpe - 'rQe)eeET) ’

where we take the convention p. > ¢e, to be consistent in the following with the measure v. Thus,
once recursively determined the clustering conditions associated to all the edges preceding an edge e
such that cole(4) = (pe,¢e), the condition associated with this edge states that at time 77, the
relative position x,, (75) — x4 (7s) must belong to the sphere of radius ¢, defining the recollision
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angle wg € S?1. Hence, denoting 7q the time of the closest deflection that underwent p. or g
between t and 7;, and Axq the relative distance travelled between t and 74, the relative positions at
time ¢ might be retrieved from

xpe - xQe = gwg - (Tg - Td)(vpe(TeC+) - UQe (T(S+)) - Al‘d. (511)

The parameters (77, w;) are unique because we consider the very first time (backwards) at which p.
and ¢, meet, so that the mapping (5.11) above is invertible: we consider the local change of variable

Tp, — Tq, = Te > (75,w5) € [0,75] X st

where €’ is the edge ordered right before e. Since Axq is a piecewise affine function recording the part
of the dynamics that does not depend on 77 (but depends on the previous recursively determined
clustering conditions, the dependency in 75 being explicit in (5.11)), the Jacobian of this change of
variables is

e vp, (TE7) = wg (181wl . = 1T Hup (7EF) = w0, (7E7), 0 .- (5.12)
Iterating this computation, we change the variables (Z¢)ecp, to the ordered times 7§,_; and an-
gles w?_; of clustering recollisions (also indexed by the ordered edges of Ev), finally leading to

/ d@A |:]]-T2=T6(pe>(Ie)T [A]j| dy[[(i[t}} (‘IIA)

dz 4 c c H c c c
- / Iuafl dgafldzafl [HTZ:TG(P(::(IG)T [A]:| dy[[O,t]] (\IIA) H <Up5 (TeJr) — Vge (TeJr)? we>+‘

Clustering overlaps Now for a general cluster R = pj, of size r = |R|, we expand the cumulant

or= >[I (“lawr)

GEC‘M {i,j}EEG

making appear overlap conditions 1,,~x;. At fixed pseudo-trajectory parameters Wg, changing the
barycenter 7,, of an aggregate moves rigidly the whole aggregate pseudo-trajectory, since by con-
struction the trajectories are defined independently on each aggregate. That way, we can act on the
barycenters to make them match the overlaps given by a given graph G' € C||. In the same fashion
as for the recollision trees, we define the following objects.

Definition 5.2 (Clustering overlaps). In a given pseudo-trajectory, we call clustering overlap the first
overlap (backwards in time) appearing between independently defined aggregates, connecting them
according to the overlap condition discussed above. As for recollisions, clustering overlaps define an
overlap tree Tov(gw[Ro,t]) € ’7T:|, and for each edge e = {m,m’} associated to an overlap, we define

e ~

TOV:sup{Ogsgt, ]l,[fj] . ,:1}
its overlap time (arbitrarily taking the latest possible, to make them consistent with recollisions when
constructing pseudo-trajectories backwards in time), along with the associated overlap angle w?".

As for the recollision trees, we denote Tg" = T°"(z \I][oﬁt]) the overlap tree. Now, we partition
R

the expansion of the cumulant according to the associated tree, treating separately when the graph
appearing in the sum is the overlap tree, and when it presents some additional cycles. Denoting
Cjx/(T) the connected graphs containing T, we have

$r = Z Lrgv=v H (—lgimn;) + Z Lrgv=r Z H (—Nyimon;)

TeT s {i,j}e€EY YeT GeCl (M\{T}H i eEe (5.13)

- (p[];ree] + (Z)B(%:ycle] )
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Focusing first on the tree part, one can write

|%| ||

S ol T ass(ri)dvigy (@) = (=)= 3™ Dggey [ [ aga(ri) vy (¥5,),
=1

KEPR ’re']" | =1

the overlap conditions being included in the overlap tree matching condition. At fixed overlap tree
T = TR, we act now on the aggregate barycenters that appeared during the change of variable
harnessing the recollisions. Recall that moving these barycenters moves rigidly the aggregate pseudo-
trajectories. Like for the clustering recollisions, we hence focus on the relative positions of these
barycenters through the change of variable, of Jacobian 1,

@ )ictul = (TR (Fe = 25, = T0) ey ) -

conditionning on the overlapping particles (pe, ge) associated to the edge e, as it was done for recolli-
sions.

Clustering trees At this point, we observe that the knowledge of a recollision tree on each ag-
gregate, and of an overlap tree between these aggregates, is equivalent to the knowledge of global
decorated clustering tree Tr € T,7*, recording all the clustering interactions between the r particles
of a cluster R, and recording whether it is a recollision or an overlap thourgh a decoration on each
edge. This leads to the mapping

||

|n| H N 7;—<,*
TF (T8 — Th

The decorations are denoted sp by analogy with the scattering labels of the pseudo-trajectory
histories (3.9): indeed, this time again, we choose that a sign +1 corresponds to a scattering (i.e. a
recollision), and a sign (—1) to no scattering (i.e. an overlap). In the decorated clustering tree, the
aggregates correspond to the decorated connected components retrieved when removing the overlap
edges (we denote €€*(T) the set of these decorated connected components), so that the tree part of
our cluster measure writes

x|

Z ¢[1;ree]Hagg(ﬁi)dV[[(ﬂ](‘I’m): Z (—1)|€€*(T)|1/]}-T§:T H dV

KEPR i=1 TeT;* Aece* (T

For each global tree T € T, we thus have (r — 1) encounter times and angles (77, w})cepy, either
associated to a recollision or to an overlap, according to the decorations (Se)ecp,. Once computed
the recollision changes of variable in each aggregate (i.e. decorated connected component of T),
we compute the same on their barycenters to harness the overlaps, eventually leading to the vari-
ables (Zgr,Tr_1,wy_1). Since the overlap change of variable has the same Jacobian as the recollision
one (5.12), we end up with

|%|

/de Z <Z5[tree Hagg(ni)du[@](\lf,ﬁ) = Z Z / Aon dwETdTET

KEPR i=1 TETR * pe€P(m),ge€P(m
e= (m m/)GET
*+ *
X ]lT]*?:TG (Pesge)r H Se va - UQ(’( )7 w€>+ H dy[(] t]
e€Ey Ae€er(T)
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Now, keeping in mind that the pseudo-trajectories do not interact between decorated connected

components of the clustering tree, one may gather back the measures V[[(ﬂ] on the whole set R. This
means that we consider a unique history

* *
(kvmlmgkvﬁkvtkagkayk)

for all the dynamics, although the pseudo-trajectories are still independently defined on each aggre-
gate. Moreover, we want to keep track of the time ordering between the particle adjunctions and
the clustering encounters. To that end, we will add to each edge e € Ev of the clustering tree the
information of the time interval [t;41,t;] (between two particle adjunctions) in which the clustering
encounter occur. This way, adding this information to the knowledge of which particles are involved
in the clustering encounter, each edge e = {m, m’} is associated with the triplet

(Pe; Gesie) € P(m) x P(m') x [0, k],

such that 7. € [t;,11,%;,]. Keeping the notation &, ;) for this triplet’s compatibility, we write

ree dl‘R
/de Z ¢[t ]Hagg "{z dl/[o 1 m Z Z / dwETdTET]lT* TG(:D@,qc,ie)T[R]

KEPR YETI™* Perleste
R eéET

X H Se{p, (T8T) = 0g (7ET), Wi+ dy[[Of]]( R):

ecEy

With all this in mind, we are now able to gather all the particles adjunctions and clustering encounters
into a single tree encoding the whole dynamics. Indeed, at fixed number of added particles k, the
choice of the history (s, m,;,) contained in the measure v, along with the clustering information, may
be encoded in a dynamics tree TR eTy +kv in which two vertices are connected either if a clustering
encounter happens between them, or if one of them was added to the other one, i.e. if they form
a couple (n + j,m;), with the associated signed decoration. The edges are time ordered from the
ordered clustering conditions in Y = T}, and the intervals (i.).ep, defined above. This provides the
following mapping

T x [Lr+k" x [0,k]"r x {F1}¥ x Mgpp — TgpC Tk
T;i 5 (pe; Qe)e ; (ie)e ; Sk ) my, = T]%

with the condition p, g. € P(m) x P(m') for every e = {m, m'} € Ey. This mapping is injective, and
made bijective by restriction to its image Té{k cCTY +k, containing all the admissible dynamics trees.
More precisely, an admissible dynamics tree is such that the added particles from [r+1, r+k] appear in
increasing order, and in particular do not have encounters before appearing. For such a dynamics tree,
the global dynamics might be recovered, starting from the highest ordered edge (the closest to time 0)
and reconstructing the trajectories up to time ¢, as in the example given in Figure 4 (note that in this
example the edge 0 is not admissible as it would connect the vertices 4 and 6 before they appear). From
the dynamics, the parameters (T, (Pe, e, e )e, Si, My, ) can be retrieved, making the mapping bijective.
Recalling the expression (5.1) of the measure, this lets us with encounter times 7p. , angles wp.,
stemming either from the adjunction of a particle in the pseudo-trajectory expansion, or from a
clustering encounter (recollision or overlap). Generalizing the notation (v, (7e™) — vy (7o), we) 4 to

the adjunction of particles (even if in this case one of the particles does not really exist at time 7.")
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Figure 4: Retrieving the dynamics from the dynamics tree

one can write the condensed measure

||

/de Z (;StreE] Hagg "iz dVOt (\IJM)

KEPR
If |
- Z Z Z / > 1dedQZH®R1T}%:T H 3e<Um(Te+) _Um’(Te+)7we>+dwedTe.
k=0 £, €Ay TGTd e={m,m'}€FEy

Although the order in the velocities’ difference above do not change the calculus (as we integrate we
over the whole symmetric sphere), recall anyway that this order has been chosen such that m > m’.
Summing everything up, we get the following proposition.

Proposition 5.4.1 (Dynamics tree formula for the integrated cumulants). The cumulants decompose
into two terms

FH() = FIE]EE ) + fRH) @),

the first one containing only trees in its expansion, and the other including cycles. Indeed, the integral
of the first tree term rewrites as the expansion

/ el (2, )z, = S IPH] R L),

pPEPR

d
IYH](t L) = / 17002y, -2y, ), H NS Y M Ey

k] =0 Zk TGTd
J

xdvi, [T se(vm(re™) = vm (7e), we)  dwedre. (5.14)

The term f;[H] levele]l corresponds to a similar expansion, stemming from the part d)LijCIC] of the exclu-
sion cumulants (5.13). Recall that the cluster cumulants fF were defined in (5.8).

