EKMAN BOUNDARY LAYERS IN A DOMAIN WITH TOPOGRAPHY
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ABSTRACT. We investigate the asymptotic behaviour of fast rotating incompressible fluids
with vanishing viscosity, in a three dimensional domain with topography including the case
of land area. Assuming the initial data is well-prepared, we prove a convergence theorem
of the velocity fields to a two-dimensional vector field solving a linear, damped ordinary
differential equation. The proof is based on a weak-strong uniqueness argument, combined
with an abstract result implying that the weak convergence of a family of weak solutions to the
Navier-Stokes-Coriolis system can be translated into a form of uniform-in-time convergence.
This argument yields strong convergence of the velocity fields, without a precise rate though.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

The purpose of this text is the study of the asymptotic behavior of a fast rotating incom-
pressible fluid moving in a three dimensional domain having a non-flat bottom. This can be
seen as a rough model to describe ocean dynamics in presence of topography: our problem
formulation, which we are now going to present, is devised according to this point of view.

1.1. Setting of the problem. We first define the domain in which the fluid evolves. We
consider a smooth bounded and real valued function ¢ on R? and we define the ocean area as

(1.1) 0 © {(21,2) € R2X R/ o(ay) > 0 and 2 €] — (), 0[} .

We assume €2, to be connected. We also introduce the surface of the ocean as the set

def
Ocp = {ach S Rz/ <p(mh) > 0},
together with the land and shore areas

£, ¥R\ 0, and S, %o 1({0}).

Anticipating what will be formalized in Subsection 1.3, the land area should be thought of as
an island, as depicted in Figure 1 below.
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FIGURE 1. In brown, the land: top view (on the left) and side section (on the right).
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Given two positive real numbers 3 (fixed) and ¢ (the Rossby number, which will tend to
zero), we consider the following incompressible Navier-Stokes-Coriolis system in €,:

1 1
Orue — efAu, + gez AUe + Ue - VUue = —nga ,

(NSCs) Ue|t=0 = UO »

divu, =0 and ug‘ango.

Here u. is a three-component vector field representing the velocity of the fluid, and p. is a
function representing its pressure. The vector e, is the unit vector directed along the vertical
axis, i.e. e, = (0,0, 1), and the notation a A b stands for the usual external product in R3 of
two vectors a and b. The term e, A u. encodes the action of the Coriolis force on the fluid;
the factor e~! in front of it is a typical scaling in oceanography. We refer to the physics
books [10, 27] for more details (see also Part I of [8]).

Throughout this paper, we are going to adopt the following notations. For any three-
component vector field u we define the two-dimensional vector field wuy, as the horizontal com-
ponent of u, namely uy, = (u',u?). The “vertical” component u? will be often denoted as u”.
Correspondingly, we define the horizontal gradient Vy, = (91, 02) and, for a two-component
vector field v, = (vl, 112), its horizontal divergence as divyvp = 010" + 0902,

Let us briefly recall the theory of turbulent solutions® for such systems. We first precise the
functional spaces we work with.

Definition 1.1. We shall denote by V the space of vector fields, the components of which
belong to H&(Q@), and by V, the space of divergence free vector fields in V. The closure of V,
in LQ(QW) will be denoted H. Finally, we shall denote by V! the dual space of V,.

Next, we recall the definition of turbulent solutions to (NSC;).

Definition 1.2. We shall say that u. is a weak solution of (NSC.) on RT x Q., with an initial
data ug in ‘H if and only if u. belongs to the space

C(RT3Vy) N L (RT5H) N L (RT; V)
and, for any ¥ in C'(R";V,), the vector field u. satisfies the following identity, for all t > 0:

/( )(txda:+//Q <ﬁ6Vug V\If—u5~(8t\11+ez/\\1’>>( z) dzdt

(1.2) //% us @ ue : V) (¢, )dxdt’:/Q up(z) - ¥(0,2)dx, with

@

3 3
Vuo : VX ST 0,ub0, 0% and we @ VU LY wlubo; otk

Ji:k=1 j.k=1

Let us recall a classical theorem of existence of turbulent solutions for such a system (see
for instance [8] for its proof).

Theorem 1.3 ([8]). Given uy a vector field in H, there exists a global weak solution u,.
to (NSC;) in the sense of Definition 1.2. Moreover, this solution satisfies the following energy
inequality, for all t > 0:

1 t 1
(1.3) / ]ue(t,:c)IQdac—i—eB// ]Vug(t’,x)\2dmdt’§/ o () 2z
2 Ja, 0 Ja, 2 Jo

@

1We follow the terminology introduced by J. Leray in his seminal paper [24] on the incompressible Navier-
Stokes system.
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We shall focus here on the case of well-prepared initial data ug, meaning that it is a
divergence free vector field in H and satisfies e, A ug = Vpg for some function pg. Considering
a collection of turbulent solutions (uc)o<c<e, in the sense of the above definition, what can be
said about its asymptotic behaviour in the limit when & tends to 07

1.2. The flat case, and related studies. In the case when there is no topography, i.e. the
case when ¢(zy) = H, where H is a given positive real number, the previous assumption on
ug amounts to assuming that it only depends on the horizontal variables. In this situation,
the asymptotic dynamics in the limit of vanishing ¢ is described by the following theorem,
proved by E. Grenier and N. Masmoudi in [23].

Theorem 1.4 ([23]). Assume that ¢(xy) = H > 0 and that ug = (uon,0) is a divergence free
vector field in H which does not depend on z. If ug is small enough in L°(R?), then
limu. =u  in L™(RT;L*(R*x] — h,0])),

e—0

where @ = (T, 0) and Wy, is the solution of the following 2D damped Euler equation on R?:

(1.4) with A %

O¢up, + A\uy, + Uy - Vup, = —Vip m
divyup, =0 and ﬂh|t:0 = UQ,h H

Let us make some comments on this statement, which will be interesting to compare with
our main result (see Theorem 1.5 below). The first point to notice is that the convergence of u.
to u is strong. Moreover, the limit is a two-dimensional vector field which does not depend on
the vertical variable z. Thus, it does not fit with the Dirichlet boundary condition, and this
leads to the introduction of correctors called boundary layers: these correctors, denoted Upr,,
compensate the Dirichlet boundary condition while tending to 0 in L (R™; L? (R?x] —h, 0))).
It turns out that their energy

t
c / VU o () |22 dt’
0

does not tend to 0 and is the source of the damping term Awy, in the limit system (1.4). This
damping is called Ekman pumping and the number X is the Ekman pumping coefficient. Let
us notice that it is proportional to the inverse of the depth.

Many works have generalized Theorem 1.4 in several directions. In [25] N. Masmoudi proved
an analogous result in the general case of ill-prepared initial data. The smallness requirement
on the initial data was removed by F. Rousset [28] for well-prepared data, and by F. Rousset
and N. Masmoudi [26] for the general case. In [7] the authors considered the case of anisotropic
diffusion, where the operator —BcA in (NSC.) is replaced by —vA}, — 302, with v a positive
constant, and proved convergence to a 2-D damped Navier-Stokes equation on R? in the
framework of ill-prepared data, by means of dispersive estimates. We refer to the book [8] for
a collection of those results and related proofs.

Ekman boundary layers have been studied also in some special cases, for instance when
the effect of the Coriolis force becomes degenerate, a typical situation near the equator, in
which case the system (INSC.) must be replaced by the so-called S-plane model (see e.g. [21]).
In [14], A.-L. Dalibard and L. Saint-Raymond investigated the effect of the Ekman layers on
stationary solutions and propagation of Poincaré waves for the f—plane model, when set in a
thin layer. In [13] the same authors considered, instead, the action of a forcing term at the
top boundary, in resonance with the Coriolis force, and studied its effect on the structure of
the solutions to a linearized version of the system (N SC;): they exhibited the presence of an
additional boundary layer, which coexists with the Ekman one. From an applied standpoint,
such a forcing term acting at the top boundary of the domain encodes the effects of the wind
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stress at the surface of the ocean. For more results on this situation, we refer to [29] by L.
Saint-Raymond, who characterized the asymptotic dynamics of the original non-linear system.

We remark that a few studies have been conducted on Ekman boundary layer effects in
the context of non-homogeneous fluids, and all of these treat the setting of a flat boundary.
In the case of compressible flows, paper [3] by D. Bresch, B. Desjardins and D. Gérard-Varet
establishes a (conditional) convergence result for well-prepared initial data, together with a
description of the Ekman layers; the result was later extended in [1] to consider a strong
stratification regime. In the context of incompressible fluids, instead, work [2] obtained the
rigorous derivation of a system encoding the Ekman pumping effect through a singular limit
starting from the density dependent Navier-Stokes-Coriolis system, set in a thin domain and
supplemented with Navier-slip boundary conditions; yet, a precise description of the structure
of the solutions in the boundary layer was elusive within that approach.

To conclude this overview, let us mention that Ekman boundary layers are created at the
surface and bottom boundaries of the ocean. However, other bondary layers, the so-called
Munk layers, exist in the proximity of the shores, whenever a vertical wall appears at the
boundary. This situation has also been the object of some investigation: we refer for instance
to the above mentioned work [3] by D. Bresch, B. Desjardins and D. Gérard-Varet, and to [15]
by A.-L. Dalibard and L. Saint-Raymond. In the present work, we avoid the appearance of
Munk boundary layers by imposing that the function ¢ encoding the topography must be
smooth and bounded over O, together with all its derivatives.

In contrast with the huge amount of literature related to the study of Ekman boundary
layers for fast rotating fluids, less results are available in the case of a varying bottom. To the
best of our knowledge, the first study in this direction was due to D. Gérard-Varet in [22].
There, the author considered the framework of small, periodic perturturbations of the flat case,
of size O(¢g). The asymptotic study in [22] was conducted for well-prepared data and yielded
a result similar to Theorem 1.4, yet at the price of higher complications in the arguments of
the proof. We refer to [16] by E. Dormy and D. Gérard-Varet for additional investigations
in that setting. On a different but related context, we mention that, in [11], A.-L. Dalibard
and D. Gérard-Varet addressed the well-posedness of the non-linear static problem in the
domain {a: e R3 / y(xn) < xz}, namely in absence of an upper boundary but for a generic
function v of order O(1) (see also [12] by A.-L. Dalibard and C. Prange for a preliminary
investigation of the linear problem).

1.3. Statement of the main result. In this paper we are interested in the case when the
topography is not flat (actually nowhere flat). In relation to the discussion of the previous
subsection, we point out that we will not require here any periodicity, nor symmetry, nor
smallness of the function describing the topography. However, the geometric set up must be
chosen in a special way, which we shall describe here and justify later.

The function ¢ introduced in (1.1), which represents the depth of the ocean, is assumed to
satisfy the following condition: a function F exists such that

(1.5) Van € Oy, |[Vip(an)® = F(p(zn)) -

By choosing ¢ as a composition, i.e. ¢ = ¢ o p, we see that it is enough for F' to depend only
on the function p. Indeed, if x}, is a point where the gradient of ¢ does not vanish, then both
@' (p(xy)) and Vyp(zy) do not vanish either; then condition (1.5) yields

Fap(a)? = T2LED) _ iy

2

(¢'(p(zn)))
Notice that, in order to write the last equality, it is enough that F' depends on p, as claimed.
In addition, if z}, is a point as above, then the function G does not vanish near the value p(zy,).

Let H be a primitive of G~2 which also has value non 0, then |IVhH (p(zp))] = 1. In what
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follows, we will need to distinguish between the function describing the depth, namely ¢, and
the one encoding the geometry, namely p, and this remark will play an important role. As a
conclusion, it is therefore natural to assume that the function ¢ is of the form

(1.6) o(zn) = ¢(p(zn)), with Vzy € Oy, [Vup(zn)| =1.

Let us present a large class of examples of such topography. We consider a compact convex
set I of R? such that the boundary of I is a smooth curve. Let us define the following function:

plan) = (a1,
where the distance is the euclidean distance on R%. We claim that p is smooth on R? \ T
and that
(1.7) Y, € R?, |Vip(zn)| = 1.
Let us justify this. We consider a parametrization v of the boundary of I' such that

v : R/LZ+—T
is one to one, smooth and satisfies |7'(w)] = 1 (here L is the length of the boundary of T').
Let us consider the map

X { (R/LZ)x]0,00] — RZ\T
' (@, A) — 7 (W) = A (W)
The point is that X is one-to-one and onto. Moreover, it is smooth and its differential is
invertible. In addition, it is obvious that p(X (w,A)) = A. Thus we infer that
Vip(X(w,\) - 0uX (w,\) =0 and Vipp(X(w,\)- (¥ (w))*t = -1,

where, for any two component vector field u = (u',u?), we have denoted u' def (—u?,ub).

Therefore, Vip(X (w, \)) is collinear to (7'(w))* and has no component in the direction 7/ (w).
As the norm of 7/(w) is 1, we get (1.7).

