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ABSTRACT. In this work we investigate the question of preventing the three-dimensional, in-
compressible Navier-Stokes equations from developing singularities, by controlling one com-
ponent of the velocity field only, in space-time scale invariant norms. In particular we prove
that it is not possible for one component of the velocity field to tend to 0 too fast near blow
up. We also introduce a space “almost” invariant under the action of the scaling such that if
one component of the velocity field measured in this space remains small enough, then there
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1. INTRODUCTION

The purpose of this paper is the investigation of the possible behaviour of a solution of the
incompressible Navier-Stokes equation in R® near the (possible) blow up time. Let us recall
the form of the incompressible Navier-Stokes equation

ws) |
where the unknowns v = (v!, v?,v3) and p stand respectively for the velocity of the fluid and
its pressure.
It is well known that the system has two main properties related to its physical origin:

o +divivewv) —Av+Vp =0,
diveo=0 and v|=p =g,

e the scaling invariance, which states that if v(¢,z) is a solution on [0, 7] x R® then for

any positive real number A, the rescaled vector field v (t, z) def Av(At, Az) is also a
solution of (N'S) on [0, \72T] x R3;
e the dissipation of energy which writes

1 ¢ 1
(1) S0+ [ 190t < Gl

The first type of results which describe the behaviour of a (regular) solution just before
blow up are those which are a consequence of an existence theorem for initial data in spaces
more regular than the scaling. The seminal text [18] of J. Leray already pointed out in 1934
that the life span T (vg) of the regular solution associated with an initial data in the Sobolev
space H'(R?) is greater than c||Vv0HZ§; applying this result with v(¢) as an initial data gives
immediately that if 7*(vg) is finite, then

(1.2) IVo@®)lz2 > Tr(vo) —t

More generally, it is a classical result that for any ~ in ]0, 1/2[ there holds

T*(vo)
s which implies that / [Vu(t)||72dt = 0.
0

O

o= =2 =

(1.3) T*(vo) > ¢y |lvol| which leads to Hv(t)HH%+27 >

H +2y
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The definition of homogeneous Sobolev spaces is recalled in the Appendix. Let us notice that
the above formula is scaling invariant and comes from the resolution of (N.S) with a fixed
point argument following the Kato method [15] and [28]. Moreover, E. Poulon proved in [25]
that if a regular initial data exists, the associate solution of which blows up at a finite time,
then an initial data v, exists in the unit sphere of H 27 such that

T*(uy) = inf{T*(uo) , uo € 2™V, Jluo|l ., =1}

Assertion (1.3) can be generalized to the norm associated with the greatest space which is
translation invariant, continuously included the space of tempered distributions &’ (R3) and

whose norm has the same scaling as H 3127 As pointed out by Y. Meyer in Lemma 9 of [19],

this space is the Besov space 30—017:027 which can be defined as the space of distributions such
that
def 1_
(1.4) Jull s % sup 3| u oo
0,00 t>0

is finite. The generalization of the bound given by (1.3) to this norms is not difficult (see for
instance Theorem 1.3 of [8]). Let us recall the statement.

Theorem 1.1 ([8]). For any v in the interval |0,1/2[, a constant c, exists such that for any
regular initial data vy, its life span T*(vg) satisfies

1
(1L5)  T(00) 2 &ylleoll 2o which leads to [[o(t)]| 51420 > (T@Sﬁ
This result has an analogue as a global regularity result under a smallness condition, which
is the Koch and Tataru theorem (see [16]) which claims that an initial data which has a
small norm in the space BMO™!(R?) generates a global unique solution (which turns out
to be as regular as the initial data). The space BMO™!(R?) is a very slightly larger space
than B_',(R?) defined by

o0
(1.6 s, [ e Sulf it < oo
00,2 0

and very slightly smaller than the space BO_O%OO. Let us notice that the classical spaces H > (R?)
and L3(R3) are continuously embedded in BMO~(R3).

Let us point out that the proof of all these results does not use the special structure of (IN.S)
and in particular they are true for any system of the type

(GNS) 0w —Av+ Y Aij(D)(w'v)) =0
i,J
where A; j(D) are smooth homogenenous Fourier multipliers of order 1. The problem investi-
gated here is to improve the description of the behavior of the solution near a possible blow
up with the help of the special structure of the non linear term of the Navier-Stokes equation.
One major achievement in this field is the work [12] by L. Escauriaza, G. Seregin and V.
Sverak which proves that

(1.7) T*(vg) < oo = limsup ||v(t)||3 = oo
t—T*(vo)

This was extended to the full limit in time in H2 and not only the upper limit by G. Seregin
in [26].
A different context consists in formulating a condition which involves only one component
of the velocity field. The first result in that direction was obtained in a pioneering work by
2