6 Integrability bounds

We present here integrability bounds for the cumulants, based on the writing above (Proposition 5.4.1).
First we show how to reduce the study of the cycle part to the study of the tree part, making appear
additional constraints on the way. Secondly, we bound this tree part in Proposition 6.2.1.
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6.1 Discarding overlap cycles: a tree inequality

As announced, we start by controlling the part of the cumulant expansion containing cycles. A
cycle in the overlap conditions imposes a strong geometric constraint, which will provide smallness
(Appendix D). But first, we will compute a tree inequality to simplify the sum over all the connected
graphs. To do this, we will harness the cancellations due to the signs, using the same trick as in the
proof of Proposition B.2.1. Indeed, recall that the cycle part of the exlusion cumulants writes

Cycle _ Z ]lTov Z H (—]lniw;j)-

TETK, GEC\M(T)\{T} {i»j}eEG

Denoting ]1?-2 the indicator that the global dynamics contains a cycle, the sum over the cycling graphs

rewrites as
Z H ( ]]'H’LNHJ _]IQR H :‘%NH] Z H NZNHJ

GeC (M\{Y} {i,j}€EG {i,7}€EY E'CES {i,j}€E’
1) T ) T 0 L)
{Z7J}EET {lvj}eE%

computing the inverse expansion of the exclusion cumulants, the latter product being smaller than 1.
We are hence brought back to the tree case, and dominate the cycle part by the tree part, with the
additional strong cycle condition

ol

/fe [cycle < Z /fap d,nH dCE.Dy ZZ Z =k H@pj]le .

P L el e a
PEPR 320 Ly, TETW K

X dy}';j H Se(Um (Te ™) — v (Te ), we) 4 dwedTe X IL%J..
ecEy

This term is negligible in front of the tree one, because of the strong geometric cycle condition, as
stated in Section 7.2.

6.2 Bounding the cumulants on short times

We hence need to study the tree part of the integrated cumulants, written (Proposition 5.4.1)

Ipl =
dz
/fZ[H][tree Z /fa,p d 'u‘pJPJ ZZ Z /dvk ]le_ (61)
pEPn ki20 £ TETd
X H Se Um(Te+) — U (Te ), We) 1 dwedTe.
ecEy

Proposition 6.2.1 (Cumulant bound). For u large enough in the mized scaling (S- ), one has for
any t small enough (depending on () that for an absolute constant C > 0,

5 ree Cn n
[ s < S

More precisely,

/fn H]eel () — [V H] (¢ )’ < in Tl H% - (6.2)

The latter inequality specifies that the leading term in the integral formula for the cumulants is the
one corresponding to the trivial partition p = {[1,n]}.
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Proof. First step: initial cluster cumulants. To get bounds on this cumulant, we will start
integrating the initial cluster cumulants, of which we recall the following expression (Lemma 5.3.1),
where N = [¥,, | +---+ [¥, | denotes the total number of particles contained in the clusters,

, (0] (0] _ il oN ®F APt Qp+
fép(o,gq,pl,...,gq, ; )= [ILX(,)} MB ©o N Z pq' +q<PopM P q(lep‘Hq.
p,g=0

Using the definition (3.17) of Cy to control Mz and ¢g, we have

/

and we will apply the tree inequality (Proposition B.2.1, i.) to the cumulant of the exclusion

‘%\pwﬂ‘ < Z H Ly

T€7}:‘p|u[[p+q]] {zy}eLq

ol |
f,iv’)(o,gypl,.. , [p‘ | ‘ | | dz,, < C'N —Bllunll E ])q'/iw®p+q ‘(bN\p\,PJrQ‘ | | dxpkdzp+%
P,q=0

Like in the proof of the bound on these cumulants (Proposition B.2.1, éi.), we will use the integration
variables z,,, . and (T, )x, the latter moving rigidly the clusters (zy, ). Integrating over successive
leaves of the tree, removing the edge {7, j} leads to a factor ¥, ||V, |C4e?, depending on the number
of particles in each cluster. For this reason, this time we need to discriminate according to the degrees
di, ... dp4prq Of the vertices ¥y ..., ¥, Since the number of trees on [1,m] with

prescribed degrees dy, ..., d,, is equal to

*
o1 &pyg

(m —2)!
H?;(di - 1>!’
we get (also integrating the density Mg over v, )

/

14

€0 (0]
fn (Ové\pp RIS ) \I}pw

lol
< e Blnl® 3 (CoNP1?_a(ipl4p+a—1) 3 ol t+pta= Hl\lfpzld

Ig! \pl+p+q
bq:
p,q>0 dl7 7d|P\+P+lI H

Now, we observe that

pl+r+q-2)!" (p+aq\(p+ta+lpl—2 p+q -
- 1! A || (Ipl =2)! < 22 (] — 2)!
plg! p p+q p

We write on the other hand
|P| |\Ij |d |p‘
[T (2 = Tl esn,) <
1= 1d121

and similarly

pt+q

11 Z < ePta,

— 1
i=1 d\p|+z21 ‘PH—Z
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We eventually get, since [p| < N and CoA < p,

lpl
0 0 _ —Blluxl? - p+q
[0 | TLam < e e Pient® (g - 2yiettoi 5 (P00 sty
< (2e2Co)NePllenl? (| p| — 2)1elel=1) 2(45)’”,
r=0
eventually leading, for an absolute constant C', to
lp| ,
/ Fi0.25) ooz )| T] dmp, < (CCo)NePlnlP (o] — 2)teel=D), (6.3)
P1 p‘p‘ k:1

Second step: bounding the collision kernels. The observable H being bounded, we can dominate
it roughly. Moreover, let us observe that the factors bounding the initial cumulant (6.3) decompose

on the clusters as
II?

(CCy)NeBllenll® = H(CCO)\\IIPJ.|6—5HQ\I,%
j=1

(6.4)

so that for a generic cluster R = p;, we harness the associated velocity decay to study

. ¢ e
SR:Z Z p‘l;k| Z /dvr—&-k]lTﬁlj:T H Se<vm<T€+)_Um’(Te+)7we>+dwedTe€ lereel?,

k=0 £, €Ay TGT}%k ecEy

With our notation, r + k = |Ug|. Since we just bounded the dependency on the initial value, the
trajectories do not depend anymore on the particles’ tags, allowing us to bound roughly the sum over
£, using that p, < 1. We will use the velocity decay to bound the velocities appearing in the collision
kernels. We will bound each edge separately, starting from the furthest from time ¢, so that the other
collision kernels will only contain velocities that do not depend on the considered edge.

For each edge corresponding to a clustering condition, using the Cauchy-Schwartz inequality, we
bound all the possibilities for this edge by

r+k
2 Y (om(m )+ o (D) < 40+ k) (0 + B) i, (6.5)

m,m’=1

where the factor 2 stems from the choice of the edge’s decoration. For each edge associated to a
particle’s adjunction, since one of the vertices corresponds to which particle is added, we only have
to sum over the choice of the second particle as

r+k

2> (lom (2 o (2O < 24/ (r 4 B) [l (6.6)

m=1

Determining whether the edge is a clustering condition or a particle’s adjunction corresponds to an
additional factor 2"7%. In the end, harnessing the velocity decay (6.4) and integrating the ordered
times, we get

r4+k—1
Sn< o8 [ dupdipdzp, (o0 (o e BlualE) el

k>0
k-1 k1 r+k—1
< A — k)t k k
_;}8 (r+k—1)!(r+ )TNV 4+ (C’d\/r+ )
< Z(édt)r—&-k—l(r + k)r—16r+k’ (67)
k>0
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using in the end that (r + k)" ™1 < (r + k — 1)le"tE,

Last step: combinatorial manipulations. We now gather it all to bound the cumulant using
its expression (6.1) from Proposition 5.4.1. Using the exchangeability of particles to reduce the
partition p € P, to the cardinal of its subsets, and denoting Cy = ||H||oo and C' = CCy, we write for
a constant Cy depending only on the dimension that

_ i—1)
'/fn tree] ' Z Z (Z Z'fl)"g 7’L' CYH H Z C t Tj—l—k-—l(,rj +k§ )7"]-—1

i=1ri+---+r;=n Jj=1k;>0

SCH” ZIHZZC“M —1 kj+r;

'u =1 j= 17"]2019_,20

in the scaling pue? = ¢, and harnessing the denominators r;! to control the terms (r; + k;)"7~'. Now,
for ¢ small enough the series are convergent (and the term r; = k; = 0 actually does not appear, as
it corresponds to the empty tree), so that we get

n! e ,
‘/fi[H][tree](t)‘ < CHn 51_1.41

-1
e i=1
Cpn!
< 4Mfﬁ (1+8e),

which concludes the proof. The second point (6.2) of the proposition is proved observing that the
term 8¢ corresponds to the sum for ¢ > 2, i.e. to the sum over the non-trivial partitions. O

7 Limit cumulants

Since the cumulants f,, decrease very quickly as n increases (Proposition 6.2.1), we only need the
convergence of the first cumulant to compute the large deviation principle, and the convergence
of the fluctuation field. Indeed, in the rescaling (A\""'f,) that appears in the statistical study of
the tagged particles, the cumulants vanish for n > 2, as soon as % goes to zero. Nevertheless, for

completeness, we also compute their limit in the rescaling (1" f,). The corresponding formula could
be used to capture the fine scales of the dynamics in a further study.

7.1 Rare encounters of tagged particles

First of all, like in Section 3.7, we will show that the encounters between tagged particles are very
rare. Indeed, when we have bounded roughly the sum over the possible tags ¢, € Ay by 2k one could
have looked at the influence of the encounters with at least one tagged particle, which corresponds to
the sum

6l N~ (R
5w = 30 (7)o
ﬁkEAk =1
g;ﬁégk
< pMQk.
This leads to the exact same bound as the previous one, with an additional factor p, < 1. In the
end, we get the estimate presented in the proposition below.
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Proposition 7.1.1 (Rare tagged encounters). Denoting

/ﬁmmww

the integrated cumulants where the domain of integration of dv is restricted to {{;, = 0.}, one has in
the usual mized scaling (S: ,.5), for any t small enough and an absolute constant C > 0, that

ree ree Cn n
U&E i) - [ gt ﬂ_ o,

7.2 Discarding cycles

In the expansion of the integrated cumulants in terms of dynamics trees (Section 5.4), we emphasized
that non-clustering encounters may happen, either stemming from a non-clustering overlap, or from a
non-clustering collision. We show here that the dynamics presenting such cycles are negligible in the
said expansion, in particular proving the smallness of the cycle part of the expansion (Section 6.1).
Using a more precise computation than the previous method [8], we achieve an optimal bounding
factor in € instead of €| loge].