In the following, we thus restrict ourselves to the particular case when the isobaths are
parallel to the coast of the island T', i.e. ¢(xy,) = gzﬁ(,o(a:h)). In addition, we consider a thickening
of the land in order to avoid the singularity of the distance function at the shore. More
precisely, we consider two positive real numbers py and H, and we assume that ¢ is a smooth
function on [pg, oo[, bounded as well as all its derivatives, such that

(1.8) #(lpo,0ol) € [0,H] and ¢~(0) = {po}.
Remark that this excludes the case when ¢ is a constant. Finally, we define

(1.9)  OLRI\ (p([0,p0)) and QL {(an,2) € O xR/ = ¢(p(zn)) < 2 < 0}

Figure 2 below represents the thickened land and the (new) ocean surface O. We assume in the
following that the set {z, € O/ ¢/(p(xn)) = 0} is negligible in R? (see for instance Figure 1,
the picture on the right, and Figure 3 in Section 4).

N s i, The ocean surface
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FIGURE 2. The thickening of the land (confined by the dashed line) and the (new)
ocean surface O.



We now consider the system (NSC;) set in €2y, and Definitions 1.1 and 1.2 have to be
understood with €2, replaced with €2.

Anticipating on later notation, in the next statement we denote with a superscript 6 the
second component of a vector field in the orthonormal basis

(Vnp(zn), Viyplan), ez) -
Our main result is the following.

Theorem 1.5. Consider a domain §y as defined in (1.9). There is a positive constant c such
that the following holds. Let ug be a divergence free vector field in H of the form

(1.10) uo(en, 2) = uo(en) L ud (p(aen)) Vit plan)

where uf is a smooth function defined on [pg,oc[. Let us assume in addition that ug and all

its its derivatives belong to L?(0), and that the function uf/¢ is bounded. If [uoll oo (0) < B
and if (uz)o<e<e, IS a family of solutions of (NSC;) associated with the initial data ug as
constructed in Theorem 1.3, then

gg% Hus - ﬂ||Li>0°C(R+;L2(Q¢)) =0, with ﬂ(t, Th, Z) =’ (t, p(l‘h))Vﬁp(:Ch) ,

(1.11) 4 .
@ (t,r) Cuf(r) exp(—tAg(r)) and Ag(r) &' V2B 14 Y/1+6°(r)

o(r) 2

Some comments on the previous theorem are in order. First, let us explain why we make
the hypothesis (1.5). As we shall see later on (see in particular Proposition 2.1 and Re-
mark 3.1), in a general domain €2,, an element of the weak closure of the family (us)o<e<e,
is of the form G(p)Vip. In Definition (1.11), the term (¢’(p(xh)))2 must be understood
as |Vnp(ay)]? (recall that we have taken ¢ = ¢ o p). Then Condition (1.5) seems mandatory,
hence Condition (1.6) as well.

Let us remark that the equation on @ is the linear ordinary differential equation

du

(1.12) $+A¢a:0

and not the damped Euler equation (1.4) as in the flat case. As already noticed, the hypothe-
sis (1.8) on ¢ excludes the flat case. However the above theorem can be seen as a generalization
of Theorem 1.4 insofar as, in the (exceptional) points where ¢'(p(zn)) = 0, we recover the
expression of the Ekman pumping coefficient A of Theorem 1.4. The fact that the limit equa-
tion (1.12) is linear is linked to the presence of a non-trivial topography, which imposes a
strong constraint on elements of the kernel of the Coriolis operator (namely, as already re-
marked above, those elements must be of the form G(¢)Vi-¢). The situation is similar in the
case of a variable rotation vector [20, 21] or in presence of variable densities which oscillate
around a non-constant profile (see e.g. [18, 19] for the case of compressible flows, [17, 9] for
the case of incompressible density dependent fluids).

We now comment on Assumption (1.10) on the initial data. This assumption precisely
means that the initial data belongs to the kernel of the Coriolis operator. This is a classical
hypothesis of “good preparation”, which avoids the problem of fast oscillations in time. These
time oscillations make the problem much more delicate to treat even in the case without
topography (see [8]). Moreover, Formula (1.11) defining the limit @ shows that, for any positive
time ¢, the vector field w(¢) vanishes on the shore. Thus the hypothesis that ug/¢ is bounded,
which implies of course that ug vanishes on the shore, can be understood as a reinforcement
of the hypothesis of good preparation.
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Structure of the paper. The paper is organised in the following way. In the next section we
present the statement of three auxiliary results, namely Propositions 2.1 to 2.3, and, thanks
to them, conclude the proof of Theorem 1.5. Then, in Section 3 we perform the proof of
Proposition 2.1. Finally, the proof of Propositions 2.2 and 2.3 is given in Sections 4 to 12,
with some technicalities postponed to the Appendix.

Acknowledgements. The authors wish to express their gratitude to P.-D. Thizy for inter-
esting discussions on the geometric meaning of condition (1.5) and on Segre’s theorem.

The work of the second author has been partially supported by the project CRISIS (ANR-
20-CE40-0020-01), operated by the French National Research Agency (ANR)

2. PROOF OF THEOREM 1.5

The purpose of this section is to reduce the proof of Theorem 1.5 to the proof of the three
propositions below. The first ingredient is the following compactness result, where we have
used the notation introduced before the statement of Theorem 1.5.

Proposition 2.1. Let v be an element of the weak closure VW of the family (uc)o<e<s, cOD-
structed in Theorem 1.3. Then v writes under the form

U<t7 .’IJ) - (’Uh, O) (ta .Th) = (ve (t7 p) vfl_p7 0) (xh) :
Moreover, for any function g in L2 (R™; L?(Qy)) and any family (we)o<e<e, converging weakly
to an element of W, the function

def

Re(t) = (w€|gvhp)L2(}0,t[xQ¢)

converges uniformly to 0 on any compact interval.
The first part of this proposition is the well known Taylor-Proudman theorem in the pres-

ence of topography. Let us notice that the topography induces an additional constraint com-
pared with the flat case, where the elements of the weak closure VW are under the form

(uh(t, xh), 0) with  divyu, =0.
The second part of the proposition claims that the weak convergence of a family (w:)o<e<z,

to some element of W can be translated into a form of uniform-in-time convergence. As we
shall see below, this plays an important role in the final proof of Theorem 1.5.

The second ingredient is the main, and most technical, argument leading to the proof of
Theorem 1.5. It consists in the construction of a family of approximate solutions of the linear
Stokes-Coriolis system, namely the system

1 1
Owue — e Au, + gez AU+ = —ngg ,

Us\t:O = uo,
divue =0 and ucjpq, =0.

(SC%)

The properties of those approximate solutions is described in the following proposition.

Proposition 2.2. Under the assumptions of Theorem 1.5, there is a family (Uapp.c)o<e<e, Of
vector fields in C*(R";V,), which solve the linear system (SC.) in an approximate way, in
the sense that they satisfy, for any 0 < ¢ < gq, the equations

1 1
OtUapp,e — €BAUappe + —€5 NUappe = ——Vpe + E;
€ €
(SCapp,e)

?—I}(I)HUapp,s\t:O — uollL2(a,) =0,
7



where E. converges to zero in L'(RT;L?(Qy)) and (p:)o<e<e, iS a family of functions in
the space L% _(R1; L*(Qy)). The family U,y is a good approximation of u as defined in

loc
Theorem 1.5, in the sense that

(2.1) iig(l)HUapp,a - EHLOO(]R*;LQ(Q(,))) =0.

The approximate solution Us,py, . is made of a principal boundary layer term Upy, ¢, such that
(2.2) (V(Uapp,e — UBL’E))0<€§€0 is bounded in  L'(R*; L(Qy)),

and the family (UL ¢)o<e<e, Satisfies

(23) H \% d¢UBL,€HLoo RT:LXL2(Q < C€||u0||L°°(Q¢) + C€2||UOHW1’°°(Q¢) )
(RTSLE° L3 (20))

where d is defined by dy(zy, 2) def min{—z, ¢(p(zn)) + 2} and the space L{°L%(Qy,) is defined
by the norm

1

0

def 2

Py s ([ (FaaPe:)
TR €0 \J —¢(p(zn))

The third proposition describes the structure of the non linear quantity Uapp e - VUapp,e- It is

not a gradient, but it is close to the term gVy,p that appears in the statement of Proposition 2.1.

Proposition 2.3. Let (Uapp.c)o<e<e, be the family given by Proposition 2.2. Then we have,
with notation (1.11),

hmHUapp,z-: . VUapp,E -+ (ﬂe(t’ p))QAththLI(RJr7L2(Q¢)) =0.

e—0

Before proving Theorem 1.5 using the above three statements, let us make some comments
about this proposition. For every smooth vector field of the form G(p)Vfl-p, we have

G(p)Vip - Viu(G(p)Vip) = G*(p)Vip-VVip.

At this point, it is interesting to compute, for any function ¢}, the quantity Vﬁﬁ . VVﬁﬁ. In
cartesian coordinates, we have

VEO - VVEY = (—0y00, +0,00,) (—(%0)

09901 Do) — D905
T\ —090209 + 01901039
1

(2.4) = 5vh(|vhz9|2) — ApIVLY.

Then a vector field of the type Vﬁz? is a stationary solution of the 2D Euler equation as soon
as a function ¢ exists such that Apd = g(9).
In the particular case when ¥ = p, because the norm of the gradient of p is 1, we get

(25) Virp - Vi(Viyp) = —AwpVip .

To ensure that AppVyp is a gradient, the assumption is that App = G(p). Segre’s theorem
(see [4]) claims in particular that, if a smooth function ¥ on a bi-dimensional domain satisfies

Ayd = F(9) and |Vud]? = G(9),

then ¥ is radial or linear. Here our setting is more general, thus AppVyp is not a gradient.
As we shall see below, the form of Uapp - VUapp,e Plays a crucial role in the proof of
Theorem 1.5, which we are now going to present.
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Proof of Theorem 1.5 admitting Propositions 2.1-2.3. Our approach is inspired by the method
used to prove weak-strong stability results. The idea is to use a “regular” solution as a test
function in the definition of a turbulent solution. Here the role of the regular solution is played
by the approximate solution Uupp .. This method is classical (see for instance [8] or [23]) and,
to the best of our knowledge, was used for the first time in the work [30] for the proof of
weak-strong uniqueness to the three-dimensional Navier-Stokes equations.

We want to prove that

def
0 = Ue — Uapp,e

converges to zero in the energy space, where Uypp o is the approximate solution defined in
Proposition 2.2. Usually, to prove uniqueness for evolution problems of the type

Lu = Q(U, u)
where L is a linear operator and () is quadratic, we write the equation on w = u— v by writing
Lw = Q(w,u) + Q(’U,'U}) :

In that case the two solutions u and v play the same role. As we shall see, the weak-strong
uniqueness method and the structure of the non-linear term @) make the role of the two
solutions non symmetric. Let us define

def 1 ¢
At) & 1.0 s,y + 52 [ IVOO) gt

Expanding the square, let us write that

1 t
Aut) = 5 llue(t) 2o, + 62 /0 Ve () 22,

1

t
+ 50Ol + 82 [ 190 el

t
- (Us(t)‘Uapp,s(t))Lz(%) - 265/0 (V“s(t,)|VUapp,s(t/))L2(Q¢)dt/'

Thanks to the energy estimate (1.3), there holds

1 t 1
Sl=(t) 220, + Be /O IV0e(t) 22 0, < 5lu0l22(0,
Moreover Uypp - satisfies the linear system (SCapp ). This implies that

1

t
310 Ol 0,y + B | IVUsg0 ) a0,y

1 t
< *HUO,EH%,?(Q ) + / / E. - Uapp,g(t/,x) dt' dx .
2 @ 0 Ja,

Since, by definition, E. converges to zero in L'(R*; L?(Q,)) and, by construction, Uypp e is
uniformly bounded in the space L=(R*; L%(Qy)), there holds

t
lim sup ‘ / E. - Unppe(t', 1) dt’da:’ =0.
0 Ja,

e—0 t>0
In all that follows, r. denotes a generic function which satisfies
(2.6) VI'>0, lim sup 7-(t)=0.

€—=04¢j0,7)
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Collecting all the previous information, we find that

1 2 1 2
Ac(t) < §HU0||L2(Q¢) + §||U0,e 12(0,) T 7e(t)

(2.7) t
— (ue(t) |Uapp,e(t)) 12(0,) ~ 28¢ /0 (Vue(t")|[VUappe(t)) LQ(%)dt’.