J. Neustupa and P. Penel (see [21]) but the norm involved was not scaling invariant. A lot of
works (see [4, 5, 14, 17, 20, 23, 24, 27, 29]) establish conditions of the type

T* T*
/0 13t )P adt = 00 o /0 100 (t, )|t = oo

with relations on p and ¢ which however still fail to make these quantities scaling invariant.
The first result in that direction involving a scaling invariant condition was proved by the
first and the third author in [9]. It claims that for any regular intial data with gradient

in L%(R?’) and for any unit vector o € S?, there holds

dt = 00,

1,2
3tp

T*
(1.8) T" < 0o = / v(t) - o||”
0 H

for any p in the interval ]4,6[. This was extended by Z. Zhang and the first and the third
author to any p greater than 4 in [11]. This is the analogue of the integral condition of (1.2)
for one component only.

The first result of this paper is the analogue of (1.8) in the case when p = 2. More precisely,
we prove the following theorem.

Theorem 1.2. Let v be a maximal solution of (NS) in C([0, T*[; H'). If T* is finite, then
T*
Vo €S2, / lo(t) - o||2 s dt = oo
0 H2

The proof we present here differs from the proofs in [9] and [11]. It is simpler but seems to
be specific to the case when p = 2.

The rest of the paper is devoted to the study of what happens to the above criteria in the
case when p is infinite. In other words, is it possible to extend the L. Escauriaza, G. Seregin
and V. Sverdk criterion (1.7) for one component only? This question sems too ambitious for
the time being. Indeed, following the work [13] by G. Koch, F. Planchon and the second
author! one way to understand the work of L. Escauriaza, G. Seregin and V. Sverdk is the
following: assume that a solution exists such that the H > norm remains bounded near the
blow up time. The first step consists in proving that the solution tends weakly to 0 when ¢
tends to the blow up time. The second step consists in proving a backward uniqueness result
which implies that the solution is 0, which of course contradicts the fact that it blows up in
finite time. The first step relies in particular on the fact that the Navier-Stokes system (N.S)

is globally wellposed for small data in 3. In our context, the equivalent statement would be
that if ||vg - U”H 3 is small enough for some unit vector o of R?, then there is a global regular
solution. Such a result, assuming it is true, seems out of reach for the time being.

The result we prove in this paper is that if there is blow up, then it is not possible for one
component of the velocity field to tend to 0 too fast. More precisely, we are going to prove
the following theorem.

Theorem 1.3. A positive constant ¢ exists such that for any initial data vy in H'(R?) with
associate solution v of (N'S) blowing up at a finite time T*, for any unit vector o of S?, there
holds

V< T swp [olt') ol = colog T (et W) '
teft,T*[ H2 T —t

The other result we prove here requires reinforcing slightly the I 3 norm, while remaining
(almost) scaling invariant.

1See also [6] for a more elementary approach



Definition 1.1. Let E be a positive real number and ¢ an element of the unit sphere S*>. We

L1 .
define ngng the space of distributions a in the homogeneous space o2 (R3) such that

def def

ol y [ llog(g B+ ) @R < o0 with & L~ (€ o).

logs,E
Our theorem is the following.

Theorem 1.4. A positive constant ¢y exists which satisfies the following. If v is a maximal
solution of (NS) in C([0, T*[; H') and if T* is finite, then for any positive real number E,

Vo € S?, limsup|jv(t) o] 1 > 0.
t—T* f,ng

The structure of the paper is the following: in Section 2, we reduce the proof of the three
theorems to the proofs of three lemmas. The basic idea in this section consists in estimating
the L? norm of the horizontal derivatives of the solution. Let us point out that the standard L?
energy estimate plays an important role. These ideas are common to the proof of the three
theorems.

Section 3 is devoted to the proof of the three lemmas. The one relative to Theorem 1.4 uses
paradifferential calculus.

2. PROOF OF THE THEOREMS

Following an idea of [5], we perform an L? scalar product on the momentum equation
of (NS) with —Ayv. This can be interpreted as a H! energy estimate for the horizontal
variables. Recalling that

th d:ef (811), 821)) y

we have
1d ) s o .
57Vl + [ Vuvl, = Y& () with
j=1
def o
51(1)) = _ Z(aﬂ)h : thh‘aﬂ)h)LQ s
=1
dof
(2.1) Ea(v) = = (9" - Viv?|0?) L,
=1
def o
E(v) = —Z(@iv383vh|8ivh)L2 and
=1
dof o
E4(v) E =D (01 030%00%) 12 .
i=1

Let divy, o® def O1v! + 9%, A direct computation shows that
2
& (v) = / divy, vh<z (9507)2 + 0102090t — 811)1821)2) dr ,

R? =1

which, together with divwv = 0, ensure that
2
E1(v) = / 837)3(2 (0307)? + O1v2090! — 811;1821)2) dx .
R i=1
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Then let us observe that the three terms &;(v), £2(v) and £4(v) are sums of terms of the form

def

(2.2) I(v) = 903 (2)9;0F () o™ () da

R3

with (j,¢) in {1,2}? and (i, k,m) in {1,2,3}3.
Without loss of generality, we shall always take o = e3 in the rest of this paper.