Proposition 7.2.1 (Cycles are rare in the dynamics). We have the following estimate on the ez-
pansion proved in Proposition 5.4.1 for the integrated cumulants, under the constraints that a cycle
happens in the dynamics:

‘p‘ dz
P (0 Pj ®p
> [ o [T > S Hg
PPy j=1 k>0 veTd
’ pjik;
x dvy, dwp. dr H Se(Uim(TeT) — v (T 1), we) x 1! Cn HHH”
k; Y Ex Y LBy e\Um\7e m/\Te yWe/+ pil = Mn 1

The cycle condition imposes strong geometric constraints that result in a additional factor € in the
usual bounds for the integrated cumulants. The dynamics implying cycles are thus negligible in the
expansion above.

The proof of this proposition is given in Appendix D, based on geometric estimates.

7.3 Convergence of the integrated cumulants

Now that we proved that the cycles and the other tagged particles asymptotically have a negligible
impact on the dynamics of n fixed particles, we go back to the expression (5.14) given in Proposi-
tion 5.4.1 for the integral of cumulants, to determine their limit (Proposition 7.3.1 below). Indeed,
by Propositions 7.1.1 and 7.2.1 above, up to an error of order (¢ + p,), the pseudo-trajectories z[oj]k
only include clustering encounters, and none of the added particles is tagged. Hence, the velocities of

these pseudo-trajectories only depend on the dynamics tree TIﬁ’L]],k and on the dynamics parameters
in the integral, so that they are equal to the velocities of the limit pseudo-trajectories Q&i This
way, similarly as in the discussion Lemma 3.8.3, and to the discussion around (3.45), the positions of
both pseudo-trajectories are (ke)-close, and in particular they are identical for the n final particles.
Since the only tagged particles are among these n final particles, and since the equilibrium Mg only
depends on the velocities, we get

I n én n
o MEmHR () = [g ™ ME™ ().
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The observable H®™ also only depends on the n studied particles, so that one can bound

O (O g M) — HE ) Py 0,28

n L n 0 0
= [Ee )| - [l ME IR ) — Frr(0,25)
< ‘ H@n@g,tl)‘ Otk e len il

by the initial error studied in Proposition 3.3.1. Eventually, recalling the result (6.2) of Proposi-
tion 6.2.1, the leading term in the cumulant expansion corresponds to the case of a single cluster
p1 = [1,n], once again with an error of order e. We end up with the following limit formula for the
integrated cumulants.

Proposition 7.3.1 (Convergence of the cumulants). Fort > 0 small enough, the integrated cumulants
[ fE[H](t,L,) converge as € goes to 0 in the scaling (S. ) towards the following limit formula

/fn[H .

dazdvn 7 et "o MET
=2 2 / — i dwpdrp, [T se(l T = ol we) HO o ME™ L),

k>0 TETHd]] A ecFEy

where none of the added particles in the pseudo-trajectories are tagged, and with the quantitative bound

\ [ i) - [ s <

Let us observe finally that some of the trees in the formula above do not contribute to the sum.
Indeed, imagine that in a tree two added particles (hence non-tagged ones), both meet as their first
(forwards) encounter at a time 7.. Then, changing the sign of the encounter leads to a weight

—seefie ) =l w0y (o)) M5 (o)) = —se ol ol w0 (o) 25 (o11)

using the equilibrium structure. Note that since they are added, they do not contribute to the

C"n! n
< el - (5 +pu).

weight cp(? by ®" 5o that the contributions of this tree and of its counterpart with a changed sign
cancel out. In particular, for the first cumulant f; = Fj, as pictured in Figure 5, the only shape
of tree that contributes is the linear one. Hence, it is enough to know the signs associated to each
encounter, and one may write

/ RH(,0) (7.1)
_;UZ/ dZId”kdwkdeSz Mo e e Mg ).

Fortunately, this expansion coincides with the pseudo-trajectory formulation (3.15) of the solution to
the linear Rayleigh-Boltzmann equation (2.7).

7.4 Convergence of the cumulant generating function

We study here the convergence of the cumulant generating function in the case (4.17) of an observ-
able H = H1,-; weighting only the tagged particles, generalized to observables depending on the

47



T = T{1,2}

T2 = T{1,3}

73 = T4}

~t=0

Figure 5: Left: non-contributing tree. Right: only contributing tree.

whole pseudo-trajectory 2% as in (5.4). It writes
A\P
el = 30 [ £ [ - 1] (1.1,)
p=1
For p > 2, using the bounds on the cumulants (Proposition 6.2.1), one has

S0 [ 10| X () @ -1y

p=2 p=2

<A x 22 (Clle” = 1]1a)?

as soon as 20C/||e” —1||o < pin the scaling (Se,u0)- Hence, rescaling properly the generating function,
we get the following proposition thanks to the convergence of the first cumulant (Proposition 7.3.1).

Proposition 7.4.1 (Convergence of the cumulant generating function). In the scaling (S: . ), the

rescaled cumulant generating function converges as

%@L‘W H] — Bl —1](t,1) = /Fl[eH](t, 1) —1.

All the cumulants of order greater than 2 vanish in this scaling, at the opposite of the non-linear
version [9] in which they contribute to add non-linearity in the limiting generating function. Next

section is dedicated to the equations driving this limit.

7.5 Hamilton—Jacobi equations for the limit cumulant generating function

For observables that behave according to the structure of the trajectories, i.e. of the form

H(204) = g(t, 2) /0 O — v~ Valg(s, 2(s))ds

as introduced in Section 4.1, we will study the limit cumulant generating function (see Section 7.4),

denoted t
I(t,g) = /Fl [exp (gt —/0 (0s —v- vx)Qs)] (t).
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It is relevant to consider observables in the functional space

gEBrs = {h ‘ 3C>0: VLT, 110 — v V) h(t)|[ ey < c} . (7.4)

e, o)+ 1o

L>(D)

Indeed, the relevant variable that will appear as boundary condition of a Boltzmann equation will
be €9(t) (see the proof of Proposition 7.5.2). Note that the time of validity of Theorem 4.2 depends
on this norm C chosen for g € Br g. One may choose to extend this class of functions to observables
growing as small inverse Gaussians, using part of the exponential decay of the cumulants to com-
pensate this growth (see |9, Chapter 7]), yet that would mean losing control on the solutions to the
Hamilton-Jacobi system below (Proposition 7.5.1).

We will use the formula (7.1) above to find the Hamilton-Jacobi equation it satisfies. Observe
that the term & = 0 in this expansion corresponds to the initial value Z(0,g). For any k& > 1, we
will split the dynamics tree in two, to isolate the influence of particle 2 at time 71. To this extent,

let us define 5,y = (s2, ..., sx), and similarly 0;,_y,wj,_1,Tp_y, and ¢, = (¢1,G3, - - -, Cix)- We split
according to the sign s1, which labels the first collision (between v and vy = v7), writing
k
= /dzldvgdwldﬁ (v1 — v2,w1)+ Mp(vh) Z Z / dvdwdT H Si<v£7iﬂ — vﬁ?,wiﬂ
k>1 3 =2
by [ g iy 710
Xexp g(ta<1 >_ 0 (as—U'Vx)g(3,<1 ) [SDOMﬁ ](Qk )

k
_ / dzdvgdwidry (v — vg,w1) 1 Mp(v2) > / dﬁd@dfnsi@gnﬂ _vﬁijm

k>1 3 i=2
¢ ~
X exp <g(t, dt]) — /U (0s —v-Vaz)g(s, CF)) [(POM?k](QE])v

~[0,¢ . .
where the pseudo-trajectory QL ] corresponds to the scattering case s; = 1 in the first term, and to
the overlapping case s; = —1 in the second one. Now, by the fundamental theorem of calculus for
the transport equation, since there is no collision in the pseudo-trajectory on [r,t], one has

t 1
g9(t,Ci(t) — /0 (05 —v - Va)g(s,Ci(s) = g(r1,Ci (1)) —/O (0s — v - Va)g(s, Ci(s)).
In the overlapping case, g(r1, (")) = g(ﬁ,x[lﬁ],vl) = g(71,C1(7q )), yet there is a discontinuity in
the scattering case. In this case, writing

g(Tlu Cl(Tf_)) = 9(7—17 x[lTl}) Ul) - g(Tla ‘T[lTl]u Ui) + g(Tlv x[1T1}7 vll)a
and recalling that the mapping (v}, v}) + (v1, v2) is of Jacobian 1, the first term in the expansion (7.5)
above writes exactly as the second one, with an additional factor

Xp <g(7-17 x[lﬁ]a Ull) - g(Tlv x[171]7v1)> ’
This way, the expansion (7.5) of the cumulant generating function corresponds to an integral over
time of the same expansion at time 71, with an additional weight depending on z;(71): this is precisely
the partial derivative of the functional Z (¢, g) with respect to g(¢) as an independent variable, in the
direction of the said weight:

Loz ,
Z(t,g9)—Z(0,9) = /0 dT%(T,g) {/ dvedw (v — ’UQ,w>+Mﬁ(’U2)(69(7’,21)_9(7,21) —1)
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One may identify the partial derivative with the function z + 0y Z(t, g, z) such that

8

The function z +— 9y Z(t, g, 2) is shown [9] to be continuous in x, with values in the space of measures
weighted by the inverse of the Maxwellian M 5 1 Hence, we are left with

t
Z(t,g) =Z(0,9) —i—/ dT/dvgdw<v1 — v2,w) 4 Mg(v2) 0y Z(T, g, zl)(eg(T’zll)*g(T’zl) - 1), (7.6)
0

yielding the following proposition.

Proposition 7.5.1 (Hamilton—Jacobi system for the limit cumulant generating function). Introducing
the Hamiltonian

H(q,p) = /dvzdw<vl - 112,w>+M,8(02)(J(21)(€p(x1’v1)_p(x1’vi) - 1),

the limit cumumant generating function is a mild solution of the equation

atI(tag) =H (ag(t)z(tvg)ag(t)) )
in the sense of (7.6).

At fixed t > 0 and g € B, g (defined above in (7.4)), this Hamiltonian equation incites to introduce
the following Hamilton—Jacobi system

OH
(0 —v-Va)g = a*p(qm,p“]) , q"(0) = Mg exp(p!”(0)), (7.7)
oH '
(63 — - Vx)(p[t] - g) - _aiq(q[ﬂvp[t}) ) p[t](t) = g(t)7

where the unknowns (¢, p) are meant to find the minimizing values of (8yZ(t,9),9(t)) for this
Hamiltonian. Next proposition is dedicated to prove that the mild Hamiltonian solution

Z(t, g) = I(t,0) /ds/ )(0s — v - V) (pl (s /7—[ M(s),p(s))ds  (7.8)

is well-defined, and to identify it with the functional Z(t, g).