Now, we use the approximate solution U,pp, - as a test function in formula (1.2). This gives

t
(0| Unpp=(0)) £2(62,) = (1 () Unppe () 121y — /0 /Q (te ® the  VUappc) (¥, 7) dadt’
(2.8) ¢

t 1
+ / / <5evua  VUappe =t - (OTapp,e + =€, A Uapp,5)> (t', @) dadt’.
0 JQy €
As we have

/Q (56VU5 : VUappﬁ)(t/?x)d:U = _65<AU3PP,€(t/)a uE(t/»H*leé )
[

we infer from the approximate Stokes-Coriolis system (SCypp.c) that
t 1
Lo(t) % / / <B€Vug  VUapp.e = e+ (OUappee + —e, A Uappﬁ)) (t', z) dzdt’
0 Jag
! ]‘ / /
_ /0 (Do + BeAUngpe + Zex N Ve elt))
t t
= 2/ / (BeVue : VUappe) (¢, z)dt'dx +/ (ua(t’)]Ee(t’))p(%)dt’.
0o Ja, 0

As ;I_I}(l) 1 Eell L1 (m+;22(0,) = 0, we infer that

t
L:(t) = 2/0 /Q (BeVue : VUappe) (¢, ) dzdt’ + ro(t) .
$

Inserting this into (2.8) gives

t
(UOIUapp,E(O))LQ(Q(b) = (ue(t)’Uappﬁ(t))LZ(Qdﬁ) + 2/0 /Q (&Vus : VUapp,s) (t” x) dxdt
¢

t
_ / / (te ®@ e : VUappe) (', ) dadt’ + 72(t) .
0 Jag

Plugging the above relation into (2.7) ensures that

1 1
AL(t) < §HU0||%2(Q¢) + 5”160,8 %2(%) — (u0|Uapp,e(0)) r2(0,) + 7&(t)

¢
+/ / (ug ® Ug : VUappya) (', x) dodt’
o Ja,

1 t
< lluo — Uappe(0) g+ re(t) + / /Q (e ® e : VUappe) (£, ) dardt’.
0 P

Using Assertion (2.1) of Proposition 2.2, we infer that

(2.9) A(t) <re(t) + /Ot/Q (te ® ue : VUappe) (', ) dadt’ .
o
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Now, let us study the non-linear term of the above inequality in light of Proposition 2.3. Let
us observe that, if ¢ and b are two vector fields in V,;, we have

/Q a®a: Vb(a:)dx = (a . Vb|a)L2
¢
= ((a—b) - Vb|a) , + (b- Vb|a)

= ((a—b) - Vb|(a—1b)),, + (b- Vb|a) .,

Applying this with a = u. and b = U,pp - and plugging the resulting expression into (2.9), we
deduce that

t
Ac(t) < / / (6: @ 8z) : VUappe(t', z) dzdt’
0 Jay,

t
+ / / ((Uapp,a : VUapp,s) : us) (t,, l’)dt’dl’ + Ts(t) .
0 Ja,

Then, Proposition 2.3 implies that

t
A(t) < / / (6. ©6.) : VUnppe(t', ) daclt
0 Jo,

¢ 0\2 cug) (', x)dt'dz + r
+/O/Q¢((U)Athhp )t x)dt da + ro(t) .

Proposition 2.1 ensures that

t
(2.10) At) < / / (6. ©06.) s Ve (t', ) ddt! + (1)
0 Ja,

At this point, we use the decomposition of Proposition 2.2 and the Cauchy-Schwarz in-
equality: we get, from Equation (2.10), that

t
Aa(t) < / ||55(t/)H%2(Q¢) Hv(Uapp,e - UBL,&)(tla ')||LOO(Q¢)dt/ + QBL,E(t) + ra(t) )
(2.11) 0 .
with  Qpp.(t) % / / (6. ®6.) : VUpL (', %) dadt’.
0 JO,

By integration by parts and thanks to the divergence free condition satisfied by d., we have
t
OpLe(t) = / / (6 - Vo) (', x) - UpL(t', ) (¢, z) dzdt'.
0o Ja,

This term is estimated thanks to the following lemma, which is a variation of a result which
is classical in the flat case (see for instance [8], Lemma 7.4 page 169). We admit it for the
time being.

Lemma 2.4. Let Q, a domain satisfying (1.1). Let us consider a vector field § in V, and w
a bounded vector field. Then

|(6-Vilw) .| < HV5H%2H\/‘T¢U1HL§°L3(Q¢),

where the notations d, and L{°L2%(S,) are defined as dy and L{°L2(Ss) in Proposition 2.2,
but using the function ¢ instead of ¢(p).

Let us apply this lemma with 0 = 6. and w = Upr, .. Thanks to Proposition 2.2, Inequal-
ity (2.11) becomes

t
Ad(t) < /0 1620, IV Wapp.e = UbL) (1, | oo, 2
11



t
+ (Celluoll (o) + Celuollwroe(ay)) /0 V6 ()12, '+ 7=(1).

Choosing ¢ less than 5/ (4C||u0||W1,oo(Q¢)) and using that Cllug||p~(q,) is less than 3/4, then
we get

t
Ac(t) < 2/0 “55(’5/)”%2(94,)HV(Uappﬁ — UpL,e)(t, ’)HL""(Qqa)dt/ +re(t).

Thanks to Proposition 2.2 we know that the family (V(Uapp,6 — UBng))E is bounded in the

space L'(R*; L>® (24)). Gronwall’s lemma then concludes the proof of Theorem 1.5, provided
of course that we prove Lemma 2.4. O

Proof of Lemma 2.4. Let a be a function of H} (). Because a vanishes at the boundary, we
can write

0 z
a(xy, z) = —/ d,a(xy, 2')d2 = / ( )aza($h, 2')dz'.
z —p(zp

The Cauchy-Schwarz inequality implies that

0

[o(on2)| = (min{—z, plon) + Z})% </ |0 a(xn, z')‘de/)é

—p(zn)

1 0 9 3
dg(zy, 2) (/ ‘aza(xh, Z’)‘ dz/>
—p(xn)

Applying this inequality to a = §* we get

6-Voh)s| = | 3 /R (/ o xh,z)ak(s%xh,z)wf(xh,z)dz)d:ch\

1<5,k<3

3 /O</ |az<s’f(:ch,z)\?d,z>é

1<5,k<3

IN

IN

0 . 1
></ ‘8k6](a;h,z)d§,(xh, 2w’ (zy, 2 ‘dzda;h
750(37}1)

Then the Cauchy-Schwarz inequality again implies that

(- Volw) | < Y / (/ )}82(5’“(31:}1,z)\de)é

1<5,k<3

X (/_1(%) (Ok67 (, z))2dz> : (/_(:D(xh) dy(n, 2) ()2 (2, z)dz> %dajh.

The lemma is thus proved. U

The proof of Proposition 2.1 is performed in Section 3. This proof is rather short and
classical; it is based on an Ascoli argument. In Section 4, we present the structure of the proof
of Proposition 2.2, which is the main technical part of the paper and will be performed in
Sections 5 to 11. Finally, in Section 12 we present the proof of Proposition 2.3.

12



3. PROOF OF PROPOSITION 2.1

Proposition 2.1 is, in some sense, a refined version of the classical Taylor-Proudman theorem.
Let us start by using Equation (1.2) mutiplied by e. This implies that for any test function ¥,
there is a constant C' such that

/ot /w ((ex Aue) - W)(¢, w)dt'da

Thus, if w belongs to W, a sequence (€, )nen tending to 0 exists such that

lim /Ot /%((ez Aug,) - )t z)dt' de = /Ot /%((ez Aw)- W)t z)dt'de =0.

< (Ce.

n—oo

Let us consider any function 1 in D(]0, co[x€2y), and apply the above relation with
U = (=091),01,0), ¥ = (=0,,0,01¢) and W = (0,—0,1, ).
By definition of the derivation in the sense of distributions, this gives
(divy, wy, ¥) = —(0,w?, ) = (O,w', ) = 0.

As w belongs to L?([0,T]; H), then the vector field w(t, -) belongs to H for almost every ¢. In
particular, it is divergence free, so, for almost every positive t,

divy, wy(t, ) = —0,w*(t,-) = 0.
Then, the vector field w must be of the form
(3.1) (wn(zn), w”(zn)) with  divpw, =0.
The fact that, for almost every ¢, the vector field w(t,-) belongs to H implies also that
w”(t, xn) = wy(t, 2n) - Va((p(zn))) = 0.

As we have assumed that the set {z, € O/ ¢/(p(zn)) = 0} is negligible, we infer that the
vector field w is, for almost every (¢, xy,), of the form w = (wh, 0), with

wy(t, zy) = WO (t, 2,) Vi p(zy) -
As wy, is divergence free, we have also
0 = divy wy (¢, ) = Vhwe(t, ) - Vip(ay) .
This implies that w? is constant on the curves p(zy) = C. Thus, we have
w’(t,an) = g(t, p(zn)) -
The first part of the proposition is hence proved.

Remark 3.1. The proof above works in any domain €, of the form (1.1). Thus, for any such
domain Q,, an element of the kernel of the Coriolis operator is of the form Vi-F ().

In order to prove the second part of the proposition, let us write R, as
Re(t) = (w€|1[0,t]9Vp)L2(R+xQ¢) :
We take a sequence (wsn)n which tends weakly to w in L?(RT x Q4). Then we have

w(t, zn) = g(t, p(xn)) (Vﬁp(wh),O) and lim R, (t) = (wh‘l[o,t]gvhp)LQ(R+XQ¢) .

n—oo
As wy, is colinear to Vﬁp, we infer that

(3.2) Vt € [0, 00], li_)In R, (t)=0.
13



Moreover, the Cauchy-Schwarz inequality implies that, for all ¢’ < ¢,

’RE (t) - R& (t/) |

IN

/ 9(s,xn, 2)we n (S, Th, 2) - Vhp(an)drydzds
[t/,t]Xng

<t = Ul well oot 2y 191 oo R 522(024)) -

Then Ascoli’s theorem implies that the set (R:)o<c<e, is a relatively compact subset of the

space of continuous real valued functions on [0, T, for any fixed time 7" > 0. Because of (3.2),
the sequence (R, )nen tends uniformly to 0 on [0, 7], and Proposition 2.1 is proven. O

Remark 3.2. Let us point out that we have no rate of convergence of R. to 0. As we have

seen in the previous section, namely Relation (2.10), the rate of convergence of sup |R.(t)]
te[0,7

to 0 determines, or rather imposes a constraint on, the rate of convergence of u. to

in L([0, T); H(22,)).

4. THE PROCESS OF CONSTRUCTION OF THE APPROXIMATE SOLUTIONS

We now start the proof of Propositions 2.2 and 2.3. It consists of two parts: the first one is
the precise construction of the family of approximate solutions Uypp . (from Sections 6 to 10),
the second one is the estimate of the error terms (Sections 11 and 12). The goal of the present
section is to explain the general strategy and the main ideas of the proof.

Before going into the details of the process, let us precise some notations and conventions
which will be used in all that follows. First of all, as mentioned in the introduction, we are
going to decompose any vector at a point (xy, z) of Q4 in the orthonormal basis

(Vip(zn), Virp(zn), e,) -

Given a three-dimensional vector field U = (U LU2Uu 3), we denote by (U P U U Z) its com-
ponents in this basis. This means that

(4.1) Uy, z) = UP(xy, 2)Vip(zy) + U (an, 2) Vi p(an) + U (2n, 2)e, .

Let us notice that, in this frame, if the component U? is a function of p(zy,) only (which will
turn out to be the case in what follows), then the divergence of U writes

div (U (wn, 2)Vip(an) + U (p(n)) Vi p(an) + U%e,)
= divy (Up(xh, Z)Vhp(l‘h)) + 0,U%(xyp, 2) .

For simplicity of notation, for a function of the type f(p(xy)), we shall often omit to note
explicitly the dependence in zy, and simply write f(p).

Moreover, we will adopt the following notation for boundary layers: given g and g
two functions defined on R? x R™, representing boundary layer terms respectively near the
surface {#z = 0} and near the bottom {z = —¢(p)} of the domain Qy4, we denote

surf def gt % bot def ot _z+¢(p(xh))>
(4.3) gBL (Tn,2) = ¢ (Jﬁh, \/E> and  ggy, (zn,2) = g (xh, S )VE )

where E is the Ekman number, defined (this will be justified later, see (6.2)) as E def 283¢?
and 0 = d(p) is a function on [pg, co[, which will be determined later on, see (6.11). Let us
notice that the functions ¢*f and ¢P°! are always assumed (sometimes implicitly) to have
limit 0 when the variable ¢ tends to —oco.? Here and in all that follows, the “fast variable” is
denoted (. Notice also that the functions with an index BL depend on e through the size of
the boundary layer (respectively v E and 6v'E).

(4.2)

surf bot

2In fact, they are always exponentially decaying at infinity.
14



Let us point out a major difference between boundary layer terms related to a flat boundary
and those related to a curved boundary. In the case of a flat boundary, the derivative with
respect to the horizontal variable zy does not generate terms of order —1, see g%‘}ff defined
above. In the case of the term gbOt related to the curved boundary, instead, we have, for j
in {1, 2}, the formula

p
h)

— 9 <Z+¢(p(%))> (3<9b°t) <wh, —W)
p

)
)2+ 0p(n)) ) (2 Dlplan)
) Splan)VE (i 6<p<xh>>@>
So@n) ) vory (2 0ol

Y S pa)E (e 6<p<xh>>@>

Notice that this can be written in a more compact way as

(4.4) ng}é?f = <8jgb°t - (j;((;)))ajp Ca(gb0t>BL ((b/)(f} P (8 gbOt)

Observe that the first term in (4.4) is of order 0, whereas the second one is of order —1 due
to the presence of v/E at the denominator, but vanishes identically as soon as the bottom is
flat (¢’ =0 is that case).