Proof of Theorem 1.2. Holder’s inequality implies that
[1(0)] < [VV?|| 3] Vil 7a -
The Sobolev embedding H > < L% and an interpolation inequality between L? and H' imply
L S 10013 1V00ll2 VAol g

A convexity inequality then gives

(23) 1(0)] < 155

In order to estimate &£(v), we have to study terms of the type

R el T AR

(2.4) Jio(v,v3) d:ef/ 03930t o0 du,
R3

with (i,¢) € {1,2}2. This is achieved through the following lemma, which will be proved in
Section 3.

Lemma 2.1. A constant C ezxists such that, for any positive real number E, we have

C
i, 0%)] < oIVl + O (loa(IVwol3aB + )17, + 21Vl )19kl

— 10
Continuation of the proof of Theorem 1.2. Using (2.1), (2.3) and Lemma 2.1, we infer that
Tl + Vw0l < 190l
hU|| 12 hv 51 VhUll
(2.5) 2dt 2

1
+ O (1og(IVavl3B + €) [v71 4 + £ IV0l3e ) [ VuvlfEs
which implies that
d 1
S og (Vo3 B+ €) S 102 4 1og(IVuell3aE + €) + ]I Vol2z

Gronwall’s lemma implies that

C t t
log (| V(1) E+¢) < (gl Vool 3 E+e)+ 3, [ [V0(t) Badt) exp(C [ [62@)IE, gt ).
0 0

The energy estimate (1.1) then provides

C
08IV 035+ ) < os(I Vol + ) + B exp(c [t )

T
Thus if v is a C([0,T[; H') solution of (NS) and if / ||v3(t)|]2%dt is finite, then Vyv is
0

in L>°([0, T[; L?). Plugging this in (2.5) implies also that Vv is in L2([0, T[; H").
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At this stage we can invoke Theorem 1.4 of [9] to conclude, because the vertical compo-
nent v3 of the solution remains bounded in the inhomogeneous space H' on the time inter-
val [0, T'[. For the reader’s convenience, we present here a elementary and self contained proof,
inspired by a method introduced in [7]. Differentiating (INV.S) with respect to the vertical vari-
able and taking the L? scalar product of this system with d3v gives, thaks to the divergence
free condition

3
L N Ia + s ) = Z(
k=1

3
_ Z(

k=1

/ 5‘31)78 vk83vkdx+/ 83?)383vk63vkda:)
7=1

/ 831)78 W* 50 dr —/ divy, v"95v 830kda:)
J=1
All the terms on the right-hand side of the above equality can be estimated by

1050]| 26 [ Vvl 22 |050]| 2
Sobolev embeddings and an interpolation between L? and H', along with the convexity in-

equality imply that

2dtH330( )7e + [1050(8) |13, < 2||f9sv( )2 + ClVao®) |22 Vuo @) | g 0s0(t)[172 -
As we have

T
sup | Vio()[2 + / Vw0 (t)]2,dt < oo,
t€[0,7] 0

the solution v remains bounded in H! and thus T cannot be the maximal time of existence.
Theorem 1.2 is proved. o

Proof of Theorem 1.3. We restart from (2.1) and (2.2). Laws of product in three dimensional
Sobolev spaces ensure that

3
10) £ 00l
(26) S 19053 190l

oo,

~

Now let us turn to the estimate of J defined in (2.4). Then the proof relies on the following
lemma, which we shall prove in Section 3.