Proposition 7.5.2 (Identification of the Hamiltonian solutions). For any time t > 0 and any ob-
servable g € By 5, the Hamilton—Jacobi system (7.7) admits a unique global solution (q[ﬂ,p[t]) such

that (q[t]e_p[ eP" ) eL> ([0 t], F1 5/2) , and the functional f(t,g) defined as (7.8) from this solution
coincide with our functional

Z(t,g) =1(t,g).
Proof. To prove the well-posedness of the equation, we compute the change of unknowns

{ v(s) = 69()
0(s) = (0s V2)g(s),

and we consider the functional J(t,0,v) = Z(t,g). For this functional, the formula for the partial
derivative with respect with ~ is even simpler: the term v = 9 disappear, so that we have to add it
in the weight corresponding to the direction of the derivation. The associated Hamiltonian is hence

H (v) = / dupdeo(vy — v3, ) Ma(o2)x (1) (1(2)) — 1(z1)),
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for the variables x = ge™® and 1 = €?, and the Hamilton—Jacobi system writes as

OH
(0s —v-Va)x +0x = (Tn(x,n) ; x(0) = Mgo,
OH
(Os —v-Vg)n—0n= —@(Xw) , n(t) =(t).

This system is equivalent to the following linear Boltzmann—Hamilton—Jacobi system

(0s —v-Vy)x =—0x+ /dvgdw<vl — Vg, W)t (Mﬁ(vé)x(zi) - Mﬁ(vz)x(z1)>
(7.9)

(@~ Van = +60 — [ doado(vr — va,wh s (Mplop)n() — My(oa)n())

Contrary to [9], these equations are decoupled, since the coupling was stemming from the non-linearity.
These linear equations are very close to the Rayleigh-Boltzmann equation (2.7), and Appendix E
is dedicated to show that in our functional setting, this system admits a unique global positive
solution (x,n) € L* ([0,¢], .7-"1,5/2)2, proving the first part of the proposition. The details of the
identification of the functionals is similar as [9], showing that they share enough regularity in addition
to be solutions to the same mild equation. O

8 Fluctuation and large deviation results

We eventually prove in this section Theorems 4.1 and 4.2. We start presenting tightness properties,
so that we will be able to prove these theorems in a weak form, to extend them afterwards to stronger
topologies.

8.1 Tightness

We expose here tightness results for the empirical measure and the fluctuation field, useful to extend
weak results, in the sense of observables, to results in the strong Skorokhod topology on the set of
trajectories Traj([0,t], M(D)).

The results of this section are given without complete proofs, which can be found in the paper
dealing with the fluctuations and large deviations of the general symmetric hard-sphere dynamics [9].
Indeed, these proofs rely on the bounds on the cumulants, that we proved in Section 6.2 in our mixed
model, and are otherwise identical.

Proposition 8.1.1. There exists a distance d, based on normalized bounded observables, and associ-
ated to the strong Skorokhod topology on Traj([0,t], M(D)), such that

1
li lim —logP d(0,75) > A| = — 8.1
A—lg-loo )\*1>I*IF100 A o8 Lsel[g,)t] ( ’ﬂ-S) - > ( )
and for any n > 0,
1
li lim —logP d(7s, 75 = —o0. 8.2
il 3 | s 05500 0] = ®2

Proof. For the example, we show the first result (8.1), which is the easiest one and for this reason not
completely detailed in [9]. Let us define the random set containing the labels of the tagged particles

Sxi{lgigj\f, Ll-:l}.
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Noticing that the number |S)| of tagged particles does not change with time, and since whichever
normalized observable (h;);cn appearing in the distance d is bounded, one has

ORI

1eN jESA

Y
S Z 17l oo
1€EN

The latter sum being normalized, the condition d(0, 77) > A is reduced to asking, for a constant C' > 0
depending on these observables, that

[SAl

—— > CA.
A

Thus, we have

il
< P8y = AN < B2

]P’[sup d(0,7;) > A < e

s€[0,t]

by the Markov inequality. We know very well the initial distribution discussed in Section 2.3, and in
particular we have a formula (C.2) for the partition function, that harnesses symmetry to write ¢ = [£,|
the number of tagged particles in the following computation

24P
98| g NI OPHe BPY o
[ g ] Z 2 p!q! /Mﬁ ]lXp+q
e e Y A
g —1) ! Ypta®
p 7>0 (q plg!

Hence, we use that 1 X, < 1 X and invert the sums, eventually computing an index shift to get

1 (Mlgoll)! X e I
[Sxl Verta—l @a=ly
g {2 A] = ZZ Il Zp!(q—l)!/ g v L
>0 p=>0

=

q=l
q
Z AH@OH 1 )\qﬂp MEPHIEI1
>0 pq' Xp+q
pq
:€A||<Po||7

recognizing the partition function Z. In the end,

P [ sup d(0,7;) = A| < eXP(MWOH —Clog 2A/\>,

s€0,t]

which concludes the proof of the first statement in the mixed scaling (5. ;. »)-
The second statement (8.2) follows from the previous bound and the estimate on the cumulants
given in Proposition 6.2.1, with the same proof as in |9, Proposition 7.3.2]. O

Proposition 8.1.2 (Tightness of the fluctuation field). There exists a distance d, based on some
normalized bounded observables, and associated to the strong Skorokhod topology on Traj([0,t], M(D)),
such that

li lim P d(0,¢8) > A
A—1>r£oo u—1>I-‘yr-loo [ Sub (0’ CS) -

s€[0,t]
and for any n > 0,
. . J( € rE —
lim lm P [|SSZ{I|3<6d(Csts/) > n] = 0. (8.3)
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The proof of this proposition is once again identical to the one in [9, Proposition 6.2.3], using
the bounds proved in Proposition 6.2.1. Note that in the integrated form, dominating roughly the
bounded observables, it is easy to remark that the bounding estimates that are true in the non-linear
symmetric case remain true in our linear tagged model, since by symmetry one can rewrite the sum
over the tags £, as

)\ ®p
Z )\|@p|ﬂp 1€, |/M®il7 p]l)(sdz _ /M®P( S00_|_1> ]1X5d§p7
U

£,EAp

which formally corresponds to a bounded symmetric initial data Mg(p,eo + 1).

8.2 Convergence of the fluctuation field

Since the fluctuation field (¢7) defined in (4.2) is tight by Proposition 8.1.2, identifying its limit
moments is enough to characterize its limit, as they decrease fast enough (see the method of moments
in [6, Theorem 30.1]). Hence, to identify the limit fluctuation field with a Gaussian process, and to
find its covariance, we consider the following sampled observable

J
H(,0 =100 )4y (7)
j=1

For simplicity, we denote f,,(t) = fn(t,£, = 1,)) and Fi(t) = Fi(t,¢; = 1) the cumulants associated
to the tagged particles only. Recall that the random set Sy contains the labels of tagged particles.
With the same notation as in Corollary 3.1.1, we have

GlH WZ > u (25) - a [ Frow,

j=1 |ieS,

To characterize the law of this fluctuation field, we look at its Fourier transform, using the generalized
cumulant generating function (5.4) to write

E [eié“f[fﬂ] = exp <05[0 4 [i/h;D exp | —i Aé/ﬁf(ej)zpj . (8.4)

Expanding the cumulant generating function (5.4) yields
 H AP ~ -
Gl [Z] = / Slevat —1
VA ; p! T [ }
IH ||
= fz H “twio < .
; p! / i 2) VA

Using the estimates on the cumulants stated in Proposition 6.2.1, and the convexity of x — (1 4 x)?,

we bound for any p > 2
1
LI e <HHH>”+
BN 9
A2 VA

i\ 5[5 ()] 2

APCP
< .
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so that

‘/f I '<2<O|H||>

Then the cumulant generating function writes

0[] — [ 5 [in - 2 o (L21)’

where the first term simplifies in the Fourier transform (8.4). Eventually, in the mixed scaling (S: ;)
this provides the following convergence

B [eicﬂH]} —exp |~ Z /F1 (2 wj])]

1]1

A
+2(C||H|)?*=
(@l H)M

thanks to the convergence of the integrated cumulants shown in Proposition 7.3.1. By the method of
moments mentioned above, and thanks to the tightness (8.3) of the fluctuation field, ¢f converges to
a Gaussian process (;, with time-observable covariance

B[clolclil] = [ o9 .

At each time, it is hence characterized by its covariance (4.3) with respect to observables. This
concludes the proof of Theorem 4.1, recognizing the expansion (7.1) of the solution My to the
Rayleigh—Boltzmann equation. O

8.3 Large deviations of the empirical measure

We explain here how the convergence of the cumulant generative function (Sections 7.4 and 7.5) leads
to the large deviation principle for the empirical measure (Theorem 4.2), following the method of [9].

Upper bound Let F be a closed set for the Skorokhod topology. In particular, F is also closed for
the weaker topology given by the opens of the form

Op5(v) = {m € Traj([0, ¢, M(D)) , [{h,m — v}| < 3},

for observables h € C° and measures v € Traj([0,t], M (D)), where § > 0 is fixed (we recall the
definition (4.4) of the transport filtered mean). For any open set of this form, one can write

P(#5 € Op4(b)) <E [exp(x{h,frg} — Mh, 0} + A(s)} .

Now, since by definition

(h, 75} = % S [h (.21) +/0

1€S)

t

(9 +v- V) (s Z}S]>] ,
and harnessing the definition (5.4) of the cumulant generating function, we get

P(7§ € Ops(v)) <exp (@Lovt] [hﬁ/(@ +v-Va)h ] AMh, v} +/\5>
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Taking the limit superior, thanks to the convergence (7.2) of the generating function, and using the
notation Z(t, g) for the limit cumulant generating function (7.3), one has

1
limsup —log P(7] € Op5(v)) < Z(t,h) —1— {h, 0} +0.
e—0 A 7

By definition of the Legendre transform (4.7), for our fixed 6 > 0 there exists an observable g € B; 3
such that
{g,U} _:Z(t?g) +1> A(ta U) - 57

so that

1
limsup —log P(7§ € Oy s5(v)) < —A(t,0) + 26.
e—0 A ’

By the tightness result stated in Proposition 8.1.1, F is in fact compact, and one can extract a finite
covering of open sets F C UF_, 0y, 5(v;), so that

1
lim sup X logIP)(fo € F) < —;11<1£A(t,gi) +2) < — niggA(t, v) + 24.

e—0

The result (4.9) follows, considering that 6 > 0 may be chosen arbitrarily small.