The fact that horizontal derivatives of boundary layers at the bottom generate terms of
order 7! is the reason why we assume that the viscosity is of size ¢ in all directions and not
only in the vertical one, as in [8] for instance. This fact has a deep consequence also on the
computation of the divergence of the boundary layer vector fields, which plays a crucial role
in the determination of the Ekman pumping term. Indeed, using the above formula (4.4), we
infer that

div Usurf (le Uh surf) a{ Uz,surf) and

BL

1
BL T ﬁ(
. le} 5, O
(4.5) div URSt = (lehUh’b b ﬂ( 3<Uh’b L. Vhp) bl

(p)
_ dp)
S(p)VE

After these clarifications, let us present the general strategy of the proof of Proposition 2.2
and how it is developed. Classically, in order for U,pp . to be a good approximate solution,
the leading order term should be close to the expected limit @, which should lie in the weak
closure of the family (us)o<e<s,, hence, according to Proposition 2.1, of the form

(aCUz,bot FVp- aCUh,bot> L

(4.6) T W (t, p)Vip where the function u?(t, p) must be found.

Thus, we will choose the term of order 0 in the interior, denoted Uy int, to be close (in a sense
specified below) to the profile u. Of course, this profile does not satisfy the Dirichlet boundary
conditions, neither at the surface nor at the bottom of the ocean, so we have to introduce
correctors in the definition of Uy, in the form of boundary layers.
Section 5 is devoted to the construction of the leading order terms in velocity and pressure,
denoted Up int and P int.
15



Section 6 starts with the computation of the boundary layer of order 0 on the surface.
Despite the fact that this is classical (see for instance [8]), we expose it here as a warm up,
and also as an opportunity to get familiar with the use of the frame (Vhp(ach), Vﬁ-p(ach), ez).
Then we compute the boundary layer at the bottom and determine the value of the function 4,
which is the cause of the term +/1 + (¢/)? appearing in the definition of the modulated Ekman
pumping term Ay (see Formula (1.11) of the statement of Theorem 1.5).

At the end of that section, we have computed the boundary layer term of order 0 at the
surface and at the bottom in terms of Up ;n¢, which is still to be fully determined, in order to
have

(4.7) (Uoine + USL + U(}i%tL)w% ~0,

in the sense that it is exponentially small with €. Note that this decomposition of the velocity
field gives rise to a similar decomposition of the pressure under the form

£ bot
Point + P51, + PoBL -

)

In Section 7, we deal with the problem of the shore. As the two boundary layers constructed
previously are of size €, they meet near the shore. In particular the property that a boundary
layer on one boundary should be small near the opposite one, is no longer valid near the shore,
when the distance between the surface and the bottom is of size smaller than . In order to
bypass this difficulty and to reattach the boundary layers, we introduce two cut-offs for each
boundary layer, one at a distance e!~® from the surface or the bottom, and another one to
avoid the shore.

More rigorously, for some positive a sufficiently close to 1 (whose precise value will be fixed
in Section 11), let us define

(4.8) 0. {oy € B2/ d(p(an)) > 2177} .

I=a gee

This set represents the parts of the ocean with depth greater than or equal to 2¢
Figure 3 below.

/The new region O,

I $(p) = 2e'7*

FIGURE 3. The cut-off and the ocean region O.

Then, two functions " and gP° on RT x O xR~ xR™ being given, representing respectively

the boundary layers (with cut-offs) at the surface and at the bottom of the domain 4, we
define

z z
§%1ff(t, Th, Z) def @’Surf (t, Thy ——1 — ) and

\/E cl-a

~bot def ~pot z+¢(p) 2+ ¢(p)>
t7 ) = t, y — ) .
gt (b, 2) = 9 < h SVE gl-a

These new, truncated boundary layers, now depend on € both through the size of the boundary
layers and through the cut-off. The main point of the cut-off is that, as claimed by the
16

(4.9)




forthcoming Proposition 7.1, if two functions g™ and §P°* have both their support included

in RT x O, x R™x]0, 1[, then

Supp g N Supp ghy = 0.

The form (4.9) of these new boundary layers leads us to introduce, in order to ensure the diver-
gence free condition, an Ansatz which is different from the classical one (see for instance [8])
and is of the following form:

r7 rrsurf aftrsurf surf rrbot agrsurf bot
(4.10) Uojinte + Ugnr, +€"Uqpr + €Ut + Uppr, +€"Uppr, +€Urpr + -+,

and, for the pressure function,

> ~surf f bot bot
Ponte + Fopr, +ePipL, + Popr, +ePrBL+ -

)

Note that, a priori, we expect the pressure not to be so much affected by the truncation of
the velocity. This will have to be confirmed in the computations that follow. We remark that,
owing to the presence of the cut-off near the shore, the leading order term Ug jnt . now depends
on €: we set

~ def ¢ i . ~0 def ¢
(4.11) Uojnte = ug(t,p)Viyp, ie. Upinte = Ue(t,p),

0

% is supported on Rt x O, and is an approximation of ¢ from (4.6) on

where the function u
that set. Note that ﬁojmﬁ is divergence free. All the functions appearing in the Ansatz are
now functions of ug, hence of u?, to be determined.

In Section 8, we observe that the vector field defined by ﬁO,int,s + Nosuéi + ﬁg%tL now satisfies
the equality in (4.7), but does not satisfy the divergence free condition. Impoéing the equality

div (Do, + O5HE + UL, + cUSE + Oty + = UL, + <UP3) =0

allows to determine U surf and U swf in terms of ﬁo,mm and introduces some constraints on ﬁfurf
and UPet.

In Section 9, we observe that the correction made previously to ensure the divergence free
condition leads to the violation of the Dirichlet boundary condition. Thus we introduce a
vector field 6(71,int,5 at the interior to ensure the Dirichlet boundary condition. Let us notice
that plugging this term z—:ﬁl,int,g into (SC:) (recall its definition just above Proposition 2.2)
will produce a term of order 1 in €, namely e, A (jﬁ,im’a. This term determines the equation

satisfied by ij,int,E and puts in light the Ekman pumping phenomenon. Thanks to ﬁl,int@ we

also fully determine the boundary layer terms of order 1, namely ﬁf‘gi and ﬁﬁ%tL.

Section 10 is devoted to the end of the construction of the full af)proximate solution cou-
ple (Uapp,e; Papp,e), which requires a last correction in order to ensure the divergence free
constraint, yet without violating the Dirichlet boundary conditions.

In Section 11, we prove that the approximated solution constructed in the previous sections
is truly a good approximation of the target profile u, by a precise estimation of the error terms.
This will prove Statement (2.1) of Proposition 2.2. Statements (2.2) and (2.3) are also proved
in that section.

Finally, in Section 12 we check that the couple (Uapp e, Papp,e) not only solves approximately
the linear problem (SC;) (recall the system (SC,pp ) given in Proposition 2.2), but also the
nonlinear system (N.SC.), in some sense. This ends the proof of Propositions 2.2 and 2.3.

5. THE INTERIOR TERMS AT ORDER 0

The first step of the analysis consists in inserting the first order term of the Ansatz in
velocity and pressure, namely the couple (U(J’int, ngint), into the linear equations (SC.), which
17



we recall here for the reader’s convenience:

1 1
Oyue — efAu, + gez A Ug+ = —ngg ,
() we o = o,
divu, =0 and Ue|pQ, = 0.
Identifying and canceling the highest order terms provides, in the frame (Vhp, Vﬁp, ez),

—Ug,int = —VnFPoint - Vihp

Ué)mt ~ViPoint - Vip

0= —0,P,nt

div UO,int =0.
Thus as in the proof of Proposition 2.1 we find that
(5'1) Ug,int(tv xhvz) - ué(t’ p(xh» ) UO int UO int —
Finally

1)
(52) P07int(t7 Py Z) d:ef - / ue(tv U) do.
0

6. THE BOUNDARY LAYERS AT ORDER (

We are looking for U,pp - as an approximation of Upine computed in (5.1) above in terms
of an unknown function u’. As it does not satisfy the boundary conditions, neither on the
surface nor at the bottom, we need to introduce boundary layer corrections for the velocity
field and the pressure, under the form (4.3). In order to determine those corrections, we insert
those terms in the equation (SC.) and try to make each term of the expansion, in powers
of €71, equal to 0. As recalled above, from now on all the vector fields will be expressed in
the frame (Vhp, Vﬁp, ez) rather than the usual Cartesian frame.

Let us start with the easier case of the boundary terms on the surface; the computations
are classical (see for instance [8]) and we reproduce them as a warm up. We assume that E /e
goes to zero with €. Then the highest order term is the term of power (5@)_1, appearing

eVE

that 0 P! = 0, and since P§"! tends to 0 when ¢ tends to —oo,
(6.1) Pt = 0.

8{ Posurf

in the equation on the third component of system (SC:): — = 0. This implies

Next, we want to cancel the next terms concerning the top boundary layer, in (SC;) and on
the equation on the divergence. This implies the relations

3 ¢ 1 f
_£82U6),sur ot g,sur -0

Bag Ug ssurf + Up,surf 0

Eﬂ z,surf 1 f
U' o, Psur
vVE ¢

8 UZ ,surf —0.
\/7

18



€
The first two equations imply that the two terms Eﬂ and — must be equivalent. This justifies
€

the choice
(6.2) B ope2,

which is the classical definition of the Ekman number. The system thus becomes

_%83U5,surf B er,surf -0

1
_§8§Ug,surf + Ué},surf -0
(6.3)
b
V2P

1 £
—76 Uz,sur — 0 .
L /25 Yo

Using again the fact that the boundary layer functions have fast decay at infinity, we infer that
(6.4) U™ =0 and Pt =

The above system then becomes

1 21 rz,surf surf
S ORUE = - o Py

1
_iag[rgﬁurf B lrg,surf -0
(6.5)
1
5 9glfg,surf lrg,surf 0.

Let us look for Ug?éi in the basis (Vhp, Vﬁ-p, ez), under the form

Ué),surf ; ( 0 >
— M
(Ug,surf (C) u@ ,

where u? is the function introduced above in (4.6), to be determined. The matrix Ms"(()
will be determined in the following steps. System (6.5) becomes
1d? ‘
i Msurf(c) +RMburf(<-) -0

(6.6) - 2d¢?

M) = —Idge  and  M*(—o00) =0,

0

where the rotation matrix R is defined by R = <1

_01>. The solution to System (6.6)

. agsurf o ¢ [cosC —sin( .
is M () = —e (sin( c0s ¢ > This implies

—sin(
Us™(t, p,¢) = —u’(t, p)e¢ | cos¢ |, thus
0

(6.7) - sin(\/ZE>

US,“éi(t% z) = —Ue(t>P)€\/E z > in the basis (Vhp, Vﬁp, €z) )

cos| —
VE
0

Now, let us study the boundary layer terms at the bottom. Again, we start by considering
the terms of order —2 , assuming a priori that § is of order 0: the equation on the third
19



component of (SC:) ensures that ——=08; PY°" = 0, thus 9, PP°" is identically 0. Since PP°!

55\F

must vanish for { = —oo, we find
(6.8) PPy, =0.
Next, we compute the term of order —1 in the equation of the bottom boundary layer. As
for the surface case, we want to cancel the terms of order —1 of the equation at the bottom
boundary layer and of the divergence of Ug%tL. Using Formula (4.4) and its corollary (4.5)
about the divergence, we infer that
1+ ¢?
262

¢

Pbot
04/2

aCUpbot Ugbot
1

B -QF(;; aCUgbotJrUpbot 0
(BL)bot 9
1+¢" o abot 1 bot
o5 Uy = 5755 5 ¢ Pr°

(b/ pbot 1 z,bot
POt Uyt =0
{628 ¢ 528 ¢ 0

Because the boundary layer functions have value 0 at —oo, the last two equations become

VB4
2 0

(69) Ug’bOt = _¢/U6?7bot and Pbot — (z)/aCUéJ,bot '

Remark 6.1. Because of Equation (6.9), we see that the pressure term PboL is not identi-
cally 0. This marks a difference with the classical case of a flat bottom, see Formula (6.4).

Relation (6.9) allows to recast the above system in the following reduced form:

1+ ¢ 5 oot opot _ P21+ ) o pbot
52 8<U0 - U, T@ Uy
1+ (Z)/Q 2770,bot p,bot
— 5z 02Uy + UG =0,
which in turn writes as
1 /2\2
_( —;5¢; ) agUél,bot N Ug,bot -0
(6.10)
14 ¢

27 76,bot p,bot
a5z RU P + U = 0.