Lemma 2.2. For any positive €, a constant C. exists such that for any positive constant E

there holds

195v]7
E?
Continuation of the proof of Theorem 1.3. Considering that £(v) is a sum of expressions of

the type Jio(v,v3), let us apply this lemma along with Inequality (2.6). Plugging those results
into (2.1) gives

[Jie(o,0%)] < (=4 Callo® 5y log(e + EITuol2a) ) IVnol + Cello?ll,

1d 1
I A < (5 + el g v loa(e + EIVE) )19l
. 312 \\331)!!%2_
FOly

Let us define, for T' < T™,

def
() sup [0,
(28) te[0,T]

def
T = sup{T" < T/ |Vnll7e io,1:22) < 20 Vavol72}
6
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Let us note that for any divergence free vector field in H', we have
IVw?72 = [Viw?|[72 + 1050° |72 = | Vaw? (|72 + || divy w7
which ensures that
(2.9) IVl < 2[VuwllZe
Then for ¢ < T, Inequality (2.7) becomes

1
S IVnel3e + IVl < (5 + Com(@)ylog(e + BV lZa) )90l
105117
Let us choose E equal to Mwollzz_ o4 let us assume that
Vavoll 2
(2.10) m(T)/log(e + lvoll 2 | Vivoll 2) < co
with small enough ¢y (less than 1/4C) for the time being). Then we get
LG

I
HthHLzﬂlvhvllHlN m?(T)||Vivol|7 2 Tl

By time integration and using the energy inequality (1.1), we infer that for any ¢ < T,
(211) V022 < [Vavol3a (1 + Com?(D).

Then the argument used at the end of the proof of Theorem 1.2 can be repeated. So by
contraposition, we infer that

m(T*)y/10g (e + o]l 2| Vawoll2) = .
Now let us translate in time this assertion. Defining
def

M(t) = sup [P ;1
t'elt, T*] H2

the above assertion claims that
c
M(t) > 0

Jiog(e+ 0@ 1Vme Ol 2)

If M(t) is infinite there is nothing to prove. Let us assume M (t) (which is a non-increasing
function) is finite. Then the above inequality can be written

2c2
/ N2 N2 0
vt € 16T, No@)EIVve @) 2 e (300 )
Because of the decay of the kinetic energy and the monotonicity of M, this can be written
2

X 2¢c
W e T, [0l Vo) 2 exp( 75t

By integration of this inequality in the interval [t, T*], we infer that
2 ” |12 / * 26(2)
o1 [ IVt > (" = esp (5755 -
The energy estimate implies that
1 A 2c3
I > (7" ) exp (3705

which concludes the proof of Theorem 1.3. O




Proof of Theorem 1.4. Using (2.1), (2.2) and (2.6), we get, recalling notation (2.4),
1d

2.12
( ) 2dt

— IVnolfz + 1 VivllF S 120 Vol > v, o).
(i,4)6{1,2}2

Then the proof relies on the following lemma.

Lemma 2.3. Let us define

lal®

y el osale + e

A constant C exists such that, for any positive E, we have

S

213) o) < (5O ) ITet I + ORI,

1 ogh,BE
Conclusion of the proof of Theorem 1.4. Let us plug this lemma into (2.12). This gives

oso® 2

(2.14) o

LIV + IVl < (P15 ) IVl + ORI,

logy ,E

2dt

Then by time integration and thanks to the energy estimate we find that as long as

def 1
t<T, % sup{Te]o,T*[/ sup [3@)| .1 < }
t€[07T] Hlig 4C

there holds

t 1 t
90Ol + [ It < [Vl + o [ oW

N

||’UOH%2
B2

IN

I Vnvoll72 +

Then to conclude we use the same arguments as in the conclusion of the previous two theorems.

Theorem 1.4 is proved.

3. PROOF OF THE THREE LEMMAS

In this section we prove Lemmas 2.1, 2.2 and 2.3. We shall use the following notation: Lﬁ

will denote the space LP(R?) in the horizontal variables x}, def (z1,72) (and we shall write RZ
to specify the space x, belongs to), and LY will denote the space LP(R) in the vertical variable

(and we shall write Ry to specify the space x3 belongs to).

The main problem is that the control of Vv in L% does not imply any control on v, simply
because the Sobolev space H'(R?) is not continuously included in &’(R?). In order to overcome
this problem, the idea consists in decomposing v into a term containing only low horizontal
frequencies, a term containing only medium horizontal frequencies and a term containing
only high horizontal frequencies, and in estimating each of those three terms differently. More

precisely, for a couple of positive real numbers (A, A) such that A < A, let us define

def - N def R
ayy = F 1(1Bh(0,/\)a)a agan = F H((Xpy00) — 1B,00))d) and

| def .
=7 (1Bﬁ(O,A)a)~

Proof of Lemma 2.1. Let us study first low horizontal frequencies. We start by writing

(3.1)

J def / 8311“81) 8v£dx‘

< Ha3vb)\HL4(L2)Ha USHL‘*(L? [ 22 (L) -
8



Using Bernstein and Gagliardo-Nirenberg inequalities in the horizontal variable (see the Ap-
pendix for anisotropic Bernstein inequalities), we infer that