Lower bound The lower bound follows from more elaborate methods, that works only for mea-
sures v such that the Legendre transform A(t,v) is reached for an observable h € B, g, which is the
case when v is a strong solution of the Boltzmann—Hamilton—Jacobi equation (7.7)

s — UV Vg )U = — U2, D=p(z1) _ v2)v(v1)e - 5
(@ =0+ Va0 = [ dusdtor = va,) s (Ma(eh)o(uh)er) P - My(ua)o(wn)ereh) o=
for some p € By g3, whence the restriction on the infimum defining the lower bound. The algebraic

details are exaclty the same as in |9, Chapter 7] and proceed of industrious topological considerations,
so that we do not replicate them here. O

Appendix

A Scattering parametrization

This appendix is dedicated to the parametrizations of the scattering. Indeed, the scattering sys-
tem (2.2), denoting (v, w) = (v4,v;), is equivalent to

, vtw v —wl
2 2 (A.1)
, vtw |v — w|
= -0
2 2
’Uil _ U'/
with ¢ = ————2— denoting the deviation’s direction with respect to the mean velocity. Since
|vi’ = vj|

(v,w,v',w’) are in the same plane, o and w also belong to the same plane (see Fig. 6). Thus, we
might reduce their dependency to the 1-dimensional circle, where the following holds

oc=m— 2w,

o going through the circle, and w through the half-circle.
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Figure 6: Deflection parameters

Change of variable w — o. Let us denote u = w — v the precollisional relative velocity. We want
to change the variable w € Sflfl into o € S ! in the following integral, written in hyperspherical
coordinates

- fw){w,uydw = /f(w)|u] cos(Bg_z) sin? =20 sin? 30y . . .sin% Oy_3sin 0o db, ;,
S

where the d — 2 first angles (6;);<q—2 range [0, 7], and 641 ranges [0, 27]. Thus, choosing the angle
0 = (u,w) as 04_o, the half-sphere that w ranges corresponds to 6 € [0,7/2]. In Fig. 6, one can see

that (/\) =7 — 2(u,w), so that we will compute the natural change of variable 8 = (7 — ¢)/2.
Denoting § = (61, ...,04_3,04_1), we get by trigonometry formulas that

it f(w){w, u)ydw = / /f — sm (¢> oS <(§> sin?=2 6, sin? 36, . . .sin® 0,_5 dOde

= / /f(w)4 sin(¢) sin?=2 0, sin? 3 0y . . .sin?0,_5 dAde
0

_ |yl
=T Jos f(w)do.

It is useful in the computations of this paper to be able to switch from a variable to another, with
the following formula.

Lemma A.0.1 (Change of scattering angle). For any measurable function f, one has

f(w){w,uydw =

d—1 4 _
S+ Sd 1

B Cumulants

B.1 Combinatorics of the inversion formula

Before starting this appendix presenting the specificities of the cumulants of the exclusion indicator,
we remark that the identity (4.13) at the origin of the inversion formula (4.12) for the cumulants can
be seen through combinatorial methods. We recall this combinatorial formula in the following lemma.
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Lemma B.1.1. For any r > 1, one has

r+1 k
S =0F > el - =o0. (B.1)
k=1 UEPT+11:1

Proof. We start introducing the following mapping

Ph, — PIOPf
{oroi} = (o1 o0
where &; = 0; \ {r + 1} denotes the subsets of o from which we have removed (r 4+ 1). Inverting this

mapping, for a o € 737’?, the element (r + 1) must form a partition subset on its own; and otherwise
for a ¢ € P*~1, we have 7 choices for the subset (r + 1) belongs to. This way, one can write

k k k—1 k—1
S ol =0r=">" Tl =0+ > losl [] (ol = 1!

oePk, =1 ocePki=1 J=1 gepk-1 i=1
k k—1
= > J[del=Dt+r > J[deil 1)t
ocePki=1 cepk-1i=1

Thus, decomposing as above the sum (B.1), we can perform an index shift on &k to gather it back (the
extreme terms, summing over P71 and P?, vanish). We get

r+1
)ICHEDS Hlazl—l'—l—TZ ZHlazl—l
k=1 aeP’“H i=1 k=1 oePki=1
=(1-r)2-7r)x xOxZ Lxo!
when iterating the computation, which concludes the proof. O

B.2 Cumulants of the exclusion

This section is devoted to the study of the cumulants of the exclusion indicator associated with the
hard sphere domain (2.1) (see Section 4.2.1 for the definition of the cumulants). The exclusion between
particles may be generalized to the exclusion between aggregates and clusters (see Section 5.2), yet
the following results and computations remain identical.

Denoting Gs the set of graphs on a set S and G,, = Gy, the set of graphs on {1,...,n}, one may
write

Lag(zr,..ozn) = ] (1=1ana,)

1<i<j<n

=2 I taes)

GeGn {i,j}€Ea

One can even further decompose the graphs into their connected components. We denote Cg C Gg
the set of connected graphs on S and P, the set of partitions of {1,...,n}, so that we can write

||

i) = SIS T e

0€Pn k=1 \GrECo,, {i,j}€EG,

57



Hence, thanks to the uniqueness due to the inversion formula (Proposition 4.2.1), the cumulants of
the exclusion are given by

Cbk(l’l, sy X Z H xlwx] (BQ)

GeCy {i,j}eEg

The very specific structure of these cumulants yields a strong bound on them, called the tree inequality,
exposed in the following Proposition. This bound on the integral of the cumulants allows a strong
control of the particle correlations, used in Appendix C to gain estimates on the partition function,
and in Section 6.2 to bound the initial cumulants.

Proposition B.2.1 (Tree inequality).

(i) The modulus of the cumulants may be controlled restricting the sum defining them to the
trees T C Cy (i-e. to the minimally connected graphs) as such:

\gbk(xl,...,a:k)\ < Z H ]lxiwa:j-

TeTy {i,j}ebEr

1) As a consequence, we have the following control over their integral
q ’ g q
[ 16xtw0lday < K2l

Proof. The proof of this proposition relies on a partition scheme due to Penrose [30], and may also
be found in [9].

1. The key argument is to find a map w : Cx — Ti such that for any tree T € Ti, there is a
connected graph R(T) € Cj, satisfying

7 NT)={G €Cy, Er C Eg C Er)}-

This means that we can partition C; into subsets corresponding each to a single tree, and
containing all the graphs that are both compatible with this tree and smaller than an upper
graph R(T'). We will prove later the existence of such a partition.

Now, we decompose the sum defining the k-th cumulant according to this mapping, and using
its structure we get

> I cup=2 > I -1y

GeCy, {ij}eEq TeTy Gen—1(T) {i,j}€EG
M IR CT D VR | e
7T, \{i,j}€Er E'CER)\Er {3,5}€E'
=> | II -1~y I -1y
TeT, \{i.j}eET {i.J}Y€ER()\ET

reversing the usual computation to harness the cancellations, which yields the result since
1-— ]liNj € {0, 1]}

Let us now expose the Penrose partition scheme. To construct the representative T € T of
a connected graph G, we will choose the vertex 1 as its root, and explore the graph from
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there, always favoring the lowest vertices when choosing a new edge. Formally, we proceed by
generations of same distance to the root d(1,-), on the tree in construction. At each generation,
starting from the currently connected vertices, we add the edges of Eg connecting these vertices
to isolated ones, and whenever a conflict happens—which would create a cycle—the lowest
currently connected vertex has priority to connect with the new one. This iterated procedure
leads to a tree T such that Er C Fg.

Then, to construct R(T), we search an algorithm to retrieve some information on Eg from
the knowledge of T'. For each edge {i,j} € E¢g \ Er, in the procedure to construct 7', at the
generation when the first among ¢ and j was connected to the root 1 (let us say i), then either j
gets connected at the same generation, and then d(1,7) = d(1,j), either it gets connected at
the next generation, since they are connected in G. Since we supposed {i,j} ¢ Er, it precisely
means that some other vertex—within the generation of i—had priority to claim j. Hence, in
that case, d(1,7) = d(1,7) + 1 and the parent p(j) of j is lower than .

A good candidate for R(T') is thus 7" at which we add the vertices {i,j} such that d(1,7) =
d(1,7), or such that d(1,7) = d(1,j) + 1 when p(j) < i. One may check that with this choice,
every graph G satisfying Er C Eg C Eg() has T' as its tree representative, which concludes
the construction we needed.

2. By the first part of the proposition, the problem is reduced to the integration of the vertices
of a tree, for which we know a very simple algorithm. We start integrating over a leaf iy of T,
which appears in only one condition 1 and we then iterate for a new leaf until the tree is
reduced to a single root, so that

/\¢k§/ oIl tieidz

TeTy {i,j}ebEr

Tpr~g

§ Z |Bd‘€d H ]liwjdl'l .. .d.i‘iz e d:Ck
TeTy {6.5Y€B\ i)y

< > (1Bae)*!
T€ET,

— kk72(|8d’€d)k717

concluding with Cayley’s formula, that gives the number of trees on [1, k]. O

C Partition function estimates

This section is dedicated to the proof of Proposition 3.4.1, which yields the following estimate on the
partition function, for u large enough in our mixed low density scaling (S: ,,\):

i Z ()\C’O)qur/]lxs <C§O)‘.
+r =

Ir! a
marso 4
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First of all, let us use the symmetry of the particles (among each labelled group) to observe that the
partition function can be rewritten:

Aw p-1t,|
Z,=> Y M / Migpo)® ( (2¢ Vs (z,)d,duy

p=20£,€Ap
P )\kup—k: ok
= ZZM/(MWO) (21)Lg (z,)dz, oy, (C.1)
p>0 k=0 ’
AP -
N Z q'p! (Mgpo)™(zg)Lag, , (2p1q)dy oduy. (C.2)
P,q=0

We now start by proving the computational lemma below, giving an explicit and exact formulation
of the partition function using the cumulants of the exclusion, defined in the Appendix B.2 above.