We reduce the above 2 x 2 linear system of order 2 to a linear ordinary differential equation
of order 4, that is
454

4770, bot 6,bot
8CUO - _(1+¢/2)3UO :
Looking for the function UP°* under the form v(p)g(¢), we see that the only choice for § is
%
(6.11) F=(1+¢%  ie  d(p(xn)) = (1 + <¢')2(p(xh))) .

Moreover, the solutions of the ordinary differential equation w* = —4w are of the form w =

>y et< (Ai cos (¢ + B4 sin C). As the function Ug’bOt must tend to 0 when ¢ tends to —oo, it
must be the form
Ug’bc’t = eC(AcosC + BsinC).
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As we have (82Ug’b°t)|c o = 0 by the second equation in (6.10), we deduce that B = 0. In

addition, the fact that US™°(t, p,0) = —ul(t, p) implies that US"° (¢, p, () = —u? (t, p)eC cos C.

In the end, we get the formula, as usual expressed in the reference frame (Vhp, Vﬁ-p, ez),

575 sin ¢
gb’é_% sin ¢

which can also be written, again in the basis (Vhp, Vﬂ-p, ez), as

o~ 3 sin ¢>
+o
(6.12) ULSL(t p, 2) = —ul (8, p)e VF (,j)

—¢/ 5% sm( 5\—;%?)

Recall that ¢ = ¢(p) and § = §(p) in the formulas above, as well as E = 232,
Finally, returning to the approximate pressure, we recall that

surf surf bot
FypL = PipL = oL =0

and we have, thanks to (6.9),

2 2 2+¢
(6.13) Pb%tL(xh, 2) = _\/2?5;5& O(t, p)e” 5?<sin(z;g) +cos(§j;g)).

7. THE CUT-OFF OF BOUNDARY LAYERS OF ORDER (0 NEAR THE SHORE

In this section, we introduce a cut-off near the shore, in order to restrict xp, to O, the part
of the ocean with depth greater than or equal to 26!17¢, recall Definition (4.8) above. Let us
consider a non-negative function x of D(]0,1[) with value 1 in a neighbourhood of [0,1/2],
and let us define the function

() )™ (1-x(42)) ot

where u?(t, p) is the function appearing in (4.6) and which has to be determined. Let us
observe that

Supp ug C O:.

Accordingly we set, as presented in (4.11),

~ def
(72) UO,int,a(ta Lh, Z) = ug(tv p(l‘h))Vﬂ_p(wh) ’

and (5.2) becomes

. P
(73) PD,int,E(ta P Z) :ef - / Ug(t, U) do .
0
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Then, in agreement with (6.7), (6.12) and (4.9), we define

()|
—sin| —=
2 E

3k ) & -t (-5 ) | ()

E
0
(7.4) 5 %Sm )
Op%3 (¢, p,2) & —ul(t, p)x(iif)‘f_ e < :
—¢/ 575 sm( >

and the corresponding profiles

o dof g —sin (1

U™ (8, p, C1,G2) = —ul(t, p)x(G2)e® Cogcl and
(7:5) —§7 3 sin (1

o def
U5 (1.1 G2) € —ul(tp)x(C)es | cosGr |
¢'d7 5 8in(q

where we recall that the components of the vectors refer to the basis (Vhp, Vﬁp, ez). From
now on, we denote by (7 the boundary layer variable, and by (s the cut-off variable. The main
interest of introducing the cut-off x is given by the following proposition.

Proposition 7.1. With the above notation, one has
(ﬁO,int,s + US‘gi U(])D%tL)|aQ =0,
and the supports of US“};L and U(E)BL are disjoint.
Proof. By construction, we already know that
(ﬁo,int,a =+ 58}%%)\220 = (ﬁO,int,e + ﬁ(?,%tL)|z=f¢ =0.

Let us check that ﬁg}gi\z:w = ﬁ&%&\z:o = 0. As a matter of fact, we notice that, for any p
in ¢~ 1([2e17%, H]), the following properties hold true:

| \/

2> =T =z + ¢(p) > d(p) — and
l1—a

(7.6) a
z+d(p)<e " =2<¢ —¢(p)S

Q

These properties imply that the support of the two boundary layers Ug‘gi and U, bOL are
disjoint if the support of ug is included in R* x O.. Indeed, we have

2> -7 — x(W)zo and

—a z
ol <e= = x5 ) =0,

thus concluding the proof of the proposition. a
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8. THE DIVERGENCE FREE CONDITION AT ORDER () AND BOUNDARY LAYER TERMS OF
ORDER a AND 1

As the support of the two boundary layers ﬁg‘gi and ﬁ&%L are disjoint (see Proposition 7.1),

these two terms do not interact with each other. However, as we shall see below, the intro-
duction of the cut-off entails the appearance of new terms of order e~ '7* when computing
the divergence of the boundary layers. In order to cancel out those terms, we must “correct”
again our Ansatz. Thus, adopting the notation introduced before Proposition 7.1, we shall
look for the approximate solution Uppp . under the form (4.10), namely

Uo,int,c + USEL + URSL + 2USSE + e2UPYL + €U jus,e + €UPSE + eUPYL + . ...
Recall that the terms fj(],int,sa ﬁg‘gi and ﬁ&%fL have already been computed in (7.2) and (7.4)

(modulo the expression of u?, which will be determined later). We now look for the other
terms of the expansion, in order for the divergence to vanish.

Notice that the vector field U in,c is divergence free. So let us check how far we are from

canceling the divergence of U,y - by computing the quantities Divf;‘”f and DivlaDOt respectively
defined by

. def ,. /=~ ~ ~
(Dlviurf)BL = dlv( S}gi +€“U2%£ —|—5U18}§£) and

(8.1)
. def .. /~ ~ ~
(Dlvl;mt)BL = dlv( (?%tL +5“U2‘§L +e E%L)'
We point out that, throughout this section, all the computations will be performed in the

set of variables (t, Th, (1, Cg) (or (t, p(xn), (1, Cg) when convenient), as introduced in the nota-
tion (4.9).

We start by considering the divergence at the surface of the ocean. By definition (7.5) of the
boundary layers and using Formula (4.2) for the divergence, assuming that the -components
of US™ and U™ are of the form

Ut = 00wl (¢ p ¢1,¢) and UV = UF™ (1, p,¢1, G)
we get
Divi™ = divy (uf Vyp(zn)) x((2)e" sin ¢y
+ e divy, (UL p(ay)) + € divy, (ﬁf’surfvhp(xh))
1
V2B

The terms O, ﬁé’snrf and O, ﬁf’surf must therefore be 0. As ﬁé’snrf must tend to 0 when (3
tends to infinity and similarly when (» tends to infinity, we find

rrz,surf
(8.2) Uygpr, =0.

_ ~ s ~ 7 surf - 72,8 rrz,surf
—c 1—|—2aaC2 U;,burf _ 6“8{2 Ulz sur: +e 1—|—aaCl Ug,burf + 8{1 Ulz surf

Thus the above formula reduces to
Div?"f = divy, (ugvhp(xh))x(@)egl sin(y + &* divy (ﬁgvsuffvhp(xh))
1

+ Edth (ﬁlp’surfvhp(xh)) — 5“8@ ﬁlz’surf + Tﬂ

a<1 [’jlz,surf.

In order to cancel the terms of order 0 and a, we need

0, UP™™" = —\/28 divy, (uf Vip(n)) x(G2)e® sin ¢y and

divy, (ﬁg”s‘”fvhp(xh)) = 842 ﬁlz’surf.
23
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This gives

o = ?divh(uﬁvhpm))x(@)e@ (cos¢y —sin¢y) - and

- 2 ;
Gpsurt _ \/fugx’(@)eﬁ (cos (1 —sin(y).

With these choices, we finally have
(8.5) Div = ¢ divy, (U7 Vi p(an)),
that is,

(8.4)

(Divsurf)BL = edivy, (ﬁf’g‘gfvhp(xh)) .
Note that the function Uf ’é‘ff still has to be fixed.

The case of the boundary layer at the curved bottom requires more care. Again, we assume
that U and Ug"*" take the form

U9 bot U9 bot (t P, Clu CQ) and U9 bot U@ bot (t P, C17 CQ)
Using (4.5) and (7.5), we can compute

~ / ~ ~
Divgot = divy (Ué)’bOtvhp(IL‘h)) - %41841 Ug’bOt + e (dth (U(f’bOchp(l‘h)) - —§18<1 Up’bOt)
- S5 - -
+ E(divh (Uf’bOchp(a:h)) — gﬁaﬁ Ulp’bOt) + 5*”‘1642 (Ug’bOt + ¢/U6)’b0t)
+ Efl+2aa (sz,bot + Qslfjp,bot) + Eaa (sz,bot + ¢/(7p,bot)

=06, (U™ + ¢'U) (Tzbot 1 ¢/ TLbet)

5\F 5xf

6\/7(9(1 (Ulz ,bot + ¢/Up,bot)

We know from (6.9) that U2 4+ ¢/U£™"*" = 0. On the other hand, the terms of size ¢~ 1+2
and of size e 7% must vanish, which imposes that the condition

(86) ﬁ:,bOt 4 (b/ﬁg,bot -0
must hold true as well. This in turn yields the equality

rrp,bo o' rrp,bo af 3: r7p,bo o' r7p,bo
Div bOt = divy, (Ug’b chp(:ph)) - gQ@ClU()D’b Y e (leh(U(f’b chp(xh)) - gQaClUf’b t)

&~ _ _
— =00, U} ’b°t) + %, (U7 + TP

+é (divh (ﬁf’bOtvhp) 5

5\/7841 (Ulz ,bot + ¢ Up,bot)

The fact that the terms of size 0 and €* must vanish gives

r7z o~ . ~ Y _
87 ¢, (U1’b°t + ¢/U{J,bot) = 6\/%(le}1 (Ug’bOchp(mh)) _ 341841 Uop,bot) and
. ) / i
O, (U™ +¢'UP) = = divy (U Vip(an)) + %61841 uptet.

Observe that the components of U UP°t are already known thanks to (7.5). Our goal consists in

solving the previous equations in order to find the precise expressions of ﬁa}?Ot and ﬁfmt.
Let us focus on the first equation appearing in (8.7). The point is to write the term

. ~n.bo & r7P;bo
dlvh(Ué)’b tvhp(ﬂfh)) - gClaﬁU(/))’b '
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as the sum of a function of {; and (s, times the horizontal divergence of a vector field of the
type g(p)Vnp, plus the derivative of a function of { which vanishes both at —oco and at 0. Let
us observe that, as (10¢, f(C1) = 0¢, (C1.f(¢1)) — f(¢1), the first equation of (8.7) becomes

(8.8) 0, (UPP" + UM™Y = /28 (5 divy, (U5 Vp(an)) + 8TLP" — 80, (glﬁgvbot)) :
Remark that, as [Vp(zn)|? = 1, we can write
SUF" = §'UF Vnp(an)* = UF ™ Vi - Vi(6(p))
Plugging this expression into (8.8) and using (7.5) yield
g, (U7 + FTUPP) = \/2Bx(C)et divy (552, p)vhp) sin G
- f X(62)0 (Grett sin Gy).

By integration and because the functions must vanish at Cl = —o0, we finally infer that

V2B
2

T 4 " = = i a2 T oo )

- \/7 Ix(¢2)Crett sin Gy

In order to solve the second equation of (8.7), we start by computlng

77,bo ~7p,bo 2 . 4 .
Do, (UP" + $TPP) = —“273 divy (53U (t, p) Vip) ¥/ (C2)e (cos G1 — sin 1)

—\/>*U (t, p)x' (C2)C1e " sin Gy .

Similarly as above, we can write the right-hand side as
- S5 -
— divy (Ug’bOchp(l‘h)) + gClaglUg’bOt

~ S~ 5! ~
- <divh(U£’b°chp($h)) + 6U5’b°t> + <0 (GUZ™)

- N , B
= —% (5 divy, (UgvbOchp(iUh)) + 5’U£7bot> + ‘iacl (ClU,f’bOt)

o

~ / ~
= _% divy, (UL Vi p(2n)) + %a@ (GUgPeY .

Using those relations, we can write the second equation in (8.7) in the following way:
— dth (56£’b0tvhp(xh)) + 5/641 (Clﬁg’bm)

= —\/? § divy, (5%?@(@ P)Vip) X ((2)e! (cos 1 — sin (1)

— V28 8% Sul(t )X (G2)G1e siny
divy, (5%ug(t, P)Vhp) X' (C2)es (cos ¢ — sin ()

B \/2275 5 §ul(t, p)x' (C2)Crest sin ¢ -

V2B
2

Therefore we set

ﬁé),bot _ \/?ﬁug(t,p)x’(@)egl (cos(q —sin(y) .
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All in all; recalling also (8.6), with the choice
. V2B 1
Ug,bot — _ 2

ﬁzbot / \/
Y% 5
2

53u5X (C2)e (cos ¢ —sin(y)

53u X' (C2)eS (cos ¢ —sin¢;)  and
(8.9)

ﬁf’bOt + Qﬁ'ﬁf’bOt =— divy, ((5%ug(t, p)Vhp)X(Cg)eCl (cos ¢y —sin(y)

- mgugm)@eo sin

we infer that
(8.10) Divbet = 5(divh(ﬁf’b0tvhp) —~ ‘chagl ﬁf’b‘“) .
Observe that the function ﬁf ot gtill has to be found (as well as other correctors to ensure
that the divergence is exactly zero).