1 1 1 1 1
B S A21050 |2 10i0° 12 110: Vo | 211050 | 2. | 9305 | 2
1
S A2[050° | 2l Vaoll 2 | Vv s -
By convexity we infer that
1
(32) T < gl Vel + CA9sv 3211 VavllZ:

Let us now estimate the high horizontal frequency term. Using Bernstein (inverse) and Ga-
gliardo-Nirenberg inequalities in the horizontal variable, we infer that

gl &t ‘ / 50§ (0> Ol d
R3 ’
¢ ¢
< HaSUn,AHLﬁ(Lg)||8iv3||Lﬁ(L3)||8iU ||L§(L30)
1 1 1 1 1
S AT Vidso!| 2110007 2 10iVio® | 21100 | 321103050 | 7
1
(3.3) S A2 Vil 2 | Vaol 5, -
In order to estimate the term concerning the medium horizontal frequencies, let us write that
JE\A def ‘/ agva Aaivsaivzda:)
7 R A,
¢ ¢
(3.4) < [[93vp a0 \L%(Lff)HaiUSHLgo(Lg)HaiU 22 -

Using Bernstein inequalities in the horizontal variables we get, for any z3 in R,

10305 A n Cras)llzge < Y 038R0 (o) g

A<2R<A

> 2103850 (w3l gz -

A<2R<A

IA

By definition of the Sobolev norm in terms of Littlewood-Paley theory (see the Appendix),
we infer

22X 03 A0 (-, w3) |2 S er(wa) [ Vidav(yxa) 2 with Y cf(ws) = 1.
k
Then using the Cauchy-Schwarz inequality, we infer that

10505 p Aozl S IVROsu(za)llre D erlws)

A<2R<A

A
< lOg(X> VLo (-, z3)ll 2 -

Taking the L? norm with respect to the variable z3 gives

A
y4
(3.5) 10506 L2200y S 1 fog(5) 19001

Now let us observe that thanks to Lemma A.2

1
(e P (GO E L R [ P

L (HZ2)

Plugging this inequality and (3.5) into (3.4) gives

A
Tin S \/108(5) 1900l 1 1% 3 1 Vo]l
9



By convexity we get

i 1 2 AN 2
T < 151 Vw0l + Clog (5 ) 0711 3 1 Vawl 3
Together with (3.2) and (3.3), we infer that, for any couple of positive real numbers A and A

such that X is less than A, there holds

1 —1
|| o't de| < Vil + CATH Vo]l [ Vol
R

A
+ C(MIVola + 1?2 g log (5 ) )IVavlZ.
Choosing
e 1
(3.6) A= (50C)*[|Vvl|fe + 5 and A=
ensures the result. m

Proof of Lemma 2.2. Let us focus on the estimate of the term JE\ A- Applying Lemma A.3, we
infer that

JE\,A = /<R2aﬂ)g(xh,$3)83U€’)\7A(xh,.’L‘3)aive(xh,$3)d(£h)dx3
v h

< [ 1Pl g Iosntanta)ont )l y oy

h h

S /RV Haw?’(',m)HH;% (1050 3 A 23) | e + |’53U§,,\,A('7963)”Hﬁ)||awg('7$3)||Hé dx3

< 3. 0o - 0o .
< HVhUHLSO(Hé)/RV [|0;v (7$3)HH—%(H83UU,A,A(7x3)||Lh +”a?)vu,)\,A(’x?»)”Hﬁ)dxi%‘

h
As we obviously have
¢ . . 3 3
oo allagy < IVl and 107, oy <

we infer, using (3.5) and the Cauchy-Schwarz inequality, that

b 3 A
(3.7) T SN0l 9l [0y g ()
Let us observe that thanks to Lemma A.2 there holds
\% < |V .
IVl S 10l

. L1 L1
Along the same lines, we get, by using the product law (BQIJ)h x H? C H? (see the appendix
for the definition of (B%J)h), that

JK = ‘/ 83vf)\8iv38iveda:
R3 ’

S

3|| .1 ”631257)\811%” 1
H?2 L

H(HY)

V4
SR SN P X T

3
I *(H2)

But according to the definition of v, ), there holds

1035 Al L2581 ), < > 28| ARdsv, 5|12
’ 2k <A

S Aldsollge,

~

10



SO
T < O3 10501l 22 Vol

(38) 21,32 2

< L Vol + O 50l
Then with the choice of A and A made in (3.6), the lemma is proved using (3.3), (3.7) and (3.8).
a

Proof of Lemma 2.3. The main point consists in estimating
J? def/ (91)383%15 LOptde .