Lemma C.0.1. For all A\, u > 0, with (¢) the cumulants associated to the exclusion (1x:), one has

k)\l
% (Mpp0)® drir | - (C.3)

(k,1)#(0,0)

Z,, = exp

Proof. We start from the formulation (C.2) of the partition function, and we will write the following
cumulant expansion, denoting P, , the partitions of [1,p + ¢g] into s subsets,

+q
PP S
Zo=ie 3 S 5 [ T a0 ez
,q7#0,0 s= 10'673g
+q s
P % 1 p q! ,
=1+ Z ! Z Z Ukl k-0 H¢ki+li(£ki+zi)(M5$00)®l’@li)dﬂﬁli-
P,g70,0 p'¢ s=1 " (k;,l;)#(0,0) 5 st oL =1
ij PZZJ =q

To perform the last equality, denoting P = [1,p] and Q = [p + 1,p + ¢], we consider the following
surjection that counts the number of elements from each partition subset in both P and @), defined
up to an arbitrary choice of a partition order:

®d - ;—&-q — {(k‘s,fs) ’ (klvll) 7& (070)7ij :pazlj = Q}
g = (‘O—lmP’a"-v‘O—SmP‘7‘0_lmQ|7'-'7’JSmQ|)'

Its defect of injectivity is indeed given by

B 1 p! q!
ﬁ{O‘E +q7 q)(o-)_(ksyﬁs)} _g kl'ks' ’ ll'ls"

providing the combinatorial factors. Now, permuting the sums so as to get rid of the condition on
the value of the index sums, we get

s Al
Z. = 1+Z%H Z pt k] l' /¢k +1,( Lo, +1; )(Mﬁwo) (UCZ )dwk +1; (C.4)

S
s>1 7 i=1 (ki,li);é(O,U)

Ic G
= exp > Tl /¢k ;- (Mppo)®" |
(ki,li)#(0,0)

concluding the proof. (]
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Proof of the proposition. Now, Lemma C.0.1 applied to both the numerator and the denominator —
that have the same structure — gives

P(ACh) k/\l
Z HACo)T /ﬂxgﬂ = exp /¢k+l — (Mppo)®

|
" p,g>0 p'q: (kl;éoo

The terms of the sum are vanishing for [ = 0, so that

k)\l
/¢k+l — (Mgpo)® } k:' 0 /|¢k+z! 2C§
k:lyéOO ! k>0
1>1
B )\Co
< QZZ i /W”
r>1 [=1
3 ()\CO) 72 dyr—1
SQZZW (1Bale®)",
r>1 =1

by Proposition B.2.1 stemming from the tree inequality. Using Stirling’s approximation, we have for

any [ <r
T2 < e’ 7! < (2¢)"
(r=00 =72 (r=000— 127
so that
k’)\l (AC )
QI © 0 dyr—1
‘ /(z)k—l—l Mggpo) ] < 4eCyA ZZ—T (26‘Bd|€ )
(k) 7&00 r>1 =1

Eventually, thanks to the scaling e ! =1 and 1 < A < p, we have

e )\Co dyr—1 —~ ! dyr—1
S5 O ety < 3 el
r>1 =1 r>l =1
< > (2elBgle)
r>1
<2,
concluding the proof. (]

D Geometric control of dynamics cycles

We prove here Proposition 7.2.1, adding the analysis of geometric cycle constraints to the bounds
proved in Section 6.2. Thanks to a fine computation to handle the appearing singularities (Sec-
tion D.4), we achieve a full convergence rate in ¢, better than the previous existing one |[8].

D.1 Parametrizing the cycle

First of all, it will be useful in the following to parametrize the encounters in terms of the angle o
instead of w (see Appendix A for the associated change of variables). For a general cluster R = p;,
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at fixed number of added particles k; and fixed labels, we want to show that the cycle condition in
the following integral

_ 2
Z /ﬂT}%:der—i-kdo-ETdTET H Se|vm(7—e+) - Uy (Te+)’e Bllorsl X ]IQR (D'l)
TETH . e€by

leads to similar bounds as without the cycle constraint (see (6.7)), with an additional small fac-
tor €. This way, we will use the same computation as in Section 6.2, when bounding the integrated
cumulants, gaining smallness from the cycle.

We have denoted v, ;. = (vg,v)), and we define V = max(1, ||v,1||2) to control the total energy.
For simplicity, we will not precise in all the following, every time we use an adverb of time, that time
is looked at backwards.

Let us hence suppose that two particles, say i and j, create the first cycle at a time t. € [7e41, Te),
through a non-clustering collision or overlap. The cycling condition imposes strong geometric con-
straints, providing smallness when integrating over well-chosen parameters in the dynamics, restrained
to small geometric volumes. Nevertheless, to integrate over a collision angle, we need to make sure
that the velocities appearing in the product over the edges do not depend on this angle: we will
hence start identifying the corresponding edges, and sum over them to make the associated velocities
disappear like in (6.5) and (6.6).

The parametrization of the cycle will depend on whether one of both particles ¢ or j has undergone
a deflection between ¢ and 7. or not. We here define the relevant interactions to parametrize the cycle.
Should it be the case, let us denote k the particle that deflected 7 at the closest time 74 > 7., and if such
a deflection never happened let us denote k the particle that overlapped ¢ at a closest time 7o, > 7.
One can arbitrarily choose ¢, among ¢ and j, to be the closest to have been deflected, or to have been
overlapped if none of both has ever been deflected. Eventually, something that might happen is that
the first connection between ¢ and j (before their cycle) stems from ¢ overlapping a particle (call it [),
after having encountered k (see 4,5, k,[l in Fig. 7).

The choice of this configuration (4,4, k,1) € [1,7 + k]* and of (7¢,7a, Tov) C {Tp}p<rik_1 cOITE-
sponds to a combinatorial factor of order (r + k).

Since the first cycle happens after 7., before that time every encounter is clustering, registered in
the tree T, and every velocity in the dynamics thus only depends on the signs and angles associated
to the edges of T. This way, we may sum over these edges like in Section 6.2, as soon as we do it in
an order respecting the interdependence among the encounters.

The set K C Ey of edges possibly impacted by the collision between ¢ and k at time 74 is defined
as follows: we start with all the edges between 7,41 and 0, since the cycle happens before. Then,
we can define the connected component of £ when removing the edge 74 between ¢ and k, of which
component we add to K all the edges after the deflection time 74 (see the definition of the dynamics
tree in Fig. 4). Eventually, we add to K all the potential overlaps undergone by i after 74, apart
from the one with [ if appropriate, since we need it to close the cycle. We hence condition on this
set K, which corresponds to a factor 2° once c is fixed, and we can sum beforechand over all these
edges as in (6.5) and (6.6). To be finally able to integrate over the deflection angle oq associated with
the time 7q without impacting velocities in the product over the edges, it only remains to dominate
roughly the one associated with the overlap time 7., in the deflection case, as follows:

|Ui(7—ov+) — UZ(TOV+)‘ < 2V.

This factor will be found back in the final estimation (D.10). We will now treat both cases separately:
as said before, if one of both particles has been deflected before 7., we will use the angle oq of the
corresponding collision to parametrize the cycle condition. Else, we will use the distance between the
aggregates involved in the closest overlap. Both ways will raise some singularities in velocities, that
we will control afterwards, in Section D.4.
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Overlap case

Deflection case 3 (j stems from Cj)

Figure 7: The three deflection cases, and the overlap case

D.2 Deflected case

If one of the particles has been deflected before 7., we have fixed the closest deflection, involving
and k at time 74. Taking the encounter time just before 74 as a reference (call it 7p), we shall denote
u;, uj,up, the velocities of particles 4, j, k between 79 and 74, and uj, u’;, uj, these velocities between
74 and t. (cf. Fig. 7). We first suppose that k # j. Then, there are three possibilites for the origin
of particle j, considering that at time t. it creates a cycle with ¢: it can stem from the connected
component C; of ¢ at time 7g, from the connected component Cj, of k at time 7g, or from the connected
component C; of a particle [ overlapping i at a time 7.y, between 74 and 7. (Fig. 7). The dependency

of x; — x; along the setting at 79 is different in each case.
> If j is in the connected component of ¢ (Fig. 7, top left), this is the simplest case and
[z — aj](te) = [ — x;](70) + (Ta — 7o) [wi — uj] + (e — 7a)[uj — wy].
> If j is in the connected component of k (Fig. 7, top right), then

[zi — x5](te) = [w: — ak + @ — 5)(7a) + (te — 7a)[u; — uy]
= ewa + [z — x5](70) + (Ta — T0)[ur, — us] + (tc — 7a)[uj — uy).
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> Eventually, if j is in the connected component of [ (Fig. 7, bottom left), then

(i — j](te) = [ — 20 + 20— 23] (Tov) + (fe — Tov) 1] — ;]

= ewoy + (11 — x;|(10) + (Tov — T0) [ — uj] + (tc — Tov)[u] — uj].

Actually, it may happen that wu; is deflected between 79 and 7oy, yet it only requires to change
the term (7ov — 70)[w; — ], splitting it according to each segment between two deflections.

In each case, using the cycle condition [z; — x;](t.) = ewe + ¢, for a ¢ € Z% due to the periodicity of
the domain and satisfying |(| < ¢V, one can write

(te — 7o) [w) — uj] = Az (7)) + ews, (D.2)

where 7. € {74, 7ov}, Az(7s) is independent of wq (see the explicit formula (D.5)), and wy € we —
{0, wq, woy } satisfies |w,| < 2. This relationship (D.2) defines a cone to which uj — u; must belong to
achieve the cycle, whose height depends on the relative position of ¢ and j at time 7.: if Az(7y) is
large enough compared to e, we will be able to control the height of this cone, and hence its angle,
which constrains 4. Otherwise, it will provide a strong condition on the encounter times. First, if

|Az(Ty)| > 4e, (D.3)
then A
(te — 7o), — s | = 1227,
so that . AV
< . D4
te—nl = TAa(r)] (D4
Now, the value of Ax(7y) is respectively given by
[ — 2;)(10) + (Ta — T0) [uj — U4 if j € ¢,
Ax(1y) = [z — 2;](10) + (Ta — T0)[ur, — ;] if j € Cy, (D.5)
[l’l —xj](To)—i-(Tov—To)[ul —Uj] ifj S Cl,

which is affine in 7, € {74, 7ov}, so that denoting (7. — 735)Au the projection of Ax(7.) on Au €
{u; — u;, up —uj,u; — u;j} according to the considered case, one has |Az(7y)| > (7% — 75)Au|. Thus,
using (D.2) and (D.4), we know that

o — Az(Ty) + ewy
7 J ‘tc _ 7_*‘
belongs to a cylinder of width at most
4eV 4eV

< )
|Az(7)| — (7 — 76) Aul

(which contains the previous cone of controlled height, cf Fig. 8, a.). Hence, u} also belongs to such a
cylinder, since u; remains unchanged. Now, the deflection condition states that |uj — (u; + ug)/2| =
|u; —ug|/2, so that u; — (u; +ug)/2, whose direction is given by o4 (see Fig. 6), also has to belong to
a sphere of radius |u; — ug|/2. The intersection of this sphere with the previous cylinder is included in
the union of two cones, of which solid angle is maximum when the cylinder is tangent to the sphere

(cf. Fig. 8, b.), namely
oV d—1
Cygmin |1, .
‘ [ <|<r*—ra>Au|-ui—uk|> ]

64




e sin(u, v)| ™!

|Az| 7y N

[te — Tu| . / N >

Figure 8: Geometrical estimates

Eventually, denoting 1;5; the condition that ¢ and j create the first cycle within the tree T, we can
bound the following integral using that d > 3,

Y d—1
. L < ; 7 . )
/]lz(j]dO'ddT < Cy Z /mln [1 (’(7'* Al = U/g) ] dr, (D.6)

[¢I<tV

v oV (d—1)—(d—2)
< af____ &V | EV
< Cy(tV) (,Au‘_ + (d —2) {Au‘_ ]

lu; — ug| |ui — g

tdvd+1 e

<Cj— =
= A Jug — g

(D.7)
Finally, if the condition (D.3) is not satisfied, then the condition |7, — 73| < 2¢/|Au| provides an even
better bound integrating over 7., with the same singularity |Au|™!.