To conclude this part, we set
(8.11) gfsut = gobet = g7st = gt = 0,
so that, finally,

- —uﬁx'(@)egl (cos¢p —sin(y)
U = 0 and

0

Y (@) (05 — i)
[bot — 0
¢’\/22iﬁ6éu2x’<<2>e@ (cos L —sinc)

and, as for UP" and UP°', the @ components vanish, ﬁlz’surf is given by (8.4), and ﬁf’bOt
and U} POt are related by (8.9). Returning to the original variables,

\/ﬁ,<2>z a2
BN - e

VE (cos —= — sin —)

UsuEri _ UG 2 gl-a \/E \/E and
0
(812) VB (240 el zip it
) - 63X’<61a)e 5 E(Cos(ﬁ)+81n(5\/ﬁ)>
Ugth, = u? 0
g ot (G2 ) (o )+ in (G 0)

SVE SVE

Remark 8.1. It follows from the definitions given in (8.9) that the terms U, guB“L and (7;%&
satisfy the Dirichlet boundary condition, owing to Proposition 7.1. Moreover, these terms are
exponentially small as well as all their derivatives, as

(8.13)

Z_ z V2B _—a
E X,<_51a>} <Ce 2° and e VE |\
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9. THE DIRICHLET BOUNDARY CONDITION AT ORDER 1 AND INTERIOR TERMS OF ORDER 1

The previous section led the divergence to be small thanks to new correctors, but now the
Dirichlet boundary condition is no longer satisfied. Indeed, Relations (8.4) and (8.9) applied
on the boundary give

r17,Sur V 2 .
( Ul:BLf(t»p»O) = ?ﬂ divy (Ug(t,,o)Vhp) and
9.1)

_ 2 1
DL . ~0(0)) + TR (1 p.~0(0) = Y20 divy (53021 ) Vup).

The boundary condition at order 1 will be ensured by the introduction of terms of order 1 at
the interior, namely 5U1 jint,e and ePl jint,e, Which we are now going to compute.

At first glance, it seems natural to look for Ume as a function of (¢, p, z). Of course, the
vector field [717111@5 must be divergence free, which imposes, because of Formula (4.2),

. i . Nh =
div Ul,int,s = divy U17int7a + 6ZU1Z,int,5
_ r7h 7h 17,
= Ul inte + Uting, e Anp + O:UT 4 e

However, the remark after Equation (2.5) points out the fact that, except in the particular
radial case when p(zy) = |zy|, the laplacian of p is never a function of p. Thus, we look for

the vector field Uy jng of the form

~ Ul ,int 3(t7p(xh)’z)
Ul,int,a (t) Lh, Z) = Uli}ntyg (t7 p($h), Z)
Ulz int s(t’ Th, Z)

in the basis (Vhp, V}f 0, ez) that is, only the “radial” and “azimuthal” components, U1 int e
and U1 int,c Tespectively, are assumed to depend on p, whereas the vertical component U1 inte
may depend on x}, in a free way. Imposing the divergence free constraint over ULmt’E gives
the relation

(9.2) divy, (U

1,int,e

Vip) + 0,U% e = 0.
On the other hand, we notice that the gradient of Pl,int,5 writes as
VPinte = 0pP1int.e Vip + 0, Pt ins.ces
We deduce that the terms of order 0 in the interior must satisfy the equations
(9.3) apﬁl,int,s - ﬁf,int,a =0
on the Vyp component (where we have used that (Vﬁ p)L = —Vhyp) and

(9.4) ol + TP

,int,e =0
on the V p component. We see that those two equations are independent one from the other.
At the same time, the z component of the system reduces to the equation E?ZPl,mt,e = 0,

thus ﬁl,int,s = ﬁlyinm(t, p). Therefore, in (9.3) we make the simple choice ﬁfdnt’s =0, that is
(9.5) Plinte =0.

In Equation (9.4), instead, we use the fact that u? = u?(t, p), see (7.1), to deduce that 8,07 . = =

1,int,e
0, hence U’ U? osurf

Linte = Uﬁim’s (t, p). Since this function must be equal to —Uj gy, =0 at the surface
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and to _[719 7§Et|z_, s at the bottom in order to enforce the Dirichlet boundary condition, in

turn we get the fundamental equality
rrp,surf __ 17p,bot
Ul BL l2=0 Ul BL le=—gp "

Using also Relation (9.2) and the first equality in (9.1), we finally infer the form of l?ldnt,g,
namely

ot
_ —UPRL (t,,0)

Ul)int)e (t7 xh’ Z) - - O .

—UPRE (¢, p,0) + 2 divy (ULF (£, 9,0)Vip)

9.6 .
( ) _U£7]§Lt (ta 12 _¢)

_ V2B

2
where we recall that the expression is given in the basis (Vhp, Vﬁp, ez) of R3. Observe that,
obviously, we have

r7 r7 77 p,surf £7p,bot
Uﬁint(t’ P 0) = U{),int(t7 P _¢(p)) == Uf,gi |z=0 == U{),BE lz=—¢’

and also ﬁf’int(t, p,0) = —ﬁf’surf(t, p,0). To ensure the full Dirichlet boundary conditions, we
must have U7 (t, p, —¢) = —Ulz’bOt(t, p,0), which gives

divy, (ugvhp) + zdivy (ﬁfgff(t, p,0)Vip)

2 7 p,Sur
\/2? divy, (ugvhp) + ¢(p) divy, (U} f(t, p;0)Vip) .

Plugging this expression in the third equation of (8.9) yields

(9.7) Ut (¢, p,0) =

o(p) divy (ﬁf’bOt(t,p,O)Vhp) + QUL (t,p,0) = — V20 divy, (1 + 5%)ug(t, P)Vhp) .

2
Arguing similarly as we did after Equation (8.8), we see that the left-hand side of the previous
relation can be written as a total divergence:

9(p) divy (UF"" (1. p.0)Vip) + ¢'UP" (1. 9, 0) = divi(é(p) U (£, p,0) Vip).
This implies that
(9-8) OP=" (1, p,0) = ULt p,0) = =Ns(p) ul(t, p),
where the function Ay has been defined in (1.11). We recall its definition here:
def V28 1+ /14 ¢™%(r) ‘
() 2

In the end, using also (9.6), we see that the vector field ﬁl,int,s is given, in the coordinate
framework (Vhp, Vfl- 0, ez), by the formula

(9.9) Ag(r)

Ao (p)ul(t, p)
0

(9.10) [71 int E(t,xh,z) =
5 s /2 . .
—TB divy (ug(t, p)Viup) — zdivy, (A¢(p)ug(t, p)Vhp)

This point is very important, because it allows us to determine the function w?, hence ug.

Indeed, inserting the expression for the “radial” component (i.e. the component along Vi p)
into Equation (9.4) and recalling the definition of u? from (7.1), we find

9.11 ol + A (p)u? =0, which gives u’(t, p) = e ) f(p),
¢ 0
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in agreement with Formula (9.9).

Before going further, let us sum up the formulas which we have found for the terms (both
boundary layer and interior terms) of order 1. In doing so, we shall also introduce a suitable
cut-off function, whose importance will clearly appear in the next section.

Let us consider a function k in D(] — 2,0]) such that

(9.12) BC) =1 on[-1,0] and / k(C)dC = /R CH(C)dC = 0.

Then, we define the following vector fields, expressed in the system of coordinates related to
the basis (Vip, Viip, e,):

_ 0~
) /\¢(p)uak(\/§)
Ut — 0 , and
7 V 25 0 z4+ ¢ z z z
VE _c .
leh( Vhp) o )€ B (cos 7B sin \F)
+¢
9.13 Y 0 _ ~
(9.13) oloyuth( =52
0
UPY, = V2B 0 AR AP z+¢ . (Z2+ O
5 leh((53qu) T a e WE CO¢(5\/>>+SIH<5\/E>
bot z+ z+
+ U (,p, SVE o a)
with
o def 20 ¢ .
(9.14) (61, ) (2ol - Y57 S x(@ae sin ).
3
Now, let us define
1
def i (1T sur o a (77sur o

(9.15) Uppea = Y& (Ujinse + UL + UPRL) + e (USSL + USSie)

where Upint,c = (0,uf,0) with u¢ given by (9.11), U it.c is given by (9.10), Us$i and US%;
by (7.4), ﬁ;uﬁi and U;‘]’_DfL by (8.12), ﬁf‘gi by (9.13) and ﬁR%L by (9.13)-(9.14). Observe that,
thanks to Proposition 7.1, we have

(9.16) Uspp.e 1193, = 0-

Let us also recall that, as already observed in Remark 8.1, the two terms ﬁguBri and U (E%L are
exponentially small as well as all their derivatives.

10. THE DIVERGENCE TERM OF ORDER 1 AND THE BOUNDARY LAYER TERMS OF ORDER 2

We remark that the vector field Uypp,1 defined in (9.15) does not satisfy the divergence
free condition. Indeed, if we compute its divergence, using (8.5) and (8.10) we get
/

~  cur . ~ ) ~
div Usppe 1 (uf) = &(divi (07" Vip)) gy, + & (divi (07" Viup) ) gy, — €5 (COUP™) g,

—  _ediv, <A¢(p)uﬁvhp)k<z> — edivy (A‘f’(p)“gvhp )k(_w>

VE SVE
+55)\ 5(9) 9;;&( z;ﬁv
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At this point, we introduce the functions
0
Q) [ kopo, K a0 [ oko)o,
¢ ¢

where the function k is defined in (9.12). We then define the two boundary layer terms

0
e 0 and
divi, (Ao (p)ul (1, p) V) K™(G1)
(10.1)
0
Ubot def 0

2 . bot o' 0 bot
diviy (Ao(p)ul(t, ) Vip ) K53 (G1) = 5 Aolp)ul b p) KT (1)

Notice that, because of Conditions (9.12), ﬁg“éi and Ug’%tL vanish on the boundary of €.
Therefore, we define the approximate solution Us,pp . as

def
(10.2) Uapp,s = Uapp,s,l te U2su]§£ te U;%L7

with Uapp.e,1 given by Formula (9.15). Then, thanks to Relations (9.16) and (10.1), we deduce
that

(10.3) Usppejon, =0 and  divUappe = 0.

We also define

def 7
(10.4) Pappe = Pojnte +ePPRL,

where, recalling (7.3),
> def P
PO,int,E (ta P Z) = _ / Ug(t, O') do
0
and, recalling (6.13),

\/ 1+¢>’2 _zt s z4 @ 2+ ¢
PbOt = "Wt pe 5\F<sm +cos(—=)) .
L(p 2) 53 Pus(t, p) ( 5 \/E) ( s \/E))
This concludes the construction of the approximate solutions. The next sections are devoted
to the proof of Propositions 2.2 and 2.3.

11. PROOF OF THE LINEAR APPROXIMATION RESULT

In this section we prove Proposition 2.2, which consists in two types of results: on the one
hand the convergence result (2.1) and the a priori bounds (2.2) and (2.3), and on the other
hand the fact that Uypp . satisfies approximately the linear Stokes-Coriolis equation, namely
there is a family of functions (p:)o<e<e, in L2 . (R1; L2(Qy)) such that

loc

def

1
ES (Uapp,a) - 8tUapp & EﬁAUapp,a + gez /\ Uapp,a

satisfies

1
(11.1) hm HE DD, 5) + ngg =0.

LY(RT;L2(Qg))

Let us start by proving the convergence of the approximate solution. By construction, the
components of Uyspp are smooth functions over €2,. Owing to the conditions in (10.3), we
deduce that (Uappyg) is a family of elements of C1(R*;V,).
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11.1. Proof of the convergence result (2.1). To start with, let us prove (2.1), that is

lim || Uapp,e =0.

s =T ezt 20020)

We recall that )
Uapp,e = Z‘Sjﬁjvintve + Z &l (ﬁ;lﬁr{ + ~ﬁl%tL) )

J=0 j€{0,a,1,2}
and ¥ is defined in (1.10) and (1.11): @ = (@ (¢, z1),0), where u, = u’(t, p) Vit p and u’ given
by (9.11), namely

_ . V28 1+ /14 ¢2%(p
W) = ), it aglp) = Yo VL),

We start by estimating the difference between the first term ﬁodm,g and the asymptotic
velocity profile w. Recall that, by (7.1) and (7.2), one has

Uo,nte(tszn) = w2 (t, p(zn)) Virp(an) = (1 - X(W)) u® (t, p(an)) Viyp(n).

with u’ defined just above. Now we notice that, by definition of A4 and thanks to (1.8), one

has
Nolp) = V28 14+ /14 ¢%(p) S N - V20 def
=50 2 “op) - H

so, for any non-negative time ¢, we can bound

o) -0y < e [ a2 (P00 ot

< e [ oot (U ot Py

6fa

< e [ A o S )

— gl—a El—a
We infer that, for any non negative t,
~ l-a _
(11.2) HUO,int,E(t) - ﬂ(t)HLz(qu) <Ceze At\lug opllrz,
whence we immediately deduce that

=~ _ l1—a
(11.3) |U0,int,e — UHLOO(R-O-;L2(Q¢)) < Cez luollr2 (o),
which converges to zero since a is less than 1.