Using Bony’s decomposition in the horizontal variable introduced in the proof of Lemma A.3,
let us write that

Jh = J8l 4 B with

def -~
J%l = / ( » 8i113(xh,xg)Tgivg(,,m)@gUf’E1(-,x3)dxh)dx3 and
v h

(X[ stowttanBirs,

2 3 71(
keZ Ry B

(3.9)

8,-116(-, xg)dxh) dxs .

T3)

Let us estimate J%l. The control of this term does not use the fact that vf p-1 contains only
high horizontal frequencies. Using (A.4), we can write

8,1 3 Th 0
Jg < /Rv [Vhv ("x?’)HH*%(Ri)HTﬁwe(-,xg)ai‘va_l("x3>”H%(Ri)dx3

TR ) T CE]

Using the Cauchy-Schwarz inequality gives
JEH S IVl

~

AN

H83U (s $3)\|H1(Rﬁ)d$3~

L
v b oy 1V o oy 195V i )

0
S 19000 b 190 190 oy -

Once observed that (see Lemma A.2) ||[Vyo| S thUHHl(RS)’ we infer that

1
Le(H? (R}))
,1
(3.10) Y [ [ PR | S U s

In order to estimate ng, we revisit the proof of Theorem 2.47 in [1] which describes the
mapping of paraproducts. Because the support of the Fourier transform of

Spr—1(03v] 1 (-, w3)) AR Div" (-, x3)
is included in a ring of Rﬁ of the type o' C. , we get, by definition of T" that
J%Q _/ (Z . A3 (-, 23 Ah< Z Sk 1(83'%]5 V(- x3)) AL 9t (. acg))d:vh>d:):3.
v \kez 7 Rh k' —k|<No
Using Cauchy-Schwarz and Bernstein inequalities, we get

Sy ( S Ak ()l e

lk—k'|<No

158100 s () 16RO )l )
11



Using the fact that |k’ — k| < Ny we get, using the equivalence (A.2) of Sobolev norms,

k
TS 19y [ (2 1A )l

v CkEZ
X Z ||S,1§/1830§7E_1(-,x3)\|Lﬁo)d563 with Z c2(x3) =1.
k' —k[<No kEZ

Thanks to Bernstein’s inequality and by the equivalence (A.2) of Sobolev norms, we can write

156105 paCooalle < > 18RO por ()
E71§2k”§2k/72
< > 2 AROsvf g (- w8) | 12

E-1<2k" <ok =2

S Y 2 Abaw ()l
E71§2k”§2k/*2
S IV Gl Y ew(a)

E—1<ok" <ok’ -2

with Zci(:rg) = 1. Because |k’ — k| < Ny, the Cauchy-Schwarz inequality implies the exis-

keZ
tence of a constant C such that

Vas € Ry, Z cpr(x3) < Cy/log(2FE + e).

E—1<9k! <9ok/—2

Thus we infer that

TS 1% gy [ 1900l

X <Z 2§HAEUS(-,x3)||Lﬁck(x3)\/log(2kE + e)> dxs with Zci(azg) =1

keZ keZ

Using the Cauchy-Schwarz inequality we get

k
S 24 ALl en(on) g2 + ) < (S 2H1Ak ) log(HE +))

keZ keZ

[NIE

Using the Cauchy-Schwarz inequality again we infer that

T S Vol

sy IVl 101 42
logy, B

Lemma A.2 claims that

thUHLgo(H%(Rﬁ)) S AIVnoll g gsy s
so we obtain

2
TE SVl oy 1)y
logp . E

Together with (3.8) and (3.10), this concludes the proof of Lemma 2.3. O
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APPENDIX A

Let us recall some elements of Littlewood-Paley theory (see for instance [1] for details). We
define frequency truncation operators on R?,

(A1) Al F (2 Mea) and  SPa ¥ F (2 7Fa)a),

where £ = (&, &3) and &, = (&1, &2). We have denoted Fa and a for the Fourier transform of
the distribution a, and y and ¢ are smooth functions such that

Supp @C{TER/ Z§|T’§§} and VT>O,Z(p(2_jT):1,
JEZ

4 s

Suppxc{TeR/ \T\gg} and  VreR, x(1)+ > p(2777) =1.
j=0
It is obvious that

def def
(A.2) lallzs = llal o2y =

We recall the definition of horizontal Besov norms

def def k h
= llallgy @2 = (21280l 1o (g2))

H| "a HL2 R2)™ H(2kSHA}€1a||L2(R2))Hﬁ(z)

lall gy, leoz) -

We also recall the following anisotropic Bernstein type lemma from [10, 22].
Lemma A.1. Consider By, a ball of Rﬁ and Cy, a ring of Rﬁ ; fix 1 < po < p; < oo. Then the
following properties hold:
- If the support of @ is included in 2%By, then
|\8§‘ha||L£1 5 2k(|a|+2(1/p2_1/p1))Ha||L§2 :