The case k = j is treated in a similar manner, without singularity since the disjunction on the
height of the cone is not necessary: the cycle must occur because of a periodic shift { # 0,4, necessarily
providing a height larger than 1, which yields a negligible term (of order e?71 see for instance 8,
proof of Proposition B.2]).

D.3 Non-deflected case

If none of both particles 7 and j has ever been deflected, we have considered the closest overlap,
involving ¢ and k£ at time 7,,. Taking the encounter time just before 7., as a reference, call it 7,
we will use the same notation as previously, knowing that none of the velocities changes between 7
and 7,y and that the velocities of 7 and j are given by their initial velocities v; and v; (see Fig. 7,
bottom right). Then, the overlap at time 7o, and the cycle creation at time t. give respectively the
following conditions

{ xk(70) — 2i(70) + (Tov — 70) (ur — vi) = Cov + EWoy (D.8)

xj(TO) - zi(TO) + (tC - TU)(U]' - Ui) = CC + Ewe.

Since before 7. all encounters are clustering, removing the two encounters t. and 7o, divides the
past encounters involving ¢ and j into two connected components: C] containing j and k£ and Cy
containing . By construction, when Z,, varies alone, both dynamics components C; and Cy move
rigidly one with respect to the other, and the distance x(79) — 2;(70) remains fixed, so that

Toy = xx(70) — 2i(70) = [28(70) — 2j(70)] + [2(70) — 2i(70)]

has to belong (D.8) to two cylinders of axes (u; — v;) and (v; — v;) and of common width e.

65



If j # k, the volume of the intersection of these cylinders is of order &¢|sin(uy — v,V — vi)| 7!
(cf. Fig. 8, c.), so that with the same notation as in the previous deflected case (D.6), recalling the

changes of variables (5.12) and (A.2), we have

2d ,
/]lz‘(}jdoovdTov = M/]li(}jdfov < Cay= V) : (D-9)
|v; — ugl | sin(ug — Vi, Vj — vi)| - [vi — ugl

If j = k, since none of the particles has been deflected, this means that the cycle is due to the
periodic conditions with (o, # (.. Hence, the difference of both lines of the system (D.8) provides

(TOV - tC)(uj - u%) = (Cov - Cc) + E(Wov - Wc)7

so that for € small enough (u; — u;) must belong to a cone of opening at most 3¢, and integrating as
before over v; and v; provides a negligible term (of order 971 see [8, proof of Proposition B.2] for
instance).

D.4 Handling the singularities

Now, we are left with some singularities to handle in our bounds (D.7) and (D.9). To do so, we will
either use some of the relative velocities appearing in product over the edges to cancel them, use a
previous deflection to integrate them, or integrate them using the initial velocities v, in the case
where there is no such deflection. First, the singularity |u; — ug|™" in (D.7) and (D.9) appears in
the product over the edges in the integral (D.1) that we want to bound, so that it cancels out. The
remaining singularities above hence consist in

1 1 1 1

+ + = .
luj —wil  Juj —we|  Juy—w| o [sin(ug — i, 05 — vi)

For one of the three first singularities, of the form, |u; — t,| ™Y, we will discriminate on the history
of j and n.

If j or n  has been deflected by a particle m at a closest time 75, we will integrate over this collision’s
parameters. If this deflection is between j and n, by the scattering identity |u; — un| = [u} — uj|
between post and pre-collisional velocities, the singularity cancels out in the product over the edges.
Otherwise, let us say by symmetry that j is colliding m # n, so that in particular u,, do not depend
on 3. Using the deflection equation (A.1), we write

do+drs ul + |uf — u, |
d~'d __ A4 J m J L
|’u,j—’u,n|_/d0.ddtd T—Un“‘TUd
—1
2 ul +ur, — 2u
= /dJ&dT& J " T " & + o0y

We are brought back to studying an integral of the following form, computed in hyperspherical

coordinates (cf. Section A) for w = (1,0,...,0), its maximum value being reached for any |w| =1,
d ™ s ad—2 0 B
(T:@/MM:%
lw + o 0o V1—-cosf

The remaining singularity |uj* — u;lrl, due to the collision, appears in the product over the edges
in (D.1) and hence get cancelled like |u; — ug| L.

Nevertheless, to be able to integrate over these parameters (o, 7;), we first need to dispose of
the velocities that are impacted by them: as we did for K in the beginning of this appendix, we fix
the corresponding set J of edges, and sum over them beforehand (along with the choice of K, this
corresponds to a factor 3°).
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If neither j nor n has ever been deflected before 74, we integrate directly the singularity over

. . . . _ By . . .
the velocity v; at time 0, using part of the exponential decay e 2|v]|2, the singularity being locally
integrable in dimension d > 1.

The sine singularity only appears in the non-deflected case, and is so integrated in the same way
over v; and vj, using for example once again hyperspherical coordinates

2_yp,;2 —(v4v;)2—v;?
dv;dv; = / / dv | dv;
/ |sin(uy — vi,v; —v;)| 7 ( | sin(ug — vi, v)| )

d—2
</ Cd/ d=1g=r*+2v: S0 ededr eV do; < Oy
- | sin 6| -

D.5 Conclusion

In the end, we have obtained enough smallness and there is no more singularity, so that we can
eventually sum over all the remaining edges, and conclude the domination exactly as in Section 6.2,
yielding the same bound as (6.7). The choice of the disjoint sets K,J C Ey gives a factor 3¢,
which becomes 3" 7% /2 with the sum over ¢, so that we get the following final bound (the constant C
stemming from the different cases)

Z /]le ’I‘dvr+kdaE~deET H Se‘vm Te ) - Uny/ ( )|6 ﬁHvT-HC” X ]lg (D.lO)
TETH e€by
k=1 9 r+k—1
<C(r+ k)73r+km /dv,,Jrke_ﬂV (r+ k)"t ( (r+ k:)V2> LV

e- (CO™ 1 4+ k)t

This bound is similar to (6.7), possibly for different constants, with an additional factor €. Hence, the
same computation as in Section 6.2 leads to Proposition 7.2.1. Note that more precisely, 74 or 7o, has
been integrated before, and v; and v; also might have been integrated before with the singularities,
yet it only changes constants.

To sum up the strategy, we fixed a configuration of cycle [i, j, k,, (7¢, T, Tov), J, K], summed over
all the edges in K whose associated velocities would have been impacted by the collision angle o4, so
that we could integrate over the collision parameters o4, and 74 or 7oy. This made appear some singu-
larities that we have handled by summing first over the edges of J, to free some collision parameters
or velocities, eventually integrating over them. U

E Linear Boltzmann equations

In this section, we prove the well-posedness of the system of linear Boltzmann-like equations (7.9)
that corresponds to the Hamilton—Jacobi system presented in Section 7.5. Before stating this result
in Proposition E.2.1, we start with a general study of the linear Rayleigh—Boltzmann equation.

E.1 Linear Rayleigh—Boltzmann equation

We proceed to a similar decomposition of this equation as in [21]|, and compute the integrals in
hyperspherical coordinates. The linear Rayleigh-Boltzmann equation (2.7) might indeed be written

Orp + v - Voo = Kp(v) — vg(v)p(v)
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where the gain operator is

Ko(v) = /(vc —v,w) 4+ Mg(ve)p(v')dwdoe, (E.1)

and the loss factor is
vg(v) = /(vC — v, w) 4 Mg(ve)dwdu. (E.2)

The loss factor being bounded below in v, it will provide some decay of the solution, while the gain
operator will rather make it grow. We will prove that it can be made nonetheless bounded, starting
with the following lemma.

Lemma E.1.1 (Integral kernel of the gain part). The gain operator K defined above (E.1) has the
following kernel integral formula

(B e = | o2 =2, (I = [o?)”
v) = \/;/M_Wexp (—6 [ g + 1 + 8 — o dn.

Proof. We start by the translated change of variable V = v, — v. Additionally, changing the angle w
into —w merely changes the collision kernel to |(v. —v,w)_|, so that up to dividing the integral over w
by two, it can be made on the whole sphere s Eventually, at fixed angle w, we isolate the part
of V. = v, — v supported on w, whose norm appears in the collision kernel: we write

V=Vy,w+U;, withU, -w=0.
Then, recalling the scattering formula (2.2) in which the projection of V' on w also appears, we have
Ko(w) = 5 / VLI My (0 + V(o + Viow)dwdV.
The key computation is now to relax the angle w, and to introduce the variable
£ = Vow,
going twice across RY, and satisfying U, - € = 0. We perform the change of variable

dwdV = dw dV, dU |

d§
et U
Eventually, we perform the translated change of variable £ — v + £ =7, so that
dg
Ko = | \51M5<v+s+m>¢<v+§> iU
= [ M-+ U)ol dn UL (B3

To compute the integral over U+, it is useful to harness a vector whose scalar product with £ = n—uv

is easy to calculate: we set
v
a = + 77.

2
At lign (E.3), the Maxwellian Mg depends on the square of the velocities (2.6), and so makes appear

’77+UJ_+04_05|2:|UJ_‘|‘05|2+|77_04’2+2<UJ_+04777_04>
In — |2

:‘UJ_‘f'Oé‘z 1

<2UJ_+77+U n—v),
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so that using the fact that (U, ,n —v) = 0, we have

2 2 2
— v —|v
’,'7 ITLP ’[TL CM‘Z ‘77 1 ‘ |7]| 5 | | ]

Decomposing a according to & as
a=aj;+a, €Span(€) ®ET,

it all boils down to writing

d 2
_B ||y 24 =2 v\ _,_\nl *\ \
L/AL3U+IJQdUL__(;3) gl ]/e—glaﬁUﬂQdUL
s

2 2 .12
/75 g[\mm‘n ol? 4 Inl? ol }
27T '

2 (Il = oP)*
Aln —vf?