Now let us turn to the other terms defining U,pp .. The estimates of the boundary layer
terms on the surface are classical, we refer for instance to Section 7.1 of [8]. We shall perform
all the estimates here for completeness, and because of the presence of the cut-off at the shore,
which entails some additional difficulties. We shall rely on the following lemma. We notice
indeed that all the terms in the expansion are functions of u? or u?/¢, and of their horizontal
derivatives. The following lemma provides estimates of general expressions that appear in the
definitions of those terms, and we will be using it many times in the following. Its proof is
postponed to Appendix A.

Lemma 11.1. Let mg be a given integer and let () = Q(xy, ) be a polynomial of degree my
in its second variable, which writes under the form

Qlan, X) = > Q; (plan)) X7
j=0

31



where the coefficients () (p) are smooth functions of p, bounded as well as all their derivatives.

Let us define
def _tx(p(zn)) ¢(P(xh)) 1
Fo(tyay) = e PP (1 — (=52 ) Q(an, ——— ) -
j gl-e ¢ (p(xn))
Then for any integer k, a constant C), exists such that, for any € small enough, the following
estimate holds true: given any multi-index o € N2, with |a| = k, one has
|09 Fe(t,an)| < Cpe~3te=(ktmo)(1-a) gy 197Q5(p)l

< e
0<j<mo

where X\ ¥ \/28/H.

Our goal is to apply Lemma 11.1 to estimate the remaining terms entering the definition
of Uapp,e- Notice that all these terms are written in the basis (Vhp(xh), Vﬁp(xh), ez). Since p
is smooth and bounded as well as all its derivatives, we can ignore the contribution of the
basis vectors in the estimates (although they are not functions of p only), and therefore apply
Lemma 11.1 to the components of those terms.

For the sake of completeness, let us start by considering the term ﬁO,int,s- As recalled above,

there holds
~ T _ "
(11.4) Up int.e(t, Tn) = (1 - x(W)) e o (P@n)) 48 (p(ay)) Vi plan) .

Let us apply Lemma 11.1: we notice that my = 0 and each component of ﬁgyim’s(t, xy) in the
basis (Vnp(zy), Vi p(an), €,) is of the required form, with

Qo(p) = ug(p).
It follows that
At _k(l-a
|Sl|1PkH Uz (t HL?(Q ) < Ce 2teh )||u0||Hk((’))7
(11.5) 3 kiea)
‘S‘Tl_pkH UO e ( HLoo(Q ) S Ce2le [[uollwk.oo (o) -

Observe that, when k > 0, the right-hand side of the previous estimates becomes unbounded
when ¢ approaches 0. In particular, when proving (2.2) in the next subsection, we will need
to improve the above L* bound for k£ = 1: as we will see, the assumption on the structure of
the initial datum, i.e. the fact that ug/¢ belongs to LOO(O) plays a crucial role.

Similarly, recalling their definition in (7.4), Us's Surf and Uy [ bot ;, correspond to my = 0, and Qg
is of the form

2 _zto
V(= ) (7 + 3 )ublo) Vintan).

multiplied by oscillating functions of z/v/E and (z + ¢)/6V/E at the surface and at the bot-
tom respectively. At the surface these oscillating functions are bounded as well as all their
horizontal derivatives. In contrast, at the bottom horizontal derivatives produce factors of
the order 1/ VE. Thanks to the exponential decay in z and bounding all the terms by the
worst contribution (which produces a factor e~! each time a horizontal derivative acts on an
oscillating term), we infer that

sup (102, T35 (4 | o,y + 195,088 ) o)) < Ce™ 33 HJuoll e o)
ate) f - .
i (195, U85 (M o,y + 105,0881.0) 1 ,)) < O3 sl o)
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Similarly, by (8.12), we deduce

(11.7)
A
‘S?pk (H ;uéfL HL2 )y T H 5%L HL2(Q¢)) = Ce_ite%_km_a)||U0”Hk(o) )
sup (98,5850, e+ 108,500 ) < €3 gl o

The term U 1,int,e, defined in (9.10), is slightly more delicate, since the third component involves
taking derivatives of Vi p(zy). But, as remarked above, these are harmless and can be ignored.
So, we find that mg = 2 and

ol 192, Urinte (1, )l 20,y < Ce™ e jug | 1oy
(11.8) “=
|Sl‘lp Haxl Ul ,int 5( )HL"O(Qd,) < Ce (k+2) HUOHWH'k 0(0) -
The same holds for the boundary layers defined in (9.13), so
(11.9)
s (198,000 s, + 108,001 12g0,) < o 20 gl
o surf o 77bot 7)\t —(k+2)(
sup (1198, T30 ) | ey + 108, TPELE ] ey < Ce e E D0 g 1410
Finally, we have, according to (10.1),
(11.10)
r o Ay 1 a
ek (Haa U3 (¢ M@y + 195, U35t ) 20 )) < Cem2'e2” D ug | 1o o)
‘SlllPk (Haa U;lléfL HL°° ) + Haa UgoéL HLOO )) g 05_(k+2)(1_a)||U0||W2+k,oo(o) .

The result (2.1) follows directly by putting together Estimate (11.3) and the bounds
n (11.6)—(11.10).

11.2. Proof of the bounds (2.2) and (2.3). Now, let us prove the bound (2.2). We set

(11.11) UpLe © " &9 (U38 +00%)-

]6{07a717 }
Proving (2.2) boils down to proving that the two families (Vﬁojim,g)s and (5Vﬁ1,int,a)6 are
bounded in the space L' (R™; L>(Qy)). We start by considering the latter term, which is easier

to bound. From Definition (9.10), we see that V[~f1,int,g is linear in z; so, thanks to (11.8) and
to Lemma 11.1, we find

(11.12) e Hvﬁl,im,g < C &30 ug [y (o)

LY (RT;L°(Q4))

which is bounded as soon as a > 2/3.

We now switch to the estimate of Vﬁo,int,e- As already remarked we cannot rely on (11.5),
which does not provide a uniform bound in e. Instead, starting from Formula (11.4), we
explicitly compute

Vilojnte = (A1 + Az + A3) Vip ® Virp + Ay Vi Vitp,

where we have defined

of 1 / _
M v (59) 60 ).
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Aot (13 (52)) ™0 00 () o).
4 (1 (58)) e () () ana
A (1-x (B8)) e () o).

Observe that, as done in (11.5) for k = 0, one has

_2A
A4l e,y < Cem 2 Jluollp (o) -
Arguing analogously, one also gets
PN
|Asll ooy < Ce3 Junllroe(o) -

Next, consider the term Aj, whose expression looks singular, at a first sight, when & goes
to 0. The key remark is that

Zi(f)z <1 on the support of x’.
Therefore, we can write
¢(0) ,(2O)\ i\ —in) Ub(P)
A = s(p) ,
1 cl—a X cl—a ¢ (p) € ¢(P)
which implies the bound
_2¢ || U0
A1 oo,y < Ce 2" || = :
Lo (Q24) b L (0)

Finally, let us focus on the term Aj. By recalling the definition of Ay given in (1.11) and
explicitly computing its derivative, we see that the term Ao can be written under the form

Ay = e~ PPolP) <f1(P) (ﬁ(tp) + f2(p) ((;5(2))2) ug(p)

where the functions f; and fs only depend on p and are bounded. Let us deal only with the
term involving fa, the other one actually being simpler. We can decompose it as

20200 g Ug (p)

©TT 5 0 5

¢ 0 —t
5 ug(p) =e
(¢(p))
Remarking that the function ¢ Ay belongs to L>°(O), with

o(p) Mo(p) = V28,

and using the boundedness of the function a + e~“*a over R™ when ¢ > 0, we deduce

Ag(p)
2

e~ tAe(p) f2(p)

- ¢ up(p)| —a
e fy(p) 5 ui(p)| < O |E ) eme
(8(p))” o(p)
This implies the following uniform bound for As:
HA2||L0<>(Q¢,) < Ceat |20 .
L>(0)
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We now collect the bounds for A4, ... A4 and use the @ct that the function p is smooth and
bounded with all its derivatives. After noticing that 9,Up int,c = 0, we finally gather
uo

@ Lw(@)) |

Together with the bound in (11.12), Estimate (11.13) concludes the proof of the property
claimed in (2.2).

(11.13) IV Dot el| 1 oo ) < € (’“0||w1v°°(0) +

Finally let us prove the bound (2.3). Recall that we need to prove that
H\/ d¢UBL,6HLoo(R+;L§OL?,(Q¢)) < OE||“O||L°°(Q¢) + CEQ||UOHW1»°°(Q¢) )

where dy is defined by dy(zn, 2) def min{—z, ¢(p(xn)) + 2} and Ugy, is defined in (11.11). Let
us start by considering US}E{ + U('i%tL, the components of which are defined in (7.4) and can
be bounded by

z+¢

75 ) (o).

e M (eﬁ +e
Then, an immediate calculation gives
| V/do (U5BE + UbL) HLOQ(R+;L?L3(Q¢)) < Celluol| L= (o)
Similarly, Lemma 11.1 provides
le /s (UTBL + UPE | ot o0 120,y < CE2 0l o)
The estimate for U3y gt L+ U2 ‘B, is similar, so (2.3) is proved.

11.3. The linear equation. To conclude the proof of Proposition 2.2, we now prove (11.1).
By construction (see in particular the computations of Section 5 and 9), there holds

~ 1 ~ ~ 1~
8thO,int,s + gez A (UO,int,s + 5U1,int,e) + EVPO,int,e =0.
In addition, estimates (11.5) and (11.8) imply that

=82 (To e + =T < Ce 20D g | 120y + 40D g 30

LY(R*;L2(Qg)) —

< Ce* ol 3oy »

since 2a — 1 < 4a — 2. Note that ]507int75 is defined in (7.3) by

~ P
Point.e(t, p, 2) d—ef—/ ul(t, o) do
0

and belongs to L (RT;L*(Q,)) as required. Finally, because of Definition (7.1) and For-

mula (9.11), a factor (d)(p))fl appears when taking the time derivative of v/, so we deduce
from Lemma 11.1 that

H&: <6ﬁ1,int,s) < "3 lug|| 1 o0y

LY (R¥;L2(Qg)) —

Assuming that a > 2/3, we find

| _ _ 1
(1114) 31_% Hﬁe (UO,int,s + 6ljl,int,e) + gvpo,int,e LURH512(04)

Now let us turn to the boundary layer terms. By construction, the terms ﬁg‘gfL and (7&%%

cancel the diffusion term with the rotation term, as seen in (6.3). So, one just needs to consider
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the time derivative which acts, as in the case of ﬁmntf above, on ug, making a factor 1/¢
appear. Using Lemma 11.1, we get

|£- (T3 + Ut
hence

(11.15) lim | £ (Us br, + UoB1,

< 05%_(1_Q)HU0HH2(O) :

L (R*;L%(Qg))

)HLI(R+;L2(Q¢)) =0.

Concerning the boundary layers of order a and higher, they were not inserted in £ before: they
were introduced to recover either the divergence free condition, or the boundary conditions.
One must therefore compute the action of each of the three parts of £.. We shall not write
the details here, as actually, for j € {a,1,2}, the terms & (U ;‘g{ + Uﬁ%}) satisfy the same

bounds as ﬁg‘gi + [7(})),(])3tL- So, in the end we find

(11.16) gig%Hﬁe > (Ul + ﬁ%i)‘
j€{0,a,1,2}

=0.
LY (R*;L%(Q4))

12. PROOF OF PROPOSITION 2.3.

In order to understand the structure of the non linear term, let us decompose it in the
following way. We denote

Uo,BL o ~35§fL + N(I)D%L-
Let us write that
3
Uapp,e : vUaLpp,s = UO,int,e : vU(),int,s + UO,BL : vU(),BL + Z Qj with
j=1
def ~ ~
(121) Ql = UO,int,E . v(Uapp,a - UO,int,E) y

Q2 d:ef (Uapp,s - ﬁO,int,s) ’ V(Uappﬁ - ﬁO»BL) and

def ~ ~ ~
QB = (Uapp,e - UO,int,s - UO,BL) . VUO,BL .