- If the support of @ is included in 2¥Cy,, then
lallzer S 27 Vaall

~

The following lemma is also useful in this anisotropic context.
Lemma A.2. For any function a in the space H5+%(R3) with 1/2 < s < 1, there holds

HG’HLOO(HS < \/>HaHHs+§ R3)

Proof. By density we can assume that v is smooth and compactly supported. Let us write
that
d

dx
The Cauchy—Schwarz inequality implies that

d =
ey oy 16 2 06| < 2000y 100

\£h|25|a(€h,$3)|2d€h = 2%6/]1@ 0] 2a(En, 23)|€n]* 2 Dy @(En, m3) dpy -

h

=

‘d%g lj 2

Taking the L' norm with respect to x3 and using again the Cauchy-Schwarz inequality gives,
for any 3 in Ry,

2s |~ 2 <
/R 60 20 e < 2ol g [0l ooy < 2l

The lemma follows. O
We recall that

abll ;4 g2y S llally | 211l 4

Hz(R2 78 (R?)

The following law of product in R? is also useful.
13



Lemma A.3. For any functions a € L N H'(R?) and b € H%(RQ) there holds

labll ;3 ey S (lalzos ey + lall s oy 103 gy -

Proof. We recall Bernstein’s inequality

HAEQHLw(R?) + ||VhA2a||L2(R2) S 2kHA2aHL2(R2) :

Let us introduce Bony’s decomposition ( in a simplified version of [3]) writing that

(A3)  ab=T'+TPa with TP > 8P aAl and TPa ™S sk ,bAk

k

Theorem 2.47 and Theorem 2.52 of [1] claim that

(Ad) 750

by S ol ol g o and 1Tl o S ol oy I8l g -

It is clear that (A.3) and (A.4) imply the lemma. O

Acknowledgments. Part of this work was done when Jean-Yves Chemin was visiting Morn-
ingside Center of Mathematics, Academy of mathematics and System Sciences. He would like
to thank the hospitality of the center and a visiting fellowship from the Chinese Academy of
Sciences (CAS). P. Zhang is partially supported by NSF of China under Grants 11371347 and
11688101, and innovation grant from National Center for Mathematics and Interdisciplinary
Sciences, CAS.

1]

[13]
[14]

[15]

REFERENCES

H. Bahouri, J.-Y. Chemin and R. Danchin, Fourier Analysis and Nonlinear Partial Differential Equations,
Grundlehren der mathematischen Wissenschaften, 343, Springer-Verlag Berlin Heidelberg, 2011.
H. Bahouri, J.-Y. Chemin and I. Gallagher, Refined Hardy inequalities, Annali di Scuola Normale di Pisa,
Classe di Scienze, Volume V, 5, 2006, pages 375-391.
J.-M. Bony, Calcul symbolique et propagation des singularités pour les équations aux dérivées partielles
non linéaires, Annales de U’Ecole Normale Supérieure, 14, 1981, pages 209-246.
C. Cao and E. S. Titi, Regularity criteria for the three-dimensional Navier-Stokes equations, Indiana
University Mathematics Journal, 57, 2008, pages 2643-2661.
C. Cao and E. S. Titi, Global regularity criterion for the 3D Navier-Stokes equations involving one entry
of the velocity gradient tensor, Archiv for Rational Mechanics and Analysis, 202, 2011, pages 919-932.
J.-Y. Chemin, Profile decomposition and its applications to Navier-Stokes system, Lectures on the analysis
of nonlinear partial differential equations, Somerville, MA: International Press; Beijing: Higher Education
Press, Morningside Lectures in Mathematics 4, 2016, pages 1-53.
J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier, Fluids with anisotropic viscosity, Modélisation
Mathématique et Analyse Numérique, 34, 2000, pages 315-335.
J.-Y. Chemin and I. Gallagher, A non linear estimate on the life span of solutions of the three dimensional
Navier-Stokes equations, to appear in the Tunisian Journal of Mathematics.
J.-Y. Chemin and P. Zhang, On the critical one component regularity for 3-D Navier-Stokes system,
Annales de ’Ecole Normale Supérieure, 49, 2016, pages 133-169.
J.-Y. Chemin and P. Zhang, On the global wellposedness to the 3-D incompressible anisotropic Navier-
Stokes equations, Communications in Mathematical Physics, 272, 2007, pages 529-566.
J.-Y. Chemin, P. Zhang and Z. Zhang, On the critical one component regularity for 3-D Navier-Stokes
system: General case, Archiv for Rational Mechanics and Analysis, 224, 2017, pages 871-905.
L. Escauriaza, G. Seregin and V. Sverak, L*>° -solutions of Navier-Stokes equations and backward unique-
ness, (Russian) Uspekhi Mat. Nauk, 58, 2003, no. 2(350), pages 3-44; translation in Russian Math. Surveys,
58 (2), 2003, pages 211-250.
I. Gallagher, G. Koch and F. Planchon, A profile decomposition approach to the L{°(L2) Navier-Stokes
regularity criterion, Mathematische Annalen, 355, 2013, pages 1527-559.
C. He, Regularity for solutions to the Navier-Stokes equations with one velocity component regular, Flec-
tronic Journal of Differential Equations, 29, 2002, pages 1-13.
T. Kato, Strong LP-solutions of the Navier-Stokes equation in R™ avec applications to weak solutions,
Mathematische Zeitschrift, 187, 1984, pages 471-480 .