The result follows observing that

v+n &

2 ¢

a|* =

O

To get existence results on large times, we would like this kernel to be bounded, yet in this form
it is not. To exhibit this, we start denoting u = v — 7, so that

[n? = [o? = v —uf* = [v]* = Jul* - 2u - v.

Thus, in hyperspherical coordinates (see Appendix A) with respect to v, denoting d.J(€) the Jacobian

corresponding to the measure on the unit sphere, with 6 = 6;_9 = (u, v), one has

=
——=¢€
n —v|d=2

2
ﬁ+r2—2r\v\ c056+ (T—Q\v\ cos 9)
8 4 8

2
2 2
5|:77—8U2+n|21|v2+(77| —|v| )

8ln—v|2 } A
:/drdJ(Hd_l)re

= /drdJ(Hd_l)re_g(’"_wC059)2 > Cglv.

The last equality above merely results from developing and refactorizing the term in brackets. The
final lower bound follows from recognizing a non-normalized Gaussian centered around |v| cos 6, then
integrating over 6, which provides a constant depending on the dimension.

It is hence necessary to compute a change of unknown in the linear Rayleigh-Boltzmann equa-
tion (2.7), to better distribute the exponential decay and get a bounded operator. Setting

R= Mo,
the Rayleigh—Boltzmann equation becomes
R +v-V.R=KR(v) - vs(v)R(v), (E.4)
for the new operator
KR(v) = / (e — v,0) 4 My(ue) M7 (0) M}, (o)) R(o)dwd. (E.5)
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Lemma E.1.2 (Integral kernel of the modified gain part). The new gain operator K defined above (E.5)
has the following kernel integral formula

\f/m ) e ( ['”;UF*(@';__’Z?de”v

and is bounded on L°°(D) as a consequence of the following estimate on its integral kernel

2
[5 Ay N (i R T PO i
i 5 sl op = TRl

1 _1
Proof. The only difference between both operators is the factor M (v) M, * (") = exp(B(|v[*—|n|?)/4)
in the change of variable of the proof of Lemma E.1.1, proving the new kernel formula.
Using once again the hyperspherical coordinates (see Appendix A and above), we have

5[77 v|2 (m?m?)?
8|n—v|2 1t —alul cos g2
/\U—v\d 2 —/dede-l)re s[> +(r=2lv]cos6)?]

Now, one can integrate

/OO re 8[" +(r—2|v| cos 6)? ]dT — |:_2€’§[r2+(r2|v|cose)2]]
0 g

+ [v] COSH/ re~ 8P +r—2lvcos0)?] ;.
0

In the second integral, part of the weight concentrates around 0, and the rest around 2|v| cos 6, so it
can be split into

|v] cos 6 812 o 00 5 o
/ e—g[r +(r—2Jv| cos 6) ]dT < / e~ 5% du
0 \

v|cos 6

< 8
——e¢
~ Blv|cosb

—§|v\2 cos2 6

(bounding by standard estimates on the Gaussian cumulative distribution function), and similarly

e B 8 2 .og2
/ e 8[7" +(r—2Jv| cos 0) ]d’l“ < |U| cos 9'
|v] cos € /8‘1}’ COSQ

In the end, we get

/OO refg[r2+(rf2|v|cose)2]dr < ze—§[2|v\c059]2 + Ee—§|v|200s29‘
0 -8 B

It remains to integrate over 6 as

T 1
/Sjneeg'”'2c"529de—/ e ShPatgy < L 5T
0 -1 lv| V B

The contribution of the integral over € to the volume of the sphere is 2, so that the integral over the
other angles yields [S?1|/2. In the end,

o d—1
0

2 6 [o] B lof
which concludes the proof when multiplying by the factor y/3(27)~1. The kernel is also bounded for
small values of |v| in dimensions d > 2, so that the operator is bounded from L°°(D) to itself. O
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E.2 Boltzmann—Hamilton—Jacobi system

To gain boundedness of the gain operator appearing in the Rayleigh—Boltzmann equation, we com-
puted a change of unknown that distributed differently the exponential weights. However, doing so,
we caused the new gain operator to be greater than the loss factor for small velocities, so that the
latter do not compensate totally the gain operator. Because of this, they will not immediately provide
a maximum principle.

In the specific case of the system (7.9) that we study here, we have no hope of a maximum
principle, because of the gain terms —6;x; and 6;n; that depend on the observable ;. We recall the
system

(9 — v Va)x = —Ox + / dvpdes vy — v2, )+ (Ma(vp)x(2h) = Ma(v2)x(21))
(E.6)

(0s —v - Vg)n = +0n — /dde<Ul — U2, W)+ (Mﬁ(ﬂé)ﬁ(zi) - Mﬁ(UQ)U(Zl))a
of unknowns (x,n), with the boundary conditions
{ x(0) = Mgy
n(t) =~(t).

Recall the definition (3.16) of the functional space Fj g, embedded with the L°°(D)-norm with a
weight Mpg. It thus corresponds to functions decaying faster than the f—Gaussian in velocities.

Proposition E.2.1 (Well-posedness of the Boltzmann—Hamilton—Jacobi system). For any timet > 0,
for a bounded gain weight 6 € L°°(D), and boundary conditions

{ x(0) = Mgypo € Fi 52
n(t) =~(t) € Fip/2,
the system (E.6) has a unique global positive solution (x,n) € L™ ([O,t], .7:175/2)2.

Proof. We will compute a different change of unknown to go from the operators of the Boltzmann—
Hamilton—Jacobi system (E.6) to the bounded operator K defined in (E.5). Considering x(0) € Fy /9,

_1
we will look at R(0) = Mg *x(0) € L™(D). The existence of a global solution for the first equation
of the system (E.6) above, on x in Fj g/9, is thus equivalent to the global existence in .°°(D) of the
modified Rayleigh—Boltzmann equation

R +v-V,R=KR(v)—0R —vs(v)R(v),

with the modified gain operator K, which is shown to be bounded in L>°(D) (Lemma E.1.2). Hence,
the operator R — KR — R is also bounded for § € L>°(D). Classical results in kinetic theory states
that there exists a global unique positive solution to this equation, with the bound, for any time t > 0,

IRl < [|R(0)[|Le,

where the constant C' depends on the operators’ kernels as

2
o[l
8

8|n—v|?

Vv B(2m)~ }
= sup : dn —0(z) —vg(v)
-ep | Jas rn—vrd 2 ’
This concludes the proof, returning to the variable x € F g/5. The same computation holds backwards
in time for 7. Note that even in the case # = 0, one can check that the constant C is positive because
of small velocities. In this case nevertheless, one can still check a maximum principle using more
elaborate methods (see for example [19, Section 3.1]). O

71



Notation index

t

(3

zy = (zy,vy) € DY
Xy, Dy

’UZ‘/, ’Ujl, vi*, Uj*

w,o

Mpg(x,v)
Wi 2, 4,)

¥, P0

A1

Pp = Aﬂ_l
L, € Ay, |L
wo " (z,)
Fr(t zp, £4,)

2

Hn,H®n

Cn

i [H], 7y [H]

Qn,z: (1), Q'S (1)

Tk (t)

Mok

Xpp = (my,, £, 81) € H
2, ¢l

G, = Mg@"go(@gn

1 fkllk,8, Fr.p

Co

K

hy, ty

RIFI(t)

G, = G,, — RIKItm
V.5

Traj (0, 1], M(D))

Gt

{h,m},

H(q,p)

Z(t,h),A(t,v)

ellH]

o]
Gro) = [ [ Gl
=1

;ufn

nl

Time horizon

Particles’ diameter

Particles’ state vector

Hard sphere domains (in position, in phase space)
Post-collisional, pre-collisional velocities

Scattering angles

Maxwellian equilibrium

Canonical particles’ density in phase space

Solution to Rayleigh—Boltzmann equation, initial perturbation
Chemical potentials (tagged particles, equilibrium particles)
Tagged particle ratio

Tags’ vector, its cardinality

Initial perturbation of tagged particles

Correlation functions

Grand canonical partition function

Smooth observables

Collision operators

Empirical measure (non-tagged one, tagged one)
Successive-collision operators

Set of ordered times

Set of admissible ordered added particles

History vector of a pseudo-trajectory

Pseudo-trajectory at time ¢, limit version

Limit correlation function

Sub-Gaussian norm and space

Initial density bound

Tree pruning parameter

Time cutting intervals and steps

Pruned-out term

Pruned limit correlation function

Truncation parameters, in velocities and time separation
Set of trajectories on M(D)

Fluctuation field of the tagged empirical measure
Filtered mean of the observable h against measure m
Hamiltonian governing the limit cumulants

Limit cumulant generating function, its Legendre transform

Cumulant generating function
Decomposition of G, along the partition o € Py,

Cumulants of the correlation functions, limit version
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2.1
2.1
2.1
2.1
(2.2
(2.3
(2.6
2.2

2.7)
(Seun)
3.2

2.3, 3.2
2.3

2.3

(2.9)

2.3

(2.12)
(3.2)(3.3)
(3.7)(3.14)
(3.9)

3.2
(3.9)
(3.10)(3.15)

)
)
)
)



bn Cumulants of the exclusion condition 1 y: (4.11)
U, = (k, Xpos by Whes UF) Pseudo-trajectory parametrizing vector 5.1
dvp (W) Pseudo-trajectory measure (5.1)
dy[[é{ g]( n) Pseudo-trajectory H-weighted measure (5.7)
F [H|(t, z,,%,) H-weighted correlation function (5.3)
fo[H)(t 2, 4y) Cumulants of the H-weighted correlation functions (5.9)
P(A) Particles stemming from A 5.2
Tapar Indicator of non-interaction 5.2
agg(A) Indicator of aggregation 5.2
N, I'p Set of clusters, set of particles 5.3
S k+1 Cumulants of the cluster exclusion 5.3
Ca Connected graphs on A 5.3
TG =T C(g&?’j), T Wy Recollision tree, recollision times and angles 5.4

S (pe.q0)r (4] Indicator of clustering compatibility 5.4
Ta Barycenter of the positions z 4 5.4
T =T%(z [0;]), ¥, wi¥  Overlap tree, overlap times and angles 5.4
Clx(T) Connected graphs containing the tree T 5.4
OR qb[tree gzﬁ[cyde Decomposition of the cumulant in tree and cycle part 5.4
Th, 1) Wi Clustering tree, clustering times and angles 5.4
¢er(T) Set of decorated connected components 5.4
TI% Dynamics tree 5.4
Fe[H)Ereel (1), fe[H] el () Decomposition of the cumulant in tree and cycle part  (5.14)
1P H|(t,2,) p-contribution to the tree cumulant integral (5.14)
Br g Functional space of the large deviation observables 7.4
S Random set of tagged particles 8.1
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