With similar computations to those leading to Formula (2.5), we get the following relations:
(12.2) Vivp - Vi(Viyp) = —=AwpVip, Virp- Via(Vip) = AupVip  and
Vhp - ViVip = Vip - ViiVip =0.
They imply that
Uojint.e - VOojint.e = — (ul(t, p)) > AppVip.
As the family of functions (u!(t, p))6 is bounded in L'(RT; L>(Qy)) and tends to u’(t, p)
in L>®(RT; L?(Qy)), we infer that

. ~ ~ 2
(12.3) ig%HUO,int,e : vU(),int,s + (ue(ta P)) AhPVhP”Ll(R+;L2(Q¢)) =0.

Now let us treat the term [707313 . VﬁoyBL. As the support of the boundary layer on the
surface and the support of the boundary layer at the bottom are disjoint, we get

(12.4) Uo,sL - VUo BL = S,uéfL -V S,UgL + U&%L -V (])O,?BtL
Let us first state the following lemma, which covers the case of the surface also (it is enough
to apply it with ¢ = 0). It claims that the non-linear term Uy gy, - VUp g1, does not create

terms of higher order. Its proof is postponed to Appendix B.
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Lemma 12.1. Let us consider five functions (M?, M% NP, N° N?%) on [p, co[xR™ x RT. Let
us define

def def ”
Mgy, & ME Vip+ M Virp — ¢/ ME e, and NpL = NE Vup+ N§iVip+ Nie,,
with, according to (4.9),

def
apr(t, xy, 2) = a<p(3:h),—

z+o(plan)) 2+ ¢(p(£vh))>
5\/E ’ gl—a

Then we have

5/
Mgy, - VN = (Mp <5pr - gClaQNp) - MGNGAhP) Vip
BL

5 5
+ <Mp (a,,N9 -G, N‘9> - MeNpAhp> Vip+ (M" (a,,NZ -G, N)) €.

BL BL

Continuation of the proof of Proposition 2.3. By definition (7.4), applying the above lemma
with the boundary layer at order 0 ensures that

burf surf

b 9 9 -2
Uogr - VUG BL(t 2, 2 ‘ + | O(EL VUo BL(tal'hwz)‘ < Clue(tap)apus(tvp)‘ (ef +e ‘r)

Let us recall the definition of u?, which is

ul(t,p) < <1 - (ff@)) e uf(p).

Then, we have

%eth(p)ap(ug(t,p))Q = Sfblax’(efba) <1 — X<5j)a>> (u8)2
(1)) (st~ 68 (anoraon - Do) )

As ze=* is bounded, we infer that

}8,; (ug(t,p))2 < Ce Mot (ug)2 + ‘ugf)pug‘ .

2
Thus, we deduce the following bound:
’ surf SlléfL(t Th, 2 ‘ + ’ bOt : Vﬁ()b,oBtL(t?:Ehaz)‘

< Ce N (eTE 4 e VE ) (1) + [ub0pud)
Then, by integration we get

(125) H surf surf HL1 (R;L2(Q)) < Ce 2 HUOHLOO(O)HUOHHI(O) :

Now let us treat the terms Qp, Q2 and Qs of (12.1). The easiest term is Qs. Indeed, using
estimates (11.6)-(11.10) and fixing the parameter a so that 1 — a is small enough, we get

HUapp,a - UO7int7EHL°O(R+;L2(Q¢)) < CHUO||H1(O)5b7
for a suitable exponent b > 0 depending on the fixed value of a. On the other hand, using
estimates (11.7)—(11.10) and (11.13), we obtain
Lm(@)) |

Uug

¢

Hv( app,e — UO BL)HLl(]R* iL°(Qy)) <C (‘UOHW&"O(O) +
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We immediately infer that

Uug

¢ L°°<O)> .

In order to estimate Q;p, let us observe that, for any vector field V' on the form
V(t7 ZTh, Z) = Vp(ta p(l'h), Z)Vhp + Ve(ta p(xh)v Z)Vﬁp + Vz(tv Th, z)ez )

thanks to (12.2) and the definition (11.4) of ﬁo,inm we have
(12.7)

(ﬁo7int7g . VV) (t, Th, Z)
- (1 - X(W)) e el g (p(an))

X <Vp(t, p(xy), z)gp(t, xn, 2) + VO(t, play), 2)§g(t, T, 2) + Viip - VR VA(t, ay, z)ez> ,

(12.6) 1ol 11w+ 22(0,) < Ce’lluoll (o) <HUOHW3W(O) +

where ﬁp and ?9 are smooth vector fields. We remark that no derivatives of the radial
and azimuthal components, V? and V? respectively, appear on the right-hand side, but only
the horizontal derivates of the vertical component VZ%. Let us apply this formula in the case
when V = ﬁg%fj: + ﬁé’% 1 - Using Definition (7.4) of the boundary layers at order 0, we further
remark that, in this case, V* depends on xy only through p. Thus one has Vﬁ p-VyVZ =0,
and we get that

~ ~ ~ _z _z2t9
[U,inte - V(USBL + USHL) (B an, 2)| < Cem M ug(zy) [ (eVE + e ovE).

By integration, we infer that
e rrsurf r7b z
(12.8) |U0int.e - V(UsEL + UO,%EL)HLl(RJF;L2(Q¢)) < Cez HuoH%‘l(O) '

Let us study the term eﬁo,int,g . V(~]17int7€. Using again (12.7), by Definition (9.10) of ﬁl,inm,
we deduce that

£(Uointe - VULinte) (t, 7, 2) = eXg(p)e 2o (ug’E)Q(P)ﬁp(tvam z)
ev2 _ ,
+ —5 ¢ t)‘¢(p)u87€(p)Vﬁp - Vp divy, ((1 - ZA¢(p))ug(t, p)Vhp) € .

As the norm of Vyp is equal to 1, we infer that, for a function f on the interval [pg, 0o,

divy, (f(p)Vip) = 9,1 (p) + f(p)Anp.
We then get the relation

divy ((1 - z)\¢(p))ug(t, p)Vhp> =0, ((1 - z)\¢(p))ug(t, p)) + (1 - z)\¢(p))ug(t, p)App.

Thus, we have

= ~ ev2 _
5(U0,int,g . VU1,int,g)(t, Th, 2) = Te 2tAy(p) (u&E)Q(p) (1 — z)\d,(p))Vﬂ‘p - VhApp.
Using that z belongs to the interval [—¢(p), 0], we infer that
5| (ﬁO,int,a : vﬂval,int,E) (ta Th, Z)| < 056_2>\t ('LLO(xh))2 .
Therefore, by integration, we finally deduce that

5H[70,int,e . v(Ajl,int,s S 05“11’0”%4(0) .

o e+2200))
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We omit the proof of the estimates of the other terms, which lead to

1
o) 191l w220,y < O (luollao) + luoll (o) lollwzoe(o )

1
< Ce2 Jluol 20 l[uollw2.e0 (o) -

Now let us estimate the term Qs. By Definition (7.4) of the boundary layers at order 0 and
Estimate (11.6), we have

(12.10) V1 Uo,B (¢ < Ce3leTs luoll 2 o) -

2@y
By derivation with respect to the vertical variable z, we get

’8Zﬁ07BL(t, xh,z)} < geﬂ\t!uo(mhﬂ(ef +e z\#)

By integration, we infer that
1
10U p(t 2@ o, S Ce ze Mluoll z2(o)
Together with (12.10), this gives

_1
(12.11) VU0 Lt < Ce2||uoll g1 oy -

Sl (R+:L2(9,))
On the other hand, using (11.7)—(11.10), we claim that
HUapp,a - ﬁO,int,E - ﬁO,BLHLoo(R+XQ¢) < 82(1_1”“0”[/[/2,00((’)) .

Putting this bound together with Inequality (12.11) yields

_3
||QS”L1(R+;L2(Q¢) < Ce* 2 HUOHHl(O) ||UOHW2»°°(O) ’

With the estimates (12.3), (12.5), (12.6), (12.9) and Formula (12.1), this concludes the proof
of Proposition 2.3. O

APPENDIX A. PROOF OF LEMMA 11.1

Our aim is to estimate spatial derivatives of

Rt e 000 (1-(58) )@ 5).

xha ZQJ

The proof of the lemma is based on a direct dlfferentlatlon and the Leibniz rule, together with
the use of the localization property ¢(p) > £'=¢, which holds true on the support of F..

As p is smooth and bounded as well as all its derivatives, and since all the functions
appearing in the formula depend on xp only through p, we consider p as a variable and
perform differentiation only with respect to p. We can therefore write F. under the form

where

Ty) = —1 — e Ps()y(p) F. —1 wi
FE(t7 h) ‘FE(t’ p7 ¢(p)) ¢ (p)‘FE(p7 ¢(p ) 9 th
(A1) ~ def o= 1 |\ def ¢(p)
fa(pawl) = ZQj(p)wl and U( ) =1- <€1_a>

J=0
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and estimate 3]; (]:5 (t, 0, ﬁ)) Then, the proof of the lemma is a direct consequence of the
following formula:

k
(A.2) o (-(t.p. ¢(1p))) :e_tM(P)jzoff’j(p,Qs(lmagb(tp)>8§_jv(p)

where each F7 = Fii (p,w1,ws) is a polynomial with respect to the second and third vari-
ables, respectively of degrees at most j + mg and j. The coefficients of the polynomials are
smooth functions of p and are bounded by derivatives of order 1 to k of Q);.

Let us prove Formula (A.2) by induction. Before starting the argument, we observe that
the function Ag(p), defined in (1.11), contains a factor é Therefore, in order to get the precise
expression on the right-hand side of (A.2), in the computations below we will use the following
trick:

_ 4 (¢ _ b _ d(p)
9y(2olp)) = B, ( o) A¢<p>> = 5060 00) = S A00),

where we remark that ¢(p) A\y(p) is a function of p which contains no negative powers of ¢(p).
With these considerations in mind, let us prove Formula (A.2) for £ = 1. By the Leibniz
formula and the chain rule, we have

X0, (F. (¢, p. (;s(lp))) = (0,72 (p. l)v(p) o : 5)0)

30 g 3
# 70 5) ( (-0 5 + 02005 ) o)+ 81000))

(0 F2) (1

Then, after defining
}-51’0(/)7"‘}17"‘)2) = (8 ]:)(pawl) and

FE(p, w1, ws) © ¢ w? (0, F2) (0 w01) + Ty 1) (=, (620 () w2 + ¢/ Ao (p)wrws) ,

we get Assertion (A.2) for £ = 1. Next, let us assume (A.2) for some & > 0. The Leibniz
formula and the chain rule imply that

Ao (p) gk L
R EA (b(p)))

k
=Y (p. ;,;)8’“ 7o (p)

=0
k
£ 3 (000D + ol ) 7 (5.5 5 ok (o)
=0
k
k.j 1t ¢ k,j 1 z t1 k.j 1t k—j
z(af (02 5) =G5, 8) 203 (5.2, ki,

Changing j into j + 1 in each sum ensures (A.2) for k + 1, with FEL0 8p.7-"€k’0 and, for j
between 1 and k + 1,

€ "P,wl,wz = a’Apawlv‘*U? p\P)P Wiw2 — Op o\p))w2 5"_ T, Wi, W2
FEEH )= FE( )+ (920 (0)¢f D20 (p) ) 2771 )
- le (Wlw?awz + (W1)28wl)]:f’j_1(p,w1,w2) :

This proves (A.2) for any k € N.
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In order to prove the lemma, we use Formula (A.2), recalling that . is defined in (A.1).
We get
o (]:e(t,p, 1 )> — o~ 2s(0) zk:]:f,j (p, 1 ’ t >ak_jv(p)
’ o(p) = d(p)” ¢(p)/ *

But
bounded by derivatives of order 1 to k of @;. It follows that

gl—a

8ﬁ<1 - X<¢>>’ < Cpe 179 and ¢ > 7% on the support of F.. Moreover Fo/ is

1 V2B
F(F(t, p,— 'SC e~ t5m g~ (k+mo)(1—a) sup 07Q; .
p( 6( P ¢(p))) . <] |p ](p)‘
0<j<mgo

This estimate proves the lemma. O

APPENDIX B. Proor orF LEMMA 12.1

The Leibniz formula implies that
Mgi, - VNBL = (MBL . VN]gL)Vhp + (MBL . VNSL)Vﬁ'p + (MBL . VN}%L)EZ

(B.1) 0 iR
+ N{S)LMBL - VVup + NBLMBL . VVh p.

Using formulas (12.2), we infer that
(B.2) N{MsL - VVnp+ N Mgy - VVip = —(MPN?App) 5 Vip + (MNP App) 5, Vi p.
As for any function a on [pg, oo[xR™ x RT, apy, is a function of p(zy,), we have
Vﬂ'p- VhaBL =0.
Thus we infer that
Mgy, - Vagr, = Mfy; (Vap - Vi — ¢'0.)agt.
Then, using (4.4) and that (Vhp- Vi — ¢'(p)9.)) (2 + ¢(p)) = 0, we infer that

/

1)
MBL . VGBL = MQL (8pa — gClaﬁa)BL

Together with (B.2), plugging this formula into (B.1) ensures the result. O
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