14



[16] H. Koch and D. Tataru, Well-posedness for the Navier-Stokes equations, Advances in Mathematics, 157,
2001, pages 22-35.

[17] 1. Kukavica and M. Ziane, One component regularity for the Navier-Stokes equations, Nonlinearity , 19
(2), 2006, pages 453-469.

[18] J. Leray, Essai sur le mouvement d’un liquide visqueux emplissant I'espace, Acta Mathematica, 63, 1933,
pages 193-248.

[19] Y. Meyer, Wavelets, paraproducts and Navier-Stokes equations, Current developments in mathematics,
International Press, Boston, MA, 1997.

[20] J. Neustupa, A. Novotny and P. Penel, An interior regularity of a weak solution to the Navier-Stokes
equations in dependence on one component of velocity. Topics in mathematical fluid mechanics, 163-183,
Quad. Mat., 10, Dept. Math., Seconda Univ. Napoli, Caserta, 2002.

[21] J. Neustupa and P. Penel, Regularity of a suitable weak solution to the Navier-Stokes equations as a
consequence of regularity of one velocity component, Applied Nonlinear Analysis, 391-402, Kluwer /Plenum,
New York, 1999.

[22] M. Paicu, Equation anisotrope de Navier-Stokes dans des espaces critiques, Revista Matemdtica Ibero-
americana, 21, 2005, pages 179-235.

[23] P. Penel and M. Pokorny, Some new regularity criteria for the Navier-Stokes equations containing gradient
of the velocity, Applications of Mathematics, 49, 2004, pages 483-493.

[24] M. Pokorny, On the result of He concerning the smoothness of solutions to the Navier-Stokes equations,
Electronic Journal Differential Equations, 11, 2003, pages 1-8.

[25] E. Poulon, About the possibility of minimal blow up for Navier-Stokes solutions with data in H*(R?),
arXiv:1505.06197

[26] G. Seregin, A certain necessary condition of potential blow up for Navier-Stokes equations, Communictions
in Mathematical Physics, 312, 2012, pages 833845.

[27] Z. Skaldk and P. Kudera, A note on coupling of velocity components in the Navier-Stokes equations,
ZAMM. Zeitschrift fir Angewandte Mathematik und Mechanik, 84 , 2004, pages 124-127.

[28] F. Weissler, The Navier-Stokes Initial Value Problem in L?, Archiv for Rational Mechanics and Analysis,
74, 1980, pages 219-230.

[29] Y. Zhou and M. Pokorny, On the regularity of the solutions of the Navier-Stokes equations via one velocity
component, Nonlinearity, 23, 2010, pages 1097-1107.

(J.-Y. Chemin) LABORATOIRE JACQUES Louis L1onNs - UMR 7598, SORBONNE UNIVERSITE, BOITE COUR-
RIER 187, 4 PLACE JUSSIEU, 75252 PARIS CEDEX 05, FRANCE
E-mail address: chemin®@ann. jussieu.fr

(I. Gallagher) DMA, ECOLE NORMALE SUPERIEURE, CNRS, PSL RESEARCH UNIVERSITY, 75005 PARIS,
AND UFR DE MATHEMATIQUES, UNIVERSITE PARIS-DIDEROT, SORBONNE PARIS-CITE, 75013 PARIS, FRANCE.
E-mail address: gallagher@math.ens.fr

(P. Zhang) ACADEMY OF MATHEMATICS & SYSTEMS SCIENCE AND HUA Loo-KENG KEY LABORATORY OF
MATHEMATICS, THE CHINESE ACADEMY OF SCIENCES, CHINA, AND SCHOOL OF MATHEMATICAL SCIENCES,
UNIVERSITY OF CHINESE ACADEMY OF SCIENCES, BEIJING 100049, CHINA.

E-mail address: zp@amss.ac.cn

15



